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Non-weight representations for the Drinfeld
double of the Jordan plane

Tao Lu

Abstract. This paper studies non-weight representations of the Drinfeld
double 𝒟 of the bosonization of the Jordan plane. We give a complete clas-
sification of simple Whittaker, twisted Whittaker, and quasi-Whittaker 𝒟-
modules and determine their annihilators explicitly.
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1. Introduction
The representation theory of Hopf algebras lies at the intersection of quan-

tum algebra, category theory, and noncommutative geometry. Among the cen-
tral constructions in this area is theDrinfeld double, which produces newquasi-
triangular Hopf algebras from existing ones and captures deep symmetries in
quantum groups. The Drinfeld double 𝒟 of the bosonization of the Jordan
plane is a Hopf algebra first introduced by Andruskiewitsch and Peña Pollas-
tri in [AP21]. This algebra exhibits several striking properties that make it an
object of interest from multiple perspectives. It serves as a nontrivial and illu-
minating example of a pointed Hopf algebra with rich algebraic structure and
representation theory. The Drinfeld doubles of the super Jordan plane and the
restricted Jordan plane were studied in [AP22] and [ABDF], respectively. Both
the Jordan plane and the super Jordan plane serve as pivotal examples in the
study of Nichols algebras over abelian groups with finite Gelfand–Kirillov di-
mension [AAH].
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Finite-dimensional simple 𝒟-modules were classified, and the centre of 𝒟
was computed in [ADP]. A remarkable feature of the representation theory
of 𝒟, established in [ADP, Theorem 3.11], is that the finite-dimensional sim-
ple 𝒟-modules are in bijective correspondence with those of 𝑈(𝔰𝔩2). Further-
more, certain indecomposable modules and the Gabriel quiver of𝒟were stud-
ied in [AP25]. The prime and primitive spectra of 𝒟 were determined in [BS],
where it was also shown that 𝒟 satisfies the Dixmier–Moeglin equivalence.
Weight 𝒟-modules were investigated in [Lu], where a classification was ob-
tained for simple weight modules possessing at least one finite-dimensional
weight space. Naturally, the next step is to study simple weight modules with
infinite-dimensional weight spaces and simple non-weight modules. In this
paper, we study non-weight representations of the Drinfeld double of the Jor-
dan plane, with a particular focus on Whittaker, twisted Whittaker, and quasi-
Whittaker modules. Our aim is to provide a complete classification of simple
non-weight modules of these types and to determine their annihilators explic-
itly.
A particularly important class of non-weight modules is given by Whittaker

modules, originally introduced in the context of complex semisimple Lie alge-
bras by Kostant [Kos]. The definition of Whittaker modules is closely tied to
the triangular decomposition of a Lie algebra 𝔤, where one typically imposes a
character condition on the action of the nilpotent (or ‘positive’) part. Assum-
ing the character 𝜂 ∈ (𝔫∕[𝔫, 𝔫])∗ of the nilradical of a Borel subalgebra of 𝔤
is nondegenerate, Kostant [Kos] established a bijection between the isomor-
phism classes of Whittaker modules and the ideals of the centre of𝑈(𝔤). In the
degenerate case, the structure of Whittaker modules becomes more intricate.
This situation was further explored by McDowell [Mc85, Mc93]. A geomet-
ric approach to the study of the category of Whittaker modules was developed
by Milic̆ić and Soergel [MS97, MS14]. Whittaker modules break the semisim-
plicity imposed by weight decompositions and have since been extended to a
wide array of algebras that admit triangular decompositions, including non-
semisimple Lie algebras [Chr, OW], quantum groups [Ond, Sev], Lie superal-
gebras [BCW, Ch], and generalized Weyl algebras [BO]. A general categorical
framework for Whittaker modules was proposed in [BM].
For the algebra 𝒟, see Definition 2.1, we exploit two distinct triangular de-

compositions, each giving rise to a corresponding class of Whittaker-type mod-
ules. The first leads to the classical notion of Whittaker modules, while the
second gives rise to a broader class, which we refer to as twisted Whittaker
modules. These twistedWhittakermodules strictly contain theWhittakermod-
ules as special cases and offer a more flexible framework capable of capturing
a broader range of non-weight representations. From a structural perspective,
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the concept of local finiteness provides a natural unifying framework for un-
derstanding Whittaker-type modules. While the definition of (twisted) Whit-
taker modules typically involves the existence of a cyclic vector satisfying cer-
tain eigenvalue conditions with respect to a positive subalgebra, for simple 𝒟-
modules, such properties are guaranteed by the local finiteness of the module
over the corresponding subalgebra. This perspective not only streamlines the
identification ofWhittaker-typemodules but alsomotivates natural generaliza-
tions. In particular, by requiring local finiteness over other well-chosen subal-
gebras (such as the commutative polynomial subalgebra 𝕜[𝑥, 𝑢]), we are led to
the notion of quasi-Whittaker modules, which extend the scope of Whittaker-
type theory beyond the setting of triangular decompositions.
Primitive ideals, as the annihilators of simple modules, serve as a crucial

link between the ring-theoretic structure of an algebra and its representation
theory. Brown and Stafford [BS] provided a complete description of the prime
and primitive spectra of 𝒟. A natural next step is to associate each primi-
tive ideal 𝑃 of 𝒟 with a canonical simple module whose annihilator is pre-
cisely 𝑃. It was shown in [Lu] that a distinguished primitive ideal, denoted
𝔪+𝒟, does not appear as the annihilator of any simple weight𝒟-module with
a finite-dimensional weight space. In fact, if a simple weight module has an-
nihilator equal to the ideal𝔪+𝒟, then all of its weight spaces must be infinite-
dimensional. In this paper, we show that every primitive ideal of 𝒟 arises as
the annihilator of a simple Whittaker module. In particular, the distinguished
primitive ideal𝔪+𝒟 naturally occurs as the annihilator of certain such mod-
ules.
Let us now briefly describe the content of the paper. In Section 2, we re-

call the definition and basic structural properties of the Hopf algebra 𝒟. We
also review the classification of simpleWhittaker modules for the universal en-
veloping algebra𝑈(𝔰𝔩2), which appears naturally as a quotient of𝒟. In Section
3, we classify all simple Whittaker modules over 𝒟 and explicitly determine
their annihilators. The classification distinguishes between the cases 𝛼 = 0 and
𝛼 ≠ 0, where (0, 𝛼) is the type of theWhittaker module. In Section 4, we define
and classify simple twisted Whittaker modules, based on a different triangu-
lar decomposition of𝒟. This broader class of non-weight modules includes all
Whittakermodules as special cases. In Section 5, we introduce quasi-Whittaker
modules, defined as cyclic modules generated by vectors satisfying eigenvalue
conditions with respect to the commutative subalgebra 𝕜[𝑥, 𝑢] ⊂ 𝒟. We prove
that a simple𝒟-module is quasi-Whittaker if and only if it is locally finite over
𝕜[𝑥, 𝑢]. A complete classification of simple quasi-Whittaker modules is given,
along with an explicit description of their annihilators.
In this paper, a module means a left module, 𝕜 is an algebraically closed field

of characteristic zero, 𝕜∗ ∶= 𝕜 ⧵ {0}. We denote by ℤ and ℕ the set of integers
and non-negative integers, respectively.
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2. Preliminaries
In this section, we recall some basic facts about the Drinfeld double𝒟 of the

bosonization of the Jordan plane. We also review the classification of simple
Whittaker modules over the universal enveloping algebra of 𝔰𝔩2, which will be
used in the sections that follow.

2.1. The Hopf algebra𝒟. The quadratic algebra

𝚁 = 𝕜⟨𝑥, 𝑦 ∣ 𝑦𝑥 − 𝑥𝑦 = −12𝑥
2⟩,

commonly known as the Jordan plane, is a braided Hopf algebra where 𝑥 and
𝑦 are primitive. The Hopf algebra𝒟 is the Drinfeld double of the bosonization
of the Jordan plane. It was first introduced in [AP21] and further studied in
[ADP, AP25, BS, Lu]. The algebra 𝒟 is a Noetherian domain with Gelfand–
Kirillov dimension 6, and its definition is recalled below.

Definition 2.1. TheHopf algebra𝒟 is generated byℎ, 𝑢, 𝑣, 𝑔±1, 𝑥, and 𝑦 subject
to the following defining relations

[ℎ, 𝑢] = −𝑢, [ℎ, 𝑣] = −𝑣, [𝑣, 𝑢] = −12𝑢
2;

𝑔𝑔−1 = 𝑔−1𝑔 = 1, 𝑔𝑥𝑔−1 = 𝑥, 𝑔𝑦𝑔−1 = 𝑦 + 𝑥, [𝑦, 𝑥] = −12𝑥
2;

[ℎ, 𝑔] = 0, [𝑢, 𝑔] = 0, [𝑣, 𝑔] = 𝑔𝑢,
[ℎ, 𝑥] = 𝑥, [𝑢, 𝑥] = 0, [𝑣, 𝑥] = (1 − 𝑔) + 𝑥𝑢,
[ℎ, 𝑦] = 𝑦, [𝑢, 𝑦] = 1 − 𝑔, [𝑣, 𝑦] = −𝑔ℎ + 𝑦𝑢.

The coalgebra structure is determined by specifying that 𝑔 is grouplike, 𝑢 and
ℎ are primitive, 𝑥 and 𝑦 are (𝑔, 1)-primitive, and ∆(𝑣) = 𝑣 ⊗ 1+ 1⊗ 𝑣 + ℎ⊗𝑢.

In Definition 2.1, we have replaced the generator 𝜁 with ℎ, differing from the
notation used in [ADP, AP21, BS]. Notice that both the subalgebras generated
by {𝑢, 𝑣} and {𝑥, 𝑦} are isomorphic to the Jordan plane. Let 𝐽 denote the (Hopf)
subalgebra of𝒟 generated by ℎ, 𝑢, and 𝑣. Then 𝐽 is a bosonization of the Jordan
plane, and𝒟 can be regarded as the Drinfeld double of 𝐽. In the literature, 𝐽 is
also known as the 𝜅-deformed quantum Galilei group, see e.g. [GGKM]. The
quantum Galilei group, constructed by F. Bonechi, et al. [BGST], is a central
extension of 𝐽. Let𝐾 denote the (Hopf) subalgebra of𝒟 generated by 𝑔±1, 𝑥, and
𝑦. As noted in [AP21, Lemma 2.2], there is a non-degenerate skewHopf pairing
between 𝐽 and𝐾, which determines the multiplication relations between these
subalgebras. The set {𝑢𝑖𝑣𝑗𝑔𝑘ℎ𝓁𝑥𝑚𝑦𝑛 ∣ 𝑖, 𝑗, 𝓁,𝑚, 𝑛 ∈ ℕ, 𝑘 ∈ ℤ} is a PBW basis
of 𝒟. In fact, 𝒟 admits an ascending filtration with associated graded algebra
gr𝒟 ≅ 𝕜[𝑥1, … , 𝑥5, 𝑥±16 ], a commutative polynomial algebra in 6 variables with
one variable inverted. The adjoint action of ℎ on𝒟 induces a ℤ-grading on𝒟.
Specifically, we have the decomposition 𝒟 = ⊕𝑖∈ℤ𝒟𝑖, where 𝒟𝑖 = {𝑑 ∈ 𝒟 ∣
[ℎ, 𝑑] = 𝑖𝑑}. By [ADP, Remark 2.2], the Hopf algebra𝒟 is pointed.
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The following map 𝜏 ∶ 𝒟 → 𝒟 defines an automorphism of the algebra𝒟:
𝜏(ℎ) = −ℎ, 𝜏(𝑢) = 𝑥, 𝜏(𝑣) = −ℎ𝑥 − 𝑦,
𝜏(𝑔) = 𝑔, 𝜏(𝑥) = 𝑢, 𝜏(𝑦) = ℎ𝑢 − 𝑣. (1)

Furthermore, we have 𝜏2 = id𝒟.
2.2. The centre of𝒟. We recall the description of the centre of𝒟 from [ADP,
Theorem 4.10]. Define the elements

𝑞 ∶= 𝑢𝑥 + 2(1 + 𝑔), 𝑠 ∶= 𝑥𝑣 + 𝑢𝑦 + (−12𝑢𝑥 + 𝑔 − 1)ℎ − 2(𝑔 + 1). (2)

Recall that an element 𝑟 in a ring 𝑅 is normal if 𝑟𝑅 = 𝑅𝑟. The elements 𝑞 and
𝑠 are normal in the algebra𝒟. In fact, they commute with the generators 𝑢, 𝑥,
𝑔 and ℎ, and obey the following relations: 𝑞𝑦 = (𝑦 + 1

2
𝑥)𝑞, 𝑞𝑣 = (𝑣 − 1

2
𝑢)𝑞;

𝑠𝑦 = (𝑦 + 1
2
𝑥)𝑠, and 𝑠𝑣 = (𝑣 − 1

2
𝑢)𝑠. By [ADP, Theorem 4.10], the following

elements are central in𝒟:
𝑧 ∶= 𝑞2𝑔−1, 𝜔 ∶= 𝑞𝑠𝑔−1, 𝜃 ∶= 𝑠2𝑔−1.

Furthermore, the centre of𝒟 is isomorphic to the commutative algebra𝑍(𝒟) ≅
𝕜[𝑧, 𝜔, 𝜃]∕⟨𝑧𝜃−𝜔2⟩. Applying the automorphism 𝜏 defined in (1), we find that
𝜏(𝑞) = 𝑞 and 𝜏(𝑠) = −𝑠 − 2𝑞. It follows that

𝜏(𝑧) = 𝑧, 𝜏(𝜔) = −𝜔 − 2𝑧, 𝜏(𝜃) = 𝜃 + 4𝑧 + 4𝜔.
We label the maximal ideals of 𝑍(𝒟) following the notation in [BS]. Specifi-

cally, the maximal spectrum of 𝑍(𝒟) is given by
{𝔪(𝜔̇,𝜃̇) ∶= ⟨𝑧 − 𝜔̇2∕𝜃̇, 𝜔 − 𝜔̇, 𝜃 − 𝜃̇⟩ ∣ 𝜔̇ ∈ 𝕜, 𝜃̇ ∈ 𝕜∗}
∪ {𝔪𝑧̇ ∶= ⟨𝑧 − 𝑧̇, 𝜔, 𝜃⟩ ∣ 𝑧̇ ∈ 𝕜}.

The singular locus of 𝑍(𝒟) is {𝔪0 = ⟨𝑧, 𝜔, 𝜃⟩}. One particularly noteworthy
maximal ideal of 𝑍(𝒟) is𝔪+ ∶= 𝔪(−16,16) = ⟨𝑧 − 16, 𝜔 + 16, 𝜃 − 16⟩, which
requires special attention in the study of 𝒟-modules. Note that both 𝔪0 and
𝔪+ are 𝜏-invariant.
2.3. A quotient isomorphic to 𝑼(𝖘𝖑𝟐). The subalgebra 𝒪 ∶= 𝕜[𝑔±1, 𝑥, 𝑢] is
a commutative Hopf subalgebra of𝒟. Note that 𝒪 is isomorphic to the algebra
𝒪(𝐆) of regular functions on the algebraic group 𝐆 ∶= (𝐆𝑎 × 𝐆𝑎) ⋊ 𝐆𝑚. Let
𝑈(𝔰𝔩2) be the universal enveloping algebra of the Lie algebra 𝔰𝔩2 = 𝕜𝐻⊕𝕜𝐸⊕
𝕜𝐹, with Lie brackets [𝐻, 𝐸] = 2𝐸, [𝐻, 𝐹] = −2𝐹, and [𝐸, 𝐹] = 𝐻. As shown in
[ADP, AP21], there is an exact sequence of Hopf algebras: 𝒪 ↪ 𝒟 ↠ 𝑈(𝔰𝔩2), so
that𝑈(𝔰𝔩2) appears as a quotient Hopf algebra of𝒟. More precisely, by [AP21,
Proposition 2.7], the ideal ⟨𝑥, 1 − 𝑔, 𝑢⟩ of 𝒟 is a Hopf ideal, and the quotient
algebra 𝒰 ∶= 𝒟∕⟨𝑥, 1 − 𝑔, 𝑢⟩ is isomorphic to𝑈(𝔰𝔩2). From the defining rela-
tions of𝒟, it follows that𝒰 ≅ 𝕜⟨ℎ, 𝑦, 𝑣 ∣ [ℎ, 𝑦] = 𝑦, [ℎ, 𝑣] = −𝑣, [𝑦, 𝑣] = ℎ⟩. It
is convenient to fix the following isomorphism of algebras:

𝒰
∼
⟶𝑈(𝔰𝔩2), ℎ ↦ 1

2𝐻, 𝑦 ↦ 1
2𝐸, 𝑣 ↦ 𝐹. (3)
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According to [Lu, Lemma 2.2], the ideal ⟨𝑥, 1 − 𝑔, 𝑢⟩ can also be presented as
a left ideal:

⟨𝑥, 1 − 𝑔, 𝑢⟩ = 𝒟𝑥 +𝒟(1 − 𝑔) + 𝒟𝑢 (4)
The centre of 𝒰 is given by 𝑍(𝒰) = 𝕜[Ω], where Ω ∶= 2𝑣𝑦 + ℎ2 + ℎ is the
Casimir element.

2.4. SimpleWhittakermodules over 𝖘𝖑𝟐. Wewill need the classification of
simple Whittaker modules over 𝔰𝔩2. Let 𝑀 be a 𝒰-module. The module 𝑀 is
called aWhittaker module of type 𝛼 ∈ 𝕜 if it is generated by an element𝑤 ∈ 𝑀
satisfying 𝑦𝑤 = 𝛼𝑤. The module 𝑀 is called a highest weight module if it is
generated by an element 𝑤 ∈ 𝑀 satisfying ℎ𝑤 = 𝜆𝑤 and 𝑦𝑤 = 0 for some
𝜆 ∈ 𝕜.

Theorem 2.2. Let𝑀 be a simple Whittaker𝒰-module of type 𝛼.
(1) If 𝛼 ∈ 𝕜∗, then 𝑀 is isomorphic to 𝑀𝛼,𝜒 ∶= 𝒰∕𝒰(𝑦 − 𝛼, Ω − 𝜒) for a

unique𝜒 ∈ 𝕜. Moreover, for any𝜒 ∈ 𝕜, themodule𝑀𝛼,𝜒 is simple, whose
annihilator is given by ann𝒰𝑀𝛼,𝜒 = ⟨Ω − 𝜒⟩.

(2) If 𝛼 = 0, then𝑀 is a simple highest weight module.

Proof. (1) The result can be found in, e.g., [ArP, Theorem 2.5, Theorem 2.6],
or [Kos, Theorem 3.6.1].
(2) The statement follows from [ArP, Proposition 2.11]. □

For an algebra 𝑅, let 𝑅 denote the set of isomorphism classes of simple 𝑅-
modules. Given an 𝑅-module𝑀, we use [𝑀] to denote its isomorphism class.
If 𝒫 is a property of modules that is invariant under module isomorphisms,
we define 𝑅(𝒫) to be the subset of 𝑅 consisting of all isomorphism classes of
simple 𝑅-modules satisfying𝒫. For instance, we denote by𝒰(Whittaker-𝛼) the
set of isomorphism classes of simple Whittaker 𝒰-modules of type 𝛼, and by
𝒰(highest weight) the set of isomorphism classes of simple highest weight 𝒰-
modules. By Theorem 2.2, we have

𝒰(Whittaker-𝛼) = {{[𝑀𝛼,𝜒] ∣ 𝜒 ∈ 𝕜}, if 𝛼 ∈ 𝕜∗,
𝒰(highest weight), if 𝛼 = 0.

(5)

3. Whittaker modules
In this section, we classify all simple Whittaker 𝒟-modules and explicitly

determine their annihilators. Remarkably, every primitive ideal of 𝒟 arises as
the annihilator of some simple Whittaker module.

3.1. Whittaker modules and local finiteness. Let𝒟+ be the subalgebra of
𝒟 generated by 𝑥 and 𝑦, and let𝒟− be the subalgebra of𝒟 generated by 𝑢 and 𝑣.
Additionally, let 𝒟0 denote the subalgebra of 𝒟 generated by 𝑔±1 and ℎ. Then
𝒟 admits the following triangular decomposition

𝒟 = 𝒟− ⊗𝒟0 ⊗𝒟+.
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Notice that both 𝒟+ and 𝒟− are isomorphic to the Jordan plane. An algebra
homomorphism 𝜂 ∶ 𝒟+ → 𝕜 is called a character of𝒟+. Note that the charac-
ters of 𝒟+ are in bijection with the maximal ideals of 𝒟+ of codimension one.
It is easy to see that if 𝜂 is a character of 𝒟+, then 𝜂(𝑥) = 0 and 𝜂(𝑦) = 𝛼 for
some 𝛼 ∈ 𝕜. Therefore, there is a natural bijection:

{characters of 𝒟+}⟶ 𝕜, 𝜂 ↦ 𝜂(𝑦).
Let𝑀 be a𝒟-module, and let 𝜂 ∶ 𝒟+ → 𝕜 be a character of𝒟+. An element

𝑤 ∈ 𝑀 is called a Whittaker vector of type 𝜂 if it satisfies 𝑒𝑤 = 𝜂(𝑒)𝑤 for
all 𝑒 ∈ 𝒟+. If 𝜂 is given by 𝜂(𝑥) = 0 and 𝜂(𝑦) = 𝛼, we also refer to 𝑤 as a
Whittaker vector of type (0, 𝛼), by abuse of language. A module 𝑀 is called a
Whittaker module of type (0, 𝛼) if it is generated by a Whittaker vector of type
(0, 𝛼). Recall that an 𝑅-module𝑀 is called locally finite if every element 𝑚 ∈
𝑀 is contained in a finite-dimensional 𝑅-submodule. The following lemma
provides a sufficient condition for a simple𝒟-module to be aWhittakermodule.

Lemma 3.1. Let𝑀 be a simple𝒟-module. If𝑀 is𝒟+-locally finite then𝑀 is a
Whittaker module.

Proof. Let𝑤0 ∈ 𝑀 be a nonzero vector. Then there exists a finite-dimensional
𝒟+-submodule 𝑁 ⊆ 𝑀 such that 𝑤0 ∈ 𝑁. Since 𝕜 is algebraically closed,
the linear operator 𝑦 ∶ 𝑁 → 𝑁 has an eigenvalue 𝛼 ∈ 𝕜, and hence there
exists a nonzero vector 𝑤 ∈ 𝑁 such that (𝑦 − 𝛼)𝑤 = 0. From the relation
[𝑦, 𝑥] = −1∕2𝑥2, it follows that 𝑥 acts nilpotently on the finite-dimensional
space 𝑁. Therefore, there exists a smallest 𝑛 ∈ ℕ such that 𝜉 ∶= 𝑥𝑛𝑤 ≠ 0 but
𝑥𝑛+1𝑤 = 0. Then we have 𝑥𝜉 = 0 and (𝑦 −𝛼)𝜉 = 0. Therefore, 𝜉 is a Whittaker
vector of type (0, 𝛼). Since𝑀 is simple and 𝜉 ≠ 0, we conclude that𝑀 = 𝒟𝜉,
and hence𝑀 is a Whittaker module. □

3.2. The Whittaker modules 𝒀𝜶,𝜷 . For any 𝛼 ∈ 𝕜, consider the associated
one-dimensional 𝒟+-module 𝕜𝛼 ∶= 𝒟+∕𝒟+(𝑥, 𝑦 − 𝛼). Define the induced
module 𝑌𝛼 ∶= 𝒟 ⊗𝒟+ 𝕜𝛼. Then 𝑌𝛼 is a Whittaker module of type (0, 𝛼). It is
clear that𝑌𝛼 ≅ 𝒟∕𝒟(𝑥, 𝑦−𝛼). Moreover,𝑌𝛼 has the following universal prop-
erty: If𝑉 is aWhittaker𝒟-module of type (0, 𝛼), then𝑉 is an epimorphic image
of 𝑌𝛼. To analyze the structure of simple Whittaker modules, we introduce an
auxiliary family of modules: For 𝛼 ∈ 𝕜 and 𝛽 ∈ 𝕜∗, define

𝑌𝛼,𝛽 ∶= 𝒟∕𝒟(𝑥, 𝑦 − 𝛼, 𝑔 − 𝛽). (6)
The following lemma gives the motivation for introducing the modules 𝑌𝛼,𝛽 .
Lemma 3.2. If 𝑀 is a simple Whittaker 𝒟-module of type (0, 𝛼), then 𝑀 is an
epimorphic image of 𝑌𝛼,𝛽 for some 𝛽 ∈ 𝕜∗.
Proof. Suppose 𝑀 is generated by a Whittaker vector 𝑤 of type (0, 𝛼). Then
𝑥𝑤 = 0 and (𝑦 − 𝛼)𝑤 = 0. By the expression of 𝑞 given in (2), we have
𝑞𝑤 = 2(1 + 𝑔)𝑤. Since 𝒟 is a Jacobson ring that satisfies the Nullstellensatz
(see [BS, Theorem 4.3]), any central element of 𝒟 acts on 𝑀 via scalar multi-
plication. In particular, the central element 𝑧 = 𝑞2𝑔−1 acts as a scalar, say 𝜇,
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on𝑀. Therefore, 0 = (𝑧 − 𝜇)𝑤 = [4(1 + 𝑔)2𝑔−1 − 𝜇]𝑤. Since 𝕜 is algebraically
closed, this implies that there is a Whittaker vector 𝜉 ∈ 𝑀 of type (0, 𝛼) such
that 𝜉 is also an eigenvector of 𝑔, say 𝑔𝜉 = 𝛽𝜉 for some 𝛽 ∈ 𝕜∗. The simplicity
of𝑀 then implies that𝑀 is an epimorphic image of the module 𝑌𝛼,𝛽 . □

Let 1̄ = 1 + 𝒟(𝑥, 𝑦 − 𝛼, 𝑔 − 𝛽) (the coset of 1) be the canonical generator of
𝑌𝛼,𝛽 . Then from the PBWbasis of𝒟, we have𝑌𝛼,𝛽 = 𝐽 1̄, and𝑌𝛼,𝛽 is a freemod-
ule over 𝐽 of rank one. As observed in [LX], the subalgebra 𝐽 = 𝕜⟨ℎ, 𝑢, 𝑣⟩ ⊂ 𝒟
is isomorphic to the universal enveloping algebra of a three-dimensional solv-
able Lie algebra. Specifically, define

𝑣′ ∶= ℎ𝑢 − 2𝑣.

Then 𝐽 is isomorphic to the universal enveloping algebra of the Lie algebra 𝔞 =
𝕜ℎ ⊕ 𝕜𝑢 ⊕ 𝕜𝑣′ with Lie bracket relations: [ℎ, 𝑢] = −𝑢, [ℎ, 𝑣′] = −𝑣′ and
[𝑢, 𝑣′] = 0. Since 𝑌𝛼,𝛽 is a free module over 𝐽, we have the explicit basis

𝑌𝛼,𝛽 =
⨁

𝑖,𝑗,𝑘∈ℕ
𝕜𝑣′𝑖𝑢𝑗ℎ𝑘 1̄. (7)

3.3. TheWhittaker modules 𝒀𝜶,𝜷,𝜸 where 𝜷 ≠ 𝟏. The structure of 𝑌𝛼,𝛽 dif-
fers depending on whether 𝛽 = 1 or 𝛽 ≠ 1. We intend to determine the simple
quotients of 𝑌𝛼,𝛽 when 𝛽 ≠ 1. First, it can be verified by induction that, for all
integers 𝑛 ≥ 1,

[𝑥, 𝑣′𝑛] =
𝑛∑

𝑖=1

(𝑛
𝑖

)
𝑢𝑖−1𝑣′𝑛−𝑖(𝑞 − 2𝑖+1𝑔); (8)

[𝑦, 𝑢𝑛] = 𝑛(𝑔 − 1)𝑢𝑛−1. (9)

The following lemma provides a description of the submodules of 𝑌𝛼,𝛽 for 𝛽 ∈
𝕜∗ and 𝛽 ≠ 1, and further characterizes its simple quotients and their annihi-
lators.

Lemma 3.3. Let 𝛼 ∈ 𝕜, 𝛽 ∈ 𝕜∗ and 𝛽 ≠ 1. Then any submodule 𝑀 of 𝑌𝛼,𝛽
is generated by an element of the form 𝑝(𝑠) 1̄ for some polynomial 𝑝(𝑠) ∈ 𝕜[𝑠].
Moreover,𝑀 is maximal if and only if it is generated by (𝑠 − 𝛾) 1̄ for some 𝛾 ∈ 𝕜.
The corresponding simple quotient 𝑌𝛼,𝛽∕𝒟(𝑠 − 𝛾) 1̄ is isomorphic to the module

𝑌𝛼,𝛽,𝛾 ∶= 𝒟∕𝒟(𝑥, 𝑦 − 𝛼, 𝑔 − 𝛽, 𝑠 − 𝛾).

Define 𝑧̇ ∶= 4(1+𝛽)2𝛽−1, 𝜔̇ ∶= 2(1+𝛽)𝛾𝛽−1, and 𝜃̇ ∶= 𝛾2𝛽−1. The annihilator
of 𝑌𝛼,𝛽,𝛾 is given by

ann𝒟𝑌𝛼,𝛽,𝛾 =
⎧

⎨
⎩

𝔪(𝜔̇,𝜃̇)𝒟, if 𝛾 ≠ 0,
𝔪𝑧̇𝒟, if 𝛽 ≠ −1 and 𝛾 = 0,
𝑞𝒟 + 𝑠𝒟, if 𝛽 = −1 and 𝛾 = 0.
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Proof. By the expressions of 𝑞 and 𝑠, we have 𝑞 1̄ = 2(1 + 𝛽) 1̄ and 𝑠 1̄ = [𝛼𝑢 +
(𝛽−1)ℎ−(𝛽+3)] 1̄. Since 𝛽 ≠ 1, it follows that ℎ 1̄ = (𝛽−1)−1(𝑠−𝛼𝑢+𝛽+3) 1̄.
Then from (7) we obtain

𝑌𝛼,𝛽 =
⨁

𝑖,𝑗,𝑘∈ℕ
𝕜𝑣′𝑖𝑢𝑗𝑠𝑘 1̄. (10)

Let 𝑤 be a nonzero element in𝑀. By (10), we can express 𝑤 as

𝑤 =
𝑛∑

𝑖=0
𝑣′𝑖𝑓𝑖(𝑢, 𝑠) 1̄,

where 𝑓𝑖(𝑢, 𝑠) ∈ 𝕜[𝑢, 𝑠]. We claim that 𝑓𝑖(𝑢, 𝑠) 1̄ ∈ 𝑀 for all 0 ≤ 𝑖 ≤ 𝑛. Sup-
pose not, we may assume that 𝑓𝑛(𝑢, 𝑠) 1̄ ∉ 𝑀. Define the 𝑣′-degree of 𝑤 as
deg𝑣′(𝑤) ∶= 𝑛. Applying (8), we obtain

𝑥𝑤 =
𝑛∑

𝑖=1

𝑖∑

𝑗=1

(𝑖
𝑗

)
𝑣′𝑖−𝑗𝑢𝑗−1(𝑞 − 2𝑗+1𝑔)𝑓𝑖(𝑢, 𝑠) 1̄ = 2(1 − 𝛽)𝑛𝑣′𝑛−1𝑓𝑛(𝑢, 𝑠) 1̄ +⋯

where the three dots represent terms of lower 𝑣′-degree. Since 𝛽 ≠ 1, if 𝑛 > 0
then 𝑥𝑤 is a nonzero element in𝑀 with 𝑣′-degree 𝑛−1. Repeating this process,
we obtain 𝑥𝑛𝑤 = 2𝑛(1−𝛽)𝑛𝑛!𝑓𝑛(𝑢, 𝑠) 1̄. Thus 𝑓𝑛(𝑢, 𝑠) 1̄ ∈ 𝑀, contradicting our
assumption. Similarly, for any 𝚠 ∈ 𝕜[𝑢, 𝑠] 1̄∩𝑀, we canwrite 𝚠 = ∑𝑛

𝑖=0 𝑢
𝑖𝑐𝑖(𝑠)1̄,

where 𝑐𝑖(𝑠) ∈ 𝕜[𝑠]. We claim that 𝑐𝑖(𝑠) 1̄ ∈ 𝑀 for all 0 ≤ 𝑖 ≤ 𝑛. Suppose not,
we may assume 𝑐𝑛(𝑠) 1̄ ∉ 𝑀, and define deg𝑢(𝚠) ∶= 𝑛. Using (9), we compute:

(𝑦 − 𝛼)𝚠 = (𝛽 − 1)
𝑛∑

𝑖=1
𝑖𝑢𝑖−1𝑐𝑖(𝑠) 1̄.

Since 𝛽 ≠ 1, if 𝑛 > 0 then (𝑦 − 𝛼)𝚠 is a nonzero element in 𝑀 with 𝑢-degree
𝑛 − 1. Repeating this process, we obtain (𝑦 − 𝛼)𝑛𝚠 = (𝛽 − 1)𝑛𝑛!𝑐𝑛(𝑠) 1̄. Thus
𝑐𝑛(𝑠) 1̄ ∈ 𝑀, contradicting our assumption. In particular, if 𝑀 is a nonzero
submodule of 𝑌𝛼,𝛽, then𝑀 ∩ 𝕜[𝑠] 1̄ ≠ 0.
Now, define 𝑘 = min{deg 𝜓(𝑠) ∣ 𝜓(𝑠) ∈ 𝕜[𝑠] ⧵ {0}, and 𝜓(𝑠) 1̄ ∈ 𝑀}. Choose

a monic polynomial 𝑝(𝑠) ∈ 𝕜[𝑠] such that deg 𝑝(𝑠) = 𝑘 and 𝑝(𝑠) 1̄ ∈ 𝑀.
The above argument shows that for any 𝑤 = ∑

𝑖,𝑗 𝑣
′𝑖𝑢𝑗𝜓𝑖,𝑗(𝑠) 1̄ ∈ 𝑀 one has

𝜓𝑖,𝑗(𝑠) 1̄ ∈ 𝑀 for all 𝑖, 𝑗. By the definition of 𝑝(𝑠), it follows that 𝑝(𝑠) ∣ 𝜓𝑖,𝑗(𝑠)
for all 𝑖, 𝑗. Therefore,𝑀 is a cyclic module generated by 𝑝(𝑠) 1̄.
Clearly, if𝑀 is a maximal submodule of 𝑌𝛼,𝛽, then 𝑝(𝑠)must be irreducible.

Since 𝕜 is algebraically closed, we have 𝑝(𝑠) = 𝑠−𝛾 for some 𝛾 ∈ 𝕜. Conversely,
let𝑀 be the submodule of 𝑌𝛼,𝛽 generate by (𝑠 −𝛾) 1̄where 𝛾 ∈ 𝕜. Suppose that
𝑀 is contained in some proper submodule 𝑁. By the above argument, 𝑁 is
generated by 𝑝(𝑠) 1̄ for some monic polynomial 𝑝(𝑠) ∈ 𝕜[𝑠]. Furthermore, the
inclusion (𝑠 − 𝛾) 1̄ ∈ 𝑁 implies that 𝑝(𝑠) ∣ 𝑠 − 𝛾. Hence 𝑝(𝑠) = 𝑠 − 𝛾, and thus
𝑁 = 𝑀, proving that 𝑀 is maximal in 𝑌𝛼,𝛽 . Clearly, the quotient 𝑌𝛼,𝛽∕𝑀 is
isomorphic to the module 𝑌𝛼,𝛽,𝛾.
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It remains to determine the annihilator of 𝑌𝛼,𝛽,𝛾. First, it is straightforward
to verify that the central elements 𝑧 − 𝑧̇, 𝜔 − 𝜔̇, and 𝜃 − 𝜃̇ annihilate 𝑌𝛼,𝛽,𝛾.
Therefore, the ideal 𝔭 ∶= (𝑧 − 𝑧̇)𝒟 + (𝜔 − 𝜔̇)𝒟 + (𝜃 − 𝜃̇)𝒟 is contained in
ann𝒟𝑌𝛼,𝛽,𝛾. Moreover, since 𝛽 ≠ 1, we have 𝑧̇ ≠ 16, ensuring that 𝔭 ≠ 𝔪+𝒟.
Next, consider the following three cases: (i) If 𝛾 ≠ 0, then 𝜃̇ ≠ 0, and by [BS,
Theorem 4.1(i)], the ideal 𝔭 is maximal in 𝒟. This forces ann𝒟𝑌𝛼,𝛽,𝛾 = 𝔭. (ii)
If 𝛽 ≠ −1 and 𝛾 = 0, then 𝑧̇ ∈ 𝕜∗ and 𝜔̇ = 𝜃̇ = 0. Again by [BS, Theorem
4.1(i)], the ideal 𝔭 is maximal in 𝒟, implying ann𝒟𝑌𝛼,𝛽,𝛾 = 𝔭. (iii) If 𝛽 = −1
and 𝛾 = 0, then 𝑞 and 𝑠 annihilate the canonical generator of𝑌𝛼,𝛽,𝛾. Since 𝑞 and
𝑠 are normal in𝒟, the ideal 𝑃0 ∶= 𝑞𝒟+𝑠𝒟 annihilates𝑌𝛼,𝛽,𝛾. By [BS, Theorem
4.13], the ideal 𝑃0 is maximal in𝒟, and therefore ann𝒟𝑌𝛼,𝛽,𝛾 = 𝑃0. □

Remark 3.4. Let 𝛽 ∈ 𝕜∗ with 𝛽 ≠ 1. The module 𝑌𝛼,𝛽,𝛾 is a free 𝕜[𝑢, 𝑣′]-module
of rank one whose annihilator is independent of 𝛼. When 𝛼 = 0, it becomes
isomorphic to the simple weight module 𝒟∕𝒟(𝑥, 𝑦, 𝑔 − 𝛽, ℎ − 𝜆) where 𝜆 =
𝛾+𝛽+3
𝛽−1

, corresponding to the reduced Verma module in [Lu, Proposition 3.2].
The family𝑌𝛼,𝛽,𝛾 thus interpolates betweenweight andnon-weight𝒟-modules.
Proposition 3.5. Let 𝛼, 𝛼′ ∈ 𝕜, 𝛽, 𝛽′ ∈ 𝕜∗ ⧵ {1}, and 𝛾, 𝛾′ ∈ 𝕜. Then 𝑌𝛼,𝛽,𝛾 ≅
𝑌𝛼′,𝛽′,𝛾′ if and only if 𝛼′ = 𝛼, 𝛽′ = 𝛽, and 𝛾′ = 𝛾.
Proof. The sufficiency is immediate. We prove the necessity. Let 𝟏̄ = 1 +
𝒟(𝑥, 𝑦 − 𝛼, 𝑔 − 𝛽, 𝑠 − 𝛾) be the canonical generator of 𝑌𝛼,𝛽,𝛾. Then 𝑌𝛼,𝛽,𝛾 =
𝕜[𝑢, 𝑣′]𝟏̄ is a free 𝕜[𝑢, 𝑣′]-module of rank one. Set 𝑌 ∶= 𝑌𝛼,𝛽,𝛾 and 𝑌′ ∶=
𝑌𝛼′,𝛽′,𝛾′ .
For a 𝒟-module 𝑀, write ker𝑀(𝑥) ∶= {𝑚 ∈ 𝑀 ∣ 𝑥𝑚 = 0}. Since 𝑔 and 𝑠

commute with 𝑥, and 𝑥𝑦𝑤 = (𝑦𝑥 + 1
2
𝑥2)𝑤 = 0 for every 𝑤 ∈ ker𝑌(𝑥), the

subspace ker𝑌(𝑥) is stable under 𝑔, 𝑠, and 𝑦.
We first determine ker𝑌(𝑥). Clearly 𝕜[𝑢]𝟏̄ ⊆ ker𝑌(𝑥). Conversely, let 𝑤 =∑𝑛
𝑖=0 𝑓𝑖(𝑢)𝑣

′𝑖𝟏̄ ∈ ker𝑌(𝑥) where 𝑓𝑖(𝑢) ∈ 𝕜[𝑢] and 𝑓𝑛(𝑢) ≠ 0. If 𝑛 > 0, then by
(8),

0 = 𝑥𝑤 =
𝑛∑

𝑖=1

𝑖∑

𝑗=1

(𝑖
𝑗

)
(2(1 + 𝛽) − 2𝑗+1𝛽)𝑓𝑖(𝑢)𝑢𝑗−1𝑣′𝑖−𝑗 𝟏̄

=2(1 − 𝛽)𝑛𝑓𝑛(𝑢)𝑣′𝑛−1 𝟏̄ + ⋯
where the remaining terms have smaller 𝑣′-degree. Since 𝛽 ≠ 1, the leading
coefficient is nonzero, a contradiction. Hence 𝑛 = 0, and thus ker𝑌(𝑥) = 𝕜[𝑢]𝟏̄.
Now suppose that 𝜑 ∶ 𝑌 → 𝑌′ is an isomorphism of 𝒟-modules. Since 𝜑

commutes with the action of 𝑥, we have 𝜑(ker𝑌(𝑥)) = ker𝑌′(𝑥). The operators
𝑔−𝛽 and 𝑠−𝛾 vanish onker𝑌(𝑥), andhence also onker𝑌′(𝑥). On the other hand,
by the above description of ker𝑌′(𝑥), the operators 𝑔 and 𝑠 act on this space as
the scalars 𝛽′ and 𝛾′, respectively. Therefore, (𝑔 − 𝛽)|ker𝑌′ (𝑥) = (𝛽′ − 𝛽) id, and
(𝑠 − 𝛾)|ker𝑌′ (𝑥) = (𝛾′ − 𝛾) id . Since both operators vanish, it follows that 𝛽′ = 𝛽,
and 𝛾′ = 𝛾.
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It remains to determine 𝛼. Let𝑤 = ∑𝑛
𝑖=0 𝑐𝑖𝑢

𝑖𝟏̄ ∈ ker𝑌(𝑥)with 𝑐𝑖 ∈ 𝕜. By (9),

(𝑦 − 𝛼)𝑤 = (𝛽 − 1)
𝑛∑

𝑖=1
𝑖𝑐𝑖𝑢𝑖−1 𝟏̄.

Hence 𝑦 − 𝛼 acts locally nilpotently on ker𝑌(𝑥). By the isomorphism 𝜑, the
operator 𝑦 − 𝛼 also acts locally nilpotently on ker𝑌′(𝑥). Since 𝑦 − 𝛼′ is locally
nilpotent there as well, their difference (𝑦 − 𝛼) − (𝑦 − 𝛼′) = 𝛼′ − 𝛼 is locally
nilpotent on the nonzero space ker𝑌′(𝑥). Therefore 𝛼′ = 𝛼, and the proof is
complete. □

3.4. The Whittaker modules 𝒴𝜶,𝟏,𝝁. In this subsection, we consider a class
of Whittaker modules 𝒴𝛼,1,𝜇 of type (0, 𝛼), which are quotients of 𝑌𝛼,1. Let 𝑅
be the subalgebra of𝒟 generated by 𝑔±1, 𝑥, 𝑦, and 𝑢. Then 𝑅 can be presented
as an Ore extension 𝑅 = 𝕜[𝑔±1, 𝑥, 𝑢][𝑦; 𝛿] where the derivation 𝛿 is given by
𝛿(𝑔) = −𝑔𝑥, 𝛿(𝑥) = −1∕2𝑥2 and 𝛿(𝑢) = 𝑔 − 1. Notice that 𝑥 is normal in 𝑅,
and we have the following quotient algebra

𝑅∕𝑅𝑥 ≅ 𝕜⟨𝑔±1, 𝑢, 𝑦 ∣ [𝑔, 𝑢] = 0, [𝑔, 𝑦] = 0, [𝑦, 𝑢] = 𝑔 − 1⟩.
In particular, 𝑔 is central in 𝑅∕𝑅𝑥. Additionally, 𝑅∕𝑅𝑥 is isomorphic to a local-
ization of the universal enveloping algebra of the three-dimensional Heisen-
berg algebra. It is straightforward to verify that any finite-dimensional simple
𝑅-module must be isomorphic to one of the following modules:

𝑆𝛼,𝜇 ∶= 𝑅∕𝑅(𝑥, 𝑦 − 𝛼, 𝑔 − 1, 𝑢 − 𝜇) where 𝛼, 𝜇 ∈ 𝕜.
For any 𝛼, 𝜇 ∈ 𝕜, define

𝒴𝛼,1,𝜇 ∶= 𝒟⊗𝑅 𝑆𝛼,𝜇. (11)

Notably, 𝒴𝛼,1,𝜇 is a Whittaker module of type (0, 𝛼), and it admits an equivalent
description as

𝒴𝛼,1,𝜇 ≅ 𝒟∕𝒟(𝑥, 𝑦 − 𝛼, 𝑔 − 1, 𝑢 − 𝜇). (12)
The next lemma shows that the module 𝒴𝛼,1,𝜇 is simple if and only if 𝜇 ∈ 𝕜∗.
Furthermore, when 𝜇 = 0, the simple quotients of 𝒴𝛼,1,0 correspond precisely
to the simple Whittaker 𝒰-modules.

Lemma 3.6. Let 𝛼, 𝜇 ∈ 𝕜.
(1) If 𝜇 ∈ 𝕜∗, then 𝒴𝛼,1,𝜇 is a simple𝒟-module, and

ann𝒟𝒴𝛼,1,𝜇 = ⟨𝑧 − 16, 𝜔 − 4(𝛼𝜇 − 4), 𝜃 − (𝛼𝜇 − 4)2⟩.
Moreover, for 𝛼, 𝛼′ ∈ 𝕜 and 𝜇, 𝜇′ ∈ 𝕜∗, we have 𝒴𝛼,1,𝜇 ≅ 𝒴𝛼′,1,𝜇′ if and
only if 𝛼′ = 𝛼 and 𝜇′ = 𝜇.

(2) If 𝜇 = 0, then 𝒴𝛼,1,0 ≅ 𝒰∕𝒰(𝑦 − 𝛼) is naturally a𝒰-module.
(a) If𝛼 ∈ 𝕜∗, its simple quotients areWhittakermodules𝑀𝛼,𝜒 = 𝒰∕𝒰(𝑦−

𝛼, Ω − 𝜒), with ann𝒟𝑀𝛼,𝜒 = ⟨𝑥, Ω − 𝜒⟩.
(b) If 𝛼 = 0, its simple quotients are highest weight𝒰-modules.
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Proof. (1) Note that 𝒟 is a free right 𝑅-module with basis {𝑣′𝑖ℎ𝑗 ∣ 𝑖, 𝑗 ∈ ℕ}.
Letting 𝚎 ∶= 1 ⊗ 1, it follows from (11) that 𝒴𝛼,1,𝜇 = ⊕𝑖,𝑗∈ℕ𝕜𝑣′𝑖ℎ𝑗𝚎. Let𝑀 be
a nonzero submodule of 𝒴𝛼,1,𝜇, and take a nonzero element 𝑤 ∈ 𝑀. We can
write 𝑤 = ∑𝑛

𝑗=0 𝑓𝑗(𝑣
′)ℎ𝑗𝚎, where 𝑓𝑗(𝑣′) ∈ 𝕜[𝑣′] and 𝑓𝑛(𝑣′) ≠ 0. Define the

ℎ-degree of 𝑤 as degℎ(𝑤) ∶= 𝑛. Since 𝑢 commutes with 𝑣′, applying (𝑢 − 𝜇) to
𝑤 gives, for 𝑛 > 0,

(𝑢 − 𝜇)𝑤 = 𝜇
𝑛∑

𝑗=0
𝑓𝑗(𝑣′)

(
(ℎ + 1)𝑗 − ℎ𝑗

)
𝚎 = 𝜇

𝑛∑

𝑗=1

𝑗∑

𝑘=1

(𝑗
𝑘

)
𝑓𝑗(𝑣′)ℎ𝑗−𝑘𝚎. (13)

Since 𝜇 ∈ 𝕜∗, it follows that if 𝑛 > 0 then (𝑢 − 𝜇)𝑤 is a nonzero element in
𝑀 with ℎ-degree 𝑛−1. Repeating this process, we eventually obtain a nonzero
element 𝑤′ ∈ 𝕜[𝑣′]𝚎 contained in𝑀. Write 𝑤′ = ∑𝑚

𝑖=0 𝛾𝑖𝑣
′𝑖𝚎 where 𝛾𝑖 ∈ 𝕜 and

𝛾𝑚 ≠ 0, and define deg𝑣′(𝑤′) ∶= 𝑚. Using the relation 𝑔𝑣′ = (𝑣′ + 2𝑢)𝑔, we
compute

(𝑔 − 1)𝑤′ =
𝑚∑

𝑖=0
𝛾𝑖
(
(𝑣′ + 2𝑢)𝑖 − 𝑣′𝑖

)
𝚎 =

𝑚∑

𝑖=1

𝑖∑

𝑗=1
𝛾𝑖(2𝜇)𝑗

(𝑖
𝑗

)
𝑣′𝑖−𝑗𝚎.

Since 𝜇 ∈ 𝕜∗, if𝑚 > 0 then (𝑔 − 1)𝑤′ is a nonzero element of𝑀 with 𝑣′-degree
𝑚−1. Repeating this process, we obtain (𝑔 − 1)𝑚𝑤′ ∈ 𝕜∗𝚎, so 𝚎 ∈ 𝑀, and thus
𝑀 = 𝒴𝛼,1,𝜇. Therefore, 𝒴𝛼,1,𝜇 is a simple module.
It is easily verified that 𝑧𝚎 = 16𝚎,𝜔𝚎 = 4(𝛼𝜇−4)𝚎, and 𝜃𝚎 = (𝛼𝜇−4)2𝚎. Thus

the ideal 𝔭 = ⟨𝑧−16, 𝜔−4(𝛼𝜇−4), 𝜃−(𝛼𝜇−4)2⟩ is contained in ann𝒟𝒴𝛼,1,𝜇. If
𝛼 ∈ 𝕜∗, then by [BS, Theorem 4.1(i)], the ideal 𝔭 is maximal in𝒟, which forces
ann𝒟𝒴𝛼,1,𝜇 = 𝔭. In the case where 𝛼 = 0, we have 𝔭 = 𝔪+𝒟. Suppose, for
contradiction, that ann𝒟𝒴0,1,𝜇 strictly contains 𝔪+𝒟. Then by [BS, Theorem
4.4(v)], it must hold that ⟨𝑥, 𝑔 − 1, 𝑢⟩ ⊆ ann𝒟𝒴0,1,𝜇. However, since 𝜇 ∈ 𝕜∗,
it is evident that 𝑢 does not annihilate 𝒴0,1,𝜇. This contradiction implies that
ann𝒟𝒴0,1,𝜇 = 𝔪+𝒟.
By (13), the element 𝑢−𝜇 acts locally nilpotently on 𝒴𝛼,1,𝜇. Similarly, 𝑢−𝜇′

acts locally nilpotently on 𝒴𝛼′,1,𝜇′ . Suppose that 𝜑 ∶ 𝒴𝛼,1,𝜇 → 𝒴𝛼′,1,𝜇′ is an iso-
morphism of𝒟-modules. Then, via𝜑, the operator 𝑢−𝜇 acts locally nilpotently
on 𝒴𝛼′,1,𝜇′ . Thus (𝑢 −𝜇)− (𝑢 −𝜇′) = 𝜇′ −𝜇 is locally nilpotent on 𝒴𝛼′,1,𝜇′ . This
is possible only when 𝜇′ = 𝜇. It remains to determine 𝛼. Since isomorphic
modules have the same annihilator, we have ann𝒟𝒴𝛼,1,𝜇 = ann𝒟𝒴𝛼′,1,𝜇′ . Us-
ing the description of these annihilators and the equality 𝜇′ = 𝜇, we obtain
4(𝛼𝜇 − 4) = 4(𝛼′𝜇 − 4). Because 𝜇 ∈ 𝕜∗, it follows that 𝛼′ = 𝛼.
(2) When 𝜇 = 0, by (4), the ideal ⟨𝑥, 𝑔 − 1, 𝑢⟩ is contained in the left ideal

𝒟(𝑥, 𝑦−𝛼, 𝑔−1, 𝑢). Then from (3) and (12), it follows that𝒴𝛼,1,0 ≅ 𝒰∕𝒰(𝑦−𝛼).
Thus 𝒴𝛼,1,0 is the universal Whittaker 𝒰-module. The statement then follows
from Theorem 2.2. □
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3.5. Classification of simpleWhittakermodules of type (𝟎, 𝜶)where 𝜶 ∈
𝕜∗. The following theoremgives a classification of simpleWhittaker𝒟-modules
of type (0, 𝛼) where 𝛼 ∈ 𝕜∗.

Theorem 3.7. Let 𝜂 be the character of 𝒟+ such that 𝜂(𝑥) = 0 and 𝜂(𝑦) = 𝛼
where𝛼 ∈ 𝕜∗. Then the set of isomorphism classes of simpleWhittaker𝒟-modules
of type (0, 𝛼) is given by

𝒟̂(Whittaker-(0, 𝛼)) =
{
[𝑌𝛼,𝛽,𝛾] ∣ 1 ≠ 𝛽 ∈ 𝕜∗, 𝛾 ∈ 𝕜

}

∪
{
[𝒴𝛼,1,𝜇] ∣ 𝜇 ∈ 𝕜∗

}
∪ 𝒰(Whittaker-𝛼).

Proof. By Lemma 3.3, for any 1 ≠ 𝛽 ∈ 𝕜∗ and 𝛾 ∈ 𝕜, 𝑌𝛼,𝛽,𝛾 is a simple Whit-
taker module of type (0, 𝛼). It has been established in Lemma 3.6(1) that, for
any 𝜇 ∈ 𝕜∗, 𝒴𝛼,1,𝜇 is a simple Whittaker module of type (0, 𝛼). It is evident
that, any simple Whittaker𝒰-module of type 𝛼 is naturally a simple Whittaker
𝒟-module of type (0, 𝛼).
Conversely, let𝑀 be a simpleWhittaker𝒟-module of type (0, 𝛼). By Lemma

3.2,𝑀 is a quotient of 𝑌𝛼,𝛽 for some 𝛽 ∈ 𝕜∗. If 𝛽 ≠ 1, then Lemma 3.3 implies
𝑀 ≅ 𝑌𝛼,𝛽,𝛾 for some 𝛾 ∈ 𝕜. Now suppose 𝛽 = 1. Then there is a Whittaker
vector 𝜉 ∈ 𝑀 of type (0, 𝛼) such that (𝑔−1)𝜉 = 0. It can be verified that 𝑞𝜉 = 4𝜉
and 𝑠𝜉 = (𝛼𝑢 − 4)𝜉. The central element 𝜔 = 𝑞𝑠𝑔−1 acts on𝑀 as a scalar, say
𝜈. It follows that 0 = (𝜔 − 𝜈)𝜉 = [4(𝛼𝑢 − 4) − 𝜈]𝜉, implying 𝜉 is an eigenvector
of 𝑢 with eigenvalue 𝜇 = (16 + 𝜈)∕(4𝛼). Thus𝑀 is an epimorphic image of the
module 𝒴𝛼,1,𝜇, see (12). If 𝜇 ∈ 𝕜∗, then by Lemma 3.6(1), 𝒴𝛼,1,𝜇 is simple, so
𝑀 ≅ 𝒴𝛼,1,𝜇. If 𝜇 = 0, then by Lemma 3.6(2), any simple quotient of 𝒴𝛼,1,0 is a
simple 𝒰-module, and in this case𝑀 ≅ 𝑀𝛼,𝜒 for a unique 𝜒 ∈ 𝕜. □

3.6. Singular Whittaker modules. Let𝑀 be a 𝒟-module. An element 𝑤 ∈
𝑀 is called a singular Whittaker vector if it satisfies 𝑥𝑤 = 0, 𝑦𝑤 = 0, and (𝑔 −
1)𝑤 = 0. A module𝑀 is called a singular Whittaker module if it is generated
by a singular Whittaker vector. In particular, any singular Whittaker module is
a Whittaker module of type (0, 0). We denote by Sing(𝑀) the set of all singular
vectors in𝑀. Notably, 𝒴0,1,𝜇 for 𝜇 ∈ 𝕜∗ are simple singular Whittaker modules
with annihilator𝔪+𝒟; see Lemma 3.6(1).
Let Γ be the subalgebra of𝒟 generated by 𝑥, 𝑦, 𝑔±1, ℎ, and 𝑢. Then Γ can be

presented as an iterated Ore extension over 𝒪 = 𝕜[𝑔±1, 𝑥, 𝑢] in the form
Γ = 𝕜[𝑔±1, 𝑥, 𝑢][𝑦; 𝛿1][ℎ; 𝛿2]

where 𝛿1 is the derivation of 𝒪 determined by 𝛿1(𝑔) = −𝑔𝑥, 𝛿1(𝑥) = −1∕2𝑥2,
𝛿1(𝑢) = 𝑔 − 1, and 𝛿2 is the derivation such that 𝛿2(𝑔) = 0, 𝛿2(𝑥) = 𝑥, 𝛿2(𝑢) =
−𝑢, and 𝛿2(𝑦) = 𝑦. In particular, Γ is a Noetherian domain of Gelfand–Kirillov
dimension 5. Note that 𝑥 is normal in Γ, 𝑔 is central in Γ∕Γ𝑥, and 𝑦 is normal
in the factor algebra Γ∕Γ(𝑥, 𝑔 − 1). It follows that the left ideal Γ(𝑥, 𝑔 − 1, 𝑦) is
actually an ideal of Γ. It is easily checked that

Γ∕Γ(𝑥, 𝑔 − 1, 𝑦) ≅ 𝐵 ∶= 𝕜[𝑢][ℎ; 𝛿] where 𝛿(𝑢) = −𝑢. (14)
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Clearly, 𝐵 is isomorphic to the universal enveloping algebra of the Borel subal-
gebra of 𝔰𝔩2. If𝑀 is a Γ-module that is annihilated by the ideal Γ(𝑥, 𝑔 − 1, 𝑦),
then𝑀 can be naturally viewed as a 𝐵-module via (14). A classification of sim-
ple 𝐵-modules was obtained by Block in [Bl, Proposition 6.1, Theorem 6.2].
Note that a simple 𝐵-module𝑀 is infinite-dimensional if and only if 𝑢 ∈ 𝐵 acts
injectively on𝑀.
If 𝑆 is a left Ore set of a ring 𝑅 and𝑀 is a left 𝑅-module, then the set

tor𝑆(𝑀) ∶= {𝑚 ∈ 𝑀 | 𝑠𝑚 = 0 for some 𝑠 ∈ 𝑆}

is a submodule of 𝑀, called the 𝑆-torsion submodule of 𝑀. The module 𝑀 is
said to be 𝑆-torsion if tor𝑆(𝑀) = 𝑀, and 𝑆-torsionfree if tor𝑆(𝑀) = 0. Recall
that, a𝒟-module𝑀 is called aweightmodule if it decomposes into a direct sum
of eigenspaces for the Cartan element ℎ ∈ 𝒟, that is, 𝑀 = ⊕𝜇∈𝕜𝑀𝜇, where
𝑀𝜇 = {𝑚 ∈ 𝑀 |ℎ𝑚 = 𝜇𝑚}. The next proposition establishes a connection
between the structure of a singular Whittaker 𝒟-module and the space of its
singular Whittaker vectors.

Proposition 3.8. Let𝑀 be a singular Whittaker𝒟-module. Then:
(1) Sing(𝑀) is aΓ-module annihilated byΓ(𝑥, 𝑦, 𝑔−1). In particular, Sing(𝑀)

naturally inherits the structure of a 𝐵-module by (14).
(2) 𝑀 is a simple module that is not a weight module if and only if Sing(𝑀)

is an infinite-dimensional simple 𝐵-module.

Proof. (1) Clearly, 𝑥, 𝑦 and 𝑔 − 1 annihilate Sing(𝑀). It is easily verified that
ℎSing(𝑀) ⊆ Sing(𝑀) and 𝑢Sing(𝑀) ⊆ Sing(𝑀).
(2) Suppose 𝑀 is a simple module that is not a weight module. We claim

that 𝑢 acts injectively on𝑀. Note that 𝑢 acts ad-locally nilpotently on𝒟. Con-
sequently, the set 𝑆𝑢 ∶= {𝑢𝑖 ∣ 𝑖 ∈ ℕ} is an Ore set in 𝒟. Assume, for con-
tradiction, that 𝑢 acts non-injectively on 𝑀. Since 𝑀 is simple, it must be
𝑆𝑢-torsion. This implies that there is a singular Whittaker vector in 𝑀 that
is annihilated by 𝑢. Consequently, 𝑀 is an epimorphic image of the module
𝒲 ∶= 𝒟∕𝒟(𝑥, 𝑦, 𝑔 − 1, 𝑢). By (4), we have𝒲 ≅ 𝒰∕𝒰𝑦. Then by Theorem
2.2(2), it follows that 𝑀 is a simple highest weight module, contradicting our
assumption.
To show that Sing(𝑀) is a simple 𝐵-module, it suffices to prove that for any

nonzero vector 𝜉 ∈ Sing(𝑀), we have 𝐵𝜉 = Sing(𝑀). Clearly, 𝒟 is a free
left/right Γ-module and𝒟 = ⊕𝑖∈ℕ𝑣′𝑖Γ. Since𝑀 is simple, we have

𝑀 = 𝒟𝜉 =
∑

𝑖∈ℕ
𝑣′𝑖Γ𝜉 =

∑

𝑖∈ℕ
𝑣′𝑖𝐵𝜉.

For any nonzero 𝑤 ∈ Sing(𝑀), we can express 𝑤 = ∑𝑛
𝑖=0 𝑣

′𝑖𝑏𝑖𝜉, where 𝑏𝑖 ∈ 𝐵
and 𝑏𝑛𝜉 ≠ 0. Suppose 𝑛 > 0, we seek a contradiction. Using the relation
𝑔𝑣′ = (𝑣′ + 2𝑢)𝑔 and the fact that 𝑔 commutes with 𝑏𝑖, we compute
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0 = (𝑔 − 1)𝑤 =
𝑛∑

𝑖=1

(
(𝑣′ + 2𝑢)𝑖 − 𝑣′𝑖

)
𝑏𝑖𝜉

=
𝑛∑

𝑖=1

𝑖∑

𝑗=1

(𝑖
𝑗

)
𝑣′𝑖−𝑗(2𝑢)𝑗𝑏𝑖𝜉 = 𝑛𝑣′𝑛−1(2𝑢)𝑏𝑛𝜉 +⋯ .

(15)

Repeating this process, we obtain 0 = (𝑔 − 1)𝑛𝑤 = 𝑛!(2𝑢)𝑛𝑏𝑛𝜉. Since 𝑢 acts
injectively on𝑀, it follows that 𝑏𝑛𝜉 = 0, which leads to a contradiction. This
proves that Sing(𝑀) is a simple 𝐵-module. Furthermore, since 𝑢 ∈ 𝐵 acts in-
jectively on Sing(𝑀), it follows that Sing(𝑀) is infinite-dimensional.
Conversely, assume that Sing(𝑀) is a simple infinite-dimensional 𝐵-module,

then 𝑢 acts injectively on Sing(𝑀). Let 𝑁 be a nonzero submodule of 𝑀. We
claim that 𝑁 ∩ Sing(𝑀) ≠ 0. In fact, since𝑀 is generated by a singular Whit-
taker vector 𝜉, as above we have 𝑀 = 𝒟𝜉 = ∑

𝑖∈ℕ 𝑣
′𝑖𝐵𝜉. Let 𝑤 be a nonzero

element in 𝑁, we can express 𝑤 = ∑𝑛
𝑖=0 𝑣

′𝑖𝑏𝑖𝜉, where 𝑏𝑖 ∈ 𝐵 and 𝑏𝑛𝜉 ≠ 0. If
𝑛 = 0 then 𝑤 = 𝑏0𝜉 ∈ Sing(𝑀). If 𝑛 > 0, then as calculated in (15), we obtain
(𝑔−1)𝑛𝑤 = 𝑛!(2𝑢)𝑛𝑏𝑛𝜉 is a nonzero element in Sing(𝑀), since 𝑢 acts injectively
on Sing(𝑀). This proves that 𝑁 ∩ Sing(𝑀) ≠ 0. Consequently, Sing(𝑀) ⊆ 𝑁,
since Sing(𝑀) is a simple 𝐵-module. This implies that𝑀 ⊆ 𝑁, since𝑀 is gen-
erated by Sing(𝑀). Therefore, we have 𝑁 = 𝑀, proving that𝑀 is simple. It re-
mains to show that𝑀 is not a weight module. Suppose, for contradiction, that
𝑀 is a weight module. Then𝑀 is an epimorphic image of the Verma module
𝑀(𝜆, 1) ∶= 𝒟∕𝒟(ℎ−𝜆, 𝑥, 𝑦, 𝑔−1) for some 𝜆 ∈ 𝕜. By [Lu, Proposition 3.2(2)],
the unique simple quotient of𝑀(𝜆, 1) is annihilated by the ideal ⟨𝑥, 𝑔 − 1, 𝑢⟩
of𝒟. This implies that 𝑢 annihilates Sing(𝑀), leads to a contradiction. □

Let 𝑀 be an infinite-dimensional simple 𝐵-module, which is regarded as a
Γ-module via (14). Define the induced module

𝑀† ∶= 𝒟⊗Γ 𝑀.
For any 𝜇 ∈ 𝕜∗, the module 𝑀𝜇 ∶= 𝐵∕𝐵(𝑢 − 𝜇) is an infinite-dimensional
simple 𝐵-module. It is easily seen that 𝑀†

𝜇 ≅ 𝒴0,1,𝜇; see (11) and (12). Thus,
by Lemma 3.6(1), 𝑀†

𝜇 is a simple singular Whittaker module with ann𝒟𝑀†
𝜇 =

𝔪+𝒟. The following lemma gives a classification of all simple singular Whit-
taker 𝒟-modules that are not weight modules, and shows that the annihilator
of any such module equals𝔪+𝒟.

Lemma 3.9. (1) If𝑀 is an infinite-dimensional simple 𝐵-module, then𝑀†

is a simple singular Whittaker 𝒟-module that is not a weight module.
Moreover, ann𝒟𝑀† = 𝔪+𝒟.

(2) If𝑊 is a simple singularWhittaker𝒟-module that is not aweightmodule,
then𝑊 ≅ 𝑀† for some infinite-dimensional simple 𝐵-module𝑀.

(3) If𝑀 and𝑀′ are infinite-dimensional simple 𝐵-modules, then𝑀† ≅ 𝑀′†

if and only if𝑀 ≅ 𝑀′.
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Proof. (1) Since𝒟 is a free right Γ-module and𝒟 = ⊕𝑖∈ℕ𝑣′𝑖Γ, it follows that

𝑀† =
⨁

𝑖∈ℕ
𝑣′𝑖 ⊗𝑀.

We claim that Sing(𝑀†) = 1⊗𝑀 ≅ 𝑀. Let 𝑤 be a nonzero singular Whittaker
vector in 𝑀†, which we can express as 𝑤 = ∑𝑛

𝑖=0 𝑣
′𝑖 ⊗ 𝜉𝑖, where 𝜉𝑖 ∈ 𝑀 and

𝜉𝑛 ≠ 0. Note that 𝑢 ∈ 𝐵 acts injectively on𝑀, since𝑀 is infinite-dimensional.
Suppose that 𝑛 > 0, then as calculated in (15), we have

0 = (𝑔 − 1)𝑤 =
𝑛∑

𝑖=1

𝑖∑

𝑗=1
𝑣′𝑖−𝑗 ⊗

(𝑖
𝑗

)
(2𝑢)𝑗𝜉𝑖 = 𝑣′𝑛−1 ⊗ 𝑛(2𝑢)𝜉𝑛 +⋯ .

This is a contradiction, since 𝑛(2𝑢)𝜉𝑛 ≠ 0. Therefore, Sing(𝑀†) = 1⊗𝑀. Then
we conclude from Proposition 3.8(2) that 𝑀† is a simple singular Whittaker
module that is not aweightmodule. Next, for any nonzero element𝑤 = 1⊗𝜉 ∈
1 ⊗ 𝑀, we have 𝑞𝑤 = 4𝑤 and 𝑠𝑤 = −4𝑤. It follows that (𝑧 − 16)𝑤 = 0,
(𝜔 + 16)𝑤 = 0 and (𝜃 − 16)𝑤 = 0. Since 𝑀† is generated by 𝑤, we have
𝔪+𝒟 ⊆ ann𝒟𝑀†. Suppose, for contradiction, that ann𝒟𝑀† strictly contains
𝔪+𝒟. Then by [BS, Theorem 4.4(v)], it must hold that ⟨𝑥, 𝑔−1, 𝑢⟩ ⊆ ann𝒟𝑀†.
In particular, this would imply 𝑢 annihilates𝑀, contradicting the injectivity of
𝑢 on𝑀. Hence, ann𝒟𝑀† = 𝔪+𝒟.
(2) By Proposition 3.8(2), 𝑀 ∶= Sing(𝑊) is an infinite-dimensional simple

𝐵-module. Then from statement (1) it follows that𝑀† is a simple singularWhit-
taker module. The following map 𝜚 ∶ 𝑀† → 𝑊,

∑𝑣′𝑖 ⊗ 𝜉𝑖 ↦
∑𝑣′𝑖𝜉𝑖, where

𝜉𝑖 ∈ 𝑀, defines a homomorphism of 𝒟-modules. Since both 𝑀† and 𝑊 are
simple modules, 𝜚 is an isomorphism.
(3) Suppose that 𝜑 ∶ 𝑀† → 𝑀′† is an isomorphism of 𝒟-modules. Then

𝜑 preserves singular Whittaker vectors, and hence restricts to an isomorphism
1 ⊗𝑀 → 1⊗𝑀′. Identifying 1 ⊗𝑀 and 1 ⊗𝑀′ with𝑀 and𝑀′, respectively,
we obtain an isomorphism of 𝐵-modules𝑀 ≅ 𝑀′. The converse is immediate:
an isomorphism𝑀 ≅ 𝑀′ induces an isomorphism𝑀† ≅ 𝑀′†. □

3.7. Classification of simple Whittaker modules of type (𝟎, 𝟎). The fol-
lowing theoremgives a classification of simpleWhittakermodules of type (0, 0).

Theorem 3.10. The set of isomorphism classes of simple Whittaker 𝒟-modules
of type (0, 0) is given by

𝒟̂(Whittaker-(0, 0)) =
{
[𝑌0,𝛽,𝛾] ∣ 1 ≠ 𝛽 ∈ 𝕜∗, 𝛾 ∈ 𝕜

}

∪
{
[𝑀†] ∣ [𝑀] ∈ 𝐵(inf . dim.)

}
∪ 𝒰(highestweight).

Proof. By Lemma 3.3, the modules 𝑌0,𝛽,𝛾 for 1 ≠ 𝛽 ∈ 𝕜∗ and 𝛾 ∈ 𝕜 are sim-
ple Whittaker modules of type (0, 0). It follows from Lemma 3.9(1) that 𝑀†

is a simple Whittaker module of type (0, 0) for any infinite-dimensional sim-
ple 𝐵-modules. Clearly, any simple highest weight 𝒰-module is a Whittaker
𝒟-module of type (0, 0).
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Conversely, let 𝑊 be a simple Whittaker 𝒟-module of type (0, 0). Then by
Lemma 3.2,𝑊 is an epimorphic image of𝑌0,𝛽 for some 𝛽 ∈ 𝕜∗. If 𝛽 ≠ 1, then by
Lemma 3.3,𝑊 is isomorphic to 𝑌0,𝛽,𝛾 for some 𝛾 ∈ 𝕜. Suppose now that 𝛽 = 1.
Then there is a Whittaker vector 𝜉 ∈ 𝑊 of type (0, 0) such that (𝑔 − 1)𝜉 = 0,
i.e., 𝜉 is a singular Whittaker vector. Thus, 𝑊 is a simple singular Whittaker
module. If𝑊 is not a weight module, then by Lemma 3.9(2),𝑊 is isomorphic
to𝑀† for some infinite-dimensional simple𝐵-module. If𝑊 is aweightmodule,
then 𝑀 is an epimorphic image of the Verma module 𝑀(𝜆, 1) = 𝒟∕𝒟(ℎ −
𝜆, 𝑥, 𝑦, 𝑔 − 1) for some 𝜆 ∈ 𝕜. By [Lu, Proposition 3.2(2)], the unique simple
quotient of𝑀(𝜆, 1) is annihilated by the ideal ⟨𝑥, 𝑔 − 1, 𝑢⟩ of𝒟. Therefore,𝑊
is a simple highest weight 𝒰-module. This completes the proof. □

Remark 3.11. As noted in Remark 3.4, for 𝛽 ∈ 𝕜∗ with 𝛽 ≠ 1, the module 𝑌0,𝛽,𝛾
is isomorphic to a simple reduced Verma 𝒟-module. According to [Lu, Theo-
rem 3.3], the set {[𝑌0,𝛽,𝛾] ∣ 1 ≠ 𝛽 ∈ 𝕜∗, 𝛾 ∈ 𝕜} ∪ 𝒰(highestweight) comprises
all isomorphism classes of simple highest weight 𝒟-modules. Combining this
with Theorem 3.10, we have

𝒟̂(Whittaker-(0, 0)) =
{
[𝑀†] ∣ [𝑀] ∈ 𝐵(inf . dim.)

}
∪ 𝒟̂(highestweight).

Theorem 3.7 and Theorem 3.10 give a complete classification of simple Whit-
taker𝒟-modules.

Remark 3.12. The annihilators of all simpleWhittaker𝒟-modules of type (0, 0)
have been explicitly determined. In particular, Lemma 3.3 describes the anni-
hilator of𝑌0,𝛽,𝛾, while Lemma 3.9 shows that ann𝒟𝑀† = 𝔪+𝒟 for any infinite-
dimensional simple 𝐵-module𝑀. It is a classical result that all primitive ideals
of 𝒰 arise as annihilators of simple highest weight 𝒰-modules. In light of the
classification of primitive ideals of 𝒟 in [BS, Theorem 1.1], it follows that ev-
ery primitive ideal of 𝒟 arises as the annihilator of a simple Whittaker mod-
ules of type (0, 0). In other words, the map 𝒟̂(Whittaker-(0, 0)) ↠ Prim(𝒟),
[𝑀] ↦ ann𝒟𝑀, is surjective.

4. TwistedWhittaker modules
In this section, we introduce and study twisted Whittaker modules over 𝒟.

This class of non-weight modules encompasses all Whittaker modules as spe-
cial cases. We provide a classification of simple twisted Whittaker 𝒟-modules
and explicitly determine their annihilators.

4.1. Twisted Whittaker modules and local finiteness. Recall that 𝑣′ =
ℎ𝑢−2𝑣. We now introduce the element 𝑦′ ∶= ℎ𝑥+2𝑦. As noted in [Lu], replac-
ing the generators 𝑦 and 𝑣 with 𝑦′ and 𝑣′, respectively, yields a more symmetric
presentation of𝒟. Applying the automorphism 𝜏 (see (1)), we obtain 𝜏(𝑦′) = 𝑣′
and 𝜏(𝑣′) = 𝑦′. The newgenerators satisfy the following commutation relations

[𝑦′, 𝑥] = 0, [𝑣′, 𝑢] = 0, 𝑔𝑣′ = (𝑣′ + 2𝑢)𝑔, 𝑔𝑦′ = (𝑦′ + 2𝑥)𝑔.
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Furthermore, applying 𝜏 to the identity (8) yields that, for all 𝑛 ≥ 1,

[𝑢, 𝑦′𝑛] =
𝑛∑

𝑖=1

(𝑛
𝑖

)
𝑥𝑖−1𝑦′𝑛−𝑖(𝑞 − 2𝑖+1𝑔). (16)

Define the subalgebras 𝒟<0 ∶= 𝕜[𝑢, 𝑣′], 𝒟0 ∶= 𝕜[𝑔±1, ℎ], and 𝒟>0 ∶=
𝕜[𝑥, 𝑦′]. Then𝒟 admits the following triangular decomposition:

𝒟 = 𝒟<0 ⊗𝒟0 ⊗𝒟>0. (17)

Moreover, the automorphism 𝜏 interchanges the subalgebras 𝒟<0 and 𝒟>0,
while leaving𝒟0 fixed.
An algebra homomorphism 𝜂 ∶ 𝒟>0 → 𝕜 is called a character of𝒟>0. Since

𝒟>0 is a polynomial algebra, the set of characters of 𝒟 is in bijection with 𝕜2.
Let 𝜂 be a character of 𝒟>0 determined by 𝜂(𝑥) = 𝛼 and 𝜂(𝑦′) = 𝛽, where
𝛼, 𝛽 ∈ 𝕜, and let 𝑀 be a 𝒟-module. An element 𝑤 ∈ 𝑀 is called a twisted
Whittaker vector of type (𝛼, 𝛽) if 𝑥𝑤 = 𝛼𝑤 and 𝑦′𝑤 = 𝛽𝑤. We say that𝑀 is a
twistedWhittaker module of type (𝛼, 𝛽) if it is generated by a twistedWhittaker
vector of type (𝛼, 𝛽).

Lemma 4.1. Let𝑀 be a simple𝒟-module. If𝑀 is𝒟>0-locally finite then𝑀 is a
twisted Whittaker module.

Proof. Let𝑤0 ∈ 𝑀 be a nonzero vector. Then there exists a finite-dimensional
𝒟>0-submodule𝑁 ⊆ 𝑀 such that 𝑤0 ∈ 𝑁. Since 𝑥 and 𝑦′ commute, they have
a common eigenvector 𝑤 ∈ 𝑁. Thus, 𝑤 is a twisted Whittaker vector. Since𝑀
is simple, we have𝑀 = 𝒟𝑤, and hence𝑀 is a twisted Whittaker module. □

Let𝑀 be a twistedWhittakermodule generated by a twistedWhittaker vector
𝑤 ∈ 𝑀 of type (𝛼, 𝛽). If 𝛼 = 0, then 𝑥𝑤 = 0 and 𝑦′𝑤 = 𝛽𝑤. It follows
that 𝑦𝑤 = 1

2
(𝑦′ − ℎ𝑥)𝑤 = 1

2
𝛽𝑤. Thus, 𝑤 is a Whittaker vector, and 𝑀 is a

Whittakermodule. Since a classification of simpleWhittakermodules has been
established in the previous section, we will henceforth assume that 𝛼 ≠ 0.

4.2. The universal twistedWhittakermodule𝑻𝜶,𝜷 . For 𝛼 ∈ 𝕜∗ and 𝛽 ∈ 𝕜,
define

𝑇𝛼,𝛽 ∶= 𝒟∕𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽).
The module 𝑇𝛼,𝛽 satisfies the following universal property: If 𝑀 is a twisted
Whittaker 𝒟-module of type (𝛼, 𝛽), then 𝑀 is an epimorphic image of 𝑇𝛼,𝛽 .
In analogy with Verma modules in Lie theory, 𝑇𝛼,𝛽 serves as a standard object
fromwhich all simple twistedWhittakermodules of type (𝛼, 𝛽) are obtained via
quotienting. Let 1̄ = 1+𝒟(𝑥−𝛼, 𝑦′−𝛽) denote the canonical generator of 𝑇𝛼,𝛽 .
In view of the triangular decomposition (17), it follows that 𝑇𝛼,𝛽 is isomorphic,
as a vector space, to the tensor product𝒟<0 ⊗𝒟0. Moreover, we have

𝑇𝛼,𝛽 =
⨁

𝑖∈ℤ, 𝑗,𝑘,𝓁∈ℕ
𝕜𝑔𝑖ℎ𝑗𝑢𝑘𝑣′𝓁 1̄. (18)
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Note that the element 𝑠 (see (2)) can be expressed as

𝑠 = −12𝑣
′𝑥 + 1

2𝑢𝑦
′ − 3

2𝑢𝑥 −
1
2ℎ𝑢𝑥 + ℎ(𝑔 − 1) − 𝑔 − 3. (19)

From the expression of 𝑞 given in (2), we obtain 𝑞 1̄ = (𝛼𝑢 + 2(1 + 𝑔)) 1̄. Since
𝛼 ∈ 𝕜∗, it follows that

𝑢 1̄ = 𝛼−1(𝑞 − 2𝑔 − 2) 1̄. (20)
Using the expression for 𝑠 in (19), we obtain

𝑠 1̄ = −12𝛼𝑣
′ 1̄ − 1

2(3𝛼 − 𝛽)𝑢 1̄ − 1
2𝛼ℎ𝑢 1̄ + (ℎ(𝑔 − 1) − 𝑔 − 3) 1̄.

Substituting (20) into this expression yields,

𝑣′ 1̄ = −2𝛼−1𝑠 1̄−𝛼−2(3𝛼−𝛽+𝛼ℎ)(𝑞−2𝑔−2) 1̄+2𝛼−1(ℎ(𝑔−1)−𝑔−3) 1̄. (21)
Since 𝛼 ∈ 𝕜∗, it follows from (18), (20), and (21) that the elements 𝑔𝑖ℎ𝑗𝑞𝑘𝑠𝓁 1̄
(𝑖 ∈ ℤ, 𝑗, 𝑘, 𝓁 ∈ ℕ) span 𝑇𝛼,𝛽 . Hence,

𝑇𝛼,𝛽 = 𝕜[𝑔±1, ℎ, 𝑞, 𝑠] 1̄. (22)

4.3. Some simple twisted Whittaker modules. In this subsection, we in-
troduce four families of simple twistedWhittaker𝒟-modules. As we will show
later in Theorem 4.6, every simple twisted Whittaker module of type (𝛼, 𝛽),
where 𝛼 ∈ 𝕜∗, is isomorphic to one of these modules.
To begin, for 𝛼 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, define

𝑊(𝛼, 𝛽) ∶= 𝒟∕𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝑞, 𝑠).
This is clearly a twisted Whittaker module of type (𝛼, 𝛽). Since the elements 𝑞
and 𝑠 are normal in 𝒟, it follows that 𝑞𝑇𝛼,𝛽 and 𝑠𝑇𝛼,𝛽 are submodules of 𝑇𝛼,𝛽 .
Consequently, wehave an isomorphismof𝒟-modules:𝑊(𝛼, 𝛽) ≅ 𝑇𝛼,𝛽∕(𝑞𝑇𝛼,𝛽+
𝑠𝑇𝛼,𝛽). Let 𝟏̄ = 1 + 𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝑞, 𝑠) denote the canonical generator of
𝑊(𝛼, 𝛽). Then𝑊(𝛼, 𝛽) is spanned by the elements 𝑔𝑖ℎ𝑗 𝟏̄ (𝑖 ∈ ℤ, 𝑗 ∈ ℕ). The
following proposition establishes the simplicity of𝑊(𝛼, 𝛽) and determines its
annihilator.

Proposition 4.2. For any 𝛼 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, the module𝑊(𝛼, 𝛽) is simple, and
ann𝒟𝑊(𝛼, 𝛽) = 𝑞𝒟 + 𝑠𝒟.

Moreover, for 𝛼, 𝛼′ ∈ 𝕜∗ and 𝛽, 𝛽′ ∈ 𝕜, we have𝑊(𝛼, 𝛽) ≅ 𝑊(𝛼′, 𝛽′) if and only
if 𝛼′ = 𝛼, and 𝛽′ = 𝛽 − 2𝑖𝛼 for some 𝑖 ∈ ℤ.
Proof. Let𝑀 be a nonzero submodule of𝑊(𝛼, 𝛽), and let𝑤 ∈ 𝑀 be a nonzero
element in 𝑀. We can write 𝑤 = ∑𝑛

𝑖=0 𝛾𝑖(𝑔)ℎ
𝑖 𝟏̄, where 𝛾𝑖(𝑔) ∈ 𝕜[𝑔±1] and

𝛾𝑛(𝑔) ≠ 0. If 𝑛 > 0 then

(𝑥 − 𝛼)𝑤 = 𝛼
𝑛∑

𝑖=1

𝑖∑

𝑘=1
𝛾𝑖(𝑔)

( 𝑖
𝑘

)
(−1)𝑘ℎ𝑖−𝑘 𝟏̄. (23)

Repeated application of (𝑥 − 𝛼) successively lowers the ℎ-degree. Hence, we
eventually obtain an element 𝑤′ = 𝛾(𝑔) 𝟏̄ ∈ 𝑀, for some nonzero polynomial
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𝛾(𝑔) ∈ 𝕜[𝑔±1]. Write𝑤′ = ∑𝑛
𝑖=−𝑚 𝑐𝑖𝑔

𝑖 𝟏̄, where 𝑐𝑖 ∈ 𝕜. Since 𝑦′𝑔𝑖 = 𝑔𝑖(𝑦′−2𝑖𝑥),
the terms 𝑔𝑖 𝟏̄ are eigenvectors for 𝑦′ with distinct eigenvalues: 𝑦′𝑔𝑖 𝟏̄ = (𝛽 −
2𝑖𝛼)𝑔𝑖 𝟏̄. Thus, the summands of 𝑤′ are linearly independent, and some 𝑔𝑖 𝟏̄ ∈
𝑀. It follows that 𝟏̄ ∈ 𝑀, so𝑀 = 𝑊(𝛼, 𝛽). This proves that𝑊(𝛼, 𝛽) is simple.
For the annihilator, it is clear that 𝑃0 ∶= 𝑞𝒟 + 𝑠𝒟 ⊆ ann𝒟𝑊(𝛼, 𝛽). This must
be an equality, since 𝑃0 is a maximal ideal of𝒟 by [BS, Theorem 4.13].
We next prove the isomorphism criterion. Observe that 𝑔𝑖 𝟏̄ is a twistedWhit-

taker vector of type (𝛼, 𝛽−2𝑖𝛼). Since𝑊(𝛼, 𝛽) is simple, 𝑔𝑖𝟏̄ generates thewhole
module. Hence𝑊(𝛼, 𝛽) ≅ 𝑊(𝛼, 𝛽 − 2𝑖𝛼) for every 𝑖 ∈ ℤ..
Conversely, suppose that 𝜑 ∶ 𝑊(𝛼, 𝛽) → 𝑊(𝛼′, 𝛽′) is an isomorphism of

𝒟-modules. By (23), the element 𝑥 − 𝛼 acts locally nilpotently on 𝑊(𝛼, 𝛽).
Similarly, 𝑥 − 𝛼′ acts locally nilpotently on𝑊(𝛼′, 𝛽′). On the other hand, via
𝜑, the operator 𝑥 − 𝛼 is locally nilpotent on 𝑊(𝛼′, 𝛽′). Hence, the element
(𝑥−𝛼)−(𝑥−𝛼′) = 𝛼′−𝛼 acts locally nilpotently on themodule𝑊(𝛼′, 𝛽′). Thus
𝛼′ = 𝛼. Now set𝑊 ∶= 𝑊(𝛼, 𝛽). By (23), ker𝑊(𝑥 − 𝛼) = 𝕜[𝑔±1]𝟏̄. The inverse
image under 𝜑 of the canonical generator of𝑊(𝛼, 𝛽′) belongs to ker𝑊(𝑥 − 𝛼)
and is an eigenvector of 𝑦′ with eigenvalue 𝛽′. Since 𝑦′𝑔𝑖 𝟏̄ = (𝛽 − 2𝑖𝛼)𝑔𝑖 𝟏̄, the
eigenspaces of 𝑦′ in ker𝑊(𝑥 − 𝛼) are precisely the spaces spanned by 𝑔𝑖𝟏̄, with
eigenvalues 𝛽 − 2𝑖𝛼. Therefore, 𝛽′ = 𝛽 − 2𝑖𝛼 for some 𝑖 ∈ ℤ. □

Next, recall that 𝜃 = 𝑠2𝑔−1 is central in𝒟. For 𝛼, 𝛾 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, define
𝑄(𝛼, 𝛽, 𝛾) ∶= 𝒟∕𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝑞, 𝜃 − 𝛾).

This is a twisted Whittaker module of type (𝛼, 𝛽). By construction, it is isomor-
phic to the quotient module 𝑇𝛼,𝛽∕(𝑞𝑇𝛼,𝛽 + (𝜃 − 𝛾)𝑇𝛼,𝛽). The following proposi-
tion proves that 𝑄(𝛼, 𝛽, 𝛾) is simple and determines its annihilator.

Proposition 4.3. For any 𝛼, 𝛾 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, the module 𝑄(𝛼, 𝛽, 𝛾) is simple,
and

ann𝒟𝑄(𝛼, 𝛽, 𝛾) = ⟨𝑞, 𝜃 − 𝛾⟩ = 𝔪(0,𝛾)𝒟.
Moreover, for 𝛼, 𝛼′ ∈ 𝕜∗, 𝛽, 𝛽′ ∈ 𝕜, and 𝛾, 𝛾′ ∈ 𝕜∗, we have 𝑄(𝛼, 𝛽, 𝛾) ≅
𝑄(𝛼′, 𝛽′, 𝛾′) if and only if 𝛼′ = 𝛼, 𝛽′ = 𝛽 − 𝑖𝛼 for some 𝑖 ∈ ℤ, and 𝛾′ = 𝛾.

Proof. Let 1̃ = 1 + 𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝑞, 𝜃 − 𝛾) be the canonical generator of
𝑄(𝛼, 𝛽, 𝛾). Then clearly, 𝑞 1̃ = 0 and 𝑠2 1̃ = 𝛾𝑔 1̃. From (22), it follows that

𝑄(𝛼, 𝛽, 𝛾) = 𝕜[𝑔±1, ℎ] 1̃ + 𝕜[𝑔±1, ℎ]𝑠 1̃.
Let 𝑁 be a nonzero submodule of 𝑄(𝛼, 𝛽, 𝛾), and let 𝑤 ∈ 𝑁 be a nonzero

element. Then we can write 𝑤 = ∑𝑛
𝑖=0 𝑐𝑖ℎ

𝑖 1̃, with 𝑐𝑖 ∈ Λ ∶= 𝕜[𝑔±1] + 𝕜[𝑔±1]𝑠
and 𝑐𝑛 ≠ 0. If 𝑛 > 0 then

(𝑥 − 𝛼)𝑤 = 𝛼
𝑛∑

𝑖=1

𝑖∑

𝑘=1
𝑐𝑖
( 𝑖
𝑘

)
(−1)𝑘ℎ𝑖−𝑘 1̃. (24)

Repeated application of this identity yields an element 𝑤′ = 𝑝 1̃ ∈ 𝑁 for some
nonzero𝑝 ∈ Λ. We canwrite𝑤′ = ∑𝜆𝑖𝑔𝑖 1̃+

∑𝜇𝑗𝑔𝑗𝑠 1̃, where 𝜆𝑖, 𝜇𝑗 ∈ 𝕜. Note
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that the nonzero terms of 𝑤′ are eigenvectors for 𝑦′ with distinct eigenvalues:
𝑦′𝑔𝑖 1̃ = (𝛽 − 2𝑖𝛼)𝑔𝑖 1̃, 𝑦′𝑔𝑗𝑠 1̃ = (𝛽 − (2𝑗 + 1)𝛼)𝑔𝑗𝑠 1̃. (25)

It follows that either 𝑔𝑖 1̃ ∈ 𝑁 for some 𝑖 ∈ ℤ, or 𝑔𝑗𝑠 1̃ ∈ 𝑁 for some 𝑗 ∈ ℤ.
Since 𝑔 is invertible, we conclude that either 1̃ ∈ 𝑁 or 𝑠 1̃ ∈ 𝑁. In the latter
case, since 𝑠2 1̃ = 𝛾𝑔 1̃ ∈ 𝑁, we also have 1̃ ∈ 𝑁. Hence𝑁 = 𝑄(𝛼, 𝛽, 𝛾), and the
module 𝑄(𝛼, 𝛽, 𝛾) is simple. It is clear that𝔪(0,𝛾)𝒟 ⊆ ann𝒟𝑄(𝛼, 𝛽, 𝛾). Equality
holds because𝔪(0,𝛾)𝒟 is a maximal ideal of𝒟 by [BS, Theorem 4.1(1)].
We next prove the isomorphism criterion. By (25), the vectors 𝑔𝑖 1̃ and 𝑔𝑗𝑠 1̃

are twistedWhittaker vectors of types (𝛼, 𝛽−2𝑖𝛼) and (𝛼, 𝛽−(2𝑗+1)𝛼), respec-
tively. Since the module is simple, each of these vectors generates 𝑄(𝛼, 𝛽, 𝛾).
Hence 𝑄(𝛼, 𝛽, 𝛾) ≅ 𝑄(𝛼, 𝛽 − 𝑖𝛼, 𝛾) for every 𝑖 ∈ ℤ.
Conversely, suppose that 𝜑 ∶ 𝑄(𝛼, 𝛽, 𝛾) → 𝑄(𝛼′, 𝛽′, 𝛾′) is an isomorphism of

𝒟-modules. Set 𝑄 ∶= 𝑄(𝛼, 𝛽, 𝛾) and 𝑄′ ∶= 𝑄(𝛼′, 𝛽′, 𝛾′). By (24), the element
𝑥 − 𝛼 acts locally nilpotently on 𝑄, while 𝑥 − 𝛼′ acts locally nilpotently on 𝑄′.
Via𝜑, the operator 𝑥−𝛼 is locally nilpotent on𝑄′. Therefore (𝑥−𝛼)−(𝑥−𝛼′) =
𝛼′−𝛼 is locally nilpotent on𝑄′. Hence 𝛼′ = 𝛼. Since isomorphic modules have
the same annihilator, ann𝒟𝑄 = ann𝒟𝑄′, and therefore 𝛾′ = 𝛾. Finally, by (24),
ker𝑄(𝑥 − 𝛼) = Λ1̃. The inverse image under 𝜑 of the canonical generator of 𝑄′

is a nonzero vector in ker𝑄(𝑥 − 𝛼) on which 𝑦′ acts by the scalar 𝛽′. By (25),
the eigenspaces of 𝑦′ in ker𝑄(𝑥 − 𝛼) are precisely the spaces spanned by 𝑔𝑖 1̃
and 𝑔𝑖𝑠 1̃ with eigenvalues 𝛽 − 2𝑖𝛼 and 𝛽 − (2𝑖 + 1)𝛼, respectively. Therefore,
𝛽′ = 𝛽 − 𝑖𝛼 for some 𝑖 ∈ ℤ. □

Recall that 𝑧 = 𝑞2𝑔−1 is central in𝒟. For 𝛼, 𝛾 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, define
𝑆(𝛼, 𝛽, 𝛾) ∶= 𝒟∕𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝑠, 𝑧 − 𝛾).

It is clear that 𝑆(𝛼, 𝛽, 𝛾) is a twistedWhittaker module of type (𝛼, 𝛽). Moreover,
there is an isomorphism of𝒟-modules: 𝑆(𝛼, 𝛽, 𝛾) ≅ 𝑇𝛼,𝛽∕(𝑠𝑇𝛼,𝛽 + (𝑧 − 𝛾)𝑇𝛼,𝛽).
The following proposition establishes the simplicity of 𝑆(𝛼, 𝛽, 𝛾) and describes
its annihilator.

Proposition 4.4. For any 𝛼, 𝛾 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, the module 𝑆(𝛼, 𝛽, 𝛾) is simple,
and ann𝒟𝑆(𝛼, 𝛽, 𝛾) = ⟨𝑠, 𝑧−𝛾⟩ = 𝔪𝛾𝒟. Moreover, for 𝛼, 𝛼′ ∈ 𝕜∗, 𝛽, 𝛽′ ∈ 𝕜, and
𝛾, 𝛾′ ∈ 𝕜∗, we have 𝑆(𝛼, 𝛽, 𝛾) ≅ 𝑆(𝛼′, 𝛽′, 𝛾′) if and only if 𝛼′ = 𝛼, 𝛽′ = 𝛽 − 𝑖𝛼 for
some 𝑖 ∈ ℤ, and 𝛾′ = 𝛾.

Proof. The argument is analogous to that of Proposition 4.3. We omit the de-
tails. □

Lastly, for 𝛼, 𝜇, 𝜈 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, define the module
𝐹(𝛼, 𝛽, 𝜇, 𝜈) ∶= 𝒟∕𝒟(𝑥 − 𝛼, 𝑦′ − 𝛽, 𝜔 − 𝜇, 𝜃 − 𝜈).

Recall that𝔪(𝜇,𝜈) = ⟨𝑧−𝜇2𝜈−1, 𝜔−𝜇, 𝜃−𝜈⟩ = ⟨𝜔−𝜇, 𝜃−𝜈⟩ is a maximal ideal
of the centre 𝑍(𝒟). Clearly, 𝐹(𝛼, 𝛽, 𝜇, 𝜈) is isomorphic to the quotient module
𝑇𝛼,𝛽∕𝔪(𝜇,𝜈)𝑇𝛼,𝛽 .
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Proposition 4.5. For any 𝛼, 𝜇, 𝜈 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, the module 𝐹(𝛼, 𝛽, 𝜇, 𝜈) is
simple, and

ann𝒟𝐹(𝛼, 𝛽, 𝜇, 𝜈) = 𝔪(𝜇,𝜈)𝒟.
Moreover, for 𝛼, 𝛼′ ∈ 𝕜∗, 𝛽, 𝛽′ ∈ 𝕜, 𝜇, 𝜇′, 𝜈, 𝜈′ ∈ 𝕜∗, we have 𝐹(𝛼, 𝛽, 𝜇, 𝜈) ≅
𝐹(𝛼′, 𝛽′, 𝜇′, 𝜈′) if and only if 𝛼′ = 𝛼, 𝛽′ = 𝛽 − 𝑖𝛼 for some 𝑖 ∈ ℤ, 𝜇′ = 𝜇, and
𝜈′ = 𝜈.
Proof. Let 𝟏̄ = 1+𝒟(𝑥−𝛼, 𝑦′−𝛽, 𝜔−𝜇, 𝜃−𝜈) be the canonical generator of the
module 𝐹 ∶= 𝐹(𝛼, 𝛽, 𝜇, 𝜈). Then 𝑞2 𝟏̄ = 𝜇2𝜈−1𝑔 𝟏̄, 𝑞𝑠 𝟏̄ = 𝜇𝑔 𝟏̄ and 𝑠2 𝟏̄ = 𝜈𝑔 𝟏̄.
Moreover, 𝜈𝑞𝟏̄ = 𝑞𝑠2𝑔−1 𝟏̄ = 𝑠𝑞𝑠𝑔−1 𝟏̄ = 𝜇𝑠 𝟏̄. From these identities and (22) it
follows that

𝐹 = 𝕜[𝑔±1, ℎ] 𝟏̄ + 𝕜[𝑔±1, ℎ]𝑠 𝟏̄.
Let𝑀 be a nonzero submodule of 𝐹, and let 𝑤 be a nonzero element in𝑀.

Then we can write 𝑤 = ∑𝑛
𝑖=0 𝑐𝑖ℎ

𝑖 𝟏̄, with 𝑐𝑖 ∈ Λ ∶= 𝕜[𝑔±1] + 𝕜[𝑔±1]𝑠, and
𝑐𝑛 ≠ 0. If 𝑛 > 0, repeated application of (𝑥 − 𝛼) (as in (24)) reduces the ℎ-
degree, eventually yielding an element 𝑤′ = 𝑝 𝟏̄ ∈ 𝑀 for some nonzero 𝑝 ∈
Λ. Write 𝑤′ = ∑𝜆𝑖𝑔𝑖 𝟏̄ +

∑𝛾𝑗𝑔𝑗𝑠 𝟏̄, where 𝜆𝑖, 𝛾𝑗 ∈ 𝕜. The nonzero terms
of 𝑤′ are 𝑦′-eigenvectors with distinct eigenvalues: 𝑦′𝑔𝑖 𝟏̄ = (𝛽 − 2𝑖𝛼)𝑔𝑖 𝟏̄ and
𝑦′𝑔𝑗𝑠 𝟏̄ = (𝛽 − (2𝑗 + 1)𝛼)𝑔𝑗𝑠 𝟏̄. Thus, either 𝑔𝑖 𝟏̄ ∈ 𝑀 for some 𝑖 ∈ ℤ, or
𝑔𝑗𝑠 𝟏̄ ∈ 𝑀 for some 𝑗 ∈ ℤ. Since 𝑔 is invertible, we conclude that either 𝟏̄ ∈ 𝑀
or 𝑠 𝟏̄ ∈ 𝑀. In the latter case, 𝑠2 𝟏̄ = 𝜈𝑔 𝟏̄ ∈ 𝑀, which again implies 𝟏̄ ∈ 𝑀.
Consequently,𝑀 = 𝐹, proving that𝐹 is simple. To determine the annihilator of
𝐹, note first that𝔪(𝜇,𝜈)𝒟 ⊆ ann𝒟𝐹 by construction. If (𝜇, 𝜈) ≠ (−16, 16), then
the ideal𝔪(𝜇,𝜈)𝒟 is maximal in𝒟 by [BS, Theorem 4.1(i)], and hence ann𝒟𝐹 =
𝔪(𝜇,𝜈)𝒟. Now assume (𝜇, 𝜈) = (−16, 16), and suppose for contradiction that
ann𝒟𝐹 strictly contains 𝔪(−16,16)𝒟 = 𝔪+𝒟. Then by [BS, Theorem 4.4(v)],
the primitive ideal ann𝒟𝐹 must contain the ideal ⟨𝑥, 𝑔 − 1, 𝑢⟩. However, by
construction 𝑥 does not annihilate 𝐹, since 𝑥 𝟏̄ = 𝛼 𝟏̄ ≠ 0. This contradiction
shows that the assumption ann𝒟𝐹 ⊋ 𝔪+𝒟 is false. Hence, ann𝒟𝐹 = 𝔪+𝒟.
It remains to prove the isomorphism criterion. The vectors 𝑔𝑖𝟏̄ and 𝑔𝑗𝑠𝟏̄ are

twistedWhittaker vectors of types (𝛼, 𝛽−2𝑖𝛼) and (𝛼, 𝛽−(2𝑗+1)𝛼), respectively.
Since 𝐹(𝛼, 𝛽, 𝜇, 𝜈) is simple, each of these vectors generates the whole module.
Hence 𝐹(𝛼, 𝛽, 𝜇, 𝜈) ≅ 𝐹(𝛼, 𝛽 − 𝑖𝛼, 𝜇, 𝜈) for every 𝑖 ∈ ℤ.
Conversely, suppose that 𝐹(𝛼, 𝛽, 𝜇, 𝜈) ≅ 𝐹(𝛼′, 𝛽′, 𝜇′, 𝜈′). As in Proposition

4.3, the local nilpotence of 𝑥 − 𝛼 and 𝑥 − 𝛼′ implies that 𝛼′ = 𝛼. The equality
of annihilators gives 𝜇′ = 𝜇 and 𝜈′ = 𝜈. Finally, comparing the 𝑦′-eigenvalues
of the vectors in ker𝐹(𝑥 − 𝛼), as in Proposition 4.3, yields 𝛽′ = 𝛽 − 𝑖𝛼 for some
𝑖 ∈ ℤ. □

4.4. Classification of simple twisted Whittaker modules. The following
theorem provides a classification of simple twisted Whittaker 𝒟-modules of
type (𝛼, 𝛽), where 𝛼 ∈ 𝕜∗ and 𝛽 ∈ 𝕜.
Theorem 4.6. Let 𝛼 ∈ 𝕜∗ and 𝛽 ∈ 𝕜, and let𝑀 be a 𝒟-module. Then𝑀 is a
simple twisted Whittaker module of type (𝛼, 𝛽) if and only if𝑀 is isomorphic to
one of the following modules:
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∙ 𝑊(𝛼, 𝛽);
∙ 𝑄(𝛼, 𝛽, 𝛾) where 𝛾 ∈ 𝕜∗;
∙ 𝑆(𝛼, 𝛽, 𝛾) where 𝛾 ∈ 𝕜∗;
∙ 𝐹(𝛼, 𝛽, 𝜇, 𝜈) where 𝜇, 𝜈 ∈ 𝕜∗.

Proof. It has been established in Propositions 4.2–4.5, respectively, that the
modules 𝑊(𝛼, 𝛽), 𝑄(𝛼, 𝛽, 𝛾) (where 𝛾 ∈ 𝕜∗), 𝑆(𝛼, 𝛽, 𝛾) (where 𝛾 ∈ 𝕜∗) and
𝐹(𝛼, 𝛽, 𝜇, 𝜈) (where 𝜇, 𝜈 ∈ 𝕜∗) are simple twisted Whittaker modules of type
(𝛼, 𝛽).
For the converse, let𝑀 be a simple twisted Whittaker module of type (𝛼, 𝛽).

Then𝑀 is isomorphic to a simple quotient of the universal module 𝑇𝛼,𝛽 . Since
both 𝑞 and 𝑠 are normal elements in𝒟, the kernels and images of the operators
𝑞, 𝑠 ∶ 𝑀 → 𝑀 are submodules of𝑀. We distinguish the following four cases:
Case (i): ker(𝑞) ≠ 0 and ker(𝑠) ≠ 0. Since 𝑀 is simple, we have ker(𝑞) =

ker(𝑠) = 𝑀, implying that𝑀 is annihilated by the ideal 𝑞𝒟+𝑠𝒟. Therefore,𝑀
is a quotient of the module𝑊(𝛼, 𝛽), which is simple by Proposition 4.2. Hence,
𝑀 ≅ 𝑊(𝛼, 𝛽).
Case (ii): ker(𝑞) ≠ 0 and ker(𝑠) = 0. Here, we have ker(𝑞) = 𝑀 and im(𝑠) =

𝑀. Thus,𝑀 is annihilated by 𝑞𝒟, and 𝑠 acts bijectively on𝑀. Since𝒟 satisfies
theNullstellensatz ([BS, Theorem4.3]), all central elements act on𝑀 by scalars.
In particular, the central element 𝜃 = 𝑠2𝑔−1 acts on𝑀 as a nonzero scalar 𝛾 ∈
𝕜∗. It follows that𝑀 is an epimorphic image of the module 𝑄(𝛼, 𝛽, 𝛾), which is
simple by Proposition 4.3. Therefore,𝑀 ≅ 𝑄(𝛼, 𝛽, 𝛾).
Case (iii): ker(𝑞) = 0 and ker(𝑠) ≠ 0. Since𝑀 is simple, we have im(𝑞) = 𝑀

and ker(𝑠) = 𝑀. Therefore, 𝑞 acts bijectively on 𝑀, and 𝑀 is annihilated by
𝑠𝒟. The central element 𝑧 = 𝑞2𝑔−1 thus acts on𝑀 as a nonzero scalar 𝛾 ∈ 𝕜∗.
Hence,𝑀 is a quotient of the module 𝑆(𝛼, 𝛽, 𝛾), which is simple by Proposition
4.4, implying𝑀 ≅ 𝑆(𝛼, 𝛽, 𝛾).
Case (iv): ker(𝑞) = 0 and ker(𝑠) = 0. In this case, we have im(𝑞) = 𝑀

and im(𝑠) = 𝑀. Thus, both 𝑞 and 𝑠 act bijectively on𝑀. The central elements
𝜔 = 𝑞𝑠𝑔−1 and 𝜃 = 𝑠2𝑔−1 act on 𝑀 as nonzero scalars 𝜇 and 𝜈, respectively.
Therefore,𝑀 is a quotient of themodule𝐹(𝛼, 𝛽, 𝜇, 𝜈), which is simple by Propo-
sition 4.5. It follows that𝑀 ≅ 𝐹(𝛼, 𝛽, 𝜇, 𝜈). □

Remark 4.7. Let𝑀 be a simple twistedWhittaker𝒟-module of type (𝛼, 𝛽)where
𝛼, 𝛽 ∈ 𝕜. If 𝛼 = 0, then𝑀 is in fact a Whittaker module of type (0, 1

2
𝛽), and a

classification of such modules is given in Section 3 (Theorem 3.7 and Theorem
3.10). On the other hand, if 𝛼 ∈ 𝕜∗, then Theorem 4.6 provides a complete
classification of simple twistedWhittaker modules of type (𝛼, 𝛽). In both cases,
the annihilator of each simple twisted Whittaker module has been determined
explicitly.
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5. Quasi-Whittaker modules
In this section, we classify all simple 𝒟-modules that are locally finite over

the polynomial subalgebra 𝕜[𝑥, 𝑢]. For each such module, we also explicitly
determine its annihilator.

5.1. Quasi-Whittaker modules and local finiteness. Define the subalge-
bra 𝒫 ∶= 𝕜[𝑥, 𝑢]. Let 𝜂 ∶ 𝒫 → 𝕜 be the algebra homomorphism determined
by 𝜂(𝑥) = 𝛼 and 𝜂(𝑢) = 𝛽, where 𝛼, 𝛽 ∈ 𝕜. Let𝑀 be a𝒟-module. An element
𝑤 ∈ 𝑀 is called a quasi-Whittaker vector of type (𝛼, 𝛽) if it satisfies 𝑥𝑤 = 𝛼𝑤
and 𝑢𝑤 = 𝛽𝑤. We say that𝑀 is a quasi-Whittaker module of type (𝛼, 𝛽) if it is
generated by a quasi-Whittaker vector of type (𝛼, 𝛽). The following lemma pro-
vides a characterization of simple quasi-Whittaker module in terms of a local
finiteness condition.

Lemma 5.1. Let𝑀 be a simple𝒟-module. Then𝑀 is locally finite as a𝒫-module
if and only if it is a quasi-Whittaker𝒟-module.

Proof. Suppose𝑀 is a locally finite 𝒫-module. Then, for any nonzero element
𝑤0 ∈ 𝑀, there exists a finite-dimensional 𝒫-submodule𝑁 ⊆ 𝑀 such that𝑤0 ∈
𝑁. Since 𝑥 and 𝑢 commute, they have a common eigenvector 𝑤 ∈ 𝑁. Since𝑀
is simple, we have𝑀 = 𝒟𝑤, showing that𝑀 is a quasi-Whittaker module.
Conversely, suppose 𝑀 is a quasi-Whittaker module generated by a quasi-

Whittaker vector 𝑤 of type (𝛼, 𝛽). Then for any 𝜉 ∈ 𝑀, we can write 𝜉 = 𝑑𝑤
for some 𝑑 ∈ 𝒟. Since the elements 𝑥 and 𝑢 act ad-locally nilpotently on 𝒟,
there exists 𝑛1, 𝑛2 ∈ ℕ such that ad𝑛1𝑥 (𝑑) = 0 and ad𝑛2𝑢 (𝑑) = 0. It follows that
(𝑥 − 𝛼)𝑛1𝜉 = (𝑥 − 𝛼)𝑛1𝑑𝑤 = ad𝑛1𝑥 (𝑑)𝑤 = 0, and similarly, (𝑢 − 𝛽)𝑛2𝜉 = (𝑢 −
𝛽)𝑛2𝑑𝑤 = ad𝑛2𝑢 (𝑑)𝑤 = 0. Therefore, the𝒫-submodule𝒫𝜉 is finite-dimensional,
and𝑀 is locally finite as a 𝒫-module. □

Let𝑀 be a quasi-Whittakermodule of type (𝛼, 𝛽). Then every nonzero quasi-
Whittaker vector 𝑤 ∈ 𝑀 must also be of type (𝛼, 𝛽). Indeed, suppose 𝑤 is a
quasi-Whittaker vector of type (𝛼′, 𝛽′), so that (𝑥−𝛼′)𝑤 = 0 and (𝑢−𝛽′)𝑤 = 0.
Since 𝑀 is a quasi-Whittaker module of type (𝛼, 𝛽), the operators 𝑥 − 𝛼 and
𝑢 − 𝛽 act locally nilpotently on𝑀. Hence, for the same 𝑤, there exists 𝑛 ∈ ℕ
such that (𝑥 − 𝛼)𝑛𝑤 = 0 and (𝑢 − 𝛽)𝑛𝑤 = 0. These two facts together imply
that the difference (𝑥 − 𝛼′) − (𝑥 − 𝛼) = 𝛼 − 𝛼′ must act nilpotently on 𝑤.
Since 𝑤 is nonzero, this forces 𝛼′ = 𝛼, and similarly 𝛽′ = 𝛽. Therefore, all
quasi-Whittaker vectors in𝑀 are necessarily of the same type (𝛼, 𝛽). Let𝒦(𝑀)
denote the set of all quasi-Whittaker vectors in𝑀. Then

𝒦(𝑀) = ker(𝑥 − 𝛼) ∩ ker(𝑢 − 𝛽).

Lemma 5.2. Let 𝑀 be a quasi-Whittaker 𝒟-module of type (𝛼, 𝛽). If 𝑁 is a
nonzero submodule of𝑀 then 𝑁 ∩ 𝒦(𝑀) ≠ 0. Furthermore, if dim𝒦(𝑀) = 1,
then𝑀 is a simple module.
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Proof. Let 𝜉 ∈ 𝑁 be a nonzero element. Since 𝑥 − 𝛼 and 𝑢 − 𝛽 act locally
nilpotently on 𝑀, the subspace 𝒫𝜉 is finite-dimensional. Since 𝑥 and 𝑢 com-
mute, they have a common eigenvector 𝑤 ∈ 𝒫𝜉 ⊆ 𝑁. Thus 𝑤 ∈ 𝑁 is a quasi-
Whittaker vector, and so 𝑁 ∩𝒦(𝑀) ≠ 0.
Suppose now dim𝒦(𝑀) = 1. Then for any nonzero element 𝑤 ∈ 𝒦(𝑀),

we have 𝒦(𝑀) = 𝕜𝑤. Note that 𝑀 = 𝒟𝑤, and any nonzero submodule
𝑁 ⊆ 𝑀 contains a nonzero quasi-Whittaker vector by the argument above.
Consequently, 𝑤 ∈ 𝑁, which implies 𝑁 = 𝑀. Therefore,𝑀 is simple. □

5.2. The quasi-Whittaker modules 𝑳𝜶,𝜷,𝜸 . For 𝛼, 𝛽 ∈ 𝕜 and 𝛾 ∈ 𝕜∗, define
𝐿𝛼,𝛽,𝛾 ∶= 𝒟∕𝐈𝛼,𝛽,𝛾, where 𝐈𝛼,𝛽,𝛾 = 𝒟(𝑥 − 𝛼, 𝑢 − 𝛽, 𝑔 − 𝛾).

This is clearly a quasi-Whittaker module of type (𝛼, 𝛽). Recall that
𝒪 = 𝕜[𝑔±1, 𝑥, 𝑢]

is a commutative Hopf subalgebra of𝒟. Thus any simple 𝒪-module is isomor-
phic to𝐾𝛼,𝛽,𝛾 ∶= 𝒪∕𝒪(𝑥−𝛼, 𝑢−𝛽, 𝑔−𝛾) for some 𝛼, 𝛽 ∈ 𝕜 and 𝛾 ∈ 𝕜∗. There
is an isomorphism of 𝒟-modules: 𝐿𝛼,𝛽,𝛾 ≅ 𝒟 ⊗𝒪 𝐾𝛼,𝛽,𝛾. Let 1̄ = 1 + 𝐈𝛼,𝛽,𝛾 be
the canonical generator of 𝐿𝛼,𝛽,𝛾. Then from the PBW basis of𝒟, the elements
ℎ𝑖𝑦𝑗𝑣𝑘 1̄ (𝑖, 𝑗, 𝑘 ∈ ℕ) form a basis of 𝐿𝛼,𝛽,𝛾. Since 𝑥 and 𝑢 commute with 𝑠, it is
evident that 𝕜[𝑠] 1̄ ⊆ 𝒦(𝐿𝛼,𝛽,𝛾).

Lemma 5.3. If 𝑀 is a simple quasi-Whittaker module of type (𝛼, 𝛽), then 𝑀 is
an epimorphic image of 𝐿𝛼,𝛽,𝛾 for some 𝛾 ∈ 𝕜∗.

Proof. Since 𝑀 is a quasi-Whittaker module, it is generated by a quasi-
Whittaker vector 𝑤 of type (𝛼, 𝛽). From the expression of 𝑞, we have 𝑞𝑤 =
(2(1+𝑔)+𝛼𝛽)𝑤. As the central element 𝑧 = 𝑞2𝑔−1 acts on𝑀 as scalar multipli-
cation by some 𝜇 ∈ 𝕜, it follows that 0 = (𝑧−𝜇)𝑤 = [(2(1+𝑔)+𝛼𝛽)2𝑔−1−𝜇]𝑤.
Since 𝕜 is algebraically closed, this implies that there exists a nonzero quasi-
Whittaker vector 𝜉 ∈ 𝑀 of type (𝛼, 𝛽) that is also an eigenvector of 𝑔, say
𝑔𝜉 = 𝛾𝜉 for some 𝛾 ∈ 𝕜∗. By the simplicity of 𝑀, we must have 𝑀 = 𝒟𝜉,
and hence𝑀 is an epimorphic image of the module 𝐿𝛼,𝛽,𝛾. □

Remark 5.4. To classify simple quasi-Whittaker modules, it suffices, by Lemma
5.3, to determine the simple quotients of 𝐿𝛼,𝛽,𝛾. Notice that when (𝛼, 𝛽, 𝛾) =
(0, 0, 1), the left ideal 𝐈0,0,1 is identical to the ideal ⟨𝑥, 𝑢, 𝑔 − 1⟩ by (4). Thus,
𝐿0,0,1 ≅ 𝒰, and any simple quotient of 𝐿0,0,1 is a simple 𝒰-module. In this
case, we have 𝑞 1̄ = 4 1̄, 𝑠 1̄ = −4 1̄, and the annihilator of 𝐿0,0,1 is given by
ann𝒟𝐿0,0,1 = 𝔪+𝒟. In the remainder of this section, we consider the case
where (𝛼, 𝛽, 𝛾) ≠ (0, 0, 1).

Let 𝛼, 𝛽, 𝜍 ∈ 𝕜 and 𝛾 ∈ 𝕜∗. If (𝛼, 𝛽, 𝛾) ≠ (0, 0, 1), we define
𝒱(𝛼, 𝛽, 𝛾, 𝜍) ∶= 𝒟∕𝐉𝛼,𝛽,𝛾,𝜍, where 𝐉𝛼,𝛽,𝛾,𝜍 ∶= 𝒟(𝑥 − 𝛼, 𝑢 − 𝛽, 𝑔 − 𝛾, 𝑠 − 𝜍).
This is clearly a quasi-Whittaker 𝒟-module of type (𝛼, 𝛽). Moreover, it is evi-
dent that𝒱(𝛼, 𝛽, 𝛾, 𝜍) is isomorphic to the quotientmodule 𝐿𝛼,𝛽,𝛾∕𝒟(𝑠−𝜍) 1̄. As
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noted in Remark 5.4, if (𝛼, 𝛽, 𝛾) = (0, 0, 1), then it must be that 𝜍 = −4; other-
wise, the module𝒱(0, 0, 1, 𝜍)would collapse to zero. The following proposition
shows that 𝒱(𝛼, 𝛽, 𝛾, 𝜍) is simple and also determines its annihilator. Further-
more, the module 𝒱(𝛼, 𝛽, 𝛾, 𝜍) is genuinely non-weight when (𝛼, 𝛽) ≠ (0, 0),
and weight when (𝛼, 𝛽) = (0, 0). Thus, in some sense weight and non-weight
𝒟-modules are rejoined in the family 𝒱(𝛼, 𝛽, 𝛾, 𝜍).
Proposition 5.5.

(1) If (𝛼, 𝛽) ≠ (0, 0), then for any 𝛾 ∈ 𝕜∗ and 𝜍 ∈ 𝕜, the module 𝒱(𝛼, 𝛽, 𝛾, 𝜍)
is simple. Moreover, define 𝑧̇ = (𝛼𝛽 + 2(1 + 𝛾))2𝛾−1, 𝜔̇ ∶= (𝛼𝛽 + 2(1 +
𝛾))𝜍𝛾−1, and 𝜃̇ ∶= 𝜍2𝛾−1. Then the annihilator of𝒱(𝛼, 𝛽, 𝛾, 𝜍) is given by

ann𝒟𝒱(𝛼, 𝛽, 𝛾, 𝜍) =
⎧

⎨
⎩

𝔪(𝜔̇,𝜃̇)𝒟, if 𝜍 ≠ 0,
𝔪𝑧̇𝒟, if 𝜍 = 0 and 𝛼𝛽 + 2(1 + 𝛾) ≠ 0,
𝑞𝒟 + 𝑠𝒟, if 𝜍 = 0 and 𝛼𝛽 + 2(1 + 𝛾) = 0.

(2) If (𝛼, 𝛽) = (0, 0) and 𝛾 ≠ 1, then 𝒱(0, 0, 𝛾, 𝜍) is a simple weight module,
and each of its weight spaces is infinite-dimensional. Moreover, define 𝑧̇ =
4(1 + 𝛾)2𝛾−1, 𝜔̇ ∶= 2(1 + 𝛾)𝜍𝛾−1, and 𝜃̇ ∶= 𝜍2𝛾−1. Then the annihilator
of 𝒱(0, 0, 𝛾, 𝜍) is given by

ann𝒟𝒱(0, 0, 𝛾, 𝜍) =
⎧

⎨
⎩

𝔪(𝜔̇,𝜃̇)𝒟, if 𝜍 ≠ 0,
𝔪𝑧̇𝒟, if 𝜍 = 0 and 𝛾 ≠ −1,
𝑞𝒟 + 𝑠𝒟, if 𝜍 = 0 and 𝛾 = −1.

(3) If𝛼, 𝛼′, 𝛽, 𝛽′, 𝜍, 𝜍′ ∈ 𝕜, and𝛾, 𝛾′ ∈ 𝕜∗, then𝒱(𝛼, 𝛽, 𝛾, 𝜍) ≅ 𝒱(𝛼′, 𝛽′, 𝛾′, 𝜍′)
if and only if 𝛼′ = 𝛼, 𝛽′ = 𝛽, 𝛾′ = 𝛾, and 𝜍′ = 𝜍.

Proof. (1) Let 1̃ ∶= 1+𝐉𝛼,𝛽,𝛾,𝜍 be the canonical generator of𝒱 ∶= 𝒱(𝛼, 𝛽, 𝛾, 𝜍).
Note that the element 𝑠 can alternatively be expressed as 𝑠 = 𝑣𝑥 − 𝑢𝑥 + 𝑦𝑢 +
(− 1

2
𝑢𝑥 + 𝑔 − 1)ℎ − 2(𝑔 + 1). It follows that

𝜍 1̃ = 𝑠 1̃ =
(
𝛼𝑣 + 𝛽𝑦 + (−12𝛼𝛽 + 𝛾 − 1)ℎ − 𝛼𝛽 − 2(𝛾 + 1)

)
1̃. (26)

Recall that 𝒱 ≅ 𝐿𝛼,𝛽,𝛾∕𝒟(𝑠 − 𝜍) 1̄, and the elements ℎ𝑖𝑦𝑗𝑣𝑘 1̄ (𝑖, 𝑗, 𝑘 ∈ ℕ) form
a basis of 𝐿𝛼,𝛽,𝛾.
If 𝛼 ∈ 𝕜∗, then from (26) it follows that 𝒱 is spanned by the elements ℎ𝑖𝑦𝑗 1̃

(𝑖, 𝑗 ∈ ℕ). Since 𝑦′ 1̃ = (𝛼ℎ + 2𝑦) 1̃, we also have 𝒱 = ∑
𝑖,𝑗∈ℕ 𝕜ℎ

𝑖𝑦′𝑗 1̃. Now, let
𝑁 be a nonzero submodule of 𝒱 , and let 𝑤 be a nonzero element in 𝑁. Write
𝑤 = ∑𝑛

𝑖=0 𝑐𝑖(ℎ)𝑦
′𝑖 1̃, where 𝑐𝑖(ℎ) ∈ 𝕜[ℎ] and 𝑐𝑛(ℎ) ≠ 0. Using the relation

𝑔𝑦′ = (𝑦′ + 2𝑥)𝑔, we deduce that, for 𝑛 > 0,

(𝑔 − 𝛾)𝑤 = 𝛾
𝑛∑

𝑖=1

𝑖∑

𝑘=1
𝑐𝑖(ℎ)

( 𝑖
𝑘

)
(2𝛼)𝑘𝑦′𝑖−𝑘 1̃.

Since 𝛼, 𝛾 ∈ 𝕜∗, repeated application of this identity yields an element 𝑤′ =
𝑐(ℎ) 1̃ ∈ 𝑁, where 𝑐(ℎ) ∈ 𝕜[ℎ] is nonzero. Write 𝑤′ = ∑𝑚

𝑖=0 𝑘𝑖ℎ
𝑖 1̃, where
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𝑘𝑖 ∈ 𝕜 and 𝑘𝑚 ≠ 0. If𝑚 > 0, then

(𝑥 − 𝛼)𝑤′ = 𝛼
𝑚∑

𝑖=1

𝑖∑

𝑗=1
𝑘𝑖
(𝑖
𝑗

)
(−1)𝑗ℎ𝑖−𝑗 1̃.

Applying this identity repeatedly, we eventually obtain 1̃ ∈ 𝑁. Thus, 𝑁 = 𝒱 ,
and so 𝒱 is simple.
If 𝛽 ∈ 𝕜∗, then from (26) it follows that 𝒱 is spanned by the elements ℎ𝑖𝑣𝑗 1̃

(𝑖, 𝑗 ∈ ℕ). Since 𝑣′ 1̃ = (𝛽ℎ − 2𝑣) 1̃, we also have 𝒱 = ∑
𝑖,𝑗∈ℕ ℎ

𝑖𝑣′𝑗 1̃. Now, let
𝑁 be a nonzero submodule of 𝒱 , and let 𝑤 be a nonzero element in 𝑁. Then
we can write 𝑤 = ∑𝑛

𝑖=0 𝑐𝑖(ℎ)𝑣
′𝑖 1̃, where 𝑐𝑖(ℎ) ∈ 𝕜[ℎ] and 𝑐𝑛(ℎ) ≠ 0. Using the

relation 𝑔𝑣′ = (𝑣′ + 2𝑢)𝑔, we deduce that if 𝑛 > 0 then

(𝑔 − 𝛾)𝑤 = 𝛾
𝑛∑

𝑖=1

𝑖∑

𝑘=1
𝑐𝑖(ℎ)

( 𝑖
𝑘

)
(2𝛽)𝑘𝑣′𝑖−𝑘 1̃.

Since 𝛽, 𝛾 ∈ 𝕜∗, repeated application of this identity yields an element 𝑤′ =
𝑐(ℎ) 1̃ ∈ 𝑁, where 𝑐(ℎ) ∈ 𝕜[ℎ] is nonzero. Write 𝑤′ = ∑𝑚

𝑖=0 𝑘𝑖ℎ
𝑖 1̃, where

𝑘𝑖 ∈ 𝕜 and 𝑘𝑚 ≠ 0. If𝑚 > 0, then

(𝑢 − 𝛽)𝑤′ = 𝛽
𝑚∑

𝑖=1

𝑖∑

𝑗=1
𝑘𝑖
(𝑖
𝑗

)
ℎ𝑖−𝑗 1̃.

Applying this identity repeatedly, we eventually obtain 1̃ ∈ 𝑁. Thus, 𝑁 = 𝒱 ,
and so 𝒱 is simple.
We now determine the annihilator of 𝒱 . Since 𝑞 1̃ = (𝛼𝛽 + 2(1 + 𝛾)) 1̃ and

𝑠 1̃ = 𝜍 1̃, it follows immediately that the ideal 𝔭 ∶= (𝑧 − 𝑧̇)𝒟 + (𝜔 − 𝜔̇)𝒟 +
(𝜃 − 𝜃̇)𝒟 is contained in ann𝒟𝒱 . We consider three cases: (i) If 𝜍 ≠ 0, then
𝜃̇ ≠ 0. If 𝔭 ≠ 𝔪+𝒟, then by [BS, Theorem 4.1(i)], the ideal 𝔭 = 𝔪(𝜔̇,𝜃̇)𝒟 is
maximal in 𝒟, and hence ann𝒟𝒱 = 𝔪(𝜔̇,𝜃̇)𝒟. Assume now that 𝔭 = 𝔪+𝒟
and suppose, for contradiction, that ann𝒟𝒱 ⊋ 𝔪+𝒟. Then by [BS, Theorem
4.4(v)], the primitive ideal ann𝒟𝒱 must contain ⟨𝑥, 𝑔 − 1, 𝑢⟩. However, by
construction, at least one of 𝑥 or 𝑢 does not annihilate 𝒱 , since (𝛼, 𝛽) ≠ (0, 0).
This contradiction shows that the assumption ann𝒟𝒱 ⊋ 𝔪+𝒟 is false. Hence,
ann𝒟𝒱 = 𝔪+𝒟. (ii) If 𝜍 = 0 and 𝛼𝛽 + 2(1 + 𝛾) ≠ 0, then 𝑧̇ ∈ 𝕜∗ and 𝜔̇ =
𝜃̇ = 0. By [BS, Theorem 4.1(i)], the ideal 𝔭 = 𝔪𝑧̇𝒟 is maximal in 𝒟, and
hence ann𝒟𝒱 = 𝔪𝑧̇𝒟. (iii) If 𝜍 = 0 and 𝛼𝛽 + 2(1 + 𝛾) = 0, then 𝑃0 = 𝑞𝒟+ 𝑠𝒟
annihilates𝒱 . By [BS, Theorem 4.13], the ideal 𝑃0 is maximal, and so ann𝒟𝒱 =
𝑃0.
(2) If (𝛼, 𝛽) = (0, 0) and 𝛾 ≠ 1, then from equation (26), we obtain ℎ 1̃ = 𝜆 1̃

where 𝜆 ∶= 2(𝛾+1)+𝜍
𝛾−1

. This implies that the left ideal𝒟(𝑥, 𝑢, 𝑔 − 𝛾, 𝑠 − 𝜍) coin-
cides with 𝒟(𝑥, 𝑢, 𝑔 − 𝛾, ℎ − 𝜆). Therefore, the module 𝒱 ∶= 𝒱(0, 0, 𝛾, 𝜍) =
𝒟∕𝒟(𝑥, 𝑢, 𝑔 − 𝛾, ℎ − 𝜆) is a weight module. From the PBW basis of 𝒟, it fol-
lows that𝒱 = ⊕𝑖,𝑗∈ℕ𝕜𝑦𝑖𝑣𝑗 1̃, so each weight space of𝒱 is infinite-dimensional.
Moreover, we also have the alternative basis 𝒱 = ⊕𝑖,𝑗∈ℕ𝕜𝑦′𝑖𝑣′𝑗 1̃. Let 𝑁 be a
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nonzero submodule of 𝒱 , and let 𝑤 be a nonzero element in 𝑁. We can write
𝑤 = ∑𝑛

𝑖=0 𝑐𝑖(𝑦
′)𝑣′𝑖 1̃, where 𝑐𝑖(𝑦′) ∈ 𝕜[𝑦′] and 𝑐𝑛(𝑦′) ≠ 0. If 𝑛 > 0, then using

the relations [𝑥, 𝑦′] = 0 and [𝑢, 𝑣′] = 0, together with identity (8), we compute

𝑥𝑤 =
𝑛∑

𝑖=1
𝑐𝑖(𝑦′)

𝑖∑

𝑘=1

( 𝑖
𝑘

)
𝑢𝑘−1𝑣′𝑖−𝑘(𝑞 − 2𝑘+1𝑔) 1̃ = 2(1 − 𝛾)

𝑛∑

𝑖=0
𝑖𝑐𝑖(𝑦′)𝑣′𝑖−1 1̃.

Since 𝛾 ≠ 1, repeated application of this identity yields an element𝑤′ = 𝑝(𝑦′) 1̃ ∈
𝑁, where𝑝(𝑦′) is a nonzero polynomial in𝕜[𝑦′]. We can express𝑤′ = ∑𝑚

𝑖=0 𝑐𝑖𝑦
′𝑖 1̃,

where 𝑐𝑖 ∈ 𝕜 and 𝑐𝑚 ≠ 0. Using the identity (16), we compute:

𝑢𝑤′ = 2(1 − 𝛾)
𝑚∑

𝑖=0
𝑖𝑐𝑖𝑦′𝑖−1 1̃.

Again, by repeated application, we obtain 1̃ ∈ 𝑁, implying that𝑁 = 𝒱 . Hence,
the module 𝒱 is simple. The annihilator of 𝒱 can be determined analogously
to the previous cases. Notably, 𝔪+𝒟 does not appear as the annihilator of
𝒱(0, 0, 𝛾, 𝜍).
(3) By [BS, Lemma 3.5(1)], the elements 𝑥 and 𝑢 act ad-locally nilpotently on

𝒟. Moreover, using the defining relations, one verifies that ad𝑔(𝑥) = ad𝑔(𝑢) =
ad𝑔(ℎ) = 0, ad2𝑔(𝑦) = 0, ad2𝑔(𝑣) = 0; and ad𝑠(𝑥) = ad𝑠(𝑢) = ad𝑠(𝑔) = ad𝑠(ℎ) =
0, ad2𝑠 (𝑦) = 0, ad2𝑠 (𝑣) = 0. Hence, by the Leibniz rule, the elements 𝑔 and 𝑠 also
act ad-locally nilpotently on𝒟.
Let 𝒱 = 𝒱(𝛼, 𝛽, 𝛾, 𝜍). Since 𝒱 is cyclically generated by 1̃, for any 𝑤 = 𝑑1̃

with 𝑑 ∈ 𝒟, ad-local nilpotence gives (𝑥−𝛼)𝑛𝑤 = ad𝑛𝑥(𝑑)1̃ = 0 for some 𝑛 ∈ ℕ.
The same argument applies to 𝑢−𝛽, 𝑔−𝛾, and 𝑠 − 𝜍. Thus these four elements
act locally nilpotently on 𝒱 .
Now suppose that 𝒱(𝛼, 𝛽, 𝛾, 𝜍) ≅ 𝒱(𝛼′, 𝛽′, 𝛾′, 𝜍′). Then, on 𝒱(𝛼′, 𝛽′, 𝛾′, 𝜍′),

both 𝑥 −𝛼 and 𝑥 −𝛼′ act locally nilpotently. Hence (𝑥 −𝛼)− (𝑥 −𝛼′) = 𝛼′−𝛼
is locally nilpotent, which implies 𝛼′ = 𝛼. Similarly, 𝛽′ = 𝛽, 𝛾′ = 𝛾, and
𝜍′ = 𝜍. □

5.3. Classification of simple quasi-Whittaker modules. We denote by
𝒟̂(qWh-(𝛼, 𝛽)) the set of isomorphism classes of simple quasi-Whittaker 𝒟-
modules of type (𝛼, 𝛽). The following theorem provides a classification of such
modules.

Theorem 5.6. Let𝑀 be a simple quasi-Whittaker𝒟-module of type (𝛼, 𝛽), where
(𝛼, 𝛽) ∈ 𝕜2.

(1) If (𝛼, 𝛽) ≠ (0, 0) then 𝑀 is isomorphic to 𝒱(𝛼, 𝛽, 𝛾, 𝜍) for some 𝛾 ∈ 𝕜∗
and 𝜍 ∈ 𝕜. Hence,

𝒟̂(qWh-(𝛼, 𝛽)) =
{
[𝒱(𝛼, 𝛽, 𝛾, 𝜍)] ∣ 𝛾 ∈ 𝕜∗, 𝜍 ∈ 𝕜

}
.

(2) If (𝛼, 𝛽) = (0, 0) then𝑀 is either isomorphic to 𝒱(0, 0, 𝛾, 𝜍) for some 𝛾 ∈
𝕜∗ ⧵ {1} and 𝜍 ∈ 𝕜, or isomorphic to a simple𝒰-module. Thus,
𝒟̂(qWh-(0, 0)) =

{
[𝒱(0, 0, 𝛾, 𝜍)] ∣ 𝛾 ∈ 𝕜∗ ⧵ {1}, 𝜍 ∈ 𝕜

}
∪ 𝒰.
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Proof. ByLemma5.3, themodule𝑀 is isomorphic to a simple quotient of𝐿𝛼,𝛽,𝛾
for some 𝛾 ∈ 𝕜∗. In particular,𝑀 is generated by a quasi-Whittaker vector 𝑤 of
type (𝛼, 𝛽) satisfying 𝑔𝑤 = 𝛾𝑤. Since the central element 𝜃 = 𝑠2𝑔−1 acts as a
scalar 𝜇 on𝑀, it follows that (𝑠2 − 𝜇𝛾)𝑤 = 0. As 𝕜 is algebraically closed, this
implies the existence of a quasi-Whittaker vector𝑤′ ∈ 𝑀 such that 𝑥𝑤′ = 𝛼𝑤′,
𝑢𝑤′ = 𝛽𝑤′, 𝑔𝑤′ = 𝛾𝑤′, and 𝑠𝑤′ = 𝜍𝑤′ for some 𝜍 ∈ 𝕜. Thus,𝑀 is a quotient of
𝒱(𝛼, 𝛽, 𝛾, 𝜍).
(1) If (𝛼, 𝛽) ≠ (0, 0), then by Proposition 5.5(1), the module 𝒱(𝛼, 𝛽, 𝛾, 𝜍) is

simple for all 𝛾 ∈ 𝕜∗ and 𝜍 ∈ 𝕜. Hence, we have𝑀 ≅ 𝒱(𝛼, 𝛽, 𝛾, 𝜍).
(2) If (𝛼, 𝛽) = (0, 0), we distinguish two cases: (i) If 𝛾 = 1, then since 𝑀 is

a simple quotient of 𝐿0,0,1, it follows from Remark 5.4 that 𝑀 is in fact a sim-
ple 𝒰-module. Conversely, any simple 𝒰-module naturally admits the struc-
ture of a simple quasi-Whittaker 𝒟-module of type (0, 0). (ii) If 𝛾 ≠ 1, then by
Proposition 5.5(2), the module 𝒱(0, 0, 𝛾, 𝜍) is simple for all 𝜍 ∈ 𝕜. Therefore,
𝑀 ≅ 𝒱(0, 0, 𝛾, 𝜍). □

Remark 5.7. A classification of simple𝒰-modules was obtained by Block in [Bl,
Corollary 5.5]. Let (𝛼, 𝛽) ∈ 𝕜2. When (𝛼, 𝛽) ≠ (0, 0), the family 𝒱(𝛼, 𝛽, 𝛾, 𝜍)
contains many simple modules whose annihilator is𝔪+𝒟. In contrast,𝔪+𝒟
does not appear as the annihilator of any 𝒱(0, 0, 𝛾, 𝜍) where 𝛾 ∈ 𝕜∗ ⧵ {1}. Note
that a simple quasi-Whittaker𝒟-module of type (𝛼, 𝛽) is a weight module only
when (𝛼, 𝛽) = (0, 0). In that case, it is either isomorphic to a module of the
form 𝒱(0, 0, 𝛾, 𝜍) with 𝛾 ∈ 𝕜∗ ⧵ {1} and 𝜍 ∈ 𝕜, or to a simple weight 𝒰-module.
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