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Wold-type decomposition for doubly
commuting two-isometries
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ABSTRACT. In this article, we prove that any pair of doubly commuting 2-
isometries on a Hilbert space has a Wold-type decomposition. Moreover, the
analytic part of the pair is unitary equivalent to the pair of multiplication by
the coordinate functions on a Dirichlet-type space on the bidisc.
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1. Introduction

Let H be a Hilbert space and B(H) denote the set of all bounded linear op-
erators on J. An operator T € B(H) is said to be concave if for every h € I,

IT2RI[* = 2||Th||* + ||A]]* < 0. 1)

An operator T € B(H) is called a 2-isometry if for each h € #, (1) holds with
equality. A closed subspace W C J( is said to be a wandering subspace for T if
W L T"W for all n > 1 and an operator T € B(¥) is said to have wandering
subspace property if H = \/n>0 T"W for some wandering subspace W of T. In
fact, if T € B(¥) has the wandering subspace property then the wandering
subspace W is uniquely determined and is given by ' & TH . Throughout the
article, the subspace 7€ © TJ shall be denoted by E7.

A key and highly useful result in the study of bounded linear operators on a
Hilbert space is the Wold decomposition theorem. The classical version states
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that any isometry V € B(J) (i.e., V¥V = I4)is a direct sum of a unitary and
an unilateral shift (see [22] and also see [21, page 3]). The Wold decomposition
and results analogous to it have profound impact in Operator theory, Operator
algebra and also invariant subspace problem for Hilbert space of holomorphic
functions (see [6, 9, 7, 19]). Wold-type decompositions of 2-isometric operators
also have been studied by many authors, see [15, 18, 11]. For a 2-isometry T €
B(H), it is well-known that the subspace N5 T"H (:= H(,) is T-reducing and
T4, is unitary (see [11, Proposition 1.1]). The operator T € B(¥() is said to be
analytic provided #(, = {0}. In [14], the author proves the following Wold-type
decomposition for the class of analytic concave operators.

Theorem 1.1 ([14]). Let T € B(J() be an analytic concave operator. Then H &
TH is a wandering subspace for T.

Later, Shimorin extended this result for general bounded left-invertible op-
erators (see [18, Theorem 3.6]). In [11], Olofsson reproves the Wold-type de-
composition for the general class of 2-isometries and reveals the connection
between analytic 2-isometries and the Dirichlet shift which is a generalization
of [15, Theorem 5.1]. For the sake of completeness of this article, we state this
result in Theorem 1.2.

Theorem 1.2 ([11]). Let T be a 2-isometry on H. Then there exists a positive
B(Er)-valued operator measure u on the unit circle T such that

(T, ) = ( g 1\22] , Ho @ DST(:“)>,

where 3(, is T-reducing subspace, U is unitary and M, on D¢ (u) is an analytic
2-isometry.

For the definition and properties of D¢ _(u) space, we refer the reader to [15,
11, 5].

A natural question which has been of interest to many operator theorists
is that ‘Can an analogous result be obtained in a multivariate setting? There
are many interesting results for commuting isometries as well as for the class
of pairs of commuting analytic 2-isometries with some additional assumptions
on the pair (see [20, 9, 17, 3, 4, 1] and references therein). It is presumable
that some extra assumptions on pair of commuting 2-isometries are necessary
to achieve results analogous to Theorem 1.1 and Theorem 1.2. In this article,
we shall consider the class of pairs of doubly commuting 2-isometries. A pair
T = (T,,T,) of commuting bounded linear operators acting on a Hilbert space
J{ is said to be doubly commuting it T;T; = T;T; for i, j = 1,2 with i # j. The
natural examples of doubly commuting pairs are the pairs of the co-ordinate
wise multiplication operators on the Hardy space, the Bergman space, and the
Dirichlet space over the bidisc D? (defined in Section 2 and also see [1]).

A Wold-type decomposition for a pair of doubly commuting isometries is
derived in [20] (see also [2, 8, 13, 16]). More precisely,
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Theorem 1.3. (M. Slocinski) Let V = (V,V,) be a pair of doubly commuting
isometries on a Hilbert space J(. Then there exists a unique decomposition

}( = j-[ss @ }(su @ :}(us @ }Cuu’

such that J(;; is joint V-reducing subspace of I for all i, j = s,u, and V, on J(;;
is a shift if i = s and unitary if i = u, and that V, is a shift if j = s and unitary if
j=u

In Theorem 4.3, we establish a Wold-type decomposition for any pair of dou-
bly commuting 2-isometries acting on a Hilbert space as a generalization of
Theorem 1.2. The essence of analytic structure in it also gives a more finer ver-
sion of Theorem 5.1 in [10]. The novelty of the work, in this article, is uncov-
ering a link between the shifts on Dirichlet spaces and general pairs of doubly
commuting 2-isometries that need not be cyclic or analytic. As a corollary of
Theorem 4.3, one can derive Theorem 1.3. Before we turn our attention to The-
orem 4.3, in Section 2, we note a few notations and preliminaries.

2. Preliminaries

Let 1, and u, be two positive B(&)-valued operator measures defined on the
unit circle T, where & is a Hilbert space. For i = 1, 2, the Poisson integral of y;
is denoted by P[u;] and is given by

Plu;](z;) = fP(Zi,eie)dMi(eie)
T

. —1z.12

where P(z;,e°) = % for any z; € D and 6 € R. Note that P[y;|(z;) is a
elv—z;

positive operator in B(E). Let the space of all £-valued analytic functions on the

bidisc be denoted by O(D?, &). Now, for any f € O(D?, £), we define the scalars

@) P
Dul,uz,i(f) fori=1,2,3,

0 .0 ;
D/(,Lzl),/xz,l(f) : rlir{l_ »/]I;)xv <P[M1](zl)é(zl,re"), %(21,Ve”)>8 dt dA(zy)

) 1 af it of it

Dyl,,uz,Z(f) .= rl_l)l’{l_ \/I[FXD <P[lu2](22)azz (re 322)5 622 (re sZZ)>8 dA(ZZ) dt
©)] .

D#l#z,3(f) T

o’f 3 f
/]IDXD <P[#1](21)P['u2](22) 02,0z, (21, 22), 02,0z, (a1, 22)>g dA(z;) dA(zp),

where dt denotes the normalized arc length measure and dA denotes the nor-
malized area measure. Furthermore, we define the Dirichlet-type integral of a
function f on bidisc as
@) . n®@ )] (2)
Dﬂl"“Z(f) T Dl‘l»lv‘z’l(f) + D#l,#zsz(f) + D#I’M2’3(f).

Combining all these, the Dirichlet-type space over bidisc for the operator-valued
measures [, 4, on T, denoted by Dé(/xl, W), is defined to be the space of all
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&-valued analytic functions f such that D(Z) ,(f) is finite. The norm of f €
Dg(,ul, M) is denoted by || f|l|,,, .., and is given by

2 2) (2) 2)
112wy = 1y + D2 (D +DP (HN+DD, (. @

The space Di(/xl, U,) turns out to be a Hilbert space with respect to the norm
given in (2). In [1], the scalar-valued Dirichlet-type space (that is, when & = C)
is studied in some detail.

Let Z, denote the set of all non-negative integers. Throughout the article,
form,p € Z5(, we adopt (m A p) as a concise notation for min{m, p}. For any
f e D2 = (11, 1p) With f(zy,2,) = Zm neo AmnZ] 23, the following identities can
easily be derived (see [1] for scalar -valued case)

[T Z 1 nll?

m,n=0

DY, ()= lim Z Z(mApo(p M)y Gp)r™ (3
m,p=1n=0

/(12)/& ()= hm Z Z (n A Q{1 — @)y s Ay )T (4)

m=0n,q=1

DD (H)= 2 2 (mAp)nAgKaxg — Ep = M Gpg) ()
m,n=1 p,q=1

where n'"-Fourier coefficient of the measure u is defined by
i(n) 1= f X du(x).
T

Let M, = (M, ,M;,), where M, corresponds to the multiplication by the co-
ordinate function z; for i = 1,2. Note that, the operators M, and M, are

bounded linear operators on 2)(29(/,11, ). Moreover, we have the following the-
orem. Since the proof of the theorem is similar to that of the scalar-valued case,
which is available in [1, Theorem 3.12], we omit it.

Theorem 2.1. Forany f € O(D?, £), the following statements are equivalent.

(D) f € Dok, o)
() z1f € Da(u, p2)
(3) z2f € Da(kys ha)-
We also list out some of the properties of the vector-valued Dirichlet-type

spaces in the following theorem. We do not provide the proofs since it is verba-
tim with the scalar-valued case. For more details, we refer the reader to [1].

Theorem 2.2. Suppose u; and u, are two positive B(E)-valued operator mea-
sures with & being a Hilbert space. Then
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(a) the set of all polynomials in two variables with coefficients from & is a
dense set in Dy, ).
(b) the multiplication operators M, ,M,, are analytic 2-isometries on

'Dé(#l, Ma).
3. von Neumann Wold-type decomposition for analytic pair

In this section, we deal with a pair of doubly commuting analytic 2-isometries
on a Hilbert space and completely characterize them in terms of shifts on
Dirichlet-type spaces over the bidisc.

We begin with a pair of commuting analytic 2-isometries (T, T,) defined
on a Hilbert space J(. Using the definition of 2-isometry, it is straightforward
to show that T; and T, are left-invertible operators and we consider the left-
inverses L; := (T;"Ti)_lTi* for i = 1,2. Also, note that for each i = 1,2, the
operator P; := I — T;L; is the orthogonal projection of / onto &; := H ©
Ty(30) = kerT;. The defect operator corresponding to T; is D; := (T;T; —
D'/2, the corresponding defect space is D; := D;(#) and Py, is the orthogonal
projection onto D;. For this pair (T, T,) on ¢, we introduce the map T; : D; —
D;, defined by D;x — D;T;x, for each i = 1, 2. Note that, D;T;x € D; and using
the 2-isometric property of each T; on H for each x € H we have

IDTix||? = | T7x]1? = | Tix|? = || Tix||* = [|x][* = [|IDyx]|.

It not only shows that the maps are well-defined but also proves that they are
isometries. Therefore it has a unitary extension on some Hilbert space K. More-
over, using spectral theorem, for each integer m > 0, we have

1" = [ émean(e®)
T
where E; : Q — B(X) denotes the spectral measure corresponding to the uni-
tary extension of T;. A direct application of Theorem 1.2 (see also [11, Theorem
4.1]) gives the existence of positive B(E;)-valued operator measures y; defined
on T by

ui(0) = PiD;Pp E;j(0)D;l¢, (6)

such that T; is unitarily equivalent to M, on D¢ (y;). For more details, we refer
[11] to the reader.
If the pair (T4, T,) is doubly commuting, then we have the following identity

(I —T1L))T —TyLy) = (I — ToLy)I — T1Ly).

That is, the orthogonal projections P, = I — T,L; and P, = I — T,L, are com-
mutative. Hence, the product P := P,P, is also an orthogonal projection onto
& :=ker T nkerT; and due to [1, Lemma 4.1], the subspace & is a non-trivial
subspace of }. We consider fori = 1,2, @;(0) := PD;Py,E;(0)D;|s which turns
out to be positive B(E)-valued operator measures defined on T.

In the following lemma, we recall an important operator identity for analytic
2-isometry, proved in [14].



1292 M. BHATTACHARIEE, R. GUPTA AND V. VENUGOPAL

Lemma 3.1. Let S € B(H) be an analytic 2-isometry. Then the operators Lg :=
1
(S*S)71S*, Pg = I — SLg and Dg = (S*S — I)2 satisfy

x| = Z |IPsLEx|? + Z IDsLEx|>  forallx € It (7)
k=0 k=1

The map V in the following proposition is motivated by [11] and serves as an
isomletry from H onto Dé(ﬂl, ;). This proposition plays a crucial role in this
article.

Proposition 3.2. Let(T;, T,) be a pair of analytic doubly commuting 2-isometries
on a Hilbert space J(. Then the maps [I; and [I,, defined by

pi(o) = PD;Pp E;(0)D;P
fori = 1,2, are positive B(E)-valued operator measures on T andV : H —
DZ(#h, 1) is a unitary, where

[ lNe )

Vx(21,2,) 1= Y. Y, (PL"LIx)z"z0. (8)

m=0n=0

Proof. By hypothesis for i = 1,2, each T; is analytic 2-isometry on J, and
therefore by Theorem 1.2, we get positive B(E&;)-valued operator measures say
1, My and unitary maps V; from F onto D(u;) defined by

(Vix)(2) = Y, (PL"x)z"

m>0
such that V;T; = M, V; fori = 1,2. From (7), for each i = 1,2 and x € 7(, we
have

x| = Z ||P.LEx]|? + Z IDLEx||2. (9)

Consider the equation (9) for i = 1, replace x by P,L x and then by taking sum
over n € Zs, we get

Z |IP,LYx||? = Z Z IPL™ L2 x]||? + Z Z D, L"P,LIx|2.  (10)
m=0n=0 m=1n=0

Similarly, x is replaced with D,L7 x in the equation (9) for i = 1 and then taking
sum over n € N, we get

(o4 o o0 (o] (o]
2 IDLEX|2 = 30 DU IPLY DL x| + 3, D IDILI DL Lyx|?. (11)
n=1

m=0n=1 m=1n=1
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Let D denote the operator D;D, and L™" represent the operator L"L. Using
(10) and (11) in (9), we obtain

|| x[]2 = Z |PL™"x||? + Z |D, P, L™ x| + Z |P\D, L™ x |2 (12)
m=0 =0

n=0 0 =1

+

Ms

|[DL™"x||2.

1l
—_

m
n

1l
—_

Moreover, by hypothesis, the pair (T4, T,) is doubly commuting and hence by
[1, Theorem 4.3], the pair has the wandering subspace property. Therefore, the
given Hilbert space can be written as

ge="\/ TITHE).

m,n>0

With the help of two positive measures ¢, on B(E;) and u, on B(E,) given in
(6), we define two B(&)-valued measures (i, i, on T by the rule

,ai(O') = PDiPZ)iEi(O')DiP, i= 1, 2.

It is easy to deduce that (;(c) = P,u;(0)P, and (i,(c) = P,u,(c)P;. Here, for
each i = 1,2, u;(o) is a positive operator and f;(c) is a compression of u;(o)
for every o. Thus both the measures (f; and i, are positive. We consider the
Dirichlet-type space 1)(29(,(21, U,) corresponding to the measures (f;, i, and as
well as the map defined in (8).

Then for any x in 7 of the form Z
for all (z1, z,) € D?, we have

mmn 4
mn=0 11 13 0mn € J with a,, ,, € € and

k )
Vx)z1,2,) = Z Z PL’;ILIZCZTI”T”am nZ; z Z AmnZy
m,n=0 kl,k2=0 m,n=0
Note that, ||Vx||f_IZ(D2) = Zznzo |IPL™"x||* for each x € J{. Also, using the

doubly commuting property of the pair (T, T,) on J and representation of
isometry T;, we derive for each x € J( and ny,n, € Z >,

D\P,L"M"x = ). DL PLL T T X,

m,n=0

(e
m—n;
Z D1T1 Xm,ny

m=n,

o
Z eimeldEl(eiel)Dlmele,nz'
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Using the above identity, we compute the norm

(o]
|D P, LM x||? = Z (P\D:Pyp, fel(h_kl)eldEl(elel)D1Xj1+n1,n2,xk1+n1,n2>
J1k1=0 T

)
= Z <la\1(k1_j1)xj1,n27xk1,n2>-

Jiki=m

Combining all the above identities, we derive

DD P L |2 = Y S Gy Ak @Ky = j)X) s Xk ) (13)

n,=0n,=1 n,=0 ji,k1=1

Similarly, we can derive

D XD PL ]2 = D D (o Ak X (ks = j2)%Xn, s Xny k). (14)

n;=0n,=1 n1=0 jp,kr=1

Following a similar calculation, we also get

[Se]
NNy — m "2mmpn
DL™Mx = Y DL{'DyLy* T T Xy,
m,n=0

[oo)

= Z (feimeldEl(eiel)>Dl</eineszz(eiez))szm+n1,n+n2-
T T

m,n=0

Using the above identity, we calculate the norm

o)

|IDL™"2x||? = Z Z (i (ky = Ol (ky = j2)Xj s Xk, k,)-

Jrki=ny ja.ky=n;
Therefore, we have

(&)
2, lIpLmax|f? =
nl,n2=1

o0 o0

Z Z (1 A kD Ua AR (ky — jO Kk = )X, s Xk ). (15)
Jik1=1 jo,ky=1

Following the description of the term Dl(fl)ﬂz ,(Vx) in (3) and comparing it
with the equation (13), we deduce that

lim Z Z (m A p)X{a(p — M)Xpy xp,n)rzn

r=17 n=0m,p=1

@
Dy aa(VX)

o0 [ee]
lim ), > ||D,P,Lm x| r?m,
r—1-

n,=0n,=1
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and note that for each fixed r € (0, 1),

o0 (o)
D D PLLM x| 22 < 3 ||Dy Pyl x| 2,

ny =1 m=1
Thus, with the help of the Dominated Convergence Theorem, we can inter-
change the limit and the sum. Therefore, it shows that

[c]

(o]
D(Z) V)= 3 Y Iy PL xR, (16)

n,=0n;=1

Similarly, we obtain the following identities by comparing the equations (4)
with (14), and (5) with (15)

(o] (o]
2
DE‘I)’ﬂZ,Z(Vx) = > > ||PyDoL™"2x]|? and 17)
n=0n,=1
( ) (o] (o]
2 _ , 2
D, (Vx)= > > IpLmmx|2. (18)
n=1n,=1

The equations (16), (17), (18) put together in (12) establishes the fact that V' is
an isometry.
Since, by [1, Lemma 3.14], the set of polynomials is dense in the space

D%(/Jl, ), it is enough to sh(l)(w that for any polynomial p € Dé(ul, ), with
the expression p(z1,2;) = 2. . _o QmnZ; 2y, Where a,, , € &, there exists an

element x € J( such that Vx = p. Using the hypothesis of this proposition, for
any (z,, z,) € D?, we get that

k

kisk k
V(Y TTam)(z1,2) = Z Z priLermrrg,, 220
m,n=0 m,n=0 kq,k,=0
k
— m,_n
= Z Am,nZy 2,
m,n=0

Therefore, x = Zk T1'T}a,, , satisfies the equation Vx = p. Since the map

m,n=0 " 1
V is an isometry, it has closed range. Hence V maps J onto 2)(29(,(11, ). This
completes the proof. O

The following theorem gives a complete characterization of the class of pair
of doubly commuting analytic 2-isometries acting on a Hilbert space.

Theorem 3.3. Let (T, T,) be a pair of analytic doubly commuting 2-isometries
on a Hilbert space 3. Then (T, T,) on J{ is unitarily equivalent with (M, , M, )
on Dé(,u"l, 1), where gi(c) = PD;Py E;(c)D;P fori = 1,2, are positive B(E)-
valued operator measures, where & = ker T} nker T7.
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Proof. In the previous proposition, we proved the map V' : H — Dé(ﬂl, W),
defined above, is unitary. Therefore, it is enough to prove that VT; = M, V, for
i =1,2. For z, z, € D, we obtain

(VT1x)(z1,2,) = Z Z(PLTL;Tlx)z;”zg = Z Z(PL;”‘ng‘x)z;"zg

m=0n=0 m=1n=0
o ®©
=z 3, M (P Lz2
m=1n=0

= M, (Vx)(21, 22).
Similarly, it can be verified that VT, = M, V.

This guarantees that (T, T,) on J{ is unitarily equivalent to (M, ,M,,) on
D2y, o). O
Remark 3.4. Following [1, Remark 5.2], it can be shown that if the pair
(M,,,M,,) on Dén (11,7,) is unitarily equivalent to the pair (M, ,M,)) on
’Déﬁ (81, B,) for some finite positive operator-valued Borel measures 7;,%,, 51
and 3, on T with the joint kernels &, and &g of (M , M7 ) on Z)é (11,7,) and

n
Déﬁ (B1, B2) respectively, then there exists a unitary operator U : &, — &g such
that n;(c) = U*B;(o)U for all Borel subsets ¢ of the unit circle T.

4. von Neumann Wold type decomposition for general pair

The main purpose of this section is to develop a von Neumann Wold-type
decomposition for the class of doubly commuting 2-isometries (T, T,) acting
on a Hilbert space . The key idea is to use the Wold-type decomposition for a
single 2-isometry which we recall first for the convenience of the reader. Given
a 2-isometry T on a Hilbert space #(, in [18] Shimorin shows that the operator
T can be decomposed in a direct sum of unitary operator and an analytic 2-
isometry. More precisely,

Theorem 4.1. Let T € B(J) be a 2-isometry. Then the space H admits an
unique decomposition of the form F = F, @ F,, where the subspaces J(, is the
maximal T-reducing subspace of # such that Ty, is unitary. Moreover,

Ho=(\T"(I0) and 3 =\/T"(&r)
n>0 n>0
where Er = FH © T(¥H) is the wandering subspace for T.
Before proceeding further, we note down some important properties for the

pair of doubly commuting 2-isometric operators. We skip the proof, as these
are straightforward properties to verify.

Lemma4.2. Let (T, T,) be a pair of doubly commuting 2-isometries on J(. Then
fori,j € {1,2}withi # j,
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(a) kerT; is T j-reducing subspace of J¢.
(b) Foreachm > 0, T{”( Niso T;?Si> = (Tl.’”(é’l-)) N ( Mo T;?J().

In the following theorem, we get an analogue of Theorem 4.1. More pre-
cisely, we present the decomposition of the Hilbert space JH corresponding to a
pair of doubly commuting 2-isometries acting on . The presence of analytic
structure in this result can be seen as an improved version of [10, Theorem 5.1]
in this set-up.

Theorem 4.3. Let (T, T,) be a pair of doubly commuting 2-isometries on a Hilbert
space H. Then there exist positive Borel measures v, v,,7; and n, on T such that

H = Hog @ De,,(v1) ® D, (v2) ® Di(m1,72)

where €19 = NpxoT5 kerTy, Eg1 = NyxoTy kerT; and € = kerT| N kerT;.
Moreover,

Uy, 0 0 0 Vo 0 0 0
o M o o o vi o o
izl o v, o ™ T2=fy o M o
0 0 0 M, 0 0 0 M,

where Uy and V,y are unitary on Hog = Ny p>oTy THH, Uy and V; are unitary
on Dg, (v,) and Dg, (v,), respectively.

Proof. By hypothesis, T, is a 2-isometry on . Then, by applying Theorem
4.1, the Hilbert space JH can be decomposed into two T;-reducing subspaces,
that is

H = “]{0 @ :7{1
where 7, = (., T{"(F0) and 3¢, = \/, _ T7'(E1) with &; = kerT}. Since the
pair (T, T,) on J is doubly commutative, so by Lemma 4.2, both the subspaces
Hyand F; are T,-reducing. Thus an application of Theorem 4.1 to the operator

T4, on J, yields the decomposition of J(, into two T,-reducing subspaces.
That is,

Ho = [ T2 & \/ T2(30 © T,7¢,)

n>0 n>0
= () rroisc e \/ Tg< e Tﬂ()),
m,n>0 n>0 m>0

where the last equality follows from the doubly commuting property of the pair
(T,,T,). We write

Hoo = [ TPTHH,  Ho = \/ TH([) 7€)
m,n>0 n>0 m>0
Note that, for i = 1,2, following Theorem 4.1, the subspace N,,,5(T;"J{ is T;-
reducing and T|_ rmgc is unitary. Since Fog C NpxoT"H is a T;-reducing
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subspace for any i = 1, 2, therefore T, |4, and T4, both are unitary on Fy.
Also, by Lemma 4.2, we know that the space

Hop = (\/TQSZ) n ( ﬂ TT%)
n>0 m>0

That is, F(y, is the intersection of two joint (T, T,)-reducing subspaces of J(,
therefore it is also a joint (T}, T,)-reducing subspace. Along with that, since
Foy C ﬂm>0 TT'H = 3, and T4y, is a unitary operator, so Tq |4, is also a
unitary operator.

Now we apply Theorem 4.1 for the operator T, |4, on J(;. That yields the
decomposition of J; into two T,-reducing subspaces. That is, by using the
hypothesis on the pair we have

I ﬂ T3 (%) @ \/ T (3, © TL3,)

n>0 n>0

\Vi T{”( N T§81> @ \/ TITiE N &Y.

m>0 n>0 m,n>0

We denote H1g = Vo0 T1' (M50 To€1) and Hyy =V, 0o TYT5(E1 N &)
Again by using Lemma 4.2, we have #;5 = (\/, ., T7E1) N (N, T5H).

n>0"2
Being intersection of two joint (T4, T,)-reducing subspace, the space F(; is also
a joint (T, T,)-reducing subspace of J(. Since F1g C [, T5F, 0 T5 g, is
an unitary. Since #;; = H; © Hy,, so K, is also a joint (T}, T,)-reducing
subspace. Moreover, the pair (T1|4,,, T2|%,,) is @ doubly commuting pair of

analytic 2-isometries on ;. Combining all the above decompositions we have
H = FHoo @ Hig D Hor & Hiy

and for a;, a, € {0,1}, T; on H(, ,, is unitary if a; = 0 for each i = 1,2. From
the above decomposition of the Hilbert space J(, we know T |4, is also a 2-
isometry on H;,. And, by Lemma 4.2(b), we note that

T;"([]OT;‘&) = (T;”(&)) N (Q)T’;Jf)

for each m > 0. Now, using the fact that &; is a wandering subspace for T,
on J{, we conclude that n,(T5 &; is a wandering subspace for T4 |4, on ;o
and the description of the subspace J(,, helps to conclude that T4, is an
analytic 2-isometric operator on J(;,. Hence, by applying Theorem 1.2, we can
immediately conclude that

(T113¢,9» H10) = (M, D (1))

for some positive Borel measure v; on T with £y = N,,5¢T7 &;. Analogously, we
can also prove that the subspace €y = Ny T7" kerT; is a wandering subspace
for T, 4¢,, and (T3 |g¢,,» Hon) & (M, D, (v,)) for some positive B(Ey,; )-valued
measure v, on T. Moreover, as shown above, the pair (T4 |5,,, T2, ) is doubly
commuting analytic 2-isometries on J;;, therefore, by Theorem 3.3, we have
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(T1lg¢,,5 T2l9c,,) On Hyy is unitary equivalent with (M, , M) on Dé(m, 7,) for
some positive measures 7; and 7, on T with &€ = & N &,. U

Remark 4.4. For a pair of doubly commuting 2-isometries (T, T,) acting on a
Hilbert space J(, the decomposition in Theorem 4.3 is unique in the following
sense: for oy, oy, 1, j € {0, 1}, if the subspace Kot is reducing for T; such that
H = Koy B K19 @ Ky & Ky, with the properties that the restriction of T; to
JCai,aj is unitary and analytic for o; = 0 and o; = 1 respectively, then &y, =
Hoor Ko = Hig, Kor = Hop and K1 = H1;. Moreover the measures vy, v5,
and 7, in Theorem 4.3 are determined uniquely upto a unitary (see Remark
3.4).
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