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Bochner-Riesz commutators on Métivier
groups: boundedness and compactness
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ABSTRACT. In this paper, we prove the boundedness and compactness prop-
erties of the Bochner-Riesz commutator associated with the sub-Laplacians
on Métivier groups. We show that the smoothness parameter can be ex-
pressed in terms of the topological dimension, rather than the homogeneous
dimension of the Métivier groups. One of the main novel aspects of our proof
is the use of weighted Plancherel estimates and truncated restriction-type esti-
mates to obtain the threshold in terms of the topological dimension.
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1. Introduction and statement of main results

Let G be a two-step stratified Lie group with g as its Lie algebra, that is to say
that G is connected, simply connected nilpotent Lie group and the Lie algebra
g endowed with a vector space decomposition g = g; @ g, into two non-trivial
subspaces g;,9, C g such that [g;,g;] = g, and g, is the center of g. We call
g1, g, as first and second layer respectively and let dim ¢; = d;, dim g, =
d,. Let us assume that X, ... X4, be a basis of the first layer g; and T+, ..., T,
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be a basis of the second layer g,. We further assume that we have an inner
product(-,-) on g such that Xy, ..., X , Ty, ..., T4, is an orthonormal basis of g.
The inner product (-, -) induces a norm on the dual space g; of g,, which we
denote by | - |. Then any element u € g} \ {0} gives rise to a skew-symmetric
bilinear form w,,(x, x") = u([x, x']) for x, x" € g,. LetJ, be the skew-symmetric
endomorphism such that

w,(x, x") = {J,x,x"), x,x" €g.

We then say G is a Métivier group if J, is invertible for all u € g; \ {0}, and a
Heisenberg type group if Ji = —|ul? idy, for all u € g; \ {0}. In the latter case,
the group will be denoted by H. In what follows, G will denote the Métivier
groups unless or otherwise specified. Note that the class of Métivier group con-
tains Heisenberg type group, in fact the containment is strict, see [34] for more
details.

Corresponding to the basis X, ..., X, of the first layer g;, we consider the
associated sub-Laplacian £ on G which is defined by

£ :=—(Xf+---+X§1).

The sub-Laplacian £ is positive and (essentially) self-adjoint on L?(G). Hence,
via functional calculus, given a Borel measurable function F : R — C one can
define spectral multiplier operator

F(L):/ F(A)dE(A),
0

where E denotes the spectral measure of £. Then from spectral theory, F(£) is
a bounded operator on L?(G) if and only if F is E-essentially bounded. How-
ever, for p # 2, it is well known that the boundedness condition on F alone
is not enough to get the LP-boundedness of F(£), one requires more regularity
on the multiplier F. In the context of Euclidean space R"”, one such sufficient
condition is given by celebrated Mihlin-Hormander multiplier theorem, which
implies the LP-boundedness of the spectral multiplier F(—A), which is basi-
cally radial Fourier multiplier. It states that F(—A) is bounded on LP(R") for
1 < p < o0, whenever

IFllz, = Sup Il < oo (L)
> t>

for some s > n/2, where 7 is some smooth function supported in (0, o). In fact
the condition s > n/2 is sharp (see [41]). After that, Mihlin-Hormander mul-
tiplier theorem has been generalized in many different settings. For instance,
in the setting of stratified Lie group G, such results were independently proved
by Mauceri and Meda [31] and by Christ [12]. In particular, they showed that
for the sub-Laplacian L on G, the operator F(L) extends to a bounded operator
on LP(G) for p € (1, 00) whenever F satisfies (1.1) for some s > Q/2, where
Q is the homogeneous dimension of G. For all homogeneous sub-Laplacian
on the Heisenberg group H, Miiller and Stein [35] proved that the smoothness
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condition s > Q/2 can be replaced by s > d/2, where d = d; + d, being the
topological dimension of H. In case of Heisenberg type group, similar result is
independently obtained by Hebisch [19]. Moreover, the threshold s > d/2 for
H turned out to be sharp in the sense that it can not be improved further. This
discovery resulted in a surge of attention among many researchers and sparked
numerous current research in the theory of spectral multiplier, see [30], [27],
[26], [25], [1], [6], [13] and references therein. Let us remark that, however
in general for any 2-step Stratified Lie group, it still remains an open question
whether the homogeneous dimension Q in smoothness condition can be re-
placed by topological dimension d. Nevertheless, in case of Métivier group G,
Martini [25] proved that the threshold can be pushed down again from Q/2 to
d /2. In particular, this result also implies that Bochner-Riesz means associated
to L,

S¥L) =1 —-tL)], t>0

is bounded on LP(G) for all 1 < p < oo whenever a > (d — 1)/2, and the
result is sharp. Therefore if one wants to study the boundedness of S*(£) for
0 < a < (d —1)/2, one should not expect boundedness to hold for all p €
[1, oo]. Towards this direction very recently, Chen and Ouhabaz [9] and Niedorf
[36] in the case of Grushin operators, Niedorf in Heisenberg type groups [38]
and Métivier groups [39] obtained the p-specific type Bochner-Riesz multiplier

results. In fact for Métivier groups, Niedorf proved the following theorem.

For any n € N\ {0}, we define the Stein-Tomas exponent by p, = 2(n:31) . Let
n

Dd,.d, = Pd, for (d;,d;) € {(8,6),(8,7)}, ps¢ = 17/12 and ps; = 14/11.
Theorem 1.1. [39, Theorem 1.2] Let1 < p < py, 4,. Suppose thata > d(1/p —

1/2) — 1/2 with d = dy + d,. Then the Bochner-Riesz means S%(L) is bounded
on LP(G) uniformlyint > 0.

In this paper, we study boundedness and compactness properties of the Bochner-
Riesz commutator generated by S*(£) and b € BMO¢(G), the space of func-
tions of bounded mean oscillation on G (for definition see section 2). For f €
8(G), the Bochner-Riesz commutator associated to the sub-Laplacian £ is de-
noted by [b, S*(£)] and is defined by

[b, SH(L1f = bSU (L) f — S*(L)DS).

Before presenting our results, it would be convenient to revisit some relevant
results from the literature. In the classical setting, the Bochner-Riesz commu-
tator was studied by many mathematicians, see for example [20], [24] and [23].
In a very recent article [11], the authors obtained L9-boundedness of commu-
tators [b, S3(L)] of a BMO function b and the Bochner-Riesz means Si(L) for
a class of nonnegative self-adjoint elliptic operators L on doubling metric mea-
sure space (X, u) with ball volume being polynomial type. To be precise, as-
suming that L satisfies the finite speed of propagation property and the crucial
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spectral measure estimate:
IdE, z(Dllpropr < CAMV/PZ/POZ1 2 > 0, (1.2)

for some 1 < p < 2, they obtained L9-boundedness of [b, S%(L)] forall p < g <
p’ with the smooth condition a« > n(1/p—1/2)—1/2, n being the homogeneous
dimension of X. It is known that for metric measure spaces if the ball volume
is polynomial type, then (1.2) is equivalent to the Stein-Tomas restriction con-
dition: for any R > 0 and all Borel functions F such that supp F C [0, R],

n(=—3)
IFOVL)xpen iz < CR™? 2|65 F ||, (1.3)

for all x € X and r > 1/R. For further details, see [10, Proposition 1.4].

In the present context of Métivier groups G, although the ball volume is
polynomial type and the sub-Laplacian £ satisfies the finite speed of propaga-
tion property, to the best of our knowledge, it is still remains open question
whether one can establish (1.3) type estimates for £. A lot of investigation
has been made in this direction, for instance in case of Heisenberg group, the
range of p for which the restriction estimate hold is p = 1, this is because
of the one-dimensional center of the Heisenberg group [33]. For Heisenberg
type groups, dimension of the center is bigger than 1, there restriction type es-
timate was known to be true, see [21], [43]. But outside the class of Heisen-
berg type groups, unfortunately restriction estimate is still unknown, see [22,
Reviewer’s remark], also see remark of [38] on [5]. Therefore, it is a natural
question whether LP-boundedness of [b, S*(£)] still holds with smoothness pa-
rameter « > Q(1/p —1/2) — 1/2, where Q being the homogeneous dimension
of G. Because of the sub-Riemannian geometry of the underlying group, one
can also ask whether smoothness parameter can be replaced by a weaker con-
dition a > d(1/p — 1/2) — 1/2, with d as the topological dimension of G. We
answer this question positively, using a weaker version of restriction type esti-
mate proved in [37].

Forall d;,d, > 1, let py 4, be the same as just before the Theorem (1.1) and
LE(R) denote the L? Sobolev space of order 8 > 0. Then following is our first

main result of this paper.

Theorem 1.2. Let1 < p < pg 4, and B > d(1/p — 1/2). Then for any even
Borel function F with suppF C [-1,1]and F € Lé(R), we have

16, FV £))f Nizace) < Cllblsmor)IF e 1/ s,
forall p < q < p’ and uniformly int € (0, c0).

The following result is a consequence of the above theorem, which gives the
boundedness of Bochner-Riesz commutator [b, S*(£)].

Theorem 1.3. If1 < p < py 4, anda > d(1/p —1/2) —1/2, then the Bochner-
Riesz commutator [b, S*(L)] is bounded on L4(G) whenever p < g < p'.
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Since Heisenberg type groups falls into the class of Métivier groups, in par-
ticular, the above result is also applicable there. Notice that in the above the-
orems the range of p is in between 1 and py,, for all d;,d, > 1 except the two
points (8,6) and (8,7). For (d;,d,) € {(8,6),(8,7)}, ps = 14/9 > 17/12 and
p; = 8/5 > 14/11. However, if one restricts attention to the sub-Laplacian
on the Heisenberg type groups, then we can improve the above result for all
dy,d; > 1, with the range of pis 1 < p < pg,. In fact, we have the following

result.

Theorem 1.4. Let H be a Heisenberg type group and £ be its associated sub-
Laplacian. If1 < p <2(d,+1)/(d, +3)and @ > d(1/p — 1/2) — 1/2, then the
Bochner-Riesz commutator [b, S*(L)] is bounded on LI(H) whenever p < q < p’.

Our next discussion will be regarding the compactness property of the com-
mutators. In [45], Uchiyama proved that the commutator of Riesz transform
on R" is compact on LP(R") with 1 < p < oo if and only if the symbol be-
longs to CMO(R"), the closure of C°(R") functions in the BMO(R") norm.
In recent times, the compactness property of commutators for many different
class of operators in various settings has been studied widely, such as the Riesz
transform associated with the sub-Laplacian on stratified Lie groups, the Riesz
transform associated with Bessel operator, Bochner-Riesz commutator on R”,
the Cauchy’s integrals on R, and the Calder6n-Zygmund operator with homo-
geneous kernel to name a few. Interested readers are referred to [8], [15], [3],
[7], [42] and reference therein for further details. Another aim of this paper is
to study the compactness property of [b, S*(£)] in the setting of Métivier groups
G. Let CMOf(G) be the closure of C°(G) under the norm of BMOf¢(G). Then
the following is the second main result of this paper.

Theorem 1.5. Let1 < p < pg 4, anda > d(1/p—1/2)—1/2. Ifb € CMO#?(G),
then the Bochner-Riesz commutator [b, S*(L)] is a compact operator on L1(G) for
allp<qg<p'.

Remark 1.6. Itis worth mentioning that all the above results, Theorem 1.2, The-
orem 1.3, Theorem 1.4 and Theorem 1.5 are stated with the smoothness parameter
a in terms of the topological dimension, d of the underlying group G. The smooth-
ness parameter what we get hereis o« > d(1/p — 1/2) — 1/2, which is same as the
Bochner-Riesz means appeared in [39, Theorem 1.1] and [38, Theorem 1.1], and
which are sharp in view of [29]. One can ask the similar questions for other sub-
Laplacians. We are also working on Grushin operator, but this result will appear
in somewhere else [32].

An outline of our strategy for proving Theorem 1.2. As mentioned before, one
of the major difficulties arising in our setting is the absence of spectral mea-
sure estimate (1.2) for £. We would like to mention that the arguments given
in [11] have a limited scope as even if one has (1.2) and follows [11], yet one
can merely obtain Li-boundedness of [b, S*(£)] with the smoothness condi-
tion being expressed in terms of the homogeneous dimension of G. One of the
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main tools that has been used there to reduce the commutator boundedness to
the boundedness of the corresponding operator via [11, Lemma 3.2]. We can
not use this lemma as a black box, as this will lead to the smoothness param-
eter in terms of Q. At this point, one may desire to use weighted restriction
estimate for £ but unfortunately, we still lack of such tools because such esti-
mates does not hold here, see [38, Section 8]. Thus a refinement of arguments
in [11] is necessary. Next, to circumvent the absence of (1.2), we make use of
a weaker version of restriction type estimates, Proposition 3.1, which is due to
[39], where the operator F(£) is further truncated dyadically along the spec-
trumof T 1= (—(T7 + -+ + Tfiz))l/ 2, In this approach, we also need to take care
of a discrete norm of F appearing in Proposition (3.1). Nevertheless, such an
approach is limited to dealing with the error part of this additional truncation
(see (4.14)). In order to address the main part, the sub-Riemannian geome-
try of the underlying manifold is taken into account, in particular we use (2.4)
crucially. This helps us to further split the main part into two summands (see
(4.16)). The negligible part of the summand is tackled through the weighted
Plancherel estimates (Proposition 3.3), whereas the significant part of the sum-
mand is taken care of by Proposition 3.1 and Proposition 2.1, which is about
the numerology of the Métivier groups. Because of Proposition 2.1, we have to
remove three points for the Stein-Tomas range. Nevertheless one can recover
the full range of p, by carefully analyzing the point (d;, d,) = (4, 3) as done in
[39, Section 8].

An outline of our strategy for proving Theorem 1.5. A careful reading of the
proof of the corresponding result in euclidean spaces [3] reveals that the proof
relies on the three main ingredients namely, Fourier transform estimates, ap-
proximation to the identity, and some refined estimates obtained by C. Feffer-
man in [18]. We would like to point out that such arguments are not very effec-
tive in the setting of Métivier group G. A significant aspect of our proof is the
use of the fact that the norm limit of compact operators is again a compact op-
erator. First we decompose the operator in Fourier transform side and on each
pieces we employ the Kolmogorov-Riesz compactness type theorem Proposi-
tion 5.1. In order to do so we need good pointwise control over the kernel and
the gradient of the kernel. These estimates we have proved in Proposition 3.4,
which helps us to get our required result in this settings as well which could be
an independent interest.

The plan of the paper is as follows. In the next Section (2) we gather some
well known results concerning the sub-Riemannian geometry of G, the space of
bounded mean oscillation, spectral decomposition of —Jﬁ, an explicit formula
for convolution kernel, integration of a norm function and an useful result. Sec-
tion 3 is devoted to developing some key devices related to truncated restriction
estimates, weighted Plancherel estimates and pointwise weighted kernel esti-
mates that we need for further study. Finally, in Section 4 and Section 5 we
present the proof of main results of this paper.
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Let N = {0,1,2,..}. For a Lebesgue measurable subset E of R, we denote
by xg the characteristic function of the set E. We use letter C to indicate a
positive constant independent of the main parameters, but may vary from line
to line. We shall use the notation f < g to indicate f < Cg for some C >
0, and whenever f < g < f, we shall write f ~ g. Also, we write f <. g
when the implicit constant C may depend on a parameter like . Whenever
A > 0is very small we frequently replace the quantity 24 by 2% for some ¢; > 0
very small. Also, for any ball B := B(x,r) with centered at x and radius r,
the notation xB = B(x,xr) stands for the concentric dilation of B by ¥ > 0.
Moreover, for a measurable function f, we denote the average of f over B as

fg = ﬁ Jp f(x)dx. For any function G on R, we define §xG(n) = G(Rn) for
any R > 0. For f,g € S(G), let f = g denotes their group convolution given by

(f * &)x,u) = ff(X',u’)g((X',u’)_l(x,u)) dix',u"),  (x,u) €G.
G

2. Preliminaries for the Métivier groups

Let G be the Métivier group and g = g; @ g, be the stratification of its Lie
algebra g. Let X,...,Xy4 and Ty, ..., Tq, be a basis of first layer g, and of the
second layer g, respectively. By means of the global diffeomorphism exp :
g — G, the group G is identified with its Lie algebra g, which can be again
identified with R% x R%. Thus, we write an element g of G as (x, u), where
x € R% and u € R%. Moreover, the group product formula on G is determined
by Baker-Campbell-Hausdorff formula,

,u)xu)y=x+x", u+u + %[x,x’]). (2.1)

And the identity element of G is (0, 0), while the inverse (x, u)~! of an element
(x,u) is given by (x,u)™! = (—x,—u). The Haar measure d(x,u) on G cor-
responds to the Lebesgue measure on g, via the exponential map. There is a
natural family of dilations {§; : R > 0} on G which is given by

Sp(x,u) = (Rx,R*u), (x,u) €G. (2.2)
With respect to this dilation the following
1Ge,w)l| 2= (x| + [u)Y4, (x,u) €6, (2.3)

defines a homogeneous norm on G.

Let ¢ denote the Carnot-Carathéodory metric associated to the vector fields
X1, Xg,- In view of Chow-Rashevskii theorem, ¢ induces the Euclidean topol-
ogy of G. By the property that any two homogeneous norms on a homogeneous
Lie group are equivalent, we have

o(g,h) ~ ||g~th||, forallg,he€G.
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Moreover, since these vector fields are left-invariant, ¢ is left-invariant in the
sense that

o(ag,ah) = ¢(g,h) foralla,g,h €G.

Let B®((x,u),R) and B¢((x,u),R) denote respectively the open and closed
ball of radius R > 0 centered at (x,u) € G with respect to ¢. In the sequel,
we omit the superscript ¢ and simply write B or B((x, u), R) to indicate an open
ball with respect to the Carnot-Carathéodory distance. The volume of the ball
is given by

|B((x, u), R)| ~ R?|B(0,1)],

where | - | denote the Lebesgue measure and Q = d; + 2d,. Thus, the metric
measure space (G, ¢, | - |) is indeed a space of homogeneous type, with homo-
geneous dimension Q. We also call d = d; + d, to be the topological dimension
of G.

From (2.3), one can easily see that, there exists a constant C > 0 such that

B(0,R) € BI'l(0,CR) x BI'l(0, CR?) C R% x R%, (2.4)

where Bl'/(a, R) denotes the ball of radius R and centered at a with respect to
Euclidean distance.

Note that on Métivier groups we always have d; > d,. This is true because
the map u — w,(-,x’) from g5 — (g;/Rx’)* is injective for x" # 0. The next
proposition tells us that for Métivier groups d;, the dimension of the first layer
is much larger than d,, the dimension of the second layer, except for few cases.

Proposition 2.1. [39, Proposition 7.1] Let G be a Métivier group of topologi-
cal dimension d = d, + d, with center of dimension d,. Then for (d,,d,) &
{(4,3),(8,6),(8,7)}, we have d; > 3d,/2.

The theory of BMO spaces on space of homogeneous type is well known.
The function space of bounded mean oscillation on G is denoted by BMO°(G)
and is defined by

BMO?(G) = {f € L| (G) : ||fllzmos(c) < o}, (2.5)

where

lfllBMmoec) = su P<|B|f|f(y’f) fBld(y:t))- (2.6)

The celebrated John-Nirenberg inequality states that any function in
BMO?(G) has exponential decay of its distribution function. An important con-
sequence of this distribution inequality is the L9 characterization of BMO¢(G)
norms:

1

lf llBmosc) ~ SUP( f lf,t) = fpl?d(y, t)) (2.7)

|B]
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forany 1 < g < oo. More details can be found in [14]. A simple but useful
property of BMOf¢(G) function is the following. Let f be in BMO¢(G). Given a
ball B and a positive integer k we have

|bg — byg| < 22k || fllzmos(c)- (2.8)

Now we will discuss about the kernel representation of m(£), for some ap-
propriate function m. Recall that corresponding to the basis {Xj, ..., Xy } and
{T1, ..., T4,} of the first layer g, and g, respectively, the sub-Laplacian £ on G is
defined by £ = —(Xf + - +X§1). Then the operators £, —iTy, —iT,, -+, —iTy,
are essentially self-adjoint on L?(G) and commutes strongly, therefore they ad-
mit a joint functional calculus. In particular, the operator £Land T := [—(Tf +
. -+T‘212)]1/ 2 admit a joint functional calculus. Therefore, for any bounded Borel
functionm : RXR — C, the operator m(L, T) is well defined and bounded on
L%(G). In addition, by imposing an appropriate condition on m, it can be shown
that m(£, T) possesses a convolution kernel XK, 1y and moreover, an explicit
formula for X, . ry can be obtained in terms of rescaled Laguerre functions.
Since G is a Métivier group, the endomorphism J, is invertible for all u € g;.
The next proposition gives us the spectral decomposition of —J ﬁ for u lies in
some Zariski open subset of g.

Proposition 2.2. [39, Proposition 3.1] There exists a non-empty, homogeneous
Zariski-open subset g;r of g5, numbers N € N \ {0}, vectorsr = (ry,...,ry) €
(N\{OD¥, a function u — b* = (b, ..., b)) € [0, 00)N on g}, functions u — P, ,
on g;’r with P, . ¢; = g1, n € {1,...,N} and a function u = R, € O(d;) on
gz*,r such that

N
—Jp = D (bp)?P,, forallueg;,,
n=1
with P, ,R, = R,Py,J,(ran P, ) C ran P, , for the range of P,, , forall u € gzr,
and all n € {1, ..., N}, where P, denotes the projection from R4 = R¥1 @ --- @
R2'N onto the n-th layer, where

(1) the function i — b'; are homogeneous of degree 1 and continuous on g5
real analytic on g;’r, and satisfy b', > 0forallu € gz,r andn €{1,...,N},
and b, # bﬁ, ifn#n forallu e g;r andn,n’ €{1,...,N},

(2) the functions u — P, , are (component wise) real analytic on g;’r, homo-
geneous of degree 0, and the maps P, , are orthogonal projections on g,
of rank 2r, forall u € g’z"’r, with pairwise orthogonal ranges,

(3) u — Ry, is a Borel measurable function on g;,r which is homogeneous of
degree 0 and there is a family (U, )<y of disjoint Euclidean open subsets
Uy C 9;; whose union is g;r, up to a set of measure zero such that u — R,
is (component wise) real analytic on each U,.
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For k,r € Nand 4 > 0, let gog’r) denote the A-rescaled Laguerre function
defined by
1
$@) = L Gz, ze R,

where L]’{_1 is the k-th Laguerre polynomial of type r — 1 (see [44]).
With the same notation as in the above proposition, the following result con-
tains an explicit formula for the kernel of H(L, T).

Proposition 2.3. [39, Proposition 3.10] If m : R X R — C is a Schwartz func-
tion, then m(£, T) possesses a convolution kernel K, - ry € 8(G), that is,

m(L,T)f = f * Koy forall f € 8(G).
Moreover, for x € g; and u € g,, we have

jcm(L,T) (x,u)

N
1 b ) o )
- d / Z m(Aﬁ’ |,u|) H GOI({n ¢ )(R'u 113”)#_)(:) el(ﬂ,“) dﬂ,
(27)42 @ —

5 KeNN
with 24 = 3 (2K, + ry)bh.

We sometimes need the integration of the homogeneous norm on outside
of some ball. The proof of the following lemma is easy and follows from just
breaking the integral in disjoint union of annular regions, therefore we omit it
here.

Lemma 2.4. Let R,r > 0. Then for any s > Q we have

d(x,u) o
f . <CR Sp S+Q_
ceali>r (1 + R|| (e, w)]|)

We conclude this section by stating the following useful lemma, that we need
in the proof of our results which can be proved using similar argument from the
proof of [11, Lemma 3.2].

Lemma 2.5. Let U be a linear operator with kernel Ky; such that
supp Ky C D, :={(x,y) € GXG : ¢(x,y) <r}
forsomer > 0. Assumeb € BMO?(G). Then there exists a sequence {(X;., Uj)}en
in G, disjoint sets By, C By := B((xy,uy),r) such that
Btk ), =) 0 B(Cxj, 1), 55) =
for j # k and for 1 < q < oo we have
1B, U1S 116

< c;(nmk (b= b)) UGtg, Nt + 1xam, Utz b = b)) DIl

r
20

where By = B(0,r).
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3. Restriction and kernel estimates

In this section we discuss about the restriction type estimates (Proposition
3.1, Corollary 3.2), weighted Plancherel estimates with respect to the first layer
(Proposition 3.3) and pointwise weighted kernel estimates (Proposition 3.4) for
the sub-Laplacians on Métivier groups. One of the main ingredients in proving
the boundedness of Bochner-Riesz means in the Stein-Tomas range is the use
of restriction type estimates, which goes back to the idea of Stein [17]. Recently
in [37], the author proved truncation restriction type estimate on any two step
stratified Lie groups, but with the presence of discrete norm instead of L?-norm,
which we discuss below.

For any bounded Borel function ¢ : R — C such that suppo C [0, 8], we
define the following discrete norm

1 2
lolln,z = (ﬁ > sup |<7(/1)|2) , N>o0.
KeZ 2e[*= %]
N N
Regarding the above discrete norm, we have the following estimates:
llollva < Cllolizss (3.1)

and for s > 1/2,
lollz> < llollvz < € (ol + N=¥lloll;2) (3.2)

where the first estimate follows from the definition and for the second estimate,
see [37, eq. (1.7)].

Let® : R — [0, 1] be an even C¢° function supported in [—2, —1/2]U[1/2, 2],
such that

D Ou(D) =1, (3.3)

MezZ

where ©,,(t) = ©(2M1). Also, let F : R — C is a bounded Borel function
supported in [1/8,8]. Then for M € Z, we define F); : R X R — C by

Fy(x,7) 1= F(W%)©@2M7) for x>0, (3.4)

and Fy;(x,7) = 0 else.
Then we have the following truncated restriction type estimate.

Proposition 3.1. [39, Theorem 1.1] Suppose 1 < p < min{py,, pg,}- Let F and
Fy be as defined in (3.4). Then

_ _ 1-6 6
|Ea (L, T)f ||r2(q) < C27Ma(1/p=1/2) WEN L, " I1F Ny 5 1 llze)s

where 6, € [0,1] satisfies 1/p = (1 - 6,) + 6,/ min{py, , py,}-

Using (3.2), the following result follows immediately from Proposition 3.1.
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Corollary 3.2. Suppose 1 < p < min{py ,pq,}. Let F and Fy be as in (3.4).
Then

IEp(L, D) f ey < C27MEAPT2|F |l 5 || fll o).

The following proposition, which we sometimes call weighted Plancherel
estimate with respect to the first layer, plays an important role later in our proof.

Proposition 3.3. [39, Proposition 8.1] Let Kr, (. 1) denote the convolution ker-
nel of F)y (£, T). Then for any a > 0, we have

2
[ 11, emaf§ dx < € 2O,
G
In the sequel, we also require the pointwise weighted kernel estimate. Let
us set X = (X4, ... X Thseees sz).

Proposition 3.4. LetT € N“*%_ Then for all bounded Borel functions F : R —
C supported in [0, R] and for all > 0, whenever s > 3 we have

|1+ RIIGe WP 5, (60 )] < C RO |6 (3.5)

and |(1+ R||Ce, w|PX K 7 (6, )] < CRITR?|8RF || (3.6)
Moreover, we also have

1,756 W] < C RO |8l (3.7)

Proof. Note that enough to prove the estimate (3.6), as the estimate (3.5) fol-
lows from (3.6) by just taking I' = 0. The main ingredients to proof this result
is the following Gaussian bound for the heat kernel and its gradient estimate.

It is known that for all ¢ > 0, the heat kernel K, ) satisfies the following
estimates (see [46], [2]).

2
IXT Kexp (—r0)(x, w)| < CeIT1/24=Q/2 exp {—CM} for t> 0.
Then we have

2
f |Xr‘7CeXp(—t,C)(xa u)| d(xa u)
G\B(0,r)

_” 2
<Ct Qe f exp {—CM} d(x,u)
G\B(0,r) !

2

< CtNp=Q/2¢ ¢

2
where we have used the fact f, exp {—cw} d(x,u) < C t9/2, In particular,
we get

2
f|XF7CeXp(_m)(x,u)| d(x,u) < Ct~IT=Q/2, (3.8)
G
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We will use some ideas from [4, Lemma 4.2, 4.3]. Letusset F;(1) = F (\/z)e/l/ R?
and F,(1) = e=*®. Then F(\/1) = F,(1)F,(1) and therefore we can write

KF(\/Z)(x, u) = K, () * Kp,o)(x, u) (3.9

= f Kr,(0)((2, )71 (X, w) K, £)(2,5) d(z, 5).
G
So that from (3.8) and (3.9), we get

f |XFJCF(\/Z)(X,U)|2 d(x, U,) < C”Fl([’)”iz_)Lz”Xrgce—R_zﬁ ||i2 (310)
G

< C||F4||}.. RHT RQ
2T 2
< CRITIRQ||F|2..
Therefore, using Holder’s inequality, (3.8) and (3.10) from (3.9) we can see
r
X" Koz (6 (3.11)

1 1

2 2
< ( f K,y ((2, )™ (e, w))|? d(z, s)) ( f IXTK, x2c (2,5 d(z, s))
G G
< CR2||F|| .~ RITI RQ/2
< CRIT'RQ ||6xF||f0-

Now, let us set G(1) = F(VR21)e*. Then F(\/A) = G(R~2A)e~R . Therefore,
by Fourier inversion formula we can write

FO7) = % / G()exp (—(1 — iDR22) dx,

R
From this we can easily see that

1 A
ch(\/z)(X, u) = E L G(T)gcexp(—(l—ir)R—2L)(x, u) dr. (3~12)

Then similarly as in [40, Theorem 7.3], one can show that

r r R (xw)|?
IXT Kexp (—(1—inyr-22)(X, )] < CRITITR? exp {_CW}'
From this for any § > 0 we get

IXT Kexp (~a-inr-2)(% WA + R||(x,w)[)f < CRTTRO (A + 2. (3.13)

Therefore, from (3.12), (3.13) and using Cauchy-Schwartz inequality for some
€ > 0 we have

|XFJCF(\/Z)(X,‘L£)|(]. +R||(xa u)”)ﬁ (314)

<c f CONXT Ko (im0, W11+ Rl e w)]])P dr
R
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1

2 2
< CRITIRQ (f |G\(T)|2(1 + |‘L'|2)’8+1/2+E dT) (/(1 + |T|2)—1/2—z d‘L’)
R R

< CRI"'R?||G||;2

B+1/2+¢

< CRITRQ||6xF|| 1

B+1/24¢

Then interpolating (3.11) and (3.14) as in [16, Lemma 4.3] for any 8 > 0, we get
IXTH ) (6 WA + RY| (e w)P < CRITR? ||65F g . (3.15)

Indeed, consider the linear operator K : L*([0,1]) — L*(G) given by
_ T
Kp(®) =X K, w30y
Note that from (3.11) we have
K)o ((0.1])>Lo(G) < CRITIFC.
Let us set
Ly 1= L®(G,pugr)  where  dugr(x,u) = (1 + R||(x,w)])Pd(x,u).
Then from (3.14) we have
IKr(F)|Le (01D-Lg, < CRITI*Q,

B+1/24¢

Consequently, by interpolation [31, proof of Lemma 1.2] for every 6 € (0, 1),
there exists a positive constant C such that for all 8 > 0, ¢’ > 0,

T Tr
IXTH5, soplis, < CRICISILs | o

BO+6/2+¢!

Taking 8/ = 86 and choosing 6 sufficiently small we obtain

XK, salis, < CRIUSls o, (3.16)

ﬁ’+£’

forall B’ > 0and¢” > 0.

Then the required estimate (3.15) follows immediately from the above esti-
mate (3.16).

This completes the proof of the estimate (3.6). Now the proof of (3.7) follows
from (3.11) by taking " = 0. O

4. Boundedness of Bochner-Riesz commutator

In this section, we prove Theorem 1.2, Theorem 1.3 and Theorem 1.4. Note
that Theorem 1.3 is an easy consequence of Theorem 1.2 by setting F(1) =
(1 —2*)%, t = 1 and using the fact that F € Lé ifand only if ¢ > § —1/2.
Therefore let us start with the proof of Theorem 1.2.

Proof of Theorem 1.2. By duality and interpolation argument, in order to prove
Theorem 1.2, it is enough to consider the case g € (p,2). Let 6 be as in (2.2).
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Then we have 6,1 m/Zoét = \/Z, and consequently &, OF(\/Z)O& = F(t\/Z)
for any bounded Borel function F : R — C. Therefore we obtain
16, FEN D16y o@) = Ibes FV Do) oy (4.1)

where b, = 6,b and ||b;||gmosc) = |bllpmos(c)- In view of the above relation
(4.1) it is enough to consider ¢t = 1.

We first break F in the Fourier transform side. To this end, we choose an
even bump function 7 supported in [—1,—1/4] U [1/4, 1] such that it satisfies
YiezN27) = 1forall A # 0. Setny(1) = 1 — 3., 7(27'2) and ;1) =
n(27'2), i € N. Using this let us define

FOQ) = % f n;(0)F(t)cosArdr, fori> 0.
R

Then via functional calculus, we have

FWLO)f =Y FOWL)f. (4.2)

i>0

Note that from [39, Lemma 4.4], the sub-Laplacian £ satisfies the finite speed
propagation property, therefore by [11, Lemma 2.1] we have supp KF@( VD) c

D,i. So that from Lemma (2.5), choosing r = 2l we get,
1B, FON O f1IZ,
< (llxas, b = bp) FON Lxp, £1IT, 6
k

+[tam, FOVL)0xm, (0= bg )Nl g )

Thus, in view of (4.2), to prove Theorem (1.2), it is enough to show that for some
d >0andforalli >0,

1. EON O lliscay < €2 Ibllsmor 1Pz I ey (43)

Since £ is left-invariant, in view of the previous two inequalities, we are re-
duced to showing that

a5, (b = bg,) FON L) x5, flacc) (4.4)
< C27°||bllmor ) IFll2ca x5, f s
and
48, FOCVL)(x5, (0 = bs,) llace) (4.5)
< C27°||bllmor ) IFll2e lLx5,f s

for some & > 0, where By is the translation of By via (—x;, —uy) to the point
(0,0) and by abuse of notation we write By as B, (see Lemma 2.5).
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Proof of (4.4). We first choose a bump function ¢ € C(R) with support in
[1/16,4] and ¢ = 1in [1/8,2]. Then

xa, (b = ba ) FON D5, fIIY (4.6)
< Cll2an, (b = bg) BFON L)x5, 1%y 6
+ Cl|xap, (b = bp,) (A = HFNN L5, Il 6

Let us first focus our attention to the term
1 43,(b = b JWEYN L) (x5, Hllsa)-

We decompose the multiplier F®) by a dyadic decomposition in the || vari-
able. From (3.3) and (3.4), for M € Z, we define Fl(\i[) : RxR — C given
by

FO(x,7) = @FD)(\[x) ©2M7) for k > 0 4.7)
and FZ(\?(K, 7) = 0 else. Then we can write

WFONL) = 3 FR(L.T).
MeZ

Recall that the function 4 — b* is homogeneous of degree 1, therefore b* =
|ulb”, where it = |u|'u. Now as we have 4/Af € supppF® and 2M|u| €
supp O, therefore

N N N
1~ 2> rbl = |l D) raby ~27M > r,by,. (4.8)
n=1 n=1

n=1
Note that from [28, equation 2.7, Lemma 5] we have
1/2

N N

2 b ~ | 20 2m | = (er I )M,
n=1 n=1

As (tr(J3J,)"/? is the pullback of the Hilbert-Schmidt norm via the injective

map u — J,, therefore Zle r,b’, does not vanish for all u # 0. Also from
Proposition 2.2 all maps u — b, are continuous on g, Aspefueg; : |ul=
1}, from (4.8) we get 27 < 1. Therefore there exists [, € N such that

GFHWVL) = Y FO&,1).

MZ—IO

With the aid of this decomposition, we write

a5, (b — bg JFOYN L)z, f) (4.9)

= xan, (0= b5)( D5 + D) )F\(L, T)xs, 1)

M=-l, M=i+l
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We distinguish the following cases. The case M > i + 1 is easier to handle.
Applying Holder’s inequality, we get

lxam,(b—bs,) Y. FL,T) x5, Nl

M=i+1
m .
< >0 lxas, b=bp)Il 21 NFDL, T (x5, Nl
M=i+1 L274(G)

Then by (2.7) and (2.8), we get

2—q

lxXa5, (b —bp )l 22 < C||bllamosc) ENER (4.10)
LT4(G)
Therefore, using the above estimate we can see
(o]
(b—bg) > FL,T)xz,f) (4.11)
||)(4B0 B, M\~ )(Bof ||Lq(G) .

M=it+1
<C 3 bllsyos@ 2?42 |ERL, T s, Al
M=i+1
Now, applying Corollary 3.2 and (3.2), for § > 1/2 we get
1F 37 (£, T, Allzzcoy (4.12)
< 27 MLA/P=/2 Y FD| | x5, fllLe)
S 2—Md2(1/P—1/2) 2iQ(1/P—1/Q)(||F(i)|lL2 + Z_Mﬁ”F(i)”Lé)||)(§Of||Lq(G)-

Substituting the estimate (4.12) into (4.11), leads us

a5, (b = b)) D FOL, T x5, lliaco) (4.13)
M=i+1

3 |Ibllgaosc)2 /P FO |2 + 2_i5||F(i)||L§) lxz,fllza)
3 ||b||BMO9(G)2i(d(1/p_1/2)_B) ||F||Lf3 x5, fllza)
S |Ibllamos)2 ||F||L/23 x5, fllaG)

provided 8 > d(1/p — 1/2).
Note that for 1 < p < py,, we have d(1/p — 1/2) > 1/2. Therefore, for
g >d(1/p—1/2), we obtain

Xap,(b—=bg) > FO(L,T)x5,f) (4.14)

M=i+1

L4(G)
3 |Ibllgaos(e)2 ™ ||F||Lé x5, flza)

for some & > 0.
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Now we deal with the case -, < M < i Using the fact (2.4), for each M,
first we decompose supp (xz,f) € B((0,0), 12—:)) in the first layer as

Ny
supp (x3,/) = | B, (4.15)
m=1

M 2i
where BM C BI'l(xM, Ci—o) x BI'l(0, CfTo) are disjoint subsets and |x} — x| >

2M /20 for m # m’. Note that N, is bounded by some constant times 201
For y > 0, we also define

BM '—B”(xm,ZC 2”’)><B| (0, 4C—)

Then the number of overlapping balls N, can be bounded by 27"
With the aid of this decomposition, we write

i
Xan,(b=bg) > FW(L, D5 f (4.16)
M=-I,

i

NM .
= Xap,(b — bg,) Z Z )(B%F](\?(L,T))(B%f
M=-I, m=1

i Ny )
+ Xag,(b=bg) D) D (A= xg)F (L, Ty f-

M=—lo m=1

For the second term in the right hand side, to estimate

i Ny _
X4B, Z Z(l_XB%)FI(\?(L,T)XB%f

M=—I, m=1

ki

LP(G)—L*(G)

via Riesz-Thorin interpolation theorem, we interpolate between the L}(G) —
L?*(G) estimate and L?(G) — L?*(G) estimate. Let us first start with L1(G) —
L?(G) estimate.

Let 7('](\2) be the convolution kernel of Fl(\fl)(,c, T). Then, by Minkowski’s inte-
gral inequality,

i Ny .
Xasy O, 0, (L= X )P (£, Ty f 4.17)

M=—ly m=1

iZ |f ', u")|

M——lO m=1BM)

L*(G)

X (/ Xip, (1= )(J;%)ZIJCJ(\?((X’,u’)‘l(x,u))lzd(x,u)> d(x’, u").
G
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Suppose (x,u) € xap,(1 — xpu) and (x',u’) € By, then we have |x' — x| 2
2M 2l Now for N € N, by Proposition 3.3, we have

1

([ 2,1 = 2y )P )
G

| =

o o 2
< C(2M2‘7’)_N</ '|x — x’|N5C1(\fI)(x —-x,u—u — %[x’,x])’ d(x, u))
G

1
2

. = - . 2
< @27y ( f |11V e, )| dCx,w)
G
< @M27) N MW/ I FO| .

Using this estimate in (4.17), we get

i Ny .
Xasy 25 2, (= XpOFs (L, Txpy f (4.18)
M=—lo m=1 LZ(G)

SFON2277 2| x5, Fllo)-
On the other hand, for L?(G) — L?(G) estimate, by Plancherel theorem we have

i

Ny '
Xasy O, 0, (U= Xp)Fso (£, Ty f
M=-1, m=1

L2(G)
i Ny
<IFOYs D3 D) Xy fllr26)-

M=—ly m=1
Note that for s > 1/2, Sobolev embedding theorem gives ||[F?|| s < [|[F®||;2 ~
2i||F®||,. Then using Cauchy-Schwartz inequality together with the upper
bound of Ny, we get
i

Ny .
Xam, 2, 2,(- )(ggg)F](\Z)(L, Dxpu f
M=-I, m=1

(4.19)

12(6)
< 28FON2292"4 2 || x5, fllay S 2% 1FPllee x5, f 2oy

fors’ > s+d;/2.
Therefore, interpolating between the estimates (4.18) and (4.19), we have for
1<p<2

i Ny '
Xan, 2 Z(l—)(ggg)Fj’}(L,T)sz,gf (4.20)

M=-1, m=1

LX(G)

< 2527 2rNA/p=1/2) Q25 A=1/D) || FO| | ||, f |10
~ 0
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This estimate together with Holder’s inequality and (4.10) gives

i Ny )
Xag,(b=bg) D) D (1= xp)F (L, Tygn f

M=—l, m=1

(4.21)

LY(G)
< 21€21R0/a=1/2) | b || zrr0e(oy
i

Ny )
Xa, 2, 2, A- XB,A,{)FI(\})(& Dxpw f
M=—lo m=1

X

LX(G)
S 292100/471/D) ||b|| ppr(gy 272N A/P=1/D 225 A=V || F|| 2 || x5, f e
< 2ieniQ(1/q—1/2) ||b||BMO§’(G) 9—2iyN(1/p-1/2) 22is’(1—1/p)
|IF||2 290/ P= D)z fllrao)
< 27%bllgmoec) IIF 2 llx3, f llzacc)»
for some § > 0 by choosing N large enough.
It remains to estimate the first summand of (4.16). Choose s such that g <

ﬂ
§ < 2. Then by (4.10) for Ls-4(G) and application of Holder’s inequality yields

. q
i Ny )
oD Xano(b = b ) xgn Fop (£, T)xpn f (4.22)
M=—I, m=1 L4(G)
<ClE+1+1) Ny
i Ny
i q
X 2 2 ||am (b = ba )8 Dy £, o
M=-I, m=1
< C2iR(1/q-1/5)q ”b”%MO?(G)(i +1 4 1,)37 1267
i Ny _
X 20 20 s (6 Dasy fllL
M=-1, m=1
< (2iQ(/q=1/5)q ||b||ZMOQ(G)2i82€Vi
i Ny
\di1(1/s-1/2)q _. _ i
x 2, 2 @"2)” 220 /5=1/200 || FDCL, T gy 1l
M=-1, m=1

Now, using Proposition (3.1) in (4.22), for 1 < p < py, (as min{py , p4,} = pa,
for d; > d,), by choosing g and s very close, thatis 1/q — 1/s < ¢, we get

q

i Ny, )
> Kany(b = b )xgn P (L, Ty f (4.23)

M=—Ily m=1

L4(G)
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i N
2ienCyi Zl: ZM(ZM Zyi)dl(l/s‘1/2>q

M=-ly m=1

< 2iQ(1/q-1/5)q ”b”BMoe(c)

2i2d,(1/s=1/2)qp—Md,(1/p— 1/2)cz||11bF(z)||q(1 5 )||¢F(i)||31€[p2”XB%szp(G)

i M
; \d1(1/5-1/2)q
< 2iQ(1 /g~ I/S)q“b”BMoe(G)zlEzcw Z Z (2M 2)/1)
M=-I, m=1
2i2d,(1/5-1/2)qp—Md,(1/p—1/2)q ||1p1:(l)||‘7(1 O )||¢F(l)||2M R

oMdy(1/p=1/q)q Hi2d>(1/p-1/9)g ||)(BMf||Lq(G)

< 2l i2dy(1/p=1/2)g ||b|| 2Cri piydi(1/s-1/2)q Z ||¢F(l)||q(1 =)

M_—lo

BMO?(G)

g0 -
||z,bF(l)|| p 2Md1(1/p 1/2)q p—Md,(1/p— 1/2)q||XBof||L‘I(G)’

where 6, = p(’iz(l —1/p) and p"i2 denotes the conjugate exponent of pg, .
Setl/r=1/p—1/2andv = %(,6 —d/r). Since we have

IFOll2 ~ 2P|z = 27372714/ FO) .,

therefore using (3.2), for § > 1/2, we have

(1-6,)

A-6,) ~(i—M)3 N
PFOII, IIIPF(’)IIZM2 SIFON,, 20 | FO)| 2 (4.24)

5 2(1 M)36,, 2_3iV2_id/r”F”Lé'

Using this observation, and since ¢ and y can be chosen arbitrary small, from
(4.23) we get

q
(b - bBO)XE%FJ(\?(L’ Dxpuf 429
M L3(G)
< piepizdyg/r ||b||BMO9(G) Z 2(i-M)sqd,, 2_3lq"2_lqd/r“F”q
==l
2Md1Q/r 2_Md2q/r||XB0f”LCI(G)
< 215212d2q/r“b”BMoe(G) Zqu”F”izg

i
S [2M-ie ) g~ (M50 2(M—i)vr]q/ r
M=——i,

X 2—qu21(d1 dy)q/r 2—ldq/r ”XB fHLq(G)
0
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! q
< 2~2iqvyie Hb”](éMOe(G)”F”gZ 2 [2(M—z)(d1—dz—sepr+w)] r ”)(Eof”zq(G)'
ﬁM:—lo

Set M — i = —¢. Choosing § sufficiently close to 1/2, we see that the series
[oo]
Z 2—€(d1—d2—§6pr+vr)q/r
£=0
. . 0 s
is convergent provided d; —d, — er +vr > 0. Thenfor 1 < p < 2, the condition
0 . .
dy—d,— rTP + vr > 0 is equivalent to
P}, +2(dy — dy)
, —_—
Py, + dy —d,

lsps :=Pd1,d2'
Now in order to find the required range of p we make use of the Proposition 2.1
depending on the values of (d, d,). Therefore we make following two cases.

Case (a) (d;,d,) & {(4,3),(8,6),(8,7)}: By Proposition 2.1, we have that d; >
3d,/2. Which in turn implies that p;, < Py, 4,. Therefore, choosing € > 0 very
small we obtain that

q
i M, )
> > Xan,(b = by xguF\(L, Ty f (4.26)
M=—ly m=1 L4(G)
S C27'||F||%, b} X5, 174
~ Lfa BMO%(G) XB, L1(G)

Hence, aggregating the estimates obtained in (4.13), (4.21) and (4.26), we
conclude that

i Ny )
D xany(b = b )xpn P (£, T)xpu f
M=-I, m=1

L1(G)
< 279 bllsmos(s) 1Nz 115, f o).

for some & > 0.

Case (b) (d,,d,) € {(4,3),(8,6),(8,7)}: Note that P43 = 6/5, Pgq = 17/12,
Pg; = 14/11 and p; = 4/3, ps = 14/9, p; = 8/5. Therefore from (4.25) we
conclude the following result.

For (d;,d,) = (4,3), we have

i Ny .
> xany(b = b )xEn P (L, Ty f (4.27)
M=-I, m=1 La(G)

< 279bl|pmoe(c) ||F||L§ X5,/ llLacG).

for some § > 0, whenever 1 < p < 6/5.



BOCHNER-RIESZ COMMUTATORS ON METIVIER GROUPS 1323

For (d;,d,) = (8,6), we have

i Ny .
> D0 Xany(b — be)xanFy (£, Dxgy f
M=-I, m=1 L4(G)
5 27| bllsmos (o) ||F||L/§ x5, flLace),
for some § > 0, whenever 1 < p <17/12.
And for (d;,d,) = (8,7), we have
i NM .
Z Z )(4Bo(b - bBO)XE%FI(\?(L,T)XB%f
M=-I, m=1 La(G)

< 279 1bllmos ) ||F||L§ 1%,/ llzso),

for some § > 0, whenever 1 < p < 14/11.
Now let us move our attention to the second summand of the right hand side
of (4.6). To this end, we first estimate the term

a5, (b = bg,) (1 = YFOV L) x5, fllzeco).

We further decompose the function 1 — 3 as follows. Since 1 — ¥ is supported
outside the interval (1/8, 2), we can choose a function ¢ € C°(2, 8) such that

1-9(E) =D Q) + D) Q7)) =1 D ¢ (O) + Y. $,(&),

>0 1<—-6 >0 1<—-6
forall £ > 0.
Therefore, by spectral theorem we can write

(1 = PFONV L) = D@ FOVL) + > (@FOWL).

>0 1<—6
Again, as in (4.7), define the function F](\’/? as
FiOk,7) = (9 FN)(W1) @2M7) for x>0,
and Fl(\f[’[)(x, 7) = 0 else. Then similar to (4.9) allows us to write

Xag, (b= b)) (A = YFON L) x5, f (4.28)

=t 0=bs) (2 + )| 2 + 2 |F & Dag,f

20 <6 \M=—l, M=i+l
—_ L L
= (Z"' 2 )gj,Si + (Z"‘ 2 )gj,>i'
>0 <-6 20 <6

Notice thatassupp F C [—1,1],supp ¢ C [2, 8] and 7 is Schwartz class function,
for any N > 0 we have

I F Do = 21| ¢ (F # Syl < C27NEHmD| . (4.29)
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For the second term of (4.28), applying Corollary 3.2 and using (3.1) and (4.29),
we get

)(430(24'2) Z Fj(\ij[)(L,T))(Eof

>0 1<—-6 M=i+l

12
< C(Z + Z )2£Q(1/P—1/2) 2—idy(1/p—-1/2) ||(¢1F(i))(2l+3')”2M,2 ”XEOfHLP

>0  1<-6

C(X+ X )2Q/pm1/2 7ida0/p1/D i FO| e | 5, £

>0 1<—-6

IA

< C(Z + Z )ZLQ(I/p—l/Z) 9—idy(1/p-1/2) 2—1\7(i+max{z,0})|lF”2 x5, f o

>0 <6

< €27 RA/P=1/2 27N || || x5, |-

This estimate together with Holder’s inequality and (4.10), we get

(Z + Z )g},>i

>0 1<—-6

(4.30)

L4

Xa4B, (Z'*‘ Z) Z F](\Z’O(A,T))(Eof

>0 (<-6 M=i+l

< |IXaB, (b = bp)I| 20
L7 L

< C||b|poe() 2"/ 971/ 27id20/p=1/2) 3=Ni| || Xz, flLe
< C||b|ppoe(y 2"/ 471/ 27id:0/p=1/2) 2_Ni||F||L22iQ(1/p_1/q)||)(§0f||Lq
< C214Q/P=1/2) 27N b | pa 1066y | F || 2 x5, flLa

< C27°|IblIsmos () IFllz2 11X, llzas

for some § > 0, by choosing N large enough.
Now, for the first term (Zpo +2, <_6)g;. «; of (4.28) we use the decomposi-
tion carried out for the case [ <iin (4.15). Therefore we can write

Xan, (0 —=bg) 3 (X + 2 )Py (L, Dxs, f (4.31)

M=-I, >0 1<-6

=)(4Bo(b_b30)(z+ Z) i %

>0 -6 M=-lym=1

(g + (1= xg))F 2L, T)xpu f-

Let JCZ(J[ Y be the convolution kernel of F](\il")([,, T). Then as estimated in (4.17),
an application of Minkowski’s inequality together with Proposition 3.3 yields
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that
i Ny _
> > = xp) PG, Txpn f
M=—Iy m=1 L2(G)
i Ny ) 1
<D Zf If(x’,u’)l(f 19 (O, )1 e, w) P d e, w)) d (e, ')
M=-1l, m=1YBY G

i Ny
<C Y |G u)] 92 27MbB2 (¢ FDY (22| (!, u)

M=—Il, m=1YBY
i

Ny
<C D) D g FV| e 29/2 27 M/ fB RVCADIE AT

M=—l0 m=1 m
< C2(|¢F Ol 297 || x5, i)
Moreover, similar to (4.19) using Plancherel estimates and upper bound of Ny,

i

> > = xp) P, Txpn f
M=—Ily m=1

< CllpFD|| 22172 || x5 fllr2c)-

Then, by Riesz-Thorin interpolation theorem, for 1 < p < 2 we have

1((€))

1 NM .
> D= xp) FE2(L, Ty f
M=—lo m=1

L2(@)
< €2Q0/p=1/2) 2ihA=1/D) 2k FO| o [ x5, f o)

Using this estimate together with (4.10), Holder’s inequality, (4.29) and again
Holder’s inequality, we get

i Ny .
Xas, 0 —=b) (2 + ) 2 D (= xp) Fy (&, Dxpu f (4.32)
>0 1<-6 M=-l,m=1 La(G)
< C2iQ01/g-1/2) ||b||BMoe(G)(Z + Z )
>0 1£-6
i Ny )
x| Y D= xp) FSO(L, Ty f
M=-Ily m=1 12(G)
< C2iQ(1/q-1/2) ||b||BMOé°(G)(Z +> )ZLQ(l/p—l/Z) 2idi(1~1/p) pie
>0 1<-6
x 2~ NmaxtuOb| gy, 21QW/P=Y/D) g fll1a(c)

< C210/P=1/2) ||| gpr0e(gy 210 171/P) 27N|F| |2 x5, flLae)
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< C27%||blIgmoecc) IF Izl X, f Lacc)s

for some § > 0, by choosing N large enough.
We are left with the estimation of

i Ny '
Xan, 0= bp) (25+ 23) 25 D xguFy (L, Dxmyf- (4.33)

>0 1£-6 M=-lym=1

Choose s such that g < s < 2. Then using Holder’s inequality and (4.10), we

see that
q

i Ny '
Xap,(b —bg) Z Z (Z + Z )XB%F](\;[)(L’T)XB%f

M=-lym=1 >0 1<-6

L4(G)
< C2Q0/aY9ap||T o+ 1= 1)TTINYT
i Ny q
x 2 2|2+ X )rmFy e Dxwy f
M=—lym=1| 20 (<-6 L5(G)

Now applying Holder’s inequality, Corollary 3.2, the fact (3.1) and (4.29) we get

(X + 20 )xsuFy L, Txmy f

>0 1<-6

Ls(G)
. di(1/s=1/2) . _ i
< C(Z + Z )(2121}') 1 212d2(1/s 1/2) ”F](\ijl)(l:’i T)XB%fHLZ(G)

>0 1<-6

< C(Z +Y )(212iy)d1(1/ ST iyadr(1/5-1/2)20001/p=1/2) 5 -Md>(1/p=1/2)

>0 1<-6
X ||¢1F(i)||2M,2 ||)(B%f||LP(G)
< C(Z +) )(zlziy)dl(l/ S71/2) 512d,(1/5-1/2) 9101/ p=1/2) p=1d>(1/p-1/2)
>0 1<-6
x 2~ NG+max{L0b) | || ,2Md1(1/p=1/9) i2d;1/p=1/9) lxe fllLece)
< Cziaziydl(1/s—1/2)2Md1(1/p—1/2+l/s—l/q)z—Mdz(l/p—l/Z)

x 27 Nigi2(/p=1/241/s=1/D||F || 2| x5, f I Laco)-

Let us set I —i = —¢ and recall that we have d; > d, on Métivier groups.
Therefore, from the previous two estimates by choosing y > 0 sufficiently small
and s arbitrary close to g,

. q
L Ml .
Xas,(b—=b5) >, D (X + 2 )xmuF (8 Dxgu f (4.34)
M=-lym=1 >0 1<-6 L9(G)
i
SC”bllgMoe(G)ziallFllEZ Z 2(M—i)(d1—dy)(1/p—1/2)q Hi(d1—d>)(1/p—1/2)q

M=—1,
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Z_NiniZdz(l/p_l/z)q ||XI§ f”](iq((;)
0
id(1/p— q . - q
< C2id/p 1/2)q||b||BMO§,(G)(1 +1+1)? 1||F||L2

; 20 =)0 /p1/24 NG |y Y4
=0

< C2 I oy I 1, W

for some § > 0, by choosing N sufficiently large.
Finally, aggregating the estimates obtained in (4.30), (4.32) and (4.34), we get

s, (b = b,) (0 = HFON L)1, fllace)
< 27%|bllgnmorco) IF Iz x5, f llzacc)»
This completes the proof of (4.4). O

Using similar idea as of proof of (4.4) with obvious modification, one can
also prove (4.5) and therefore we omit the details.

This completes the proof of Theorem 1.2 except for the point (d;, d,) = (4, 3).
Note that at (4, 3), from (4.27) we only get the range 1 < p < 6/5. Therefore
in order to get the full range of p at (4, 3), thatis for 1 < p < 4/3, one needs
further analysis at that particular point, which we are going to explain now.

Improvement at (d;, d,) = (4,3). Here we will use ideas from [39, Section 8].
As the proof at this point is nearly same as the Theorem (1.2) for other points,
so we will be brief. Following the argument of Theorem (1.2), one can see that
restriction on the range of p comes from the estimate (4.25), which is deduced
from the estimate (4.22). Therefore from (4.22) we have

q

i Ny .
DD Kany (b — b )X (L, T f (4.35)

M=—Ily m=1

L4(G)

i N,
oG A eacri VA 0) q
< C2 0 BI 0ry 227 D5 D xauFa (2 DXy f Iy
M=-I, m=1

Now similarly as in the [39, Page 32], first using the left invariance of FJ(\? (£, 7)

we get || xguF (L, T gy fllisy = I F (L. T)xam fllisg) and then de-
composing y 4v in the second layer, the above quantity inside the L’ norm we
can write

XanFyg (£, T am f (4.36)
Ky ) Ky )
=> )(gngMFf\}),t(ll,T auf + (1= )(gy)XgMF](\Z)(&T)XAka :
k=1 k=1
where

M c gl iy x B0 c 2
A" CB (O’Cm)XB (O’Cmo)’
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AM - = Bl'l(0, 2c 217) x Bl'l(o, 4C—2W)
and
A]];’I ={(x,u) e AM : (u— v) < 4C 2”’}

with v € g, and |v| = 1 as in the [39, Proposition 8.2].
Then from (4.35) we have

i Ny q
> Kany(b = b )xEn P (L, Ty f (4.37)
M=—Iy m=1 L4(G)
< C2iQ(/q=1/5)q ”b”BMO?(G)zwzcyj
; q
Z Z Z )(AM)(AM i)(["T)XAka
M=—Ily m=1 L5(G)

Ky . 4

2 (L= X Fag (8, D) f l

k=1 L5(0)

Regarding the second term inside the summation in (4.37), using Holder’s in-
equality,

Ky )
>a- Xau )XAMFJ(\?(L, T)xamf
k=1 L5(G)

Ku . dl(l—l) i2d (l_l) 0)
< Yo(M2rty s 22RENTYa = X)X anF (L, T) ) av fl|L20)-
k=1

To estimate this we need the following lemma.

Lemma4.1. [39, Proposition 8.2] Let G be a Métivier group such thatd; = 4 and
d; = 3. Kp,,(c,r) denote the convolution kernel of Fy (L, T). Then there exists a
direction v € g, with |v| = 1 such that for any o > 0 we have

2
[ 000 emtxf” dca < € 2
G a

Then with the help of Lemma 4.1, similarly as in (4.20) (also see [39, Lemma
8.3]) and using the fact AIIZI C AM fors’ > 1/2 we get

11 = 30230 Fy (£, D xan f 20
S C27HrNA/p=1/2) 25 A= FO|| 1, |1y 70 f o)

< C272rNQ/p=1/2) 215 A=1/p) | FD)|| , 21QA/P=1/D)|| Fllzae
~ 0 b

where in the second line we have also used the fact ||[F®||;> ~ 2iN||[F®|| ...
N
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Now using upper bound of K;; < 2™ < 2! we have

KM X
>a- )(g;gf))(gMFJ(\?(ll, D)xavf
k=1 LS(G)

< C2i(2Mri) T2 a1 /5-1/2) -2y N G p-1/2 9215 1-1/p)
X (|FO|2 200/P=YD) x5 fll1acc)-

Therefore by choosing N large, one term in (4.37) can be estimated as follows.

2iQ(1/q—-1/s)q ||b||gMoe(G)2i52€yj (4.38)
i Ny ||Ku . q
X 2 2 || 2= X xaFy (L, Ty f
M=-Iy m=1 (|k=1 L5(G)
< (C21Q(1/q-1/s)q ||b||q 9ieCyj Zl: NZM 2iq(2M 2},i)dl(l/s—lﬂ)q
= BMO#(G) o

' - —2iyN(1/p— is' (1— MERDY: -~ q
2i2d,(1/5=1/2)qp—2iyN(1/p—1/2)q 2is'(1 1/p)q||F(l)||L2 2iQ/p Uq)q”)(ﬁof”m(a)

< CziQ(l/q—l/s)q ||b||%MOQ(G)2i£2Cyj2i(1+d1)(2i 2yi)d1(1/s_1/2)q 22id2(1/s—1/2)q

x 2—2iyN(1/p=1/2)q »2is'(1-1/p)q ||1:||qu2 21QA/P=1/94|| 5z f||
0

LY(G)
< C278 Bl o0y I 128, F o

for some & > 0. _
On the other hand using the bounded overlapping property of the sets AJ;’I
we have

Ky q

D XAMAMFJ(\?(L, T)x e f
k=1

Ls(G)
q/s

Ky
Cvi 0]
< 267 I;||xAgFM(L,T)xAyf 26y

From Holder’s inequality, Corollary 3.2 and using q < s for any § > 1/2 we get

Ky
0]
,;1 X3y (L DX f 1l

Km
(1 +1)(1/s—1/2)s . ;
M (2d,—1)(1/s—1/2) ® s
sckzl(z 2r') 21D/ T/DS | DL, T f 1
(dy+1)(1/5—1/2)s

< C(ZM 2yi) 2i(2d2—1)(1/s—1/2)s 2—Md2(1/p—1/2)s ||¢F(i)||;M’2
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Km
2M(d+D(A/p=1/)s i2d,=1)(1/p=1/9)s kz_:l Ixax Sl

s
L1(G)

<c(a™ zyi)(d1+1)(1/ STU28 5i2d,~1)(1/s-1/2)s 5~Mdy(1/p—1/2)s WFOS,,
s/q
Ky
M(dy+1)(1/p=1/)s ~i(2d,~1)(1/p=1/q) q
oM(di+1)(A/p-1/q)s Hi(2d,—1)1/p—1/g)s kz_:l ||XA£Jf||Lq(G)

< C(ZM 2yi)(d1+1)(1/s_1/2)s 9i(2d,~1)(1/5-1/2)s 5—Md,(1/p=1/2)s

2(i—M)s"s||F(i)||222M(d1+1)(1/p—1/q)s 2i(2d,—1)(1/p—-1/q)s ”XAMf”i‘I(G)'

Therefore the remaining term in (4.37)(the one term which not estimated above)
we estimate as follows.

(2ir)Q/a=1/5) || b”%MOS’(G)ZiEzcyj
i Ny ||Ky . q
> 2|1 A AL Doxan f
i Ny
SCZiQ(l/q_l/S)q||b||ZMog(G)2i52Cyj Z Z
M=-ly m=1

x (2M 2ri) DHDSTYD iad, 1)1 /5-1/20g 5-Mds(1/p-1/2g 5(i-Msg

g i2d,~1)(s—2)g g
. B (AL
X ||F(l)”L22M(d1+1)(1/P 1/a)q o P 4 ||X3%f||Lq(G)
i
< C2ie ”bHZMOE(G)Ziszcyj Z 2M(d1+1)(1/s—1/2)q 2i(2d2—1)(1/s—1/2)q
M=—I,
x 2~Mdx(1/p=1/2)q p(i=M)sqp=ifq )| @)1
L
8
% 2M(d1+1)(1/p—1/9)q 5i(2d,-1)(1/p-1/q)q ”){Eofllzq(G)
ie ACYJ 11|14
< C2° 2 Bl
i
oM(Q1/p-1/q+1/s-1/2)qg+Md,(1/p-1/q+1/s-1/2)q-Md,(1/p—1/2)q—M3q
M=—,

X 2—i(1/p—1/q+1/s—1/2)q+i§q+2id2(1/p—1/q+1/s—1/2)q

L R o
d(1/p-1/2)

ic ACyi q q = q
<C2E 2% ”b||BM09(G)”F||L3(1/p—1/2) ”XBOf”Lq(G)
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y Zl: A=+ =d)-5 2240/ p-1/2)
M=—I,
Note that for 1 < p < pg, we have

1

1 1 d, +3
> —!
dy, +1

P 2% 2d,+1)
therefore at (d;, d,) = (4,3) we get

2p
2-p

1_
> =

Then for § > 1/2, choosing § very close to 1/2 one can see

Z‘: A=D1 /p-1/2)
M=—l()

As B> d(1/p —1/2), choosing y > 0 very small yields

@R/ p|d 22 (4.39)
i Ny ||Ky . q
X > > Z)(zymMFf\?(L,T)XAyf
M=—-l, m=1 ||k=1 LG

< C270[BII5 00y 115 15, SN
B

for some § > 0.
Then combining the estimates of (4.38) and (4.39) from (4.37) we get

i

NM .
D> Xap,(b— bBO))(gggF,(\})(L, Dxpu f

M=-I, m=1 L4(G)
<c27® 1bllzmoeo IF 2 x5, fllza)-
This completes the proof of Theorem 1.2 for the point (d;, d,) = (4, 3). O

Proof of Theorem 1.4. As the class of Heisenberg group is smaller than the

2(d,+1)
= 220 for (dy.dy) & {(8.6). (8.7},

proof of Theorem (1.4) follows from the proof of Theorem (1.3) except for the
point (d;,d,) = {(8,6),(8,7)}. We will prove Theorem (1.4) by proving Theo-
rem (1.2) for the case of Heisenberg type group with 1 < p < 2(d, +1)/(d, +3).
If one look carefully the proof of Theorem (1.2), one can see that the restriction
for the range of p comes from the estimates (4.22)- (4.25), which occurs be-
cause the weaker type restriction estimate available for Métivier groups. There-
fore it is clear that the presence of discrete norm ||F||,u , in the right hand side
of Theorem 3.1 is the main obstacle from getting desired ranges of p for the
case (dy,d,) € {(8,6),(8,7)}. If we can replace the discrete norm ||F||,» , with

class of Métivier groups and py, 4, = Pg
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|IF||z2(), we can improve the ranges of p. Such estimates are known to be true
for Heisenberg type groups. Indeed we have the following result.

Proposition 4.2. [38, Theorem 3.2] Let H be Heisenberg type group. Suppose
1< p<2(d,+1)/(d,+3). Then for F and F); as defined in Section (3), we have

IEM (L, T)f llz2a) < C27MEA VDN || f|oo)-

For Heisenberg type groups the eigen values are of the form [k]|u| = (2k +
d,/2)|ul|. Although the cutoff considered in [38, Theorem 3.2] (they have con-
sidered cutoff along [k] := 2k + d; /2 variable) is different from the cutoff here
we considered (along |u| variable), because the support of F lies away from ori-
gin, these two cutoffs are essentially give the same result. Indeed instead of
taking ©@(2~M[k]) if we take ®(2M | u|), then the same conclusion hold as in 38,
Theorem 3.2].

Therefore having Proposition (4.2) in hand and following the arguments of
the proof of Theorem 1.2, in the estimate of (4.23) instead of Proposition (3.1),
here using Proposition (4.2), and choosing y small enough for 1 < p < 2(d, +
1)/(d, + 3) we get
; q

Ny )
0> xapy(b = b ) xsFO(L, Ty f
M=0m=1

Li(G)
< 2 220/p/2a |2 BFONL, x5, 1l )
i
X Z 2M(d1—d2)(1/p—1/2)q
M=0

o ] ] ]
< 2 2id1/p-1/2)a lﬁq||b||BMOQ(G)||F||L§ X, I

i
x 3 2M-di=d)1/p-1/23
M=0

—5i |(n11d 1 ;
<270 ”b”BMOE’(G) ”F”LE ||X§°f||Lq(G)’

for some § > 0, as we have 8 > d(1/p — 1/2), where in the last inequality we

have used the fact that on Heisenberg type groups we always have d; > d,.
Hence, one can conclude that Theorem (1.2) holds on Heisenberg type groups

forall dy,d, > 1with1 < p <2(d, +1)/(d;, + 3). O

5. Compactness of Bochner-Riesz commutator

In this section, we give the prove Theorem (1.5). In order to prove Theorem
(1.5), we need the following result which characterizes the relatively compact
subsets of LP(G), which is also known as Kolmogorov-Riesz compactness the-
orem.
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Proposition 5.1. [8, Lemma4.3] Let1 < p < oo and (xy, uy) € G. The subset ¥
in LP(G) is relatively compact if and only if the following conditions are satisfied:

(1) sup [|fllzr(c) < o0;
feF

(2) lim | (G, w)|P d(x,u) = O uniformly in f € F;
= JG\B((x.0).R)

3) lin(l)/ |f e, u) = [P dx,u) = Ouniformlyin f € F.
r—0 Jg

With the above proposition in hand we are ready to proof the Theorem (1.5).

Proof of Theorem (1.5). Let us set F(n) = (1 — 772)‘1. Notice that from (4.2)
and (4.3), it follows that Zﬁio[b, F (i)(\/Z)] converges to [b, F (\/Z)] in the L1(G)
norm. Then using the fact that compact operators are closed under the norm

limit, the proof is reduced to show that [b, F?(+/£)] is compact for all i > 0.
Moreover, since C°(G) is dense in CMO¢(G), we may restrict ourselves to the
case when b € C°(G). To this end, let & be an arbitrary bounded set in LY(G).

To prove that [b, F (i)(\/Z)] is a compact operator, we have to show that the set

& ={b,F (i)(\/Z)] f i f € F}is relatively compact for each i > 0, that is &
satisfies all the conditions (1), (2) and (3) of Proposition (5.1).
The condition (1) is follows readily from (4.3) and the fact that F € Lé ifand

only ifa > 8 —1/2. Indeed

sup ||[b, FON L)1 laca) < C sup [1bllsmos IFll 2ol fllLaa) < o
feF feF B

Next, we proceed to verify remaining other two conditions of Proposition
(5.1). To this end, we choose a function ¢ € C°(—4,4) such that (1) = 1 on
(—2,2) and ¢ € C(2,8). Then for all A > 0 we can decompose as follows:

FOQ) = GFO)R) + Y@ FNQA), (5.1)

>0

where ¢,(1) = p(27'4) for ¢ > 0.

Now let us verify the condition (2). First note that it is enough to verify the
condition (2) for all C°(G) functions in &. Let € > 0. Then for f € ¥, there
exists g € C.°(G) such that ||f — g||es) < €. So that from (4.3) for any R > 0,
we have

lxe\s0. 0 FON DIl (5.2)
< lxe\s0.0)[bs FONV OIS = @llacc) + lxeso.m b FONV L)l
<e+ ”XG\B(O,R)[baF(i)(\/z)]g”L‘l(G)-

Therefore to check the condition (2), enough to show as R — oo,

I xe\s0.0) b FONV L)l < for ge CeG).
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As b € CX(G), there exists j € N such that supp b C B(0,2/). Take R = 2 - 2%/,
Then using the expression (5.1), we decompose as follows.

1Xc\B(, 2-22/)| B> F(i)(\/z)]gHLq(G)
< ||)(G\B(0, 2-221)[b, (¢F(i))(\/z)]g||m(c)
+ 3 1xe\s0, 22200 [b: @ FOYV L)l s,

>0

First we estimate the second term in the right hand side. Using the support of
b and Young’s inequality

||)(G\B(0,2~221) [b, (§01F(i))(\/z)]g| |L‘1(G)

B K iy (W0, 1)
{/C;\B(O,z-sz) /B;(O’Zj) (@ FNWL)

q

1/q
X b(y,t)g(y,t)d(y,t)| d(x, u)}

/. XG\B(O,sz)((x’ “)_1()’, t))jc(qaLF(i))(\/Z)((x’ u)_l(y’ t))
G

U

q 1/q
X XB(O,ZJ)(y’ t)b(y’ t) g(ya t) d(y’ t) d(x’ u)z

sc%mmmm@/1 Ko (6 w)] e ),
a2y PFOVD)

Note using the definition FO(1) = 2i{(F * §y7)(A) as in (4.29), for any fixed
5> 0,

o FO@)||e < C27NEHI||F|| 2, (53)

for any N > 0.
Then using Proposition (3.4), (5.3) and Lemma (2.4) we have

|‘7C (i) (x9 u)l d(x’ u)
fG\B 02) (@ FO)W L)

<c f (L 2 I 1K g ooy, (- )
N2

d(x,
L+ 2wy (x, )

: d(x,u)
< C29jp FOQY)|Le f ’
l * D>z A+ 24wl

< C2[Q2—N(i+[) 2—[S22j(—S+Q)’

forallN > 0,e > 0ands > Q.
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Then choosing s > Q and N > Q, as j — oo we see that

2 Ixevs02220 b F OV D)l (5.4)
>0
< OBl l1gllzac)2 26D 3 27N <¢,

>0

A similar argument also shows that as j — oo,

| Xc\B(0,2-22) b (¢F(i))(\/z)]g| lLae) <€, (5.5)

where for each i > 0, one have to use the following fact, which is a consequence
of Sobolev embedding theorem

[pF || < C2H/Z49||F|| 2 < C. (5.6)
As we are proving compactness for each i > 0, so our constants C; ;. may de-
pend on i.
Thus combining estimates (5.4), (5.5) and (5.2), as j — oo we conclude that
1Xo\80.220[b, FON L)1 fllace) < €.

Not it only remains to check the condition (3) for £. Once again using the den-
sity of C2°(G) functions in L9(G) enough to check condition (3) for f € CZ(G).
First we write

[b, FON L)1 £ (x,u) — ([b, FON £)]f)
__
|B((x,u),r)| B((x,u),r)

: f {16, FON D)1 (x,w) = [b, FOW L)1 (e, )y, )} dy, ),
B(0,r)

B((x,u),r)

{16, FON L)1 f (x, w) = [b, FOW D)1 f (v, O} d(y, £)

|B(0, )|

and then for ¢ > 0, we divide it into four parts as follows.

[b, FON £)]f (x, u) - [b, FON £)] £ ((x, w)(p, 1))

= /. jCF(i)(\/Z)((xli ul)_l(x7 u))(b(x’ u) - b(x,’ u,))f(xla ul)d(x,’ u,)
G

- fG K po iy w706 W), )G, Wy, ) — b(x', u")) f(x', u")d(x', u')

=. Jl +J2 +J3 +J4

where
‘(K:F(i)(\/Z)((xl’ u/)_l(xa u))

(b(x,u) — b(Cx, w)(y, O f (X', u)d(x", u'),

Jl =f
(G u )=t e a)l>e=HI Ol

Jy = f (b((x, W)y, 1) — b(x",u"))
G ) ean)l>e [0
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X (jCF(i)(\/Z)((x,’ u,)_l(x’ u)) - gCF(i)(\/Z)((x,’ u’)_l(x’ u)(ya t)))

x f(x',u)yd(x',u'),
Iy = f K o 2, (1) e, )b, ) — b, u)
(ICG w1 e u)|<e=HI 0l
X f(x',u")d(x’,u),
and
‘]4 = - / JCF(L')(\/Z)((X” u/)_l(xsu)(ya t))
(I w1 (x| .0l

(b((Gx, w)(y, 1) = b(x", u") f(x', u') d(x', u').
We now estimate each term Jy, J,, J; and J, separately. For the term J;, using

(5.1) we first write

1 <C ch(zpF(i))(\/Z)((xla ul)_l(x: u))l

A«xauo—l(x,u))ux-l||<y,t>||
X |fC,u)d(x’,u')

+ | K

! Nn-—-1
pony (w7 (e )
>0 /II.((x’,u’)‘l(x,u))||>€‘1 (623

(@,

X |f(x,’u/)| d(x,au,) |b(x,u) - b((x’u)(ya t))l

=. ‘Ill +J12.

Let 0 < 7 < 1. Then using mean value theorem together with Proposition (3.4)
and (5.3), for any N > 0 we see that

12|

< QI Y, 1%, pony (O W) Ce W)l

20 Iy eanli>e 0.0
X |fCu)dx’,u')

e [ DI

>0 k=0 J2ke=1]|(3,0)||<|[((x! u") L (x ) ||<2K+H e ||y, 0|
1+ 2‘||(x’, u’)—l(x, u)||)Q+r ljc((p,F(D)(\/Z)((xl’ u’)_l(x, W)
(1 + 24|Cx’, w) =1 (x, w) )R+
X | f(x uh) d(x,u')
o 2@ @) (L. . Kl —1
<C|y t)||z Z ZlpFrC )||LQ+T+€|B((x, u), 2 ey, HIPI
> ) {zzzkg—lll(y’ [)”}Q'H'

>0 k=0

X
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B ;Ci u > 2 € .) ’ t / x"u).(x 2k+15—1 t
X

) 2LQ2—Z\7(i+L)(2k+1£—1||(y’t)H)Q
< ClIO-OI X X~ e MO0 w)

>0 k=0

|G u) d(x u')

sCETII(y,t)Ill‘TMf(x,U)<Z : ) 2 1

= 2kt = 2UN+T1)
< CeT||(y, OIIMTM S (x, w),

where M denote the Hardy-Littlewood maximal operator defined on G relative
to the distance ¢.

On the other hand, using Proposition (3.4), (5.6) proceeding as above, we
have

il < Cem2X Q29| |y, )| T M f (x, ).
Therefore combining both estimates J;; and J;,, we get

1l < CE¥||(, DI (1 + 21 QF NN f (x, 1)
< CE(|(, DI "M f G, w).
Similarly as in J;, we also break J, into two parts J,; and J,, correspond-

ing to ¥ and Zl>0 ¢,. Let y, be a horizontal curve joining between two points

(x,u) and ((x,u)(y,t)). Then for J,,, using mean value theorem combining
with Proposition (3.4) and (5.3), we get

T2z

<c f Ib((x, 1)y, 1)) — b(x', )]
>0 Y)|((x! )1 (x,w)||>e 1| .0

1,1 _ 1 —1
|jc(¢lp(i))(\/2)((x U ) (x’ u)) gc((plF(i))(\/Z)((X U ) (X,u)(y, t))l
X LG )] e )
1
< Clbllelln DI S f
>0 Y|((x" )~ ew)||>e 1| .0 YO
-1
XX, o5 (G W) Yo S w)] A ) d

1
<ClplY Y f
0

120 k>0 V2R e[ (.0l 2 [ )= Gew))||> 2k | ()|
(1 + 200w o DIDFTIXK o2, (O 2 o))

@+ 24|((x, u) =Ly ()P
X |fG, u")| d(x!,u") ds
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2@V FOQ e B, ), 2|y, O]
@2 1. DD

<Cle.olY. D,

>0 k>0
1

X
|B((x, w), 2k+1e=1]|(y, D] fe((x',u'>,<x,u)><zk+1s1||<y,r)||
SN, OIF T e Mf(x, ),

|F(x" uh) d(xX, u')

provided ||(y, t)|| is very small and N > 1. Here in the second last inequality
we have used the fact ||((x", u") " yo(S)|| ~ [|((X', W)~ (x, w))|| if ||(y, t)|| is very
small. (Actually later we will estimate for ||(y,¢)|| < randr — 0.)

In a similar fashion, we also get

1] < Ce™2X Q429 (3, )| 1T M f (x, ).
Then combining both the estimates for J,; and J,, we get,
2| < ||y, DI (1 + 21 QF RN f (x, 1)
< GE(| O M (e, w).

In case of J5, similarly as above, we again write J; as a sum of J3; and J3,. Using
mean value theorem, Proposition 3.4 and (5.6) we see that

Ul <C f 1 W)L )|
[ ")~ Ce,w)) || <e= 1|, )]

|K(¢F(i))(\/2)((x,7 u,)_l(x’ u))l |f(x/1 u,)l d(x,’ u,)
< Ce™ |, ONIFD s [B(Cx, w), e[|, OIDI

1

X | uDd(x,u')
|B((x’ u),e1 ”(y; t)”)l B((x,u),e~|(.DI)

< 267259711 (y, Ol 72|, DI M f (x, w)

< C2CIHO( | (v, OIS (x, w).

For J3,, proceeding similarly as in J3;, we obtain that
W2l < CEHI, DN M f Cx, ).
Thus, combining both J3; and J5, we get
sl < CQA + 21029, I Mf (x, )
< eI OIDH MF e, w).

For J,, again we decompose as in J; into two parts. Using Proposition 3.4,
(5.6), mean value theorem, and left invariance of ¢, we see that

||((x’,u’) 1(:{,14))||SE ]H(y,[)”

X |b((x7u)(y’ t)) - b(x,9u,)| |f(x,7u,)| d(x,’u,)
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< | ey oy (X w7 W)y, )]

‘|
o(Ce' ), (ra)<e 0.
X o((x, w)(y, 1), (X", u)) | f (', uD)] d(x', ')

< CE DI+ o((x, W, 1), Ces W PED]

x f £ )] A, u')
o((x!,u"),(x,u)<e~1|(y,0)]|
< CEI(y, DINRFL2G/ I M f (x, w).
A similar calculation also shows that
Vgl < I, OIDFEMf (x, w).
Thus, combining both J,; and J,,, we get
[Val < Ci(e™ |, DN M f(x, ).

Now, gathering all the estimates of J;,J,,J; and J,, and using the LP (p > 1)
boundedness of M, we see that

f 5, FOW DI 1) = (0. FON D D " dGeu)
G

! p
. fc W(/B(O,,)('Jl' 1]+ Vsl + Val) d0n D) ) dx,w)
< Ci(ETrl_T + (e71r)Q+! )p fo(X,u)Pd(x, )
G

p
< C(sTrl_f + (e71r)QH! ) / |f (e, w)|Pd(x, u).
G
Finally, taking r < €2, as r — 0 we conclude that

f 6, FOO D e = (0. FOV D e
G

p
d(x,u) <e.

This shows that [b, FO(y/£)] satisfies condition (3) of Proposition (5.1). This
completes the proof of Theorem 1.5. O
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