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The signature of geometrically
decomposable aspherical 𝟒-manifolds

Luca F. Di Cerbo andMarco Golla

Abstract. We construct examples of geometrically decomposable aspheri-
cal 4-manifolds with non-zero signature. We show that all such 4-manifolds
satisfy the inequality (of Bogomolov–Miyaoka–Yau type) 𝜒 ≥ 3|𝜎|. We also
construct examples attaining the equality that are non-geometric and have
non-zero signature. Finally, we prove that for higher graph 4-manifolds, with
complex-hyperbolic vertices, the strict inequality always holds. Moreover, we
construct infinitely many examples of higher graph 4-manifolds with non-
zero signature and prove that the inequality is strict and sharp in this class.
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1. Introduction and statement of the main result
A long-standing conjecture due to Singer, inspired by Atiyah’s influential

work [Ati76], states that the 𝐿2-Betti numbers of a closed aspherical manifold
vanish except possibly in the middle-dimensional degree. In dimension four,
this general statement implies the following conjecture about the geography of
aspherical 4-manifolds.
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Conjecture 1.1. If𝑀 is a closed, oriented, aspherical 4-manifold, then

𝜒(𝑀) ≥ |𝜎(𝑀)|

where 𝜒(𝑀) and 𝜎(𝑀) are respectively the Euler number and signature of𝑀.

We refer to Lück’s paper [Lüc94] for more details concerning Conjecture 1.1,
and also for its connections with the Singer–Hopf problem and related ideas
and problems discussed by Gromov [Gro93, Section 8].
In this paper, we prove a strengthened and sharp version of Conjecture 1.1 for

geometrically decomposable aspherical 4-manifolds. Recall that the geometriza-
tion of low-dimensional manifolds was pioneered by W. Thurston; see, for ex-
ample, his influential book [Thu80]. In dimension 4 [Fil83], there are 19 ge-
ometries. In the book [Hil02], Hillman extensively studied the analog of JSJ de-
compositions of 3-manifolds in the context of 4-manifolds. Unlike 3-manifolds,
not all 4-manifolds decompose into geometric pieces. A geometrically decom-
posable 4-manifold is one that admits such a decomposition. The main result
of this paper is the following.

Theorem 1.2. Let 𝑀 be a closed aspherical 4-manifold admitting a geometric
decomposition in the sense of Hillman. Then

𝜒(𝑀) ≥ 3|𝜎(𝑀)|. (1)

Moreover, there exist non-geometric aspherical 4-manifolds that have non-
vanishing signature and attain the equality.

The class of geometrically decomposable 4-manifolds includes two large
classes of aspherical 4-manifolds: extended graph 4-manifolds and higher graph
4-manifolds. These graph-likemanifoldswere introduced respectively by Frige-
rio, Lafont, and Sisto [FLS15] and by Connell and Suárez-Serrato [CSS19] in
arbitrary dimension. The common machinery behind their constructions is
based on the idea of aspherical unions of aspherical manifolds with aspherical
and 𝜋1-injective boundaries using a classical result of Whitehead [Whi39].
Extended graph 𝑛-manifolds were defined by Frigerio, Lafont, and Sisto in

[FLS15, Definition 0.2]. These manifolds are graph-like. They are decomposed
into finitely many pieces (the vertices), each vertex is a manifold with torus
boundary components (the edges), and the various pieces are glued together
via affine diffeomorphisms. The interior of each vertex is diffeomorphic either
to a finite-volume real-hyperbolic manifold with toral cusps (the pure pieces),
or to the product of a standard torus with a lower-dimensional finite-volume
real-hyperbolic manifold with toral cusps (the product pieces). In this paper, we
also consider a larger class of extended graph 4-manifolds. More precisely, we
allow the vertices to be finite-volume real-hyperbolic 4-manifolds, whose cusps
are not necessarily toral.

Theorem1.3. Let𝑍 be a closed, oriented, extended graph 4-manifolds whose ver-
tices are orientable finite-volume real-hyperbolic 4-manifolds with possibly non-
torus cusps. Then 𝜎(𝑍) = 0.
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Higher graph 𝑛-manifolds were defined by Connell and Suárez-Serrato in
[CSS19, Definition 1]. These manifolds are also graph-like. They are decom-
posed into finitely many pieces, each vertex is a manifold with nilmanifold
boundary and the various pieces are glued together via affine diffeomorphisms.
In particular, only diffeomorphic nilmanifolds can be paired in the gluing pro-
cess. The interior of each vertex is diffeomorphic to a finite-volume complex-
hyperbolic manifold with nilmanifold (or torus-like in the terminology of
[DCG23]) cusps. In this paper, we consider a larger class of higher graph 4-
manifolds. Namely, we allow the vertices to be complex-hyperbolic surfaces
with general infra-nilmanifold cusps. For such manifolds, we have a sharper
inequality than in Theorem 1.2 and also the first examples of higher graph 4-
manifolds with non-vanishing signature.

Theorem1.4. For any closed, oriented, higher graph 4-manifold𝑍whose vertices
are truncated complex-hyperbolic surfaceswith cusps (not necessarily nilmanifold
cusps), we have

𝜒(𝑍) > 3|𝜎(𝑍)|. (2)

Moreover, this inequality is sharp, i.e., there exists a sequence {𝑍𝑛} of such mani-
folds that satisfies

lim
𝑛→∞

𝜎(𝑍𝑛)
𝜒(𝑍𝑛)

= 1
3.

Theorems 1.2, 1.3, and 1.4 provide support to Conjecture 1.1. It is tantalizing
to wonder if it is sensible to sharpen Conjecture 1.1 to a tighter constraint on
the geography of aspherical 4-manifolds. It also seems promising to pursue an
in-depth study of asphericity, the existence of Einstein metrics, and the circle
of ideas of LeBrun’s Riemannian Bogomolov–Miyaoka–Yau inequality [LeB95].
More precisely, it would be interesting to determine whether our examples of
non-geometric aspherical 4-manifolds with 𝜎 ≠ 0 saturating Inequality (1) ad-
mit Einstein metrics. These manifolds are indeed prime candidates for being
aspherical 4-manifolds with non-vanishing signature, which do not support
Einstein metrics. No such examples seem to be currently available in the litera-
ture, and apparently the first examples of aspherical 4-manifolds with 𝜒 > 0
(but with 𝜎 = 0!) supporting no Einstein metrics, appeared only very re-
cently in [DC24]. On the other hand, aspherical 4-manifolds with 𝜒 = 𝜎 = 0
supporting no Einstein metrics are easy to construct thanks to the work of
Hitchin [Hit74], e.g., non-flat 4-nilmanifolds. Finally, we observe that LeBrun’s
work on the Riemannian Bogomolov–Miyaoka–Yau inequality implies our ex-
amples (of non-geometric aspherical 4-manifolds with 𝜎 ≠ 0 saturating In-
equality (1)) cannot simultaneously admit an Einsteinmetric and a spin𝑐 struc-
tures of almost-complex type with non-trivial Seiberg–Witten invariant.

Acknowledgments. LFDC thanksGrigoriAvramidi, Igor Belegradek, Claude
LeBrun, and Stefano Vidussi for interesting discussions around the signature of
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4-manifolds. Part of this work was carried out at the University of Florida: MG
thanks this institution for the hospitality and support. We would like to thank
an anonymous referee for their comments, especially for catching a computa-
tional mistake in the proof of Proposition 4.3. This work is partially supported
by the NSF grant DMS-2104662.

2. Signature of extended graph 𝟒-manifolds with real-hyperbolic
pieces
In this section, we provide a combinatorial proof of Theorem 1.3. This is a

warm-up for the proof of Theorem 1.2, but is somewhat more concrete.
Recall that Theorem 1.3 asserts that extended graph 4-manifolds with real

hyperbolic pieces has vanishing signature. As mentioned in the introduction,
this class of 4-manifolds is a variation of the one considered by Lafont, Frigerio,
and Sisto. The differences are two: here we do not consider product pieces (but
the statement would still be true for those as well), but we allow the hyperbolic
pieces of the 4-manifold to have arbitrary flat 3-manifolds as cusps, rather than
just 3-tori.
We start by recalling some facts about flat 3-manifolds.
If Γ∖H4

ℝ is orientable, then the cusp cross-sections are flat orientable closed
3-manifolds. Up to (not necessarily orientation-preserving) diffeomorphism,
there are six orientable flat compact 3-manifolds, denoted in the original clas-
sification of Hantzsche and Wendt by the letters 𝐴 to 𝐹 [HW34]. We refer to
the interesting paper of Ratcliffe and Tschantz [RT00] for the necessary back-
ground on real-hyperbolic 4-manifolds and their cusps. 𝐴 is the 3-torus, and 𝐹
is the celebrated Hantzsche–Wendt 3-manifold: this is the unique flat homol-
ogy 3-sphere.
We also refer to Scott’s survey [Sco83] for the classification of Seifert fibra-

tions on flat 3-manifolds that we recall now. First, let us set the notation: we de-
note with𝑀(𝑔; 𝑒; 𝑟1, … , 𝑟𝑛) the 3-manifold that Seifert fibres over an orientable
surface of genus 𝑔 (if 𝑔 ≥ 0) or over a non-orientable surface with first ℤ∕2ℤ-
Betti number −𝑔 if 𝑔 < 0, with Euler number 𝑒, and 𝑛 ≥ 0 singular fibres
parametrized by 𝑟1, … , 𝑟𝑛 ∈ ℚ.

A: This is 𝑇3 = 𝑀(1; 0; ).
B: This is the unit cotangent bundle of the Klein bottle; it has two Seifert

fibrations: 𝑀(0;−2; 1
2
, 1
2
, 1
2
, 1
2
) = 𝑀(−2; 0; ) (for instance, see [FM97,

Section 10.14]).
C: This is𝑀(0;−1; 1

3
, 1
3
, 1
3
).

D: This is𝑀(0;−1; 1
2
, 1
4
, 1
4
).

E: This is the 0-surgery along a trefoil, which is also𝑀(0;−1; 1
2
, 1
3
, 1
6
).

F: This is𝑀(−1;−1; 1
2
, 1
2
).
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The computation of the 𝜂-invariants of Seifert fibred 3-manifolds is due to
Ouyang [Ouy94], and has been made explicit for flat 3-manifolds in [LR00].
Recall that reversing the orientation flips the sign of the 𝜂-invariant. Up to sign,
or up to choosing an orientation, the 𝜂-invariants of the six flat 3-manifolds are:

𝜂(𝐴) = 𝜂(𝐵) = 𝜂(𝐹) = 0, 𝜂(𝐶) = −23, 𝜂(𝐷) = −1, 𝜂(𝐸) = −43.

Notice that if the 𝜂-invariant does not vanish, then the corresponding 3-manifold
does not admit an orientation-reversing diffeomorphism.
With these preliminaries into place, let us now prove Theorem 1.3.

Proof of Theorem 1.3. Let 𝑌 = Γ∖H4
ℝ be an orientable, finite-volume hy-

perbolic 4-manifold with cusps. If by a slight abuse of notation we denote
still by 𝑌 the truncated manifold with boundary, then because of Hitchin’s for-
mula [Hit97] (see also [LR00]):

𝜎(𝑌) =
∑

𝑖
±𝜂(𝐶𝑖) +

∑

𝑗
±𝜂(𝐷𝑗) +

∑

𝑘
±𝜂(𝐸𝑘) ,

where the indices 𝑖, 𝑗, 𝑘 count respectively the number of 𝐶, 𝐷, 𝐸 cusps of 𝑌.
In other words, the signature of the compact, orientedmanifold with boundary
𝑌 is the sum of the eta-invariants of its boundary components of type 𝐶, 𝐷, and
𝐸. The plus and minus signs depend on which orientation is induced on such
boundaries. Thus, say

𝑍 =
𝑀⋃

𝓁=1
𝑌𝓁

is an orientable 4-manifold obtained by gluing such orientable truncated real-
hyperbolic 4-manifolds. First, notice that 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 have different diffeo-
morphism types so each of them can only be paired with a cusp of the same
diffeomorphism type in the gluing process. Next, because of Novikov’s additiv-
ity formula we have:

𝜎(𝑍) =
𝑀∑

𝑙=𝓁
𝜎(𝑌𝓁) =

𝑀∑

𝑙=1

( 𝑐𝓁∑

𝑖=1
±𝜂(𝐶𝑖𝓁) +

𝑑𝓁∑

𝑗=1
±𝜂(𝐷𝑗𝓁) +

𝑒𝓁∑

𝑘=1
±𝜂(𝐸𝑘𝓁)

)
(3)

where 𝑐𝓁, 𝑑𝓁, 𝑒𝓁 are respectively the numbers of 𝐶,𝐷, 𝐸 cusps of the truncated
real-hyperbolic manifold 𝑌𝓁. Now, since the flat 3-manifolds 𝐶,𝐷, 𝐸 do not ad-
mit orientation-reversing diffeomorphism, we have that any such boundary in
say 𝑌𝓁 has to be paired with a boundary in some other 𝑌𝓁′ with the opposite
orientation and as such with the opposite 𝜂-invariant. Thus, the sum in Equa-
tion (3) is necessarily zero. This concludes the proof. □

3. Geometric decomposition, signatures, and Euler
characteristics
There are 19 geometries in dimension 4 [Fil83], in the sense of Klein’s Er-

langen program. That is to say, there are (up to rescaling and isometries) 19
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complete, simply-connected Riemannian 4-manifolds whose isometry group
acts transitively. A 4-manifold whose universal cover is one of these 19 mani-
folds is called geometric. Hillman studied the analogue of JSJ decompositions of
4-manifolds, namely decompositions of 4-manifolds along hypersurfaces into
geometric pieces. Contrarily to the case of 3-manifolds, not all 4-manifolds de-
compose into geometric pieces. Among other things, he proved the following
theorem.

Theorem 3.1 (Hillman, [Hil02, Theorem 7.2]). If a closed, oriented 4-manifold
𝑀 is geometrically decomposed by a (possibly empty or disconnected) closed ori-
entable 3-manifold 𝑆 ⊂ 𝑀, then either

(1) 𝑀 is geometric, or
(2) 𝑀 is the total space of an orbifold bundle with general fibre 𝑆2 over a hy-

perbolic 2-orbifold, or
(3) the components of𝑀 ⧵ 𝑆 all have geometry ℍ2 × ℍ2, or
(4) the components of𝑀⧵𝑆 all have geometryℍ4,ℍ3×𝔼1,ℍ2×𝔼2, or𝕊𝕃×𝔼1,

or
(5) the components of𝑀 ⧵ 𝑆 have geometry ℍ2(ℂ) or 𝔽4.

In cases (3)–(5), 𝜒(𝑀) ≥ 0. In cases (4) and (5),𝑀 is aspherical.

Remark 3.2. Wewant to understandwhen the 4-manifolds in cases (1)–(3) can
be aspherical. In case (1),𝑀 is aspherical if and only if its universal model is.
This rules out the geometries𝕊4, 𝕊3×𝔼1, 𝕊2×𝔼2, 𝕊2×ℍ2, 𝕊2×𝕊2,ℂℙ2. In case
(2),𝑀 is never aspherical: in fact, Hillman [Hil02, Section 7] shows that the uni-
versal cover of𝑀 retracts onto 𝑆2 (the preimage of a fiber), and in particular𝑀
is not aspherical. In case (3), wemay or may not obtain aspherical 4-manifolds.
It is easy to construct aspherical examples if each piece is a Hilbert modular
surface. In this case, the cross sections of the cusps are infra-solvmanifolds and
𝜋1-injective (see, for example, [McR08]). The resulting geometric 4-manifold
is aspherical with 𝜒 > 0 and 𝜎 = 0, see Proposition 3.3.

We now compute the Euler characteristic and signature of a geometrically
decomposable 4-manifolds as curvature integrals. More precisely, we express
these characteristic numbers as a sum of curvature integrals over each non-
compact geometric piece. Each geometry has its complete locally homoge-
neous metric, but, for ease of notation, we do not explicitly refer to each metric
during the proof of the following result.

Proposition 3.3. Suppose that𝑀 is a closed oriented 4-manifold that is geomet-
rically decomposed along 𝑆 into 𝑁 geometric pieces𝑀1, … ,𝑀𝑁 as above. Let 𝜇𝓁,
𝑊±

𝓁 , ̊Ric𝓁, and 𝑠𝓁 denote the Riemannian volume form on𝑀𝓁, the ±-parts of the
Weyl tensor, the trace-free Ricci tensor, and the scalar curvature of 𝑀𝓁 (with its
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standard metric and the induced orientation), respectively. Then

𝜒(𝑀) = 1
8𝜋2

𝑁∑

𝓁=1
∫
𝑀𝓁

||||𝑊
+
𝓁
||||
2
+ ||||𝑊

−
𝓁
||||
2
− 1
2
|||| ̊Ric𝓁

||||
2
+
𝑠2𝓁
24𝑑𝜇𝓁

𝜎(𝑀) = 1
12𝜋2

𝑁∑

𝓁=1
∫
𝑀𝓁

||||𝑊
+
𝓁
||||
2
− ||||𝑊

−
𝓁
||||
2
𝑑𝜇𝓁.

Proof. Since 𝑀 is oriented, 𝑀𝓁 has an induced orientation from 𝑀. The ±-
parts of theWeyl tensor get exchangedwhenwe reverse orientation, so we need
to be somewhat careful with the orientation on the model geometry we are us-
ing when computing the characteristic numbers above. In other words, each
piece𝑀𝓁 has a standard homogeneousmetric butmay ormaynot have the stan-
dard orientation. The first equality is a direct consequence of theGauss–Bonnet
theorem for complete finite volume 4-manifolds (see for example [CG85]) and
the additivity of the Euler characteristic for even-dimensional manifolds (since
𝜒(𝑆) = 0).
The second identity is similar. The Atiyah–Patodi–Singer index theorem for

cuspidalmetrics [DW07, Theorem 3.6] tells us that for each geometric piece𝑀𝓁
we have:

𝜎(𝑀𝓁) =
1

12𝜋2
∫
𝑀𝓁

||||𝑊
+
𝓁
||||
2
− ||||𝑊

−
𝓁
||||
2
𝑑𝜇𝓁 −

1
2𝜂(𝜕𝑀𝓁),

where 𝜂 denotes the limiting 𝜂-invariant of the boundary. Recall that 𝜂 is ad-
ditive with respect to disjoint unions and changes sign when reversing orien-
tation. Now observe that each component of 𝑆 is the boundary of exactly two
components of 𝑀𝑖 and 𝑀𝑗 for some (possibly coinciding) 1 ≤ 𝑖, 𝑗 ≤ 𝑁. How-
ever, the orientations induced on 𝑆 by 𝑀𝑖 and 𝑀𝑗 are opposite to each other,
so their contributions to the 𝜂-invariant cancel out. That is, summing 𝜎(𝑀𝓁)
over all 𝓁, the summands with the 𝜂-invariants cancel out, leaving us with the
desired expression. □

We now state three lemmas containing all the curvature computations re-
quired to apply Proposition 3.3 in order to prove Theorem 1.2. To shorten up
the notation, we write:

∆−(𝑀𝓁) ∶= 𝜒(2)(𝑀𝓁) − 3𝜎(2)(𝑀𝓁) =
1
8𝜋2

∫
𝑀𝓁

3||||𝑊
−
𝓁
||||
2
− ||||𝑊

+
𝓁
||||
2
− 1
2
|||| ̊Ric𝓁

||||
2
+
𝑠2𝓁
24𝑑𝜇𝓁,

∆+(𝑀𝓁) ∶= 𝜒(2)(𝑀𝓁) + 3𝜎(2)(𝑀𝓁) =
1
8𝜋2

∫
𝑀𝓁

3||||𝑊
+
𝓁
||||
2
− ||||𝑊

−
𝓁
||||
2
− 1
2
|||| ̊Ric𝓁

||||
2
+
𝑠2𝓁
24𝑑𝜇𝓁.

Here 𝜒(2) and 𝜎(2) denote the 𝐿2-Euler characteristic and 𝐿2-signature, respec-
tively.

Lemma 3.4. The geometries ℍ2 × ℍ2, ℍ4, ℍ3 × 𝔼1, ℍ2 × 𝔼2, and 𝕊𝕃 × 𝔼1 have
all |𝑊+| = |𝑊−|.
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Sketch of proof. Each of these geometries admits an orientation-reversing
isometry, as bothℍ𝑛 and𝔼𝑛 do, and each of themhas a hyperbolic or a flat direc-
tion. Since reversing the orientation of a 4-manifold𝑀 swaps the two bundles
Λ±𝑀 but does not change the norms of the Weyl operators, we immediately
obtain that |𝑊+| = |𝑊−|. □

Lemma 3.5 (Hirzebruch proportionality [Mum77]). If 𝑀𝓁 is of type ℍ2(ℂ2),
then ∆−(𝑀𝓁) = 0.

Lemma 3.6. The metric on 𝔽4 satisfies:
||||𝑊

±
𝔽4
||||
2
= 3
8,

|||| ̊Ric𝔽4
||||
2
= 9
4, 𝑠𝔽4 = −3.

Proof of Lemma 3.6. Themetric on𝔽4 is given, in coordinates (𝑥, 𝑦, 𝑝, 𝑞)with
𝑦 > 0, by1

𝑔𝔽4 =
𝑑𝑥2 + 𝑑𝑦2

𝑦2
+
(𝑥2 + 𝑦2)𝑑𝑝2 + 2𝑥 𝑑𝑝 𝑑𝑞 + 𝑑𝑞2

𝑦 .

We used the Sage [Sag23a] package SageManifolds [Sag23b] for the following
computations: the code and some comments can be found in the Appendix A.
The scalar curvature and the trace-free Ricci tensor are computed directly by

SageManifolds, and one obtains that the scalar curvature is−3 and the norm of
the trace-free Ricci tensor is 9

4
.

The computation of the self-dual and anti-self-dualWeyl tensors is a bitmore
laborious. The eigenvalues of the self-dual and anti-self-dual Weyl tensors,
viewed as operators Λ±𝑀 → Λ±𝑀, which are ± 1

2
, ∓ 1

4
, and ∓ 1

4
, so that their

squared norms are
(
± 1
2

)2
+
(
∓ 1
4

)2
+
(
∓ 1
4

)2
= 3

8
, as claimed. □

We are now in position to prove the inequality in Theorem 1.2.

Proof of Equation (1). When𝑀 is geometric, this is a result of Wall-Kotschik
[Wal86, Kot92]. So let us assume that𝑀 is not geometric, i.e., we assume 𝑆 ≠ ∅.
Thanks to Proposition 3.3, it suffices to prove that ∆±(𝑀𝓁) ≥ 0 holds for each
geometric piece𝑀𝓁 in the decomposition.
When the piece has ametric of typeℍ2×ℍ2,ℍ4,ℍ3×𝔼1,ℍ2×𝔼2, or 𝕊𝕃×𝔼1,

Lemma 3.4 implies that the 𝐿2-signature of𝑀𝓁 vanishes. When the metric is of
type 𝔽4, by Lemma 3.6, the 𝐿2-signature of𝑀𝓁 also vanishes.
By [Hil02, Section 7], the Euler characteristic is non-negative for all pieces

of type ℍ2 × ℍ2, ℍ4, ℍ3 × 𝔼1, ℍ2 × 𝔼2, 𝕊𝕃 × 𝔼1, or 𝔽4, so the inequalities
∆±(𝑀𝓁) ≥ 0 are verified as 𝜎(2)(𝑀𝓁) = 0 and 𝜒(2)(𝑀𝓁) = 𝜒(𝑀𝓁) ≥ 0. In
the remaining case, that of ℍ2(ℂ), Hirzebruch’s proportionality (Lemma 3.5)
tells us that ∆−(𝑀𝓁) = 0. Since 𝜒(2)(𝑀𝓁) > 0, we have 𝜎(2)(𝑀𝓁) > 0 and so

1We note here that there are two typos in [Ber84, Page 8]. The first is a sign− before 𝑑𝑦2. The
second is more subtle, and is the summand 2𝑦 𝑑𝑝 𝑑𝑞 instead of 2𝑥 𝑑𝑝 𝑑𝑞. The mistake is in the
passage from complex coordinates to real coordinates.
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∆+(𝑀𝓁) > 0. To summarize, for every geometric piece 𝑀𝓁 in the geometric
decomposition, we have ∆±(𝑀𝓁) ≥ 0. So, by Proposition 3.3, the inequality
𝜒(𝑀) ≥ |3𝜎(𝑀)| holds. □

Remark 3.7. That pieces of type𝔽4 donot contribute to the signature andEuler
characteristic of the total manifold also follows from the fact that they have a
finite cover that is a flat 𝑇2-bundle over an open hyperbolic surface. Themetric
on a 𝑇2 can be shrunk through flat metrics to have arbitrarily small volume, so
the contribution of the integrals given by the 𝔽4 pieces can be made arbitrarily
small, and in particular it has to vanish (by integrality of 𝜎 and 𝜒, for instance).

Remark 3.8. From the proof of the Inequality (1), we see that equality can
only be attained if either 𝜒 = 0 or 𝜒, 𝜎 > 0 (respectively, 𝜎 < 0), all pieces of
the geometric decomposition are of type 𝔽4 or ℍ2(ℂ), and either all pieces of
the latter type have the complex orientation or they all have the anti-complex
orientation. This will be used in Section 4.

4. Non-geometric 𝟒-manifolds with 𝝌 = 𝟑𝝈 > 𝟎

The main goal of this section is to exhibit infinitely many examples of non-
complex, closed, aspherical 4-manifolds 𝑀 with 𝜒(𝑀) = 3𝜎(𝑀) > 0. Our
construction relies on theℍ2(ℂ) and𝔽4 geometries, and it produces examples of
geometrically decomposable aspherical 4-manifolds as in class (5) of Theorem
3.1.
In [Hil02, Chapter 13.3], Hillman produces an example 𝑋0 of a 4-manifold

with geometry 𝔽4, whose double is a torus bundle over a genus-2 surface. The
4-manifold 𝑋0 is a 𝑇2-bundle over a once-punctured torus 𝑇∗. Call 𝛼 and 𝛽
the generators of2 𝜋1(𝑇∗), whose corresponding homology classes are a positive
basis of𝐻1(𝑇∗). On𝑋0, the monodromy of the 𝑇2-bundle along 𝛼 is𝑋 =

(
2 1
1 1

)
∈

𝑆𝐿2(ℤ), and along 𝛽 it is 𝑌 =
(
1 1
1 2

)
∈ 𝑆𝐿2(ℤ). The monodromy around the

puncture (with the orientation induced by the interior of 𝑇∗, and not by the
neighborhood of the puncture) is given by the commutator [𝑋, 𝑌−1] =

(
−1 −6
0 −1

)
.

That is to say, the boundary of the cusp of 𝑋0 is a circle bundle over a Klein
bottle.
Consider the quadruple (non-normal) cover 𝑝∶ 𝑆∗∗ → 𝑇∗ from a twice-

punctured genus-2 surface 𝑆∗∗ to 𝑇∗. This cover is obtained by composing two
double covers as follows (see Figure 1):

(i) a cover 𝑇∗∗ → 𝑇∗ from a twice-punctured torus 𝑇∗∗ to 𝑇∗ induced by
the restriction of a double cover of 𝑇 (the one-point compactification of
𝑇∗);

(ii) a cover 𝑆∗∗ → 𝑇∗∗ which extends to ramified cover 𝑆 → 𝑇 with branch-
ing locus equal to the two punctures. More precisely, the two loops

2We omit base-points to make the notation lighter, but this will cause no harm.
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around the punctures represent the samenon-trivial class in𝐻1(𝑇∗∗; 𝔽2),
so there is a double cover of 𝑇∗∗ that non-trivially covers each of them.

Figure 1. A quadruple cover 𝑆∗∗ → 𝑇∗. On the left, from top
to bottom 𝑆∗∗,𝑇∗∗, and𝑇∗. On the right their compactifications,
𝑆, 𝑇, and 𝑇.

We now pick any cover 𝑝 fitting the description above.

Remark4.1. Nocover𝑝 as above can benormal. If it were, itwould beAbelian,
since groups of order 4 are Abelian. Abelian covers correspond to maps of the
fundamental group of the base that factor through the Abelianization. Since
the loop around the puncture in 𝑇∗ is null-homologous, it is trivially covered in
each Abelian cover.

Call 𝑋 → 𝑆∗∗ the pull-back of the bundle 𝑋0 → 𝑇∗ to 𝑆∗∗ via 𝑝. Notice
that the first cover creates two cusps with the same ideal boundary. The sec-
ond cover non-trivially double covers the cusps, by squaring the monodromy
around them. That is, the boundaries of the two cusps of𝑋 are both 𝑇2-bundles

over 𝑆1 with monodromy
(
−1 −6
0 −1

)2
=
(
1 12
0 1

)
. In particular, they are both circle

bundles over 𝑇2 with Euler number 12.
In [DCG23, Section 4], for each 𝑛 we constructed a complex-hyperbolic 4-

manifold𝐻𝑛 with 𝜒(𝐻𝑛) = 𝑛 whose ideal boundary consists of four circle bun-
dles over 𝑇2 with Euler number 𝑛. This is the case with respect to the orien-
tation coming from the complex structure. Next, we select 𝐻12 and we fix a



THE SIGNATURE OF GEOMETRICALLY DECOMPOSABLE ASPHERICAL 4-MANIFOLDS 1439

positive integer 𝑚. We can glue 𝑚 copies of 𝐻12 to 2𝑚 copies of 𝑋 along their
boundary to obtain a closed and connected 4-manifold 𝑀𝑚. We pair bound-
ary components with opposite orientation in order to get a closed, oriented 4-
manifold 𝑀𝑚. In other words, we equip the complex hyperbolic pieces with
the standard orientation, and we reverse the orientation of the pieces coming
from copies of 𝑋. Note that the diffeomorphism class of 𝑀𝑚 depends on the
particular choice of gluings.

Proposition 4.2. For each𝑚, 𝜒(𝑀𝑚) = 3𝜎(𝑀𝑚) = 12𝑚. Moreover, for each𝑚,
𝑀𝑚 does not support a complex structure and is not geometric.

Proof. We have 𝜒(𝑀𝑚) = 3𝜎(𝑀𝑚) because:

𝜒(𝑀𝑚) = 𝑚𝜒(2)(𝐻12) + 2𝑚𝜒(2)(𝑋) = 𝑚𝜒(2)(𝐻12) = 12𝑚,

3𝜎(𝑀𝑚) = 𝑚 ⋅ 3𝜎(2)(𝐻12) + 2𝑚 ⋅ 3𝜎(2)(𝑋) = 3𝑚𝜎(2)(𝐻12),

and, by Hirzebruch’s proportionality, 𝜎(2)(𝐻12) = 4.
Next we show that𝑀𝑚 is neither geometric nor complex. Choose a cusp of

a copy of 𝐻12 in𝑀𝑚, and call 𝐵 the corresponding 3-manifold in𝑀𝑚. 𝐵 is 𝜋1-
injective in𝑀𝑚 (see [Hil02, Chapter 7]) and 𝜋1(𝐵) contains a copy of ℤ2, since
it is a 𝑇2-bundle over a circle. If𝑀𝑚 were complex or geometric, then it would
be a ball quotient:

∙ if𝑀𝑚 is complex, it saturates the Bogomolov–Miyaoka–Yau inequality,
so it is a ball quotient by [Yau77];

∙ if 𝑀𝑚 is geometric, it either has the geometry of type ℙ2(ℂ) or of type
ℍ2(ℂ), by [Wal86, Theorem 6.1]. Since it is aspherical, it has to be the
latter.

However, fundamental group of compact ball quotients do not contain non-
cyclicAbelian subgroups byPreissmann [Pre42] (see, for example, [dC92, Chap-
ter 12]), so𝑀𝑚 cannot be a ball quotient, and in particular it is neither geometric
nor complex. □

There are plenty more examples one can construct, for instance by taking
higher covers of 𝑆∗∗, and gluing complex-hyperbolic 4-manifolds with cusps
whose Euler numbers are multiples of 12.

We conclude by sketching another construction based on the second example
in [Hil02, Chapter 13.3]. Hillman constructs a 4-manifold𝑋′

0 of type 𝔽
4 that is a

𝑇2-bundle over a pair-of-pants 𝑃. The monodromy maps around the boundary
components are represented by the matrices (in Hillman’s notation)

𝑈 =
(
1 0
2 1

)
, 𝑉 =

(
1 2
0 1

)
, 𝑉𝑈−1 =

(
−3 2
−2 1

)
∼
(
−1 2
0 −1

)
.

Similarly as above we find a degree-4 non-normal cover 𝑃∗ → 𝑃, where 𝑃∗ is a
six-punctured sphere, of the pair-of-pants that squares allmonodromies around
the punctures. This cover comes from two double covers of the 2-sphere onto
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itself, each branched over two points: first we branch over the first two bound-
ary components of 𝑃, and then over the two preimages of the other component.
The net effect is that we are squaring the monodromy around each boundary
component, and doubling each boundary component. Pulling back the torus
bundle to 𝑃∗, we get a 𝑇2-bundle 𝑋′ with a geometry of type 𝔽4 with six punc-
tures, where the monodromies are given by:

(
1 4
0 1

)
four times, and

(
1 −4
0 1

)
twice.

We can now take 2𝑚 copies of −𝑋′
0 and glue half of the torus bundles with

Euler number −4 to the boundaries of 𝑚 copies of the complex-hyperbolic 4-
manifold𝐻4 constructed in [DCG23]. We are left with a 4-manifoldwhose ends
are 4𝑚 torus bundles, half of which have Euler number−4 and half+4. We can
glue these boundaries together to obtain a closed, connected, geometrically de-
composed, oriented 4-manifold that we call𝑀′

𝑚. The same argument as above
shows the following proposition.

Proposition 4.3. For each 𝑚, 𝜒(𝑀′
𝑚) = 3𝜎(𝑀′

𝑚) = 4𝑚. Moreover, for each 𝑚,
𝑀′

𝑚 does not support a complex structure and is not geometric.

5. Signature of higher graph 𝟒-manifolds with
complex-hyperbolic pieces
In this section, we prove Theorem 1.4. Finally, we prove that the inequality

in Theorem 1.4 is sharp and, in doing so, we also construct the first examples
of higher graph 4-manifolds with non-vanishing signature.
Let 𝑌 be a complex-hyperbolic surface with nilmanifold cusps. It is well-

known that 𝑌 admit a smooth toroidal compactification (𝑋, 𝐷) of log-general
type [DC12, Proposition 4.7]. It is alsowell-known that𝑋 is a projective smooth
surface, and 𝐷 is a reduced divisor consisting of pairwise disjoint smooth ellip-
tic curves with negative self-intersection. These elliptic divisors are in one-to-
one correspondence with the cusps of 𝑌. We can now explicitly compute the
𝜂-invariant of a torus-like cusp by applyingHirzebruch’s proportionality princi-
ple in the non-compact setting. By Hirzebruch’s proportionality [Mum77], we
know that

3𝑐2(𝑋, 𝐷) = 𝑐21(𝑋, 𝐷),

where the 𝑐𝑖’s are the log-Chern numbers of the pair (𝑋, 𝐷). It is well-known
(see for example [DC12, Section 4]) that

𝑐2(𝑋, 𝐷) = 𝜒(𝑋 ⧵ 𝐷) = 𝜒(𝑌) > 0,

and
𝑐21(𝑋, 𝐷) = 𝑐21(𝑋) − 𝐷2 = 𝐾2

𝑋 − 𝐷2 = 2𝜒(𝑋) + 3𝜎(𝑋) − 𝐷2.
Let 𝐷 = 𝐷1 ∪⋯ ∪ 𝐷𝑏, so that 𝑌 has exactly 𝑏 > 0 cusps. Moreover, say that

𝐷2
𝑖 = −𝑛𝑖, 𝑖 = 1, … , 𝑏,



THE SIGNATURE OF GEOMETRICALLY DECOMPOSABLE ASPHERICAL 4-MANIFOLDS 1441

where for each 𝑖, 𝑛𝑖 is a strictly positive integer. Since byMayer–Vietoris𝜒(𝑋) =
𝜒(𝑌), we obtain that

𝜒(𝑌) = 3𝜎(𝑋) + 𝑛1 +⋯+ 𝑛𝑏,

so that

𝜎(𝑋) =
𝜒(𝑌)
3 + 𝐷2

3 .

With a slight abuse of notation, let 𝑌 also denote the truncated complex-hyper-
bolic surface with cusps. We have that the signature of this 4-manifold is given
by

𝜎(𝑌) = 𝜎(𝑋) + 𝑏 =
𝜒(𝑌)
3 −

𝑏∑

𝑖=1

(𝑛𝑖
3 − 1

)
. (4)

This formula computes the 𝜂-invariant of a torus-like cusp in terms of the self-
intersection of the associated compactifying divisor. Moreover, it implies the
following.

Lemma 5.1. Let 𝑌 be a truncated complex-hyperbolic surface with infra-
nilmanifold cusps equipped with the orientation coming from the complex orien-
tation. Then each boundary component is oriented in such a way that is finitely
covered by a circle bundle over a torus with positive Euler number.

Proof. It is well-known that any complex-hyperbolic surface is finitely covered
by a complex-hyperbolic surface with nilmanifold cusps, see for example Sec-
tion 2 in [DC12]. As discussed at the beginning of Section 5, such surfaces
have a well defined compactification by tori of negative self-intersection. In
particular, (4) implies that the tori in this compactification have negative self-
intersection, so their tubular neighborhoods are disc bundles over 𝑇2 with neg-
ativeEuler number, and so their boundaries are circle bundles over a torus with
negative Euler number. When we view these boundary components as part of
the boundary 𝑌, which has an orientation coming from the complex structure,
we change their orientation and so they are circle bundles over tori with positive
Euler number. □

Before proving that Inequality (2) is sharp, we briefly study higher graph 4-
manifolds whose vertices are complex-hyperbolic surfaces that admit smooth
toroidal compactifications birational to Abelian and bielliptic surfaces. As pi-
oneered by Hirzebruch [Hir84], and later extended by Holzapfel [Hol80], the
first author and Stover [DCS17, DCS19], and the authors [DCG23], there are a
lot of explicit constructions of smooth toroidal compactifications of complex-
hyperbolic surfaces that are birational to Abelian or bielliptic surfaces. The
goal of this discussion is to show that the signature higher graph 4-manifolds
produced by gluing these of these particular complex-hyperbolic surfaces is al-
ways zero. Some explicit examples of such higher graph 4-manifolds with zero
signature appeared in [DCH25, Section 6.4].
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Proposition 5.2. Let 𝑍 be a closed, oriented, higher graph 4-manifolds whose
vertices are truncated complex-hyperbolic surfaces with torus-like cusps whose
toroidal compactifications are birational to Abelian or bielliptic surfaces. We then
have

𝜎(𝑍) = 0.

Proof. If (𝑋, 𝐷) is a smooth toroidal compactification birational to an Abelian
or bielliptic surface, we then have

𝜒(𝑋) = −𝜎(𝑋).

Thus, in this particular case we obtain

𝜎(𝑋) = 𝐷2

4 , 𝜎(𝑌) = −
𝑏∑

𝑖=1

(𝑛𝑖
4 − 1

)
,

where 𝑌 is the complex-hyperbolic surface with 𝑏 ≥ 1 cusps that we are com-
pactifying and −𝑛1,⋯−𝑛𝑏 are the self-intersections of the compactifying divi-
sors of 𝑌.
Suppose now that 𝑍 is assembled by gluing together𝑁 pieces𝑌1, … , 𝑌𝑁 with

the complex orientation and𝑀 pieces −𝑌𝑁+1, … , −𝑌𝑁+𝑀 (here the − sign de-
notes orientation-reversal: that is to say, for all 𝑗 = 1,… ,𝑀+𝑁,𝑌𝑗 is a complex-
hyperbolic surface, with the complex orientation). Call 𝑏𝑖 the number of cusps
of 𝑌𝑖, and let (−𝑛𝑖𝑗)𝑗 be the self-intersections of the compactifying divisors of
𝑌𝑖, so that the corresponding boundary components of 𝑌𝑖 have Euler number
(𝑛𝑖𝑗)𝑗.
Since circle bundles over tori are determined (up to diffeomorphism) by their

Euler number, the only way we can glue boundary components is by matching
a component with Euler number 𝑛𝑖𝑗 in 𝑌𝑖 (for some 𝑖 ≤ 𝑁 with a component
with Euler number 𝑛𝑖′𝑗′ = 𝑛𝑖𝑗 in −𝑌𝑖′ (for some 𝑖′ > 𝑁).
We then obtain, in the same notation as above,

𝜎(𝑍) = −
𝑁∑

𝑖=1

𝑏𝑖∑

𝑗=1

(𝑛𝑖𝑗
4 − 1

)
+

𝑀+𝑁∑

𝑖=𝑁+1

𝑏𝑖∑

𝑗=1

(𝑛𝑖𝑗
4 − 1

)
= 0. □

For a closed, oriented, 4-manifold we have 𝜒 ≡ 𝜎 (mod 2). Thus, a higher
graph 4-manifolds manufactured by assembling complex-hyperbolic surfaces
with Abelian and bielliptic compactifications always has even Euler number.
Since there are examples of such ball quotient compactifications with Euler
number one [Hir84, DCS17], we can easily use these atomic components to
construct closed, oriented, higher graph 4-manifolds of any positive even Euler
number and zero signature.
This circle of ideas led us to look for closed, oriented, higher graph 4-manifold

𝑍whose vertices are truncated complex-hyperbolic surfaceswith torus-like cusp
and for which 𝜎(𝑍) ≠ 0. To construct such examples, we use a construction of
Hirzebruch [Hir84]. More precisely, recall that Hirzebruch constructs, among
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other things, a sequence of smooth toroidal compactifications 𝑋𝑛, 𝑛 = 2, 3, …
that are minimal and of general type. Moreover, he computes that

𝜒(𝑋𝑛) = 𝑛7, 𝜎(𝑋𝑛) =
𝑛5(𝑛2 − 4)

3 .

The number of cusps of the associated complex-hyperbolic surface with cusp
𝑌𝑛 is given by

𝓁𝑛 = 4𝑛4.
Each of the associated elliptic curve has self-intersection−𝑛. Thus, we can take
𝑋2 that has 𝜒(𝑋2) = 128, and 𝓁2 = 64, and fill its cups with 16 copies of the𝐻2
with the reverse orientation. Here, for 𝑛 ≥ 2, we denote by 𝐻𝑛 the complex-
hyperbolic surface with four torus-like cusps with Euler number 𝑛 and such
that 𝜒(𝐻𝑛) = 𝑛 constructed in Section 4.2 of [DCG23]. We then denote by 𝐻̄𝑛
the reversed-oriented surface. By applying the formula in (4), we obtain that

𝜎(𝑍2) = 𝜎
(
𝑋2 ∪

16⋃

𝑘=1
𝐻̄2

)
= 1
3
(
128 − 32

)
= 32.

More generally, since 𝓁𝑛 is always divisible by 4, we can more generally con-
struct 𝑍𝑛 for any 𝑛. More precisely, we have

𝜎(𝑍𝑛) = 𝜎
(
𝑋𝑛 ∪

𝑛4⋃

𝑘=1
𝐻̄𝑛

)
= 1
3
(
𝑛7 − 𝑛5), 𝜒(𝑍𝑛) = 𝑛7 + 𝑛5.

Notice that as in Hirzebruch’s examples, one has

lim
𝑛→∞

𝜎(𝑍𝑛)
𝜒(𝑍𝑛)

= 1
3 .

We can summarize this discussion into a proposition.

Proposition 5.3. For each integer 𝑛 ≥ 2, there exists a closed, oriented, higher
graph 4-manifold 𝑍𝑛 such that

𝜒(𝑍𝑛) = 𝑛7 + 𝑛5, 𝜎(𝑍𝑛) =
1
3
(
𝑛7 − 𝑛5).

We can now provide all of the details for the proof of Theorem 1.4.

Proof of Theorem 1.4. As mentioned in Remark 3.8, equality in Equation (1)
can only be attained if all complex-hyperbolic pieces have the complex-induced
orientation (or all have the anti-complex orientation). However, under the as-
sumptions of Theorem 2 and thanks to Lemma 5.1, with the complex orienta-
tion all the complex pieces have boundary components that are finitely covered
by circle bundles over the torus with positive Euler number.
In particular, these are Seifert fibered 3-manifolds [Sco83, Section 4] that ad-

mit a unique Seifert fibration [Sco83, Theorem 3.8]. This Seifert fibration has
positive Euler number, since it is finally covered by an 𝑆1-bundle over 𝑇2 with
positive Euler number, and the sign of the Euler number is preserved under
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covers [Sco83, Theorem 3.6]. In particular, no two of these 3-manifolds are
orientation-reversing diffeomorphic, so that every non-geometric higher graph
4-manifold has to have pieceswith both orientations, and therefore the inequal-
ity has to be strict. (More precisely, two consecutive vertices of a higher graph
4-manifold have to have complex and anti-complex orientation.)
The sharpness of such inequality is then a consequence of Proposition 5.3.

Similarly, the examples of higher graph 4-manifolds with non-zero signature
come from the explicit family of closedmanifolds constructed inProposition 5.3.

□

6. New examples of ball quotient compactifications of general
type
In this section, we look at a class of examples stemming from our investiga-

tion. More precisely, we refine a classical construction of Hirzebruch to give a
new infinite family of complex-hyperbolic surfaces with toroidal compactifica-
tions that are minimal and of general type.
More precisely, we recall that Hirzebruch [Hir84] constructed a family

{𝑋𝑛}𝑛>1 of complex surfaces of general type that asymptotically approach the
Bogomolov–Miyaoka–Yau line, i.e., 𝑐21(𝑋𝑛)∕𝑐2(𝑋𝑛) tends to 3 as 𝑛 goes to infin-
ity. Each 𝑋𝑛 is constructed as an Abelian 𝑛3-fold branched cover of a surface
𝑌𝑛, where 𝑌𝑛 is the blow-up of an Abelian surface 𝐸 ×𝐸 at its 𝑛-torsion points.
Calling 𝐶𝑛 the cyclic group of order 𝑛, we can view this construction as the
quotient of an action of 𝐶4𝑛∕𝐶𝑛 ≅ 𝐶3𝑛 on 𝑋𝑛 (here 𝐶𝑛 sits diagonally inside 𝐶4𝑛).
When 𝑛 = 2𝑚 is even, we consider the index-8 subgroup 𝐺 = 𝐶3𝑚 < 𝐶3𝑛 and

the corresponding action of 𝐺 on 𝑋𝑛. The quotient, that we call 𝑍𝑛, is an 8-fold
cover of 𝑌𝑛 with the same branching set.

Proposition 6.1. 𝑍𝑛 is aminimal surface of general type. In 𝑍𝑛, the preimages of
the (−1)-curves in 𝑌𝑛 are non-singular curves of genus 1 which saturate the loga-
rithmic Bogomolov–Miyaoka–Yau inequality. In particular, their complement is
a ball quotient.

Proof. We compute the characteristic numbers of 𝑍𝑛. We begin with 𝜒(𝑍𝑛) =
𝑐2(𝑍𝑛), the topological Euler characteristic/second Chern class. Recall that 𝑌𝑛
is the blow-up of an Abelian surface 𝐴 at 𝑛4 points, so 𝜒(𝑌𝑛) = 𝑛4. Since 𝑍𝑛 is
an 8-fold cover of 𝑌𝑛, ramified over tori, then 𝜒(𝑍𝑛) = 8𝜒(𝑌𝑛) = 8𝑛4. We now
want to compute 𝑐1(𝑍𝑛) = −𝐾𝑍𝑛 . In order to do that, we look a bit closer at 𝑌𝑛
and at the projection 𝑍𝑛 → 𝑌𝑛. The ramification locus inside 𝑌𝑛 is the union
of 4𝑛2 tori of self-intersection−𝑛2. Call 𝐵 the reduced divisor in comprising all
these tori 𝑌𝑛, and 𝑅 its (reduced) preimage in 𝑍𝑛. Since 𝑍𝑛 → 𝑌𝑛 is of degree 8
and is ramified of degree 2 at each point of 𝑅, we have that each component of 𝑅
has self-intersection−𝑛2∕2, and that each component of𝐵 lifts to 4 components
of 𝑅.
The canonical class 𝐾𝑌𝑛 is represented by the divisor

∑
𝐸𝑖, where 𝐸1, … , 𝐸𝑛4

are the 𝑛4 exceptional divisors of the blow-ups 𝑌𝑛 → 𝐴. By construction, each
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component of𝐸𝑖 intersects four components of𝐵 transversely at distinct points.
We call 𝐿 the preimage of the union of all the 𝐸𝑖’s in 𝑍𝑛. We claim that each
component 𝐸𝑖 of 𝐸 lifts to a component 𝐿𝑖 of 𝐿, and that each of these is a torus
of self-intersection −8.
First, we show that the preimage of𝐸𝑖 is connected. 𝐸𝑖⧵𝐵 is a four-punctured

sphere, so 𝐻1(𝐸𝑖 ⧵ 𝐵) = ℤ4∕ℤ, generated by the four meridians of the compo-
nents of 𝐵meeting 𝐸𝑖. Recall from [Hir84] that the cover 𝑍𝑛 → 𝑌𝑛 is associated
to a morphism 𝐻1(𝑌𝑛 ⧵ 𝐵) → 𝐶4𝑛∕𝐶𝑛 that is surjective when restricted to the
subspace of𝐻1(𝑌𝑛 ⧵ 𝐵). Since the inclusion 𝐸𝑖 ⧵ 𝐵 ↪ 𝑌𝑛 ⧵ 𝐵 induces a map on
homology whose image is exactly the subspace generated by the meridians of
𝐵, the restriction of the cover 𝑍𝑛 ⧵ 𝑅 → 𝑌𝑛 ⧵ 𝐵 to 𝐸𝑖 ⧵ 𝐵 is onto. It follows that
the induced cover is connected, so the preimage of 𝐸𝑖 in 𝑍𝑛 is connected.
By the Riemann–Hurwitz formula, the Euler characteristic of 𝐿𝑖 is 0, so it is

indeed a torus. Since 𝐸𝑖 has self-intersection−1 and 𝑍𝑛 → 𝑌𝑛 has degree 8 and
does not ramify over 𝐸𝑖, then 𝐿𝑖 ⋅ 𝐿𝑖 = −8. Moreover, each intersection point of
𝐵 with 𝐸 lifts to four points of intersections of 𝑅 with 𝐿 (since the ramification
index at each point of𝑅 is 2 and the degree of the cover is 8), so that𝑅⋅𝐿 = 16𝑛4.
By the ramification formula, since 𝑍𝑛 → 𝑌𝑛 has index 2 on each component

of its ramification divisor 𝑅, we have that 𝐾𝑍𝑛 = 𝐿 + 𝑅. Since both 𝐿 and 𝑅 are
genus-1 divisors of negative self-intersection, 𝐾𝑍𝑛 is free of exceptional divisors
and therefore 𝑍𝑛 is minimal. We now have

𝑐1(𝑍𝑛)2 = 𝐾2
𝑍𝑛
= 𝐿2 + 2𝑅 ⋅ 𝐿 + 𝑅2 = −8 ⋅ 𝑛4 + 2 ⋅ 16𝑛4 + (−

𝑛2

2 ) ⋅ 16𝑛
2 = 16𝑛4.

Since 𝑐1(𝑍𝑛)2 is positive for each 𝑛, 𝑍𝑛 is of general type. We have also shown
that 𝐿 contains 𝑛4 tori of self-intersection −8, so that

𝐿2 = −8𝑛4 = 3 ⋅ 8𝑛4 − 16𝑛4 = 3𝑐2(𝑍𝑛) − 𝑐1(𝑍𝑛)2.

It follows that (𝑍𝑛, 𝐿) saturates the logarithmic Bogomolov–Miyaoka–Yau in-
equality [TY87], and 𝑍𝑛 ⧵ 𝐿 is a ball quotient. □

Remark 6.2. When 𝑛 = 2, 𝑍2 = 𝑋2, and the previous proposition shows
that 𝑋2 is the toroidal compactification of two distinct ball quotients. One of
them is the complement of the ramification divisor (which consists of 64 tori
of self-intersection −2), and the other is the complement of the preimages of
the exceptional divisor (which consists of sixteen tori of self-intersection −8),
as in the statement of the proposition above. The two ball quotients are dis-
tinct, since they have a different number of cusps. An interesting thing to point
about 𝑋2 is that it is minimal and of general type. In [DCS16], the first author
and Stover constructed non-minimal and non-general type surfaces that are si-
multaneously the toroidal compactifications of multiple ball quotients. They
are blow-ups of Abelian surfaces.
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Appendix A. Sage code
Herewe provide the Sage [Sag23a] codewe used for our computations, using

the SageManifolds package [Sag23b].
First, we define the manifold𝑀 and the metric in the chart 𝑋, with coordi-

nates (𝑝, 𝑞, 𝑥, 𝑦) ∈ ℝ3×(0,∞). We also define the point𝑂 = (0, 0, 0, 1) in these
coordinates.

M = Manifold(4, 'F4', structure='Riemannian')
X.<p,q,x,y> = M.chart(r"p q x y:(0,+oo)")
O = M.point((0,0,0,1), chart=X, name='O')

We now define and print the metric 𝑔 in the chart.

g = M.metric()
g[0,0] = (xˆ2+yˆ2)/y
g[0,1] = x/y
g[1,1] = 1/y
g[2,2] = 1/yˆ2
g[3,3] = 1/yˆ2
g[:]

The Ricci curvature 𝑠𝑔 is computed and printed by the following lines:

s = g.ricci_scalar()
s.display()

Since the metric is homogeneous, it now suffices to compute the Ricci and
Weyl tensors at 𝑂.
The trace-free part of the Ricci tensor at 𝑂 is computed as follows.

R = g.riemann()
Rdown = R.down(g)
Ricop = Rdown['_ijkl']*g.up(g)['ˆik']
Rico = Ricop - (1/4)*s*g
Rico.at(O).display()

The first line computes the Riemann tensor. The second lowers all indices,
and the third contracts the second and third index with the metric. The fourth
line removes the appropriate multiple of the metric. The last line displays the
trace-free Ricci tensor at𝑂, which is 3

4
(𝑑𝑝2+𝑑𝑞2)− 3

4
(𝑑𝑥2+𝑑𝑦2). The squared

norm of the trace-free Ricci tensor at 𝑂 is therefore 4
(
− 3
4

)2
= 9

4
.

Finally, we compute the Weyl operator 𝑊, as a tensor of type (2, 2), in the
chart, and evaluate it at the point 𝑂.

C = g.weyl()
Wop = C['_ijkˆl']*g.up(g)['ˆim']
Wop.at(O).display()
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The output of the computation can be rearranged as follows:

+ 1
2(𝜕𝑝 ⊗ 𝜕𝑞 ⊗ 𝑑𝑥 ⊗ 𝑑𝑦 − 𝜕𝑝 ⊗ 𝜕𝑞 ⊗ 𝑑𝑦 ⊗ 𝑑𝑥 − 𝜕𝑞 ⊗ 𝜕𝑝 ⊗ 𝑑𝑥 ⊗ 𝑑𝑦 + 𝜕𝑞 ⊗ 𝜕𝑝 ⊗ 𝑑𝑦 ⊗ 𝑑𝑥)

+ 1
4 (𝜕𝑝 ⊗ 𝜕𝑥 ⊗ 𝑑𝑞 ⊗ 𝑑𝑦 − 𝜕𝑝 ⊗ 𝜕𝑥 ⊗ 𝑑𝑦 ⊗ 𝑑𝑞 − 𝜕𝑥 ⊗ 𝜕𝑝 ⊗ 𝑑𝑞 ⊗ 𝑑𝑦 + 𝜕𝑥 ⊗ 𝜕𝑝 ⊗ 𝑑𝑦 ⊗ 𝑑𝑞)

− 1
4 (𝜕𝑝 ⊗ 𝜕𝑦 ⊗ 𝑑𝑞 ⊗ 𝑑𝑥 − 𝜕𝑝 ⊗ 𝜕𝑦 ⊗ 𝑑𝑥 ⊗ 𝑑𝑞 − 𝜕𝑦 ⊗ 𝜕𝑝 ⊗ 𝑑𝑞 ⊗ 𝑑𝑥 + 𝜕𝑦 ⊗ 𝜕𝑝 ⊗ 𝑑𝑥 ⊗ 𝑑𝑞)

− 1
4 (𝜕𝑞 ⊗ 𝜕𝑥 ⊗ 𝑑𝑝 ⊗ 𝑑𝑦 + 𝜕𝑞 ⊗ 𝜕𝑥 ⊗ 𝑑𝑦 ⊗ 𝑑𝑝 − 𝜕𝑥 ⊗ 𝜕𝑞 ⊗ 𝑑𝑝 ⊗ 𝑑𝑦 + 𝜕𝑥 ⊗ 𝜕𝑞 ⊗ 𝑑𝑦 ⊗ 𝑑𝑝)

+ 1
4 (𝜕𝑞 ⊗ 𝜕𝑦 ⊗ 𝑑𝑝 ⊗ 𝑑𝑥 − 𝜕𝑞 ⊗ 𝜕𝑦 ⊗ 𝑑𝑥 ⊗ 𝑑𝑝 − 𝜕𝑦 ⊗ 𝜕𝑞 ⊗ 𝑑𝑝 ⊗ 𝑑𝑥 + 𝜕𝑦 ⊗ 𝜕𝑞 ⊗ 𝑑𝑥 ⊗ 𝑑𝑝)

+ 1
2 (𝜕𝑥 ⊗ 𝜕𝑦 ⊗ 𝑑𝑝 ⊗ 𝑑𝑞 − 𝜕𝑥 ⊗ 𝜕𝑦 ⊗ 𝑑𝑞 ⊗ 𝑑𝑝 − 𝜕𝑦 ⊗ 𝜕𝑥 ⊗ 𝑑𝑝 ⊗ 𝑑𝑞 + 𝜕𝑦 ⊗ 𝜕𝑥 ⊗ 𝑑𝑞 ⊗ 𝑑𝑝),

where we write 𝜕𝑝 instead of
𝜕
𝜕𝑝
(and similarly for the other coordinates).

Each line corresponds to an entry in the matrix for the Weyl operator, but
now viewed as an operator in𝑊∧ ∈ End(Λ2𝑀), with respect to the basis

𝜕𝑝 ∧ 𝜕𝑞, 𝜕𝑝 ∧ 𝜕𝑥, 𝜕𝑝 ∧ 𝜕𝑦, 𝜕𝑞 ∧ 𝜕𝑥, 𝜕𝑞 ∧ 𝜕𝑦, 𝜕𝑥 ∧ 𝜕𝑦.

That is to say𝑊∧ acts as follows:

𝜕𝑝 ∧ 𝜕𝑞 ↦
1
2
𝜕𝑥 ∧ 𝜕𝑦, 𝜕𝑝 ∧ 𝜕𝑥 ↦

1
4
𝜕𝑞 ∧ 𝜕𝑦, 𝜕𝑝 ∧ 𝜕𝑦 ↦ − 1

4
𝜕𝑞 ∧ 𝜕𝑥

𝜕𝑞 ∧ 𝜕𝑥 ↦ − 1
4
𝜕𝑝 ∧ 𝜕𝑦, 𝜕𝑞 ∧ 𝜕𝑦 ↦

1
4
𝜕𝑝 ∧ 𝜕𝑥, 𝜕𝑥 ∧ 𝜕𝑦 ↦

1
2
𝜕𝑝 ∧ 𝜕𝑞

Since themetric 𝑔 at𝑂, in the base 𝜕𝑝, 𝜕𝑞, 𝜕𝑥, 𝜕𝑦 is represented by the identity
matrix, the Hodge star operator, which is an involution on Λ2𝑀 sends 𝜕𝑝 ∧ 𝜕𝑞
to 𝜕𝑥 ∧ 𝜕𝑦, 𝜕𝑝 ∧ 𝜕𝑥 to −𝜕𝑞 ∧ 𝜕𝑦, and 𝜕𝑝 ∧ 𝜕𝑦 to 𝜕𝑞 ∧ 𝜕𝑥. An eigenbasis for Λ± is
given by

𝜕𝑝 ∧ 𝜕𝑞 ± 𝜕𝑥 ∧ 𝜕𝑦, 𝜕𝑝 ∧ 𝜕𝑥 ∓ 𝜕𝑞 ∧ 𝜕𝑦, 𝜕𝑝 ∧ 𝜕𝑦 ± 𝜕𝑞 ∧ 𝜕𝑥,

and these are also eigenvectors of𝑊∧ of eigenvalues

±12, ∓14, ∓14,

respectively.
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