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Complexity in the Bolza surface

Bhola Nath Saha and Bidyut Sanki

ABSTRACT. A surface in the Teichmiiller space where the systole function
attains its maximum, is called a maximal surface. For genus two there exists
a unique maximal surface which is called the Bolza surface. In this article,
we study the complexity of the set of systolic geodesics on the Bolza surface.
We show that any non-systolic geodesic intersects the systolic geodesics in 2n
points, where n > 5. For each non-negative integer n, we show the existence
of curves on the Bolza surface which intersect the set of systolic geodesics at
(10 + 6n) and (12 + 6n) points by construction. Furthermore, we show that
there are exactly 12 second systolic geodesics on the Bolza surface and they
form a triangulation of the surface.
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1. Introduction

A Riemann surface of constant curvature —1 is called a hyperbolic surface. A
compact surface with empty boundary is called a closed surface. In this article,
by a surface we always mean a closed orientable hyperbolic surface. For g >
2, let T denote the Teichmiiller space of hyperbolic surfaces of genus g (see
Section 10.1 [5]). A shortest essential closed geodesic on a surface X € 77 is
called a systolic geodesic of X. The function sys : 7, — R,, where sys(X) is
the length of a systolic geodesic of X (see Section 1 [11]), is called the systole
function on 7', and sys(X) is called the systole of X.

The function sys has been studied extensively by P. Schmutz [11, 12], H.
Akrout [1], and others. In Theorem A of [11], Schmutz Schaller provided suffi-
cient conditions for the systole function to be a topological Morse function and
analyzed its critical points (also see [12]). Subsequently, Akrout [1] established
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that sysis indeed a topological Morse function on Teichmiiller space. Itis an in-
teresting and difficult problem to find the critical points of the systole function
explicitly. These are the surfaces where sys attains a local maximum. In [8],
Jenni has proved that there is a unique surface in J,, where the systole func-
tion attains its global maximum. This surface is called Bolza surface and it can
be obtained by identifying the opposite sides of a regular hyperbolic octagon
with interior angle % (Section 5 [12]). It has 12 systolic geodesics and this is the

genus two hyperbolic surface with the biggest automorphism group. In The-
orem 3.1 [10], Sanki has given an explicit description of the systolic geodesics
on the Bolza surface and shown that the set of all systolic geodesics forms a
triangulation of the surface.

The k-th complexity of a given system of closed geodesics on a surface is
the number of simple closed geodesics that intersect the collection exactly at k
many points (see Definition 2.1). In Theorem 3.1 of [10], the author has shown
that the k-th complexity of Sys(S) on the Bolza surface S is zero, for 0 < k <
5. In this article, we further extend the study of the complexity of the systolic
geodesics of the Bolza surface. We show that the k-th complexity of systolic
geodesics is zero when either k < 10 or k is an odd integer in the theorem
below.

Theorem 1.1. Let Sys(S) be the set of all systolic geodesics on the Bolza surface
S. The k-th complexity G, (Sys(S)) of Sys(S) is zero for all odd integers k and even
integers k < 10.

The proof of Theorem 1.1 is based on a detailed analysis of the lifts of systolic
geodesics and related curves to the hyperbolic upper half-plane, which serves
as the universal cover of the Bolza surface.

Theorem 1.1 naturally leads to the question of determining those values of k
for which the k-th complexity G, (Sys(S)) is nonzero. We show that there exist
infinitely many integers k for which G, (Sys(S)) # 0. More precisely, we prove
the following theorem.

Theorem 1.2. G, (Sys(S)) # 0 forall k of the form (10+6n) and (12+ 6n), where
n is a non-negative integer.

The proof of Theorem 1.2 is based on an explicit construction of curves that
intersect Sys(S) exactly (10+6n) and (12 + 6n) times, where n is a non-negative
integer. The key tool in these constructions is the use of appropriate Dehn
twists.

The set Spec(X) of lengths of all simple closed geodesics on a surface X €
T is called the length spectrum of X. The length spectrum of a surface is a
discrete, closed subset of R, (see Lemma 12.4 [5]) and hence its elements can
be arranged in an ascending order

Spec(X) ={l; | lj;; > I;, foralli € N}.

The i-th element [; of Spec(X) is called the i-th systole of X. A simple closed ge-
odesic of length [; is called an i-th systolic geodesic. Note that, [; = sys(X). Itisa
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very difficult problem to find the length spectrum of a given hyperbolic surface,
in general. The length spectrum of the Bolza surface has been extensively stud-
ied by R. Aurich, F. Steiner and E. B. Bogomolny (see [2, 3]). In particular, the
authors have evaluated the i-th systole on the Bolza surface, for certain values
of i. In Section 2 of [3], Aurich-Steiner have shown that the length of a second

systolic geodesic in the Bolza surface is 2 cosh™* (3 + 2\/5) In this article, we

completely determine all second systolic geodesics on the Bolza surface. More
precisely, we prove the following theorem.

Theorem 1.3. There are exactly 12 second systolic geodesics on the Bolza surface,
and they form a triangulation with each triangle of type (4, 3, 3).

2. Preliminaries

In this section, we recall the notions of complexity of a system of curves on
a surface, (p, g, r)-triangle and hyperelliptic surfaces. Also, we describe the
isometries of the Bolza surface. These are essential for the subsequent sections.

Definition 2.1. For a non-negative integer k, the k-th complexity of a system
of curves Q on a surface X, denoted by G, (Q), is the cardinality of the set below

y €O\ Q| Y ilay) =k,
aeQ
where C(X) denotes the collection of all simple closed curves on X, pairwise
distinct up to free homotopy.

Example 2.2. Let X = {«, y}, where a and y are as described in Figure 1. Then
it is not difficult to find a simple closed curve § that intersects y in k points and
is disjoint from . Consider the curves T?(é), where n € Z and T,, denotes the
Dehn twist (see Chapter 3, [5]) about y. Then

i(Ty(8).2) =k,

for all n € Z and hence Gy (X) = o0, forall k € Z,,.

Consider Q = {a, 8}, where a and 3 are simple closed curves as shown in
Figure 1. We find the 0-th and the 1-st complexity of Q. Since these curves fill
the surface, we have

Go(Q) = 0.

To compute the first complexity of Q, consider the decomposition of the sur-
face obtained by cutting along o U 8. This decomposition consists of a disjoint
union of four polygons, as shown in Figure 2. Consider the arc shown by a
dashed line in the upper-left octagon, joining two points on the pair of edges
labeled y,. We choose the end points of the arc so that they are identified in the
surface and therefore this arc projects to a simple closed curve on the surface
that intersects Q exactly once. Similarly, there is another such curve obtained
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by joining two points on the pair of edges labeled y5 in the other octagon. These
are the only simple closed curves that intersect Q exactly once. Therefore,

91(9) =2

FIGURE 2. Topological disks after cutting S, along a U 3.

Definition 2.3. Given positive integers p, q,r, satisfying Tililc 1, a
q r

(p, g, r)-triangle is a hyperbolic triangle with angles %, g, %
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FIGURE 3. A hyperbolic triangle of type (p, q,7).

2.1. Isometries of the Bolza surface. Consider a regular hyperbolic octagon
with each interior angle % and equipped with a side paring as indicated in Fig-
ure 4. After identification of the sides in pairs, the resulting surface is the Bolza
surface (see Section 5 [12]). The rotation of the octagon about the center by an
angle % is side paring equivariant and hence induces an isometry of order eight,
denoted by R.
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FIGURE 4. Triangulation of the octagon by (4,4,4) triangles
and isometry of order 8.

Now, we describe an order 3 isometry of the Bolza surface. For this, we con-
sider the triangulated polygonal representation of the Bolza surface as given in
Figure 5, where each triangle is of the form (4,4, 4). We note that this repre-
sentation is obtained from the representation in Figure 4 by cut and paste and
therefore, they are equivalent. The rotations of the polygons about the centers

by an angle 2?” asindicated in Figure 5 respect the side paring and hence induce

an order 3 isometry L of the Bolza surface. It is straightforward to see that the
isometries R and L generate the full orientation preserving isometry group of
the Bolza surface. Moreover, this group is a von Dyck group (for details, see
Chapter 5 of [4] and Section 1 of [13]).

2.2. Hyperelliptic involution in the Bolza surface. A hyperelliptic involu-
tion of a Riemann surface X of genus g is a conformal automorphismJ : £ — X
of order two with 2g + 2 fixed points. The fixed points are the Weierstrass points.
A surface ¥ admitting a hyperelliptic involution is called a hyperelliptic surface.
Note that, every hyperbolic surface of genus two is hyperelliptic. For more de-
tails, we refer the reader to Section 3.7 of [6].
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€ d;

€ d,

FIGURE 5. Order 3 isometry.

The rotation of the octagon (see Figure 6) about the center by an angle
induces the hyperelliptic involution of the Bolza surface. We recall the result
below due to Haas-Susskind [7] which is essential for the subsequent sections.

FIGURE 6. Hyperelliptic involution of the Bolza Surface. « rep-
resents the fixed points of the involution.

Theorem 2.4 (Theorem 1 [7]). Let J be the hyperelliptic involution of a genus
two Riemann surface M. Then every simple closed geodesic on M is mapped onto
itself by J. Furthermore, suppose « is a simple closed geodesic on M. If ot is a
separating curve then J preserves the orientation of a. Otherwise, J reverses the
orientation of a.
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3. Complexity

In this section, we show that the odd complexity of the set of systolic geodesics
Sys(S) is zero. Also, we show that the even complexity is finite and it is non-
zero for all integers of the form (10 + 6n) and (12 + 6n), n € Z5,. We begin by
proving Theorem 1.1.

Theorem 1.1. Let Sys(S) be the set of all systolic geodesics on the Bolza surface
S. The k-th complexity G, (Sys(S)) of Sys(S) is zero for all odd integers k and even
integers k < 10.

In Section 2.1, we have seen that the Bolza surface is obtained by identifying
the opposite sides of a regular hyperbolic octagon with each interior angle %‘

There is an alternative construction of the Bolza surface (Section 3 of [10]), by
taking two identical copies of the right angled regular hyperbolic octagon and
identifying the sides in pairs as shown in Figure 7. The sides {a;, a,}, {b;, b,},
{c1,c,} and {d,, d,} project onto simple closed geodesics on S. We denote these
geodesics by a, b, c,d respectively and define Q, = {a,b,c,d}. Also, the di-
agonals joining opposite vertices of each octagon project onto simple closed
geodesics. We define Q, as the collection of all such geodesics. In [10], Sanki
has proved that Sys(S) = Q; U Q, is the set of all systolic geodesics in S.

Let p : D — S be the universal covering map, where D is the Poincaré disc
model of the hyperbolic plane. Then p~1(Q;) is a tessellation T of D by regular
right angled octagons. Each tile of T maps under p to one of the octagons P; or
P,, asin Figure 7. A tile of T is called of Type I (or Type II) if it maps to P; (or
P, respectively).

We regard Q, as a graph, where the vertices are the intersection points of the
systolic geodesics in ; and the geodesic segments between the vertices are the
edges.

Octagon P; Octagon P,

FIGURE 7. Alternative description of the Bolza Surface.
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Octagon P; Octagon P,

FIGURE 8. Non-systolic geodesics on Bolza surface.

To simplify the proof of Theorem 1.1, we first prove four lemmas (Lemmas
3.1-3.5) in the following subsection. Their combination yields the desired re-
sult.

3.1. Technical lemmas.

Lemma 3.1. The set I of all non-systolic geodesics in S, intersecting the graph Q,
only at the vertices, has 16 elements.

Proof. Suppose § € I' and § denotes its path lift in D with the initial point at
some vertex. Then & is contained in only the same type of tiles, otherwise § will
have a non-transversal intersection with a lift of a systolic geodesic. Further-
more, § passes through at most two octagons, as & is simple. The arcs {y;, 7}
and {3, 8,} in Figure 8 project to two geodesics satisfying the properties of the
lemma. Using the isometries of the Bolza surface and interchanging the oc-
tagons, we get the remaining 14 geodesics. (|

Before proving the next lemma, we introduce the notion of the intersection
number of a system of curves with a simple closed curve, which will play a key
role throughout the rest of the article.

Definition 3.2. Let Q be a system of curves on a surface, and let 3 be a simple
closed curve. We define the intersection number of Q with 8 by

i(Q.B) 1= Y, i(a, B).

aeQ

As i(Q;,9) # 0, there exists a path lift of § in the universal cover D, with
the initial point on the boundary of a tile in the tessellation described above.
Furthermore, we can choose the initial point in the interior of some side in
p~1(Q,). Let & be such a path lift of &.

Lemma 3.3. i(Q;,8) = [p~'(Q) N 4| — 1
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Proof. The curves considered here are simple closed geodesics and hence they
are in a pairwise minimal position. That the initial and the terminal points of
§ are identified implies i(Q;,8) < |I'n 8| — 1. If some interior points of § are
identified, then it contradicts that § is simple. This completes the proof of the
lemma. O

Lemma 3.4. Ify is a non-systolic geodesic in the Bolza surface S, then i(Q,,y) is
an even integer.

Proof. If y € T' (T is defined in Lemma 3.1), then i(Q,,y) = 4. Now, suppose
that y ¢ . As Q, is a filling system, i(Q;,y) # 0. Let 7 be a path lift of y
with the initial point in the interior of some side of an octagon determined by
p~1(Q,). Now, there are the following two cases to be considered.

Case 1. If 7 does not pass through any of the vertices of the octagons then 7
alternatively passes through octagons of Type I and Type II. As y is simple and
the sides of Type I octagons are identified with the sides of Type II octagons, if
7 starts from a point on a side of a Type I octagon then it ends at a point on a
side of a Type II octagon and vice versa. Therefore, 7 passes through an even
number of octagons, say 2n. As ¥ intersects each of them twice, by Lemma 3.3,
we have i(Q,,7) = 2n, which is even.

Case 2. If 7 passes through some vertices, then we perturb 7 near the vertices
and get a new arc 7’ which does not pass through a vertex (see Figure 9). Then
i(Qq,y") = i(Q;,7), where y’ is the image of 7’ in the surface and 7’ alternatively
passes the octagons of Type I and Type II. A similar argument as in Case 1
implies that i(Q,, y) is even. O

<t
<

FIGURE 9. Perturbation of y.

Lemma 3.5. Let 7 be an arcin D without self-intersection such that the end points
of # are in the same orbit and  contains no vertices of p~(Q,). Then, 7 intersects
p~1(Q,) at even number of points.

Proof. The arc y alternatively passes through octagons of Type I and Type II,
as 7 does not pass through the vertices. Since the initial point and the end point
are identified, 7 passes through an even number of octagons, say 2n. Now, we
use mathematical induction on n to complete the proof of the lemma. If n = 1,
then p(7) is either homotopic to a systolic geodesic « € Q; or homotopic to a
geodesic &, as shown in Figure 10. We have |a N Q,| = 4and |6 N Q,| = 8.
Therefore, it follows that 7 intersects p~1(Q,) at even number of points.

Next, suppose that the lemma holds true for n, where n > 1. Let an arc
7 pass through 2(n + 1) octagons Py, ..., Py,,,. In order to use the induction
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FIGURE 10. The curve &

hypothesis, we homotope the arc 7 to another arc 7’ which is the union of the
arcs 6;,i = 1,...,4 (see Figure 11). We choose the terminal points of §; in P,,
such that both the endpoints of §; are identified. Then, by induction hypothesis
|6, N p~1(Q,)| is even; the case n = 1 implies |65 N p~(Q,)| is even and |5, N
p~H(Qy)| = |8, N p~1(Q,)|. Hence, 7' intersects p~1(€,) at an even number of
points and so does 7.

FIGURE 11. Deformation of the arc 7

Now we are ready to prove Theorem 1.1.
3.2. Proof of the main theorem.

Proof of Theorem 1.1. Let y be a non-systolic simple closed geodesic on the
Bolza surface S. If y € T, then from Lemma 3.1, it follows that i(Sys(S),y) =
10 or 12. In the remaining cases, we may assume that y does not pass through
any of the points of intersection of Sys(S), otherwise, we deform the curve as in
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Figure 9 and this deformation does not change the number of points of inter-
section. As Q, fills the surface S, the geodesic y intersects at least one geodesic
of Q. Let 7 be a path lift of y with initial point on p~1(Q;). Then, 7 satisfies all
the hypothesis of Lemma 3.5 and hence 7 intersects p~!(€,) at an even number
of points. This implies that i(Q,, y) is even. The rest of the proof follows from
Lemma 3.4. g

3.3. Even complexity. In this subsection, we prove that the k-th complexity
G (Sys(S)) of Sys(S) is nonzero for infinitely many even integers k. In partic-
ular, we prove Theorem 1.2. Before proving this theorem, we establish a sim-
ple but interesting result that gives a necessary and sufficient condition for the
complexity of a collection of curves to be finite.

Proposition 3.6. Let X be a curve system on a hyperbolic surface X. Then the
k-th complexity G, (X) is finite if and only if X is a filling.

Proof. (<) Suppose X is a filling system in X. Let X =~ H/G, where G is a
Fuchsian group and H is the upper half plane. Let F be a polygonal fundamen-
tal domain for G determined by the lifts of . Let § be a simple closed curve on
X with i(Z, ) = k and & be a path lift of § with the initial point on the bound-
ary of F. Then & passes through at most k copies of F and this implies that
Ix(y) < k - dg, where df is the diameter of F. As there are only finitely many
simple closed geodesics in a hyperbolic surface with bounded length (Lemma
12.4 [5]), the result follows.

(=) If Z is not a filling, then there exists a simple closed curve 8 such that
i(Z, ) = 0. Now, we consider a simple closed curve a, with i(a, ) # 0 and the
Dehn twist T about the curve B. Then the curves a,, = Tg(oco), n € Z,are all

distinct and satisfies i(Z, o) = i(Z, ), for all n € Z. This implies that G (Z)
is infinite, where ky = i(Z, o). O

Corollary 3.7. G (Sys(S)) is finite for all k € Z.

Proof. The set Sys(S) is afilling as it decomposes the surface into triangles (see
[10]). The proof now follows. O

An estimate of G, (Sys(S)). Let y be a non-systolic geodesic on S with
i(Sys(S),y) < k. Then a path lift 7 of y passes through at most k/2 octagons.
So, the length of y is bounded above by k/2 times the diameter of an octagon.
That is, I(y) < k - cosh™ (1 + \/5) By using Theorem 4.1 [9] due to L. Rivin,
we have

6
Ge(Sys(s) < e[k - cosh™ (1+12)]
where c is a constant.

Now we prove the main theorem of this subsection.

Theorem 1.2. G, (Sys(S)) # 0forall k of the form (10+6n) and (12+6n), where
n is a non-negative integer.
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Proof. Here, we explicitly find curves that intersect Sys(S) at (10+ 6n) or (12+
6n) times, where n is a non-negative integer. Consider the geodesicy = y; Uy,
as in Figure 8. Then, i(Sys(S),y) = 10 and y intersects the systolic geodesic
a = a; U a, exactly once. Now, consider the family of curves T} (y), where T,
is the Dehn twist around the curve a and n is a non-negative integer. As there
are 6 other systolic geodesics, each of which intersects a exactly once, we have

i(Sys(S), T3(y)) = 10 + 6n.

Next, consider the geodesic 8 = 3; U 3, (see Figure 8). Then i(Sys(S), 8) = 12
and B intersects the systolic geodesic b = b; U b, exactly once. Now, as in the
earlier case

i(Sys(S), TZ(B)) =12 + 6n.

4. Second systoles
In this section, we prove the theorem below.

Theorem 1.3. There are exactly 12 second systolic geodesics on the Bolza surface,
and they form a triangulation with each triangle of type (4, 3, 3).

Proof. Aurich-Steiner [3] have shown that the length [, of the second systolic

geodesic of the Bolza surface S is given by cosh(l,/2) = 3 + 2\/5. Consider
the Bolza surface as given in Figure 12(i). The diagonals of the octagon joining
opposite vertices project onto simple closed geodesics on S. Also, the length of
these geodesics is l,. Using the isometries on these geodesics, we get 12 second
systolic geodesics (see Figure 12). Now, we show that these are the only second
systolic geodesics on the Bolza surface.

a
b d
c c
d b
a
(@)

FIGURE 12. (i) Arcs with the same color (except black) and the
diagonal project onto a second systolic geodesic. (ii) All second
systolic geodesics on the Bolza Surface.

Let a be a simple closed curve on S. If a is separating, then a contains 4
arcs joining non-consecutive sides of the octagon and hence l(a) > I,. If
is non-separating, then by Theorem 2.4, o passes through some fixed points of
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the hyperelliptic involution ¢ and in order to become a second systolic geodesic,
a must pass through exactly two fixed points. This implies that the geodesics
shown in Figure 12(ii) are the only 12 second systolic geodesics on S. O
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