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A note on capacity Muckenhoupt weights
with respect to the Hausdorff content

Yangzhi Zhang and Ciqiang Zhuo

Abstract. Let 𝑝 ∈ [1,∞) and 𝛿 ∈ (0, 𝑛]. Recently, to characterize the
weighted boundedness of the maximal operator on Choquet integrals based
on Hausdorff content ℋ𝛿

∞, a class of capacity Muckenhoupt weights is in-
troduced, denoted by 𝒜𝑝,𝛿 , and, for any fixed 𝛿 ∈ (0, 𝑛], this new class of
weights is proved to satisfy the self-improving property with respect to the
index 𝑝 ∈ (1,∞). In this note, we show that, for every fixed 𝑝 ∈ [1,∞), the
class of capacityMuckenhoupt weights𝒜𝑝,𝛿 fails to satisfy the self-improving
property with respect to the index 𝛿 ∈ (0, 𝑛].
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1. Introduction
Let 𝛿 ∈ (0, 𝑛] andℋ𝛿

∞ be theHausdorff content (or 𝛿-dimensional Hausdorff
capacity) of a subset 𝐸 ⊂ ℝ𝑛 (see Section 2 for the definition). For any subset
𝐸 ⊂ ℝ𝑛 and any non-negative function 𝑓 defined on 𝐸, the Choquet integral of
𝑓 on 𝐸 is defined by setting

∫
𝐸
𝑓(𝑥) 𝑑ℋ𝛿

∞ ∶= ∫
∞

0
ℋ𝛿

∞({𝑥 ∈ 𝐸 ∶ 𝑓(𝑥) > 𝑡}) 𝑑𝑡.

For any 𝑝 ∈ (0,∞), the 𝑝-Choquet integral with respect to the capacity of a func-
tion 𝑓 on 𝐸 is defined by setting

‖𝑓‖𝐿𝑝(𝐸,ℋ𝛿
∞) ∶= [∫

𝐸
|𝑓(𝑥)|𝑝 𝑑ℋ𝛿

∞]

1
𝑝

.

For any 𝑝 ∈ (0,∞) and 𝐸 ⊂ ℝ𝑛, we always use 𝐿𝑝(𝐸,ℋ𝛿
∞) to denote the space

of all functions 𝑓 such that the quasi-norm ‖𝑓‖𝐿𝑝(𝐸,ℋ𝛿
∞) is finite, and denote by
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𝐿1loc (ℝ
𝑛,ℋ𝛿

∞) the set of all functions 𝑓 satisfying that 𝑓 ∈ 𝐿1(𝐾,ℋ𝛿
∞) for any

compact set 𝐾 ⊂ ℝ𝑛. For the further theory of Choquet integrals with respect
to Hausdorff content, we refer the reader to [1, 2, 11, 12].
Recently, inspired by the recent extensive research on capacity (see, for ex-

ample, [3, 6, 9]), Huang et al. [7] introduced a class of capacitaryMuckenhoupt
weight with respect to the Hausdorff content. Precisely, for 𝑝 ∈ [1,∞), the
capacity Muckenhoupt weight 𝒜𝑝,𝛿 is defined to be the set of all ℋ𝛿

∞-capacity
weight on ℝ𝑛 such that [𝑤]𝒜𝑝,𝛿 < ∞, where for 𝑝 ∈ (1,∞),

[𝑤]𝒜𝑝,𝛿 ∶= sup
𝑄⊂ℝ𝑛

{ 1
ℋ𝛿

∞(𝑄)
∫
𝑄
𝑤(𝑥) 𝑑ℋ𝛿

∞}

× { 1
ℋ𝛿

∞(𝑄)
∫
𝑄
𝑤(𝑥)−

1
𝑝−1 𝑑ℋ𝛿

∞}
𝑝−1

with the supremum being taken over all cubes 𝑄 of ℝ𝑛, and for 𝑝 = 1,

[𝑤]𝒜1,𝛿 ∶= inf
{
𝐾 ∶ ℳℋ𝛿

∞
𝑤 ≤ 𝐾𝑤 for ℋ𝛿

∞−almost everywhere
}
.

Here, a function 𝑤 is called a ℋ𝛿
∞-capacity weight on ℝ𝑛, we mean that 𝑤 ∈

𝐿1loc (ℝ
𝑛,ℋ𝛿

∞) and 𝑤 ∈ (0,∞) almost everywhere on ℝ𝑛 with respect to the
Hausdorff content ℋ𝛿

∞, and ℳℋ𝛿
∞
stands for the Hardy-Littlewood maximal

operator associated with the Hausdorff content defined by setting

ℳℋ𝛿
∞
𝑓(𝑥) ∶= sup

𝑄∋𝑥

1
ℋ𝛿

∞(𝑄)
∫
𝑄
|𝑓(𝑦)| 𝑑ℋ𝛿

∞,

with the supremum ranging over all cubes 𝑄 containing 𝑥.
When 𝛿 = 𝑛, the capacity Muckenhoupt weight 𝒜𝑝,𝑛, restricted on all

Lebesguemeasurable subsets ofℝ𝑛, is equivalent to the classical Muckenhoupt
weight 𝐴𝑝 introduced in [10] and have several interesting applications. For ex-
ample, such capacity Muckenhoupt weight gives a sufficiency and necessity
for the boundedness of the maximal operatorℳℋ𝛿

∞
on 𝐿𝑝(ℋ𝛿

∞) (see [7, Theo-
rems 1.1 and 1.3]). As an analogue of the classical BMO space, functions with
𝛿-dimensional bounded mean oscillation also enjoy an equivalent characteri-
zation in terms of the capacity Muckenhoupt weight (see [8]).
Besides the above interesting application, Huang et al. in [7] further estab-

lished several properties of the class of capacity Muckenhoupt weights 𝒜𝑝,𝛿,
such as the reverse Hölder inequality, the Jones factorization theorem, and
monotonicity with respect to 𝑝. Particularly, for a given 𝛿 ∈ (0, 𝑛], 𝒜𝑝,𝛿 has
the self-improving property with respect to the index 𝑝, namely, if 𝑤 ∈ 𝒜𝑝,𝛿
with 𝑝 ∈ (1,∞), then there exists 𝑞 ∈ (1, 𝑝) such that 𝑤 ∈ 𝒜𝑞,𝛿. On the
other hand, by [7, Proposition 2.18], we know that, for any fixed 𝑝 ∈ [1,∞), if
0 < 𝛿 < 𝛽 ≤ 𝑛, then 𝒜𝑝,𝛿 ⫋ 𝒜𝑝,𝛽 . Therefore, a natural interesting question
arises:
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Question. Does the class of capacity Muckenhoupt weights have the self-
improving property with respect to the dimension 𝛿? That is, for any given
𝑝 ∈ [1,∞) and 𝑤 ∈ 𝒜𝑝,𝛿 with 𝛿 ∈ (0, 𝑛], does there exist 𝛿1 ∈ (0, 𝛿) such that
𝑤 ∈ 𝒜𝑝,𝛿1?

The main result of this note gives a negative answer to the above question.

Theorem 1.1. Let 𝛿 ∈ (0, 𝑛] and 𝑝 ∈ [1,∞). Then there exists a capacity weight
𝑤 such that 𝑤 ∈ 𝒜𝑝,𝛿 but 𝑤 ∉ 𝒜𝑝,𝛽 for any 𝛽 ∈ (0, 𝛿), namely, the capacity
weights𝒜𝑝,𝛿 do not have the self-improving property with respect to the index 𝛿.

The proof of Theorem 1.1 is constructive, which relies on the critical prop-
erties of Hausdorff dimension. For any set 𝐸 ⊂ ℝ𝑛, the Hausdorff dimension
dimℋ(𝐸) and the 𝑠-dimensional Hausdorff measureℋ𝑠(𝐸) satisfy

ℋ𝑠(𝐸) = { ∞, 0 ≤ 𝑠 < dimℋ(𝐸),
0, 𝑠 > dimℋ(𝐸),

see [5, (3.11)]. Here, for any subset 𝐸, 𝑠 = dimℋ(𝐸) is the critical value for
the Hausdorff measure ℋ𝑠(𝐸) from ∞ to 0. Moreover, it was pointed out in
[5] that the Hausdorff measure at the critical value would be zero, a finite pos-
itive number or infinity. However, it seems that there is no specific example
satisfying

dimℋ(𝐸) = 𝑠 and ℋ𝑠(𝐸) = 0. (1.1)
In this note, we construct a specific subset 𝐸 ⊂ ℝ𝑛 satisfying (1.1), through
a method from the iterative construction of generalized Cantor sets (see [5]),
by adjusting the sparsity of the Cantor set and the decay rate of the interval
lengths. Using this example, we obtain a weight 𝑤 satisfying the requirement
of Theorem 1.1.

2. Proof of Theorem 1.1
We first recall the definitions of Hausdorff measure and Hausdorff dimen-

sion (see [4, 5]).

Definition 2.1. Let 𝛿 ∈ (0, 𝑛]. For any 𝜖 ∈ (0,∞] and any subset 𝐸 ⊂ ℝ𝑛, the
𝛿-dimensional 𝜖-Hausdorff outer measure of 𝐸 is defined by setting

ℋ𝛿
𝜖 (𝐸) ∶= inf {

∑

𝑖
[𝑙(𝑄𝑖)]𝛿 ∶ 𝐸 ⊂

⋃

𝑖
𝑄𝑖, 𝑙(𝑄𝑖) < 𝜖} ,

where the infimum is taken over all finite or countable cubes fromℝ𝑛 coverings
{𝑄𝑖}𝑖 of 𝐸 and 𝑙(𝑄) denotes the edge length of the cube 𝑄.
Particularly,ℋ𝛿

∞(𝐸) is called the Hausdorff content (or 𝛿-dimensional Haus-
dorff capacity) of 𝐸. Furthermore, the 𝛿-dimensional Hausdorff measure of 𝐸 is
defined as

ℋ𝛿(𝐸) ∶= lim
𝜖→0+

ℋ𝛿
𝜖 (𝐸). (2.1)
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We remark that the limit in (2.1) exists for any subset 𝐸 ⊂ ℝ𝑛, although the
limiting value can be (and usually is) zero or infinity. Moreover,

ℋ𝛿(𝐸) = sup
𝜖>0

ℋ𝛿
𝜖 (𝐸).

Definition 2.2. Let 𝐸 ⊂ ℝ𝑛 with 𝐸 ≠ ∅. Then the Hausdorff dimension of 𝐸 is
defined by

dimℋ(𝐸) ∶= inf {𝑠 ≥ 0 ∶ ℋ𝑠(𝐸) = 0}
In particular, the Hausdorff dimension of the empty set is defined to be 0.

We point out that, for any set 𝐸, dimℋ(𝐸) is also the critical value of 𝑠 at
which ℋ𝑠(𝐸) “jumps" from ∞ to 0 (see [5, p. 48]). Alternatively, when
𝑠 < dimℋ(𝐸),ℋ𝑠(𝐸) = ∞ and, when 𝑠 > dimℋ(𝐸),ℋ𝑠(𝐸) = 0. Thus,

dimℋ(𝐸) = sup
{
𝛿 ≥ 0 ∶ ℋ𝛿(𝐸) = +∞

}
.

When dimℋ(𝐸) = 𝑠, ℋ𝑠(𝐸) may be zero, a finite positive number or infinity.
However, it seems that there is no specific example for the case “zero" or “in-
finity" to our knowledge. The following conclusion is the main step for proof
of Theorem 1.1, which confirms the possibility that, for any 𝑠 ∈ (0, 𝑛], when
dimℋ(𝐸) = 𝑠,ℋ𝑠(𝐸) = 0.

Proposition 2.3. Let 𝛿 ∈ (0, 𝑛]. Then there exists a subset 𝐸 ⊂ ℝ𝑛 such that

dimℋ(𝐸) = 𝛿 and ℋ𝛿(𝐸) = 0.

To prove Proposition 2.3, we need the following mass distribution principle
(see [5, p. 67]). Let 𝜇 be a measure on ℝ𝑛. The smallest closed set 𝐹 ⊂ ℝ𝑛

satisfying 𝜇(ℝ𝑛∖𝐹) = 0 is called the support of 𝜇, denoted by spt 𝜇. Moreover,
for any 𝐹 a subset ofℝ𝑛, if spt 𝜇 ⊂ 𝐹 and 0 < 𝜇(𝐹) < ∞, then 𝜇 is called a mass
distribution on 𝐹.

Lemma 2.4 (Mass Distribution Principle). Let 𝑠 ∈ (0,∞), 𝐹 be a subset of ℝ𝑛

and 𝜇 amass distribution on 𝐹. If there exist positive constants𝐾 and 𝜖 such that,
for every set𝑈 ⊂ ℝ𝑛 with diam𝑈 ≤ 𝜖,

𝜇(𝑈) ≤ 𝐾(diam𝑈)𝑠,
then

ℋ𝑠(𝐹) ≥ 𝜇(𝐹)
𝐾 and dimℋ(𝐹) ≥ 𝑠.

We are now ready to prove Proposition 2.3.

Proof of Proposition 2.3. We only give the proof of the case 𝑛 = 1 and 𝛿 ∈
(0, 1], since it is not difficulty to extend to the general 𝑛.
Step 1: The Construction of 𝐸. The subset 𝐸 is constructed by induction.

For the initial step (𝑘 = 0), let 𝐼0,1 = [0, 1]. For 𝑘 ∈ ℕ, we take operation on
closed intervals 𝐼𝑘−1,𝑖 (𝑖 = 1, 2, … ,𝑁𝑘−1) from the (𝑘−1)-th iteration as follows,
where 𝑁𝑘 denotes the number of all intervals in the 𝑘-step (𝑁0 = 1).
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(i) Select two closed subintervals at the endpoints of the closed interval
𝐼𝑘−1,𝑖 with length

𝐿𝑘 ∶= 2−
𝑘
𝛿
− 𝑘
ln(𝑘+1) ,

and remove the middle unselected part;
(ii) Denote all selected closed intervals in the𝑘-th iteration by {𝐼𝑘,𝑖}

𝑁𝑘
𝑖=1, where

the number of intervals satisfies

𝑁𝑘 = 2 ⋅ 𝑁𝑘−1 = 2𝑘.

Let 𝐸𝑘 ∶=
⋃𝑁𝑘

𝑖=1 𝐼𝑘,𝑖. Then the sparse generalized Cantor set is defined as the
intersection of the retained intervals from all iterations:

𝐸 ∶=
∞⋂

𝑘=1
𝐸𝑘.

By the nested closed intervals theorem, 𝐸 ≠ ∅ and 𝐸 ⊂ [0, 1] ⊂ ℝ.
Step 2: Verification for ℋ𝛿(𝐸) = 0. For any 𝑘 ≥ 1, let 𝜖𝑘 ∶= 𝐿𝑘 (the

diameter of the intervals at the 𝑘-th iteration). Then {𝐼𝑘,𝑖}
𝑁𝑘
𝑖=1 forms an 𝜖𝑘-cover

of 𝐸 and hence

ℋ𝛿
𝜖𝑘 (𝐸) ≤

𝑁𝑘∑

𝑖=1
(diam 𝐼𝑘,𝑖)𝛿 = 2𝑘 ⋅ (2−

𝑘
𝛿
− 𝑘
ln(𝑘+1))

𝛿

= 2−
𝑘𝛿

ln(𝑘+1) .

As 𝑘 → ∞, 𝜖𝑘 = 𝐿𝑘 → 0+ and 𝑘𝛿
ln(𝑘+1)

→ +∞. Therefore,

ℋ𝛿(𝐸) = lim
𝑘→∞

ℋ𝛿
𝜖𝑘 (𝐸) ≤ lim

𝑘→∞
2−

𝑘𝛿
ln(𝑘+1) = 0,

which impliesℋ𝛿(𝐸) = 0.
Step 3: Proof for dimℋ(𝐸) = 𝛿. By the definition of Hausdorff dimension,

it is enough to show the following two statements:
(1) For any 𝑠 > 𝛿,ℋ𝑠(𝐸) = 0;
(2) For any 𝑠 < 𝛿, dimℋ(𝐸) ≥ 𝑠.
For (1), we first have

𝑁𝑘∑

𝑖=1
(diam 𝐼𝑘,𝑖)𝑠 = 2𝑘 ⋅ 2−

𝑘𝑠
𝛿
− 𝑘𝑠
ln(𝑘+1) = 2𝑘(1−

𝑠
𝛿
𝑡)− 𝑘𝑠

ln(𝑘+1) . (2.2)

Since 1 − 𝑠
𝛿
< 0 by 𝑠 > 𝛿, it follows that the right-hand side of (2.2) tends to 0

as 𝑘 → ∞. Thus,ℋ𝑠(𝐸) = 0 when 𝑠 > 𝛿.
To show (2), we first define a mass distribution 𝜇 on 𝐸 as follows. For each

interval 𝐼𝑘,𝑖 at the 𝑘-th iteration, set 𝜇(𝐼𝑘,𝑖) ∶=
1
𝑁𝑘

= 1
2𝑘
; for any set 𝐴 ⊂ ℝ, if

𝐴 ∩ 𝐸𝑘 = ∅ for some 𝑘 ∈ ℕ, then we set 𝜇(𝐴) = 0. By [5, Proposition 1.7], 𝜇
can be extended to a measure on ℝ with spt 𝜇 ⊂ 𝐸 and

𝜇(𝐸) = lim
𝑘→∞

𝜇(𝐸𝑘) = 1.
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Thus 𝜇 is a mass distribution on 𝐸. Moreover, for any 𝑘 ∈ ℕ and any 𝑖 =
1, 2, … ,𝑁𝑘,

𝜇(𝐼𝑘,𝑖) =
1
2𝑘

≤ 𝐾(diam 𝐼𝑘,𝑖)𝑠, (2.3)

where

𝐾 ∶= max
𝑘∈ℕ

2−𝑘
(
1− 𝑠

𝛿

)
+ 𝑘𝑠
ln(𝑘+1) ,

which is finite due to 𝑠 < 𝛿.
Let 𝑈 ⊂ ℝ be any set with 𝜌 ∶= diam 𝑈 ∈ (0, 2−

1
𝛿
−2]. Since 𝐿𝑘 is strictly

decreasing to 0 and 𝐿1 = 2−
1
𝛿
− 1
ln 2 > 2−

1
𝛿
−2, it follows that

(0, 2−
1
𝛿
−2] ⊂

⋃

𝑘∈ℕ
[𝐿𝑘+1, 𝐿𝑘). (2.4)

Furthermore, for any 𝑘 ∈ ℕ,
𝐿𝑘
𝐿𝑘+1

= 2
1
𝛿
+ 𝑘+1
ln(𝑘+2)

− 𝑘
ln(𝑘+1) ≤ 2

1
𝛿
+ 2
ln 3

− 1
ln 2 =∶ 𝑐0.

Hence, [𝐿𝑘+1, 𝐿𝑘) ⊂ [ 1
𝑐0
𝐿𝑘, 𝐿𝑘). Combining this with (2.4), we obtain

(0, 2−
1
𝛿
−2] ⊂

⋃

𝑘∈ℕ
[𝐿𝑘+1, 𝐿𝑘) ⊂

⋃

𝑘∈ℕ
[ 1𝑐0

𝐿𝑘, 𝐿𝑘) .

Consequently, there exists 𝑘0 ∈ ℕ such that 1
𝑐0
𝐿𝑘0 ≤ 𝜌 < 𝐿𝑘0 . If 𝑈 intersects

with three or more intervals of the 𝑘0-th iteration with 𝑘0 ≥ 2, then 𝜌 > 𝐿𝑘0 ,
which is a contradiction. Hence𝑈 ∩𝐸 is covered by at most two intervals from
the 𝑘0-th iteration, denoted by 𝐼𝑘0,𝑖1 , 𝐼𝑘0,𝑖2 . By subadditivity and (2.3),

𝜇(𝑈) = 𝜇(𝑈 ∩ 𝐸) ≤ 𝜇(𝐼𝑘0,𝑖1) + 𝜇(𝐼𝑘0,𝑖2) =
1

2𝑘0−1
≤ 2𝐾(𝐿𝑘0)

𝑠 ≤ 2𝐾𝑐𝑠0𝜌
𝑠.

Therefore, from the mass distribution principle (see Lemma 2.4), we deduce
that dimℋ(𝐸) ≥ 𝑠. Thus, (2) holds true. This completes the proof of Proposition
2.3. □

Proof of Theorem 1.1. According to the proof of Proposition 2.3, for the given
cube 𝑄0 ∶= [0, 2)𝑛, there exists a subset 𝐸 ⊂ 𝑄0 such that dimℋ(𝐸) = 𝛿 and
ℋ𝛿(𝐸) = 0. Define

𝑤(𝑥) ∶= { 1, 𝑥 ∈ ℝ𝑛 ⧵ 𝐸,
0, 𝑥 ∈ 𝐸.

Since the 𝛿-Hausdorff capacity and 𝛿-Hausdorff measure share the same null
sets (see [4, Lemma 1, p.64]), it follows thatℋ𝛿

∞(𝐸) = 0 and hence 𝑤(𝑥) = 1
forℋ𝛿

∞-a.e. 𝑥 ∈ ℝ𝑛 which further implies 𝑤 ∈ 𝒜𝑝,𝛿 for any 𝑝 ∈ [1,∞).
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However, for any 𝛽 ∈ (0, 𝛿), we haveℋ𝛽(𝐸) = ∞ by the definition of Haus-
dorffmeasure. Using again that the 𝛿-Hausdorff capacity and 𝛿-Hausdorffmea-
sure have the same null sets, we obtainℋ𝛽

∞(𝐸) > 0. This means that, for the
above cube 𝑄0,

∫
𝑄0
𝑤(𝑥)−

1
𝑝−1 𝑑ℋ𝛽

∞ ≥ ∫
𝐸
𝑤(𝑥)−

1
𝑝−1 𝑑ℋ𝛽

∞ = ∞,

and hence 𝑤 ∉ 𝒜𝑝,𝛽 for any 𝑝 ∈ (1,∞). Moreover, it is easy to know that
ℳℋ𝛿

∞
𝑤(𝑥) > 0 on 𝐸 and, therefore, 𝑤 ∉ 𝒜1,𝛽 . This completes the proof of

Theorem 1.1. □
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