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Geometric bounds for spanning tree entropy
of planar lattice graphs

Abhijit Champanerkar and Ilya Kofman

Abstract. We prove infinitely many cases of conjectured sharp upper and
lower bounds for the spanning tree entropy of any planar lattice graph. These
bounds come from volumes of associated hyperbolic alternating links, right-
angled hyperbolic polyhedra and hyperbolic regular ideal bipyramids. For
many planar lattice graphs, we show these bounds are easy to compute and
provide excellent numerical estimates for the spanning tree entropy.
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1. Introduction
Let 𝒢 be a connected locally finite planar biperiodic graph, which is invariant

under the action of a lattice Λ ≅ ℤ2. We will call 𝒢 a planar lattice graph. Con-
sider the exhaustive nested sequence of finite connected planar graphs Γ𝑛 given
by 𝑛 × 𝑛 copies of the Λ-fundamental domain of 𝒢. Let 𝜏(Γ𝑛) be the number of
spanning trees of Γ𝑛, and let 𝑉Γ𝑛 be its vertex set. The spanning tree entropy of
𝒢 is defined as

𝑧𝒢 = lim
𝑛→∞

log 𝜏(Γ𝑛)
|𝑉Γ𝑛|

.

In 1973, Temperley [25] computed 𝑧𝒢 for the square grid using a bijection
between spanning trees and dimer coverings (perfect matchings). Temperley’s
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bijection has been extended in many ways to compute 𝑧𝒢 in more general set-
tings (see, e.g., [20, 21]). For planar lattice graphs, 𝑧𝒢 is sometimes exactly com-
putable using its quotient graph on the torus (see, e.g., [7, 20, 23]).
A surprising fact about 𝑧𝒢 for many planar lattice graphs is that its value is

closely related to hyperbolic geometry. Let 𝑣tet ≈ 1.01494 be the volume of
the hyperbolic regular ideal tetrahedron, and 𝑣oct ≈ 3.66386 be the volume of
the hyperbolic regular ideal octahedron. If 𝒢△, 𝒢□ and 𝒢7 denote the regular
triangular, square and hexagonal lattice graphs, then

2𝜋 𝑧𝒢△ = 10𝑣tet, 2𝜋 𝑧𝒢□ = 2𝑣oct, 2𝜋 𝑧𝒢7 = 5𝑣tet.

See, e.g., [7, Theorems 12, 13]; see Section 5 for another proof. In Conjecture 1.1
below, we propose upper and lower bounds for 𝑧𝒢 for any planar lattice graph 𝒢.
The volume of an associated hyperbolic link provides the lower bound, which
is sharp for the regular planar lattice graphs.
There is a well-known correspondence between alternating link diagrams

andplanar graphs: If the faces of the link diagramare checkerboard colored, the
Tait graph is the planar graph for which a vertex is assigned to every shaded re-
gion and an edge to every crossing of the link diagram. Using the other checker-
board coloring yields the dual graph. Conversely, the medial graph of any pla-
nar graph (or its dual) is the projection graph of an alternating link diagram.
Similarly, a planar lattice graph 𝒢 is the Tait graph of a biperiodic alternating

link ℒ in ℝ2 × 𝐼. Then 𝐺 = 𝒢∕Λ is a graph on the torus 𝑇2, which is the Tait
graph of an alternating link diagram on 𝑇2. Let 𝐿 be the link in the thickened
torus 𝑇2 × 𝐼, such that 𝐿 = ℒ∕Λ. Let 𝐺∗ be the dual graph of 𝐺 on 𝑇2. Let
𝑉𝐺, 𝐸𝐺, 𝐹𝐺 denote the sets of vertices, edges and faces of 𝐺. If 𝐺 and 𝐺∗ are 2-
connected and their faces are topologically disks on the torus, then (𝑇2×𝐼)−𝐿 is
a complete finite-volume hyperbolic 3–manifold [17, Theorem 4.2]. Moreover,
the crossing number 𝑐(𝐿) = |𝐸𝐺| is minimal among all toroidal diagrams of 𝐿
[2]. Using its hyperbolic volume, we define

vol(𝐺) = vol((𝑇2 × 𝐼) − 𝐿) and vol(𝒢) =
vol(𝐺)
|𝑉𝐺|

and 𝜈(𝒢) =
|𝐸𝐺|𝑣oct
|𝑉𝐺|

.

Conjecture 1.1.
vol(𝒢) ≤ 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢).

Conjecture 1.1 lies at the intersection of hyperbolic geometry, number the-
ory, probability and graph theory. In this paper, we explain the context and
provide numerical evidence for Conjecture 1.1, and we prove infinitely many
cases of Conjecture 1.1. Most of the results proved in this paper address the
lower bound in Conjecture 1.1. The hyperbolic volume of a link can be com-
puted numerically using the computer program SnapPy [11]. Finding the span-
ning tree entropy of a planar lattice graph involves laborious computations and
many recent published papers just compute examples. Finding exact values for
both quantities is far more difficult, and when possible requires advanced tech-
niques from number theory; see e.g., [7]. Instead, below we define several new
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geometric invariants associated to planar graphs and lattice graphs that are eas-
ier to compute, are numerically very close to the spanning tree entropy inmany
examples, and are easier to study asymptotically.
In Section 2, we define the bipyramid volume 𝜈◊(𝒢) of a planar lattice graph

𝒢, and we show

0 < vol(𝒢) ≤ 𝜈◊(𝒢).

If 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢, then vol(𝒢) ≤ 2𝜋 𝑧𝒢, as in Conjecture 1.1. The bipyramid
volume is easier to compute than vol(𝒢) or 𝑧𝒢, andwe show for 16 planar lattice
graphs that it provides both a lower bound and an excellent estimate for 𝑧𝒢.
We also show that for one planar lattice graph, the bipyramid volume is not
a lower bound for 𝑧𝒢, which contradicts [7, Conjecture 1]. This exceptional
planar lattice graph still satisfies Conjecture 1.1.
In Section 3, we recall the Vol-Det Conjecture [8, Conjecture 1.10] from hy-

perbolic knot theory, which is that for any alternating hyperbolic link 𝐾,

vol(𝐾) < 2𝜋 log det(𝐾).

Wepresent strict inequalities for finite alternating links that extend to the sharp
inequalities for biperiodic alternating links in Conjecture 1.1. Namely, we de-
fine the volume and bipyramid volume for a finite planar graph, and we state
Conjecture 3.2, which gives similar geometric bounds for the number of span-
ning trees of finite planar graphs. For finite planar graphs that asymptotically
converge to the planar lattice graph 𝒢, their bipyramid volumes converge to
that of 𝒢. We show that whenever the bipyramid volume of 𝒢 is a lower bound
for 𝑧𝒢 with a strict inequality, we obtain infinitely many finite planar graphs
converging to 𝒢 that satisfy Conjecture 3.2, which provide infinite families of
alternating links that satisfy the Vol-Det Conjecture.
In Section 4, we apply another useful property of the bipyramid volume, that

its logarithmic growth rate is similar to that of 𝑧𝒢. We prove Conjecture 1.1 for
infinitely many cases using three different ways to obtain infinite families of
planar lattice graphs: by inserting parallel edges, by truncating any 3-regular
planar lattice graph, and by taking themedial graph of a 3-regular planar lattice
graph. The bipyramid volume provides a lower bound for 𝑧𝒢 in all of these in-
finitely many cases. Previously, in [7], it was proved that the bipyramid volume
provides a lower bound for 𝑧𝒢 for six biperiodic alternating links using rigorous
computations for theMahler measures of the corresponding 2-variable polyno-
mials. In [16], four other lower bounds were proved using methods from graph
theory in [26].
In Section 5, we define another geometric invariant of a planar lattice graph

𝒢, the volume of an associated hyperbolic right-angled polyhedron, which we
call the right-angled volume vol⟂(𝒢). If 𝒢 and 𝒢∗ satisfy a geometric condition
called orthogonal duality, then

vol⟂(𝒢) ≤ vol(𝒢) ≤ 𝜈◊(𝒢).
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(a) (b)

Figure 1. (a) Biperiodic triaxial link ℒ, and fundamental do-
main for 𝐿. (b) Temperleyan graph 𝒢𝑏, and fundamental do-
main for 𝐺𝑏.

Thus, Conjecture 1.1 implies vol⟂(𝒢) ≤ 2𝜋 𝑧𝒢, and we show that vol⟂(𝒢) is
exactly computable using the local geometry of 𝐺. The three regular planar
lattice graphs satisfy both isoradiality and orthogonal duality, which we exploit
using the isoradial dimermodel to prove that the lower bound in Conjecture 1.1
holds with equality for these lattice graphs.

Acknowledgement. We thankHong-ChuanGan for stimulating discussions.

2. Bipyramid volume of a planar lattice graph
Finding numerical values for the spanning tree entropy of a planar lattice

graph involves laborious computations, and exact values are usually difficult to
prove (see [7]). Instead, below we define the bipyramid volume, which can be
easily computed for a planar lattice graph. If the bipyramid volume is a lower
bound for 𝑧𝒢, then the lower bound in Conjecture 1.1 holds for 𝒢. As we show
in many examples, the bipyramid volume is also an excellent estimate for the
spanning tree entropy. However, in Section 2.2, we show that it does not always
provide a lower bound.
Let 𝐺 and 𝐺∗ be dual 2-connected graphs embedded on the torus, such that

their faces are topologically disks, and each edge of 𝐺 intersects its dual edge
exactly once and does not intersect any other edge of 𝐺∗. Let 𝒢 be the biperi-
odic graph in ℝ2, such that 𝐺 = 𝒢∕Λ for Λ as above. These conditions will be
assumed for all graphs and lattice graphs below.
We form theTemperleyan graph𝐺𝑏 on the torus as follows: The black vertices

of 𝐺𝑏 are the vertices of 𝐺 and of 𝐺∗; the white vertices of 𝐺𝑏 are the intersec-
tions of edges of 𝐺 and of 𝐺∗. The edges of 𝐺𝑏 join a black vertex for each face
of𝐺 and of𝐺∗ to every white vertex incident to the face, so that𝐺𝑏 is a balanced
bipartite graph. Let 𝒢𝑏 be the biperiodic bipartite graph, such that 𝐺𝑏 = 𝒢𝑏∕Λ.
See Figure 1.
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(a) (b) (c)

Figure 2. (a) A tetrahedron with stellating (blue),
vertical (green), and horizontal (black) edges. A
link triangle for an ideal vertex at ∞ is shaded.
(b) Tetrahedra are glued at the stellating edge,
centrally triangulating faces of 𝐺 on the torus. (c)
Shaded triangles indicate the four tetrahedra glued
along one horizontal edge.

Right: Volumes of hyperbolic regular ideal 𝑛-
bipyramids.

𝑛 vol(𝐵𝑛)
2 0
3 2.02988
4 3.66386
5 4.98677
6 6.08965
7 7.03257
8 7.85498
9 8.58367
10 9.23755
11 9.83040
12 10.37255
13 10.87192
14 11.33474
15 11.76597
20 13.56682
100 23.67095
1,000 38.13817

1,000,000 81.5409

Definition 2.1. Let 𝐵𝑛 denote the hyperbolic regular ideal bipyramid whose link
polygons at the two coning vertices are regular 𝑛–gons. The hyperbolic volume of
𝐵𝑛 is given by

vol(𝐵𝑛) = 2𝑛 𝐿(𝜋∕𝑛), for 𝐿(𝜃) = −∫
𝜃

0
log |2 sin 𝑡| 𝑑𝑡,

where 𝐿(𝜃) is the Lobachevsky function. Since 𝐵3 consists of two regular ideal
tetrahedra and 𝐵4 is the hyperbolic regular ideal octahedron,

vol(𝐵3) = 2𝑣tet ≈ 2.02988 and vol(𝐵4) = 𝑣oct ≈ 3.66386.

We allow 𝑛 = 2, but note vol(𝐵2) = 0. For 𝑛 ≥ 3, vol(𝐵𝑛) < 2𝜋 log(𝑛∕2) and
grows asymptotically like 2𝜋 log(𝑛∕2) [1]. See the table of values of vol(𝐵𝑛) in
Figure 2 (Right), which is adapted from [1].
For 𝑣 ∈ 𝑉𝐺 and 𝑓 ∈ 𝐹𝐺, let |𝑣| and |𝑓| denote their degree; i.e., the number

of incident edges. Define the bipyramid volume of a toroidal graph 𝐺 as

vol◊(𝐺) =
∑

𝑓∈𝐹𝐺
vol(𝐵|𝑓|).

Proposition 2.2. 0 < vol(𝐺) ≤ vol◊(𝐺) + vol◊(𝐺∗).

Proof. This is essentially proved in the last part of [9, Theorem 7.5], and the
extra condition in that theorem is not required for this part. Our conditions
on 𝐺 ensure that (𝑇2 × 𝐼) − 𝐿 is hyperbolic, and that after collapsing bigons
if needed, (𝑇2 × 𝐼) − 𝐿 admits an ideal, positively oriented triangulation [9,
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Lemma 2.5]. (In Section 5, we add conditions for this hyperbolic structure to
be right-angled.) Thus, vol(𝐺) > 0.
By [9, Lemma 2.6], the ideal tetrahedra in this triangulation can be com-

bined around every stellating edge as in Figure 2 to form a hyperbolic ideal
bipyramid over each face of 𝐿. Since the projection of 𝐿 is the medial graph of
𝐺, these are exactly the faces of 𝐺 and of 𝐺∗. By [1], the maximal volume of
hyperbolic bipyramids is achieved by the regular bipyramids, whose volumes
sum to vol◊(𝐺) + vol◊(𝐺∗). □

Definition 2.3. Let 𝑧fd𝐺 = |𝑉𝐺|𝑧𝒢, which is the spanning tree entropy per funda-
mental domain of 𝒢. The spanning tree entropy per vertex, rather than per fun-
damental domain, is usually computed. To bound 𝑧𝒢, we define the bipyramid
volume of 𝒢 as follows:

𝜈◊(𝒢) =
vol◊(𝐺) + vol◊(𝐺∗)

|𝑉𝐺|
.

All faces of 𝐺𝑏 are quads, and |𝐹𝐺𝑏| = 2|𝐸𝐺|, so vol◊(𝐺𝑏) = |𝐹𝐺𝑏|vol(𝐵4) =
2|𝐸𝐺|𝑣oct. Thus,

𝜈(𝒢) =
|𝐸𝐺|𝑣oct
|𝑉𝐺|

=
vol◊(𝐺𝑏)
2|𝑉𝐺|

.

Proposition 2.4. If𝒢 satisfies the following inequalities in (1), thenConjecture 1.1
holds for 𝒢.

vol◊(𝐺) + vol◊(𝐺∗) ≤ 2𝜋 𝑧fd𝐺 ≤ |𝐸𝐺|𝑣oct ⟺ 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢). (1)

Proof. By Proposition 2.2, 0 < vol(𝒢) ≤ 𝜈◊(𝒢). □

We use Proposition 2.4 to prove Conjecture 1.1 for infintely many planar
lattice graphs in Section 4. However, in Section 2.2 we discuss a planar lat-
tice graph for which Conjecture 1.1 holds, but which does not satisfy the lower
bound in (1).
As mentioned above, for the regular triangular, square and hexagonal lattice

graphs,

𝜈◊(𝒢△) = 2𝜋 𝑧𝒢△ = 10𝑣tet, 𝜈◊(𝒢□) = 𝜈(𝒢□) = 2𝜋 𝑧𝒢□ = 2𝑣oct

𝜈◊(𝒢7) = 2𝜋 𝑧𝒢7 = 5𝑣tet.
Hence, the lower bound in Conjecture 1.1 is sharp for 𝒢△, 𝒢□, 𝒢7, and the
upper bound is sharp for 𝒢□; see, e.g., [7, Theorems 12, 13].

Question 2.5. Is there a planar lattice graph 𝒢, other than 𝒢△, 𝒢□, 𝒢7, for
which 𝜈◊(𝒢) = 2𝜋 𝑧𝒢? Is there a planar lattice graph 𝒢, other than 𝒢□, for which
𝜈(𝒢) = 2𝜋 𝑧𝒢?

The Tait graphs for the square weave and the triaxial link as in Figure 1 are
𝒢△, 𝒢□, 𝒢7. Question 2.5 askswhether these are the only two biperiodic alter-
nating links, such that vol◊(𝐺) + vol◊(𝐺∗) = 2𝜋 𝑧fd𝐺 ; and whether the square
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Planar lattice graph 𝒢 |𝑉𝐺| 𝜈◊(𝒢)∕2𝜋 𝑧𝒢 𝜈(𝒢)∕2𝜋

1. Triangular (36) 1 1.61533 1.61533 1.74937
2. Square (44) 1 1.16624 1.16624 1.16624
3. Hexagonal (63) 2 0.80766 0.80766 0.87468
4. Kagome (3-6-3-6) 3 1.12157 1.13570 1.16624
5. Square-octagon (4-8-8) 4 0.78139 0.78668 0.87468
6. Medial(4-8-8) 6 1.10405 1.12171 1.16624
7. 3-12-12 6 0.70590 0.72056 0.87468
8. 3-4-6-4 6 1.14390 1.14480 1.16624
9. 4-6-12 12 0.76795 0.77780 0.87468
10. Cairo pentagonal lattice graph 6 0.93886 0.94057 0.97187
11. Lattice graph in Figure 4 9 0.84361 0.84744 0.90708
12. Lattice graph #12 in Figure 3 3 1.07689 1.10365 1.16624
13. Lattice graph #13 in Figure 3 2 1.39079 1.39928 1.74937
14. 32-4-3-4 4 1.40830 1.41086 1.45780
15. 44; 33-42 3 1.32761 1.32772 1.36062
16. 36; 33-42 3 1.47731 1.47732 1.55499

Table 1. Geometric bounds for 𝑧𝒢 for 16 planar lattice graphs.
See Figures 3, 4 and 6 for pictures of the planar lattice graphs.

weave is the only one such that 2𝜋 𝑧fd𝐺 = |𝐸𝐺|𝑣oct (see [7, 8]). Question 2.5
seems related to [18, Corollary 20], which established that the squareweave and
the triaxial link are the only semi-regular links with certain geometric proper-
ties, but these properties may not be required for these equalities to hold.

2.1. Examples. In Table 1, we show that 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢) holds for 16
planar lattice graphs. Therefore, Conjecture 1.1 holds for these lattice graphs,
and infinitely many other lattice graphs using results in Section 4. The values
in each column for lattice graphs #1-7 and 12-13 are known by exact compu-
tations, and equal values in Table 1 indicate exact equality (see [7]). For the
remaining lattice graphs, 𝑧𝒢 is computed numerically (see Problem 2.7). Be-
low, we discuss each of these examples.

1-3. For the regular lattice graphs, the equal values in the table are exactly
equal.

4. The kagome lattice graph is the medial graph of the hexagonal lattice
graph, as in Theorem 4.4.

5. Exact values for the square-octagon lattice graph are computed in [7,
Theorem 19].

6. This lattice graph is themedial graphof the square-octagon lattice graph,
as in Theorem 4.4.
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Lattice graph #1 Lattice graph #2 Lattice graph #3 Lattice graph #4

Lattice graph #5 Lattice graph #6 Lattice graph #7

Lattice graph #10 Lattice graph #12 Lattice graph #13

Lattice graph #14 Lattice graph #15 Lattice graph #16

Figure 3. Some planar lattice graphs in Table 1. Figures for
Lattice graphs #1-5 and 7 are from [26]. Figures for Lattice
graphs #14-16 are from [24]. For Lattice graphs #8-9, see Fig-
ure 6. For Lattice graph #11, see Figure 4.

Figure 4. Biperiodic alternating link whose Tait graph is Lat-
tice graph #11 in Table 1.

7. The 3-12-12 lattice graph is the truncation of the hexagonal lattice graph,
as in Theorem 4.3.
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8. The 3-4-6-4 lattice graph is themedial graph of the kagome lattice graph.
Its numerical 𝑧𝒢 value is computed in [10, Section 3.4].

9. The numerical 𝑧𝒢 value for this lattice graph is computed in [10, Sec-
tion 3.5].

10. The numerical 𝑧𝒢 value for this lattice graph is computed in [22, Corol-
lary 2.2].

11. This lattice graph is the Tait graph of the link shown in Figure 4, and its
𝑧𝒢 value is computed numerically in [7, Section 1.4].

12. Exact values for this lattice graph are computed in [7, Theorem 15].
13. Exact values for this lattice graph are computed in [7, Theorem 17].
14. This lattice graph is the dual of Lattice graph #10.

15-16. We computed the numerical 𝑧𝒢 values using the methods in [7]; see
Problem 2.7.

2.2. Non-example. Let 𝒢 be the 33-42 lattice graph, which is shown in Fig-
ure 5 below. Using the methods discussed in [7], we computed the characteris-
tic polynomial 𝑝(𝑧, 𝑤) of the toroidal dimer model for 𝒢:

𝑝(𝑧, 𝑤) = −𝑤𝑧4 + 𝑤2𝑧2 + 11𝑤𝑧3 + 𝑤2𝑧 − 24𝑤𝑧2 + 𝑧3 + 11𝑤𝑧 + 𝑧2 − 𝑤.

The Mahler measure m(𝑝(𝑧, 𝑤)) = 𝑧fd𝐺 by [20], as explained in [6, Proposi-
tion 5.3].
Conjecture 1 of [7] would imply that vol◊(𝐺) + vol◊(𝐺∗) ≤ 2𝜋m(𝑝(𝑧, 𝑤)).

However, we numerically computed m(𝑝(𝑧, 𝑤)), and vol((𝑇2 × 𝐼) − 𝐿) using
Snappy [11]:

vol((𝑇2 × 𝐼) − 𝐿) < 2𝜋m(𝑝(𝑧, 𝑤)) < vol◊(𝐺) + vol◊(𝐺∗) < |𝐸𝐺|𝑣oct

17.55732 < 17.67995 < 17.69718 < 18.31931

Therefore, 𝒢 does not satisfy the lower bound in (1). The biperiodic alternating
link ℒ whose Tait graph is 𝒢 is a counterexample to [7, Conjecture 1]. Never-
theless, 𝒢 satisfies Conjecture 1.1.
In contrast to the examples in Table 1, this case has (with |𝑉𝐺| = 2):

vol(𝒢) < 2𝜋 𝑧𝒢 < 𝜈◊(𝒢) < 𝜈(𝒢)

2𝜋 ∗
(

1.39717 < 1.40693 < 1.40830 < 1.45780
)

Thenumerical 𝑧𝒢 value is also computed in [10, Section 3.1]. Wedonot know
any other counterexamples to [7, Conjecture 1]. The above figure from [24]
suggests that 𝒢 is similar to Lattice graphs #14-16 in Table 1, but for these lattice
graphs 𝜈◊(𝒢) < 2𝜋 𝑧𝒢, although their values of 𝜈◊(𝒢) and 2𝜋 𝑧𝒢 are very close!
Adding parallel edges to any of these four lattice graphs, as in Theorem 4.2
below, also results in lattice graphs 𝒢 with 𝜈◊(𝒢) < 2𝜋 𝑧𝒢.



1156 ABHIJIT CHAMPANERKAR AND ILYA KOFMAN

Question 2.6. For which other planar
lattice graphs is 2𝜋 𝑧𝒢 < 𝜈◊(𝒢)?

Figure 5. Lattice graph 33-42

Problem 2.7. The inequalities vol(𝒢) < 2𝜋 𝑧𝒢 for the non-example above and
lattice graphs #8, 9, 10, 11, 14, 15, 16 in Table 1 are not proved by exact compu-
tations. In principle, using 𝑧fd𝐺 = m(𝑝(𝑧, 𝑤)), we can prove each inequality
vol((𝑇2 × 𝐼) − 𝐿) < 2𝜋m(𝑝(𝑧, 𝑤)) rigorously by interval arithmetic; e.g., using
ComplexBallField (CBF) in SageMath. However, for sufficiently high precision,
we could not rigorously computem(𝑝(𝑧, 𝑤)) in a reasonable time. Problem 2.7
is to rigorously prove vol(𝒢) < 2𝜋 𝑧𝒢 for these lattice graphs. For lattice graphs
#15, 16, polynomials 𝑝(𝑧, 𝑤) are as follows:

Lattice graph Polynomial 𝑝(𝑧, 𝑤)
#15 𝑝(𝑧, 𝑤) = −𝑤𝑧6 + 15𝑤𝑧5 + 𝑤2𝑧3 − 68𝑤𝑧4 + 𝑤2𝑧2

+ 112𝑤𝑧3 + 𝑧4 − 68𝑤𝑧2 + 𝑧3 + 15𝑤𝑧 − 𝑤
#16 𝑝(𝑧, 𝑤) = −𝑤𝑧6 − 𝑤2𝑧4 + 18𝑤𝑧5 − 2𝑤2𝑧3 − 93𝑤𝑧4 − 𝑤2𝑧2

+ 160𝑤𝑧3 − 𝑧4 − 93𝑤𝑧2 − 2𝑧3 + 18𝑤𝑧 − 𝑧2 − 𝑤

3. Finite planar graphs
For a finite connected graph Γ, the number of spanning trees 𝜏(Γ) is an im-

portant measure of its complexity. For finite planar graphs, many interesting
bounds are known (see, e.g., [4]), and asymptotic enumeration of spanning
trees by finite planar graphs that approach a planar lattice graph is sometimes
exactly computable (see, e.g., [7, 20, 23]).
Any finite connected planar graph Γ is the Tait graph of an alternating link

𝐾 in 𝑆3, so the link diagram of 𝐾 projects to the medial graph of Γ. We define
vol(Γ) = vol(𝑆3 − 𝐾),

vol◊(Γ) =
∑

𝑓∈{boundedfaces of Γ}
vol(𝐵|𝑓|) and 𝜈◊(Γ) =

vol◊(Γ) + vol◊(Γ∗)
|𝑉Γ|

.

Proposition 3.1. If neither Γ nor Γ∗ has loops or a cut-vertex, and neither is a
cycle graph, then

0 < vol(Γ) < vol◊(Γ) + vol◊(Γ∗).

Proof. The alternating diagram is reduced if neither Γ nor Γ∗ has loops. The
alternating link 𝐾 is prime if neither Γ nor Γ∗ has a cut-vertex. By the clas-
sification of hyperbolic alternating links due to Thurston and Menasco, 𝐾 is
hyperbolic with finite volume if it is reduced, prime and not a (2, 𝑛)-torus link.
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With our conditions, 𝐾 is hyperbolic with finite volume if neither Γ nor Γ∗ is a
cycle graph. Thus, vol(Γ) > 0. Since the projection of 𝐾 is the medial graph of
Γ, the faces of 𝐾 are exactly the faces of Γ and of Γ∗. Hence, our conditions on
Γ satisfy those in [1, Theorem 4.1], which implies the strict upper bound. □

We conjecture the following geometric bounds for the number of spanning
trees of a finite connected planar graph:

Conjecture 3.2. If vol(Γ) > 0 then

vol(Γ) < 2𝜋 log 𝜏(Γ) < |𝐸Γ|𝑣oct.

Conjecture 3.2 is a restatement of [8, Conjectures 1.1 and 1.10]. The conjec-
tured upper bound |𝐸𝐺|𝑣oct is essentially due to Kenyon; see [8, Conjecture 2.3]
for more details.
The lower bound, called the Vol-Det Conjecture, has been verified for all hy-

perbolic alternating knots with up to 16 crossings, i.e., |𝐸Γ| ≤ 16, as well as
all 2-bridge links and alternating 3-braids in [5], and highly twisted alternat-
ing links in [14]. Moreover, the constant 2𝜋 cannot be improved in the lower
bound: By [8, Corollary 1.11], if 𝛼 < 2𝜋, then there exist hyperbolic alternating
knots 𝐾, such that 𝛼 log 𝜏(Γ) < vol(Γ).

Theorem 3.3. Let 𝒢 be a planar lattice graph that satisfies

vol◊(𝐺) + vol◊(𝐺∗) < 2𝜋 𝑧fd𝐺 < |𝐸𝐺|𝑣oct.

LetΓ𝑛 be a sequence of connected planar graphswith bounded average degree that
converges to 𝒢 as in [23, Theorem 3.2]. Then for all but finitely many 𝑛,

vol(Γ𝑛) < 2𝜋 log 𝜏(Γ𝑛) < |𝐸Γ𝑛|𝑣oct.

Proof. By [7, Theorem 8], 𝜈◊(Γ) behaves well under the type of convergence
as in [23, Theorem 3.2]; namely,

Γ𝑛 → 𝒢 ⇒ lim
𝑛→∞

𝜈◊(Γ𝑛) = 𝜈◊(𝒢).

Thus, the lower bound is a restatement of [7, Theorem 3]. For the upper bound,
the convergence is similar: |𝐸Γ𝑛|∕|𝑉Γ𝑛| → |𝐸𝐺|∕|𝑉𝐺|. □

Thus, whenever the inequalities in (1) are strict inequalities for a planar lat-
tice graph, we obtain infinitely many planar graphs that satisfy Conjecture 3.2.

4. Infinitely many proven cases for Conjecture 1.1
In this section, we use three different ways to construct infinite families of

planar lattice graphs that are proven cases for Conjecture 1.1 using bipyramid
volume in an essential way. Namely, we prove that these planar lattice graphs
satisfy the inequalities in (1), so Proposition 2.4 implies Conjecture 1.1 for 𝒢.
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4.1. Parallel edges. For any planar lattice graph 𝒢, let 𝒢𝑠 denote the planar
lattice graph for which every edge of 𝒢 is replaced by 𝑠 parallel edges. Then (see
[26])

𝑧𝒢𝑠 = 𝑧𝒢 + log 𝑠.
In Theorem 4.2, we show that if the inequalities in (1) hold for 𝒢, then they hold
with strict inequalities for 𝒢𝑠 for any 𝑠 ≥ 2.

Lemma 4.1. Fix an integer 𝑠 ≥ 2. Then for all 𝑛 ≥ 2,

vol(𝐵𝑛𝑠) − vol(𝐵𝑛) < 2𝜋 log 𝑠.

Proof. We can modify the proof of [1, Theorem 2.2]. Decompose 𝐵𝑛 into 𝑛
isometric ideal tetrahedra 𝑇𝑛, such that each 𝑇𝑛 intersects the stellating edge of
𝐵𝑛 with an edge of dihedral angle 2𝜋∕𝑛, as in Figure 2(a,b). Thus, vol(𝐵𝑛) =
𝑛 ⋅ vol(𝑇𝑛).

vol(𝐵𝑛𝑠) < vol(𝐵𝑛) + 2𝜋 log 𝑠 ⟺ vol(𝑇𝑛𝑠) <
1
𝑠 vol(𝑇𝑛) +

1
𝑛𝑠2𝜋 log 𝑠.

Let 𝑓(𝑛) = vol(𝑇𝑛𝑠) and 𝑔(𝑛) =
1
𝑠
vol(𝑇𝑛) +

1
𝑛𝑠
2𝜋 log 𝑠. We must prove that

𝑓(𝑛) < 𝑔(𝑛) for all 𝑛 ≥ 2. By [1, Theorem 2.2], 𝑓(2) < 𝑔(2) and the functions
𝑓 and 𝑔 agree asymptotically as 𝑛 → ∞. If 𝑓(𝑎) > 𝑔(𝑎) for some 𝑎 > 2, then
it must be true that 𝑓′(𝑏) < 𝑔′(𝑏) for some 𝑏 > 𝑎. But we now prove that
𝑓′(𝑥) > 𝑔′(𝑥) for all 𝑥 ≥ 2.

𝑓′(𝑛) = 2𝜋
𝑛2𝑠

log
(
2 sin

( 𝜋
𝑛𝑠

))

𝑔′(𝑛) = 2𝜋
𝑛2𝑠

log
(
2 sin

(𝜋
𝑛

))
− 2𝜋
𝑛2𝑠

log 𝑠 = 2𝜋
𝑛2𝑠

log (2𝑠 sin
(𝜋
𝑛

)
) .

Since ℎ(𝜃) = sin 𝜃
𝜃

is a decreasing function for 0 < 𝜃 < 𝜋, then
sin(𝜋∕𝑛𝑠)
𝜋∕𝑛𝑠

>
sin(𝜋∕𝑛)
𝜋∕𝑛

for any 𝑠 ≥ 2. Thus,

sin
( 𝜋
𝑛𝑠

)
> 1
𝑠 sin

(𝜋
𝑛

)
.

Therefore, 𝑓′(𝑥) > 𝑔′(𝑥) for all 𝑥 ≥ 2. This implies that for all 𝑛 ≥ 2,
𝑓(𝑛) < 𝑔(𝑛). □

Theorem 4.2. Let 𝑠 ≥ 2. If 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢), then

𝜈◊(𝒢𝑠) < 2𝜋 𝑧𝒢𝑠 < 𝜈(𝒢𝑠).

Proof. We first prove the lower bound. Every face 𝑓 ∈ 𝐹𝐺 with |𝑓| > 2 has
the same degree in 𝐺𝑠, and vol(𝐵2) = 0, so

vol◊(𝐺) + vol◊(𝐺∗) =
∑

𝑓∈𝐹𝐺
vol(𝐵|𝑓|) +

∑
𝑣∈𝑉𝐺

vol(𝐵|𝑣|),
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vol◊(𝐺𝑠) + vol◊(𝐺∗
𝑠 ) =

∑
𝑓∈𝐹𝐺

vol(𝐵|𝑓|) +
∑

𝑣∈𝑉𝐺
vol(𝐵𝑠|𝑣|).

Then by Lemma 4.1,

vol◊(𝐺∗
𝑠 ) − vol◊(𝐺∗) ≤ |𝑉𝐺| max

𝑣∈𝑉𝐺

(
vol(𝐵𝑠|𝑣|) − vol(𝐵|𝑣|)

)
< 2𝜋|𝑉𝐺| log 𝑠.

Dividing by |𝑉𝐺|, this implies 𝜈◊(𝒢𝑠) < 𝜈◊(𝒢) + 2𝜋 log 𝑠. Since we assumed
𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢, then 𝜈◊(𝒢𝑠) < 2𝜋 𝑧𝒢 + 2𝜋 log 𝑠 = 2𝜋 𝑧𝒢𝑠 .
We now prove the upper bound, assuming 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢). Since |𝐸𝐺𝑠| =

𝑠|𝐸𝐺|, we have

𝑧fd𝐺𝑠 = 𝑧fd𝐺 + log 𝑠 ≤
|𝐸𝐺|𝑣oct
2𝜋 + log 𝑠

= 1
𝑠 (

𝑠|𝐸𝐺|𝑣oct
2𝜋 + 𝑠 log 𝑠)

< 1
𝑠 (

|𝐸𝐺𝑠|𝑣oct
2𝜋 +

(𝑠 − 1)|𝐸𝐺𝑠|𝑣oct
2𝜋 )

=
|𝐸𝐺𝑠|𝑣oct

2𝜋
2𝜋 𝑧𝒢𝑠 < 𝜈(𝒢𝑠).

The strict inequality follows because for any 𝑠 ≥ 2,

2𝜋 log 𝑠
(𝑠 − 1)𝑣oct

< 2 < |𝐸𝐺|.

□

4.2. Truncating a 𝟑-regular planar lattice graph. For any 3-regular planar
lattice graph 𝒢, let 𝒢′ denote the lattice graph for which every vertex is replaced
by a triangle (i.e., complete graph𝐾3), and each edge of 𝒢 is preserved in 𝒢′. For
example, the 3-12-12 lattice graph is obtained by truncating the regular hexag-
onal lattice graph:

⟶

Since 𝒢′ is also 3-regular, this process can be repeated indefinitely. In Theo-
rem 4.3, we show that if the inequalities in (1) hold for 𝒢, then they hold as
strict inequalities for 𝒢′.

Theorem4.3. Let𝒢 be a 3-regular planar lattice graph. If 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢),
then

𝜈◊(𝒢′) < 2𝜋 𝑧𝒢′ < 𝜈(𝒢′).
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Proof. By definition of 𝒢′, |𝑉𝐺′| = 3|𝑉𝐺|. By [26, Theorem 4] with 𝑟 = 3, 𝑠 =
1,

𝑧𝒢′ =
1
3𝑧𝒢 +

1
6 log 15.

Recall 𝑧fd𝐺 = |𝑉𝐺|𝑧𝒢. If we multiply the above equation for 𝑧𝒢′ by 3|𝑉𝐺|,

𝑧fd𝐺′ = 𝑧fd𝐺 + |𝑉𝐺|
2 log 15.

We first prove the lower bound. Let 𝐹𝑛 and 𝐹′𝑛 denote the number of 𝑛–faces
of 𝐺 and 𝐺′, respectively. By definition of 𝒢′, 𝐹′2𝑛 = 𝐹𝑛 and 𝐹′3 = |𝑉𝐺|. Since
𝐺′ is a 3-regular graph on a torus, 𝐹′ − 𝐸′ + 𝑉′ = 0 and 3𝑉′ = 2𝐸′, hence
𝐹′ = 𝐸′ − 𝑉′ = 𝑉′∕2 = 3|𝑉𝐺|∕2. Thus,

#{𝑓 ∈ 𝐹𝐺′ |||| |𝑓| > 3} = 1
2|𝑉𝐺|.

Let ∆ =
(
vol◊(𝐺′) + vol◊(𝐺′∗)

)
−
(
vol◊(𝐺) + vol◊(𝐺∗)

)
.

∆ =(
∑

𝑓∈𝐹𝐺′
|𝑓|>3

vol(𝐵|𝑓|) +
∑

𝑓∈𝐹𝐺′
|𝑓|=3

vol(𝐵3) +
∑

𝑣∈𝑉𝐺′ vol(𝐵3))

−(
∑

𝑓∈𝐹𝐺
vol(𝐵|𝑓|) +

∑
𝑣∈𝑉𝐺

vol(𝐵3))

∆ < 1
2|𝑉𝐺| ⋅ 2𝜋 log 2 +|𝑉𝐺| ⋅ 2𝑣tet +2|𝑉𝐺| ⋅ 2𝑣tet

= |𝑉𝐺|(𝜋 log 2 + 6𝑣tet).

The first inequality follows by Lemma 4.1 with 𝑠 = 2 because 𝐹′2𝑛 = 𝐹𝑛. Thus,
since we assumed 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢,

vol◊(𝐺′) + vol◊(𝐺′∗) < vol◊(𝐺) + vol◊(𝐺∗) + |𝑉𝐺|(𝜋 log 2 + 6𝑣tet)
≤ 2𝜋𝑧fd𝐺 + |𝑉𝐺|(𝜋 log 2 + 6𝑣tet)

< 2𝜋 (𝑧fd𝐺 + |𝑉𝐺|
2 log 15)

= 2𝜋𝑧fd𝐺′

𝜈◊(𝒢′) < 2𝜋 𝑧𝒢′ .

The strict inequality follows because (𝜋 log 2 + 6𝑣tet) < 𝜋 log 15.
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We now prove the upper bound, assuming 2𝜋 𝑧𝒢 ≤ 𝜈(𝒢). Since |𝐸𝐺′| =
3|𝐸𝐺|, we have

𝑧fd𝐺′ = 𝑧fd𝐺 + |𝑉𝐺|
2 log 15

≤
|𝐸𝐺|𝑣oct
2𝜋 + |𝐸𝐺|

3 log 15

= |𝐸𝐺| (
𝑣oct
2𝜋 +

log 15
3 )

< 3|𝐸𝐺|𝑣oct∕2𝜋
= |𝐸𝐺′|𝑣oct∕2𝜋

2𝜋 𝑧𝒢′ < 𝜈(𝒢′).

The strict inequality follows because log 15 < 6𝑣oct∕2𝜋. □

4.3. Medial graph of a 𝟑-regular planar lattice graph. For any 3-regular
planar lattice graph 𝒢, let 𝒢′ be the medial graph of 𝒢, which in this case is ob-
tained by subdividing each edge once and then performing a𝑌−∆ transforma-
tion at every 3-valent vertex. Themedial graph 𝒢′ is 4-regular. For example, the
Kagome lattice graph is themedial graph of the regular hexagonal lattice graph:

⟶

In Theorem 4.4, we show that if the lower bound in (1) holds for 𝒢, then
it holds with a strict inequality for 𝒢′. In Corollary 4.5, we then apply Theo-
rems 4.3 and 4.4 to obtain an infinite family of 4-regular planar lattice graphs
for which both bounds in (1) hold with a strict inequality.

Theorem 4.4. Let 𝒢 be a 3-regular planar lattice graph. If 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢, then
𝜈◊(𝒢′) < 2𝜋 𝑧𝒢′ .

Proof. By definition of 𝒢′, |𝑉𝐺′| = |𝐸𝐺| = 3
2|𝑉𝐺|. By [26, Theorem 4] with

𝑟 = 3, 𝑠 = 0,

𝑧𝒢′ =
2
3𝑧𝒢 +

1
3 log 6.

We multiply this equation by 32|𝑉𝐺| to obtain

𝑧fd𝐺′ = 𝑧fd𝐺 + |𝑉𝐺|
2 log 6.

Using the same notation as in the proof of Theorem 4.3, by definition of 𝒢′,
𝐹′3 = |𝑉𝐺| + 𝐹3 and 𝐹′𝑛 = 𝐹𝑛 for all 𝑛 ≠ 3.
Let ∆ =

(
vol◊(𝐺′) + vol◊(𝐺′∗)

)
−
(
vol◊(𝐺) + vol◊(𝐺∗)

)
.
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∆ =(
∑

𝑓∈𝐹𝐺′
|𝑓|≠3

vol(𝐵|𝑓|) +
∑

𝑓∈𝐹𝐺′
|𝑓|=3

vol(𝐵3) +
∑

𝑣∈𝑉𝐺′ vol(𝐵4))

−(
∑

𝑓∈𝐹𝐺
vol(𝐵|𝑓|) +

∑
𝑣∈𝑉𝐺

vol(𝐵3))

∆ =
(
(|𝑉𝐺| + 𝐹3) − 𝐹3 − |𝑉𝐺|

)
vol(𝐵3) +|𝑉𝐺′|vol(𝐵4)

= 3
2|𝑉𝐺|𝑣oct.

Thus, since we assumed 𝜈◊(𝒢) ≤ 2𝜋 𝑧𝒢,

vol◊(𝐺′) + vol◊(𝐺′∗) = vol◊(𝐺) + vol◊(𝐺∗) + 3
2|𝑉𝐺|𝑣oct

≤ 2𝜋𝑧fd𝐺 + 3
2|𝑉𝐺|𝑣oct

= 2𝜋 (𝑧fd𝐺 + |𝑉𝐺|
3𝑣oct
4𝜋 )

< 2𝜋 (𝑧fd𝐺 + |𝑉𝐺|
2 log 6)

= 2𝜋𝑧fd𝐺′

𝜈◊(𝒢′) < 2𝜋 𝑧𝒢′ .

The strict inequality follows because 3𝑣oct < 2𝜋 log 6. □

Corollary 4.5. Let 𝒢𝑛 denote the sequence of 3-regular planar lattice graphs ob-
tained from the regular hexagonal lattice graph 𝒢0 = 𝒢7 by truncation as in
Theorem 4.3. Let 𝒢′𝑛 be the 4-regular medial graph of 𝒢𝑛 as in Theorem 4.4. Then
𝜈◊(𝒢′𝑛) < 2𝜋 𝑧𝒢′𝑛 < 𝜈(𝒢′𝑛) for all 𝑛 ≥ 0.

Proof. The lower bound follows by Theorem 4.4. For the upper bound,

|𝑉𝐺𝑛| = 2 ⋅ 3𝑛, |𝑉𝐺′
𝑛| = |𝐸𝐺𝑛| = 3𝑛+1, |𝐸𝐺′

𝑛| = 2 ⋅ 3𝑛+1.

Applying the formulas in the proofs of Theorems 4.3 and 4.4,

𝑧fd
𝐺′
𝑛

= 𝑧fd𝐺7 + (
∑𝑛−1

𝑖=0
|𝑉𝐺𝑖|∕2) log 15 +

|𝑉𝐺𝑛|
2 log 6

=
10𝑣tet
2𝜋 + (

∑𝑛−1

𝑖=0
3𝑖) log 15 + 3𝑛 log 6

=
10𝑣tet
2𝜋 + 3𝑛 − 1

2 log 15 + 3𝑛 log 6

< 2 ⋅ 3𝑛+1𝑣oct∕2𝜋
= |𝐸𝐺′

𝑛|𝑣oct∕2𝜋
2𝜋 𝑧𝒢′𝑛 < 𝜈(𝒢′𝑛).
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The strict inequality follows because
10𝑣tet
2𝜋 − log

√
15 < 3𝑛 (

6𝑣oct
2𝜋 − log 6

√
15)

for all 𝑛 ≥ 0. □

5. Right-angled volume of a planar lattice graph
In this section, for dual simple 3–connected planar lattice graphs 𝒢 and 𝒢∗,

we define another geometric invariant, which we call the right-angled volume
vol⟂(𝒢). We prove that Conjecture 1.1 implies that vol⟂(𝒢) ≤ 2𝜋 𝑧𝒢. We then
prove the lower bound in Conjecture 1.1 for the regular planar lattice graphs
using the isoradial dimer model.
An orthogonal circle pattern is a pair of circle packings whose contact graphs

are planar dual graphs, such that dual edges are perpendicular and no other
edges intersect; i.e., the tangent points of the dual circle packings coincide, and
the two tangent lines at each point are perpendicular. The Koebe-Andreev-
Thurston Circle Packing Theorem has been generalized to orthogonal circle
patterns (see [15] and references therein): Every 3–connected plane graph ad-
mits an orthogonal circle pattern representation, which is unique up toMöbius
transformations.
An orthogonally dual embedding of 𝒢 and 𝒢∗ is a planar embedding such that

the inscribed circles in their faces form an orthogonal circle pattern. Wewill say
that 𝒢 and 𝒢∗ are orthogonally dual lattice graphs, or that 𝐺 and 𝐺∗ are orthog-
onally dual graphs on the torus, if they admit an orthogonally dual embedding.
Equivalently, the associated Temperleyan graph 𝐺𝑏 is a quadrangulation em-
bedded such that its faces are right kites, which are kites with at least two right
angles, given by radii of the orthogonal circle pattern. Manywell-known planar
lattice graphs satisfy orthogonal duality; see Figure 6.
When lifted to the universal cover, considered as the plane at infinity forℍ3,

this orthogonal circle pattern defines a right-angled biperiodic ideal hyperbolic
polyhedron 𝒫 in ℍ3 whose vertices are the white vertices of 𝒢𝑏. Let 𝑃(𝐺) =
𝒫∕Λ, which is a hyperbolic polyhedron with finite volume. See Figure 7.

Definition5.1. If𝐺 and𝐺∗ are orthogonally dual graphs, define the right-angled
volume of 𝐺 and of 𝒢 as

vol⟂(𝐺) = 2vol(𝑃(𝐺)) and vol⟂(𝒢) =
vol⟂(𝐺)
|𝑉𝐺|

.

Note that vol⟂(𝐺) = vol⟂(𝐺∗).

Theorem 5.2. If𝐺 and𝐺∗ are dual simple 3–connected graphs on the torus with
faces that are topologically disks, then

(1) 𝐺 and 𝐺∗ admit an orthogonally dual embedding on the torus, which is
unique up to Möbius transformations,

(2) 𝐺 and 𝐺∗ are Tait graphs of an alternating link 𝐿 in 𝑇2 × 𝐼, such that
(𝑇2 × 𝐼) − 𝐿 is hyperbolic,

(3) vol⟂(𝐺) ≤ vol(𝐺) ≤ vol◊(𝐺) + vol◊(𝐺∗).
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Lattice graph #4 Lattice graph #5 Lattice graph #7

Lattice graph #8 Lattice graph #9 Lattice graphs #10,14

Figure 6. Lattice graphs 𝒢 and 𝒢∗ with orthogonally dual em-
beddings shown, so faces of 𝒢𝑏 are right kites in each case. La-
bels from Table 1. Figures from [13].

𝑒

𝜃𝑒

(a) (b) (c)

Figure 7. (a) A right kite formed by radii of intersecting or-
thogonal circles. (b) An ideal hyperbolic polyhedron bounded
by vertical planes and intersecting hemispheres above the kite,
which consists of two 3∕4-ideal tetrahedra. (c) As a face of 𝐺𝑏,
the kite has half-angle 𝜃𝑒 at edge 𝑒 of 𝐺𝑏.

Proof. This theorem restates results from hyperbolic knot theory in [9, Theo-
rem 7.5], and we explain the correspondence below. The proof relies on a result
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about the existence of orthogonal circle patterns on the torus, due to Bobenko
and Springborn [3].
The conditions on 𝐿 in [9, Theorem 7.5] correspond to the following condi-

tions on 𝐺 and 𝐺∗:
(a) 𝐺 and 𝐺∗ are 2-connected; in particular, neither 𝐺 nor 𝐺∗ has loops,
(b) the faces of 𝐺 and of 𝐺∗ are topologically disks on the torus, and
(c) if 𝑒1, 𝑒2 ∈ 𝐸𝐺 form a cut-set for 𝐺 then a component of 𝐸𝐺∖{𝑒1, 𝑒2} is a

path graph, and similarly for 𝐺∗.
Condition (a) means that 𝐿 is reduced and weakly prime [9, Definition 7.1]; (b)
means that 𝐿 has a cellular emebedding on the torus; and (c) means that 𝐿 has
no cycle of tangles [9, Definition 6.2]. Finally, 3-connected graphs cannot have
degree-2 vertices, so 𝐿 has no bigons, which correspond to degree-2 vertices of
𝐺.
Our conditions on 𝐺 and 𝐺∗ imply the conditions (a), (b), (c). In partic-

ular, since edge-connectivity is at least vertex-connectivity, 3–connectedness
precludes a two-edge cut as in (c). So the conditions in [9, Theorem 7.5] are
satisfied by our conditions on 𝐺 and 𝐺∗, which proves (1) and (2).
Since the projection of 𝐿 is the medial graph of 𝐺,

vol◊(𝐿) =
∑

𝑓∈{faces of 𝐿}
vol(𝐵|𝑓|) = vol◊(𝐺) + vol◊(𝐺∗).

It remains to show that vol⟂(𝐿) = vol⟂(𝐺). When the faces of 𝐺𝑏 are right
kites, the white vertices of 𝐺𝑏 are the intersections of the orthogonal circle pat-
tern, which correspond to crossings of 𝐿. The crossings of 𝐿 are the vertices
of the projection graph, and we can checkerboard color its faces. Thus, the or-
thogonal circle pattern given by inscribed circles of 𝐺 and of 𝐺∗ is exactly the
orthogonal circle pattern given by the circumscribed circles of the shaded and
unshaded faces of 𝐿. Thus, the right-angled polyhedron 𝑃(𝐺) is exactly 𝑃(𝐿) in
the theorem, whose 1-skeleton is the projection graph of 𝐿. This proves (3). □

For example, the 33-42 lattice graph 𝒢 is sometimes drawn as shown at left,
but here is how to draw its orthogonally dual embedding:

⟶

By Theorem 5.2, for planar lattice graphs 𝒢 that satisfy orthogonal duality,

vol⟂(𝒢) ≤ vol(𝒢) ≤ 𝜈◊(𝒢).

Moreover, as we did for 𝜈◊(𝒢), we can compute vol⟂(𝒢) using only the local
geometry of its orthogonally dual embedding. If 𝐺 and 𝐺∗ are orthogonally
dual, then the right kite angles of 𝐺𝑏 are uniquely determined. For 𝑒 ∈ 𝐸𝐺𝑏,
let 2𝜃𝑒 be the angle swept out counter-clockwise around the black vertex of 𝑒
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to the adjacent edge, which is one of the vertex angles of a right kite. Then 𝜃𝑒
will be called the half-angle at 𝑒, as shown in Figure 7(c). The chord shown
in Figure 7(a) is the diagonal of a right kite joining the white vertices of 𝐺𝑏.
If 𝑣 ∈ 𝑉𝐺 and 𝑣′ ∈ 𝑉𝐺∗ are the black vertices of the kite, then it has sides
𝑒, 𝑒′ ∈ 𝐸𝐺𝑏, such that 2𝜃𝑒 +2𝜃𝑒′ = 𝜋. Let 𝐿(𝜃) be the Lobachevsky function, as
in Definition 2.1. By Milnor’s volume formula, the volume of the two 3∕4-ideal
tetrahedra shown in Figure 7(b) is 𝐿(𝜃𝑒) + 𝐿(𝜃𝑒′). Therefore,

vol⟂(𝐺) =
∑

𝑒∈𝐸𝐺𝑏

2𝐿(𝜃𝑒). (2)

For a regular planar lattice graph 𝒢, the lower bound in Conjecture 1.1 was
proved with equality using number theory in [7, Theorems 12, 13]. Below we
give another proof using the toroidal dimer model and the fact that 𝒢 satisfies
both orthogonal duality and a geometric condition called an isoradial embed-
ding. Namely, 𝒢 is embedded isoradially in the plane if each face is inscribed in
a circle of radius 1whose center is in the interior of that face. Such an isoradial
embedding is equivalent to a rhombic embedding of an associated quadrangu-
lation by joining each vertex of 𝒢 with the circumcenter of every face incident
to that vertex. Equivalently, 𝐺𝑏 is embedded such that its black vertices are
vertices of the rhombi, and its white vertices are centers of the rhombi.

Theorem 5.3. For the regular planar lattice graphs, 𝒢△, 𝒢□, 𝒢7,

vol⟂(𝐺) = vol(𝐺) = vol◊(𝐺) + vol◊(𝐺∗) = 2𝜋m(𝑝(𝑧, 𝑤)) = 2𝜋 𝑧fd𝐺 .

Thus, the lower bound in Conjecture 1.1 holds with equality.

Proof. The toroidal dimer model is a statistical mechanics model of the set
of dimer coverings of 𝐺𝑏 = 𝒢𝑏∕Λ. The characteristic polynomial of the dimer
model is defined as𝑝(𝑧, 𝑤) = detκ(𝑧, 𝑤), where κ(𝑧, 𝑤) is theKasteleynmatrix.
Let 𝐺𝑏

𝑛 = 𝒢𝑏∕(𝑛Λ) be the finite balanced bipartite toroidal graph, and 𝑍(𝐺𝑏
𝑛) be

the number of dimer coverings of 𝐺𝑏
𝑛 . By [20], its entropy is given by

lim
𝑛→∞

1
𝑛2

log 𝑍(𝐺𝑏
𝑛) = m(𝑝(𝑧, 𝑤)). (3)

See [7] for details, examples and references.
For an isoradial graph, critical edge weights are defined as 𝜈(𝑒) = 2 sin 𝜃𝑒,

where edge 𝑒 is the diagonal of a rhombus and 𝜃𝑒 is the half-angle at 𝑒. Thus,
𝜈(𝑒) is the length of the other diagonal of the rhombus, which is dual to 𝑒. The
function 𝜈 is called the critical weight function for the isoradial dimer model
on 𝐺𝑏, introduced in [19]. By [12], in the isoradial case with the critical edge
weights, the entropy of the toroidal dimer model can be computed using only
the local geometry of the isoradial embedding:

2𝜋m(𝑝𝜈(𝑧, 𝑤)) = 2𝜋 lim
𝑛→∞

1
𝑛2

log 𝑍(𝐺𝑏
𝑛, 𝜈) =

∑

𝑒∈𝐸𝐺𝑏

(
2𝜃𝑒 log(2 sin 𝜃𝑒) + 2𝐿(𝜃𝑒)

)
.

(4)
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We emphasize two key differences between equations (3) and (4): First, edges
in equation (3) do not have the critical edge weights because we are interested
in counting spanning trees. Second, the Mahler measure m(𝑝(𝑧, 𝑤)) in equa-
tion (3) cannot be expressed using Lobachevsky functions as in equation (4);
see [7] for exact computations ofm(𝑝(𝑧, 𝑤)).
We nowuse that each𝒢 satisfies both orthogonal duality and isoradiality. Let

𝑣 be a black vertex of 𝐺𝑏; i.e., 𝑣 ∈ 𝑉𝐺 ∪ 𝑉𝐺∗. Let 2𝜃𝑖 be the angle between ad-
jacent edges 𝑒𝑖, 𝑒𝑖+1 of 𝐺𝑏 incident to 𝑣. When 𝜃𝑖 = 𝜃 for all 𝑖 at some 𝑣 ∈ 𝑉𝐺 ∪
𝑉𝐺∗, then all edges incident to 𝑣 have the same critical weight 2 sin 𝜃, which
can be factored out of the Kasteleyn matrix. This factor appears as the sum-
mand log(2 sin 𝜃) inm(𝑝𝜈(𝑧, 𝑤)); i.e.,m(𝑝𝜈(𝑧, 𝑤)) = m(𝑝(𝑧, 𝑤)) + log(2 sin 𝜃).
Moreover, in this case 𝜃𝑖 = 𝜋∕|𝑣| for all 𝑖, so

2𝜋 log(2 sin 𝜃) = 2𝜋 log
⎛
⎜
⎝

1
|𝑣|

|𝑣|∑

𝑖=1
2 sin 𝜃𝑖

⎞
⎟
⎠
=

|𝑣|∑

𝑖=1
2𝜃𝑖 log(2 sin 𝜃𝑖)

=
∑

𝑒∈𝐸𝐺𝑏

2𝜃𝑒 log(2 sin 𝜃𝑒).

Since this occurs at every 𝑣 ∈ 𝑉𝐺 ∪ 𝑉𝐺∗ for the regular planar lattice graphs,
we have

2𝜋m(𝑝(𝑧, 𝑤)) = 2𝜋
(
m(𝑝𝜈(𝑧, 𝑤)) − log(2 sin 𝜃)

)

= 2𝜋m(𝑝𝜈(𝑧, 𝑤)) −
∑

𝑒∈𝐸𝐺𝑏

2𝜃𝑒 log(2 sin 𝜃𝑒) =
∑

𝑒∈𝐸𝐺𝑏

2𝐿(𝜃𝑒)

= vol⟂(𝐺).

The last equality is by equation (2). Moreover, since vol(𝐵𝑛) = 2𝑛 𝐿(𝜋∕𝑛),

∑

𝑒∈𝐸𝐺𝑏

2𝐿(𝜃𝑒) =
∑

𝑣∈𝑉𝐺∪𝑉𝐺∗

|𝑣|∑

𝑖=1
2𝐿(𝜃𝑖) =

∑

𝑣∈𝑉𝐺∪𝑉𝐺∗

2|𝑣| 𝐿
( 𝜋
|𝑣|

)

=
∑

𝑣∈𝑉𝐺∪𝑉𝐺∗

vol(𝐵|𝑣|) = vol◊(𝐺) + vol◊(𝐺∗).

Therefore, by Theorem 5.2,

vol⟂(𝐺) = vol(𝐺) = vol◊(𝐺) + vol◊(𝐺∗) = 2𝜋m(𝑝(𝑧, 𝑤)).

Finally,m(𝑝(𝑧, 𝑤)) = 𝑧fd𝐺 essentially by equation (3), as explained in [6, Propo-
sition 5.3]. When we divide by |𝑉𝐺|, the lower bound in Conjecture 1.1 holds
with equality for 𝒢. □

Remark 5.4. In [19], Kenyon interpreted the Lobachevsky functions as the vol-
ume of a hyperbolic polyhedron 𝒫 associated to (𝒢𝑏)∗, using the circle pattern
given by circumcircles of the faces of (𝒢𝑏)∗. Vertices of (𝐺𝑏)∗ are the intersec-
tions of a circle pattern whose radii are the edges of rhombi. When lifted to
the universal cover, considered as the plane at infinity forℍ3, this circle pattern
defines a biperiodic ideal hyperbolic polyhedron𝒫 inℍ3 whose vertices are the
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vertices of (𝒢𝑏)∗. Let 𝙿 = 𝒫∕Λ, which is a hyperbolic polyhedron with finite
volume.
If 𝐺 has an isoradial embedding, and 𝙿 is the hyperbolic polyhedron associ-

ated to (𝐺𝑏)∗, then

vol(𝙿) =
∑

𝑒∈𝐸𝐺𝑏

2𝐿(𝜃𝑒) ≤ vol◊(𝐺) + vol◊(𝐺∗).

The first equality was proved in [19]. For the inequality, we can decompose
𝙿 into tetrahedra, and collect them around each black vertex of 𝐺𝑏 to form a
bipyramid. This is possible because around each vertex 𝑣,

∑
𝜃𝑒 = 𝜋 for all

edges 𝑒 incident to 𝑣. By [1], the maximal volume of hyperbolic bipyramids is
achieved by the regular bipyramids, whose volumes sum to vol◊(𝐺)+vol◊(𝐺∗).
When 𝐺 is isoradial, the circles that determine 𝙿 are all congruent, which is

not required to bound a hyperbolic polyhedron. On the other hand, the poly-
hedron 𝑃(𝐺) given by an orthogonal circle pattern is right-angled, which is an-
other special case. The geometry for these two types of planar lattice graphs
corresponds as follows:

𝒢 and 𝒢∗ satisfy 𝒢 and 𝒢∗ satisfy
orthogonal duality isoradiality

Circle orthogonal isoradial
pattern: inscribed circles circumscribed circles

Local
geometry: 𝐺𝑏-faces are right kites black 𝑉𝐺𝑏 form rhombi

Hyperbolic
polyhedron: vertices of 𝑃 are white 𝑉𝐺𝑏 vertices of 𝙿 are 𝑉(𝐺𝑏)∗

Volume of
polyhedron: vol(𝑃) =

∑
𝑒∈𝐸𝐺𝑏 𝐿(𝜃𝑒) vol(𝙿) =

∑
𝑒∈𝐸𝐺𝑏 2𝐿(𝜃𝑒)

Volume
bound: 2vol(𝑃) ≤ vol◊(𝐺) + vol◊(𝐺∗) vol(𝙿) ≤ vol◊(𝐺) + vol◊(𝐺∗)
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