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Log homotopy types are homotopy types
with modulus

Shane Kelly

Abstract. We show that the category of log homotopy types is a full sub-
category of a category of homotopy types with modulus.
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1. Introduction
Morel and Voevodsky’s 𝔸1-homotopy theory has many successes, most fa-

mously the proof of the Norm Residue Theorem comparingMilnor𝐾-theory to
étale cohomology with coefficients away from the characteristic. However, by
definition it cannot see non-𝔸1-invariant phenomena such Hodge cohomology
orHochschild homology. It also fails to see invariants that are non-𝔸1-invariant
adjacent such as wild ramification.
In recent years a number of larger categories have been proposed such as

motives with modulus, [KMSY22], log motives, [BPØ22], and motivic spectra,
[AI22], [AHI25].
Motives with modulus are designed to study cohomology groups of a variety

𝑋, such as𝐻1
ét(𝑋,ℚ∕ℤ) or𝐻

𝑛
Zar(𝑋,Ω

𝑚), whose classes can be bounded by some-
thing like ramification order or pole order; the bound is expressed by a divisor
𝐷. The rôle of 𝔸1 is replaced by the pair (ℙ1,∞), that is, the space of cohomol-
ogy classes on ℙ1 with “tame ramification” or “simple poles” at infinity. Log
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motives are designed to study cohomology groups of log schemes. The rôle of
𝔸1 is replaced by the log scheme (ℙ1, 𝒪ℙ1 ∩ 𝒪∗

𝔸1), that is, the compactifying
log structure for the open immersion 𝔸1 ⊆ ℙ1. Motivic spectra is an approach
that systematically replaces the use of 𝔸1 in the Morel–Voevodsky theory with
ℙ1-stability and smooth blowup excision. Motivic spectra do not appear in this
note.
In this notewe compare an unstable homotopy theory ofmodulus pairsMH𝑘

with the unstable homotopy theory of log schemes logH𝑘, filling in the de-
tails of one of the comparisons suggested by the author to Miyazaki and Saito
in [Kel20]. Heuristically, the equivalence in Theorem 1.1 expresses the idea
that log cohomology is the first level of the “ramification” or “pole” filtration,
namely, the “tame ramification” or “simple pole” level. The notation is ex-
plained as the introduction progresses culminating in Eq. (1) and Eq. (2) on
Page 1270.
Theorem1.1 (Theorem5.6). The canonical comparison functor induces an equiv-
alence1

MH𝑘[Λ
−1]

∼
→ logH𝑘

where Λ is the class of (images of) morphisms of the form

(𝑋, 𝑛𝑋∞) → (𝑋,𝑋∞)
for (𝑋, 𝑋∞) ∈ PSm𝑘, Def. 2.2 and 𝑛 ≥ 1. In particular, there is a fully faithful
embedding

MH𝑘 ⊇ logH𝑘
admitting a left adjoint.

Theorem 1.1 is a shadow of a stronger equivalence. We write PSm𝑘 and
SmlSm𝑘 for the categories of pairs with normal crossings support and smooth
log smooth schemes respectively, Def. 2.2, Def. 2.9. So PSm𝑘 generates MH𝑘
and SmlSm𝑘 generates logH𝑘. The objects of PSm𝑘 are pairs𝒳 = (𝑋,𝑋∞) con-
sisting of a smooth 𝑘-scheme 𝑋 and an effective Cartier divisor 𝑋∞ ⊆ 𝑋 with
strict normal crossing support, Def. 2.1. Morphisms 𝒳 → 𝒴 are morphisms of
schemes 𝑓 ∶ 𝑋 → 𝑌 such that 𝑋∞ ⊇ 𝑌∞|𝑋 . We write 𝑋◦ = 𝑋 ⧵ 𝑋∞ for the
interior and

log𝒳 = (𝑋,𝒪𝑋 ∩ 𝒪∗
𝑋◦)

for the associated log scheme.
Proposition 1.2 (Proposition 2.10). The functor𝒳 ↦ log𝒳 induces an equiva-
lence

PSm𝑘[Λ
−1]

∼
→ SmlSm𝑘

where Λ is the class of morphisms of the form (𝑋, 𝑛𝑋∞) → (𝑋,𝑋∞) and this
localisation happens in the category of small∞-categories, cf. Def. 2.11.

1Here (−)[Λ−1] means localisation in the category 𝒫rL of presentable∞-categories and col-
imit preserving functors, [Lur09, Def.5.2.7.2, Def.5.5.3.1, Prop.5.5.4.20].
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Remark 1.3. A qcqs base version of Theorem 1.1 is likely to be true because a
qcqs base version of Propostion 1.2 holds, cf. Remark 2.13.

Remark 1.4. The motives version, MDM𝑘[Λ
−1] ?= logDM𝑘 of Theorem 1.1

may be true. However, the cycles version of Propostion 1.2 is false, see
Example 7.11.

Remark 1.5. In case it’s not obvious, we point out that the same techniques
show that Morel–Voevodsky’s unstable homotopy category 𝐻𝑘 can also be ob-
tained as the localisation

MH𝑘[𝐼
−1]

∼
→ logH𝑘[(log 𝐼)−1]

∼
→ 𝐻𝑘

where 𝐼 is the class of morphisms of the form (𝑋 ⧵ 𝑋∞, ∅) → (𝑋,𝑋∞).
A consequence of Theorem1.1 is a scheme theoretic description of log homo-

topy types. That is, a descriptionwhich does not explicitly use any log geometry.
This is not so surprising since the log schemes log𝒳 in question are completely
determined by the total space 𝑋 and the interior 𝑋◦, cf.[Ogu18, Prop.III.1.6.2].

Corollary 1.6. There is an identification

logH𝑘 ≅ PSh(PSm𝑘, 𝒮) [
(
Nis ∪Σ ∪ CI∪Λ

)−1
]

where
(1) PSh(−, 𝒮)means presheaves of spaces.
(2) Nis is the class of morphisms defining Nisnevich excision, Rem. 5.3.
(3) Σ is the class of compositions of smooth blowups, Def. 4.1.
(4) CI is the class of morphisms of the form (𝑋 × ℙ1, 𝑋∞ + {∞}) → (𝑋,𝑋∞).
(5) Λ is the class ofmorphisms of the form (𝑋, 𝑛𝑋∞) → (𝑋,𝑋∞) for (𝑋, 𝑋∞) ∈

PSm𝑘.

As an afterthought, we show how the stable category of modulus pairs with
ℚ-divisorsmH𝑘 from [KMS25] can be built directly from our unstable, integral
divisor categoryMH𝑘.
Recall that the abelian group of rational numbers can be expressed as the

union ℚ = ∪𝑛∈ℕ
1
𝑛
ℤ, or equivalently, as the colimit ℚ = colim𝑛∈ℕℤ where

the transition morphism ℤ → ℤ associated to the indexing arrow 𝑛→𝑛𝑚 is
multiplication by𝑚.
Theorem 1.7 (Theorem 6.2). LetmH𝑘 be the category from [KMS25] recalled in
Section 6, and CI(𝑛) ⊆ MH𝑘 the class of morphisms of the form (𝑋 × ℙ1, 𝑋∞ +
𝑛{∞}) → (𝑋,𝑋∞), Def. 6.1. Then there is a canonical equivalance

mH𝑘 ≅ colim
𝑛∈ℕ

MH𝑘[CI(𝑛)
−1]

Here, the transition morphism in the colimit associated to 𝑛→𝑛𝑚 is induced by
the functor (−)(𝑚) ∶ PSm𝑘 → PSm𝑘; (𝑋, 𝑋

∞) ↦ (𝑋,𝑚𝑋∞). Moreover, if 𝑘 has
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resolution of singularities, then the canonical functor is fully faithful;

MH𝑘 ⊆ mH𝑘.

It seems likely thatmany results aboutmH𝑘 (and therefore the stable version
mSH𝑘 = Sp(mH𝑘)) actually come from results aboutMH𝑘 via Theorem 1.7.
The proof of Theorem 1.1 is straightforward and can be understood from the

following outline. The strategy, essentially, is to insert the definitions.

1.1. Outline. In Section 2 we recall the categories PSm𝑘 and SmlSm𝑘 of pairs
with normal crossings support and smooth log smooth schemes respectively,
Def. 2.2, Def. 2.9. We observe that the canonical comparison functor induces
an equivalence

PSm𝑘[Λ
−1]

∼
→ SmlSm𝑘

from the localisation along the class Λ of morphisms of the form (𝑋, 𝑛𝑋∞) →
(𝑋,𝑋∞), Prop. 2.10.
In Section 3 we recall the Nisnevich topology, Def. 3.3, and strict Nisnevich

topology, Def. 3.8, on the categories PSm𝑘 and SmlSm𝑘 respectively, the fact
that descent can be detected by excision, Rem. 3.11, and the corollary that the
corresponding localised categories are equivalent, Prop. 3.12,

ShvNis(PSm𝑘)[Λ
−1]

∼
→ ShvsNis(SmlSm𝑘)

In Section 4 we recall the notion of smooth blowup in PSm𝑘, Def. 4.1, and
in SmlSm𝑘, Def. 4.2, and observe that the comparison functor between the
localised categories is an equivalence, Prop. 4.3.

ShvNis(PSm𝑘)[Σ
−1][Λ−1]

∼
→ ShvsNis(SmlSm𝑘)[Σ−1].

In Section 5 we state the definitions of the homotopy categories as

MH𝑘 = ShvNis(PSm𝑘)[Σ
−1, CI−1] (1)

logH𝑘 = ShvsNis(SmlSm𝑘)[Σ−1, (logCI)−1] (2)

and observe that there is an equivalence

MH𝑘[Λ
−1]

∼
→ logH𝑘 .

In Section 6 we prove the comparison withℚ-divisors, Theorem 1.7 (= The-
orem 6.2).
In Section 7 we discuss transfers and show that the cycles version of Propos-

tion 1.2 is false, Exam. 7.11.
Related work. Koizumi-Miyazaki-Saito prove a stable version of Theorem 1.1

with ℚ-divisors in [KMS25]. For more about this see Section 6.
Acknowledgements. I thank Federico Binda andDoosung Park for answering

many questions about logmotives. I thank Bruno Kahn and Shuji Saito for ask-
ing questions about an earlier version of this note. I apologise toMiyazaki who,
due to poor communication, wrote up a version of Theorem 1.1 independently.
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I also thank the many non-specialists at various conference coffee breaks who
have expressed interest in this work.

2. Log schemes are modulus pairs with completed modulus
Conventions. Throughout, 𝑘 is a field and all schemes are 𝑘-schemes.
Given a morphism of schemes 𝑇 → 𝑆 and a 𝑆-scheme 𝑋, we will use the

notational convenience
𝑋|𝑇 ∶= 𝑇 ×𝑆 𝑋.

The log theory is developed using strict normal crossing divisors, cf. [BPØ22,
Def.7.2.1, Lem.A.5.10]. Let us recall what this means.

Definition 2.1. We will say that a closed subscheme 𝑋∞ ⊆ 𝑋 has strict nor-
mal crossing support if there exists a Zariski covering {𝑈𝑖 → 𝑋}𝑖∈𝐼 and étale
morphisms 𝜃𝑖 ∶ 𝑈𝑖 → 𝔸𝑑 such that 𝑋∞|𝑈𝑖 = 𝐴∞

𝑒1,…,𝑒𝑑 |𝑈𝑖 where 𝐴
∞
𝑒1,…,𝑒𝑑 =

Spec(𝑘[𝑡1, … , 𝑡𝑑]∕⟨𝑡
𝑒1
1 … 𝑡𝑒𝑑𝑑 ⟩) with all 𝑒𝑖 ≥ 0.

Definition 2.2. Let 𝑘 be a field. The category
PSm𝑘

has as objects pairs𝒳 = (𝑋,𝑋∞) such that𝑋 is a smooth 𝑘-scheme and𝑋∞ ⊆ 𝑋
is an effective Cartier divisor with normal crossing support. Morphisms𝒳 → 𝒴
are morphisms of schemes 𝑓 ∶ 𝑋 → 𝑌 such that 𝑋∞ ⊇ 𝑌∞|𝑋 .

Example 2.3. Onewrites□ for the pair (ℙ1, {∞}) ∈ PSm𝑘. More generally, for
any pair 𝒳 = (𝑋,𝑋∞) one writes□𝒳 for the pair (𝑋 × ℙ1, 𝑋∞×ℙ1 + 𝑋×{∞}).
Remark2.4. Asmentioned in the introduction, the divisor𝑋∞ should be thought
of as a bound on the ramification locus (algebraic setting) or singularity locus
(holomorphic setting) of an as yet unspecified collection of objects over 𝑋.
The direction of the inequality aligns with the canonical inclusion of line

bundles 𝒪(𝑋∞) ⊇ 𝒪(𝑌∞|𝑋) where 𝒪(𝑋∞) = ℋ𝑜𝑚𝒪𝑋
(ℐ𝑋∞ , 𝒪𝑋) is the sheaf of

meromorphic functions on 𝑋 with poles bounded by 𝑋∞. That is, this choice
of inequality makes

𝒳 ↦ Γ(𝑋,𝒪(𝑋∞))
a presheaf on PSm𝑘.

Definition 2.5 ([Ogu18, Def. III.1.1.1], cf. [BPØ22, Def. A.2.1, Def. A.2.5]).
A log scheme (𝑋, 𝛼) is a scheme 𝑋 equipped with a Zariski sheaf of additive
commutative monoids𝑀𝑋 and a morphism 𝛼 ∶ 𝑀𝑋 → 𝒪𝑋 towards the sheaf
of multiplicative monoids 𝒪𝑋 such that 𝛼−1𝒪∗

𝑋 → 𝒪∗
𝑋 is an isomorphism. A

morphismof log schemes (𝑋, 𝛼) → (𝑋′, 𝛼′) amorphismof schemes𝑓 ∶ 𝑋 → 𝑋′

togetherwith amorphismof sheaves ofmonoids𝑀𝑋′ → 𝑓∗𝑀𝑋 compatiblewith
the 𝛼’s.
Remark 2.6. Sections ofℳ𝑋 are thought of as formal logarithms of functions
on 𝑋 and 𝛼 as an exponential function, cf. exp(𝑚 + 𝑛) = exp(𝑚) exp(𝑛).
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Example 2.7. Given a scheme 𝑋 and closed subscheme 𝐷 ⊆ 𝑋 with dense
open complement 𝑗 ∶ 𝑈 → 𝑋, we write

log(𝑋, 𝐷) ∶= (𝑋,𝒪𝑋 ∩ 𝑗∗𝒪∗
𝑈)

for the associated log scheme. Log structures occurring in this way are called
compactifying, [Ogu18, §III.1.6].

Compactifying log schemes are particularly accessible.

Lemma 2.8 (Cf. [Ogu18, Prop. III.1.6.2]). Suppose 𝑝 ∶ 𝑋 → 𝑋′ is a morphism
of schemes equipped with nowhere dense closed subschemes 𝐷 ⊆ 𝑋, 𝐷′ ⊆ 𝑋′ and
open complements𝑈,𝑈′.

(1) The canonical morphism induces a bijection

homlog
schemes

(log(𝑋, 𝐷), log(𝑋′, 𝐷′))
∼
→ {𝑓 ∈ hom𝑠𝑐ℎ𝑒𝑚𝑒𝑠(𝑋, 𝑋′) | 𝑓(𝑈) ⊆ 𝑈′}.

(2) If 𝐷,𝐷′ are locally principal and 𝑋 is qc, then the two sets in the previous
display equation are identified with

{𝑓 ∈ hom𝑠𝑐ℎ𝑒𝑚𝑒𝑠(𝑋, 𝑋′) | ℐ𝑛𝐷 ⊆ ℐ𝐷′𝒪𝑋 for some 𝑛 ∈ ℕ}.

Proof. The first claim is a special case of [Ogu18, Prop. III.1.6.2]. One can
also prove it by hand without much trouble. For the second claim, it suffices to
show that𝑈 ⊆ 𝑈′|𝑋 if and only if ℐ𝑛𝐷 ⊆ ℐ𝐷′𝒪𝑋 for some 𝑛. Since 𝑋 is qc and ℐ𝐷
locally finitely generated, the condition ⌈ℐ𝑛𝐷 ⊆ ℐ𝐷′𝒪𝑋 ; ∃𝑛⌋ is equivalent to the
condition ⌈ℐ𝐷 ⊆

√
ℐ𝐷′𝒪𝑋⌋, which is equivalent to the condition ⌈𝐷 ⊇ (𝐷′|𝑋)red⌋

which is equivalent to the condition ⌈𝑈 ⊆ 𝑈′|𝑋⌋. □

Definition 2.9 (cf. [BPØ22, Lem. A.5.10]). The category
SmlSm𝑘

has as objects log schemes of the form log(𝑋, 𝐷), Exam. 2.7, such that (𝑋, 𝐷) ∈
PSm𝑘. It is a full subcategory of the category of log 𝑘-schemes.
For 𝑛 ≥ 1 consider the functor

(−)(𝑛) ∶ PSm𝑘 → PSm𝑘;

(𝑋, 𝑋∞) ↦ (𝑋, 𝑛𝑋∞) (3)

equipped with its canonical natural transformation 𝒳(𝑛) → 𝒳, where we con-
sider 𝑋∞ as a divisor. That is, in terms of sheaves of ideals, ℐ𝑛𝑋∞ = ℐ𝑛𝑋∞ .

Proposition 2.10. The canonical morphism
log ∶ PSm𝑘 → SmlSm𝑘

identifies SmlSm𝑘 with the categorical localisation

PSm𝑘[Λ
−1]

∼
→ SmlSm𝑘 (4)

where Λ = {𝒳(𝑛) → 𝒳 | 𝒳 ∈ PSm𝑘, 𝑛 ≥ 1}.
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To be precise:

Definition 2.11. A functor𝐶 → 𝐶′ between small∞-categories is a categorical
localisation at a class of morphisms Λ of 𝐶 if given any other small∞-category
𝐷, the induced morphism of groupoids of functors

Fun(𝐶′, 𝐷) → Fun(𝐶, 𝐷)
is fully faithful with essential image consisting of those functors which send
elements of Λ to isomorphisms. In this case we write 𝐶[Λ−1] for 𝐶′.

Remark 2.12. Since the category small 1-categories sits fully faithfully inside
the ∞-category of small ∞-categories, if 𝐶 and 𝐶′ are 1-categories, then the
∞-categorical version of Definition 2.11 implies the 1-categorical version.
Conversely, if 𝐶 is a small 1-category and Λ satisfies a right calculus of frac-

tions, then the 1-categorical 𝐶[Λ−1] is also the ∞-categorical 𝐶[Λ−1], [DK80,
§7].
In our case, one can also prove this latter fact by hand by identifying

PSm𝑘[Λ
−1] with the essential image under Yoneda in Shv𝜆(PSm𝑘) where 𝜆 is

the topology generated by Λ.

Proof. As mentioned in the remark, if Λ satisfies a right calculus of fractions,
then a model for the ∞-categorical localisation is given by the (1-)category
which has the same objects PSm𝑘 and hom sets

homPSm𝑘[Λ−1]
(𝒳, 𝒴) = colim𝑛≥1 homPSm𝑘

(𝒳(𝑛), 𝒴).

So let’s observe thatΛ satisfies a right calculus of fractions. Certainly, identities
are in Λ since 𝒳(1) = 𝒳. The right Ore condition follows from the natural
transformation (−)(𝑛) → id, and right cancellability follows from the fact that
the “forget the modulus” functor PSm𝑘 → Sm𝑘; 𝒳 ↦ 𝑋 is faithful and 𝒳(𝑛) →
𝒳 is sent to 𝑋 = 𝑋.
With the model for PSm𝑘[Λ

−1] just described, the functor (4) is essentially
surjective by Definition 2.9. To show fully faithfulness, it suffices to show that

colim𝑛≥1 homPSm𝑘
(𝒳(𝑛), 𝒴) → homSmlSm𝑘 (log𝒳, log 𝒴) (5)

is an isomorphism where the colimit is over the poset ℕ≥1 ordered by divisi-
bility. Equation (5) being an isomorphism follows directly from Lemma 2.8.
Indeed, morphisms 𝒳(𝑛) → 𝒴 in PSm𝑘 are defined as morphisms of schemes
𝑋 → 𝑌 such that 𝑛𝑋∞ ⊇ 𝑌∞|𝑋 and by Lemma 2.8(2)morphisms log𝒳 → log𝒴
are identified with morphisms of schemes 𝑋 → 𝑌 such that 𝑛𝑋∞ ⊇ 𝑌∞|𝑋 for
some 𝑛. □

Remark 2.13. The above argument actually proves the stronger result that, in
the notation of [KM21, Def. 1.4], the canonical functor

log ∶ PSCHqc → { log schemes }
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identifies PSCHqc[Λ−1] with a full subcategory of the category of log schemes

PSCHqc[Λ−1]
full
⊆ { log schemes }.

More generally, for any full subcategory 𝐶 of PSCHqc closed under the (−)(𝑛)
we get a fully faithful embedding 𝐶[Λ−1] ⊆ { log schemes }.

Remark 2.14. The title of this section refers to the fact that PSm𝑘[Λ
−1] can be

identified with a full subcategory of the category Pro(PSm𝑘) of pro-objects, and
the functor PSm𝑘 → PSm𝑘[Λ

−1] can be identified with the functor PSm𝑘 →
Pro(PSm𝑘) which sends 𝒳 to “lim”𝑛∈ℕ𝒳(𝑛).

3. Nisnevich topologies
Definition 3.1. A commutative square of schemes

𝑊 //

��

𝑉

��
𝑈 // 𝑋

is a distinguishedNisnevich square if𝑈 → 𝑋 is an open immersion,𝑉 → 𝑋 is an
étale morphism and 𝑍|𝑉 → 𝑍 is an isomorphism for some (equivalently every)
closed subscheme structure on 𝑍 = 𝑋 ⧵ 𝑈.

Definition 3.2. A commutative square (left)

𝒲 //

��

𝒱

��

𝑊 //

��

𝑉

��

𝒰 // 𝒳 𝑈 // 𝑋
in PSm𝑘 is a distinguished Nisnevich square if the underlying square of schemes
(right) is a distinguished Nisnevich square, and all morphisms are minimal in
the sense that𝑊∞ = 𝑋∞|𝑊 , 𝑉∞ = 𝑋∞|𝑉 , and 𝑈∞ = 𝑋∞|𝑈 .

Definition 3.3. The Nisnevich topology on PSm𝑘 is generated by
2 families of

the form {𝒰 → 𝒳,𝒱 → 𝒳} associated to distinguished Nisnevich squares. We
write Nis for the Nisnevich topology.

For the log version we use a log analogue of reduced morphisms of pairs.

Definition 3.4 ([Ogu18, Def. III.1.1.5]). Given a morphism of schemes 𝑓 ∶
𝑌 → 𝑋, a log structure𝑀𝑋 → 𝒪𝑋 on 𝑋 induces a log structure 𝑓∗log𝑀𝑋 → 𝒪𝑌
on 𝑌. Explicitly, one takes

𝑓∗log𝑀𝑋 ∶= 𝑓−1𝑀𝑋 ⊔𝛾−1𝒪∗
𝑌
𝒪∗
𝑌

2We include the empty covering of the empty pair.
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where 𝛾 ∶ 𝑓−1𝑀𝑋 → 𝑓−1𝒪𝑋 → 𝒪𝑌 is the canonical morphism, and the
pushout happens in the category of sheaves ofmonoids, [Ogu18, Prop. II.1.1.5].
A morphism of log schemes of the form (𝑌, 𝑓∗log𝑀𝑋) → (𝑋,𝑀𝑋) is called strict.

Remark 3.5. The pushout in Definition 3.4 is the log structure associated to
the prelog structure 𝑓−1𝑀𝑋 → 𝒪𝑌 .

Remark3.6. If𝑀𝑋 → 𝒪𝑋 is injective, then so is𝑓−1𝑀𝑋 → 𝑓−1𝒪𝑋 . If𝑓−1𝒪𝑋 →
𝒪𝑌 is also injective, e.g., 𝑌 → 𝑋 is a dominant morphism of integral schemes,3
then 𝛾 ∶ 𝑓−1𝑀𝑋 → 𝒪𝑌 is injective. It follows that 𝑓∗log𝑀𝑋 is the subsheaf of
monoids of 𝒪𝑌 generated by 𝑓−1𝑀𝑋 and 𝒪∗

𝑌 ,
4

𝑓∗log𝑀𝑋 = 𝒪∗
𝑌 ⋅ 𝑓−1𝑀𝑋 ⊆ 𝒪𝑌 .

The following is likely to be obvious to readers familiar with log geometry
but we include it for the convenience of the novice log geometer.5

Lemma 3.7. Suppose that 𝒴 → 𝒳 is a reduced morphism, i.e., 𝑌∞ = 𝑋∞|𝑌 , in
PSm𝑘 such that 𝑓 ∶ 𝑌 → 𝑋 is étale. Then the corresponding morphism log 𝒴 →
log𝒳 in SmlSm𝑘 is strict, i.e., 𝒪𝑌 ∩ 𝒪∗

𝑌◦ = 𝑓∗log(𝒪𝑋 ∩ 𝒪∗
𝑋◦).

Proof. First note that if 𝑘[𝑡1, … , 𝑡𝑑] → 𝐴 is an étale morphism and 𝐴 is local,
then each 𝑡𝑖 is sent to a prime element of 𝐴. Indeed, the induced morphism
𝑘[𝑡1, … , 𝑡𝑖, … , 𝑡𝑑] → 𝐴∕⟨𝑡𝑖⟩ is an étale homomorphism from a regular ring so
the target is also regular. Since 𝐴 is local, so is 𝐴∕⟨𝑡𝑖⟩, so we deduce that 𝐴∕⟨𝑡𝑖⟩
is regular and connected, in particular, integral, so ⟨𝑡𝑖⟩ is prime.
Returning to the lemma, the question is Zariski local so suppose that𝐴 → 𝐵

is a local étale homomorphism between UFD local rings, 𝑘[𝑡1, … , 𝑡𝑑] → 𝐴 is an
étalemorphism, and equip everything with the divisor coming from 𝑡𝑒11 … 𝑡𝑒𝑐𝑐 for
some 𝑒𝑖 > 0. That is, we are considering the morphism of pairs

(Spec(𝐵), ⟨𝑏𝑒11 …𝑏
𝑒𝑐
𝑐 ⟩) → (Spec(𝐴), ⟨𝑎𝑒11 …𝑎

𝑒𝑐
𝑐 ⟩),

where 𝑎𝑖, 𝑏𝑖 are the images of 𝑡𝑖. Since the 𝑎𝑖, 𝑏𝑖 are prime, the corresponding
log structures are the log structures associated to the prelog rings⊕𝑐

𝑖=1𝑎
ℕ
𝑖 → 𝐴

and ⊕𝑐
𝑖=1𝑏

ℕ
𝑖 → 𝐵. But since 𝑎𝑖 ↦ 𝑏𝑖, the prelog structure ⊕𝑐

𝑖=1𝑏
ℕ
𝑖 → 𝐵 is

precisely the composition⊕𝑐
𝑖=1𝑎

ℕ
𝑖 → 𝐴 → 𝐵 (this corresponds to themorphism

𝛾 in Definition 3.4). Hence, the log structure on log(Spec(𝐵), ⟨𝑏𝑒11 …𝑏
𝑒𝑐
𝑐 ⟩) is the

one induced by the log structure on log(Spec(𝐴), ⟨𝑎𝑒11 …𝑎
𝑒𝑐
𝑐 ⟩) via the morphism

Spec(𝐵) → Spec(𝐴). □

3In this case we are dealing with a submorphism of the inclusion 𝑓−1𝒦𝑋 → 𝒦𝑌 .
4For this one can locally apply the criterion [Ogu18, Prop. I.1.1.5(2)] to (our) case where

𝑄1, 𝑄2 ⊆ 𝑅 are submonoids, 𝑄2, 𝑅 are groups, and 𝑃 = 𝑄1 ∩ 𝑄2.
5Such as the author.
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Definition 3.8 ([BPØ22, Def. 3.1.4]). A commutative square (left)

(𝑊, 𝛼𝑊) //

��

(𝑉, 𝛼𝑉)

��

𝑊 //

��

𝑉

��
(𝑈, 𝛼𝑈) // (𝑋, 𝛼𝑋) 𝑈 // 𝑋

of log schemes is a strict distinguished Nisnevich square if the underlying square
of schemes (right) is a distinguished Nisnevich square, and all morphisms are
strict in the sense that the log structures 𝛼𝑊 , 𝛼𝑉 , 𝛼𝑈 are the ones induced by 𝛼𝑋 ,
Def. 3.4.

Example 3.9. Consider the following three sets with 𝒳 a modulus pair.
(1) distinguished Nisnevich squares over the scheme 𝑋,
(2) distinguished Nisnevich squares over the pair 𝒳,
(3) strict distinguished Nisnevich squares over the log scheme log𝒳.

The first two are always in bijection, and Lemma 3.7 says that the latter two are
also in bijection when 𝒳 ∈ PSm𝑘.

Definition 3.10. The strict Nisnevich topology on SmlSm𝑘 is generated by fam-
ilies of the form {(𝑈, 𝛼𝑈) → (𝑋, 𝛼𝑋), (𝑉, 𝛼𝑉) → (𝑋, 𝛼𝑋)} associated to distin-
guished Nisnevich squares. The strict Nisnevich topology is denoted sNis.
Remark 3.11. Analogous to the Nisnevich topology on categories of schemes,
descent (Čech or hyper) is equivalent to excision for the Nisnevich topology on
PSm𝑘 resp. the strict Nisnevich topology on SmlSm𝑘. That is, a presheaf (of
sets, spaces, complexes of abelian groups, etc.) is a sheaf if and only if it sends
distinguished squares to cartesian squares, and the initial object to the terminal
object. In both cases this can be deduced from the case of usual schemes by
observing that the small Nisnevich site of 𝒳 ∈ PSm𝑘 resp. log𝒳 ∈ SmlSm𝑘
(objects are morphisms towards 𝒳 resp. log𝒳 which are reduced, resp. strict,
and étale on the total space, resp. underlying scheme) is equivalent to the small
Nisnevich site of 𝑋.
Proposition 3.12. The canonical functor induces an equivalence

ShvNis(PSm𝑘)[Λ
−1]

∼
→ ShvsNis(SmlSm𝑘)

where we identifyΛwith its image under Yoneda6 and the localisation is happen-
ing in the category 𝒫rL of presentable categories with colimit preserving functors.
Proof. Colimit preserving functors out of ShvNis(PSm𝑘)[Λ

−1] are the same as
colimit preserving functors out of ShvNis(PSm𝑘) which invert elements of Λ.
These are the same as functors on (PSm𝑘)

𝑜𝑝 which satisfy excision and invert
elements of Λ. These are the same as functors on (SmlSm𝑘)𝑜𝑝 which satisfy
excision, (by Prop. 2.10 and Exam. 3.9), and these are the same as colimit pre-
serving functors out of ShvsNis(SmlSm𝑘). □

6The Nisnevich topology on PSm𝑘 is subcanonical, but we don’t care about this right now.
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4. Admissible blowups
Definition 4.1. In this note, we call a morphism 𝒴 → 𝒳 a smooth blowup if
𝑌 = Bl𝑍 𝑋 for some closed 𝑍 ⊆ 𝑋∞ for which there exists an open covering
{𝑈𝑖 → 𝑋}𝑖∈𝐼 and étale morphisms 𝑈𝑖 → 𝔸𝑑 with

𝑋∞|𝑈𝑖 = Spec(𝑘[𝑥1, … , 𝑥𝑑]∕𝑥
𝑒1
1 𝑥

𝑒2
2 …𝑥𝑒𝑎𝑎 )|𝑈𝑖 , and

𝑍|𝑈𝑖 = Spec(𝑘[𝑥1, … , 𝑥𝑑]∕⟨𝑥𝑏1 , 𝑥𝑏2 , … , 𝑥𝑏𝑐⟩)|𝑈𝑖

where {𝑏1, … , 𝑏𝑐} ∩ {1, … , 𝑎} ≠ ∅. We will write Σ for the class of compositions
of smooth blowups.

Definition 4.2. We call a morphism log(𝒳) → log(𝒴) in SmlSm𝑘 a smooth
blowup if it is the image of a smooth blowup in PSm𝑘, Def. 4.1. Wewill overload
the notation Σ by also using it for the class of compositions of smooth blowups
in SmlSm𝑘.

Proposition 4.3. There exist canonical equivalences of categories

PSm𝑘[Σ
−1][Λ−1] ≅ SmlSm𝑘[Σ−1],

ShvNis(PSm𝑘)[Σ
−1][Λ−1] ≅ ShvsNis(SmlSm𝑘)[Σ−1].

Remark 4.4. The first localisation is in the category of small ∞-categories,
Def. 2.11. The second one is in the category 𝒫rL of presentable categories and
colimit preserving functors.

Proof. The first one follows from Proposition 2.10. The second one is analo-
gous to Proposition 3.12. □

5. Homotopy categories

Definition 5.1. Recall that one writes□ for the pair (ℙ1, {∞}) ∈ PSm𝑘. More
generally, for any pair 𝒳 = (𝑋,𝑋∞) we write□𝒳 for the pair

(𝑋×ℙ1, 𝑋∞×ℙ1 + 𝑋×{∞}).
We will write CI for the class of such morphisms.

Definition 5.2. The category MH𝑘 ⊆ ShvNis(PSm𝑘, 𝒮) of (normal crossings)
homotopy types with modulus is the full subcategory of those Nisnevich sheaves
of spaces 𝐹 on PSm𝑘 which:

(1) send ∅ to ∗,
(2) send smooth blowups to equivalences, Def. 4.1,
(3) send the morphisms□𝒳 → 𝒳 to equivalences, Def. 5.1.

Remark 5.3. In other words,

MH𝑘 = ShvNis(PSm𝑘, 𝒮)[Σ
−1][CI−1]

where Σ and CImeans the image of these classes under Yoneda.
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Definition 5.4. The log homotopy category logH𝑘 ⊆ ShvsNis(SmlSm𝑘, 𝒮) is the
full subcategory of those sheaves of spaces 𝐹 on SmlSm𝑘 which:

(1) send ∅ to ∗,
(2) send smooth blowups to equivalences, Def. 4.2,
(3) send the morphisms log□𝒳 → log𝒳 to equivalences.

Remark 5.5. In the first version of [BPØ23] the symbol logH𝑘 was instead
used for ShvsNis(SmlSm𝑘, 𝒮)[Σ−1mod, (logCI)

−1] where Σmod is the class of com-
positions of modifications rather than smooth blowups. The difference is that
instead of {𝑏1, … , 𝑏𝑐} ∩ {1, … , 𝑎} ≠ ∅ in Definition 4.1, one instead asks only
that 1 ≤ 𝑏1, … , 𝑏𝑐 ≤ 𝑎. That is, instead of 𝑍 being contained in an irreducible
component of 𝒳, one asks the stronger condition that it is an intersection of
irreducible components of 𝒳. It seems likely that newer versions of [BPØ23]
will use the symbol logH𝑘 as we are using it.

Theorem 5.6. Restriction along log ∶ PSm𝑘 → SmlSm𝑘 identifies logH𝑘 with
the full subcategory ofMH𝑘 whose objects are those presheaves of spaces 𝐹 which
send morphisms in Λ to equivalences. That is, we have an equivalence

MH𝑘[Λ
−1]

∼
→ logH𝑘

in the category 𝒫rL of presentable categories and colimit preserving functors.

Proof. Proposition 3.12 gives an equivalence

ShvNis(PSm𝑘, 𝒮)[Λ
−1]

∼
→ ShvsNis(SmlSm𝑘, 𝒮).

Then inserting the definitions gives

MH𝑘[Λ
−1] Def.5.2 ShvNis(PSm𝑘, 𝒮)[Λ

−1][Σ−1][CI−1]

logH𝑘
Def.5.4 ShvsNis(SmlSm𝑘, 𝒮)[Σ−1][(logCI)−1]

□

6. Rational divisors
Recall that the abelian group of rational numbers can be expressed as the

union ℚ = ∪𝑛∈ℕ≥1
1
𝑛
ℤ, or equivalently, as the colimit ℚ = colim𝑛∈ℕ≥1 ℤ where

the transition morphism ℤ → ℤ associated to the indexing arrow 𝑛→𝑛𝑚 is
multiplication by𝑚.
More generally, consider the ℕ≥1 indexed diagram which sends 𝑚 ≤ 𝑚𝑛 to

(−)(𝑛) ∶ PSm𝑘 → PSm𝑘. The colimit over this diagram is Koizumi–Miyazaki’s
category

mSm𝑘 = colim
𝑛∈ℕ≥1

PSm𝑘 (6)
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from [KM24] also featuring in their later work with Saito [KMS25]. Since the
(−)(𝑛) are fully faithful, mSm𝑘 can also be described as the full subcategory
mSm𝑘 ⊆ PSh(PSm𝑘) whose objects are of the form 𝒳(1∕𝑛) ∶= hom((−)(𝑛), 𝒳)
for 𝒳 ∈ PSm𝑘.

7 The Nisnevich topology on mSm𝑘 has coverings which are
coverings in any of the PSm𝑘. Similarly, the class BI of morphisms inmSm𝑘 is
the union of the classes Σ in the components PSm𝑘 of this colimit. The class
CI ⊆ mSm𝑘 is a little more subtle.

Definition 6.1. Define

CI𝑛 = {(𝑋×ℙ1, 𝑋∞×ℙ1 + 𝑛 ⋅ 𝑋×{∞}) → (𝑋,𝑋∞)}
(𝑋,𝑋∞)∈PSm𝑘

,

CI = ∪𝑛≥1𝜄𝑛 CI𝑛
where 𝜄𝑛 ∶ PSm𝑘 → mSm𝑘 is the functor induced by the 𝑛th component of the
colimit. Then the categorymH𝑘 is defined, [KMS25, Def. 1.10], as the localisa-
tion

mH𝑘 = ShvNis(mSm𝑘)[BI−1, CI−1]. (7)

Resolutions of singularities in the following proposition means:
(1) For every integral 𝑘-scheme of finite type 𝑌 there exists a proper mor-

phism 𝑓 ∶ 𝑋 → 𝑌 with 𝑋 smooth and 𝑓 an isomorphism over the
smooth locus of 𝑌.

(2) For every proper birationalmorphismbetween smooth𝑘-schemes𝑋′ →
𝑋 there exists a sequence of blowups in smooth nowhere dense centres
𝑋𝑛 →⋯→ 𝑋0 = 𝑋 and a factorisation 𝑋𝑛 → 𝑋′ → 𝑋.

In characteristic zero, these two conditions are satisfied, [Hir64], [Tem08,
Thm. 1.1], [AT19, Thm. 1.2.1].

Proposition 6.2. There is an equivalence of categories

mH𝑘 = colim
𝑛∈ℕ≥1

MH𝑘[CI
−1
𝑛 ] (8)

where the transition morphism associated to 𝑛 → 𝑛𝑚 is induced by the functor
(−)(𝑚) ∶ PSm𝑘 → PSm𝑘. Moreover, if 𝑘 admits resolution of singularities, the
canonical functor associated to the initial object 1 ∈ ℕ

MH𝑘 → mH𝑘 (9)

is fully faithful.

Remark 6.3. The resolution of singularities assumption is probably unneces-
sary. It is just for convenience so that we can use the category MSm𝑘 where
morphisms of CI𝑛 are categorical pullbacks of (ℙ1, 𝑛{∞}) → (Spec(𝑘),∅). This
is because we want to apply [Hoy17, Prop. 3.4.(1)] to describe the localisation
at CI𝑚𝑛, so we want the class CI𝑚𝑛 to be closed under categorical pullback.

7A similar construction was used by Matsumoto in [Mat23, §8].
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Proof. The equivalence (8) is rather straightforward. Let ℰ be a presentable
infinity category. Then for both 𝒞 = mH𝑘 and 𝒞 = colim

𝑛∈ℕ≥1
MH𝑘[CI

−1
𝑛 ], the

category of accessible functors Fun(𝒞, ℰ) is identified with the full subcategory
of objects in lim𝑛∈ℕ Fun(PSm𝑘, ℰ) such that the 𝑛th term inverts morphisms in
Σ ∪ CI𝑛 and sends Nisnevich squares to cocartesian squares.
For the fully faithfulness claim, it suffices for us to show that each transition

MH𝑘[CI
−1
𝑛 ] → MH𝑘[CI

−1
𝑚𝑛] is fully faithful. We do this in steps.

First, as observed in Remark 6.3, since we are inverting smooth blowups and
not justmodifications, and the base field has resolution of singularities, we have
an equivalence PSm𝑘[Σ

−1] ≅ MSm𝑘, so we can work with this latter category.
Next using the calculus of fractions description ofmorphisms inPSm𝑘[Σ

−1] ≅
MSm𝑘 we see that the induced functor

𝜇 ∶= (−)(𝑚) ∶ MSm𝑘 → MSm𝑘

is fully faithful. It follows that the left Kan extension 𝜇∗ ∶ PSh(MSm𝑘) →
PSh(MSm𝑘) is fully faithful.
Thirdly, consider the two localisation functors

𝐿Nis ∶ PSh(MSm𝑘) → ShvNis(MSm𝑘),

𝐿CI𝑚𝑛 ∶ PSh(MSm𝑘) → PSh(MSm𝑘)[CI
−1
𝑚𝑛].

Both targets are canonically identifiedwith subcategories of PSh(MSm𝑘), so the
functors 𝐿○ can be considered as endofunctors of PSh(MSm𝑘). We claim that
for any Nis-local, resp. CI𝑛-local, 𝐹 ∈ PSh(MSm𝑘) we have 𝐹 = 𝜇∗𝐿○𝜇∗𝐹 for
○ = Nis, CI𝑚𝑛 (note the subscript on the firstCI is 𝑛 and the second one is𝑚𝑛).
For ○ = Nis this follows from the usual description of the sheafification

functor as a transfinite iteration of 𝐻̌0𝐹(𝒳) = colim𝑅→𝒳Map(𝑅, 𝐹) where the
colimit is over covering sieves. For any 𝒳 in the image of 𝜇, and Nisnevich
covering {𝒰𝑖 → 𝒳}𝑖∈𝐼 , the morphisms 𝒰𝑖 → 𝒳 are also in the image of 𝜇,
so if 𝐺 is already a Nisnevich sheaf on the image of 𝜇, then 𝐺 → 𝐿Nis𝐺 is an
equivalence on the image of 𝜇.
The same argument works for○ = CI𝑚𝑛 in light of the description

𝐿CI𝑚𝑛𝐹(𝒳) = colim𝒴→𝒳 𝐹(𝒴)

where the colimit is over the fullsubcategory of (MSm𝑘)∕𝒳 whose objects are
compositions of morphisms in CI𝑚𝑛, [Hoy17, Prop. 3.4.(1)]. Namely, if 𝒳 is
in the image of 𝜇 and 𝒴 → 𝒳 is a composition of morphisms in CI𝑚𝑛, then
𝒴 → 𝒳 is in the image of 𝜇. So if 𝐺 is already CI𝑚𝑛-local on the image of 𝜇,
then 𝐺 → 𝐿CI𝑚𝑛𝐺 is an equivalence on the image of 𝜇.
Combining the above two claims we will obtain: if 𝐹 is both Nis-local and

CI𝑛-local, then 𝐹 = 𝜇∗𝐿Nis,CI𝑚𝑛𝜇
∗𝐹 where 𝐿Nis,CI𝑚𝑛 is the localisation functor

𝐿Nis,CI𝑚𝑛 ∶ PSh(MSm𝑘) → ShvNis(MSm𝑘)[CI
−1
𝑚𝑛].
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Indeed, one sees that 𝐿Nis,CI𝑚𝑛 can be described as the transfinite composition
𝐿Nis,CI𝑚𝑛 = colim𝑖∈ℕ(𝐿Nis◦𝐿CI𝑚𝑛)

◦𝑖.
Consequently, we have shown that the (𝑛→𝑚𝑛)-transition functor

ShvNis(MSm𝑘)[CI
−1
𝑛 ]

=MH𝑘[CI
−1
𝑛 ]

→ ShvNis(MSm𝑘)[CI
−1
𝑚𝑛]

=MH𝑘[CI
−1
𝑚𝑛]

is fully faithful. □

Stabilising, [Lur17, §1.4], with respect to the simplicial circle ∗ ⊔
∗⊔∗

∗ gives
stable∞-categoriesMSH𝑘 = Sp(MH𝑘) andmSH𝑘 = Sp(mH𝑘). Pushing Propo-
sition 6.2 through the stabilisation functor Sp(−) gives a stable version.
Corollary 6.4. There is an equivalence of categories

mSH𝑘 = colim
𝑛∈ℕ≥1

MSH𝑘[CI
−1
𝑛 ] (10)

where the transition morphism associated to 𝑛 → 𝑛𝑚 is induced by the functor
(−)(𝑚) ∶ PSm𝑘 → PSm𝑘. Moreover, if 𝑘 admits resolution of singularities, the
canonical functor associated to the initial object 1 ∈ ℕ

MSH𝑘 → mSH𝑘 (11)

is fully faithful.

7. Transfers
In this section we show in Example 7.11 that the transfers version of Propo-

sition 2.10 fails.

Definition 7.1 ([SV00], [Voe00], [Sta, 0H4B]). For 𝑋,𝑌 essentially8 smooth 𝑘-
schemes, the abelian group of correspondences from 𝑋 to 𝑌 is the free abelian
group

Cor(𝑋, 𝑌) = ℤ{𝑍 ⊆ 𝑋 × 𝑌 | 𝑍
fin.surj.
→ 𝑋}

generated by closed integral subschemes 𝑍 ⊆ 𝑋 × 𝑌 such that the projection
𝑍 → 𝑋 × 𝑌 → 𝑋 is finite and surjective over an irreducible component of 𝑋.
The class of such a𝑍 is denoted [𝑍]. Correspondences of the form [𝑍] are called
prime.

Example 7.2.

(1) (Graph) Given a morphism 𝑋
𝑓
→ 𝑌 of essentially smooth schemes with

𝑋 connected, one defines the graph [𝑓] ∈ Cor(𝑋, 𝑌) as the class
[(id ×𝑓)(𝑋)] of the image of 𝑋 under the canonical morphism id ×𝑓 ∶
𝑋 → 𝑋 × 𝑌. If 𝑋 is not connected one defines [𝑓] as the sum of the
graphs of the connected components of 𝑋.

8By essentially smooth we mean a filtered intersection ∩𝑈𝜆 of open subschemes 𝑈𝜆 ⊆ 𝑋 of a
smooth scheme 𝑋 whose transition morphisms 𝑈𝜆 → 𝑈𝜇 are affine.
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(2) (Flat pullback) If [𝑍] ∈ Cor(𝑋, 𝑌) is prime correspondence and 𝑝 ∶
𝜉 → 𝑋 is a morphism from the spectrum 𝜉 of a field such that 𝑍 → 𝑋
is flat at 𝑝(𝜉) one defines

𝑝∗[𝑍] ∶=
∑

𝑖∈𝐼
𝑚𝑖[𝑧𝑖]

where 𝑧𝑖 are points of 𝑍′ = 𝜉 ×𝑋 𝑍 and 𝑚𝑖 = length𝒪𝑍′,𝑧𝑖 . For cor-
respondences

∑𝑛𝑖[𝑍𝑖] such that each 𝑍𝑖 → 𝑋 is flat at 𝑝(𝜉) we set
𝑝∗∑𝑛𝑖[𝑍𝑖] =

∑𝑛𝑖𝑝∗[𝑍𝑖].

In [SV00], Suslin and Voevodsky construct a family of morphisms

Cor(𝑊,𝑋) × Cor(𝑋, 𝑌) → Cor(𝑊,𝑌); (𝛼, 𝛽) ↦ 𝛽◦𝛼
associated to triples of essentially smooth 𝑘-schemes𝑊,𝑋,𝑌 which is uniquely
determined by the following properties, cf.[Kel17, Chap. 2],9

(1) (𝛾◦𝛽)◦𝛼 = 𝛾◦(𝛽◦𝛼).
(2) If 𝛼 = Σ𝑛𝑖[𝑍𝑖] ∈ Cor(𝑋, 𝑌) is a correspondence and 𝑝 ∶ 𝜉 → 𝑋 is a

morphism from the spectrum of a field such that each 𝑍𝑖 → 𝑋 is flat at
𝑝(𝜉), then

𝛼◦[𝑝] = 𝑝∗𝛼.

Remark 7.3. Note that it follows directly from (1) and (2) that for any 𝑌 and
dominant morphism 𝑝 ∶ 𝑋′ → 𝑋 the corresponding morphism

𝑝∗ ∶ Cor(𝑋, 𝑌) → Cor(𝑋′, 𝑌)
is injective.

Definition 7.4 ([KMSY21a], [KMSY21b]). Given𝒳,𝒴 ∈ PSm𝑘, one can define
MCor(𝒳, 𝒴) as the subgroup of those correspondences∑𝑛𝑖[𝑍𝑖] ∈ Cor(𝑋◦, 𝑌◦)
such that each 𝑍𝑖 → 𝑋 is proper and

𝑋∞|
𝑍
𝑁
𝑖
⊇ 𝑌∞|

𝑍
𝑁
𝑖

for each 𝑖 where 𝑍
𝑁
𝑖 → 𝑍𝑖 is the normalisation of the closure 𝑍𝑖 of 𝑍𝑖 in 𝑋 × 𝑌.

Composition is inherited fromCor𝑘. WewriteMCor𝑘 for the resulting category.

Remark 7.5. Observe that the functor Λ ∶ 𝒳 ↦ 𝒳(𝑛) from Proposition 2.10 is
functorial inMCor𝑘 and the class of morphisms

ΛCor = {𝒳(𝑛) → 𝒳 ∶ 𝑛 ≥ 1,𝒳 ∈ MCor𝑘}
continues to satisfy a right calculus of fractions for the same reasons the PSm𝑘
version does.

9Actually, Suslin-Voevodsky construct compositions satisfying (and uniquely determined by)
(1) and (2) for all reduced Noetherian schemes, however in general, Cor(𝑋, 𝑌) is a proper sub-
group of the free abelian group from Definition 7.1. The theory is extended to non-reduced
Noetherian schemes by setting Cor(𝑋, 𝑌) ∶= Cor(𝑋red, 𝑌red).
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Definition 7.6 ([BPØ22, Def. 2.1.1]). For log𝒳, log 𝒴 in SmlSm𝑘 the subgroup

lCor(log𝒳, log 𝒴) ⊆ Cor(𝑋, 𝑌)
is defined as the set of those

∑𝑛𝑖[𝑍𝑖] ∈ Cor(𝑋, 𝑌) such that for each normali-
sation 𝑍

𝑁
𝑖 we have an inclusion

𝑝∗log𝑀𝑋 ⊇ 𝑖𝑚(𝑞−1𝑀𝑌) (12)

of subsheaves of 𝒪
𝑍
𝑁
𝑖
where 𝑝 ∶ 𝑍

𝑁
𝑖 → 𝑋 and 𝑞 ∶ 𝑍

𝑁
𝑖 → 𝑌 are the induced

morphisms.

Remark 7.7. We saw in Remark 3.6 that 𝑝∗log𝑀𝑋 is a subsheaf of 𝒪𝑍
𝑁
𝑖
.

Remark 7.8. We already observed that Cor(𝑋, 𝑌) → Cor(𝑋◦, 𝑌) is injective.
The flat pullback map Cor(𝑋◦, 𝑌) → Cor(𝑋◦, 𝑌◦) is not injective in general,
but since 𝒪𝑌◦ = 𝒪𝑌[𝑀−1

𝑌
], existence of a factorisation Eq. (12) implies that the

generic points of the 𝑍𝑖 are in 𝑋◦ × 𝑌◦. So
lCor(log𝒳, log 𝒴) ⊆ Cor(𝑋◦, 𝑌◦).

Definition 7.6 can therefore be altered to read: a correspondence
∑𝑛𝑖[𝑍𝑖] ∈

Cor(𝑋◦, 𝑌◦) is in lCor(log𝒳, log 𝒴) if and only if for each 𝑖,
(1) the projection 𝑍𝑖 → 𝑋 is finite, where 𝑍𝑖 is the closure of 𝑍𝑖 in 𝑋 × 𝑌.
(2) we have the inclusion Eq. (12) in Definition 7.6.

Definition 7.9 ([BPØ22, Rem. 4.6.2, Prop. 4.6.3, Lem. 4.4.3]). The subgroup
of dividing log correspondences is the colimit

lCordiv(log𝒳, log 𝒴) = colimΣlmod lCor(log𝒳
′, log 𝒴)

over compositions of log modifications with a smooth centres log𝒳′ → log𝒳.
Remark 7.10. Since all lCor(log𝒳′, log 𝒴) → Cor((𝑋′)◦, 𝑌◦) are injective,
Rem. 7.8, and (𝑋◦)′ ≅ 𝑋◦ for any 𝒳′ → 𝒳 in Σlmod, we immediately get an
inclusion

lCordiv(log𝒳, log 𝒴) ⊆ Cor(𝑋◦, 𝑌◦).
Example 7.11. We give an example to show that in general

colim𝑛≥1MCor𝑘(𝒳
(𝑛), 𝒴) ≠ lCor(log𝒳, log 𝒴). (13)

Our example𝒳 = (𝔸1, {0}) = 𝒴 and the cycle 𝑥2 = 𝑦3 in Cor(𝔸1 ⧵ {0}, 𝔸1 ⧵ {0}).
This is in the left hand side, but not in the right hand side of Eq. (13). We now
explain why.
Suppose that 𝑋 and 𝑌 are smooth connected curves so that we can ignore

modifications and blowups. Let𝑊 → 𝑋 be a finite morphism from a smooth
connected curve, and𝑊 → 𝑌 a morphism such that𝑊 → 𝑋 ×𝑌 is generically
an inclusion, so𝑊 is the normalisation of its image. If𝑊 → 𝑌 is constant then
we get an element in the groups of Eq. (13) if and only if it factors through 𝑌◦,
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so let’s ignore this case, and assume that𝑊 → 𝑌 is not constant. The condition
for the corresponding cycle in Cor(𝑋◦, 𝑌◦) to lie in the left or right hand side
of Eq. (13) is local on𝑊 so choose a closed point 𝑤 ∈ 𝑊, and let 𝑥, 𝑦 be the
images of𝑤 in 𝑋,𝑌. We obtain corresponding extensions of dvrs𝒪𝑋,𝑥 ⊆ 𝒪𝑊,𝑤,
𝒪𝑌,𝑦 ⊆ 𝒪𝑊,𝑤. Let 𝑒𝑥, 𝑒𝑦 be their ramification degrees. Finally, let 𝑛𝑥, 𝑛𝑦 be the
coefficients of 𝑋∞, 𝑌∞ at 𝑥, 𝑦. Then:

(1) 𝑊 defines a prime correspondance inMCor𝑘(𝒳, 𝒴) if and only if
𝑛𝑥𝑒𝑥 ≥ 𝑛𝑦𝑒𝑦

for all 𝑤.
(2) 𝑊 defines a prime correspondance in colim𝑛≥1MCor𝑘(𝒳

(𝑛), 𝒴) if and
only if

𝑛𝑥 = 0 ⇒ 𝑛𝑦 = 0
for all 𝑤.

(3) 𝑊 defines a prime correspondance in lCor𝑘(log𝒳, log 𝒴) if and only if
𝑛𝑦 = 0, or 𝑛𝑥, 𝑛𝑦 > 0 and

𝑒𝑥|𝑒𝑦
for all 𝑤, cf. Remark 3.6, Remark 7.8.

Notice that (3) implies (2). For a concrete example of a situationwhere (2) holds
but (3) does not, consider𝒳 = (𝔸1, {0}) and 𝒴 = (𝔸1, {0}), let𝑊 = 𝔸1, and take
the morphisms coming from

𝔸1 → 𝔸1 × 𝔸1

𝑡 ↦ (𝑡𝑎, 𝑡𝑏)

with 𝑎, 𝑏 > 0 coprime. In this case, we get a prime divisor of Cor(𝔸1 ⧵ {0}, 𝔸1 ⧵
{0})which is in colim𝑛≥1MCor𝑘(𝒳

(𝑛), 𝒴) but not in lCor(log𝒳, log 𝒴)whenever
𝑎 > 1.
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