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Groupoids of finitely aligned higher-rank
graphs via filters and graph morphisms

Lisa Orloff Clark and Malcolm Jones

ABSTRACT. Higher-rank graphs are certain small categories that are a higher-
dimensional generalisation of both directed graphs and free monoids. Path
and boundary-path groupoids of finitely aligned higher-rank graphs are often
constructed using either filters or graph morphisms. We generalise the graph
morphism approach to finitely aligned P-graphs where (Q, P) is a weakly
quasi-lattice ordered group, and we show the filter approach and the graph
morphism approach yield isomorphic path and boundary-path groupoids. To
do this, we define conjugacy of partial monoid actions such that conjugate ac-
tions have isomorphic semidirect product groupoids. Combining our results
with others in the literature, we survey many isomorphic presentations of
path and boundary-path groupoids at different levels of generality.
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1. Introduction

A higher-rank graph is a small category A together with a functord: A —
Nk, where k is a positive integer, satisfying the unique factorisation property:
forevery A € Aand m,n € Nk with d(1) = m + n, there are unique elements
U, v € Asuch that 1 = uv, d(u) = m and d(v) = n. Higher-rank graphs were
introduced in [20] as higher-dimensional generalisations of directed graphs in
order to broaden the scope of the graph approach to C*-algebras of [21]. In fact,
their impact goes beyond C*-algebras. For example, one-vertex higher-rank
graphs generalise free monoids [25], and generalisations of Thompson groups
can be realised via groupoids and inverse semigroups associated to higher-rank
graphs [23, 22]. This paper grew out of a question raised by Exel about such
groupoids and inverse semigroups [10, Page 195]:

Although we have not invested all of the necessary energy to
study the inverse semigroup constructed from a general higher
rank graph, as in [13], we conjecture that the groupoid there is
the same as the groupoid Ggps. - -

In this paper, we show various constructions do indeed yield isomorphic
groupoids. Given a finitely aligned higher-rank graph A, we combine our main
result with a result from [27] to conclude that Exel’s tight groupoid Gigp, of the
inverse hull of A is isomorphic to the boundary-path groupoid of [13] (see re-
mark 6.2). Further analysis of the relationship between the inverse hull and the
inverse semigroup of [13] is needed to determine whether Gy, of the inverse
semigroup of [13] is isomorphic too, which would be the most complete answer
to Exel’s conjecture. In this sense, we give a partial answer to Exel’s conjecture
in this paper.

There are two main approaches to defining the path space of a higher-rank
graph A. The first, initiated in [20] for the row-finite case and generalised in
[46] to the finitely aligned case, is to use certain graph morphisms from path
prototypes to A. The second is to use filters of A, which stems from various
work [26, 10, 38] and was first applied to higher-rank graphs in [4]. Similar to
[2], where the groupoid of filters and the groupoid of germs of an inverse semi-
group are shown to be isomorphic, the main result in this paper is that the filter
and graph morphism approaches yield isomorphic groupoids (corollary 5.4),
which we use to answer Exel’s conjecture. This is folklore, and evidence can
be found in [20, Remarks 2.2], [30, Page 2763] and [10, Proposition 19.11], but
the complete details have not appeared. Moreover, we extend this framework
by working more generally with the finitely aligned P-graphs of [4] for weakly
quasi-lattice ordered groups (Q, P) in the sense of [17]. Higher-rank graphs,
also called k-graphs, correspond to the special case where (Q,P) = (Z*,N¥).
The generalisation of k-graphs considered in [5], where N¥ is replaced with a
finitely-generated cancellative abelian monoid P, is outside the scope of this

paper.
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Our preferred approach is to define the path space of a P-graph using fil-
ters, as in [19]. Even for k-graphs, the appeal of this approach becomes clear
when the graph is not row-finite. In that setting, the graph morphisms ap-
proach becomes a lot more complicated. See for example [7, Example 5.4] for
the path groupoid of a row-finite k-graph with no sources and [8, Example 5.2]
for the boundary-path groupoid of a finitely aligned k-graph. In what follows,
we introduce a graph morphism approach to define the path and boundary-path
spaces for P-graphs that is new (and messy). Then we show it is isomorphic to
the cleaner filter version.

To prove our main result that the path groupoids via filters are isomorphic
to the path groupoids via graph morphisms for finitely aligned P-graphs, where
(Q, P) is a weakly quasi-lattice ordered group, we extend the definition of con-
jugacy for Deaconu—Renault systems from [1] to the (partial) monoid actions
described in [35] (therein called “semigroup actions”). We prove that if two
monoid actions are conjugate, then they have topologically isomorphic semidi-
rect product groupoids. Various notions of conjugacy of special k-graphs have
been studied in [6]. It would be interesting to interpret these ideas in the frame-
work of the monoid actions and semidirect product groupoids of [35], but this
is not considered in the present paper.

The topological higher-rank graphs of [46, 35, 34] are beyond the scope of
the present paper. That is, we consider only finitely aligned discrete P-graphs.
In order to show our path and boundary-path groupoids of finitely aligned (dis-
crete) P-graphs generalise those of k-graphs, we looked for a description of both
groupoids in the discrete setting in the literature. However, descriptions of the
groupoids in the discrete setting are restrictive in one way or another:

« [42, §3] describes the path space of finitely aligned k-graphs but not the
groupoid;

+ [16, Appendix B.1] describes the path groupoid of row-finite k-graphs;

+ [7, Example 5.4] describes the path groupoid of row-finite k-graphs with
no sources; and

+ [8, Example 5.2] describes only the boundary-path groupoid of finitely
aligned k-graphs.

We believe it is necessary to use [46] as our reference for path and boundary-
path groupoids of finitely aligned discrete k-graphs.

After a preliminaries section, in section 3 we introduce conjugacy for monoid
actions and show in theorem 3.3 that conjugate actions yield isomorphic partial
action groupoids. We then describe the filter and graph morphism approaches
to path and boundary-path groupoids of finitely aligned P-graphs in section 4
and show in section 5 that the corresponding monoid actions are conjugate, see
theorem 5.2. Consequently, the path and boundary-path groupoids via filters
and graph morphisms are isomorphic, see corollary 5.4. For finitely aligned
P-graphs, we reconcile with Spielberg’s groupoids from [40] and remark that
the boundary-path groupoid has an inverse semigroup model due to a result
of [27], see remark 5.5. In section 6, we show that the path and boundary-path
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groupoids coincide with those of [13, 46] for finitely aligned (discrete) k-graphs,
see remark 6.2. We conclude the paper with remark 6.4, where we respond to
Exel’s conjecture. It is the nature of this paper that we construct/recall many
groupoids from the literature. Their notation is inconsistent in the literature,
so we summarise the convention we have chosen for this paper in appendix A.

2. Preliminaries

2.1. Partial monoid actions. The following definitions come from [35, §5],
but we use the term monoid, i.e. a semigroup with an identity element. Let X
be a set, and let P be a monoid whose identity element is denoted by e. Suppose
X % Pisasubsetof X X Pand Tx: X % P — X is a function sending each
(x,m) € X = P to Tx((x,m)) =: x - m € X and satisfying:

(S1) forallx € X,(x,e) e X * Pand x - e = x; and

(S2) forall (x,m,n) € XXPXP,(x,mn) € X * Pifand onlyif(x,m) € X = P

and (x - m,n) € X % P, in which case (x - m) - n = x - (mn).

We call the triple (X, P,Tx) a (partial) monoid action (of P on X). For each
m € P, we write domy(m) :={x € X | (x,m) € X * P}andimy(m) :={x-m |
x € domy(m)}, and we define Ty : domy(m) — imy(m) by T{/(x) = x - m,
for each x € domy(m). Whenever we write x - m, it is to be understood that
x € domy(m). The monoids P that we consider come with a partial order <
(see section 2.4). In this case, we say (X, P, Ty) is directed if, for all m,n € P,
domy(m) N domy(n) # @ implies there is [ € P such that m,n < [ and
domy(m)Ndomy(n) € domy(l), in which case domy(m)Ndomy(n) = domx (1)
as per the note following [35, Definition 5.2]. Recall that a local homeomor-
phism from a space X to a space Y is a continuous map f : X — Y such that
every x € X has an open neighbourhood U such that f(U) is open in Y and
the restriction f|y: U — f(U) of f is a homeomorphism [43, Page 68]. A
monoid action (X, P,T), where P is a submonoid of a discrete group Q, is lo-
cally compact if X is a locally compact Hausdorff space and, for all m € P,
domy(m) and imy(m) are open in X and Ty : domy(m) — imy(m) is a local
homeomorphism. In order to characterise invariant subsets of the unit space
of the semidirect product groupoids associated to monoid actions, we make the
following definition.

Definition 2.1. Given a monoid action (X, P, Tx), we say a subset U C X is
invariant (with respect to Ty ) if, forallx e X, ye Uand m,n € P,x-m=y-n
implies x € U.

2.2. Groupoids. We refer the reader to [28, 44, 37] for the following prelimi-
naries on groupoids. A groupoid consists of a set G and a subset G® C G x G
together with a map (g, h) — gh from G to G (called composition) and a map
g — g~! from G to G (called inversion) such that:

« if(f,g), (g, h) € GP, then(f,gh),(fg,h) € GPand f(gh) = (fg)h =:
fgh;
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« forallg e G,(g7})™! = g;and
. forallg € G,wehave (g™, g) € G®,andif (g, h) € GP, theng~'(gh) =
hand (gh)h™! = g.
The set GO := {x € G | x = xx = x~'}is called the unit space of G. There
are range and source maps from G to G given by r(g) := gg~! and s(g) :=
g7'g € GO, for each g € G, respectively. We have r(G) = s(G) = G©, and
(g,h) € GPif and only if s(g) = r(h).

Let G be a groupoid endowed with a (not necessarily Hausdorff) topology.
The set G® is endowed with the subspace topology from the product topology
on GXG. Wesay G is topological if composition and inversion are continuous. A
groupoid G is étaleifs : G — G is a local homeomorphism. By [36, Theorem
5.18], a topological groupoid G is étale if and only if G©) is open in G and s
is an open map. Given an étale locally compact (not necessarily Hausdorff)
groupoid G such that G© is Hausdorff, we say G is ample if G has a basis of
compact open sets (which is equivalent to the definition via bisections by [41,
Proposition 3.6] or [11, Proposition 4.1]).

If G is a groupoid, we call H C G a subgroupoid if H is a groupoid under
the inherited operations. Given U C G(©, the reduction of G to U is G|y :=
s~1(U) nr~1(U), which is a subgroupoid of G. We say U C G is invariant if
r(s~'(U)) C U, in which case G|y = s~'(U). Given an étale locally compact
groupoid G with Hausdorff unit space G, if U € G© is closed and invariant,
then G|y is an étale locally compact closed subgroupoid of G (see [37, Page
96]). Given topological groupoids G and H, a (topological) isomorphism from
G to H is a homeomorphism 3 : G — H such that (g;,g,) € G? if and only
if ((g1),%(g,)) € H?, in which case ¥(g18,) = P(g1)¥(g,), and Pp(g™) =
Y(g)~! forall g € G. We say G and H are (topologically) isomorphic if there is a
(topological) isomorphism from G to H.

2.3. Semidirect product groupoids. Semidirect product groupoids are a gen-
eralisation of Deaconu-Renault groupoids [9, 33]. Deaconu-Renault groupoids
are used in [1, §2.2]. Let (X, P, Tx) be a directed and locally compact monoid
action, where P is a submonoid of a discrete group Q. In [35], Renault and
Williams associate a semidirect product groupoid Gy to (X, P, Tx) as follows.
Let Gx be the set of (x,q,y) € X X Q X X for which there are m,n € P sat-
isfying ¢ = mn™!, x € domy(m), y € domy(n) and x - m = y - n. Let
G)((z) be the set of pairs ((x,q,y), (w,r,z)) € Gx X Gx with y = w. Then,
Gy is a groupoid with composition (x, q,y)(y,r,z) := (x, gr, z) and inversion
(x,q,y)7' = (y,q7 %, x), called the semidirect product groupoid of (X, P, Tx).
The collection of

Zx(U,m,n,V) :={(x,mn",y) €Gx | x€eU,yeVandx-m=y-n},

where m,n € P and U,V C X are open, is a basis for a topology on Gy such
that Gy is an étale locally compact Hausdorff groupoid, and x — (x,e,x) is a

homeomorphism from X to G)(?). Thus, if X has a basis of compact open sets,
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then Gy is ample. Also, given any basis for the topology on X, the collection of
Zx(U,m,n,V),where m,n € Pand U,V C are basic open sets, is a basis for the
topology on Gx. The following lemma is straight-forward so we omit the proof.
It allows us to identify invariant subsets of X in the sense of definition 2.1 with

invariant subsets of G}(?) via the homeomorphism x — (x, e, x) from X to Ggg).

Lemma 2.2. Let (X, P, Tx) be a directed and locally compact monoid action,
where P is a submonoid of a discrete group Q.

(1) For any U C X, U is invariant with respect to T if and only if U iden-

tifies with an invariant subset of G)(?) via x — (x, e, x).

(2) For any closed invariant U C X, we have Gx|y = {(x,q9,y) € Gx |
X,y € U}, which is an étale locally compact Hausdorff closed sub-
groupoid of Gy.

2.4. Weakly quasi-lattice ordered groups. We follow [17] for preliminaries
on weakly quasi-lattice ordered groups. Let Q be a discrete group, and let P be
a monoid such that P n P~! = {e}. For each p,r € P, define p <rifpg=r
for some q € P, which is left invariant. We say (Q, P) is a weakly quasi-lattice
ordered group if, whenever two elements of P have a common upper bound with
respect to <, there is a least common upper bound. Roughly speaking, the P-
graphs introduced in [4] and considered in this paper are defined by replacing
the role of (Z*,N¥) in the k-graphs of [20] with a weakly quasi-lattice ordered
group (Q, P). A different generalisation of k-graphs is considered in [5], where
Nk is replaced with a finitely-generated cancellative abelian monoid. We give
examples of a weakly quasi-lattice ordered group that is not finitely-generated
and a finitely-generated cancellative abelian monoid that is not weakly quasi-
lattice ordered to emphasise that neither collection of generalised k-graphs is
contained in the other. In this paper, we consider the P-graphs of [4].

Example 2.3 (Example 3.2 of [17] and Section 2.3 of [26]). Let [ be the free
group on a countably infinite set of generators, and let F* be the smallest sub-
monoid containing the identity and the generators. Then, (F,F*) is weakly
quasi-lattice ordered (in fact, it is a quasi-lattice in the sense of [17]), but F* is
not finitely-generated.

Example 2.4. Let P be the smallest submonoid of the additive monoid N? con-
taining (1,0), (1,1) and (1, 2), and suppose P embeds in a discrete group Q.
Observe (1,0) + (1,1) = (2,1) and (1,0) + (1,2) = (1,1) + (1,1) = (2,2), s0
(2,1) and (2, 2) are distinct minimal common upper bounds of (1,0) and (1, 1).
Thus, (1,0) and (1, 1) do not have a least common upper bound, and so (Q, P)
is not weakly quasi-lattice ordered.

2.5. P-graphs. Following [4], given a weakly quasi-lattice ordered group (Q, P),
a (discrete) P-graph consists of a countable small category A with composable
pairs A®, units A, range map r and source map s, together with a functor
d: A — P satisfying the unique factorisation property: for every A € A and
p,q € Pwithd(1) = pg, there are unique elements u, v € A such that 1 = uv,
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d(u) = p and d(v) = q. For each p € P, we write AP := d~!(p), and we have
A©® = A€, For each u € Aand E C A, we write AE := {Au | u € E and s(1) =
r(u)}. We say A is finitely aligned if, for all u,v € A, there is a finite J C A
such that uA N vA = Ule] AA as in [38, Page 729]. For each u,A € A, define
U<A <= pu=Aforsomev e A < 1€ uA.

We state some properties and notations for P-graphs. It follows from the
unique factorisation property that A is left cancellative (i.e. uv = ux implies
v = x), right-cancellative (i.e. uv = xv implies u = x), and has no inverses
(i.e. uv = s(v) implies u = v = s(v)). Hence, any P-graph is a category of
paths (i.e. a left and right cancellative small category having no inverses) as
in [39, Example 2.2(6)]. The relation < is the same as that of [39, Definition
2.5] for categories of paths, so < is a partial order. Moreover, < is left invariant
(i.e. uv < ux implies v < x) because of left cancellation. The k-graphs of
[20] are the P-graphs where (Q,P) = (Z*,NK) for some k € Z*. A P-graph
morphismisafunctor x : A; — A, froma P-graph (A, d;) toa P-graph (A,, d,)
satisfying d;(1) = d,(x(1)), for all A € A,. For discrete A, the notion of “rank-
k (finite) path prototypes” of [46] generalises to weakly quasi-lattice ordered
groups (Q, P) without modification as follows.

Example 2.5. Let (Q, P) be a weakly quasi-lattice ordered group. For each m €
P, the set

Qpm ={(p,q) EPXP|p<q<m}
is a P-graph with (p, q), (¢’,r) € Qg,zzn if and only if ¢ = q’ and operations

Q;’Z,zn - QP,M’ ((ps q)s (q, V)) = (p, r),
and
d: Qp,, - P, (p,9r plg.

In this paper, we reconcile constructions of the path space, boundary-path
space, path groupoid and boundary-path groupoid of a P-graph. There are a
number of different constructions that yield the same structures up to isomor-
phism. The notation of these structures is inconsistent in the literature. To
make this paper as readable as possible, we work with a particular convention,
which we collate in appendix A.

3. Conjugacy of monoid actions

We generalise the definition of a conjugacy of Deaconu-Renault systems
as in [1] via a characterisation in [1, Lemma 2.6(2)]. A number of questions
can be asked about conjugacy of monoid actions in analogy with [1, Theorem
3.1]. In this paper, we only check that conjugate monoid actions have isomor-
phic semidirect product groupoids (theorem 3.3) to provide ourselves with a
framework to show that different constructions of groupoids from P-graphs are
isomorphic (corollary 5.4). Various notions of conjugacy of finitely aligned k-
graphs are studied in [6]. In particular, two finitely aligned k-graphs are shown
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to be eventually one-sided conjugate (see [6, Definition 3.1]) if and only if there
is a cocycle-preserving isomorphism between their associated boundary-path
groupoids [6, Theorem 3.2]. It would be interesting to investigate an analogue
of eventual one-sided conjugacy for monoid actions to characterise when two
semidirect product groupoids admit a cocycle-preserving isomorphism.

Definition 3.1. Let P be a monoid, and let (X, P, Tx) and (Y, P, Ty ) be monoid
actions on topological spaces X and Y. A conjugacyisamap h: X — Y such
that:

(C1) his a homeomorphism;
(C2) h(domy(m)) = domy(m), for all m € P; and
(C3) h(x-m) = h(x)-m,forall m € P and x € domx(m).

Wesay (X, P, Tx) and (Y, P, Ty) are conjugate if there isa conjugacy h : X — Y.
It follows from the definition of a conjugacy that h(imy(m)) = imy(m).

Proposition 3.2. Let P be a monoid, and let (X, P, Tx) and (Y, P, Ty) be con-
jugate monoid actions.

(1) If (X, P, Tx) is locally compact, then (Y, P, Ty) is locally compact.
(2) If (X, P,Ty) is directed, then (Y, P, Ty) is directed.

Proof. Say h: X — Y is a conjugacy, and suppose (X, P, Tx) is locally com-
pact. Since X is locally compact Hausdorff, (C1) implies Y is locally compact
Hausdorff. Fix m € P. Since domy(m) is open, (C1) and (C2) together imply
domy (m) is open. Also, imy(m) is open, and h(imy(m)) = imy(m), so imy(m)
is open too. Since h and h~! are homeomorphisms, Ty is a local homeomor-
phism and (C3) says Ty = hoTy oh™1, so we get that Ty : domy(m) — imy(m)
is also local homeomorphism.

Now suppose (X, P, Ty) is directed. Let m,n € P be such that domy(m) N
domy (n) # @. Because h is injective and because of (C2), we have

h(domy(m) N domy(n)) = domy(m) N domy (n),

so domy(m)Nndomy(n) # @. Since (X, P, Ty) is directed, thereis | € P such that
m,n < land domy(m)ndomy(n) = domy(l). Again, because h is injective and
because of (C2), we have domy (m)Ndomy(n) = h(domy(m)) N h(domy(n)) =
h(domy(m) N domy(n)) = h(domx(l)) = domy(I). O

In [1, Theorem 3.1], conjugacy of Deaconu-Renault systems is characterised
in terms of groupoid isomorphisms and C*-algebra *-isomorphisms. We gener-
alise a small part of this theorem via routine arguments alluded to in the proof
of [1, Proposition 3.8].

Theorem 3.3. Let Q be a group, let P be a submonoid, and let (X, P,Tx) and
(Y,P,Ty) be locally compact and directed monoid actions. If h: X — Y isa
conjugacy, then

I,bh : GX - GY’ lph((x’ q,)’)) = (h(X), qah(y))s
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is an isomorphism such that, for each open U,V C X and m,n € P,
¢h(ZX(U7 m,n, V)) = ZY(h(U)’ m,n, h(V))

Moreover, for each closed invariant U C X, h(U) C Y is closed and invariant,
and 1y, restricts to an isomorphism from Gx |y to Gy |-

Proof. Let (x,mn~',y) € Gy, where m,n € Paresuchthatx-m = y - n.
By definition of a conjugacy, h(x) - m = h(x - m) = h(y - n) = h(y) - n, and
h(x) € domy (m) and h(y) € domy (n), 50 $,,((x,4,¥)) = (h(x), mn~1, h()) €
Gy. That is, ¢, is well-defined. By (C1), h is a bijection. If (h(x),q,h(y)) =
(h(x"),q’,h(y")), then g = ¢’ and (x,q,y) = (x',q’,y’) because h is injective.
Thus v, is injective. Fix (y1,q,Y,) € Gy. Then, there are m,n € P such that
y1-m =y, -nand mn~! = q. Since h is surjective, there are x;,x, € X
such that h(x;) = y; and h(x,) = y,,s0 h(x; - m) = h(x;) -m = h(x,) -n =
h(x, - n). Since h is injective, x; - m = X, - n, and so (x;, q, x,) € Gx. Moreover,
1,9,Y2) = Yu(x1, g, x,). Thus, ¥y, is surjective. By similar arguments, we can
show ¥,(Zx(U,m,n,V)) = Zy(h(U), m, n, h(V)), for any open U,V C X and
m,n € P. The collection of such Zx (U, m,n,V) is a basis and 1, is a bijection,
so it follows that ¢, is a homeomorphism. For any (x, q,y), (w,r,z) € Gx,y =
w if and only if h(y) = h(w) because h is injective, and so ((x, q,y), (w,r,z)) €
G)((z) if and only if (¥, ((x, q,¥)), Yp((w,r, 2))) € G;Z), in which case

Yu((x, g, Y)Pu((w, 1, 2)) = (h(x), gr, h(z))
= l)bh((x’ qr, Z))
= Pp((x, g, Y)W, r, 2)).

Moreover,

Yn((x, g, )7 = (h(x), q, h(¥)~!
= (h(»),q ", h(x))
= Pu(y,q7", %)
= Pp((x,q, )7,

Therefore, 3, is an isomorphism.

Now suppose U C X is closed and invariant. Fix h(x) € Y, h(y) € h(U)
and m,n € P such that h(x) - m = h(y) - n. By (C3), h(x - m) = h(y - n), so
x-m=yYy-n.Since h(y) € h(U),y € U, and so x € U because U is invariant.
Thus, h(x) € h(U), so h(U) is invariant. Also, h(U) is closed because h is a
homeomorphism. By lemma 2.2(2), Gx|y and Gy|p) are étale locally com-
pact Hausdorff closed subgroupoids of Gx and Gy, respectively. We have that
Yu(Gxly) = Gylnw). Since ¥, is an isomorphism that maps the subgroupoid
Gx|y to the subgroupoid Gy |y, Pj, restricts to an isomorphism of these sub-
groupoids. O
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4. Path groupoids via filters and graph morphisms

In section 4.1, we recall the construction of path groupoids of finitely aligned
P-graphs via filters from [19]. In section 4.2, we generalise the construction of
path groupoids of finitely aligned k-graphs via graph morphisms (e.g. [46]) to
include P-graphs, where (Q, P) is a weakly quasi-lattice ordered group. We note
filters and graph morphisms are not the only two notions of paths: In [3], paths
are defined as sections of functors induced by a discrete Conduché fibration.
This approach has been further developed in [45], where only infinite paths
are considered. We have not examined whether filters and graph morphisms
coincide with the paths of [3, 45] in our setting.

4.1. Filter approach. Filters (or similar) have been used as models of paths
in P-graphs for some time (e.g. [26] for quasi-lattice ordered groups, [10] for
semigroupoids, [38] for categories of paths, and [4] for P-graphs—though no
groupoid is used).

4.1.1. Path groupoid. We recall the path and boundary-path groupoids of
finitely aligned P-graphs via filters from [19]. A filter of a P-graph A is a non-
empty subset x of A that is hereditary (ie. 1 < u € x implies 4 € x) and
directed (i.e. u,v € x implies there is 1 € x such that u,v < 24).

Definition 4.1 (Path space of filters). Let (Q, P) be a weakly quasi-lattice or-
dered group, and let A be a finitely aligned P-graph. We write X, ¢ for the set
of filters of A.

The set X5 ¢ is the first of many presentations of the path space of a P-graph
A considered in this paper. The various notation can be found in appendix A.
Each x € X, ¢ is directed, and so the restriction d|, is injective (see [35, Lemma
6.6(b)]). For each 1 € A, we write

FQA) :={n €N |u=} € Xy

For any x € X, , there is a unique element of x N A denoted by r(x). Given
finite (possibly empty) K;, K, C A and u € A, we write
Zx, K1\ Kp) :={x € X ¢ | K; Sx CA\Kp},
Zx,; M\ Kp) 1= Zx, ({u}\ Ky), and
ZXA’f (#) := ZXAqf (M \ ﬂ) *

The collection of such Zy, (K, \ K) is a basis for a topology on X ;. Identi-
fying X ¢ as a subcollection of maps from A to the discrete space {0, 1} realises
the topology on X, ¢ as the topology of pointwise convergence (also called the
‘pointwise topology’) in the sense of [43, Definition 42.1]. In some settings,
including [2], such topologies on subsets of the powerset of a set are called
‘patch topologies’ (see the note about this terminology in [24, Page 293]). The
motivation for the name ‘pointwise convergence’ is explained by [43, Theorem

42.2], which simplifies as follows in our setting. A sequence (x,) C X ¢ con-
verges to x € X, ¢ if and only if for each 4 € x there is an N € N such that
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N <n = 1€ x,andforeach1 € A\ x thereis an N € N such that
N <n = 1€ A\ x,. By[19, Remark 4.2 and Theorem 4.9], if A is finitely
aligned, then the collection of Zx, . (1 \ K), where u € A and K C uA is fi-
nite, is a countable basis of compact open sets, and X, ¢ is locally compact and
Hausdorff.

By [4, Lemma 3.4], for each 1 € A, the map

Zx (W) = Zx, (1), xPx-1:={u€A|Au€x}
is a bijection with inverse
Zx,; Q) = Zx, (1), x Ax ={{ €A|{ = Auforsome u € x}.

Even if A is not finitely aligned, x — x - 4 is continuous [19, Lemma 5.3] and
its inverse x — Ax has some continuity-like behaviour [19, Lemma 5.13]. If
A is finitely aligned, then for each 4 € A the subspace Zy, . (1) has a basis of
sets of the form Zy (K \ K), where 1 < x and K C xA is finite, by arguments
similar to [19, Lemma 6.2]. The image of such a Zx,, (x \ K)underx — x-Ais
open, and so x — x - A is an open map. Therefore, if A is finitely aligned, then
X — x - A is a homeomorphism.

Following [19, Lemma 5.1], given (1, u) € A® and x € X Af» if A € x, then
(x-A)-u=x-(Au), and if s(u) = r(x), then A(ux) = (Au)x. By [4, Lemma
34],ifu € x € Xpyand (4, u) € A® then u(x - u) = x and (Ax) - 1 = x. As
per [19, Definition 5.8], we define

Xag # P i={(x,m) € Xyt XP | xNA™ # @},

and we define Ty, . : X;r * P — X, to map each (x,m) € X,y * P to
X -m = x - u, where u is the unique element of x N A”™. We can now state the
finitely aligned case of [19, Theorem 5.14].

Proposition 4.2 (Theorem 5.14 of [19]). Let (Q, P) be a weakly quasi-lattice
ordered group, and let A be a finitely aligned P-graph. Then, (X, ¢, P, Tx, ) is
a locally compact and directed monoid action.

Recall the semidirect product groupoids of monoid actions from section 2.3.

Definition 4.3 (Path groupoid of filters). Let (Q, P) be a weakly quasi-lattice
ordered group, and let A be a finitely aligned P-graph. We write G, ¢ for the
semidirect product groupoid of (X ¢, P, T, ;)

Appendix A presents G,y alongside the other descriptions of the path
groupoid of A considered in this paper. Since X, y has a countable basis of com-
pact open sets, it follows from the discussion in section 2.3 that G, ¢ is ample,
Hausdorff and second-countable. If Q is countable and amenable (e.g. if A is
a k-graph), then it follows from [35, Theorem 5.13] that G, ¢ is amenable (see
also [19, §5.4]). By [19, Theorem 6.6], for any finitely aligned P-graph A, G ¢
is isomorphic to Spielberg’s groupoid from [40]. By [19, Remark 6.7], for any
(discrete) row-finite P-graph A, G, ¢ is isomorphic to the Toeplitz groupoid of
[35, Definition 6.11], so when G, ¢ is amenable its C*-algebra coincides with
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the Toeplitz algebra of [35, Definition 6.11]. We show in section 6 that G ¢ is
isomorphic to the path groupoids from [13, 46] when A is a k-graph.

4.1.2. Boundary-path groupoid. While G, from definition 4.3 coincides
with the Toeplitz groupoid of [35, Definition 6.11] for (discrete) row-finite
P-graphs A, a certain subgroupoid of G, ¢ will coincide with the Cuniz-Krieger
groupoid from [35, Definition 6.18] whose C*-algebra is called the Cuntz—
Krieger algebra of A. We refer the reader to [4, 14, 15] for C*-algebras gen-
erated by representations of P-graphs. In particular, by [4, Corollary 5.5], the
C*-algebras associated to finitely aligned P-graphs in [4, Theorem 5.3] gener-
alise the Cuntz-Krieger algebras of finitely aligned k-graphs from [31]. We note
that [35] does not consider how the Cuntz-Krieger algebra of [35, Definition
6.18] relates to the C*-algebra from [4, Theorem 5.3].

Following [4], we say x € X s isanultrafilterifx Cy € X5y = x =y.In
a directed graph with no sources (i.e. vertices that receive no edges), the infinite
paths in the graph corresponds with the ultrafilters of the finite-path category
of the graph. Thus, the set of ultrafilters need not be closed in X, ¢. For exam-
ple, in the directed graph with one vertex v and edges e, for each n € N, the
sequence (e,e, ---), converges to v. Hence, as Paterson puts it in [29], a “pe-
culiarity of [the groupoid whose C*-algebra coincides with the Cuntz-Krieger
algebra] is that we have to include some finite paths”. Like in the more general
setting of finitely aligned categories of paths [38, Page 729], this is achieved by
including the limit points of ultrafilters of A.

Definition 4.4 (Boundary-path space of filters). Let (Q, P) be a weakly quasi-
lattice ordered group, and let A be a finitely aligned P-graph. We define dA; to
be the closure in X, ¢ of the set of ultrafilters of A.

We say E C A is exhaustive if, for all 1 with r(1) € r(E), thereisau € E
such that AA N uA # . Given u € x € Xy, we say u is extendable in x if,
whenever E C A is finite, exhaustive and s(i) € r(E), there isa v € A such
that uv € x. The following result is a special case of [39, Theorem 7.8]. A
simplified presentation of Spielberg’s proof of the result is given for this special
case in [18, §5.4.1].

Proposition 4.5 (Theorem 7.8 of [39]). A filter x € d/A; if and only if every
U € x is extendable in x.

Definition 4.6 (Boundary-path groupoid of filters). Let (Q, P) be a weakly quasi-
lattice ordered group, and let A be a finitely aligned P-graph. We write 0G ¢
for the reduction of G, ¢ to the closed invariant subset dA¢ of X, ¢.

Recall from section 4.1.1 that G, ¢ is ample, Hausdorff and second-count-
able, and if Q is countable and amenable, then G, ¢ is amenable. Since dG ¢
is the reduction of G, ¢ to the closed invariant subset dA; of X ¢, 0G5 is am-
ple, Hausdorff and second-countable, and if Q is countable and amenable, then
0G, ¢ is amenable.
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4.2. Graph morphism approach. Graph morphisms have been used to
model paths in P-graphs since the inception of higher-rank graphs in [20]. The
boundary-path groupoid of P-graphs where P is a finitely generated abelian
cancellative monoid was introduced in [5]. Describing the path groupoid of
P-graphs, which is one of the contributions of this paper, is more technical.
In this section, given any finitely aligned P-graph A, where (Q, P) is a weakly
quasi-lattice ordered group, we construct a path space X, ;, and a boundary-
path space dA, whose elements are certain graph morphisms. The technicality
of this approach emphasises the value of the filter approach, especially in the
setting of P-graphs. In section 5, we show the actions of P on X s and X ,, are
conjugate so that the path and boundary-path groupoids are isomorphic by the-
orem 3.3. In section 6, we show the path and boundary-path groupoids coincide
with those of [46] when A is a finitely aligned (discrete) k-graph.

4.2.1. Path groupoid. The first challenge is to define a sensible notion of P-
path prototypes that generalise the rank-k path prototypes Qy ,,, of [46].

Proposition 4.7. Let (Q, P) be a weakly quasi-lattice ordered group, and let
(A,) be a sequence of P-graphs such that, for alln € N, A,, C A, and the
inclusion map from A, to A,,;; is a P-graph morphism. The set A := U'1 A, is

a P-graph with operations (1, u) — Au from A® := U, Aff) to Aand d(4) :=
d,, (1), where 1 € A,,. We call A the direct limit of (A,,).

Proof. We have that A is a small category since the inclusion maps are functors.
The map d: A — P is well-defined because the inclusion maps are degree-
preserving. Suppose d(1) = mn for some m,n € P. Say 1 € Ay so thatd; (1) =
mn. Because Ay is a P-graph, there are unique u € AJ’ C A™ andv € A C A"
such that 1 = uv. Suppose ©' € A™ and v/ € A" such that A = u/v'. Find
i and j such that ' € A; andv' € A;. Then, ¥’ € A" and V' € A;.‘ satisfy
A= u'v'. Letl = max{i, j, k} so that u, v, u’,v’,1 € A,. Because the inclusion
maps are degree-preserving, 4’ € A" and v' € A}, which satisfy 1 = w'v'".
Thus, the unique factorisation property of d; in A; implies ¢’ = wandv' = v,
as required. O

Recall Qp ,,, from example 2.5. We say a sequence (m,,) C P is <-increasing
if mj < my whenever j < k. In proposition 4.8, we show each <-increasing
sequence (m,,) gives rise to a direct limit Qp (,, , the collection of which coin-
cides with the collection of Qy ,, form € (NU {oo})¥ in the sense of [46] when
(Q,P) = (Z*,NFK) (see section 6).

Proposition 4.8. Let (Q, P) be a weakly quasi-lattice ordered group. Suppose
(m,) C P is <-increasing. Foralln € N, Qp,, C Qp,,  and the inclusion
map from Qp,, to Qp,  is a P-graph morphism, and we denote the direct
limit of (QP’mn) by QP,(mn)'
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Proof. Foralln € N, Qp,, C Qp,,  holds because < is transitive. The in-
clusion maps from Qp ,, to Qp,,  are P-graph morphisms because the com-
posable pairs, the composition map, the resulting units and the degree maps in
P-graphs of the form Qp , are all independent of the parameter m. Thus, the
direct limit exists by proposition 4.7. O

Definition 4.9 (Path space of graph morphisms). Let (Q, P) be a weakly quasi-
lattice ordered group, and let A be a finitely aligned P-graph. We define X, ,,
to be the set of graph morphisms x: Qp, y — A, where (m,) C P is <-
increasing, and we write dom(x) for the domain of x so that x : dom(x) — A.

Remark 4.10. When A is a k-graph, the degree map d on A can be extended
t0 X4 yee by letting d(x) = m € (NU {oo})¥, where x : Qrm — A. Inour
generalisation, we can have Qp ; ) = Qp () evenif (I,) # (m,), so it would not
be well-defined to let d(x) = (m,,), where x : Qp (,, y — A. Instead, we extend
d to X, , as follows. Given <-increasing sequences (l,,), (m,) C P, define (I,,) <
(m,,) if and only if, for all j € N, there is a K € N such that [; < mg (in which
case l; < my for all k > K because (m,) C P is <-increasing). Because the
relation < on P is transitive, so is <. The relation < is also reflexive (and hence
a preorder), but < need not be antisymmetric (e.g. (1,3,5,...) and (2,4,6,...)
in N). Because < is a preorder, the relation (1,) ~ (m,) < (,) < (m,) <
(I,) is an equivalence relation on the collection of <-increasing sequences in P.
For any <-increasing sequences (l,),(m,) C P, (I,) ~ (m,) < Qp) =
Qp (m,)- Therefore, we extend d to X, , by defining d(x) = [(m,)]., where
X . Q‘P,(mn) - A.

Now we endow X ;,, with a topology. We write
edom(x) :={(p,q) € dom(x) | p = e}.
Given finite (possibly empty) K;,K, C Aand u € A, let
Zx, K1\ K3) 1={x € Xpm | K; C x(edom(x)) C A\ Ky},
Zx\ M\ Ky) = Zx\m ({ut\ K3), and
Zxm (W) 1= Zx,  (u\9).
The collection of such Zx o (K1 \ K) is a basis for a topology on X ,,. Define
Xam * P :={(x,m) € Xy n, XP | (e,m) € dom(x)}.

In light of remark 4.10, it is worth demonstrating how containment (x, p) €
Xam * Pis independent of the presentation of dom(x).

Lemma 4.11. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. The following are equivalent:
(1) (x,p) € Xpm * P;
(2) for all <-increasing (m,,), dom(x) = Qp ) implies p < m, eventually;
(3) there is some <-increasing (m,) with dom(x) = Qp, yand p < m,
eventually;
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(4) there is some <-increasing (m,,) with dom(x) = Qp,, yand p < m, for
all n.

Proof. Suppose (1) holds, so (e, p) € dom(x), and suppose (m,,) satisfies
dom(x) = Qp (). If (m,,) is <-increasing, p < m,, eventually, hence (2) holds.
For every x € X, n, there is a <-increasing (m,,) satistying dom(x) = Qp (s, ),
so (2) implies (3). Suppose (3) holds, so there is some (m,) and N € N such
that dom(x) = Qp(, y and p < m,, foralln > N. Then, (m,),> is satisfactory.
If (4) holds, then (e, p) € Qp ,,, € dom(x), and so (x, p) € X5, * P. That s,
(1) holds. O

Lemma 4.12. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. For each (x,m) € X, , * P, dom(x) = Qp y, ) for
some <-increasing (m,) C P with m < m,, for all n. The map
x-m: Qpipim) = AN, (p,q) = (x-m)(p,q) := x(mp, mq),

is a graph morphism, and (p, q) € dom(x - m) < (mp, mq) € dom(x).
Proof. By lemma 4.11, dom(x) = Qp , ) for some <-increasing (m,) C P
with m < m,, for all n. By the definition of < and because < is left invariant,
(m~'m,) is a <-increasing subset of P, and hence has direct limit Qp (m-1m,)
as per proposition 4.8. Because m < m, for all n, (p,q) € Qp(p-1pn,) <
(mp, mq) € Qp (), which implies x - m is well-defined.

To see x - m is a functor, suppose p < q < r < m~'m, for some n (i.e.
((p,q),(g,r)) is a composable pair in Qp (-1, y)- By left invariance,

mp <mq <mr <m,,

@)

so ((mp, mq), (mg,mr)) € Q-

) Since x is a functor,

((x - m)(p, ), (x - m)(q,r)) = (x(mp, mq), x(mq, mr)) € A® and
(x - m)(p, q)(x - m)(q,r) = x(mp, mq)x(mq, mr)
= x((mp, mq)(mq, mr))
= x(mp,mr) = (x - m)(p,r)
= (x - m)((p,q)(q, 1)),

so x - m is a functor. Also,
d((x-m)(p,q)) = d(x(mp, mq)) = d(mp, mq) = (mp)~'mq = p~'q = d(p, q),
so x - m is degree-preserving. That is, x - m is a graph morphism. O

We define Ty, @ Xpm * P — X, 1y such that each (x,m) € X, ,, * P maps
to x - m as in lemma 4.12.

Proposition 4.13. Let (Q, P) be a weakly quasi-lattice ordered group, and let A
be a finitely aligned P-graph. Then, (X5 1, P, Tx, ) is a monoid action.
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Proof. We check the axioms (S1) and (S2) hold. For all x € X, py,, (e,e) €
dom(x), so (x,e) € Xy * P, and (x - e)(p,q) = x(ep,eq) = x(p,q), for all
(p,q) € dom(x). Thatis, x - e = x, so (S1) holds. Suppose (x, pq) € X5, * P.
By lemma 4.11, there is some <-increasing (m,,) satisfying dom(x) = Qp (,,
and pq < m,, for all n. Since < is transitive, p < m, forall n,so (x, p) € X 1, *
P. By left invariance of <, ¢ < p~'m,, for all n, and dom(x - p) = Qp (p-1m,)>
so (x - p,q) € Xpm * P. Now suppose (x,p),(x - p,q) € Xpm * P. We
need to show (x, pq) € X\, * P. By lemma 4.11, there is some <-increasing
(m,,) satisfying dom(x) = Qp,, ) and p < m,, for all n. Then, dom(x - p) =
Qp (p-1m,)- Since (x - p,q) € X, * P, we have that (e,q) € Qp,-1,), SO
q < p~'m, for some n. By left invariance of <, we have pg < m,, and so
(e, pq) € Qp,,, C dom(x). Thatis, (x, pq) € Xy, * P. In the above setting,
we need to show x - (pq) = (x - p) - q. Recall from lemma 4.12 that (mp, mq) €
dom(x) < (p,q) € dom(x - m), so

(J, k) € dom(x - (pq))

< (pqj, pgk) € dom(x) (because (x,pq) € X\ * P)

< (qj,qk) € dom(x - p) (because (x,p) € Xy, * P)

< (j,k) €edom((x - p)-q) (because(x-p,q) € Xpy * P),

so dom(x - (pq)) = dom((x - p) - q). Moreover, for any (j, k) € dom(x - (pq)) =
dom((x - p) - q),

(x - (p@)(j, k) = x(pqj, pgk) = (x - p)(qj,qk) = ((x - p) - @)U, k).
Therefore, (S2) holds. O

We will prove in theorem 5.2 that the action on X, ,,, is locally compact and
directed, hence admits the following semidirect product groupoid G, ,, which
coincides with G, ye. when A is a finitely aligned discrete k-graph (see sec-
tion 6).

Definition 4.14 (Path groupoid of graph morphisms). Let (Q, P) be a weakly
quasi-lattice ordered group, and let A be a finitely aligned P-graph. We write
G m for the semidirect product groupoid of (X5 , P, Tx,.)-

4.2.2. Boundary-path groupoid. We use exhaustive subsets of A (see sec-
tion 4.1.2) to define a boundary-path space of A consisting of graph morphisms.

Definition 4.15 (Boundary-path space of graph morphisms). Let (Q,P) be a
weakly quasi-lattice ordered group, and let A be a finitely aligned P-graph. We
define 0A;, to be set of x € X, ,, such that, if (e, m) € dom(x) and E C A
is finite, exhaustive and s(x(e,m)) € r(E), then there is a v € E such that
x(m, md(v)) = .

We will prove in corollary 5.4 that dA, is closed and invariant so that it makes
sense to define the following reduction of G p,.
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Definition 4.16 (Boundary-path groupoid of graph morphisms). Let (Q, P) be
a weakly quasi-lattice ordered group, and let A be a finitely aligned P-graph.
We write 0G, , for the reduction of G, p, to the closed invariant subset A, of
XAam-

5. Conjugacy of filters and graph morphisms

It was observed in [20, Remarks 2.2] that each graph morphism x from Q,
to a row-finite k-graph with no sources is completely determined by the set
{x(0,m) | m € NK}. Given any finitely aligned P-graph A, we show in theo-
rem 5.2 that this association between graph morphisms and subsets of A forms
a conjugacy between the monoid actions on X, , and X, ¢ from the previous
section. We note that for finitely aligned k-graphs, graph morphisms have been
related to certain <-increasing sequences, called N-paths, in [30, Page 2763];
and for semigroupoids, graph morphism-like objects have been related to filter-
like objects in the semigroupoid [10, Proposition 19.11]. However, as far as we
are aware, it has not been made explicit how such identifications give rise to
isomorphic groupoids, nor has this been generalised to the setting of finitely
aligned P-graphs. We first need a lemma that shows all filters are unions of
principal filters.

Lemma 5.1. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. For any y € X, ¢, there is a <-increasing (u,) C y
such thaty = Un F(u,). The sequence (d(u,,)) is <-increasing, and the direct
limit Qp (q(,,)) is independent of ().

Proof. Since A is countable, we can enumerate the elements of y and write
y = {u}, i}, ...}. We build a sequence (u,) inductively. Let y; := u’. Suppose
for some k > 1 there is a yj € y such that j < k implies ;4;. < ug. Then,
'“;c+1’ Ur €Y, and y is directed, so we can define u;,; € y such that '“I/<+1’ My <
HUr41- By transitivity of <, j < k+1 implies ,u;. < Mi41- Therefore, by induction,
there is a <-increasing (u,) C y such that j < n implies u;. < u, and (u,) is
<-increasing. Now fixu € y,sou = ,u;. < u; for some j. Thus, y C UnF(,un).
Because y is hereditary, we also have | J, F(u,) C y.

Because d is a functor, for any <-increasing (u,) C A, (d(u,,)) is <-increasing
and hence has a direct limit Qp q(,, ). Suppose (u,),(4,) C y are both <-
increasingsuch thaty = (J, F(u,) = U, F(up,). We claim Qp (., y) = Qp )
To prove the claim, recall from remark 4.10 that it is equivalent to show (d(u,,)) <
(d(uy)) < (d(uy,)). Foreach j € N, u; € F(u;) C UnF(/,L,’,l), so there is a
K € Nsuch that u; < up. Because d is a functor, d(u;) < d(u;). Hence,
(d(u,)) < (d(u),)). A symmetric argument shows (d(u},)) < (d(u,)), and so
QP,(d(,un)) = QP,(d(,uﬁl))’ as required. O
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Theorem 5.2. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. The map

h: Xam = Xpap X+ h(x) := x(edom(x)),
is a conjugacy.

Proof. We first show h(x) € X, ¢. Observe (e, e) € edom(x), so h(x) # @. Fix
x(e, p), x(e,q) € h(x), where (e, p), (e, q) € dom(x). By definition of X , * P,
we have (x, p), (x,q) € Xy * P, and the characterisation in lemma 4.11 of
Xam * P implies p,q < m, eventually, where dom(x) = Qp,, ). Thus, there
is an n € N such that p,qg < m,. Because x is a functor, x(e, p), x(e,q) =<
x(e, m,), so h(x) isdirected. Fix x(e,r) € h(x), and suppose uv = x(e, r). Using
that x is a functor and the unique factorisation property, it is straightforward
to check that u = x(e,d(u)) € h(x), so h(x) is hereditary. Now we show (C1)
holds, i.e. h is a homeomorphism. Suppose h(x) = h(y). Then, x(edom(x)) =
y(edom(y)). We show dom(x) = dom(y). If (j, k) € dom(x), (e, k) € edom(x),
so x(e,k) € y(edom(y)). There is a k' € P such that x(e,k) = y(e, k'), so
k = k’ because x and y are degree-preserving. Hence, (e, k) € dom(y), and so
(j, k) € dom(y). A symmetric argument shows the other inclusion. Because x
is a functor, x(e, j)x(j, k) = y(e, j)y(j, k), and the unique factorisation property
implies x(j, k) = y(j, k) because x is degree-preserving. Thus, x = y, and so
h is injective. Let y € X, . By lemma 5.1, there is a <-increasing (u,) C y
such that y = (J, F(u,) and (d(u,)) is <-increasing so that the direct limit
Qp (a(,) exists. Fix (j, k) € Qp (q(y,))» s0 k < d(u,) for some n. By the unique
factorisation property, there are unique x € A¥and A € AF'4®) such thatxd =
U, € y. Because y is hereditary, x € y. Notice that, if (u,) is another sequence
as in lemma 5.1 so that Qp q(.,)) = Qp (), then the above argument yields a
«’ € A¥nyandsox = x’ by the injectivity of d|,,. That is, x does not depend on
the choice of (w,,). The unique factorisation property implies there are unique
6 € AJ and 1 € AV such that x = 6u. In this way, (j, k) uniquely determines
t € A, so we can define

X . QP,(d(Mn)) —>A, (],k)l—)X(_],k) =1l
We show x(edom(x)) = y. Fix (e, k) € edom(x). In the above setting, where
x(e, k)is defined, wehave 6 € A% s06 =r(t). Thus, x(e,k) =t=r()t=x € y.
Now fix ¥’ € y. Then, ¥’ < w, for some n, which implies d(x") < d(u,), and
so (e,d(x’)) € eQp (q(y,) = edom(x). We need to show x(e,d(x’)) = x’. By
definition of x(e,d(x")), x € AY¥) so d(x) = d(x') and x,x’ € y. By the
injectivity of d|,, we have that x(e,d(x’)) = x = «/, as required. Therefore,

x(edom(x)) = y. We show x is a graph morphism. Fix ((i, j), (j, k)) € sz )’
As per the definition of x, there are unique x;; € y N Ak 6 ik €EyN AJ and
ik € Aj_l". such that Kk = 6 ktj - Similarly, there are unique x;; € y N AJ,
91-,]- S yﬂAl and li,j € A" Jsuch that Ki,j = Qi’jti,j. By the ln_]eCtIVIty Ofdy, ej,k =
x; ;- Hence, 0, = 6; jt; j, s0 8(1; j) = s(0; ) = r(¢; k). Thatis, (x(i, j), x(j, k) €
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A®. We need to show x(i, k) = x(i, j)x(j, k). Notice 6;,6;; € y N A, so
0k = 6, by the injectivity of d|,. Because of left cancellation, it suffices to
show 6; it = 6; jti jtj k» €quivalently x; . = x; jt; ;. Observe

d(x;y) = k = j(j7'k) = d(; DAt x) = d(i; jt.1),

and so it is enough to show x; ., ; jt; . € y because of the injectivity of d,,. We
have x; . € y by construction of x; . Since 6, = 6; jt; ;, we have

Kijtik = Gijlijtik = Ojktik =%jk €Y,
so both x; ., Kijlix €Y,as required. That is, x(i, k) = x(i, j)x(j, k), and so x is
a functor. Moreover, x is degree-preserving by construction since ¢;; € N
Therefore, x € X, , and so A is surjective.

Recall the basis for the topology on X ,, from section 4.2.1. Notice the bijec-
tion h identifies each basic open set Zx,  (K; \ K,) of X f with Zx, (K; \ K3).
Thus, h is a homeomorphism.

Now we show (C2) holds, i.e. for each m € P, h(domy A,m(m)) = domy A,f(m).
Fixx € domy, _(m). By definition of the action of P on X, 1y, (e, m) € edom(x),
and so x(e, m) € h(x). Because x is a graph morphism, d(x(e, m)) = m. Hence,
h(x) € domy, .(m). For the other inclusion, if h(x) € domy, (m), then there
isau € h(x)NnA™. By definition of h, u = x(e,m’) for some (e, m’) € edom(x).
Notice m = d(u) = d(x(e,m’)) = m' because x is degree-preserving. Thus,
(e, m) € edom(x), which means x € domy, (m), so h(x) € h(domXAm(m))

Lastly, we show (C3) holds, i.e. h(x - m) h(x) - m, for all m € P and
x € domXA (m). By (C2), h(x) € domy, (m), so there is a u € h(x) N A™
and h(x) - m = h(x) - u. Hence, we need to show h(x - m) = h(x) - u. Fix
v € h(x - m) = (x - m)(edom(x - m)). Then, v = (x - m)(e,n) = x(m, mn)
for some (e,n) € edom(x - m). Observe x(e,m) € h(x) N A™ because x is
degree-preserving, so x(e, m) = u by the injectivity of d|,). Now

x(e, mn) = x(e, m)x(m, mn) =

so uv € x(edom(x)) = h(x). Thus, v € h(x) - u. Now fixv € h(x) - u,
so uv € h(x) = x(edom(x)). Then, uv = x(e,l) for some (e,l) € edom(x).
Compute [ = d(x(e, 1)) = d(uw)d(v), so

uv = x(e, 1) = x(e, d(p)x(d(w), d()d(»)).
By the unique factorisation property,
v = x(d(w), d()d(»)) = (x - d))(e,d(v)) = (x - m)(e,d(v)) € h(x - m).
Therefore, h is a conjugacy. O

Corollary 5.3. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. The action (X m, P, Tx, ) is locally compact and
directed.
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Proof. Recall from proposition 3.2 that conjugacies preserve local compact-
ness and directedness. Since the action (X, ¢, P, TXM) is locally compact and
directed, we now have that (X n, P, Tx A,m) is locally compact and directed (and
hence G, y, from definition 4.14 is well-defined). O

Corollary 5.4. Let (Q, P) be a weakly quasi-lattice ordered group, and let A be
a finitely aligned P-graph. The map

¥n: Gam = Gass  (x,4,¥) = (x(edom(x)), g, y(edom(y))),

is an isomorphism. The set A, is closed and invariant, and ,, restricts to an
isomorphism from 0G, i, = G mlaa,, t00GA s = Gaglon,-

Proof. The isomorphism ¥, is a consequence of theorem 3.3 and theorem 5.2.
For the rest of the claim, it remains to show h=1(dA¢) = dA,, (because of the
last part of theorem 3.3). Equivalently, we want to show h(0A,) = dA¢. Fix
X € 0dy. Let u € h(x). We need to show u is extendable in h(x) (defined in
section 4.1.2). Suppose E C A is finite, exhaustive and s(u) € r(E). We need
to find v € E such that yuv € h(x). By definition of h, h(x) = x(edom(x)), so
u = x(e, m) for some (e, m) € edom(x). Thus, s(x(e,m)) € r(E), and so there
isa v € E such that x(m, md(v)) = v by definition of dA,,. Then,

x(e, md(v)) = x(e, m)x(m, md(v)) = uv € h(x),

as required. That is, h(x) € dA;.

For the other inclusion, fix y € dA¢. Since h is surjective, y = h(x) for some
X € Xp;m- Wewant x € dA,,. Suppose (e, m) € edom(x) and E C A is finite,
exhaustive and s(x(e,m)) € r(E). Notice x(e,m) € h(x), so by definition of
0A; there is some v € E such that x(e,m)v € h(x) = x(edom(x)). Thus,
x(e,m)y = x(e,l) = x(e,m)x(m,l) for some (e,l) € edom(x), and so v =
x(m, ). Because x is degree-preserving, x(e, m)v = x(e, l) implies md(v) = L, so
v = x(m, md(v)). Therefore, x € A, as needed. That is, h(0A,) = 0A;. [

We have now established our main results. In the rest of the paper, we recon-
cile the path spaces and groupoids of corollary 5.4 with other groupoids in the
literature at various levels of generality (see remark 5.5 for path groupoids of
finitely aligned P-graphs, remark 5.7 for path groupoids of row-finite P-graphs,
remark 6.1 for path spaces of finitely aligned k-graphs, and remark 6.2 for path
groupoids of finitely aligned k-graphs).

5.1. Reconciling with other groupoids of P-graphs. Recall from section 2.5
that any P-graph A is a category of paths, and so we may also consider Spiel-
berg’s groupoids from [40]. By [40, Proposition 5.11], the two groupoids from
[40, Definition 5.5(iii)] are isomorphic. We denote this groupoid by G, gp;. Spiel-
berg defines a subspace of its unit space in [40, Definition 10.2], and we denote
the reduction of G, gp; to this subspace by dG, spi- Combining corollary 5.4
with [27, Corollary 4.14 and Proposition 5.2] and [19, Theorem 6.6 and Corol-
lary 6.8], we have the following remark.
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Remark 5.5. For any finitely aligned P-graph A, where (Q, P) is a weakly quasi-
lattice ordered group,

GA,Spi = GA,m = GA,f and
0G) spi & 0Gp m = G £ = Giight(Sa,0p)s

for the inverse semigroup S, op from [27, Definition 2.2] and Exel’s tight
groupoid Gijgn(Sa op) from [10].

Remark 5.6. By [27, Lemma4.4], the space E,. (S, op) of characters of the idem-
potent semilattice E(S, op) that satisfy condition () in the sense of [27, Defi-
nition 3.15] is invariant under the natural action of S, op. Moreover, by [27,
Corollary 3.16], E,(S, op) is homeomorphic to X, ¢. It would be worth check-
ing that the groupoid of germs of the action of S, op on E, (S, op) coincides with
the path groupoids of remark 5.5.

Remark 5.7. In the setting of remark 5.5, if A is row-finite (i.e. for any (v, p) €
A© x P theset {1 € A | r(1) = vand d(1) = p} is finite), then we also have
G s is isomorphic to the Toeplitz groupoid from [35, Definition 6.11] and dG ¢
is isomorphic to the Cuntz-Krieger groupoid from [35, Definition 6.18] as per
[19, Remark 6.7].

Remark 5.8. We remark on the names “Toeplitz groupoid” and “Cuntz-Krieger
groupoid” in remark 5.7. As in the directed graph setting, each finitely aligned
k-graph has both a Toeplitz and Cuntz-Krieger algebra [13, Remark 3.9]. The
C*-algebras associated to the path and boundary-path groupoids according to
[32] coincide with the Toeplitz and Cuntz-Krieger algebras, respectively. The
Cuntz-Krieger algebra is often simply called the “graph C*-algebra” and the
boundary-path groupoid is called the “graph groupoid” or even the “path
groupoid”. That is, the terminology for such groupoids is inconsistent, so we
presume [35] have used the terms “Toeplitz groupoid” and “Cuntz-Krieger
groupoid” to avoid confusion.

6. k-graphs

Throughout this section, let A be a finitely aligned k-graph. We write m(i)
for the ith entry of the k-tuple m € N¥. We show the P-path prototypes Qp (m,)
defined in proposition 4.8 coincide with the rank-k path prototypes Q. ,, of[46].

Given Q,, for some m € (N U {co})*, we have that Qi.m = Qnk (m, ), Where
) (m(i), m(i),...) ifm(@) €N,

(m, (D)) := e
0,1,2,...) if m(i) = oo,

for each 1 < i < k. Also, given Qg (, ) for some <-increasing (m,,) C Nk, we
have that Qy ,,, = Qng (), Where

(i) = max{m,(i) | n € N} if (m,(i)) is bounded,
E N P if (m, (1)) is unbounded,
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for each 1 < i < k. Therefore, {Q ,, | m € (N U{o0})*} = {Qni () | (M) €
N is <-increasing}. Hence, X Am coincides with X, ye. from [46, Definition
3.1]. Since [46, Examples 4.10(ii)] reconciles the path spaces and groupoids
in [46] with those in [13], and by comparing our definitions of exhaustive sets
and 0A,, with those of [13], we make the following remark (which adds to the
existing homeomorphisms of path and boundary-path spaces from remark 5.5
for P-graphs).

Remark 6.1. For any finitely aligned (discrete) k-graph,
XaArmy = Xavee = Xaspi = Xam = Xag = E(Sx0p),

where E, (Sy op) is the space of characters of the idempotent semilattice E(S, op)
that satisfy condition (x) as per [27, Definition 3.15 and Corollary 3.16], and

aAFMY = aAYee = aASpi = aAm = aAf = EA‘tight(*S‘A,OP)a

where Ejgni(Sa.0p) = Grignt(Sa,0p) is the space of characters of E(S, op) that
are tight as per [10, Definition 12.8].

Now, we check that our action (X n,, P, Tx, ) coincides with the action un-
derlying the path groupoid G, ye. so that GA,H’1 = Gpyee- Each x € X , is of
the form x : Q;,, — A for some m € (N U {oo})*. Then, (x,p) € Xy * N
if and only if (e, p) € Qy ,, if and only if p < m, so the domain of the action of
each p € N¥ in our construction equals the domain of the action of p under-
lying G yee- In the above setting, following [46, Lemma 3.3], oPx denotes the
unique element of X, ,, with dom(aPx) = Qy ,_, and (P x)(0, q) = x(p, p+q),
for each g < m — p. The graph morphism x - m too has these properties by con-
struction, so x -m = o™ x. Thus, the actions are the same, and s0 G5 , = G4 yee
as sets. Moreover, the groupoid operations are the same, so they are equal as
groupoids too.

It remains to show the topology Tye. 0n Gy yee €quals the topology 7 on G
so that Gy = Ga yee as topological groupoids. This is well-known, but we
are not aware of a reference where the details have been given. We start by
identifying a basis for each topology. By corollary 5.4 and [19, Lemma 6.3], the
collection of

Ze,, (\K,A\L) i= Zx (Zx,, (c\ K),d(0),d(1), Zx, (A \ L)),

where x,A € A and K C xA,L C AA are finite, is a basis for 7. Given any sets
A,B C A, we write

Axg B :={(1,u) € AXB|s(4) =s(w)}
For eachm € Z¥ and F C A # A, define
Zyee(F,m) :={(Ax,d(A) — d(u), ux) € Goy | (4, 1) € F,d(4) — d(u) = m},

where Ax is defined as in [46, Lemma 3.3]. We can assume that each (1, u) € F
satisfies d(1) — d(u) = m. By [46, Proposition 3.6], the collection of sets of
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the form Zye.(A *¢ B,m) N Zyeo(F,m)* for m € Z¥ and A,B C A and finite
F C A % Ais a basis for Ty.
We show Ty, C 7. Forany m € N¥ and A, B C A,

ZyeAssBom)= | ] Zs,, A\Bu\P)eT.
(A,u)EA*¢B

Now fix m € ZF and finite F C A %4 A. To show Zy..(F,m)° € 7, we show
Zvee(F,m) is closed with respect to 7. Suppose (g,) C Zy..(F,m) and g, —
g € Gpn, with respect to 7. Because (g,) C Zy.(F,m), we can write g, =
(Anxy,, m, u,x,), where (1,,, u,) € F, for all n. Because F is finite, by the pigeon-
hole principle, there is a subsequence (g,, ) and some (4, 1) € F such thatg, =
(Ax,,, m, uxy, ), for all k. Moreover, g, — g. Thus, we can assume without
loss of generality that g, = (1x,,m, ux,), for all n. Say g = (w’,m’,z’). By
[35, Proposition 5.12(b)], the map (x, n, z) = n from G, , to Z* is continuous
with respect to 7 and the discrete topology on Z¥, so (m,m, ...) converges to
m’, which means m = m’. Since G, , is a topological groupoid, r(g,) — r(g)
and s(g,,) — s(g) with respect to 7. The unit space G A’m(o) is homeomorphic to
Xam so that Ax, — w’ and ux, — z’. Notice (1x,) C Zx, . (4) and (ux,) C
Zx, ., (1), which are closed in X, . Hence, w’ = Aw and z’ = uz for some
W,z € X, - Thatis, Ax,, - Aw and ux,, — uz. Both * and g* are continuous,
and so x, — w,z, which implies x := w = z. Thus, g = (Ax,m,ux) €
Zvee(F,m), and S0 Zy..(F, m) is closed, as required.

Now, we show 7 C Tye.. We show each B := Zg, (k \K,A1\L) € Tyee.
If (k,A) & A x4 A, then B = (} € Tye.. Suppose (x,A) € A x4 A. Let F :=
{(x¢,28) € A xg A | k¢ € K or A{ € L}. We show

26, (K \ K, A\ L) = Zyee ({1} #5 {4}, d(x) — d(1)) N Zyee(F, d(xc) — d(D))".

Fix g := (kx,d(x) — d(2),Ax) € Zg, (k\K,A\L). Then, g € Zye.({x} *s
{1},d(x) — d(1)). Suppose for a contradiction that g € Zy..(F,d(x) — d(1)).
Then, g = (k¢w, d(x) — d(1), Aw) for some (x{,A¢{) € F. By the definition
of F, x{ € K or A{ € L. In either case, there is a contradiction with g €
Zg o (x \ K, A\ L). For the other inclusion, fix

8 € Zyee({Kc} # {4}, d(x0) — d(D)) N Zyee(F, d(x) — d(2))",

s0 g = (xx,d(x) — d(2), Ax) for some x € X . Then, g € Zg,  (x\ 4,1\ 9).
Suppose for a contradiction thatxx & Zyx, (x \K)orix ¢ Zx m (4 \ L). Inthe
former case, we have xx = x{w for some x{ € K, in which case (k{,A{) € F,
and x = {w. Thus, g = (k{w, d(x) — d(1), A{w), S0 g € Zye(F,d(x) — d(1)),
contradicting g € Zye.(F,d(x) — d(4)). In the latter case, we have a similar
contradiction, and so g € Zg,  (x \ K, 4\ L).

Therefore, G 1, = Gy yee as topological groupoids. Since 0A, = dAyee, We
also have that 0G, i, = Gy mlan,, = Gaveelonye, = OGA yee-



1194 LISA ORLOFF CLARK AND MALCOLM JONES

Remark 6.2. Recall the list of isomorphic path groupoids associated to P-graphs
inremark 5.5. By [46, Examples 4.10(ii)] and the above discussion, we now have
the following. For any finitely aligned k-graph A,

Garmy = Gpyee = Gaspi = Gam = Gpp and
0GA Fmy = 0Gp yee = 0Gp spi = 0GA m = 9G) ¢ = Giight(Sa0p)s

for the inverse semigroup S, op from [27, Definition 2.2] and Exel’s tight
groupoid Giig(Sa op) from [10, Theorem 13.3].

Remark 6.3. By [13, Remark 5.9], for any finitely aligned k-graph A, the C*-
algebras of the path and boundary-path groupoids of remark 6.2 are isomorphic
to the Toeplitz and Cuntz-Krieger algebras of A as in [13, Remark 3.9].

Remark 6.4. Remark 6.2 implies 0G5 pyy is isomorphic to Gijgn(Sp,0p)- In
this way, we give a partial answer to Exel’s conjecture on [10, Page 195], as
discussed in the introduction. The answer is partial in the sense that the inverse
semigroup Sy pvy from [13, Definition 4.1] is not isomorphic to S, op. Roughly
speaking, Sy pmy contains joins unlike S, op, but some investigation is needed
to relate the two inverse semigroups precisely and determine whether they have
the same tight groupoid. Following [12], Sy pmy and S op have the same tight
groupoid if and only if they are consonant.

Appendix A. Notation for path spaces and groupoids

The notation of path spaces and their groupoids is inconsistent in the litera-
ture. The convention we have chosen for this paper is as follows:

« Path spaces

= X A e definition 4.1
= XA v definition 4.9
= XAFMY +vcvvrvnoeneeneeeinineaaan, X, of [13, Definition 5.1]
= XA Yee vrvrrrneei X of [46, Definition 3.1]
= XASpi s X(A) of [40, Page 1586]
« Path groupoids
G A e definition 4.3
= GAm e definition 4.14
- GA,FMY ........................................... 9/\ of [13, §6]
= GAYee +vvvrrrnneei i G, of [46, Definition 3.4]
= GASpi + e e G(A) of [40, Definition 5.5]
« Boundary-path spaces
m O e definition 4.4
m O e definition 4.15
= OARMY ~vvvveri e dA of [13, Definition 5.10]
= OANee v e JA of [46, Definition 4.2]
= OAGpi e dA of [40, Definition 10.2]
« Boundary-path groupoids

= OGNt definition 4.6
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= OG A e definition 4.16

- 6GA’FMY ................................ 9A|5A of [13, Page 181]

- aGA’Yee ............................... 9[\ of [46, Definition 48]

= OGN Sp] + v v v G(A)|3 of [40, Page 1602]
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