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The conjugacy class structure of
the 𝐐𝐝(𝒑) groups

Colin M. Lawson and Jane H. Long

Abstract. In this paper, we provide a classification of the conjugacy classes
in the special affine group Qd(𝑝) = (ℤ𝑝 × ℤ𝑝) ⋊ SL(2, 𝑝) for odd primes.
We use the known conjugacy class structure in SL(2, 𝑝) to lift elements to
their conjugacy class inQd(𝑝). More specifically, for an element inQd(𝑝), its
conjugacy class depends on whether the matrix component of the element
is the identity, has eigenvalue 1, which is split into two classes in SL(2, 𝑝),
or whether it lies in some other conjugacy class in SL(2, 𝑝). In addition, we
provide formulas, in terms of 𝑝, for both the number and sizes of conjugacy
classes in Qd(𝑝).
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Understanding the conjugacy classes of finite groups is a fundamental prob-
lem in group theory and can often serve as a first step in understanding the
structure of other algebraic objects (e.g., group cohomology and the study of
Hochschild cohomology rings; see [5], [12], [13]). The special affine group
Qd(𝑝) = (ℤ𝑝×ℤ𝑝)⋊SL(2, 𝑝) is of particular interest as these groups arise natu-
rally inmany contexts, such as awell-known conjecture by Benson andCarlson
(see [2]) concerning group actions on products of spheres. For 𝑝 > 3, theQd(𝑝)
groups fail to possess a particular cohomology class, i.e., an effective Euler class
(see [4]), which is necessary for a construction technique described in [1]. Al-
though some results on the cohomology of theQd(𝑝) groups are known (see, for
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example, [7], [8], [9], [10]), a description of conjugacy classes in Qd(𝑝) seems
to be unavailable in the literature.
In this paper, we prove the following complete classification of the conju-

gacy classes in Qd(𝑝). In particular, we exploit the known characterization
of conjugacy classes in SL(2, 𝑝) to obtain explicit splittings of certain conju-
gacy classes in Qd(𝑝) that are governed by a distinguished set vectors, which
we call shifted vectors. For an element (𝑣, 𝐴) in Qd(𝑝), its conjugacy class,
ClassQd(𝑝)(𝑣, 𝐴), is determined by the conjugacy class of thematrix component
𝐴 in SL(2, 𝑝). In particular, we distinguish the cases where 𝐴 = 𝐼 (the identity
matrix), where 𝐴 is conjugate to a unipotent (upper-triangular) matrix with
eigenvalue 1, or where 𝐴 belongs to one of the remaining SL(2, 𝑝)-conjugacy
classes. The classes 𝒞 and𝒟 denote the matrices in SL(2, 𝑝)with eigenvalue 1.
Thus, the conjugacy class of (𝑣, 𝐴) depends on the structure of the matrix 𝐴.

Theorem 0.1. Let 𝑝 > 2 be prime and (𝑣, 𝐴) ∈ Qd(𝑝) for 𝐴 ∈ SL(2, 𝑝) and
𝑣 ∈ 𝔽2𝑝. Then

ClassQd(𝑝)(𝑣, 𝐴) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪

⎩

{(0, 𝐼)} if 𝐴 = 𝐼 and 𝑣 = 0

{(𝑤, 𝐼) | 𝑤 ∈ 𝔽2𝑝 ⧵ {0}} if 𝐴 = 𝐼 and 𝑣 ≠ 0

⋃

𝐵∈𝒞∪𝒟
𝐵∼𝐴

{
(±𝑤𝑣,𝐵 + 𝑧, 𝐵)

||||𝑧 ∈ Fix(𝐵)
} if 𝐴 ∈ 𝒞 ∪𝒟,

where 𝑤𝑣,𝐵 is the s.v.
for 𝐵 determined by 𝑣

{(𝑤, 𝐵) ∣ 𝐵 ∼ 𝐴, 𝑤 ∈ 𝔽2𝑝} otherwise,

where 𝑠.𝑣. is an abbreviation for “shifted vector," defined in definition 4.5.

We establish the main result in propositions 4.2, 4.7 and 4.8, and to our
knowledge, this is the first explicit description of the conjugacy classes for these
groups. Our result provides a first step for future work in understanding the
Hochschild cohomology ring,HH∗

(𝔽𝑝[Qd(𝑝)]), as techniques described in [13]
rely on the ability to make explicit choices of conjugacy class representatives in
Qd(𝑝).

Outline of paper. We provide the necessary group theoretic definitions, no-
tation, and background in section 1. We recall in section 2 the structure of the
conjugacy classes in SL(2, 𝑝), categorizing the classes in terms of their eigen-
values and quadratic (non)residues modulo 𝑝. Section 3 contains the lemmas
needed to prove the main result in section 4, where we provide an explicit de-
scription of the conjugacy classes in Qd(𝑝) in terms of the lifted categories of
conjugacy classes from SL(2, 𝑝). Lastly, in section 5, we provide formulas for
the sizes of each conjugacy class inQd(𝑝) in terms of the prime 𝑝. Tables sum-
marizing conjugacy class data for SL(2, 𝑝) and Qd(𝑝) appear in Sections 2 and
5, respectively.
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1. Background
We recall here the structure of the group Qd(𝑝), as well as some definitions

and notation that we will use throughout the remainder of this paper.

The special affine group. We assume throughout that 𝑝 is an odd prime. By
definition, Qd(𝑝) is a semi-direct product group (ℤ𝑝 × ℤ𝑝) ⋊ SL(2, 𝑝), where
the special linear group SL(2, 𝑝) acts on the group ℤ𝑝 × ℤ𝑝 by left matrix mul-
tiplication. We identify the abelian group ℤ𝑝 × ℤ𝑝 with the two-dimensional
𝔽𝑝-vector space 𝔽𝑝 × 𝔽𝑝 = 𝔽2𝑝, where 𝔽𝑝 denotes a field with 𝑝 elements. The
group Qd(𝑝) is sometimes referred to as the special affine group over 𝔽2𝑝.

The group operation. A generic element of Qd(𝑝) is written as an ordered
pair (𝑣, 𝐴), where 𝑣 is an element of 𝔽2𝑝 and 𝐴 is an element of SL(2, 𝑝). For
elements 𝑔 = (𝑣, 𝐴) and ℎ = (𝑧, 𝑃) of Qd(𝑝), the multiplication is given by
𝑔ℎ = (𝑣, 𝐴) ⋅ (𝑧, 𝑃) = (𝑣+ 𝐴𝑧, 𝐴𝑃),where𝐴𝑧 is the action of𝐴 on 𝑧 and𝐴𝑃 is
multiplication in SL(2, 𝑝). The identity element of Qd(𝑝) is (0, 𝐼). The inverse
inQd(𝑝) of the element ℎ = (𝑧, 𝑃) is ℎ−1 =

(
−𝑃−1𝑧, 𝑃−1

)
, and so conjugating

𝑔 by ℎ in Qd(𝑝) yields

ℎ𝑔ℎ−1 =
(
(𝐼 − 𝑃𝐴𝑃−1)𝑧 + 𝑃𝑣, 𝑃𝐴𝑃−1

)
. (1)

Note that eq. (1) implies that conjugation in Qd(𝑝) involves conjugation of
𝐴 in SL(2, 𝑝) in the matrix component and a change in 𝑣 within 𝔽2𝑝 in the vec-
tor component. Consequently, if 𝐴 and 𝐵 are not SL(2, 𝑝)-conjugate, then in
Qd(𝑝), the elements (𝑣, 𝐴) and (𝑤, 𝐵) are not conjugate for any choice of vec-
tors 𝑣 and 𝑤. Even when 𝐴 and 𝐵 are SL(2, 𝑝)-conjugate, the elements (𝑣, 𝐴)
and (𝑤, 𝐵) in Qd(𝑝) may fail to be conjugate, where the obstruction to conju-
gacy can be expressed in terms of a distinguished “shifted vector” defined in
definition 4.5. We also note that it is possible to realize Qd(𝑝) as a subgroup of
SL(3, 𝑝) by embedding each element (𝑣, 𝐴)with 𝑣 = (𝑥, 𝑦)𝑇 into SL(3, 𝑝) using
the following identification:

(𝑣, 𝐴) ↦
⎛

⎜

⎝

𝐴
𝑥

𝑦

0 0 1

⎞

⎟

⎠

∈ SL(3, 𝑝) .

Notation and conventions. We use the standard notation of 𝔽×𝑝 for the mul-
tiplicative group of nonzero elements of 𝔽𝑝. For arbitrary elements of the field,
we generally use the lowercase letters 𝑎, 𝑏, 𝑐, 𝑑, 𝑥, or 𝑦, while for elements of
𝔽2𝑝, we generally use the letters 𝑢, 𝑣, 𝑤, or 𝑧, and we use 0 for the zero vec-
tor. Matrices in SL(2, 𝑝) are usually denoted by 𝐴, 𝐵, 𝑃, 𝑄, 𝑆, and 𝑍, and the
script letters 𝒞, 𝒟, ℰ, ℱ, 𝒢 andℋ are reserved to denote conjugacy classes in
SL(2, 𝑝). For𝐴, 𝐵 ∈ SL(2, 𝑝), we write𝐴 ∼ 𝐵 to mean𝐴 and 𝐵 are conjugate in
SL(2, 𝑝). For a set𝑋, we write |𝑋| for the cardinality of𝑋, and for a matrix𝐴 in
SL(2, 𝑝), we write |𝐴| for its order in SL(2, 𝑝). For (𝑣, 𝐴) in Qd(𝑝), we denote
by ClassQd(𝑝)(𝑣, 𝐴) the conjugacy class of (𝑣, 𝐴) in Qd(𝑝), and for an element
𝐴 in SL(2, 𝑝), we denote the conjugacy class in SL(2, 𝑝) by ClassSL(2,𝑝)(𝐴). For
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a matrix 𝐴 in SL(2, 𝑝), we denote by Fix(𝐴) the set of elements of 𝔽2𝑝 that are
fixed by the action of 𝐴. For a set 𝑋 ⊆ 𝔽2𝑝, we write Span{𝑋} for the 𝔽𝑝-span of
𝑋.

2. Conjugacy classes in 𝐒𝐋(𝟐, 𝒑)
Here, we recall the conjugacy classes in SL(2, 𝑝); refer to [6] and see table 1

for a summary of the class data. These conjugacy classes can be categorized by
their eigenvalues or by quadratic (non)residues, whichwe recall in the following
definition.

Table 1. Conjugacy class data in SL(2, 𝑝).
(See Appendix C.4 in [6] and [3].)

Label Size Number Rep. Element Nature Eigenvalues Characteristic
Element Order Eigenvectors Polynomial

𝐼 1 1
(
1 0
0 1

)
1 Scalar 1, 1 (𝑥 − 1)2

−𝐼 1 1
(
−1 0
0 −1

)
2 Scalar −1,−1 (𝑥 + 1)2

𝒞
𝑝2−1

2
1

(
1 𝑐
0 1

)
𝑝 Nondiag. 1,

(
1
0

)
(𝑥 − 1)2

𝑐 residue

𝒟
𝑝2−1

2
1

(
1 𝑑
0 1

)
𝑝 Nondiag. 1,

(
1
0

)
(𝑥 − 1)2

𝑑 nonresidue

ℰ
𝑝2−1

2
1

(
−1 𝑐
0 −1

)
2𝑝 Nondiag. −1,

(
1
0

)
(𝑥 + 1)2

𝑐 residue

ℱ
𝑝2−1

2
1

(
−1 𝑑
0 −1

)
2𝑝 Nondiag. −1,

(
1
0

)
(𝑥 + 1)2

𝑑 nonresidue

𝒢𝑖 𝑝(𝑝 − 1)
𝑝−1

2

(
0 −1
1 1

)
Divisor of 𝑝2 − 1 Diag. over 𝔽𝑝2 None in 𝔽𝑝 𝑥2 − 𝑎𝑥 + 1

Nondiag. over 𝔽𝑝 Irreducible

ℋ𝑗 𝑝(𝑝 + 1)
𝑝−3

2
(
𝑗 0

0
1

𝑗
) Order of 𝑗 ∈ 𝔽×𝑝 Diag. over 𝔽𝑝 𝑗,

(
1
0

)
(𝑥 − 𝑗)(𝑥 −

1

𝑗
)

Divisor of 𝑝 − 1
1

𝑗
,
(
0
1

)

Definition 2.1. [11, section 11.1]. For a prime 𝑝, a nonzero integer 𝑏 is a qua-
dratic residue of 𝑝 if the congruence 𝑥2 ≡ 𝑏 mod 𝑝 has a solution. If no solu-
tion exists in 𝔽𝑝, then 𝑏 is a quadratic nonresidue of 𝑝.

Class of the identity matrix. The identity matrix forms its own conjugacy
class of size one.

Classes of types 𝒞 and 𝒟. The matrices in these two conjugacy classes have
repeated eigenvalue 1, and their corresponding eigenspaces are one-dimensional.
In GL(2, 𝑝), such matrices form a single conjugacy class, but in SL(2, 𝑝), they
split into two distinct classes, where each class is represented by an upper-
triangular matrix with 1’s along the diagonal. The following lemma uses the
notion of quadratic (non)residues modulo 𝑝 to characterize this splitting, and
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a full characterization of classes 𝒞 and 𝒟 is given following the proof of the
lemma.

Lemma 2.2. Let 𝑝 be an odd prime. Then the matrices
(
1 𝑥
0 1

)
and

(
1 𝑦
0 1

)
are con-

jugate in SL(2, 𝑝) if and only if 𝑥 and 𝑦 are both quadratic residues modulo 𝑝 or
both quadratic nonresidues modulo 𝑝; an analogous result holds for matrices of
the form

(
−1 𝑥
0 −1

)
.

Proof. Let 𝑃 =
(
𝑎 𝑏
𝑐 𝑑

)
be a matrix in SL(2, 𝑝) and fix an element 𝑥 ∈ 𝔽×𝑝 . By

a straightforward calculation, we observe that
(
1 𝑥
0 1

)
and

(
1 𝑦
0 1

)
are conjugate in

SL(2, 𝑝) if and only if 𝑦 = 𝑎2𝑥 for some 𝑎 ∈ 𝔽𝑝. We claim that 𝑦 = 𝑎2𝑥 is a
quadratic residue modulo 𝑝 if and only if 𝑥 is. If 𝑥 is a quadratic residue, there
exists some 𝑤 ∈ 𝔽×𝑝 such that 𝑥 ≡ 𝑤2 mod 𝑝. Writing

𝑦 = 𝑎2𝑥 ≡ 𝑎2𝑤2 mod 𝑝 ≡ (𝑎𝑤)2 mod 𝑝,

we see that 𝑦 is also a quadratic residue; the proof of the converse direction
proceeds similarly. Furthermore, since 1 is a quadratic residue modulo 𝑝, we
conclude that

(
1 1
0 1

)
and

(
1 𝑎2

0 1

)
are conjugate for every 𝑎 ∈ 𝔽×𝑝 . By theorem

11.1 in [11], there are exactly 𝑝−1

2
distinct quadratic residues and 𝑝−1

2
distinct

quadratic nonresidues in 𝔽×𝑝 . Fixing a nonresidue 𝑐 that is not equal to 1, we
observe that there are 𝑝−1

2
matrices of the form

(
1 𝑎2𝑐
0 1

)
, all of which are conju-

gate to each other in SL(2, 𝑝). The argument for matrices of the form
(
−1 𝑥
0 −1

)

is completely analogous. □

We give the label 𝒞 to the conjugacy class containing the upper-triangular
matrices of the form

(
1 𝑥
0 1

)
, where 𝑥 is a quadratic residue; in general, 𝒞 also

contains matrices which do not have this form. It is often convenient to select(
1 1
0 1

)
as the class representative. Similarly, we give the label𝒟 to the conjugacy

class containing the upper-triangular matrices of the form
(
1 𝑏
0 1

)
, where 𝑏 is a

quadratic nonresidue; in general, 𝒟 also contains matrices which do not have
this form.

Remaining class types. The labels ℰ andℱ are given to classes containing el-
ements of the form

(
−1 𝑏
0 −1

)
, where 𝑏 is a quadratic residue or nonresidue mod-

ulo 𝑝, respectively, and each of these classes is larger than the set of matrices
of the indicated upper-triangular form. The matrices in the remaining conju-
gacy classes in SL(2, 𝑝) also have eigenvalues not equal to 1, and so they fix no
vectors. These classes are labeled as −𝐼 (for negative of the identity), 𝒢𝑖, and
ℋ𝑗.

3. Linear transformations
In this section, we record the results that we will need to prove the results of

the Qd(𝑝)-conjugacy class. The statements here are in terms of the conjugacy
class types described in section 2.
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Lemma 3.1. If 𝐴 ∈ 𝒞 ∪ 𝒟 ⊂ SL(2, 𝑝), then there exists a basis {𝑣1, 𝑣2} for 𝔽2𝑝
such that 𝐴𝑣1 = 𝑣1 and 𝐴𝑣2 = 𝑏𝑣1 + 𝑣2 for some 𝑏 ∈ 𝔽×𝑝 .

Proof. Since 𝐴 ∈ 𝒞 ∪ 𝒟, then by lemma 2.2 and the discussion following its
proof, 𝐴 is SL(2, 𝑝)-conjugate to some upper-triangular matrix 𝑍 with 1 along
the diagonal and some 𝑏 ∈ 𝔽×𝑝 in the upper right entry. Let 𝑃 ∈ SL(2, 𝑝) be such
that 𝐴 = 𝑃𝑍𝑃−1 and set 𝑣1 = 𝑃𝑒1 and 𝑣2 = 𝑃𝑒2 for standard basis vectors 𝑒1
and 𝑒2 of 𝔽2𝑝. Then {𝑣1, 𝑣2} is a basis for 𝔽2𝑝 (as 𝑃 invertible) and since 𝑍𝑒1 = 𝑒1

and 𝑍𝑒2 = 𝑏𝑒1 + 𝑒2, we have that 𝐴𝑣1 = 𝑃𝑍𝑃−1𝑃𝑒1 = 𝑃𝑒1 = 𝑣1 and 𝐴𝑣2 =
𝑃𝑍𝑃−1𝑃𝑒2 = 𝑏𝑃𝑒1 + 𝑃𝑒2 = 𝑏𝑣1 + 𝑣2. □

Lemma 3.2. Let 𝐴 be a matrix in SL(2, 𝑝). Then 𝐴 ∈ SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}) if
and only if the map (𝐼 − 𝐴) ∶ 𝔽2𝑝 ⟶ 𝔽2𝑝 is a bijection, and if 𝐴 ∈ 𝒞 ∪ 𝒟, then
(𝐼 − 𝐴) ∶ 𝔽2𝑝 ⟶Fix(𝐴) is surjective.

Proof. We begin by proving the first claim. Let 𝐴 ∈ SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}).
Then the claim is true if and only if 𝐼 − 𝐴 is an invertible matrix. Suppose,
for the sake of contradiction, that 𝐼 − 𝐴 is not invertible. Then its nullspace
contains a nonzero vector, say 𝑣. Thus,

(𝐼 − 𝐴)𝑣 = 0 which implies that 𝐴𝑣 = 𝑣 .

Therefore 𝑣 is fixed by𝐴, so 𝑣 is an eigenvector of𝐴with eigenvalue 1. But since
𝐴 ∈ SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}), its eigenvalues are not equal to 1. Contradiction.
Therefore 𝐼 − 𝐴 is a bijection.
Conversely, assume that 𝐼 − 𝐴 is a bijection (note that 𝐴 ≠ 𝐼). Then 𝐴𝑣 = 𝑣

if and only if (𝐼 − 𝐴)𝑣 = 0 if and only if 𝑣 = 0. So Fix(𝐴) = {0}. Thus, 1 cannot
be an eigenvalue of 𝐴. Hence, 𝐴 is not in 𝒞 ∪ 𝒟 ∪ {𝐼}.
Nowwe prove the second statement. Assume that𝐴 ∈ 𝒞∪𝒟. We first argue

that 𝐼 − 𝐴 ∶ 𝔽2𝑝 ⟶ Fix(𝐴) is well-defined, i.e., that (𝐼 − 𝐴)𝑣 is fixed by 𝐴 for
every 𝑣 ∈ 𝔽2𝑝. Since 𝐴 ∈ 𝒞 ∪ 𝒟, lemma 3.1 implies that there exists a basis
{𝑣1, 𝑣2} for 𝔽2𝑝 such that 𝐴𝑣1 = 𝑣1 and 𝐴𝑣2 = 𝑏𝑣1 + 𝑣2 for some 𝑏 ∈ 𝔽×𝑝 . Thus,
(𝐼 −𝐴)𝑣1 = 0 and (𝐼 −𝐴)𝑣2 = 𝑣2−(𝑏𝑣1+𝑣2) = −𝑏𝑣1, which lies in Fix(𝐴), and
so for any 𝑣 ∈ 𝔽2𝑝, the vector (𝐼 −𝐴)𝑣 lies in Fix(𝐴). Therefore the map is well-
defined. Lastly, we argue that the map (𝐼 − 𝐴) ∶ 𝔽2𝑝 → Fix(𝐴) is surjective.
Fix 𝑤 ∈ Fix(𝐴) = Span{𝑣1} and write 𝑤 = 𝑎 𝑣1 for some 𝑎 ∈ 𝔽𝑝. Then for
𝑧 = −𝑎𝑏−1𝑣2,

(𝐼 − 𝐴)𝑧 = (𝐼 − 𝐴)(−𝑎𝑏−1𝑣2) = (−𝑎𝑏−1)𝑣2 − (−𝑎𝑏−1)(𝑏𝑣1 + 𝑣2) = 𝑎𝑣1 = 𝑤 ,

and so the map is surjective. This completes the proof of the lemma. □

Lemma 3.3. Let 𝐴 ∈ SL(2, 𝑝) with |𝐴| = 𝑛 > 1 and define 𝑇𝐴 ∶ 𝔽2𝑝 → 𝔽2𝑝 by
𝑇𝐴 =

∑𝑛−1

𝑖=0
𝐴𝑖 . Then 𝑇𝐴 = 0.

Proof. Observe that Im(𝑇𝐴) ⊆ Fix(𝐴) since (𝐼−𝐴)𝑇𝐴 = 𝑇𝐴−𝑇𝐴𝐴 = 𝑇𝐴−𝑇𝐴 =

0. So, if𝐴 ∈ SL(2, 𝑝)∖(𝒞∪𝒟∪{𝐼}), then lemma 3.2 implies that thematrix 𝐼−𝐴
is invertible, and hence Im(𝑇𝐴) ⊆ Fix(𝐴) = {0}. Now assume that 𝐴 ∈ 𝒞 ∪ 𝒟
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and let 𝑣 ∈ 𝔽2𝑝. Then |𝐴| = 𝑛 = 𝑝 and by lemma 3.1, there is a basis {𝑣1, 𝑣2}
for 𝔽2𝑝 so that 𝐴𝑣1 = 𝑣1 and 𝐴𝑣2 = 𝑏𝑣1 + 𝑣2 for some 𝑏 ∈ 𝔽×𝑝 . So,

𝑇𝐴(𝑣1) =

𝑝−1∑

𝑖=1

𝐴𝑖𝑣1 = 𝑝𝑣1 = 0 and 𝑇𝐴(𝑣2) =

𝑝−1∑

𝑖=1

𝐴𝑖𝑣2 = 𝑝𝑏𝑣1 +
𝑝(𝑝 − 1)

2
𝑣2 = 0 .

Writing 𝑣 with respect to {𝑣1, 𝑣2}, we have 𝑇𝐴(𝑣) = 0, and so 𝑇𝐴 = 0. □

4. Conjugacy classes in 𝐐𝐝(𝒑)
Now we turn our attention to describing the conjugacy classes in Qd(𝑝).

We characterize the Qd(𝑝)-conjugates in terms of the conjugacy class types in
SL(2, 𝑝) as described in section 2. We saw in eq. (1) that conjugation in Qd(𝑝)
yields an ordered pair where conjugation in SL(2, 𝑝) occurs in both compo-
nents. So, for an arbitrary element (𝑣, 𝐴) in Qd(𝑝),

ClassQd(𝑝)(𝑣, 𝐴) = {((𝐼 − 𝑃𝐴𝑃−1)𝑧 + 𝑃𝑣, 𝑃𝐴𝑃−1) | 𝑃 ∈ SL(2, 𝑝), 𝑧 ∈ 𝔽2𝑝} . (2)

We describe the conjugacy classes corresponding to the identity, followed by
the elements corresponding tomatrices of type𝒞 and𝒟, and lastly, the elements
corresponding to matrices from SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}).

Classes corresponding to the identity matrix. Fix (𝑣, 𝐼) for some 𝑣 in 𝔽2𝑝,
where 𝐼 is the identity matrix in SL(2, 𝑝). As 𝐼 is SL(2, 𝑝)-conjugate only to
itself, eq. (2) implies that

ClassQd(𝑝)(𝑣, 𝐼) = {(𝑃𝑣, 𝐼) | 𝑃 ∈ SL(2, 𝑝)} . (3)

To describe the conjugacy class ClassQd(𝑝)(𝑣, 𝐼), we need the following well-
known lemma.

Lemma 4.1. The group SL(2, 𝑝) acts transitively on 𝔽2𝑝 ⧵ {0}.

Proof. Let 𝑒1 = (1, 0)𝑇 be a standard basis vector for𝔽2𝑝 and let𝑤 = (𝑤1, 𝑤2)
𝑇 ∈

𝔽2𝑝 with𝑤 ≠ 0 so that at least one of𝑤1, 𝑤2 is nonzero. We first argue that there
exists a matrix 𝑃 ∈ SL(2, 𝑝) such that 𝑃𝑒1 = 𝑣. If 𝑃 =

(
𝑎 𝑏
𝑐 𝑑

)
, then 𝑃𝑒1 = 𝑤

implies that the first column of 𝑃 must be 𝑤 as

𝑃𝑒1 =
(
𝑎 𝑏
𝑐 𝑑

) (
1
0

)
= ( 𝑎𝑐 ) =

( 𝑤1
𝑤2

)
.

Thus, 𝑎 = 𝑤1 and 𝑐 = 𝑤2, and since det(𝑃) = 1, we must have 𝑤1𝑑 − 𝑏𝑤2 = 1,
which implies that we can set 𝑏 = 1 and 𝑑 = (1 + 𝑤2)𝑤

−1
1

if 𝑤1 ≠ 0 or 𝑑 = 1

and 𝑏 = −𝑤−1
2

if 𝑤1 = 0. Now, if 𝑣, 𝑤 are two nonzero vectors in 𝔽2𝑝, then by
the above, there exists matrices 𝑃1 and 𝑃2 such that 𝑃1𝑒1 = 𝑣 and 𝑃2𝑒1 = 𝑤.
Therefore, 𝑃2𝑃−11 𝑣 = 𝑤, and so SL(2, 𝑝) acts transitively on the nonzero vectors
of 𝔽2𝑝, as claimed. □

Now we describe the Qd(𝑝)-conjugacy classes corresponding to the identity
matrix.
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Proposition 4.2. For (𝑣, 𝐼) in Qd(𝑝), where 𝐼 is the identity matrix and 𝑣 ∈ 𝔽2𝑝,

ClassQd(𝑝)(𝑣, 𝐼) = {
{(0, 𝐼)} if 𝑣 = 0

{(𝑤, 𝐼) | 𝑤 ∈ 𝔽2𝑝∖{0}} if 𝑣 ≠ 0
.

Proof. If 𝑣 = 0, then eq. (3) implies that (𝑤, 𝐵) is conjugate to (𝑣, 𝐼) if an only
if (𝑤, 𝐵) = (𝑃𝑣, 𝐼) for some 𝑃 ∈ SL(2, 𝑝). Thus, 𝐵 = 𝐼 and 𝑃𝑣 = 0 for all
𝑃 ∈ SL(2, 𝑝), as 𝑣 = 0. The result follows for this case.
Now, if 𝑣 ≠ 0, then eq. (3) implies that (𝑤, 𝐵) ∈ Qd(𝑝) is conjugate to (𝑣, 𝐼)

if and only if (𝑤, 𝐵) = (𝑃𝑣, 𝐼) for some 𝑃 ∈ SL(2, 𝑝). By lemma 4.1, SL(2, 𝑝)
acts transitively on 𝔽2𝑝 ⧵ {0}, and so there exists 𝑃 ∈ SL(2, 𝑝) with 𝑃𝑣 = 𝑤. So,
conjugating (𝑣, 𝐼) by, for example, (0, 𝑃), yields (𝑤, 𝐼). □

Classes corresponding to matrices of types 𝒞 or 𝒟. The matrices in con-
jugacy classes 𝒞 and 𝒟 in SL(2, 𝑝) all have 1 as an eigenvalue, meaning that
they fix nonzero vectors. It follows from lemma 3.2 that the following linear
transformation has nontrivial kernel:

(𝐼 − 𝐴) ∶ 𝔽2𝑝 ⟶𝔽2𝑝 , where 𝐴 ∈ 𝒞 ∪ 𝒟 .

The kernelmust have dimension 1 since𝐴 cannot be the identity. In the follow-
ing lemma, we let 𝑒1 and 𝑒2 denote the standard basis vectors for𝔽2𝑝. We observe
that there can be distinct matrices 𝑃 and 𝑄 that conjugate 𝐴 to the same result.

Lemma 4.3. Let 𝐽 =
(
1 𝑥
0 1

)
∈ SL(2, 𝑝) with 𝑥 ∈ 𝔽×𝑝 , let 𝐴 = 𝑆𝐽𝑆−1 for some 𝑆 ∈

SL(2, 𝑝), and fix 𝑣 ∈ 𝔽2𝑝. Define 𝑣1 = 𝑃𝑆𝑒1 and 𝑣2 = 𝑃𝑆𝑒2 for some 𝑃 ∈ SL(2, 𝑝).
Suppose that 𝑃𝐴𝑃−1 = 𝑄𝐴𝑄−1 for some 𝑄 ∈ SL(2, 𝑝). Then the coefficients of 𝑣2
in the expression of 𝑃𝑣 and𝑄𝑣 with respect to the basis {𝑣1, 𝑣2} are either equal or
are negatives of each other.

Proof. For 𝐽,𝐴, 𝑆,𝑃, and𝑄 as given in the statement, wehave that𝑃𝑆𝐽𝑆−1𝑃−1 =
𝑄𝑆𝐽𝑆−1𝑄−1, and so 𝑆−1𝑃−1𝑄𝑆 commutes with 𝐽, which implies that

𝑆−1𝑃−1𝑄𝑆 =
(
±1 𝑐
0 ±1

)
i.e., 𝑅 ∶= 𝑃−1𝑄 = 𝑆

(
±1 𝑐
0 ±1

)
𝑆−1 for some 𝑐 ∈ 𝔽𝑝.

Set 𝑒′
1
= 𝑆𝑒1 and 𝑒′2 = 𝑆𝑒2, so that 𝑅𝑒′1 = ±𝑒′

1
and 𝑅𝑒′

2
= 𝑐𝑒′

1
± 𝑒′

2
, and thus

𝑅(𝑎𝑒′
1
+ 𝑏𝑒′

2
) = ±(𝑎𝑒′

1
+ 𝑏𝑒′

2
) + 𝑏𝑐𝑒′

1
.

That is, 𝑅𝑤 = ±𝑤 + 𝑏𝑐𝑒′
1
for any 𝑤 = 𝑎𝑒′

1
+ 𝑏𝑒′

2
.

Now define 𝑣1 = 𝑃𝑒′
1
, 𝑣2 = 𝑃𝑒′

2
(a basis for 𝔽2𝑝) and write 𝑃𝑣 = 𝛼𝑣1 + 𝛽𝑣2 for

some 𝛼, 𝛽 ∈ 𝔽𝑝. Then

𝑄𝑣 = 𝑃𝑅𝑣 = 𝑃(±𝑣 + 𝑏𝑐𝑒′
1
) = ±𝑃𝑣 + 𝑏𝑐 ⋅ 𝑃𝑒′

1
= (±𝛼 + 𝑏𝑐)𝑣1 ± 𝛽𝑣2.

Hence, the coefficients of 𝑣2 in 𝑃𝑣 and 𝑄𝑣 differ by at most a sign. □

Lemma 4.4. Fix (𝑣, 𝐴) ∈ Qd(𝑝)with𝐴 ∈ 𝒞∪𝒟 and let𝐵 be SL(2, 𝑝)-conjugate
to 𝐴. Then there exists a distinguished vector 𝑤𝑣,𝐵 in 𝔽2𝑝 such that for every 𝑃 ∈

SL(2, 𝑝) with 𝑃𝐴𝑃−1 = 𝐵,

𝑃𝑣 = ±𝑤𝑣,𝐵 + 𝑧 for some 𝑧 ∈ Fix(𝐵) .
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In particular, if 𝐴𝑣 = 𝑣, then 𝑤𝑣,𝐵 = 0.

Proof. Since 𝐴 ∈ 𝒞 ∪ 𝒟, we know 𝐴 is SL(2, 𝑝)-conjugate to 𝐽 =
(
1 𝑥
0 1

)
for

some 𝑥 ∈ 𝔽×𝑝 . Let 𝑆, 𝑃 ∈ SL(2, 𝑝) be such that 𝐴 = 𝑆𝐽𝑆−1, and 𝐵 = 𝑃𝐴𝑃−1

and set 𝑣1 = 𝑃𝑆𝑒1 and 𝑣2 = 𝑃𝑆𝑒2. Then {𝑣1, 𝑣2} is a basis for 𝔽2𝑝 and we may
write 𝑃𝑣 = 𝛼𝑣1 +𝛽𝑣2 for some 𝛼, 𝛽 ∈ 𝔽𝑝. Then by lemma 4.3, we may take the
distinguished vector to be 𝑤𝑣,𝐵 = 𝛽𝑣2 to see that if 𝑄 ∈ SL(2, 𝑝) is any matrix
such that 𝑄𝐴𝑄−1 = 𝐵, then 𝑄𝑣 = ±𝑤𝑣,𝐵 + 𝑧 for some 𝑧 in Fix(𝐵). Note that if
𝐴𝑣 = 𝑣, then 𝑃𝑣 is fixed by 𝐵, so 𝑃𝑣 = 𝛼𝑣1, and thus 𝑤𝑣,𝐵 = 0. □

Definition 4.5. Let 𝐴 ∈ 𝒞 ∪ 𝒟 and let 𝐵 ∼ 𝐴. By lemma 4.4, there exists a
vector 𝑤𝑣,𝐵 ∈ 𝔽2𝑝 such that for every 𝑃 ∈ SL(2, 𝑝) satisfying 𝑃𝐴𝑃−1 = 𝐵, the
matrix 𝑃 sends 𝑣 to a vector of the form

𝑃𝑣 = ±𝑤𝑣,𝐵 + 𝑧 for some 𝑧 ∈ Fix(𝐵) .

We call any such choice of 𝑤𝑣,𝐵 the shifted vector for 𝐵 determined by 𝑣 (s.v. of
𝐵, for short).

Remark 4.6. By lemma 4.3, different choices of basis or conjugating matrix alter
𝑤𝑣,𝐵 by only a sign. Consequently, the set

(
𝑤𝑣,𝐵 + Fix(𝐵)

)
∪
(
− 𝑤𝑣,𝐵 + Fix(𝐵)

)

is independent of the choice of shifted vector.

In the proposition below, recall 𝐴 ∼ 𝐵 means 𝐴 is SL(2, 𝑝)-conjugate to 𝐵.

Proposition 4.7. Let (𝑣, 𝐴) ∈ Qd(𝑝) with𝐴 ∈ 𝒞∪𝒟. Then the conjugacy class
ClassQd(𝑝)(𝑣, 𝐴) is given by the following set:

⋃

𝐵∈𝒞∪𝒟
𝐵∼𝐴

{
(±𝑤𝑣,𝐵 + 𝑧, 𝐵)

|||| 𝑧 ∈ Fix(𝐵) and 𝑤𝑣,𝐵 is the s.v. for 𝐵 determined by 𝑣
}
.

Proof. Let (𝑥, 𝐵) be in the union. Then (𝑥, 𝐵) = (±𝑤𝑣,𝐵 +𝑧, 𝐵), where 𝐴 ∼ 𝐵,
𝑧 ∈ Fix(𝐵), and𝑤𝑣,𝐵 is a shifted vector of 𝐵. We show (𝑥, 𝐵) isQd(𝑝)-conjugate
to (𝑣, 𝐴). As 𝐴 ∼ 𝐵, there exists 𝑃 ∈ SL(2, 𝑝) such that 𝐵 = 𝑃𝐴𝑃−1, and so by
lemma 4.4, 𝑃𝑣 = ±𝑤𝑣,𝐵 + 𝑧′ for some 𝑧′ ∈ Fix(𝐵). As 𝐼 − 𝐵 is surjective onto
Fix(𝐵), there is 𝑤 ∈ 𝔽2𝑝 with (𝐼 − 𝐵)𝑤 = 𝑧 − 𝑧′. So, by conjugating (𝑣, 𝐴) by
(𝑤, 𝑃),
((𝐼 − 𝑃𝐴𝑃−1)𝑤 + 𝑃𝑣, 𝑃𝐴𝑃−1)

= ((𝐼 − 𝐵)𝑤 + 𝑃𝑣, 𝐵) = (𝑧 − 𝑧′ ± 𝑤𝑣,𝐵 + 𝑧′, 𝐵) = (±𝑤𝑣,𝐵 + 𝑧, 𝐵) .

Therefore (𝑥, 𝐵) lies in ClassQd(𝑝)(𝑣, 𝐴).
Now suppose (𝑥, 𝐵) is Qd(𝑝)-conjugate to (𝑣, 𝐴). Then there exists (𝑤, 𝑃)

in Qd(𝑝) such that

(𝑥, 𝐵) = ((𝐼 − 𝑃𝐴𝑃−1)𝑤 + 𝑃𝑣, 𝑃𝐴𝑃−1) .

Thus, we immediately see that 𝐵 = 𝑃𝐴𝑃−1 and so 𝐴 ∼ 𝐵. By lemma 4.4, there
exists a shifted vector𝑤𝑣,𝐵 in𝔽2𝑝 such that𝑃𝑣 = ±𝑤𝑣,𝐵+𝑧

′ for some 𝑧′ ∈ Fix(𝐵).
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Since (𝐼−𝑃𝐴𝑃−1)𝑤 = (𝐼−𝐵)𝑤 ∶= 𝑧′′ lies in Fix(𝐵), then 𝑧 ∶= 𝑧′+𝑧′′ ∈ Fix(𝐵)

(as 𝑧′ ∈ Fix(𝐵)). Thus, 𝑥 = ±𝑤𝑣,𝐵 + 𝑧 for 𝑤𝑣,𝐵 a shifted vector for 𝐵 and
𝑧 ∈ Fix(𝐵). Thus, (𝑥, 𝐵) lies in the union. □

As a consequence of proposition 4.7, each conjugacy class in Qd(𝑝) is com-
pletely determined by the corresponding shifted vector up to sign.

Classes corresponding to the remaining class types. Here, we character-
ize the conjugacy class of an element 𝑔 = (𝑣, 𝐴), where 𝐴 ≠ 𝐼 is not conjugate
to any matrix of type 𝒞 or𝒟.

Proposition 4.8. Let (𝑣, 𝐴) ∈ Qd(𝑝) with 𝐴 ∈ SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}) and
𝑣 ∈ 𝔽2𝑝. Then

ClassQd(𝑝)(𝑣, 𝐴) =
{
(𝑤, 𝐵) | 𝐵 ∼ 𝐴 and 𝑤 ∈ 𝔽2𝑝

}
.

In other words, the conjugacy class is as large as possible.

Proof. Let 𝐴 be in SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}) and 𝑣 in 𝔽2𝑝. We claim that (𝑣, 𝐴)
is Qd(𝑝)-conjugate to (𝑤, 𝐵) if and only if 𝐵 = 𝑃𝐴𝑃−1 for some 𝑃 in SL(2, 𝑝).
Suppose that (𝑣, 𝐴) is conjugate to (𝑤, 𝐵) in Qd(𝑝) for some element (𝑤, 𝐵)
of Qd(𝑝). Then there exists an element (𝑧, 𝑃) in Qd(𝑝) such that conjugating
(𝑣, 𝐴) by this element results in (𝑤, 𝐵). eq. (2) implies

((𝐼 − 𝑃𝐴𝑃−1)𝑧 + 𝑃𝑣, 𝑃𝐴𝑃−1) = (𝑤, 𝐵) ,

which implies that 𝐵 = 𝑃𝐴𝑃−1, as claimed.
Conversely, fix (𝑤, 𝐵) ∈ Qd(𝑝) and suppose 𝐵 = 𝑃𝐴𝑃−1 for some 𝑃 in

SL(2, 𝑝). We argue that (𝑣, 𝐴) is Qd(𝑝)-conjugate to (𝑤, 𝐵). Since 𝐴 ∉ 𝒞 ∪

𝒟 ∪ {𝐼}, lemma 3.2 implies that, as a linear transformation, 𝐼 − 𝐵 is a bijection,
and so is invertible. Set 𝑧 ∶= (𝐼 − 𝐵)−1(𝑤 − 𝑃𝑣) and conjugate (𝑣, 𝐴) by (𝑧, 𝑃)
to get

((𝐼 − 𝐵)𝑧 + 𝑃𝑣, 𝐵) = ((𝐼 − 𝐵)(𝐼 − 𝐵)−1(𝑤 − 𝑃𝑣) + 𝑃𝑣, 𝐵) = (𝑤, 𝐵) .

Thus, (𝑣, 𝐴) and (𝑤, 𝐵) are Qd(𝑝)-conjugate, completing the proof. □

Combine propositions 4.2, 4.7 and 4.8 to yield our main result, theorem 0.1.

5. Summary of conjugacy class data
In this section, we justify the conjugacy class data for Qd(𝑝) provided in ta-

ble 2. We provide, in terms of the prime 𝑝, the sizes of the conjugacy classes
and the number of such conjugacy classes of each type, and we also include the
order of each element in Qd(𝑝).
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Table 2. Conjugacy class data in Qd(𝑝)

Label Size Number Elements Element Order

𝐼 1 1 {(0, 𝐼)} 1

−𝐼 𝑝2 1 𝔽2𝑝 × {−𝐼} 2

𝐼𝑐 𝑝2 − 1 1
(
𝔽2𝑝∖{0}

)
× {𝐼} 𝑝

𝒞0
𝑝(𝑝2−1)

2
1 {(𝑣, 𝐴) | 𝐴𝑣 = 𝑣, 𝐴 ∈ 𝒞} 𝑝

𝒞𝑘 𝑝(𝑝2 − 1)
𝑝−1

2
See proposition 4.7 𝑝

𝒟0

𝑝(𝑝2−1)

2
1 {(𝑤, 𝐵) | 𝐵𝑤 = 𝑤, 𝐵 ∈ 𝒟} 𝑝

𝒟𝑘 𝑝(𝑝2 − 1)
𝑝−1

2
See proposition 4.7 𝑝

ℰ̂
𝑝2(𝑝2−1)

2
1 𝔽2𝑝 × ℰ 2𝑝

ℱ̂
𝑝2(𝑝2−1)

2
1 𝔽2𝑝 × ℱ 2𝑝

order of 𝑖 in 𝔽×
𝑝2

𝒢𝑖 𝑝3(𝑝 − 1)
𝑝−1

2
𝔽2𝑝 × 𝒢𝑖 divisor of 𝑝2 − 1

(proposition 5.7)

order of 𝑗 in 𝔽×𝑝
ℋ̂𝑗 𝑝3(𝑝 + 1)

𝑝−3

2
𝔽2𝑝 ×ℋ𝑗 divisor of 𝑝 − 1

(proposition 5.7)
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Sizes of conjugacy classes. We consider sizes of each of the cases in theo-
rem 0.1 in reverse order. We first consider the conjugacy class corresponding
to matrices in SL(2, 𝑝)∖(𝒞 ∪ 𝒟 ∪ {𝐼}).

Proposition 5.1. Let (𝑣, 𝐴) ∈ Qd(𝑝). If𝐴 ∈ SL(2, 𝑝)∖(𝒞∪𝒟∪{𝐼}) and 𝑣 ∈ 𝔽2𝑝,
then

|ClassQd(𝑝)(𝑣, 𝐴)| = 𝑝2 ⋅ |ClassSL(2,𝑝)(𝐴)| ,

where |ClassSL(2,𝑝)(𝐴)| depends on 𝐴 and is given in table 1.

Proof. By proposition 4.8, ClassQd(𝑝)(𝑣, 𝐴) =
{
(𝑤, 𝐵) | 𝐵 ∼ 𝐴 and 𝑤 ∈ 𝔽2𝑝

}
. So,

since there are |𝔽2𝑝| = 𝑝2 choices for𝑤 and since the are |ClassSL(2,𝑝)(𝐴)| choices
for a matrix 𝐵 with 𝐵 ∼ 𝐴, the given formula for |ClassQd(𝑝)(𝑣, 𝐴)| follows im-
mediately. □

In the following proposition, we see that the size of the conjugacy class of
(𝑣, 𝐴) ∈ Qd(𝑝), where𝐴 is of type 𝒞 or𝒟, depends on whether or not 𝑣 is fixed
by 𝐴.

Proposition 5.2. Let (𝑣, 𝐴) ∈ Qd(𝑝). If 𝐴 ∈ 𝒞 ∪ 𝒟 ⊂ SL(2, 𝑝) and 𝑣 ∈ 𝔽2𝑝,
then

||||ClassQd(𝑝)(𝑣, 𝐴)
|||| =

⎧

⎨

⎩

𝑝(𝑝2 − 1)

2
if 𝐴𝑣 = 𝑣

𝑝(𝑝2 − 1) if 𝐴𝑣 ≠ 𝑣 .

Proof. Let 𝐴 be a matrix in 𝒞 ∪ 𝒟 ⊂ SL(2, 𝑝) and 𝑣 is a vector in 𝔽2𝑝 such
that 𝐴𝑣 ≠ 𝑣. By lemma 4.4, we see that each matrix 𝐵 that is conjugate to
𝐴 is paired with vectors of the form ±𝑤𝑣,𝐵 + 𝑧, where 𝐵 is SL(2, 𝑝)-conjugate
to 𝐴 and 𝑧 ∈ Fix(𝐵). By lemma 4.3, the (nonzero) vector 𝑤𝑣,𝐵 is uniquely
determined up to sign. Since Fix(𝐵) is a one-dimensional vector space, we can
express each 𝑧 ∈ Fix(𝐵) as a scalar multiple of some nonzero vector that spans
Fix(𝐵). In summary, there are |𝒞| = |𝒟| choices for 𝐵 such that 𝐵 is SL(2, 𝑝)-
conjugate to𝐴, and once 𝐵 is chosen, there is one shifted vector𝑤𝑣,𝐵 for 𝐵 with
2 choices for its sign, and 𝑝 choices for the vector 𝑧 ∈ Fix(𝐵). This yields a
total of 2𝑝 ⋅ |𝒞| = 2𝑝 ⋅ |𝒟| elements in Qd(𝑝) that are conjugate to (𝑣, 𝐴). In
the case 𝐴𝑣 = 𝑣, the shifted vector 𝑤𝑣,𝐵 = 0 by lemma 4.4, so the order of
ClassQd(𝑝)(𝑣, 𝐴) is 𝑝 ⋅ |𝒞|. □

We note that it is also possible to determine the size of the conjugacy class
(𝑣, 𝐴) by applying the Orbit-Stabilizer Theorem as follows: in the case𝐴𝑣 ≠ 𝑣,
proposition 5.2 implies that

|CentralizerQd(𝑝)(𝑣, 𝐴)| =
|Qd(𝑝)|

|ClassQd(𝑝)(𝑣, 𝐴)|
=
𝑝3(𝑝2 − 1)

𝑝(𝑝2 − 1)
= 𝑝2 .

Lastly, we analyze the classes that correspond to the identity matrix. The
conjugacy class size of (𝑣, 𝐼) depends on whether or not 𝑣 is the zero vector.
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Proposition 5.3. Let (𝑣, 𝐴) ∈ Qd(𝑝). If 𝐴 = 𝐼 and 𝑣 ∈ 𝔽2𝑝, then

|ClassQd(𝑝)(𝑣, 𝐴)| = {
1 if 𝑣 = 0

𝑝 − 1 if 𝑣 ≠ 0 .

Proof. First assume that 𝑣 = 0. Then ClassQd(𝑝)(𝑣, 𝐴) = {(0, 𝐼)} by proposi-
tion 4.2, which clearly has cardinality one, as claimed. Now assume that 𝑣 ≠ 0.
Then again by proposition 4.2, we have that ClassQd(𝑝)(𝑣, 𝐴) = {(𝑤, 𝐼) ∶ 𝑤 ∈

𝔽2𝑝∖{0}}, which has cardinality 𝑝 − 1. □

Number of conjugacy classes. Here, we provide the number of conjugacy
class in Qd(𝑝) of each type. Again, we consider the conjugacy classes listed in
theorem 0.1 in reverse order.

Proposition 5.4. For each of the conjugacy classes−𝐼,ℰ,ℱ,𝒢𝑖 andℋ𝑗 inSL(2, 𝑝),
there exists exactly one corresponding conjugacy class in Qd(𝑝).

Proof. By proposition 4.8, each of these conjugacy classes takes the form of
a direct product of the SL(2, 𝑝)-conjugacy class with 𝔽2𝑝, and so the class is as
large as possible. □

The classes in Qd(𝑝) corresponding to the matrices in of types 𝒞 and𝒟 split
intomultiple classes depending onwhether the shifted vector involved (see def-
inition 4.5) is zero or nonzero.

Proposition 5.5. In Qd(𝑝), there are 𝑝+1

2
distinct conjugacy classes correspond-

ing to the conjugacy class 𝒞 in SL(2, 𝑝): one class of cardinality 𝑝(𝑝2−1)

2
and 𝑝−1

2

classes of cardinality 𝑝(𝑝2 − 1). A completely analogous result holds for the con-
jugacy class𝒟.

Proof. By eq. (1), a conjugate of (𝑣, 𝐴) ∈ Qd(𝑝) must be contained in the set
𝔽2𝑝 ×𝒞, which has cardinality

𝑝2(𝑝2−1)

2
. First, we claim that if (𝑣, 𝐴) and (𝑣′, 𝐴′)

are two elements of Qd(𝑝) such that 𝐴,𝐴′ ∈ 𝒞 and 𝐴𝑣 = 𝑣 and 𝐴′𝑣′ = 𝑣′,
then (𝑣, 𝐴) and (𝑣′, 𝐴′) lie in the same conjugacy class. Since 𝐴𝑣 = 𝑣 and
𝐴𝑣′ = 𝑣′, lemma 4.4 implies the corresponding shifted vectors for a conjugate
of 𝐴 and 𝐴′ are always equal to zero. Thus, as 𝐴 ∼ 𝐴′,

ClassQd(𝑝)(𝑣, 𝐴) =
{
(𝑧, 𝐵) | 𝐵 ∼ 𝐴, and 𝐵𝑧 = 𝑧

}
= ClassQd(𝑝)(𝑣

′, 𝐴′) .

Therefore, the set of all elements (𝑣, 𝐴) ∈ Qd(𝑝) such that 𝐴 ∈ 𝒞 and 𝐴𝑣 = 𝑣

are contained in a single conjugacy class in Qd(𝑝), of which there are

|Fix(𝐴)| ⋅ |𝒞| =
𝑝(𝑝2 − 1)

2

such elements. So, since proposition 5.2 implies that

|ClassQd(𝑝)(𝑣, 𝐴)| =
𝑝(𝑝2 − 1)

2
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when 𝐴 ∈ 𝒞, the set of all (𝑣, 𝐴) ∈ Qd(𝑝) with 𝐴 ∈ 𝒞 and 𝐴𝑣 = 𝑣 comprises
the entire conjugacy class.
Now, there are

|𝔽2𝑝 × 𝒞| − 𝑝 ⋅ |𝒞| =
𝑝2(𝑝2 − 1)

2
−
𝑝(𝑝2 − 1)

2
=
𝑝(𝑝 − 1)2(𝑝 + 1)

2

elements of the form (𝑣, 𝐴) for which 𝐴𝑣 ≠ 𝑣. By proposition 5.2, the size of
every conjugacy class ClassQd(𝑝)(𝑣, 𝐴) in the case 𝐴𝑣 ≠ 𝑣 is

2𝑝 ⋅ |𝒞| = 2𝑝 ⋅
𝑝2 − 1

2
= 𝑝(𝑝2 − 1),

and so, as conjugacy classes are disjoint, we have

|𝔽2𝑝 × 𝒞| − 𝑝 ⋅ |𝒞|

2𝑝 ⋅ |𝒞|
=

(
𝑝(𝑝−1)2(𝑝+1)

2
)

𝑝(𝑝2 − 1)
=
𝑝 − 1

2
.

Thus, there are 𝑝−1

2
such classes. A similar argument shows the result for

classes corresponding to𝒟. □

Proposition 5.6. There are two conjugacy classes inQd(𝑝) corresponding to the
identity matrix in SL(2, 𝑝): one class of cardinality 1 and one class of cardinality
𝑝 − 1.

Proof. By proposition 4.2, the class corresponding to 𝐼 splits into two classes:
the singleton class containing (0, 𝐼), and the set of nonzero vectors paired with
the identity, 𝐼𝑐 = {(𝑣, 𝐼) | 𝑣 ∈ 𝔽2𝑝, 𝑣 ≠ 0}. □

Sum of conjugacy class sizes. Since conjugacy classes partition the group,
we can confirm that the size and number of conjugacy classes comprise

|Qd(𝑝)| = 𝑝2|SL(2, 𝑝)| = 𝑝3(𝑝2 − 1)

elements:

|𝐼| + |−𝐼| + |𝐼𝑐| + |𝒞0| + |𝒟0| +
𝑝−1

2
|𝒞𝑘| +

𝑝−1

2
|𝒟𝑘| + |ℰ̂| + |ℱ̂| +

𝑝−1

2
|𝒢𝑖| +

𝑝−3

2
|ℋ̂𝑗|

= 1 + 𝑝2 + (𝑝2 − 1) +
𝑝(𝑝2−1)

2
+

𝑝(𝑝2−1)

2
+

𝑝−1

2
⋅ 𝑝(𝑝2 − 1) +

𝑝−1

2
⋅ 𝑝(𝑝2 − 1)

= . +
𝑝2(𝑝2−1)

2
+

𝑝2(𝑝2−1)

2
+

𝑝−1

2
⋅ 𝑝3(𝑝 − 1) +

𝑝−3

2
⋅ 𝑝3(𝑝 + 1)

= 𝑝3(𝑝2 − 1) = |Qd(𝑝)|, as expected.

Element order. The order of an element is given in terms of the order of its
matrix component.

Proposition 5.7. Let 𝑣 ∈ 𝔽2𝑝. If𝐴 ≠ 𝐼, then the order of (𝑣, 𝐴) inQd(𝑝) is equal
to the order of 𝐴 in SL(2, 𝑝). If 𝑣 ≠ 0, the order of (𝑣, 𝐼) is 𝑝.
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Proof. Let 𝑣 ∈ 𝔽2𝑝 and 𝐴 ∈ SL(2, 𝑝). By the multiplication in Qd(𝑝), for any
nonnegative integer𝑚,

(𝑣, 𝐴)𝑚 = (𝑣 + 𝐴𝑣 +⋯+𝐴𝑚−1𝑣, 𝐴𝑚). (4)

First, assume that 𝐴 ≠ 𝐼. If 𝐴 = −𝐼, then 𝐴2 = 𝐼 and (𝑣, −𝐼)2 = (𝑣 − 𝑣, 𝐼) =

(0, 𝐼). If the order of 𝐴 is 𝑛 > 2, then eq. (4) implies that (𝑣, 𝐴)𝑛 yields the
identity 𝐼 in the second component. It remains to show that 𝑣 + 𝐴𝑣 + ⋯ +

𝐴𝑛−1𝑣 = 0, but this follows immediately from lemma 3.3. Now assume that
𝐴 = 𝐼. In the case (𝑣, 𝐼) with 𝑣 = 0, the order is one. If 𝑣 ≠ 0, observe that
the additive order of 𝑣 is equal to 𝑝, and so again by eq. (4), (𝑣, 𝐼)𝑝 = (𝑝𝑣, 𝐼) =

(0, 𝐼). □

Concluding remarks. Classifying the conjugacy classes in Qd(𝑝) serves as a
first step toward understanding the Hochschild cohomology HH∗

(𝔽𝑝[Qd(𝑝)])

of the group algebra 𝔽𝑝[Qd(𝑝)]. In particular, the techniques developed by
Siegel and Witherspoon in [13] require explicit conjugacy class representatives
of the underlying group to understand the algebraic structure of the correspond-
ing Hochschild cohomology ring. By giving a complete and explicit description
of the conjugacy classes, our results make it possible to apply these techniques
to investigate the ring structure of HH∗

(𝔽𝑝[Qd(𝑝)]).
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