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Hardy-Littlewood maximal functions, Riesz
transform, and their commutators
in the Dunkl setting

Shaoyong He, Lei Wang and Yun Fan

ABSTRACT. This paper investigates the boundedness of commutators asso-
ciated with the Hardy-Littlewood maximal operator, the sharp maximal op-
erator, and the Riesz transform in the Dunkl setting. We establish necessary
and sufficient conditions for the boundedness of the commutators [b, M, |

and [b,Mﬁ] on Orlicz spaces when the symbol function b belongs to a Lip-
schitz space, thereby obtaining new characterizations of nonnegative Lips-
chitz functions. Furthermore, we extend a classical result of Janson to the
Dunkl framework by proving that the commutator of the Dunkl-Riesz trans-

form, [b, R;], is bounded from L7(R?) to L{(R?), where 1 < p < g < o0 and
1 1

-=-— 1%’ if and only if the symbol b € Lip(p).
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1. Introduction

Let T be a classical singular integral operator, the commutator [b, T'| gener-
ated by T and a suitable function b is defined by

[b, T1(f)(x) = b)T(f)(x) — T(bf)(x). )
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Commutators play an important role in harmonic analysis and partial differen-
tial equations, particularly in the theory of non-divergence form elliptic equa-
tions with discontinuous coefficients [2, 3, 4, 10]. A foundational result by
Coifman, Rochberg, and Weiss [5] shows that if T is a Calderén-Zygmund op-
erator with a smooth homogeneous kernel, the commutator [b, T| is bounded
on LP(R?) for 1 < p < oo if and only if the symbol b belongs to the space of
bounded mean oscillation, BMO(R?). Janson [19] later proved that for 0 <

<1,1< p<gqg< ooand 1=1_ E, the commutator [b, T] is bounded
d
q

p
from LP(R4) to LI(R?) if and only if b is in the homogeneous Lipschitz space

Ag. This space is defined as
Ag = b : [b(x) = b)] < Cllx = yIIF, x,y € RY).

Furthermore, Zhang [29, 30]established necessary and sufficient conditions for
the boundedness of commutators of the Hardy-Littlewood maximal function on
Lebesgue, Morrey, and more general Orlicz spaces when the symbol b is in a
Lipschitz space.

For several decades, significant research has focused on the maximal func-
tion, the Riesz transform, and related topics concerning the Dunkl differential-
difference operator, see [1, 7, 8, 9, 13, 16, 17, 20, 23, 25] for instance. To study
differential operators associated with reflection groups, Dunkl [12] introduced
the Dunkl transform, which shares many analogous properties with the classi-
cal Fourier transform. This framework provides a comprehensive generaliza-
tion of Fourier analysis that encompasses most special functions related to root
systems, such as spherical functions on Riemannian symmetric spaces.

Specifically, we consider the Euclidean space R¢ equipped with the standard

. d . .
inner product (x,y) = Zj:l x;y; and the associated Euclidean norm ||x|| =

d : . .
{ijl |x j|2}2. For a nonzero vector a € R, the reflection o, with respect to
the hyperplane orthogonal to « is defined by

2(x,a)
llexll?

A normalized root system in R is a finite set R ¢ R? \ {0} such that o,(R) = R
and ||a||*> = 2 for all @ € R. The finite group G generated by the reflections
o.(a € R) is called the reflection group, where o, (x) = x —(x, ) a for x € R¢,
For this reflection group G, the orbit of a point x € R? is denoted by O(x). The
Dunkl metric d between two G-orbits O(x) and O(y) is then defined as

g.(x)=x

d(x,y) :=min||x —o(y)l.
oeG

It’s straightforward to observe that d(x,y) < ||x — y||- An interesting property
is that d(x,y) can equal zero even when ||x — y|| > 0. The closures of the
connected components of the set

{x e R%: (x,a) #0forall« € R}
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are defined as (closed) Weyl chambers. We note that the equality ||x — y|| =
d(x,y) holds if and only if x and y belong to the same closed Weyl chamber
(see [18]).

Let R be a root system in R?, and let G be its associated reflection group.
Given a G-invariant multiplicity function ¥ : R — [0, c0), the Dunkl operators
Djfor1 < j < d are defined as:

D;=9;+ Z K(oc)oc]<

aEeRt

> b
where o,f = foo, and «; is the j-th coordinate of . It's been shown in

[11] that the Dunkl operators generate a commutative algebra and are anti-
symmetry associated to the Dunkl measure

dow(x) = h,(x)dx, where h,(x) = H | (x, o) |90,
a€ER

Defining the parameter y, = Za <r ¥(a), the homogeneous dimension associ-
ated with this setting is N = d + y,.. Furthermore, the measure of a ball B(x, r)
satisfies the estimate

w(B(x,r) ~ rd T[(1(x,v) | + r)*®,
VER

which immediately implies that the measure w is doubling. Moreover, w satis-
fies a reverse doubling condition: for all x € R and r; > r, > 0, there exists a
constant C > 0 such that

N

() < SGerR e

Consequently, the space R?, when equipped with the Euclidean distance and
the measure w, constitutes a space of homogeneous type in the sense of Coif-
man and Weiss [6].

Let0 < a < N. Foralocally integrable function f € LK loc(IRd) = lOC(IRd dw),

the fractional maximal operator M, , in the Dunkl framework is defined by

M (f)(x) = sup f |f ()] dew(y).

xeB (B)l a/N

The sharp maximal function M ,E in the Dunkl setting is given by

f
M (f)(x)—iggﬁflf(y) [l dw(y),

where fp = $ Ji f(¥) dw(y) denotes the mean value of f over the ball B. For

a function b € L}C lOC(Rd), the fractional maximal commutator associated with
the Dunkl operator is defined as

Ma 109 = 00— [ 1660 = DO 170)] ),
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In the special case @ = 0, we denote
M, =M,, and My, =Myp,,

which correspond respectively to the Dunkl maximal operator and the maximal
commutator operator on R%. Similar to (1), the nonlinear commutators of M ax

and M,E with a locally integrable function b are defined respectively by
[D, My I(f)(x) = b(xX)M 1o (f)(x) = Moy (b f)(),
[b, MEI(H)(x) = BEOME()(x) = Mi(b)().

In [21], the authors investigated the boundedness of the fractional maximal
commutator My, and the commutator [b, M, ], on Orlicz space for func-
tions b in the space BMO,(R%). The BMO,(R?) space is the class of those
feLl (R%)satisfying

x,loc

— — f.ld )
o ey = sup s [ 1= faldw < o

where the supremum ranges over all finite balls B in R¢.
Following the notation of [24], a function f € Li loc(Rd) belongs to the Lip-

schitz space Lip(B), for 0 < 8 < oo, if the following norm is finite:

1S Lipegy == sup ——— flf fpldw < oo.
co(B)

In the case where § = 0, the space Lip(8) coincides with the space BMO,.. Sep-
arately, the authors of [22] introduced the Lipschitz space Ag associated with

the Dunkl metric d. For § € (0, 1), it is defined as the space of functions f on
R satisfying
f&x) = f (y)l
Iflla¢ := sup ——————
P dayzo  d(x,y)P

We note that for 0 < 8 < 1, Ag c Ag c Lip(8).

The primary objective of this paper is to determine the necessary and suffi-

cient conditions for the boundedness of the commutators [b, M, , ] and [b, Mﬁ]
on Orlicz spaces for functions b € Lip(B). Significantly, we also obtain new
characterizations of non-negative Lipschitz functions. Since the Orlicz space is
defined as a generalization of the Lebesgue L? space, and to properly establish
this space in the Dunkl setting, we begin by reviewing the definition of Young
functions.

Definition 1.1. A function ® : [0,0) — [0, 0] is called a Young function

if it is convex and left-continuous, satisfies ®(0) = 0 with lir(r)1+ ®(r) = 0, and
r—

lim ®(r) =

r—00
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From the convexity of ® and the condition ®(0) = 0, it follows directly that
any Young function is increasing. We denote the set of Young functions satis-

fying
0<®(r)<oo for 0<r<oo
by Y. For any Young function ® and 0 < s < oo, let
®~1(s) :=inf{r >0 : ®(r) > s}.

Finally, a Young function @ is said to satisfy the V,-condition, denoted by ® €
V,, if there exists some C > 1 such that

1
< — > 0.
D(r) < 2C(I)(Cr), r>0
Definition 1.2. For a Young function ®, the Orlicz space LY(R?) is defined as

LERY ={f € Li loc(le) : f (A f(x)]) dw(x) < oo for some 1 > 0}.
. e
The Orlicz space LY(R?) is a Banach space equipped with the Luxemburg
norm defined by

Ifllze :=inf{d >0 : / G
' R

When ®(r) = rP for all r € [0, c0) with 1 < p < o0, we have LY(R?) = LE(R9).
If ®(r) = 0 forallr € [0,1] and ®(r) = o for all ¥ € (1, c0), then LY(R?) =
LP(RY). For a ball B C RY, we write

)dw(x) < 1}

Ifllcew) = I1f xBllre ey

Further details on Young functions and Orlicz spaces can be found in [26].
For a given ball B C R9 and 0 < a < N, we define the localized Dunkl
maximal function associated with B by

1
M, (x) 1= sup ————
a,K,Bf xEB’I;B CU(B’)I_“/N

where the supremum is taken over all balls B’ satisfying x € B’ C B. In partic-
ular, when a = 0, we write M, g := My, p.

f FO) da),
B/

Theorem 1.3. Let0 < f§ < 00,0 < a < N,and0 < a+ 8 < N, and let
be Li,loc(le). Assume that ® and ¥ are Young functions satisfying® € YNV,
and
wL(t) & @1(t) t~@tB/N,

Then the following statements are equivalent:

(1) b € Lip(B) and b > 0 almost everywhere;

(2) the commutator [b, M, ] is bounded from LY (R%) to LY (RY);

(3) there exists a constant C > 0 such that

1 -1 -1 .
Sp —— i ¥ @B o) = MBI, < 3)
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(4) there exists a constant C > 0 such that
1
sup—— | |b(x) — M, z(b)(x)| dw(x) < C. 4
Bpw(B)ﬁ/Nw(B)fB| (x) = My p(B)(0)] deo(x) @

Setting ®(t) = tP and ¥(t) = t9 in Theorem 1.3, we obtain the following
result.
Corollary 1.4. Let0 < § < 00,0 < a < N,and0 < a + 8 < N, and let
1 d N 1_1_atf ;
be LKJOC(R ). Ifl<p< - and i N then the following statements
are equivalent:

(1) b € Lip(B) and b > 0 almost everywhere;
(2) the commutator [b, M, ] is bounded from LE(R?) to LI(R?);
(3) there exists a constant C > 0 such that

[56) = My ®)O |, <

1
p

1
sup ———
2 w(BYS/N+1/d
(4) there exists a constant C > 0 such that

1
Sl;p 2B NaB) /B |b(x) — M, p(b)(x)| daw(x) < C.

Our next theorem characterizes the boundedness of the maximal commuta-
tor Mg p .

Theorem 1.5. Let0 < § < 00,0 < a < N,and0 < a+ f < N, and let
be Li loc(Rd)' Assume that ® and ¥ are Young functions satisfying® € YNV,
and
Wl(t) ~ @) 1= @HR/N,

Then the following statements are equivalent:

(1) b € Lip(B);

(2) My, is bounded from LE(R%) to LY (R);

(3) there exists a constant C > 0 such that

1 i, opy-
Sup — H(@B)™||b() = bs|| v < C- (5)

We now focus on the nonlinear commutator [b,Mﬁ] and establish the fol-
lowing theorem.

Theorem 1.6. Let0 < 8 < Nandb € L}C’loc(Rd). Suppose that ® and ¥ are
Young functions satisfying ® € Y n V2 and ¥~1(t) ~ &~ 1(t)tF/N. Then the
following statements are equivalent:

(1) b € Lip(B) and b > 0 almost everywhere;

(2) the commutator [b, Mﬁ] is bounded from LE(RY) to LY (RY);

(3) there exists a constant C > 0 such that

W1 (@(B)™M|b() — 2ME(bX5)C)|| v gy < C (6)

L;?(B) X )

1
sup ——
Bp w(B)B/N
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(4) there exists a constant C > 0 such that

_ _omt
wp sy | B - M las <c. 0

Setting ®(t) = tP and ®(¢) = t7 in Theorem 1.6 yields the following result.

Corollary 1.7. Let0 < 8 < Nandb e L, (RY).Ifl1<p< %and =
q

_B
x,loc N’

L
. . p
then the following statements are equivalent:

(1) b € Lip(B) and b > 0 almost everywhere;
(2) the commutator [b, M"] is bounded from LE(R®) to LY(R).
(3) there exists a constant C > 0 such that

1 f .
Sl;p W”b(') - ZMK(bXB)(')”LZ(B) <G

(4) there exists a constant C > 0 such that

. ot
Sl;p w(B)B/New(B) jB: |b(x) 2Mx(bXB)(x)|da)(x) <C.

We would like to point out that Theorem 1.3, Theorem 1.5, and Theorem 1.6
are of independent interest. The commutators in the Dunkl setting are con-
siderably more intricate than their Euclidean counterparts. A major difficulty
lies in the fact that the relation w(B) ~ rV is not known to hold for arbitrary
balls in the Dunkl framework; as a result, many classical estimates that rely
on the exact polynomial growth of the measure fail. This forces us to develop
a more delicate covering and averaging argument (see the proof of Theorem
1.3 for details). Moreover, the symbol class considered in this paper is broader
than those studied previously. Indeed, the space Lip(3) we adopt contains the
space Aﬁ introduced in [22] as a proper subset. Consequently, our results not
only extend but also unify several existing characterizations in the Dunkl set-
ting, while revealing new phenomena that do not appear in the Euclidean or
classical weighted cases.

The second main result of this paper concerns the boundedness of the com-
mutator associated with the Dunkl Riesz transform. Analogous to the classi-
cal theory of singular integrals, a natural Riesz transform can be defined in the
Dunkl setting. The case d = 1 was first studied by Thangavelu and Xu [28], who
established the L?-boundedness of the corresponding Riesz transform. This re-
sult was later extended to the general case of arbitrary dimension d by Amri
and Sifi [1]. For j = 1,2,...,d, the Dunkl Riesz transforms R; are defined by

s Yj
BP0 =edim | oD

dow(y),
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P (B

wherec, =2 2 \/i and p, = 7, +d + 1. In [1], the authors further obtained

T
an explicit representation for the integral kernel R;(x, y), so that

R,(F)(x) = f

R
In arecent study [23], the authors established pointwise size and regularity esti-
mates for the kernel R;(x, y), which incorporate both the Euclidean and Dunkl
metrics. They also investigated the commutators of functions in BMO,(R%)
and BMOg(R%) with the Dunkl-Riesz transforms. The space BMOg(R?), asso-
ciated with the metric d(x, y), is defined as the set of functions f € L}CJOC(Rd)
such that

) R;(x,)f (¥) daw(y).

lflBMOg(Ray 1= Su lf — fom)l dw < co.

1
p —_—
B CO(O(B)) O(B)
Here, fo@p) = @ fO(B) fdw. It is worth noting that BMO5(R?) is a proper
]

subspace of BMO,(R%) (see [20]). Dziubanskil and Hejna [18] extend the up-
per bound in [23] by showing that it holds for b € BMO,, that is, there is a
constant C > 0 such that

116, Rj1l 2 ey ey < ClIbllBrmo, wa)-

Together with the lower bounds established in [23], this result generalizes the
classical theorem of Coifman, Rochberg, and Weiss to the Dunkl setting.
The final main result of this paper is formulated as follows:

Theorem 1.8. Let1 < p < g < 0,0 < § < 1, and assume thaté = i — %
Consider the commutator of the Dunkl-Riesz transform defined by [b, R; |(f)(x) =
b(x)R; f(x) — Rj(bf)(x). Then b € Lip(B) if and only if [b, R;] is bounded from

L,I: (R9) to LE(IRd). Moreover,
1BlILipsy ~ by Rilll e ety 18(Ra)-

Remark 1.9. Theorem 1.8 extends the classical result of Janson [19] to the
Dunkl setting. In the Euclidean case, Janson proved that for 0 < § < 1 and
I=1_ 5, the commutator [b, R;] is bounded from LP(R?) to LY(R?) if and
g p

only if b belongs to the homogeneous Lipschitz space Ag. Here, we establish
the analogous characterization in the Dunkl framework, where the underly-
ing geometric structure is governed not only by the standard Euclidean metric
but also by the so-called Dunkl “metric” induced by the group action. Conse-
quently, the kernel of the Riesz transform exhibits a much more complicated
behavior. Notably, the symbol class Lip(8) considered in our theorem is more
general than Ag studied in [22, 23].

This paper is structured as follows. Section 2 introduces several auxiliary
lemmas. The proofs of Theorems 1.3, 1.5, and 1.6 are presented in Section 3.
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Section 4 is devoted to the study of the upper and lower estimates for the com-
mutator [b, R;].

Throughout this paper, the symbol C denotes a positive constant indepen-
dent of the main variables, whose value may change from line to line. We write
A ~ B if there exists C > 0 such that C"'B < A < CB.

2. Auxiliary lemmas

To prove our main Theorems, we need some Lemmas.

Lemma 2.1. [24] Let 0 < 8 < oo. If f belongs to Lip(B), then there exists a
function g such that
() f(x) = g(x) for almost everywhere x € R%;
(i)
8
lg(x) — )| < Ca(B)N
holds for any ball B containing x and y.

Lemma 2.2. [21] Let 0 < a < N, and let ®,¥ be Young functions with ® €
YN 'V,. Then the condition

r v (r) <C¥I(r), forallr > 0,

where C > 0 is independent of r, is necessary and sufficient for the boundedness
of the operator M, ,. from L2(RY) to LY (R?).

Lemma 2.3. [21] Let ® be a Young function and B be a ball in R%. Then
1

o1(w(B)1)

Lemma 2.4. [21] For a Young function ® and for the ball B the following in-
equality is valid:

f FO] o) < 20B)0~ (B )/ 25l
B

||)(B||Lff =

Lemma 2.5. Fora given ball Band 0 < a < N, we define the following maximal
function:

Mys(NE) = sup ——— [ £l dot),
xGBong(BO) ~~ YB,

where the supremum is taken over all balls B, such that x € B, C B. Then
M, (xB)(x) = My, p(xp)(x) forall x € B. (8)

Proof. Recall the definition of the fractional maximal operator M,

Mo ()00 = sup —— [ 1f0)30)] dooy),
XEB,; CO(BI) “~ VB,

where the supremum are taken over all balls B, containing x.
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From the definitions, the collection of balls used to define M, z(f)(x) is a
subset of the collection of balls used to define M, ,.(f xp)(x). This immediately
yields the inequality:

Ma,x,B(f)(x) S Ma,x(fXB)(x)-

To prove the identity (8), we must establish the reverse inequality,

Ma,K(XB)(x) S Ma,k,B()(B)(x)-

This requires showing that for any ball B; containing x, there exists a ball B, C
B also containing x such that:

— L[ ldes) < —2— [ 1x0)ldeG).  (32)

CU(Bl) _ﬁ Bl CU(B()) _ﬁ BO

We proceed with three cases based on the ball B;.
Case 1: B; N B = @. In this case, y3(y) = 0 for all y € B;. The integral on
the left-hand side of (3.2) is zero, so the inequality holds trivially.
Case2: B;NB # @and w(B;) > w(B). Letus choose B, = B. Since B;NB C B
and w(B;) > w(B), we can estimate the left-hand side of (3.2) as follows:
w(B;NB
— [ 1) dan) = 280D
w(B;) ~ VB w(By) N

w(B)

w(B)N

L f )] de().
By

CU(Bo)l_ﬁ

IA

Thus, inequality (3.2) holds.
Case 3: B;NB # @ and w(B;) < w(B). In this case, the left-hand side of (3.2)
is
1 w(B; NB) w(By) @
— = LX) dw(y) = —— — < i—ﬁ = w(B)V.
w(By) N B w(By) N w(By) N

For the right-hand side (3.2), we again choose B, = B:

B B a
— f s deoy) = 2B 0B @B gt
w(By)' N VB w(B) N w(B) N

By our assumption for this case, w(B;) < w(B), which implies w(B;)¥ < w(B)N.
Therefore, (3.2) holds. This completes the proof of Lemma 2.5.
U

Lemma 2.6. Let§ > 0,0 <a < N,0 <a+f < N,b L, (R?). Suppose

that ® and ¥ are Young functions, ® € Y NV, and W~1(t) ~ &~ 1(t)t~@+A/N_[f
[b, M, ] is bounded from LE(R?) to LY (R?), then b € Lip(B).



MAXIMAL FUNCTIONS, RIESZ TRANSFORM, AND COMMUTATORS 1115

Proof. From Lemma 2.5, we know that M, ,.(xp)(x) = M, s(xp)(x) = w(B)¥
for all x € B. This yields

U @B Db () — (B N M (bxs) O s
w(B)~N
< —L @B b () Maats) () = Maab25) Ol
w(B) N
= — W @B DIIb. Mex 10wl
w(B) v
< c— B Dllxsllee
w(B)~

1 v (w®B)!

o) O @B

<C,

)

where in the last step we have applied Lemma 2.3 and the hypothesis ¥~(¢) ~
@—l(t)t—((x-f—ﬁ)/N.

For a fixed ball B, define

E ={x € B : b(x) < bg}, F={x€B: b(x)> bz}

It follows that

flb(x)_bBldw(x):flb(x)_bBldw(x)-

E F

Hence, we obtain

——— [ 16~ byl detx)
w(BYVo(B) 7P

2

= s

|b(x) — bg| dew(x)
w(B)y w(B) VE

s——— f 1bGx) = @(B) ¥ My, (b2)(0)| de)
w(B)Nw(B) VB
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where the inequality is due to the fact that b(x) < bg < co(B)_ziv ax(bxp)(x)
for all x € E. Applying Lemma 2.4, we further deduce

— f Ib(x) — bg| des(x)
w(B)vw(B) /B

< 4 - lp—l(a)(B)—l)||b(-)—co(B)‘z%Ma,K(b)(B)(-)IIL;;(B)
w(B)N

<C.

Therefore, we conclude that b € Lip(), which completes the proof of Lemma 2.6.
O

Lemma 2.7. [23] For each j = 1,2,...,N and every ball B = B(xy,7) C RY,
there exists another ball B = B(y,, r) such that ||xo — Yo|| = 5r. Furthermore, for
all (x,y) € B X B, we have

c
IR;(x,y)| > 2B

3. Proof of Theorems 1.3,1.5 and 1.6
Proof of Theorem 1.3. (1)=(2). For any fixed ball B,

M B1F OO = [ Mg (B F)06) = BOOM (10|
<Jsip—— [ b)IfO) daty) = sup —— [ b1 dety)
B

X€B CO(B) N X€B CU(B) -~ YB
<sip—— [ |b0) = b1l )
X€EB CU(B) -~ YB
= oc,b,x(f)(x)-
Since b € Lip(B), we have

M (£)(x) = sUp ——— f 1b(x) — bO)IIf )] deo(y)

xEB Co(B)l_E B

1 B
<C||bl|Lipg) SUp ——= /CU(B)N lf )] dew(y)
XEB CO(B)I_E B

=C||b||LipgyMa+p. (S )(X).

By Lemma 2.2, My, 5, is bounded from LZ(R9) to LY (R?) if « + 8 < N. Hence,
[b, M,] is bounded from L*(R¢, dw) to L¥(RY, dw).
(2)= (3). We divide the proof into two cases based on the value of a.
Case 1: o = 0. For any fixed ball B and x € B, by Lemma 2.5, we have

M(xg)(x) = xp(x) = 1. Thus,
[b(x) = My p(b)(0)| = |bEOM,(x5)(x) = My p(b)(x)|
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= M, p(b)(x) — b(x)M,(xp)(x)
< [Mi(bxp)(x) = bCOM, (xp)(X))
= |[b, M, 1(xp)(x))
where we have used the fact that M,.(byxp)(x) > M, g(b)(x) > b(x)M,(xp)(x)
for x € B. Since [b, M, ] isbounded from LY(R?, dw) to LY (R4, dw) and ¥~1(¢) ~
@~ 1(t)t~P/N, Lemma 2.6 gives

1

g YL(w(B)™)|b - MK,B(b)”L,‘f(B)
w(B)N

< 5 ¥ wB) b, M)l s)
w(B)N

1

<C

g Y HwB) I xsllrem)
w(B)N

1 ¥ Ho®B)™

N SCOR
<C.

Case 2: 0 < a < N. For any fixed ball B, we have
1

72 @B b~ M s (b)rx(s)
w(B)~N
< —— ¥ @B b — BN M) lgzes
w(B)N
+ 597 (@B) Dl|B) /N Me(bt5) ~ My ®)llys)
w(B)~N
= Il + 12.

For I, from (9), we have

I, <C.

For I,, note that for x € B, M, g(xp)(x) = xp(x). Combining this with
Lemma 2.5 yields M(yg)(x) = yg(x) for x € B. Thus for any x € B, we get

|0(B) /N M (b5)(x) = My p(b)(0)|
= w(B) /M1 (bx8)(x) — 0(BY/N M, o(b)(x)|
= W(B) /N | My (b 5)(X) — Moy () ()0My 5 (b))
< W(B) /N M (b)) — BGMy 1 (25)(x)|
+ @(B) /N b)Me c )X) — Mo (25) ()M (b))
= w(B) /M1 (bx5)(X) — DM (5)()|
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+ @(B) /N M (1)) [BGOM, () (%) — My p(b)()|
< @(BY/N|[b, My J(x5)(0)| + |[b, M (5)(x))-

Since [b, M, ] is bounded from L*(R¢, dw) to L¥(R%, dw), Lemma 2.6 implies
b € Lip(B). For any x € B, we have the estimate

|[b, My [(xp)(X)| = Ib(X)MK()(B)(X) — My (bxp)(x)]

< swp s f 1) — b 2509 deo)
cho(B)ﬁ EE:E (Bl) f | x| dew(y)
= Ca(B)¥ M, (1s)(x)
= Ca(B)* 25(0)
Therefore,
I < —— 9 @B ))([lBY /N [b, Ma ) 5) )35

w(B)N
+ 116, M JOrp) O e sy)
8
< 9 1B (@B | xsllze + 0B xsllre)

w(B)~N
<C.

Combining the estimates for I; and I,, the inequality holds.
(3)=(4). For any fixed ball B, by Lemma 2.4 and (3), we get

—/Ib(X) M, p(b)(x)| da(x)
cu(B)Ncu(B)

<C

¥ HwB) b () = M s(B) () Il
w(B)N
<C,
which implies (4).
(4)=(1). By Lemma 2.1, it suffices to show that there exists a constant C > 0
such that for any ball B C RY,

_ flb(x) — bg|dw(x) < C.

cu(B)N w(B) VB
Foragivenball B,let E = {x € B : b(x) < bg}and F = {x € B : b(x) > bg}.
Then

flb(x)_bBldw(x) = ./lb(x)_bBl dao(x).
E F
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Thus,
——— [ 160~ byl )
w(B)Nw(B) VB

- f 1b(x) — by dea(x)
EUF

w(B)N w(B)

-2 / Ib(x) — by dw(x)

w(B)Nw(B) VE

s —— [ 160~ MY dato
cu(B)ﬁco(B)

<2 f 1b(x) — M, 5(b)(0)] deo(x)
cu(B)N w(B) “B

<C.

Hence, b € Lip(B).
Next, we prove that b > 0, which is equivalent to showing b~ = 0. For any
given ball B and x € B, we have

0 < b*(x) < |b(x)] < M, g(b)(x).
Thus,
0 <b™(x) <M, g(b)(x) = b*(x) + b~ (x) = M, g(b)(x) — b(x).
From (4), it follows that

" f b deo() <~ f M, 5(B)Cx) — )] deo()

= CO(B)N— flMKB(b)(x) — b(x)| da(x)
cu(B)Nco(B)

< Cco(B)zV.

By the Lebesgue differentiation theorem, we consider the limit as w(B) — 0.

The inequality
2 x(@)
w(B(x,r)) > rd - resk =N

implies that the radius r must also tend to zero. Hence, we obtain Hence, we
obtain
b~(x) =0fora.e.x,

which implies b > 0 almost everywhere. This completes the proof.

Proof of Theorem 1.5. (1)=(2). The argument for the implication (1)=(2) in
Theorem 1.1 yields the pointwise estimate

Me b (F)(x) < ClIblILipgyMeaqpa(f)(X).
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By Lemma 2.2, the operator Mg is bounded from L (R?) to L (R?). This,
combined with the pointwise estimate above, implies that M, ; , is also bounded
from L2(R?) to LY(RY).

(2)=(3). Let B be an arbitrary ball. For any x € B, we have the pointwise
estimate

1b(x) — by| <—— f 1b(x) — b)| dw(y)

<)
_ 1 f 16G0) — b xs() deo(y)
cu(B)N co(B)

< M ().

w(B)N

By assumption (2), we have
1

- Y w(B) b () = ballrys)
w(B)N

1
<

P (@(B) DIMep i (x8) () M)
w(B) N

<C— W @B Dl xsllsm
w(B) v
1 B

o v @B

<C.

(3)=(1). Let B be an arbitrary ball. by Lemma 2.4 and (5), we get

. S f 1bCx) — byl dex) < C—L w1 (@B DIIb () — byllyreay

co(B)Ncu(B) CO(B)N

<C,

which yields b € Lip(8). The proof is complete.

Proof of Theorem 1.6. (1)=(2). Since b € Lip(f) and b > 0, we can estimate
the commutator [b, ij] as follows:

I[b, ME1f ()

b(x) _ sup— _
= sup & | 170~ fal dw) = sup — [ 180)0) =~ Gal )

Sup— f |(b(y) = b)) f(¥) + b(x) g — (bf )l dw(y)
xeB @ (B)
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< Sup f |b(y) = bOOIf )] dew(y) + [b(x)fp — (bf)B|}
X€EB (B)
<C”b”Llp(ﬁ)Mﬁk(f)(x)+ilég| (B) f f(2) w(Z)—E b(z)f(z) dw(z)|

< Clblige Mo 60+ s1p s | 1660 = bea) @] dt2)
xe
< C||bllLipeeyMp  (F )(x).

By Lemma 2.2, the operator Mg, is bounded from L2(R%) to LY (R). The point-

wise estimate above thus implies that [b,Mﬁ] is also bounded from L2(R?) to
LY(RY).
(2)=>(3). We first show that for any ball B and any x € B, Mﬁ( xp)x) = =

From the definition of Mﬁ, for any ball B; containing x, we have

M (x5)(x) = sup fBl) fB 1 Ixs(y) = (xp)s, | deo(y)
" eh (Zl)f |XB(Y)_(+31) A x5(2) dw(z)| deo(y)
" ek w(B)? a)(Bl)z f |l(B1) xp(¥) — w(B; N B)| dew(y)
"o, oy fB 0B ~ (B n B)| d(y)

+ flel]? w(%l)z f . |w(B1) xp(y) — w(By N B)| dw(y)

f (B, - B)| de()
BiNB

xEBl CU(BI)
1
+ sup f |w(B; N B)| dw(y)
X€EB; CU(BI)Z B,—B !

_ 2w(B; N B)w(B; — B)
B w(By)?

Using the inequality 4rs < (r +s)? with r = w(B; NB) and s = w(B; \ B), we get
r + s = w(By), so the expression is bounded by % = % Thus, Mﬁ()(B)(x) < %
Conversely, for x € B, we can choose a ball B; D B with w(B;) = 2w(B).
Then w(B; N B) = w(B) and w(B; \ B) = w(B). For this specific ball, the
expression above becomes % = % Since Mﬁ( xp)(x) is the supremum
over all such balls By, it must be at least % Therefore, Mg( xp)(x) = é for all

X € B.
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Now, for any x € B, we can write

b(x) — 2ME(bt)(x) =2(5b(x) — Mi(bs)(x)
=2(ME(p)(0)b(x) — ME(b x5)(x))
=2[b, M1 (x5)(x).

By assumption (2), [b, M?] is bounded from LE(R?) to L¥(R%). Using this,
Lemma 2.3, and the relation ¥~1(¢) ~ ®~1(t)t#/N, we have

1

T (@(B) )b () — 2MEbxp) () llves)
w(B)~

=2

= @) Db MEIC e
w(B)N

< C—— w1 @w(B) |l
w(B)Y
1wl
5 o 1(w(B) )

w(B)N
<C.

(3)=(4). Let B be an arbitrary ball. By Lemma 2.4 and inequality (6), we
have

—flb(X) 2ME(bx)(0)] dao(x)
cu(B)Nco(B)

<C

T (@B) ™Mb () — 2MEbxs) ) 2y
w(B)N
<C.

(4)=(1). First, we show that 2M£(b)(3)(x) > |bg| for any x € B. For such an
X, we choose a ball B; D B with w(B;) = 2w(B). This gives

M) >—— [ bxs®) — (bxn)s | dw()
w(B;) B,

1 1
=2—®f Ib)(B(y)—2—(mfb(z)dcu(z)|dcu(y)

=% (B)flb(y)——bBIdw(y)+—|bB|
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By the triangle inequality,

|bp| < (B)/Ib(y) bl dw(y) + ——= fl 5bgl dw(y)

(B)
Therefore
2MA(byg)(x) > |bgl.

Now, let E = {x € B : b(x) < bg}. Since f;(b(x) — bg)dw(x) = 0, we have
fB\E(b(x) — bg)dw(x) = f;(bg — b(x))dw(x). This implies

2B / |b(x) — bg| da(x) = (B) f (bg — b(x)) da(x)

=a(B) f (2M; (b)) = b(x)) deo(x)

ff
s@ fB M (b xs)(x) — b(x)] deo(x).
By (1.6), we get

f |b(x) — bg| dew(x)
co(B)N w(B) VB

<2 f |2M(bx)(x) = ()] deo(x)
cu(B) Nw(B) VB
<C.
By Lemma 2.1, this implies b € Lip(g).
Finally, we show that b > 0 for almost everywhere x. It suffices to prove that
b~ = 0 for almost every x € B. Since ZMfi(b)(B)(x) > |bg|, we obtain that

2ME (byp)(x) = b(x) > |bg| — b*(x) + b= (x).
By (7), for any ball B, there is a constant C > 0 such that
c>— 1 f 1b(x) — 2M (b)) deo(x)

cu(B)N w(B) VB

> 1 f (@M (b 1)(x) — b(x)) deox)

cu(B)ﬁw(B)
> L f (Ibg] = b*(x) + b=(0)) d(x)
cu(B)Nco(B)
<| bal - o5 f b+(x)dcu(x)+ﬁ b- (x)dco(x)).

cu(B)
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Therefore, for any ball B C R4, we have

B
Ibg| — ﬁ fB b+ (x) deo(x) + wLB) fB b=(x) deo(x) < Ca(B)N.

Following a similar argument as in the proof of Theorem 1.3, by letting w(B)
tends to 0, we find that 2b~(x) < 0 for almost everywhere x € B. Since b~ (x) >
0, we must have b~(x) = 0 a.e. This completes the proof.

4. Proof of Theorem 1.8

Let us begin with the following lemma.

Lemma 4.1. Let b belong to Lip(8). Let x € R and let 0 < r < R. Then,

]
1bp(x,r) — be.r)| < ClIblILip@y@(B(x, R))~,  (10)

J]
|bB(y,r) - bB(x,r)l < C”b”Lip(ﬁ’)w(B(xs r))N fOV ”x - y” <2, (11)

8
[bBx,r) = BB < ClIbllLipg)@(B(a(X), |x — ()| +r)~.  (12)

Proof. Inequalities (10) and (11) follow directly from well-known results on
metric spaces equipped with doubling measures (see [24]). To establish (12),
observe that if ||x — o(x)|| < 2r, then (12) follows immediately from (11). As-
sume now that ||[x — o(x)|| > 2r, and let j be the smallest positive integer such
that ||x — o(x)|| < 2/r. Applying (10) and (11), we obtain

|bB(x,r) — PBo(x)r)]
< Ibgexr) = bpx2iv2r) | + |bp(x 2i+2r) — bpo(x), 21420 | + BB (x)27%2r) = DBG(x).0)]

< Clbllipga)(@(BGx, 22N + w(B(o(x), 227
< ClIb|ILipegy(B(o(x), 2j+2r))% < C||bllLipgy@(B(a(x), [|x — a(x)]| + r))%,
where the third inequality follows from the fact that
w(B(o(x),2/72r)) ~ w(B(x, 2/*2r)).
This completes the proof. O
Proof of Theorem 1.8. We shall prove
b, Ri1llramay < ClIbllLip)llf 12 ey

for compactly supported functions f € LE(R?), which form a dense subspace
in sz (R9). To this end, by [27, p. 148, Theorem 2, and the remark below it], it
is sufficient to show that

1B, R DIl gy < ClIDIILipea) 1f 112 eay-
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Let x € R4 and let B = B(x,, r) be any ball that contains x. We enumerate the
elements of G \ {id} as sequence 0y, 05, ..., 0g|—1. We define the sets U; C R4,
j=12,..,|G| — 1, inductively:

Uy ={z€eR?: |z —x| > 5r|z —o1(xp)|| <51},

J
Upn ={z € R ¢ [|z = ol > 5. [l = o xo)l| < s\ | (J U
j1=1

for 1 < j < |G| — 1. For a compactly supported function f € LY(R?), we
decompose
IGl-1

f=fi+f2+ D fo
j=1

where

fii=f-xs8 f2i=f xocpys [fo i=F:xu;
Observe that [b,R;]f = [b — bg, R;|f. For y € B, we set
[b,R;1f1(¥) = (b(y) — bp)R; f1(¥) + R;((bg — b)f 1)) =: gu(¥) + g12(¥),
[b,R;1f2(y) = (b(y) — bp)R; f>(¥) + Rj(bg — b)f2)(¥) =: g1 (¥) + g2()),
[b,R;1f5, () = B0 = bp)R; o, () + R;((bg = )f5 J¥) = 851(9) + 85 2)-
Fix 1 < s < p. By the fact that

I(g10)5l < /|811(J’)|d0)(Y),

w(B)
by the definition of g;;, and by Lemma 2.1,

(B)f|g11(J’) (g1)pldw(y) < f|811(Y)|dw(Y)

w(B)
(B)flb(y) bgl - IR; f1(¥)lde(y)

scnbuup@% [ ®iildec
w(B)' "N B
< ClIblLipgyMp (R f1)(X).
Hence,
g5, (%) < ClIbllLip@eyMpR; f1)().
The same method gives

851(%) < ClIbllwipieMp(R; f2)(%), &5 1(x) < ClIbllvipeMp(R; 2 )X).

To deal with g;,, we choose s,t € (1,00) such that 1 < st < g < oo and set
¢ = st. Then, by Holder’s inequality and L; -boundedness of R},
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(B)f|812(Y) (812)p| dw(y) £ — f}glz(y)ldw(y)

oB)
< 5057 | B(OO b 1)) de)

1/s
<2 ( 5 / IR ((b() = bg) - F1)) dw(y))

1/s
c( [ 160) = bp) - HO) dw(y))

<

(5B) Jsy

) 1/(st") ) 1/(st)

st’
<C (m . |b(y) — bg| dcu(y)) ( GB) ), |f1(J’)| da)(y))
Applying (10), we get
1 1/(st")
st’

(m - |b(y) - bB| dco(y))

1/(st") 1/(st")
|b(y) — bs[" dw(y)) +( |bss — bs|" dco(y))

<1

- (co(SB) B
£ g

< C||blLipgy@(5B)N + C|[b||ripgy@(5B)N

w(5B) Jsg

B
< C||bllLipgy(SBN .
Therefore, we conclude that
1/¢
21,0 < Clblluips) (Mg (f(X)
We turn to analyze g,,. Observe that for z ¢ O(5B) and y € B we have

[[xo — ¥|| < @. Let I" be a fixed closed Weyl chamber such that x, € T.
Then,

1822(¥) — 822(x0)I

IR;(y, 2) = R;(xo, 2)||bg = b(2)]|f2(2)|dw(2)
Rd

/ IR;(¥,2) — Rj(xq, 2)||bp — b(2)|| f2(2)|dw(2)
o€G Yzea(T)

Iy = Xoll 1
—b d
Sccgéle(y(r) 10 — z|| w(B(xy, d(xy, z )))l @I f2(2)|dw(2)
= > L),

oceG
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where the second inequality follows from the pointwise regularity estimates for
R; investigated in [23]. Let us note that

w(B(xg, d(x9,2))) = w(B(a(xp), [|[o(xo) — z]|)) for z € o(I),

since the measure dw is G-invariant and d(o(x,), z) = ||o(x,) — z|| in this case.
In dealing with J;(), we shall use the inequalities:

%0 — z|| 2 max(||xo — o(xo)|l/2,7)
for z € o(T") and
lo(xo) —o()|| <7 < 5r < lo(xo) — z|| = d(x¢,2) < [|xo — 2|
for z € o(I"), z € O(5B). Hence,

r 1
J C : bg — b d
m=e | T ST oy el @)
r 1
C : Baoterr — b d
+ /zeo<r) o] w(B(c(xo),||a(x0)—z||))| B(o(xy),) — D@ f2(2)|dw(z)
=: cr,l(y)+]a,2(y)-
Further, by (12),
1o, ) (13)
<o I (o aBe ) v~ ool + ) Bl
=€) o=z’ o=zl ;
8@
w(B(a(xo), [|lo(xo) — zI)))
B
Cllblu r g r g @Ba(x), [|Xo — a(xp)[| + 1))\ N
< Clbllipeey /Zegm(llxo—zn) (o= ( w(B(o(xo), Jlo(xo) — zID) )
% | f2(2)I ﬁdw(z)

1-£
w(B(a(xo), lloxe) = z)) ¥

0 1—ﬁ
|f2(2)]
< C|blILipes) Z / seo(D), <||xor— Z||> ) 2 — dw(z)
172" o)zl ~2ir w(B(a(xo), |lo(x0) — z))) N
< C|bllLipgyMg  (f2)(a(x)), (14)

where the third inequality follows from (2).
We turn to considering J;; ,(y). Applying (10), we obtain

| f2(2)]
w(B(o(xp), 2/r))

i r
Ja,z(y) <C Z zea(D), E
J=2 llz—o(xo)l|~2r

|bB(cr(x0),r) - b(z)l

o0
<cy 2 f 1bB(o(x0)r) ~ DBoxg).2ir) + bBo(x).2ir) — b(2)]
iz z—oy)~2ir
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| f2(2)|dw(z)
W(B(o'(xo), 2jr))
< CHb”Llp(ﬁ) Z Z_j f |f2(Z)| dw( )
=2 ool (4B (xy), 201))) T
< ClIbllLipeyMp £ (f2)(0(x)). as)

Thus, by (13) and (15), we have
g5,(0) < Cliblluipgs) 2 Mp(F)(@()).
oceG

Finally we turn to estimate 8s;2- TO this end, we note thatforz € Ujand y € B,
we have
Iz =yl >[Iz = xol| = llxo = ¥|| = 5r —r = 4r,

5
10 = o (xXo)ll < |IXo = Yl + (12 =Yl + lIz = 0;(xo)ll < 6r + Iz =yl < SlIz =yl

Consequently,

f IR, (2 )| deo() (16)
B

d(z,y) 1 deo(y)

s 1z = Y|l w(B(z,d(z,y)))

d(z,y) 1
d
—C<r+||xo—oj(xo)||>f3 r wBGdzy) Y
r d(z,y) 1

dow(y)

C
— (r+Ixo — gj(xo)lD oB&16r) T w(B(z,d(z,y)))

c r mf d(z,y) 1 d
=T - 00D 2 Jiyrn T 0BG dz )

[eo]

r

i 1
C 27 ——d
< (r + ||xo — oj(x0)I]) j;4 fd(z,y)~2—.ir w(B(z,277r)) w(y)

r
<C .
(r +[|lxo — gj(xo)I)

Hence, by (16) and the similar method of (13) and (15),

;f
(B)
<
Lf
(B) Jp

7)

85,2() — (80,2)p| d(¥)

8o,2()| deo(y)

f IR; (¥, 2)1bg — b(2)| - | f5,(2)|dw(z)da(y)
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r 1
<C . bg — by, + bp(. — bp(s,
T+ lloyGo) =Xl @(B) Jy, [P TR G T 0D
+ bp(o;(xy).51) — b(2)| - |fo,(2)|dw(z)
1
< Clbllins) [ 1 @1du
1_ﬁ Uj

(wBCox0). 1)
< C||bllLipieyMp(fo)(@(x)),
which implies
185 200 < ClbllLipyMae(f5,)(0 ().

Combining the above estimates and taking the L] -norm on both sides, we in-
voke Lemma 2.2, the LY to L] boundedness of the fractional maximal operator
Mg, and the G-invariance of dw, to deduce that

116, Rj]llz3ray < CIIb, Rl a(ay < ClIblILip)ll f 12y

fort=1_2
g9 p N
Conversely, we shall prove
1Dllip IS Nl ray < ClILD, Rj1lI g (ma)y- (18)
Here we adapted a recent real analysis approach from [14, 15].

Definition 4.2. Assume that f is finite almost everywhere on R¢. For any
subset B C R¢ with finite measure w(B), we define a median value m r(B)of f
over B as a real number satisfying

w(x €B 1 f(x) > my(B)) < %co(B), w(x € B 1 f(x) < my(B)) < %a)(B).

Let B(x,, r) be any ball with center x, € R and radius r > 0. Note that

[, R;17(x) = BCOR;(F)(x) = Ry (b))
_ f (b(x) — BONR(x.1)f ) deo().
Rd

Let B = B(%,,r) such that yj—xj>rand|x—y| ~rforx € Bandy € B.
Then based on Definition 4.2, we choose two measurable sets
EyCiyeB:by) <myB)} and E,c{ye€B: b(y)>my®B)}

such that w(E;) = éa)(ﬁ), i =1,2,and that E; UE, = B, E; NE, = @. Moreover,
we define

By :={x€B : b(x)>my(B)} and B, :={x B : b(x) < mu(B)}
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Now based on the definition of E; and B;, for (x,y) € B; X E;, i = 1,2, we have

|b(x) = b)| = [b(x) — my(B) + my(B) — b(y)|
= |b(x) — my(B)| + |my(B) — b(y)|
> |b(x) — my(B)|.

Hence, we have the following facts.
. ~ 1 ~
(1) B = Bl UBz,B = El U E2 and CU(El) > ECU(B);

(ii) b(x) — b(y) does not change sign for all (x,y) € B; X E;,i = 1, 2;
(iii) |b(x) — my(B)| < |b(x) — b(y)| for all (x,y) € B; X E;,i =1,2.  (19)

By Lemma 2.7, we have

1
Ri(x,y)| 2 ————=for(x,y) € B; X E;,i =1,2.
IR )| 2 e s for (3,9) € By X B

Let f; = xg,,1 = 1,2. The facts in (19) give

f I[b, R;1fi(x)| deo(x)
CU(B) Nl 1

> Z [, R;1£:(0)] deo(x)

= Z f f |b(x) = bOIIR; (x, )| deo(y) deo(x)

cu(B)
b _ d d
Zcu(B)H Zl [ 1660~ m(B) s — f w(y) dax)
> €5 [ o) myBl da)

cu(B) =t
flb(x)—bBldcu(x)

v

cu(B)

On the other hand, since [b, R;] maps L£ (R%) continuously into Lg(Rd), we
have

2

5 fl[b,R-]fi(X)ldw(x)
w(B) "~ i=1B




where the last inequality follows from w(B) < Cw(B) and é =
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1

2 - 1
2 j l[b,R,-]fxx)wdw<x>)qw(3)a
i=1 B

S— 3 5
(B) tyi

= % (B) Z ||[b R; ]”LP(Rd)_)LP(Rd)CO(E)P a)(B)q
wB)'*N

< CIb, Rj1llp (rdy— 12 ety

. This

Z =

1
p

establishes (18) and completes the proof.
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