
New York Journal of Mathematics
New York J. Math. 32 (2026) 1217–1235.

Reductions and cores of ideals in trivial ring
extensions over integral domains

S. Kabbaj and A. Mimouni

Abstract. This paper deals with reductions and core of ideals in commuta-
tive rings. We examine trivial ring extensions arising from integral domains,
particularly valuation and Prüfer domains. This study builds on previous
findings related to Prüfer domains and earlier work on trivial ring extensions
of special modules.
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1. Introduction
All rings considered in this paper are commutativewith identity. Let𝑅 be a ring,
and 𝐼 an ideal of 𝑅. An ideal 𝐽 is termed a reduction of 𝐼 if 𝐽 ⊆ 𝐼 and 𝐽𝐼𝑛 = 𝐼𝑛+1
for some integer𝑛 ≥ 1. An ideal lacking a proper reduction is termed basic. The
concept of reduction was introduced by Northcott and Rees to contribute to the
analytic theory of ideals in local Noetherian rings throughminimal reductions.
In the context of a local Noetherian ring (𝑅,𝑀), [29] asserts that a non-basic
ideal 𝐼 has at least one minimal reduction. If the residue field is infinite, a
reduction 𝐽 ⊆ 𝐼 of 𝐼 is minimal if and only if 𝜇(𝐽) = 𝑙(𝐼), where 𝜇(𝐽) denotes the
number of a minimal generating set of 𝐽, and 𝑙(𝐼) denotes the analytic spread
of 𝐼.
In [10, 11], Hays explored reductions of ideals in more general settings of

commutative rings, not necessarily local or Noetherian. He provided a new
characterization for the Prüfer condition, stating that a domain is Prüfer if and
only if all its finitely generated ideals are basic. The main result of his papers
is that in a domain, every ideal is basic if and only if it is a Prüfer domain with
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dimension one. For more details on this topic, refer to Huneke and Swanson’s
book [15] and also [12, 40].
The core of the ideal 𝐼, denoted by core(𝐼), is defined as the intersection of

all its reductions. Initially introduced by Judith Sally and mentioned in Rees
and Sally’s 1988 paper [36], the core arose in the context of Briancon-Skoda’s
Theorem. If 𝑅 is a regular local ring of dimension 𝑑 and 𝐼 is an ideal of 𝑅,
then core(𝐼) contains the integral closure of 𝐼𝑑 [15, Chapter 13]. Most works on
the core focus on the Noetherian case, particularly Cohen-Macaulay rings and
regular rings (cf. [6, 8, 14, 16, 17, 35]).
In [22], the notion of core is studied beyond Noetherian settings. The main

results provide an explicit formula for the core of an ideal in a valuation domain
or a pseudo-valuation domain, using multiplicative ideal theory (e.g., [18, 20,
21]). The impact of stability on the core’s shape is considered, and a section is
devoted to the problem of the existence of minimal reductions beyond the con-
text of Noetherian rings. In [23], the study contributes to the cores of ideals in
Noetherian rings, determining explicit formulas for the core in various classes
of one-dimensional Noetherian domains, with illustrated examples. In [24], re-
ductions of ideals in pullback constructions are investigated, covering various
types of ideals in both generic and classical pullbacks. The paper [25] explores
minimal reductions and cores of ideals in pullback constructions, providing ex-
plicit computations of the core in original examples. In [27], the authors derive
explicit formulas for the core in several classes of Prüfer domains, with partic-
ular emphasis on ideal-theoretic properties such as stability, invertibility, and
the ℎ-local property. They also establish decomposition results for the core of
an ideal in integral domains, with meaningful implications for the structure of
Prüfer domains.
The Nagata idealization of an 𝐴-module 𝐸 over a ring 𝐴, also known as the

trivial ring extension, is represented by the ring 𝑅 ∶= 𝐴 ⋉ 𝐸. In this con-
struction, the underlying group is 𝐴 × 𝐸, and the multiplication is defined as
(𝑎, 𝑒)(𝑎′, 𝑒′) = (𝑎𝑎′, 𝑎𝑒′ + 𝑎′𝑒). Nagata introduced this concept [28] to facili-
tate the interaction between rings and their modules, offering diverse contexts
for rings with zero-divisors. Numerous papers in the literature delve into the
transfer of ring-theoretic notions in various trivial extension settings (see, for
example, [1, 4, 32, 33, 34, 37, 38]). For further insights into commutative trivial
extensions, readers are encouraged to consult Huckaba’s book [13], Glaz’s book
[9], and the survey paper by D. D. Anderson and Winders [3].
In [26], we study reductions and core in generic trivial ring extensions issued

over arbitrary rings (with zero-divisors) and investigate reductions and core of
arbitrary ideals (i.e., not necessarily saturated) in trivial extensions over special
categories of modules. This paper represents a continuation and deepening
of our investigation into reductions and cores of ideals in commutative rings.
Our expanded study broadens its scope to examine trivial extensions arising
from integral domains, specifically from valuation and Prüfer domains. This
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extension builds upon our previous findings related to Prüfer domains and our
initial work on trivial ring extensions emanating from special modules.

2. Reductions
For a domain𝐴with quotient field 𝑘 and a nonzero ideal 𝐼, we denote by 𝐼−1 the
dual of 𝐼 given by (𝐴∶ 𝐼) =

{
𝑥 ∈ 𝑘 ∣ 𝑥𝐼 ⊆ 𝐴

}
and by (𝐼 ∶ 𝐼) the endomorphism

ring
{
𝑥 ∈ 𝑘 ∣ 𝑥𝐼 ⊆ 𝐼

}
. The following containments

𝐴 ⊆ (𝐼 ∶ 𝐼) ⊆ 𝐼−1 ⊆ 𝑘

always hold. It is pertinent to recall that if 𝐴 ∶= 𝑉 is a valuation domain,
then each nonzero ideal 𝐼 is either invertible (i.e., 𝐼𝐼−1 = 𝑉) or 𝐼𝐼−1 = 𝑃 ∈
Spec(𝑉) with (𝐼 ∶ 𝐼) = 𝑉𝑃 [2, Theorem 2.8]. Also, recall that a nonzero ideal
𝐼 of a domain is stable (resp., strongly stable) if it is invertible (resp., principal)
in its endomorphism ring (𝐼 ∶ 𝐼) (cf. [2, 7, 20, 21, 31, 32, 33, 39]). A stable
ideal is always locally stable, and the converse holds under the finite character
condition [30, Lemma 4.3].
We commence with a basic result that establishes a connection between the

non-basic condition and strong stability in valuation domains, which will be
employed consistently throughout. Recall an ideal is non-basic if it admits a
proper reduction.

Lemma 2.1. In a valuation domain, an ideal is non-basic if and only if it is
strongly stable and not principal.

Proof. Let 𝑉 be a valuation domain, 𝐼 a non-zero ideal of 𝑉, and 𝑇 ∶= (𝐼 ∶ 𝐼).
Suppose that 𝐼 is not basic. Then, 𝐼 is not principal, since invertible ideals are
basic [22, Lemma 2.1]. Let 𝐽 be a proper reduction of 𝐼 and 0 ≠ 𝑎 ∈ 𝐼 ⧵ 𝐽.
Since 𝐽 ⫋ 𝑎𝑉 ⊆ 𝐼 and 𝐽 is a reduction of 𝐼, 𝑎𝑉 is a principal reduction of 𝐼.
That is, 𝑎𝐼 = 𝐼2. Hence 𝐼 ⊆ (𝑎𝐼 ∶ 𝐼) = 𝑎𝑇, which yields 𝐼 = 𝑎𝑇, as desired.
Conversely, suppose that 𝐼 is strongly stable and not principal. Then, 𝐼 = 𝑎𝑇,
for some nonzero 𝑎 ∈ 𝐼, and so 𝑎𝐼 = 𝑎2𝑇 = 𝐼2. It follows that 𝑎𝑉 is a proper
reduction of 𝐼 and thus 𝐼 is not basic. □

If 𝐽 is a reduction of 𝐼, the smallest positive integer 𝑛 satisfying the equality
𝐽𝐼𝑛 = 𝐼𝑛+1 is called the reduction number of 𝐽. It is denoted by 𝐫𝐼(𝐽) or simply
𝐫(𝐽)when no confusion is likely. In this vein, recall the well-known result that,
in Prüfer domains, 𝐽 is a reduction of 𝐼 if and only if 𝐫(𝐽) = 1 (i.e., 𝐽𝐼 = 𝐼2).
Consider a ring𝐴, an𝐴-module 𝐸, and the ring 𝑅 ∶= 𝐴⋉𝐸. If 𝐼 is a nonzero

ideal of 𝐴 and 𝐹 is a submodule of 𝐸, then 𝐼 ⋉ 𝐹 is an ideal of 𝑅 if and only if
𝐼𝐸 ⊆ 𝐹. However, it’s important to recall that not all ideals of 𝑅 adhere to this
structure [19, Example 2.5]. Throughout, given an ideal𝐻 of 𝑅, let

𝐴𝐻 ∶=
{
𝑎 ∈ 𝐴 ∣ (𝑎, 𝑒) ∈ 𝐻, for some 𝑒 ∈ 𝐸

}
, an ideal of 𝐴

𝐸𝐻 ∶=
{
𝑒 ∈ 𝐸 ∣ (𝑎, 𝑒) ∈ 𝐻, for some 𝑎 ∈ 𝐴

}
, a submodule of 𝐸.
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Observe that 𝐴𝐻 ⋉ 𝐸𝐻 is an ideal of 𝑅 with
𝐻 ⊆ 𝐴𝐻 ⋉ 𝐸𝐻

and if 𝐻 ∶= 𝐼 ⋉ 𝐹, then 𝐴𝐻 = 𝐼 and 𝐸𝐻 = 𝐹. The ideals of 𝑅 of the form
𝐼 ⋉𝐹 are called saturated, and𝐻 being non-saturated indicates that𝐻 ⫋ 𝐴𝐻⋉
𝐸𝐻 . Finally, note that two of the most significant families of trivial extensions
emerge from localizations (i.e., 𝐸 = 𝐴𝑝, 𝑝 ∈ Spec(𝐴)) and when 𝐸 is a module
over the endomorphism ring.
The next result unveils a dual inequality for the reduction number of sat-

urated reductions of ideals in the form of 𝐼 ⋉ 𝐸 within the broader context,
with particular implications for trivial ring extensions arising from valuation
domains.
Theorem 2.2. Let 𝐴 be a ring, 𝐸 an 𝐴-module, 𝑅 = 𝐴 ⋉ 𝐸, 𝐼 a nonzero ideal
of 𝐴, and 𝑇 ∶= (𝐼 ∶ 𝐼). Let 𝐽 be a reduction of 𝐼 and 𝐹 a submodule of 𝐸 with
𝐽𝐸 ⊆ 𝐹. Then:

(1) 𝐽 ⋉ 𝐹 is a reduction of 𝐼 ⋉ 𝐸 with 𝐫(𝐽) ≤ 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) ≤ 𝐫(𝐽) + 1.
(2) Assume𝐴 ∶= 𝑉 is a valuation domain and then 1 ≤ 𝐫𝐼⋉𝐸(𝐽 ⋉𝐹) ≤ 2. If

𝐸 is a 𝑇-module or 𝐸 = 𝑉𝑝, for some height one prime ideal 𝑝 of 𝑉, then
𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 1. If 𝐸 = 𝑉𝑝 with ht(𝑝) > 1, then 𝐫𝐼⋉𝐸(𝐽𝑜 ⋉ 𝐹𝑜) = 2, for
some reduction 𝐽𝑜 of 𝐼 and submodule 𝐹𝑜 of 𝐸.

Proof. If 𝐽 = 𝐼, then (𝐼 ⋉ 𝐹)(𝐼 ⋉ 𝐸) = 𝐼2 ⋉ (𝐼𝐸 + 𝐼𝐹) = 𝐼2 ⋉ 𝐼𝐸 = (𝐼 ⋉ 𝐸)2
and so 𝐫𝐼⋉𝐸(𝐼 ⋉ 𝐹) = 1. Next, we assume that 𝐽 is a proper reduction of 𝐼 (i.e,
𝐼 is not basic).
(1) Let 𝑟 ∶= 𝐫(𝐽). Then 𝐽𝐼𝑟 = 𝐼𝑟+1 and so

(𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸)𝑟+1 = (𝐽 ⋉ 𝐹)(𝐼𝑟+1 ⋉ 𝐼𝑟𝐸)
= 𝐽𝐼𝑟+1 ⋉ (𝐽𝐼𝑟𝐸 + 𝐼𝑟+1𝐹)
= 𝐼𝑟+2 ⋉ (𝐼𝑟+1𝐸 + 𝐼𝑟+1𝐹)
= 𝐼𝑟+2 ⋉ 𝐼𝑟+1𝐸
= (𝐼 ⋉ 𝐸)𝑟+2.

It follows that 𝐽⋉𝐹 is a reduction of 𝐼⋉𝐸 and 𝐫𝐼⋉𝐸(𝐽⋉𝐹) ≤ 𝑟+1. On the other
hand, let 𝑠 ∶= 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹). Then, the equality (𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸)𝑠 = (𝐼 ⋉ 𝐸)𝑠+1
forces 𝐽𝐼𝑠 = 𝐼𝑠+1 and hence 𝑟 ≤ 𝑠, as desired.
(2) Assume 𝐴 ∶= 𝑉 is a valuation domain and let 𝑇 = 𝑉𝑃, for some prime

ideal 𝑃 of 𝑉. Since 𝐼 is non-basic, then 𝐼 = 𝑎𝑇, for some 0 ≠ 𝑎 ∈ 𝐼, by
Lemma 2.1. Further, the equality 𝐽𝐼 = 𝐼2 yields 𝐽𝑇 = 𝐼. If 𝐸 is a 𝑇-module,
then 𝑇𝐸 = 𝐸 and hence 𝐽𝐸 = 𝐽𝑇𝐸 = 𝐼𝐸. If 𝐸 = 𝑉𝑝, for some 𝑝 ∈ Spec(𝑉),
with ht(𝑝) = 1, then 𝑝 ⊆ 𝑃. Therefore, the equality 𝐽𝑉𝑃 = 𝐼 implies that
𝐽𝑉𝑝 = 𝐼𝑉𝑝; that is, 𝐽𝐸 = 𝐼𝐸. For both cases, we obtain

(𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸) = 𝐽𝐼 ⋉ (𝐽𝐸 + 𝐼𝐹)
= 𝐽𝐼 ⋉ (𝐼𝐸 + 𝐼𝐹)
= 𝐽𝐼 ⋉ 𝐼𝐸
= 𝐼2 ⋉ 𝐼𝐸
= (𝐼 ⋉ 𝐸)2
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Hence, 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 1.
Next, assume 𝐸 = 𝑉𝑝, for some 𝑝 ∈ Spec(𝑉) with ht(𝑝) ≥ 2, and let 𝑝𝑜 ∈

Spec(𝑉) such that 0 ⫋ 𝑝𝑜 ⫋ 𝑝. Let 0 ≠ 𝑎 ∈ 𝑝𝑜, 𝐼 ∶= 𝑎𝑉𝑝𝑜 ⊆ 𝑝𝑜𝑉𝑝𝑜 = 𝑝𝑜, and
𝐽 = 𝐹 ∶= 𝑎𝑝. Clearly, 𝐽𝐼 = 𝑎2𝑝𝑉𝑝𝑜 = 𝑎2𝑉𝑝𝑜 = 𝐼2 so that 𝐽 is proper reduction
of 𝐼. Also, 𝐽𝐸 = 𝑎𝑝𝑉𝑝 = 𝑎𝑝 = 𝐹, as desired. Further, we have

𝐽𝐸 + 𝐼𝐹 = 𝑎𝑝 + 𝑎2𝑉𝑝𝑜
= 𝑎(𝑝 + 𝐼)
= 𝑎𝑝
= 𝐽
⫋ 𝐼
= 𝐼𝐸.

It follows that (𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸) ⫋ (𝐼 ⋉ 𝐸)2 and hence 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 2. □

Remark 2.3. Let 𝑉 be a valuation domain, 𝐸 = 𝑉𝑝 for some 𝑝 ∈ Spec(𝑉),
𝑅 = 𝑉 ⋉ 𝐸, 𝐼 a nonzero ideal of 𝑉, and 𝑇 ∶= (𝐼 ∶ 𝐼). It is evident from the
proof of the second statement in Theorem 2.2 that: “𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 1, for every
reduction 𝐽 of 𝐼 and submodule 𝐹 of 𝐸 with 𝐽𝐸 ⊆ 𝐹, if and only if ht(𝑝) ≤ 1".
Notice that if ht(𝑝) = 0, then 𝑝 = (0) and 𝐸 = 𝑉(0) is the quotient field of 𝑉,
hence a 𝑇-module and so the first case of Theorem 2.2(2) applies.

Follow explicit Illustrative examples for Theorem 2.2.

Example 2.4. Let 𝑘 be a field and let 𝑋,𝑌 be indeterminates over 𝑘.
(1) Let𝐴 ∶= 𝑘[𝑋3, 𝑋4], 𝐼 ∶= (𝑋3, 𝑋4)𝐴, and 𝐽 ∶= 𝑋3𝐴. Then,𝑇 ∶= (𝐼 ∶ 𝐼) =

𝑘[𝑋3, 𝑋4, 𝑋5]. Next, let 𝐸 = 𝑇 and 𝐹 = 𝐴. Clearly, 𝐽𝐸 = 𝑋3𝑘[𝑋3, 𝑋4, 𝑋5] ⊆
𝐴 = 𝐹 and so 𝐽⋉𝐹 is a subideal of 𝐼⋉𝐸. Since 𝐽𝐼 = (𝑋6, 𝑋7)𝐴 ⫋ (𝑋6, 𝑋7, 𝑋8) =
𝐼2 and 𝐽𝐼2 = (𝑋9, 𝑋10, 𝑋11)𝐴 = 𝐼3. Further, 𝑇 ⊆ (𝐼2 ∶ 𝐼2) and so 𝐼2 is an ideal
of 𝑇. Hence, 𝐼2𝐹 = 𝐼2𝐴 = 𝐼2 = 𝐼2𝐸 and whence

(𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸)2 = (𝐽 ⋉ 𝐹)(𝐼2 ⋉ 𝐼𝐸)
= 𝐽𝐼2 ⋉ (𝐽𝐼𝐸 + 𝐼2𝐹)
= 𝐽𝐼2 ⋉ (𝐽𝐼 + 𝐼2)
= 𝐽𝐼2 ⋉ 𝐼2
= 𝐽𝐼2 ⋉ 𝐼2𝐸
= 𝐼3 ⋉ 𝐼2𝐸
= (𝐼 ⋉ 𝐸)3.

Therefore, 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 𝐫𝐼(𝐽) = 2 by Theorem 2.2.
(2) Let 𝐴, 𝐼, and 𝐽 be as above. Next, let 𝐸 = 𝐴 and 𝐹 = 𝐼. Clearly, 𝐽𝐸 =

𝐽 ⊊ 𝐼 = 𝐹 and so 𝐽 ⋉ 𝐹 is a subideal of 𝐼 ⋉ 𝐸. Further, 𝐽𝐼𝐸 + 𝐼2𝐹 = 𝐽𝐼 + 𝐼3 =
𝐽𝐼 + 𝐽𝐼2 = 𝐽𝐼 ⫋ 𝐼2 = 𝐼2𝐸 so that (𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸)2 ⫋ (𝐼 ⋉ 𝐸)3. Therefore,
2 = 𝐫𝐼(𝐽) ≨ 𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 3 by Theorem 2.2.
(3) Let 𝑉 ∶= 𝑘[[𝑋]] + 𝑌𝑘((𝑋))[[𝑌]], 𝑃 ∶= 𝑌𝑘((𝑋))[[𝑌]], 𝐸 ∶= 𝑉𝑃, 𝐼 ∶=

𝑃2 = 𝑌2𝑉𝑃, and 𝐽 ∶= 𝑌2𝑉. Clearly, 𝐽 is a reduction of 𝐼 and so, by Theorem 2.2,
𝐫𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 𝐫𝐼(𝐽) = 1 for every submodule 𝐹 of 𝐸 with 𝐽𝐸 ⊆ 𝐹.
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The next result investigates conditions under which the reduction number
of reductions (not necessarily saturated) of 𝐼 ⋉ 𝐸 equals 1, within trivial ring
extensions of valuation domains over torsion-free modules.

Theorem 2.5. Let 𝑉 be a valuation domain, 𝐸 a 𝑉-module, 𝑅 = 𝑉 ⋉ 𝐸, 𝐼 a
nonzero ideal of 𝑉, and 𝑇 ∶= (𝐼 ∶ 𝐼).

(1) Assume 𝐼 is basic. Then, 𝑟(𝐻) = 1 for every reduction𝐻 of 𝐼 ⋉ 𝐸.
(2) Assume 𝐼 is not basic and 𝐸 is a torsion-free 𝑉-module. Then, 𝑟(𝐻) = 1

for every reduction𝐻 of 𝐼 ⋉ 𝐸 if and only if 𝐸 is a 𝑇-module.

Proof. (1) Assume 𝐼 is basic and let 𝐻 be a reduction of 𝐼 ⋉ 𝐸. As 𝐻 ⊆ 𝐴𝐻 ⋉
𝐸𝐻 ⊆ 𝐼 ⋉ 𝐸, 𝐴𝐻 ⋉ 𝐸𝐻 is a reduction of 𝐼 ⋉ 𝐸 and hence 𝐴𝐻 is a reduction of
𝐼. Whence, 𝐴𝐻 = 𝐼. Therefore, for every (𝑥, 𝑒) and (𝑦, 𝑓) in 𝐼 ⋉ 𝐸 = 𝐴𝐻 ⋉ 𝐸,
there are 𝑔, ℎ in 𝐸 such that (𝑥, 𝑔) and (𝑦, ℎ) belong to𝐻. It follows that

(𝑥, 𝑒)(𝑦, 𝑓) = (𝑥𝑦, 𝑥𝑓 + 𝑦𝑒) = (𝑥, 𝑔)(𝑦, 𝑓) + (𝑦, ℎ)(0, 𝑒 − 𝑔) ∈ 𝐻(𝐼 ⋉ 𝐸).

Consequently, (𝐼 ⋉ 𝐸)2 ⊆ 𝐻(𝐼 ⋉ 𝐸) and thus 𝐻(𝐼 ⋉ 𝐸) = (𝐼 ⋉ 𝐸)2. That is,
𝑟(𝐻) = 1.
(2) Assume 𝐼 is not basic and 𝐸 is a torsion-free 𝑉-module. Let 𝑇 = 𝑉𝑃, for

some (non-maximal) prime ideal 𝑃 of 𝑉. By Lemma 2.1, 𝐼 is a non-principal
strongly stable ideal of 𝑉. So, 𝐼 = 𝑎𝑇, for some 0 ≠ 𝑎 ∈ 𝐼.
Next, suppose that 𝑟(𝐻) = 1, for every reduction 𝐻 of 𝐼 ⋉ 𝐸. Consider the

principal reduction 𝐽 ∶= 𝑎𝑉 of 𝐼 and the submodule 𝐹 ∶= 𝑎𝐸 of 𝐸. Clearly,
𝐽𝐸 = 𝐹 and so 𝐽 ⋉ 𝐹 is a reduction of 𝐼 ⋉ 𝐸 by Theorem 2.2(1). Further, by
hypothesis, 𝑟𝐼⋉𝐸(𝐽 ⋉ 𝐹) = 1, that is, (𝐽 ⋉ 𝐹)(𝐼 ⋉ 𝐸) = (𝐼 ⋉ 𝐸)2 and hence

𝑎𝐸 = 𝐹 + 𝐼𝐹
= 𝐽𝐸 + 𝐼𝐹
= 𝐼𝐸
= 𝑎𝑉𝑃𝐸.

But 𝐸 is torsion-free. It follows that 𝑇𝐸 = 𝑉𝑃𝐸 = 𝐸 and thus 𝐸 is a 𝑇-module.
Conversely, assume that 𝐸 is a 𝑇-module and let 𝐻 be a reduction of 𝐼 ⋉ 𝐸.

Clearly, 𝐴𝐻 ⋉ 𝐸𝐻 is a reduction of 𝐼 ⋉ 𝐸 and 𝐴𝐻 is a reduction of 𝐼. We claim
that 𝑟(𝐴𝐻 ⋉ 𝐸𝐻) = 1. Indeed, the fact that 𝐼 = 𝑎𝑇 yields 𝐴𝐻𝑇 = 𝐼. Then,
𝐴𝐻𝐸 = 𝐴𝐻𝑇𝐸 = 𝐼𝐸. So, we get

(𝐴𝐻 ⋉ 𝐸𝐻)(𝐼 ⋉ 𝐸) = 𝐴𝐻𝐼 ⋉ (𝐴𝐻𝐸 + 𝐼𝐸𝐻)
= 𝐼2 ⋉ (𝐼𝐸 + 𝐼𝐸𝐻)
= 𝐼2 ⋉ 𝐼𝐸
= (𝐼 ⋉ 𝐸)2, as claimed.

Next, let (𝑥, 𝑒) ∈ 𝐴𝐻 ⋉ 𝐸𝐻 and (𝑦, 𝑓) ∈ 𝐼 ⋉ 𝐸. Then, there is 𝑔 ∈ 𝐸 such that
(𝑥, 𝑔) ∈ 𝐻 and so

(0, 𝑥𝑓) = (𝑥, 𝑔)(0, 𝑓) ∈ 𝐻(𝐼 ⋉ 𝐸).

Moreover, since 𝐴𝐻𝑇 = 𝐴𝐻𝑉𝑃 = 𝐼, then 𝑦 = 𝑚
𝑡 , for some 𝑚 ∈ 𝐴𝐻 and

𝑡 ∈ 𝑉 ⧵ 𝑃. Let ℎ ∈ 𝐸 such that (𝑚, ℎ) ∈ 𝐻. Since 𝐸 is a 𝑉𝑃-module, then
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(𝑥
𝑡 ,
𝑒
𝑡

)
∈ 𝐼 ⋉ 𝐸 and so

(𝑥𝑦, 𝑦𝑒) = (𝑥𝑚𝑡 ,
𝑚
𝑡 𝑒) = (𝑚, ℎ)(𝑥𝑡 ,

𝑒
𝑡 ) − (𝑥, 𝑔)(0, ℎ𝑡 ) ∈ 𝐻(𝐼 ⋉ 𝐸).

Therefore, (𝑥, 𝑒)(𝑦, 𝑓) = (𝑥𝑦, 𝑦𝑒) + (0, 𝑥𝑓) ∈ 𝐻(𝐼 ⋉ 𝐸). It follows that

(𝐼 ⋉ 𝐸)2 = (𝐴𝐻 ⋉ 𝐸𝐻)(𝐼 ⋉ 𝐸) ⊆ 𝐻(𝐼 ⋉ 𝐸).

That is, 𝑟(𝐻) = 1, completing the proof of the theorem. □

Follows an illustrative example for Theorem 2.5.

Example 2.6. Let (𝑉,𝑀) be a valuation domain and 𝑅 = 𝑉 ⋉𝑀. Then, either
𝑀 is idempotent or principal, and so basic. If𝑀 is idempotent, then so is𝑀⋉𝑀,
and hence basic. If𝑀 = 𝑎𝑉 is principal, then 𝑟(𝐻) = 1, for every reduction 𝐻
of𝑀⋉𝑀 by Theorem 2.5(1). Moreover, (𝑎, 0)𝑅 is a proper minimal (principal)
reduction of 𝑀 ⋉𝑀 with reduction number 1. Indeed, by [26, Theorem 2.3],
(𝑎, 0)𝑅 is a minimal reduction of 𝑀 ⋉ 𝑀. Further, if (𝑎, 𝑎) = (𝑎, 0)(𝑥, 𝑓) for
some (𝑥, 𝑓) ∈ 𝑅, then 𝑎 = 𝑎𝑓 and so 1 = 𝑓 ∈ 𝑀, which is absurd. Hence
(𝑎, 𝑎) ∈ (𝑀 ⋉𝑀) ⧵ (𝑎, 0)𝑅, as desired.

Additional examples related to Theorem 2.5(2) will be provided immediately
following Theorem 2.7.
In the broader class of trivial extensions over Prüfer domains, the next result

asserts that every nonzero ideal is a reduction with reduction number 1.

Theorem 2.7. Let𝐴 be a Prüfer domain, 𝐸 an𝐴-module, and 𝑅 = 𝐴⋉𝐸. Then,
every nonzero ideal 𝐻 of 𝑅 is a reduction of 𝐴𝐻 ⋉ 𝐸𝐻 with reduction number 1.
Moreover, for each nonzero ideal 𝐼 of 𝐴 with 𝐼𝐸 = 0, every reduction of 𝐼 ⋉ 𝐸 has
reduction number 1.

Proof. As an initial step, we establish the result for valuations. Next, suppose
that 𝐴 is a valuation domain. Consider (𝑎, 𝑒), (𝑏, 𝑓) ∈ 𝐴𝐻 ⋉ 𝐸𝐻 and let 𝑔, ℎ ∈
𝐸𝐻 such that (𝑎, 𝑔), (𝑏, ℎ) ∈ 𝐻. If 𝑎 = 0, then

(𝑎, 𝑒)(𝑏, 𝑓) = (0, 𝑏𝑒) = (𝑏, ℎ)(0, 𝑒) ∈ 𝐻(𝐴𝐻 ⋉ 𝐸𝐻).

Likewise, for 𝑏 = 0. Therefore, we may assume that 𝑎𝑏 ≠ 0 and hence either
𝑎−1𝑏 ∈ 𝐴 or 𝑎𝑏−1 ∈ 𝐴. If 𝑎−1𝑏 ∈ 𝐴, then

(𝑎, 𝑒)(𝑏, 𝑓) = (𝑎𝑏, 𝑎𝑓 + 𝑏𝑒)
= (𝑎𝑏, 𝑎𝑓 + 𝑏𝑒 − 𝑏𝑔 + 𝑏𝑔)
= (𝑎𝑏, 𝑎(𝑓 + 𝑎−1𝑏𝑒 − 𝑎−1𝑏𝑔) + 𝑏𝑔))
= (𝑎, 𝑔)(𝑏, 𝑓 + 𝑎−1𝑏𝑒 − 𝑎−1𝑏𝑔) ∈ 𝐻(𝐴𝐻 ⋉ 𝐸𝐻).

Likewise, for 𝑎𝑏−1 ∈ 𝐴. It follows that (𝐴𝐻 ⋉𝐸𝐻)2 ⊆ 𝐻(𝐴𝐻 ⋉𝐸𝐻), as desired.
Now, assume 𝐴 is a Prüfer domain. Consider a nonzero ideal 𝐻 of 𝑅 and let

𝑄 be anymaximal ideal of𝑅 containing𝐻. Then,𝑄 = 𝑀⋉𝐸, for somemaximal
ideal𝑀 of𝐴. Notice that𝐴𝐻 ⊆ 𝑀 and so𝐴𝐻⋉𝐸𝐻 ⊆ 𝑄. To proceed further, let
us recall the following fact: if 𝑆 is a multiplicatively closed subset of the trivial
ring extension 𝑅 ∶= 𝐴 ⋉ 𝐸 and 𝑆𝑜 ∶= 𝑆 ∩ 𝐴, then the universal property of
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localization yields 𝑆−1𝑅 ≅ 𝑆−1𝑜 𝐴 ⋉ 𝑆−1𝑜 𝐸. So, next, we may identify 𝑅𝑄 with
𝐴𝑀 ⋉ 𝐸𝑀 . Hence, by the first step, the nonzero ideal 𝐻𝑅𝑄 of 𝑅𝑄 is a reduction
of 𝐴𝐻𝑅𝑄 ⋉ 𝐸𝐻𝑅𝑄 with reduction number 1. Therefore, we obtain

(
𝐻(𝐴𝐻 ⋉ 𝐸𝐻)

)
𝑅𝑄 = 𝐻𝑅𝑄

(
(𝐴𝐻)𝑀 ⋉ (𝐸𝐻)𝑀

)

= 𝐻𝑅𝑄
(
(𝐴𝑀)𝐻𝑅𝑄 ⋉ (𝐸𝑀)𝐻𝑅𝑄

)

=
(
(𝐴𝑀)𝐻𝑅𝑄 ⋉ (𝐸𝑀)𝐻𝑅𝑄

)2

=
(
(𝐴𝐻)𝑀 ⋉ (𝐸𝐻)𝑀

)2

= (𝐴𝐻 ⋉ 𝐸𝐻)2𝑅𝑄.

It follows that 𝐻(𝐴𝐻 ⋉ 𝐸𝐻) = (𝐴𝐻 ⋉ 𝐸𝐻)2, completing the proof of the first
statement.
Now, let 𝐼 be a nonzero ideal of 𝐴 with 𝐼𝐸 = 0 and let 𝐻 be a reduction of

𝐼 ⋉ 𝐸. Since 𝐻 ⊆ 𝐴𝐻 ⋉ 𝐸𝐻 ⊆ 𝐼 ⋉ 𝐸, 𝐴𝐻 ⋉ 𝐸𝐻 is a reduction of 𝐼 ⋉ 𝐸 and so
𝐴𝐻 is a reduction of 𝐼. That is, 𝐴𝐻𝐼 = 𝐼2. It follows that

(𝐴𝐻 ⋉ 𝐸𝐻)(𝐼 ⋉ 𝐸) = 𝐴𝐻𝐼 ⋉ (𝐴𝐻𝐸 + 𝐼𝐸𝐻)
= 𝐼2 ⋉ 0
= (𝐼 ⋉ 𝐸)2.

Next, let (𝑥, 𝑒), (𝑦, 𝑓) ∈ 𝐼 ⋉ 𝐸. Then, 𝑥𝑦 ∈ 𝐼2 = 𝐴𝐻𝐼 and so

𝑥𝑦 =
∑

1≤𝑖≤𝑛
𝑎𝑖𝑏𝑖

for some 𝑎𝑖 ∈ 𝐴𝐻 and 𝑏𝑖 ∈ 𝐼. For each 𝑖 = 1, … , 𝑛, let 𝑒𝑖 ∈ 𝐸 such that
(𝑎𝑖, 𝑒𝑖) ∈ 𝐻. Then

(𝑥, 𝑒)(𝑦, 𝑓) = (𝑥𝑦, 0)

=
( ∑

1≤𝑖≤𝑛
𝑎𝑖𝑏𝑖, 0

)

=
∑

1≤𝑖≤𝑛
(𝑎𝑖, 𝑒𝑖)(𝑏𝑖, 0).

Hence (𝑥, 𝑒)(𝑦, 𝑓) ∈ 𝐻(𝐼⋉𝐸) and so (𝐼⋉𝐸)2 ⊆ 𝐻(𝐼⋉𝐸). Therefore,𝐻(𝐼⋉𝐸) =
(𝐼 ⋉ 𝐸)2, completing the proof of the theorem. □

The following examples demonstrate that the assumption “𝐸 is a torsion-free
𝑉-module" in Theorem 2.5(2) is neither superfluous nor essential.

Example 2.8. Let 𝑉 be a strongly discrete valuation domain (i.e., 𝑉 has no
nonzero idempotent prime ideal) with dim(𝑉) ≥ 2, e.g.,

𝑉 = 𝑘[[𝑋]] + 𝑌𝑘((𝑋))[[𝑌]],

where 𝑋,𝑌 are indeterminates over a field 𝑘. Let 𝑃 be a nonzero non-maximal
prime ideal of 𝑉. Note that (𝑃 ∶ 𝑃) = 𝑉𝑃. Further, by [22, Theorem 2.6],
core(𝑃) = 𝑃2 ⫋ 𝑃 and so 𝑃 is not a basic ideal of 𝑉, as desired.
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(1) Let 𝐸 ∶= 𝑉∕𝑃. By Theorem 2.7, 𝑟(𝐻) = 1 for every reduction𝐻 of 𝑃⋉𝐸.
However, 𝐸 is a torsion 𝑉-module which is not a 𝑉𝑃-module. So, the torsion-
free assumption is not superfluous.
(2) Let 𝐸 ∶= 𝑉𝑃∕𝑃. Obviously, 𝐸 is a 𝑉𝑃-module with nonzero torsion, and

𝑟(𝐻) = 1 for every reduction 𝐻 of 𝑃 ⋉ 𝐸 by Theorem 2.7. So, the torsion-free
assumption is not necessary.

The next result investigates (minimal) reductions under stability conditions
in the general context of trivial ring extensions issued over domains.

Theorem 2.9. Let 𝐴 be a domain, 𝐼 a nonzero ideal of 𝐴, and 𝑇 ∶= (𝐼 ∶ 𝐼). Let
𝐸 be a 𝑇-module and 𝑅 = 𝐴 ⋉ 𝐸.

(1) Suppose 𝐼 is stable and (𝑇 ∶ 𝐼)𝐸 = 𝐸. Then, for every reduction 𝐻 of
𝐼 ⋉ 𝐸, 𝑟(𝐻) = 1 and so𝐻(𝑇 ⋉ 𝐸) = 𝐼 ⋉ 𝐸.

(2) Suppose 𝐼 is strongly stable; that is, 𝐼 = 𝑎𝑇 for some 𝑎 ∈ 𝐼. Then, for each
𝑒 ∈ 𝐸, (𝑎, 𝑒)𝑅 is a reduction of 𝐼 ⋉ 𝐸. Moreover, if the reduction 𝑎𝐴 of 𝐼
is minimal, then: 𝑎𝐴⋉𝐸 is a minimal reduction of 𝐼 ⋉𝐸 if and only if 𝐸
is divisible by 𝑎.

Proof. (1) Let 𝐻 be a reduction of 𝐼 ⋉ 𝐸. So, there is a positive integer 𝑛 such
that

𝐻(𝐼𝑛 ⋉ 𝐼𝑛−1𝐸) = 𝐻(𝐼 ⋉ 𝐸)𝑛
= (𝐼 ⋉ 𝐸)𝑛+1
= 𝐼𝑛+1 ⋉ 𝐼𝑛𝐸.

Multiplying both sides by (𝑇 ∶ 𝐼) ⋉ 𝐸, and using the fact that 𝐼 is stable, we
obtain

𝐻(𝐼 ⋉ 𝐸)𝑛−1 = 𝐻(𝐼𝑛−1 ⋉ 𝐼𝑛−2𝐸)
= 𝐼𝑛 ⋉ 𝐼𝑛−1𝐸
= (𝐼 ⋉ 𝐸)𝑛.

Iterating this process, we obtain 𝐻(𝐼 ⋉ 𝐸) = (𝐼 ⋉ 𝐸)2 = 𝐼2 ⋉ 𝐼𝐸. Under the
assumption (𝑇 ∶ 𝐼)𝐸 = 𝐸, we get

𝐻(𝐼 ⋉ 𝐸)((𝑇 ∶ 𝐼) ⋉ 𝐸) = (𝐼2 ⋉ 𝐼𝐸)((𝑇 ∶ 𝐼) ⋉ 𝐸)
𝐻((𝐼(𝑇 ∶ 𝐼) ⋉

(
𝐼𝐸 + (𝑇 ∶ 𝐼)𝐸

)
) = (𝐼2(𝑇 ∶ 𝐼)) ⋉

(
𝐼2𝐸 + 𝐼(𝑇 ∶ 𝐼)𝐸

)

𝐻(𝑇 ⋉ 𝐸) = 𝐼 ⋉ 𝐸.
(2) Let 𝑒 ∈ 𝐸. For every (𝑎𝛼, 𝑓), (𝑎𝛽, 𝑔) ∈ 𝐼 ⋉ 𝐸 with 𝛼, 𝛽 ∈ 𝑇 and 𝑓, 𝑔 ∈ 𝐸,

we have
(𝑎𝛼, 𝑓)(𝑎𝛽, 𝑔) = (𝑎2𝛼𝛽, 𝑎(𝑔𝛼 + 𝑓𝛽))

= (𝑎, 𝑒)(𝑎𝛼𝛽, 𝑔𝛼 + 𝑓𝛽 − 𝑒𝛼𝛽)
∈ (𝑎, 𝑒)(𝐼 ⋉ 𝐸).

Therefore, (𝐼 ⋉𝐸)2 ⊆ (𝑎, 𝑒)(𝐼 ⋉𝐸) and thus (𝑎, 𝑒)(𝐼 ⋉𝐸) = (𝐼 ⋉𝐸)2, as desired.
Now, notice that 𝐼 = 𝑎𝑇 implies that 𝑎𝐴 is a (principal) reduction of 𝐼 and so

𝑎𝐴⋉𝐸 is a reduction of 𝐼⋉𝐸 by Theorem 2.2(1). Next, assume 𝑎𝐴 is aminimal
reduction of 𝐼. Suppose that 𝐸 is divisible by 𝑎 and let𝐻 be a reduction of 𝐼 ⋉𝐸
such that 𝐻 ⊆ 𝑎𝐴 ⋉ 𝐸. Let 𝐽 ∶=

{
𝑥 ∈ 𝑎𝐴 ∣ (𝑥, 𝑒) ∈ 𝐻 for some 𝑒 ∈ 𝐸}. One

can easily check that 𝐽 is a subideal of 𝑎𝐴 with 𝐻 ⊆ 𝐽 ⋉ 𝐸 ⊆ 𝑎𝐴 ⋉ 𝐸 ⊆ 𝐼 ⋉ 𝐸.
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Hence 𝐽 ⋉ 𝐸 is a reduction of 𝐼 ⋉ 𝐸 and, by [26, Theorem 2.2], 𝐽 is a reduction
of 𝐼. By minimality, 𝐽 = 𝑎𝐴 and therefore (𝑎, 𝑓) ∈ 𝐻 for some 𝑓 ∈ 𝐸. Next, let
𝛼 ∈ 𝐴 and 𝑒 ∈ 𝐸. By divisibility, 𝛼𝑓 = 𝑎𝑒′ and 𝑒 = 𝑎𝑒′′, for some 𝑒′, 𝑒′′ ∈ 𝐸. It
follows that

(𝑎𝛼, 𝑒) = (𝑎𝛼, 0) + (0, 𝑒)
= (𝑎, 𝑓)(𝛼, −𝑒′) + (𝑎, 𝑓)(0, 𝑒′′)
∈ 𝐻.

That is, 𝑎𝐴⋉𝐸 ⊆ 𝐻. Hence,𝐻 = 𝑎𝐴⋉𝐸 and so 𝑎𝐴⋉𝐸 is aminimal reduction
of 𝐼 ⋉ 𝐸.
Conversely, assume that 𝑎𝐴 ⋉ 𝐸 is a minimal reduction of 𝐼 ⋉ 𝐸 and let

𝑒 ∈ 𝐸. By the first statement of (2), (𝑎, 0)𝑅 is a reduction of 𝐼 ⋉ 𝐸. Further, the
containment (𝑎, 0)𝑅 ⊆ 𝑎𝐴⋉𝐸 forces (𝑎, 0)𝑅 = 𝑎𝐴⋉𝐸. Hence, (𝑎, 𝑒) ∈ (𝑎, 0)𝑅
and so (𝑎, 𝑒) = (𝑎, 0)(𝑥, 𝑓) for some (𝑥, 𝑓) ∈ 𝑅. Thus 𝑒 = 𝑎𝑓, completing the
proof of the theorem. □

The following example shows that in Theorem 2.9(2), if 𝐼 is a strongly stable
ideal of 𝐴 (i.e., 𝐼 = 𝑎(𝐼 ∶ 𝐼)), the principal reduction 𝑎𝐴 of 𝐼 is not necessarily
minimal.

Example 2.10. Let𝑋 be an indeterminate overℚ. Consider the Prüfer domain
𝐴 ∶= ℤ + 𝑋ℚ[[𝑋]] and the two ideals of 𝐴 given by 𝐼 ∶= 𝑋(ℤ(2) + 𝑋ℚ[[𝑋]])
and 𝐽 ∶= 3𝑋𝐴. Clearly, 𝑇 ∶= (𝐼 ∶ 𝐼) = ℤ(2) + 𝑋ℚ[[𝑋]] and so 𝐼 is a strongly
stable ideal of 𝐴. Moreover, 𝑋𝐴 and 𝐽 are reductions of 𝐼 since 𝑋𝐼 = 𝐽𝐼 = 𝐼2.
However, 𝐽 ⫋ 𝑋𝐴 and so 𝑋𝐴 is not a minimal reduction of 𝐼.

Here is an illustrative example for Theorem 2.9(1).

Example 2.11. Let us borrow a construction from [27]. Let𝐷1 be a non-Bézout
Prüfer domain and let 𝑀1 be a maximal ideal of 𝐷1 with infinite residue field
𝐹 (e.g., 𝐷1 ∶= Int(ℤ) and 𝑀1 is a height-two maximal ideal of 𝐷1 [5, Remark
VI.1.8, pages 126–127]). Let 𝑉1 be a valuation domain with quotient field 𝐹
and let 𝐷 be the pullback issued from the following diagram of canonical ho-
momorphisms:

𝐷 ⟶ 𝑉1
↓ ↓

𝐷1
𝜑
⟶ 𝐹.

Then, 𝐷 is a Prüfer domain and 𝐷1 is a non-Bézout overing of 𝐷. Next, let 𝐿 be
the quotient field of 𝐷, 𝑋 an indeterminate over 𝐿, 𝑉 = 𝐿[[𝑋]] = 𝐿 + 𝑀, and
𝐴 = 𝐷 +𝑀. Clearly, 𝐴 is a Prüfer domain. Let 𝐽 be any finitely generated non-
principal ideal of 𝐷1. The ideal of 𝐴 given by 𝐼 ∶= 𝑋(𝐽 + 𝑀) is stable but not
strongly stable [27, Example 6.1]. Let 𝑇 ∶= (𝐼 ∶ 𝐼). Now, for a trivial example,
let 𝐸 be the quotient field of 𝐴 and, obviously, (𝑇 ∶ 𝐼)𝐸 = 𝐸. For a nontrivial
example, consider 𝐸 ∶=

⋃
𝑛≥0(𝑇 ∶ 𝐼𝑛), the Nagata transform of 𝐼 with respect

to 𝑇, and one can easily check that (𝑇 ∶ 𝐼)𝐸 = 𝐸.

Here is an illustrative example for Theorem 2.9(2).
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Example 2.12. First, recall from the proof of [22, Theorem 2.12] that for a
strongly stable ideal 𝐼 = 𝑎(𝐼 ∶ 𝐼) in an integral domain 𝐴, every reduction of 𝐼
contains a reduction of the form 𝑎𝐹, where 𝐹 is a finitely generated 𝐴-module
satisfying 𝐹(𝐼 ∶ 𝐼) = (𝐼 ∶ 𝐼). Next, let 𝑘 be a field, 𝑋 an indeterminate over 𝑘,
𝐴 ∶= 𝑘[𝑋2, 𝑋3], 𝐼 ∶= (𝑋2, 𝑋3)𝐴 = 𝑋2𝑘[𝑋], 𝐸 ∶= 𝑘[𝑋,𝑋−1], and 𝑅 ∶= 𝐴 ⋉ 𝐸.
Then, 𝑇 = (𝐼 ∶ 𝐼) = 𝑘[𝑋] and so 𝐼 is a strongly stable ideal of 𝐴 and, clearly,
𝑋2𝐴 is a reduction of 𝐼. We claim that𝑋2𝐴 is minimal. Indeed, let 𝐽 ∶= 𝑋2𝐹 be
a reduction of 𝐼, where 𝐹 is a finitely generated 𝐴-module with 𝐹𝑇 = 𝑇, such
that 𝐽 ⊆ 𝑋2𝐴. Then, 𝐹 ⊆ 𝐴 and so 𝐹 is an integral ideal of 𝐴. Suppose that
𝐹 is proper and let 𝐹 ⊆ 𝑀, for some maximal ideal 𝑀 of 𝐴. Now, notice that
the integral closure of 𝐴 is equal to 𝑇, and so there is a maximal ideal 𝑁 of 𝑇
with 𝑁 ∩ 𝐴 = 𝑀. It follows that 𝑇 = 𝐹𝑇 ⊆ 𝑀𝑇 ⊆ 𝑁, which is absurd. By
consequence, 𝐹 = 𝐴 and so 𝐽 = 𝑋2𝐴. That is, 𝑋2𝐴 is a minimal reduction of 𝐼.
Moreover, 𝐸 is divisible by 𝑋2 (since 𝑋2 is invertible in 𝐸) and so 𝑋2𝐴 ⋉ 𝐸 is a
minimal reduction of 𝐼 ⋉ 𝐸 in 𝑅 by Theorem 2.9(2).

3. Core
Recall from [23] that for an ideal 𝐼, the principal core of 𝐼, denoted pcore(𝐼), is
the intersection of all principal reductions of 𝐼. In general, core(𝐼) ⫋ pcore(𝐼),
as shown in [23, Example 3.7]. Also, let Red(𝐼) and PRed(𝐼)) denote the set of
reductions and principal reduction of 𝐼, respectively. In particular, PRed𝑅(𝐼) =
∅ means that 𝐼 has no principal reduction in 𝑅. This section studies the core
and principal core of ideals in trivial ring extensions arising from domains. The
main theorem focuses on the case of trivial extensions over valuation domains.
The first result provides necessary and sufficient conditions for the core of

𝐼⋉𝐸, with 𝐼 ≠ 0, to be saturated within the general context of trivial extensions
over domains. In this vein, it’s worth recalling that for the case 𝐼 = 0, it is
known, by [26, Lemma 2.1], that Red(0 ⋉ 𝐸) =

{
0 ⋉ 𝐸′ ∣ 𝐸′ submodule of 𝐸

}

and then core(0 ⋉ 𝐸) = 0 ⋉ 𝐸0, where 𝐸0 is the intersection of all nonzero
submodules of 𝐸.

Theorem 3.1. Let 𝐴 be a domain, 𝐸 an 𝐴-module, and 𝑅 = 𝐴 ⋉ 𝐸. Then, the
following assertions are equivalent:

(1) core𝑅(𝐼 ⋉ 𝐸) = core𝐴(𝐼) ⋉ 𝐸, for every nonzero ideal 𝐼 of 𝐴;
(2) 𝐼 ⋉ 𝐸 is basic, for every nonzero basic ideal 𝐼 of 𝐴;
(3) 𝐼 ⋉ 𝐸 is basic, for every nonzero invertible ideal 𝐼 of 𝐴;
(4) 𝐼 ⋉ 𝐸 is basic, for every nonzero principal ideal 𝐼 of 𝐴;
(5) 𝐸 is a divisible 𝐴-module.

Proof. (1)⟹ (2) Let 𝐼 be a nonzero basic ideal of𝐴. By (1), we have core𝑅(𝐼⋉
𝐸) = core𝐴(𝐼) ⋉ 𝐸 = 𝐼 ⋉ 𝐸, and so 𝐼 ⋉ 𝐸 is basic.
(2)⟹ (3)⟹ (4) Trivial since every invertible ideal is basic by [22, Lemma

2.1], and every principal ideal is invertible.
(4) ⟹ (5) Let 𝑎 be a non-invertible element of 𝐴 and let 𝐼 ∶= 𝑎𝐴 and

𝐹 ∶= 𝑎𝐸. Since 𝐼𝐸 = 𝐹, then 𝐼 ⋉ 𝐹 is a subideal of 𝐼 ⋉ 𝐸 which is a reduction
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of 𝐼 ⋉ 𝐸. By hypothesis, 𝐼 ⋉ 𝐹 = 𝐼 ⋉ 𝐸 and thus 𝐸 = 𝐹 = 𝑎𝐸. Now, if 𝑎 is
invertible, then obviously 𝐸 = 𝑎𝐸. So, for both cases, 𝐸 is a divisible𝐴-module.
(5)⟹ (1) Let 𝐼 be a nonzero ideal of 𝐴. For any reduction 𝐽 of 𝐼, 𝐽 ⋉ 𝐸 is a

reduction of 𝐼 ⋉ 𝐸 by Theorem 2.2(1) and so we have

core𝑅(𝐼 ⋉ 𝐸) ⊆
⋂

𝐽 ∈ Red(𝐼)
𝐽 ⋉ 𝐸

=
⎛
⎜
⎝

⋂

𝐽 ∈ Red(𝐼)
𝐽
⎞
⎟
⎠
⋉ 𝐸

= core𝐴(𝐼) ⋉ 𝐸.
For the reverse inclusion, let𝐻 be a reduction of 𝐼 ⋉ 𝐸. Since 𝐸 is divisible, by
[3, Corollary 3.4], either𝐻 = 0⋉𝐹, for some submodule 𝐹 of 𝐸, or𝐻 = 𝐴𝐻⋉𝐸
with 𝐴𝐻 ≠ 0. In the first case, an equality of the form𝐻(𝐼 ⋉ 𝐸)𝑛 = (𝐼 ⋉ 𝐸)𝑛+1,
for some positive integer 𝑛, yields

(𝐼𝑛+1 ⋉ 𝐼𝑛𝐸)2 = ((𝐼 ⋉ 𝐸)𝑛+1)2
= 𝐻2(𝐼 ⋉ 𝐸)2𝑛
⊆ 𝐻2

= 0.

Therefore, 𝐼2𝑛+2 = 0, which implies 𝐼 = 0, a contradiction. Thus, we are left
with the case𝐻 = 𝐴𝐻 ⋉ 𝐸. Then, 𝐴𝐻 is a reduction of 𝐼, leading to core𝐴(𝐼) ⊆
𝐴𝐻 and core𝐴(𝐼) ⋉ 𝐸 ⊆ 𝐻. It follows that core𝐴(𝐼) ⋉ 𝐸 ⊆ core(𝐼 ⋉ 𝐸) and thus
core𝑅(𝐼 ⋉ 𝐸) = core𝐴(𝐼) ⋉ 𝐸, completing the proof of the theorem. □

The following corollary provides families of explicit and illustrative exam-
ples for Theorem 3.1. For this purpose, recall that, in a Prüfer domain of finite
character, core(𝐼) = 𝐼2𝐼−1, for every nonzero ideal 𝐼 [27, Theorem 4.3].

Corollary 3.2. Let 𝐴 be a domain, 𝐾 its quotient field, and 𝑅 ∶= 𝐴 ⋉ 𝐾. Then,
core(𝐼 ⋉ 𝐾) = core(𝐼) ⋉ 𝐾, for every nonzero ideal 𝐼 of 𝐴. In particular, if 𝐴 is a
Prüfer domain of finite character, then core(𝐼 ⋉ 𝐾) = 𝐼2𝐼−1 ⋉𝐾.

A domain possesses the finite basic ideal property (or, basic ideal property) if
every finitely generated ideal (or, every ideal) is basic. Two well-known results,
attributed toHays, establish that a domain is Prüfer if and only if it has the finite
basic ideal property [10, Theorem 6.5]; and it is one-dimensional Prüfer if and
only if it has the basic ideal property [11, Theorem 10].
Recall that an ideal is nonnil if it contains a non-nilpotent element. In gen-

eral, the category of non-nilpotent ideals strictly contains the category of nonnil
ideals. Also, for convenience, note that a nonzero nilpotent ideal is not basic
since it admits the null ideal as a proper reduction.

Corollary 3.3. Let 𝐴 be a domain, 𝐸 an 𝐴-module, and 𝑅 = 𝐴 ⋉ 𝐸. Then, the
following assertions are equivalent:

(1) Every non-nilpotent ideal of 𝑅 is basic;
(2) Every nonnil ideal of 𝑅 is basic;
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(3) 𝐴 has the basic ideal property and 𝐸 is divisible;
(4) 𝐴 is a one-dimensional Prüfer domain and 𝐸 is divisible.

Proof. We only need to prove (2) ⟹ (3) ⟹ (1). Assume that every nonnil
ideal of 𝑅 is basic and let 𝐼 be a nonzero ideal of 𝐴. Clearly, 𝐼 ⋉ 𝐸 is a nonnil
ideal of 𝑅 and hence basic by hypothesis. It follows that 𝐼 is basic in 𝐴 via [26,
Theorem 2.2]. Hence,𝐴 has the basic ideal property. Moreover, core𝐴(𝐼)⋉𝐸 =
𝐼 ⋉ 𝐸 = core𝑅(𝐼 ⋉ 𝐸). By Theorem 3.1, 𝐸 is a divisible 𝐴-module.
Next, suppose that 𝐴 has the basic ideal property, and 𝐸 is divisible. Let 𝐻

be a non-nilpotent ideal of 𝑅. Once again, according to [3, Corollary 3.4], 𝐻 is
either 0⋉𝐹 for some submodule 𝐹 of 𝐸, or𝐻 = 𝐴𝐻⋉𝐸 with𝐴𝐻 ≠ 0. However,
the first case cannot occur since (0 ⋉ 𝐹)2 = 0, implying that𝐻 = 𝐴𝐻 ⋉𝐸, and
𝐴𝐻 is basic by hypothesis. By Theorem 3.1, 𝐻 is basic, concluding the proof of
the corollary. □

The upcoming result investigates the principal reductions and principal core
of ideals of the form 𝐼 ⋉ 𝐸 for a strongly stable ideal 𝐼 within a specific class of
trivial ring extensions. Throughout, given a ring 𝐴 and a module 𝐸 over 𝐴,
𝒰(𝐴) denotes the set of units of 𝐴 and Ann𝐴(𝐸) ∶=

{
𝑎 ∈ 𝐴 ∣ 𝑎𝐸 = 0

}
.

Theorem3.4. Let𝐴 be a domain, 𝐼 a strongly stable ideal of𝐴, and𝑇 ∶= (𝐼 ∶ 𝐼).
Let 𝐸 be a (𝑇∕𝐼)-module and 𝑅 = 𝐴 ⋉ 𝐸. Then, pcore(𝐼 ⋉ 𝐸) ⊆ 𝐼 Ann𝐴(𝐸) ⋉ 0,
and equality holds if and only if 𝒰(𝑇)Ann𝐴(𝐸) ⊆ 𝐴. In particular, if 𝐸 = 𝑇∕𝐼,
then pcore(𝐼 ⋉ 𝐸) = 𝐼2 ⋉ 0.

Proof. Let 𝐼 = 𝑎𝑇, for some nonzero 𝑎 ∈ 𝐼, and for each 𝑢 ∈ 𝒰(𝑇) and 𝑒 ∈ 𝐸,
let

𝐽𝑢,𝑒 ∶= (𝑢𝑎, 𝑒)𝑅 ⊆ 𝐼 ⋉ 𝐸.

Claim 1. PRed(𝐼 ⋉ 𝐸) =
{
𝐽𝑢,𝑒 ∣ 𝑢 ∈ 𝒰(𝑇), 𝑒 ∈ 𝐸

}
.

Indeed, observe first that 𝐸 is a module over 𝑇 and, a fortiori, over 𝐴 with
𝐼𝐸 = 0. So, (𝐼 ⋉ 𝐸)𝑛 = 𝐼𝑛 ⋉ 0, for any integer 𝑛 ≥ 2. Next, let 𝑢 ∈ 𝒰(𝑇), 𝑒 ∈ 𝐸
and 𝑦 ∈ 𝑇. Hence, (𝑎2𝑦, 0) = (𝑢𝑎, 𝑒)(𝑎𝑢−1𝑦, 0). Whence

(𝐼 ⋉ 𝐸)2 = 𝐼2 ⋉ 0
⊆ (𝑎𝑢, 𝑒)(𝐼 ⋉ 0)
⊆ 𝐽𝑢,𝑒(𝐼 ⋉ 𝐸)

So, (𝐼 ⋉ 𝐸)2 = 𝐽𝑢,𝑒(𝐼 ⋉ 𝐸) and hence 𝐽𝑢,𝑒 is a principal reduction of 𝐼 ⋉ 𝐸.
Conversely, let 𝐽 ∶= (𝑏, 𝑒)𝑅 be a principal reduction of 𝐼⋉𝐸. That is, 𝐽(𝐼𝑛⋉0) =
𝐼𝑛+1 ⋉ 0, for some integer 𝑛 ≥ 2. Write 𝑏 = 𝑎𝑦, for some 𝑦 ∈ 𝑇. There exist
𝑦𝑖 ∈ 𝑇 and (𝑎𝑖, 𝑒𝑖) ∈ 𝐽, with 𝑎𝑖 = 𝑐𝑖𝑏 for some 𝑐𝑖 ∈ 𝐴, such that

(𝑎𝑛+1, 0) =
∑

1≤𝑖≤𝑠
(𝑎𝑖, 𝑒𝑖)(𝑎𝑛𝑦𝑖, 0)
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yielding
𝑎𝑛+1 = 𝑎𝑛

∑

1≤𝑖≤𝑠
𝑎𝑖𝑦𝑖

= 𝑎𝑛𝑏
∑

1≤𝑖≤𝑠
𝑐𝑖𝑦𝑖

= 𝑎𝑛+1𝑦
∑

1≤𝑖≤𝑠
𝑐𝑖𝑦𝑖.

It follows that 𝑦 ∈ 𝒰(𝑇) and thus 𝐽 = 𝐽𝑦,𝑒 proving the claim.
Next, we prove that pcore(𝐼 ⋉ 𝐸) ⊆ 𝐼 Ann𝐴(𝐸) ⋉ 0. Indeed, by Claim 1, we

have
pcore(𝐼 ⋉ 𝐸) =

⋂

𝑢 ∈ 𝒰(𝑇)
𝑒 ∈ 𝐸

𝐽𝑢,𝑒 ⊆ 𝐽1,0 = (𝑎, 0)𝑅.

Let (𝑥, 0) ∈ pcore(𝐼 ⋉ 𝐸) with 𝑥 = 𝑎𝑦, for some 𝑦 ∈ 𝐴. For each 𝑒 ∈ 𝐸,
(𝑥, 0) ∈ 𝐽1,𝑒 and so (𝑥, 0) = (𝑎, 𝑒)(𝑏, 𝑓) = (𝑎𝑏, 𝑒𝑏), for some (𝑏, 𝑓) ∈ 𝑅. Hence,
𝑦 = 𝑏 and 𝑦𝑒 = 𝑏𝑒 = 0. It follows that 𝑦 ∈ Ann𝐴(𝐸) and thus pcore(𝐼 ⋉ 𝐸) ⊆
𝐼 Ann𝐴(𝐸) ⋉ 0, as desired.
Now, suppose that 𝒰(𝑇)Ann𝐴(𝐸) ⊆ 𝐴 and let 𝑧 ∈ Ann𝐴(𝐸), 𝑢 ∈ 𝒰(𝑇), and

𝑒 ∈ 𝐸. Then, (𝑎𝑧, 0) = (𝑢𝑎, 𝑒)(𝑢−1𝑧, 0). However, since𝑢−1𝑧 ∈ 𝒰(𝑇)Ann𝐴(𝐸) ⊆
𝐴, (𝑢−1𝑧, 0) ∈ 𝑅, and so (𝑎𝑧, 0) ∈ (𝑎𝑢, 𝑒)𝑅 = 𝐽𝑢,𝑒. It follows that (𝑎𝑧, 0) ∈
pcore𝑅(𝐼⋉𝐸), and thus 𝐼 Ann𝐴(𝐸)⋉0 ⊆ pcore𝑅(𝐼⋉𝐸). Equality holds byClaim
2. Conversely, assume that pcore𝑅(𝐼 ⋉ 𝐸) = 𝐼 Ann𝐴(𝐸) ⋉ 0 and let 𝑢 ∈ 𝒰(𝑇)
and 𝑧 ∈ Ann𝐴(𝐸). Then, (𝑎𝑧, 0) ∈ pcore𝑅(𝐼⋉𝐸) ⊆ 𝐽𝑢−1,0 = (𝑎𝑢−1, 0)𝑅. Hence,
(𝑎𝑧, 0) = (𝑎𝑢−1, 0)(𝑏, 𝑒), for some (𝑏, 𝑒) ∈ 𝑅. Whence, 𝑎𝑧 = 𝑎𝑢−1𝑏 and so
𝑢𝑧 = 𝑏 ∈ 𝐴. Thus, 𝒰(𝑇)Ann𝐴(𝐸) ⊆ 𝐴.
If 𝐸 = 𝑇∕𝐼, then Ann𝐴(𝐸) = 𝐼 and so pcore(𝐼 ⋉ 𝐸) = 𝐼2⋉0, completing the

proof of the theorem. □

Follow illustrative examples for Theorem3.4. In thefirst example, 𝐼 is strongly
stable, 𝐸 = 𝑇∕𝐼, and pcore(𝐼 ⋉ 𝐸) = 𝐼2 ⋉ 0 ⫋ pcore(𝐼) ⋉ 0 ⫋ pcore(𝐼) ⋉ 𝐸.

Example 3.5. Let𝑘 be afield and𝑋 an indeterminate over𝑘. Let𝐴 ∶= 𝑘[𝑋2, 𝑋3]
and 𝐼 ∶= (𝑋2, 𝑋3)𝐴. Clearly, 𝑇 ∶= (𝐼 ∶ 𝐼) = 𝑘[𝑋] and so 𝐼 = 𝑋2𝑇. So,
for 𝐸 ∶= 𝑇∕𝐼 = 𝑘[𝑋]∕(𝑋2) and 𝑅 = 𝐴 ⋉ 𝐸, we obtain pcore(𝐼 ⋉ 𝐸) =
𝐼2 ⋉ 0 = 𝑋4𝑘[𝑋] ⋉ 0 by Theorem 3.4. Next, let 𝐽 ∶= 𝑓𝐴 be a principal re-
duction of 𝐼 in 𝐴 and, a fortiori, in 𝑇 = 𝑘[𝑋]. Then, 𝐽𝐼 = 𝐼2 which yields
𝑓𝑘[𝑋] = 𝑋2𝑘[𝑋] and hence 𝐽 = 𝑋2𝐴. Therefore, pcore(𝐼) = 𝑋2𝐴 and thus
pcore(𝐼 ⋉ 𝐸) = 𝑋4𝑘[𝑋] ⋉ 0 ⫋ 𝑋2𝑘[𝑋2, 𝑋3] ⋉ 0 = pcore(𝐼) ⋉ 0, as desired.

In thenext example, 𝐼 is strongly stable,𝐸 is amodule over𝑇∕𝐼, andpcore(𝐼⋉
𝐸) ⫋ 𝐼 Ann𝐴(𝐸) ⋉ 0.

Example 3.6. Let 𝑘 be a field and 𝑋 an indeterminate over 𝑘. Let

𝐴 ∶= 𝑘[[𝑋3, 𝑋4]], 𝑄 ∶= (𝑋3, 𝑋4)𝐴, 𝐼 ∶= 𝑋6𝑘[[𝑋]], 𝑀 ∶= 𝑋𝑘[[𝑋]].

Clearly, 𝑇 ∶= (𝐼 ∶ 𝐼) = 𝑘[[𝑋]] and so 𝐼 = 𝑋6𝑇 is a strongly stable ideal of 𝐴.
Let 𝐸 = 𝑘[[𝑋]]∕(𝑋) and 𝑅 = 𝐴 ⋉ 𝐸. First, notice that Ann𝐴(𝐸) = 𝑀 ∩ 𝐴 =
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𝑄. Further, 𝑋4 + 𝑋5 = (1 + 𝑋)𝑋4 ∈ 𝒰(𝑇)Ann𝐴(𝐸) ⧵ 𝐴. By Theorem 3.4,
pcore(𝐼 ⋉ 𝐸) ⫋ 𝐼 Ann𝐴(𝐸) ⋉ 0 = (𝑋9, 𝑋10)𝐴 ⋉ 0.

The next result explores the core and principal core of ideals in the form of
𝐼 ⋉ 𝑀 within trivial ring extensions arising from valuation domains (𝑉,𝑀),
considering both cases when 𝐼 is basic or non-basic.

Theorem 3.7. Let (𝑉,𝑀) be a valuation domain and 𝑅 = 𝑉 ⋉ 𝑀. Let 𝐼 be a
nonzero ideal of 𝑉 and 𝑇 ∶= (𝐼 ∶ 𝐼).

(1) Suppose 𝐼 is non-basic. Then, 𝑇 = 𝑉𝑃 for some prime ideal 𝑃 of 𝑉 and
hence core(𝐼 ⋉𝑀) = pcore(𝐼 ⋉𝑀) = 𝐼2𝑃 ⋉ 𝐼𝑃.

(2) Suppose 𝐼 is basic. If 𝐼 is principal, then core(𝐼 ⋉ 𝑀) = pcore(𝐼 ⋉ 𝑀) =
𝐼2 ⋉ 𝐼𝑀. Otherwise, 𝐼2 ⋉ 𝐼2 ⊆ core(𝐼 ⋉𝑀) ⊆ 𝐼 ⋉ 𝐼. In particular, if 𝐼 is
idempotent, then core(𝐼 ⋉𝑀) = 𝐼 ⋉ 𝐼.

Proof. (1) Since 𝐼 is non-basic, by Lemma2.1, 𝐼 is a strongly stable non-principal
ideal of𝑉. Then, 𝑇 = 𝑉𝑃 for some non-maximal prime ideal 𝑃 of𝑉, and 𝐼 = 𝑎𝑇
for some nonzero 𝑎 ∈ 𝐼. Hence, 𝑃 ⫋ 𝑀 and so 𝐼𝑀 = 𝑎𝑀𝑇 = 𝑎𝑀𝑉𝑃 = 𝑎𝑉𝑃 =
𝐼. Whence, (𝐼 ⋉𝑀)𝑛+1 = 𝐼𝑛+1 ⋉ 𝐼𝑛, for each integer 𝑛 ≥ 1.
For each 𝑢 ∈ 𝑉 ⧵ 𝑃 and𝑚 ∈ 𝑀, let 𝐽𝑢,𝑚 ∶= (𝑢𝑎,𝑚)𝑅.

Claim 2. 𝐽𝑢,𝑚 is a principal reduction of 𝐼 ⋉𝑀.

Indeed, for every 𝑥, 𝑦 ∈ 𝑇, we have

(𝑥𝑎3, 𝑦𝑎2) = (𝑢𝑎,𝑚)(𝑢−1𝑥𝑎2, 𝑢−1(𝑦𝑎 − 𝑚𝑥𝑎𝑢−1)).

It follows that
(𝐼 ⋉𝑀)3 = 𝐼3 ⋉ 𝐼2

⊆ (𝑢𝑎,𝑚) 𝐼2 ⋉ 𝐼
= (𝑢𝑎,𝑚)(𝐼 ⋉𝑀)2.

and thus (𝑢𝑎,𝑚)(𝐼 ⋉𝑀)2 = (𝐼 ⋉𝑀)3, completing the proof of the claim.

Claim 3. Every reduction of 𝐼 ⋉ 𝑀 contains a principal reduction of the form
𝐽𝑢,𝑚, where 𝑢 ∈ 𝑉 ⧵ 𝑃 and𝑚 ∈ 𝑀.

Indeed, let𝐻 be a reduction of 𝐼 ⋉𝑀 with 𝐼𝑛+1⋉ 𝐼𝑛 = (𝐼 ⋉𝑀)𝑛+1 = 𝐻(𝐼 ⋉
𝑀)𝑛 = 𝐻(𝐼𝑛 ⋉ 𝐼𝑛−1𝑀), for some integer 𝑛 ≥ 1. Note that, for 𝑛 ≥ 2, 𝐼𝑛−1𝑀 =
𝐼𝑛−1 and, for 𝑛 = 1, 𝐼0𝑀 = 𝑀. Then, there exist (𝑎𝑖, 𝑚𝑖) ∈ 𝐻, 𝑥𝑖 ∈ 𝑇, and

𝑦𝑖 ∈ 𝐼𝑛−1𝑀, for 𝑖 = 1, … , 𝑠 such that (𝑎𝑛+1, 𝑎𝑛) =
𝑠∑

𝑖=1
(𝑎𝑖, 𝑚𝑖)(𝑥𝑖𝑎𝑛, 𝑦𝑖) and so

𝑎𝑛+1 =
𝑠∑

𝑖=1
𝑎𝑖𝑥𝑖𝑎𝑛. Therefore, 𝑎 =

𝑠∑

𝑖=1
𝑎𝑖𝑥𝑖. Next, let𝑢 ∈ 𝑉⧵𝑃 such that𝑢𝑥𝑖 ∈ 𝑉,

for each 𝑖, and let𝑚 ∶=
𝑠∑

𝑖=1
𝑢𝑥𝑖𝑚𝑖. It follows that (𝑢𝑎,𝑚) =

𝑠∑

𝑖=1
(𝑎𝑖, 𝑚𝑖)(𝑢𝑥𝑖, 0) ∈

𝐻 and so 𝐻 ⊇ (𝑢𝑎,𝑚)𝑅. Hence, we have established that each reduction of
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𝐼 ⋉ 𝑀 contains a principal reduction in the form 𝐽𝑢,𝑚, where 𝑢 ∈ 𝑉 ⧵ 𝑃 and
𝑚 ∈ 𝑀. As a result, the claim holds, and by consequence, we get

core(𝐼 ⋉𝑀) = pcore(𝐼 ⋉𝑀) =
⋂

𝑢 ∈ 𝑉⧵𝑃
𝑚 ∈ 𝑀

𝐽𝑢,𝑚.

Next, we prove that core(𝐼⋉𝑀) ⊆ 𝐼2𝑃⋉𝐼𝑃. Let (𝑥, 𝑓) ∈ core(𝐼⋉𝑀). Then,
(𝑥, 𝑓) ∈ 𝐽1,0 = (𝑎, 0)𝑅 and so (𝑥, 𝑓) = (𝑎, 0)(𝑦, 𝑔), for some (𝑦, 𝑔) ∈ 𝑅. That is,
𝑥 = 𝑎𝑦 and 𝑓 = 𝑎𝑔. If 𝑔 ∈ 𝑉⧵𝑃, then (𝑥, 𝑓) ∈ 𝐽𝑔,0 = (𝑔𝑎, 0)𝑅 and so 𝑎𝑔 = 𝑔𝑎ℎ,
for some ℎ ∈ 𝑀. Hence, 1 = ℎ ∈ 𝑀, which is absurd. So, necessarily, 𝑔 ∈ 𝑃
and hence 𝑓 ∈ 𝐼𝑃.
Next, we claim that 𝑦 ∈ 𝑎𝑃. We first show that 𝑦 ∈ 𝑃. Deny and assume

𝑦 ∈ 𝑉 ⧵ 𝑃. Let 𝑚 ∈ 𝑀 ⧵ 𝑃. Then, (𝑥, 𝑓) ∈ 𝐽𝑦,𝑚 = (𝑦𝑎,𝑚)𝑅 and so 𝑎𝑦 =
𝑦𝑎𝑧 and 𝑎𝑔 = 𝑦𝑎ℎ + 𝑚𝑧, for some (𝑧, ℎ) ∈ 𝑅. Therefore, 𝑧 = 1 and hence
𝑚 = 𝑎𝑔 − 𝑦𝑎ℎ ∈ 𝐼 ⊆ 𝑃, the desired contradiction. So, 𝑦 ∈ 𝑃. Now, let
𝑚 ∈ 𝑀 ⧵ 𝑃. Then, (𝑥, 𝑓) ∈ 𝐽𝑚,𝑚 = (𝑚𝑎,𝑚)𝑅 and so 𝑥 = 𝑎𝑦 = 𝑚𝑎𝑧 and
𝑓 = 𝑎𝑔 = 𝑚𝑎ℎ + 𝑚𝑧, for some (𝑧, ℎ) ∈ 𝑅. Hence, 𝑦 = 𝑚𝑧 = 𝑎(𝑔 − 𝑚ℎ).
Next, set 𝑑 ∶= 𝑔 − 𝑚ℎ ∈ 𝑀 since 𝑔 ∈ 𝑃 ⊂ 𝑀. Suppose, for a contradiction,
that 𝑑 ∈ 𝑀 ⧵ 𝑃. Then, (𝑥, 𝑓) ∈ 𝐽𝑑,𝑑 = (𝑑𝑎, 𝑑)𝑅 and so 𝑥 = 𝑎𝑦 = 𝑑𝑎𝑡 and
𝑓 = 𝑎𝑔 = 𝑑𝑎𝑘 + 𝑑𝑡, for some (𝑡, 𝑘) ∈ 𝑅. Hence, 𝑦 = 𝑎𝑑 = 𝑑𝑡 = 𝑎(𝑔 − 𝑑𝑘) and
whence 𝑡 = 𝑎 and 𝑑 = 𝑔 − 𝑑𝑘. It follows that 𝑑 = 𝑔(1 + 𝑘)−1 ∈ 𝑃 as 𝑘 ∈ 𝑀,
absurd. So, 𝑦 = 𝑎𝑑 ∈ 𝑎𝑃, as claimed. Consequently, (𝑥, 𝑓) ∈ 𝐼2𝑃 ⋉ 𝐼𝑃 and
thus core(𝐼 ⋉𝑀) ⊆ 𝐼2𝑃 ⋉ 𝐼𝑃.
For the reverse inclusion, notice first that 𝐼𝑃 = 𝑎𝑇𝑃 = 𝑎𝑃𝑉𝑃 = 𝑎𝑃 and let

𝑥, 𝑦 ∈ 𝑃, 𝑢 ∈ 𝑉 ⧵ 𝑃, and 𝑚 ∈ 𝑀. Then, (𝑎2𝑥, 𝑎𝑦) = (𝑢𝑎,𝑚)(𝑢−1𝑎𝑥, 𝑢−1(𝑦 −
𝑚𝑢−1𝑥)), where clearly 𝑢−1(𝑦 −𝑚𝑢−1𝑥) ∈ 𝑃 ⊂ 𝑀, and hence (𝑎2𝑥, 𝑎𝑦) ∈ 𝐽𝑢,𝑚.
It follows that 𝐼2𝑃⋉𝐼𝑃 ⊆ 𝐽𝑢,𝑚, for every 𝑢 ∈ 𝑉 ⧵𝑃 and𝑚 ∈ 𝑀, completing the
proof of Assertion (1).
(2) Assume 𝐼 is basic. If 𝐼 = 𝑎𝑉, 0 ≠ 𝑎 ∈ 𝑉, then by [26, Theorem 2.3], we

obtain
core(𝐼 ⋉𝑀) = pcore(𝐼 ⋉𝑀)

= 𝑎(𝑎𝑀 ∶ 𝑀) ⋉ 𝑎𝑀
= 𝑎2(𝑀 ∶ 𝑀) ⋉ 𝑎𝑀
= 𝑎2𝑉 ⋉ 𝑎𝑀
= 𝐼2 ⋉ 𝐼𝑀.

Next, suppose 𝐼 is not principal. Then 𝑇 = (𝐼 ∶ 𝐼) = 𝑉𝑃 for some prime ideal
𝑃 of 𝑉. Since 𝐼 is basic (by hypothesis), 𝐼 is not strongly stable by Lemma 2.1.
We claim that 𝐼𝑃 = 𝐼𝑀 = 𝐼. Indeed, obviously, 𝐼𝑃 ⊆ 𝐼𝑀 ⊆ 𝐼. Suppose,
for a contradiction, that 𝐼𝑃 ⫋ 𝐼, and let 𝑎 ∈ 𝐼 ⧵ 𝐼𝑃. Then, 𝐼𝑃 ⫋ 𝑎𝑉𝑃 and so
𝑎−1𝐼𝑃 ⫋ 𝑉𝑃. Hence, 𝑎−1𝐼𝑃 ⊆ 𝑃 and whence 𝑎−1𝐼 ⊆ (𝑃 ∶ 𝑃) = 𝑉𝑃. It follows
that 𝐼 ⊆ 𝑎𝑉𝑃 = 𝑎𝑇 ⊆ 𝐼 and so 𝐼 = 𝑎𝑇, that is, 𝐼 is strongly stable, absurd.
Therefore, 𝐼𝑃 = 𝐼𝑀 = 𝐼. So, 𝐼 ⋉ 𝐼 is a subideal of 𝐼 ⋉𝑀 with (𝐼 ⋉ 𝐼)(𝐼 ⋉𝑀) =
𝐼2 ⋉ 𝐼 = (𝐼 ⋉𝑀)2. Therefore, core(𝐼 ⋉𝑀) ⫅ 𝐼 ⋉ 𝐼.
Next, let 𝐻 be a reduction of 𝐼 ⋉ 𝑀. Since 𝐻 ⊆ 𝑉𝐻 ⋉ 𝑀𝐻 ⊆ 𝐼 ⋉ 𝑀, then

𝑉𝐻 ⋉𝑀𝐻 is a reduction of 𝐼 ⋉ 𝑀 and then 𝑉𝐻 is a reduction of 𝐼. So, 𝑉𝐻 = 𝐼.
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By Theorem 2.7, 𝐻 is a reduction of 𝐼 ⋉ 𝑀𝐻 with 𝐫𝐼⋉𝑀𝐻
(𝐻) = 1. Further,

𝐼 = 𝐼𝑀 = 𝑉𝐻𝑀 ⊆ 𝑀𝐻 . Then

𝐼2 ⋉ 𝐼2 = (𝐼 ⋉ 𝐼)2 ⊆ (𝐼 ⋉𝑀𝐻)2 = 𝐻(𝐼 ⋉𝑀𝐻).

Consequently, 𝐼2⋉𝐼2 ⊆ 𝐻, and thus 𝐼2⋉𝐼2 ⊆ core(𝐼 ⋉𝑀), as desired. Finally,
recall that proper idempotent ideals in domains are basic [22, Lemma 2.1] and,
if nonzero, are non-principal. Then, core(𝐼 ⋉𝑀) = 𝐼 ⋉ 𝐼, completing the proof
of the theorem. □

It is known that themaximal ideal of any valuation domain is either principal
or idempotent. This fact leads to the following corollary of Theorem 3.7.

Corollary 3.8. Let (𝑉,𝑀) be a valuation domain and 𝑅 = 𝑉 ⋉ 𝑀. If𝑀 is not
principal, then𝑀 ⋉𝑀 is basic. In general, for any prime ideal 𝑃 of 𝑉, if 𝑃 is not
principal in 𝑉𝑃, then core(𝑃 ⋉𝑀) = 𝑃 ⋉ 𝑃.
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