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Cohomology of rook-Brauer algebras and
their subalgebras

Andrew Fisher and Daniel Graves

ABSTRACT. This paper studies the (co)homology of rook-Brauer algebras and
their subalgebras. Our main results focus on the cohomology of rook-Brauer
algebras (which is related to the cohomology of symmetric groups), the coho-
mology of Motzkin algebras (for which we obtain a vanishing result in pos-
itive degrees) and the cohomology of walled Brauer algebras (which is re-
lated to the cohomology of products of symmetric groups). Along the way we
collect some cohomological analogues of known results for Temperley-Lieb
algebras, Brauer algebras and rook algebras.
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1. Introduction

Brauer algebras were first introduced in [Bra37], where they were shown to
exhibit a Schur-Weyl duality with the orthogonal groups. Since then, one of the
most common presentations of the Brauer algebras is in the form of diagram
algebras. A Brauer n-diagram is a graph on two columns of n vertices such
that each vertex is connected to precisely one other by an edge. One forms
an algebra, B,,(6), from such diagrams by taking k-linear combinations (for
some commutative ground ring, k). The product is induced from gluing two
diagrams together along a column of vertices and replacing any loops in the
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middle column by a parameter § in the ground ring (precise definitions given
below in Section 2).

A rook-Brauer n-diagram (sometimes called a partial Brauer n-diagram) is
a graph on two columns of n vertices such that each vertex is connected to at
most one other by an edge. As above, we can form an algebra, R3B,,(6, ), with
basis the rook-Brauer n-diagrams. The key difference, since we allow isolated
vertices in our graphs, is that we can obtain two topologically different types of
component within the middle column. We can obtain contractible components
(isolated vertices and edges that lie only within the middle column) and we can
form loops as before (see Example 2.4 below for an example of this composi-
tion). The parameter &, as for the Brauer algebras, replaces any loops formed
in the composition of diagrams. The parameter € replaces any contractible com-
ponents in the middle column of a composite of two diagrams.

Rook-Brauer algebras are also of interest from the point of view of represen-
tation theory. They exhibit a Schur-Weyl duality with the orthogonal groups
[Hd14, MM14]| and, more generally, with twin groups [DG24].

The rook-Brauer algebras also contain a number of interesting subalgebras
spanned by subsets of their diagram basis. We briefly recall the subalgebras
that we will study in this paper, together with a short history.

The Brauer algebra, B,(5), described above, is a subalgebra and there is a
vast literature on these. Note that since we do not allow isolated vertices, we can
drop ¢ from the notation of this subalgebra. The same is true for the Temperley—
Lieb algebras and walled Brauer algebras described below.

The Temperley-Lieb algebra, T £,(5), is spanned by the Brauer diagrams that
are also planar in the sense that all edges are contained within the rectangle
formed by the vertices and no edges intersect. They are of interest in statistical
mechanics, knot theory and representation theory [TL71, Jon83, Jon85, Wes95].

The rook algebra, R, (¢), is spanned by diagrams such that a vertex is either
isolated or connected to a vertex in the other column. The planar rook alge-
bra, PR, (¢) is spanned by those rook diagrams which are planar. The repre-
sentation theory of these algebras have been studied in [HRO1, Xial6, Cam24,
FHHO09, BM13]. Since we cannot have edges between two vertices in the same
column, we cannot form any loops. Hence we drop ¢ from the notation in these
algebras.

The Motzkin algebras, M, (8, €), are spanned by rook-Brauer diagrams that
are also planar. They were first introduced in the paper [BH14]. They exhibit
a Schur-Weyl duality with the special linear Lie algebra of order 2 over k (see
[BH14] and also [DG23, Sections 1, 9, 10]). Motzkin algebras have also been
used to construct a tensor category with fusion rules of type A [JTY21].

The walled Brauer algebras, B, (5), were introduced as a centralizer of a di-
agonal action of a general linear group on a tensor space (see [Koi89, Tur90,
BCHLLS94, Nik06] for instance). Their representation theory has been well
studied (see [Hal96, CDVDMO8, JK20, CDVPSW24] for instance). They are re-
lated to Khovanov’s arc algebra [BS12] and they also arise in quantum physics
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[BISH24]. Walled Brauer (r + s)-diagrams share the property of Brauer dia-
grams that every vertex is connected to precisely one other but we now have
extra conditions. We have a “semi-porous wall” separating the first r vertices in
the two columns from the last s vertices in the two columns. Any edge between
the two columns is forbidden from crossing the wall but any edge between two
vertices in the same column is required to cross the wall.

The aim of this paper is to study the (co)homology of the rook-Brauer alge-
bras and those subalgebras which have not yet appeared in the literature. Each
of the algebras mentioned above can be equipped with an augmentation so we
can define their homology and cohomology as certain Tor and Ext groups fol-
lowing Benson [Ben91, Definition 2.4.4].

The homology of the Temperley-Lieb algebras and the Brauer algebras has
been well studied (see [BH24, Sro22, Boy25, BBRWS25, Boy25a] for the
Temperley-Lieb case and [BHP21, Boy25] for the Brauer algebra case). These
form part of a larger literature on the (co)homology of diagram algebras which
also includes the partition algebras and variations such as the Tanabe algebras
and the coloured partition algebras [BHP23, Boy24, FG25, CG26], the Jones an-
nular algebras [Boy24] and the dilute Temperley-Lieb algebras [FG26].

For the Brauer algebra, B,(5), it is known that for any J, the homology is
isomorphic to the homology of the symmetric group X, if n is odd [Boy25, The-
orem 1.3]. If n is even, such an isomorphism is only true in a range [BHP21,
Theorem B]. It is known that the range is sharp for n = 2 but this is not known
for larger even numbers.

Our first main result concerns the walled Brauer algebras. Our result takes a
different form to the Brauer algebra, not depending directly on the parity of the
indices, but depending on whether the indices r and s are equal. We prove that
for the walled Brauer algebra, B, ((5), the (co)homology can be identified with
the (co)homology of the product of symmetric groups Z, X Z; for any § when
r # s and that the isomorphism holds in a range when r = s. Our main result
is as follows (Theorem 8.18 in the text):

Theorem. Letr,s > 1. Forany § € k and forr # s, there exist isomorphisms of
graded k-modules

B, 5(8)

Tor .

(1L, D= H (5 X2, 1) and  Exty (1, 1) = H*(Z, X Z,, 1),

Furthermore, when r = s, these isomorphisms hold in the range 0 < * < r—:S -1

We show that the range given when r = s cannot be improved in general, by
showing that it is sharp when r = s = 1. In this case, the walled Brauer algebra
B11(6) is isomorphic to the Temperley-Lieb algebra 7°£,(5) so we can deduce
sharpness from the calculations of Boyd and Hepworth [BH24, Proposition 7.1].
We also show that the isomorphism of graded k-modules holds for any r and
s when the parameter § is invertible in k (Theorem 8.3 in the text). The proof
uses idempotent covers and the Mayer—Vietoris complex from [Boy24].
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Our second main result concerns the rook-Brauer algebras and the Motzkin
algebras. There already exist statements on the homology of rook-Brauer alge-
bras in the literature, namely Theorem 7.3 and Corollary 7.4 of [Boy25]. These
results claim that ife isinvertiblein k and § € k is any element, then the homol-
ogy of the rook-Brauer algebra R3B,,(J, ¢) is isomorphic to the homology of the
Brauer algebra 3B,,(8). The justification for this claim occurs before the state-
ment of Theorem 7.3 and goes as follows. In Section 5 in loc. cit., Boyde defines
rook-Brauer n-diagrams p;, which are formed from the rook-Brauer n-diagram
with n horizontal edges by omitting the i edge. For example, the diagrams o,
and p, in R3B,(8, €) are pictured below:

[ ] [ ] *——o

*——o [ ] [ ]

Let I be the two-sided ideal in RB,,(6, ) generated by the elements p;. It
is implicitly claimed that the quotient R3B,(5,¢€)/I is isomorphic as an algebra
to the Brauer algebra 3,,(5). However, this is not the case. We have the fol-
lowing product in RB,(J, ), which lies in the two-sided ideal I since we are
multiplying on the left and right of p,:

b oo bl

The diagram on the right is a scalar multiple of a Brauer 2-diagram. Since ¢
is invertible, we can scale this to show that the Brauer 2-diagram

) |

also lies in I so the isomorphism of algebras does not hold.

We show that if € is invertible then, for any &, the (co)homology of the rook-
Brauer algebra R3B,(6,¢) is isomorphic to the (co)homology of the symmetric
group Z,. Our methods can also be used to show that, under the same condi-
tions, the (co)homology of Motzkin algebras vanishes in positive degrees. The
following is a combination of Theorems 7.3 and 7.4.

Theorem. Let ¢ be invertible. Then, for any &, there exist isomorphisms of graded
k-modules

RB (S, N -
Tory 91, 1) 2 Hy(Ep 1) and  Exthy (1, 1) = H*(Z,, 1)

and the graded k-modules Torf["(a’s)(]l, 1) and Extg,[n( . E)(]l, 1) are isomorphic to
k concentrated in degree zero.

Remark 1.1. Since the submission of this paper, Khoa Ta [Ta25] has found an
alternative proof of the homological part of this result using inductive resolu-
tions, after the fashion of [BH24, BHP21, BHP23].
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Along the way we also collect a couple of cohomological analogues of known
results for the homology of Brauer algebras, Temperley-Lieb algebras and rook
algebras found in [Boy25]. We also prove the related results for the planar rook
algebras. These results follow methods introduced in [Boy25].

In Section 5, we prove the cohomological analogue of [Boy25, Theorem 1.11]:
if a subalgebra of the rook-Brauer algebra is free, as a module, on a basis of dia-
grams and if certain left ideals (based on link states, see Section 4) are principal
and generated by an idempotent then we can deduce a chain of isomorphisms
on cohomology, depending on the number of propagating edges.

The paper is structured as follows. In Section 2, we recall the definition of
the rook-Brauer algebras, together with the subalgebras introduced above. In
Section 3 we define augmentations for each of these algebras and define their
(co)homology in terms of the augmentation. In Section 4 we recall the notion
of a link state for a rook-Brauer diagram and use this to define families of ideals
which we will use to prove our main results. We also recall the notions of double
diagram and sesqui-diagram.

In Section 5, we prove the cohomological analogues of [Boy25, Theorem 4.3]
and [Boy25, Corollary 4.4] and provide an application in the case of subalgebras
of the rook-Brauer algebras. This will be our main technical result for studying
the cohomology of the rook-Brauer algebras and the Motzkin algebras. In Sec-
tion 6, we gather cohomological analogues of results for the rook algebras with
¢ invertible [Boy25, Theorem 5.4] and for Brauer algebras and Temperley-Lieb
algebras with n odd (see [Boy25, Theorems 1.1, 1.3] and [Sro22, Theorem A]).
We also include results on the (co)homology of planar rook algebras. In Section
7, we prove that if € is invertible then the (co)homology of the rook-Brauer al-
gebra RB,,(6, €) is isomorphic to the (co)homology of the symmetric group X,
and the (co)homology of the Motzkin algebras vanishes in positive degrees.

In Section 8 we show that the (co)homology of the walled Brauer algebra
B, +(6) is isomorphic to the cohomology of X, X X when the parameter ¢ is
invertible. We then construct a k-free idempotent left cover of the two-sided
ideal described above and use this to show that the (co)homology of the walled
Brauer algebra B, ((9) is isomorphic to the cohomology of X, X X; when r # s
for any 8 € k and that such an isomorphism holds in a range when r = s is
even.
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1.1. Conventions. Throughout, k will be a unital, commutative ring and n
will be a positive integer unless otherwise stated.

2. Rook-Brauer algebras and their subalgebras

In this section, we recall the definition of the rook-Brauer algebras, the
Motzkin algebras, the (planar) rook algebras, the (walled) Brauer algebras and
the Temperley-Lieb algebras.

Definition 2.1. A rook-Brauer n-diagram is a graph on two columns of n ver-
tices where each edge is incident to two distinct vertices, there is at most one
edge between any two vertices and any vertex is connected to at most one other
vertex.

By convention, the vertices down the left-hand column will be labelled by
1,...,n in ascending order from top to bottom and the vertices down the right-
hand column will be labelled by 1, ..., 7 in ascending order from top to bottom.
Furthermore, we assume that all edges are contained within the convex hull of
the vertices.

Definition 2.2. We collect some important terminology for graphs that will be
used throughout the rest of the paper.

(1) Anedge that connects the left-hand column of vertices to the right-hand
column of vertices will be called a propagating edge.

(2) An edge that connects two vertices in the same column will be called a
non-propagating edge.

(3) Avertex not connected to any other by an edge will be called an isolated
vertex.

(4) An n-diagram having precisely n propagating edges will be called a
permutation diagram. All other n-diagrams will be referred to as non-
permutation diagrams.

Definition 2.3. Let §, ¢ € k. The rook-Brauer algebra, RB,(9,¢), is the k-
algebra with basis consisting of all rook-Brauer n-diagrams with the multipli-
cation defined by the k-linear extension of the following product of diagrams.
Let d; and d, be rook-Brauer n-diagrams. The product d;d, is obtained by the
following procedure:

« Place the diagram d, to the right of the diagram d; and identify the
vertices 1, ..., 7 in d; with the vertices 1, ..., n in d,. Call this diagram
d; = d,. We drop the labels of the vertices in the middle column and
we preserve the labels of the left-hand column and right-hand column.

« Count the number of loops that lie entirely within the middle column.
Call this number a. Count the number of contractible connected com-
ponents that lie entirely within the middle column (that is, isolated ver-
tices in the middle column or an edge which is connected to neither the
left-hand column nor the right-hand column). Call this number .
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« Make a new rook-Brauer n-diagram, ds, as follows. Given distinct ver-
tices x and y in the set {1, I, s n,ﬁ}, d; has an edge between x and y if
there is a path from x to y in d; * d,.
« We define d,d, = §%Pd;.
The product is associative and the identity element consists of the diagram with
n horizontal edges.

Example 2.4. Here is an example of composition in RB,(5,¢). We drop the
labels on the vertices for a clearer picture. In the diagram below, we form one
loop in the middle column and we have one isolated vertex in the middle col-
umn and so we obtain a factor of de.

We refer the reader to the papers [Hd14]| and [Boy25] for further examples
of composing rook-Brauer diagrams.

Definition 2.5. Fixn > 1.

(1) A Motzkin n-diagram is a planar rook-Brauer n-diagram, that is, a rook-
Brauer n-diagram such that no edge crosses another. The Motzkin alge-
bra, M, (,¢), is the subalgebra of RB,,(J, €) spanned k-linearly by the
Motzkin n-diagrams.

(2) A rook n-diagram is a rook-Brauer n-diagram such that each connected
component is either an isolated vertex, or it consists of exactly one ver-
tex from the left-hand column and one vertex from the right-hand col-
umn. A planarrook n-diagram is a rook n-diagram which is planar. The
rook algebra, R, (¢), is the subalgebra of RB, (6, €) spanned k-linearly
by the rook n-diagrams. The planar rook algebra, PR, (¢), is the subal-
gebra of RB,(6, €) spanned k-linearly by the planar rook n-diagrams.

(3) A Brauer n-diagram is a rook-Brauer n-diagram with no isolated ver-
tices. The Brauer algebra, B,,(9), is the subalgebra of R B,,(J, €) spanned
k-linearly by the Brauer n-diagrams.

(4) A Temperley-Lieb n-diagram is a planar rook-Brauer n-diagram with no
isolated vertices. The Temperley-Lieb algebra, 7 L, (9), is the subalge-
bra of RB,(6, €) spanned k-linearly by the Temperley-Lieb n-diagrams.

Definition 2.6. Let r and s be non-negative integers. A walled Brauer (r + s)-
diagram is a Brauer (r + s)-diagram such that

« a propagating edge must either join one of the first r vertices of the left-
hand column with one of the first r vertices of the right-hand column
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or join one of the last s vertices of the left-hand column with one of the
last s vertices of the right-hand column,

+ a non-propagating edge in either column must join one of the first r
vertices with one of the last s vertices.

Example 2.7. Consider the two diagrams below. We have drawn in a dashed
horizontal line to indicate the division of the vertices into two parts.

=1

Wl

4e—o

N

The diagram on the left is a walled Brauer (2 + 2)-diagram. The diagram on
the right is not: there is a propagating edge that crosses the dividing line and a
non-propagating edge in the right-hand column which does not. Both of these
prevent this diagram from being a walled Brauer (2 + 2)-diagram.

Definition 2.8. Letr and s be non-negative integers. The walled Brauer algebra
B, 5(8) is the subalgebra of the Brauer algebra B,,,(5) (and therefore a subal-
gebra of RB, ((J, ) spanned k-linearly by the walled Brauer (r + s)-diagrams.
We note that B, , = B, = k[Z,].

3. Cohomology of augmented algebras

Recall that a k-algebra is said to be augmented if it comes equipped with a
k-algebra map 7: A — k, which is called the augmentation. (We note that
an augmentation is usually denoted by ¢, but we are already using this as a
parameter in some of our algebras.)

We begin by defining a collection of two-sided ideals inside each of the alge-
bras defined in Section 2. Each of the definitions made below is seen to be valid
by observing that the composite of two diagrams with i propagating edges and
Jj propagating edges respectively is a scalar multiple of a diagram with at most
min(i, j) propagating edges (see [Hd14, Section 2.2]).

Definition 3.1. For 0 < i < n—1, letI; denote the two-sided ideal of R3B,(J, €)
spanned k-linearly by rook-Brauer n-diagrams having at most i propagating
edges. We will use the fact that I_; = 0.

Let A denote any of the subalgebras of R3B,(6, €) defined in Section 2. We
can equip A with an augmentation. Since I,,_; is a two-sided ideal in RB,,(J, €)
(spanned k-linearly by all non-permutation diagrams), we see that ANI,_; isa
two-sided ideal in A spanned k-linearly by all non-permutation diagrams in A.
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Definition 3.2. Let A be any subalgebra of a rook-Brauer algebra defined in
Section 2. We equip A with the augmentation 7 : A — k that sends the permu-
tation diagrams to 1 € k and all non-permutation diagrams to 0 € k.

Definition 3.3. Let A denote any of the algebras defined in Section 2. The
trivial module, 1, consists of a single copy of the ground ring k, where A acts on
k via the augmentation.

We will study the homology and cohomology of the algebras introduced in
Section 2. In other words, for any such algebra A, we are going to consider the
graded k-modules

Tor{(1,1) and Ext}(1,1).

4. Link states and ideals

In this section we recall the notion of a link state. This material follows
[Boy25, Section 1]. Link states were first introduced in the paper [RSA14]. They
in turn point out that the notion is related to parenthesis structures [Kau90], arch
configurations [DFGG97] and cellular structure [ GL96].

4.1. Link states for rook-Brauer diagrams. We begin by recalling link states
for rook-Brauer algebras and their subalgebras.

Definition 4.1. Byslicing vertically down the middle of a rook-Brauer n-diagram
we obtain its left link state and right link state. Explicitly, we split all propagating
edges at their midpoint and preserve all non-propagating edges. By restriction
this gives us the notion of link states for Motzkin n-diagrams, (walled) Brauer
n-diagrams and Temperley-Lieb n-diagrams.

Remark 4.2. The right link state of a rook-Brauer n-diagram consists of a col-

umn of n vertices, labelled T, ...n, such that at each vertex we have one of the
following three situations:

« the vertex has a hanging edge, called a defect;
« thevertex is connected to precisely one other vertex by a non-propagating
edge;
« the vertex is an isolated vertex.
We note that link states for Brauer n-diagrams, Temperley-Lieb n-diagrams and

walled Brauer (r + s)-diagrams will not have isolated vertices. Link states for
Temperley-Lieb n-diagrams and Motzkin n-diagrams must be planar.

Example 4.3. In the diagram below we see the walled Brauer (2 + 2)-diagram
from Example 2.7, together with its right link state:
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wl

1

Definition 4.4. For 0 < i < n, we let P; denote the set of right link states of
rook-Brauer n-diagrams with precisely i defects.

The set P; consists of the right link states of the diagrams which span the
quotientideal I; /I;_;. This is an important part of the proof of [Boy25, Corollary
4.4] and Corollary 5.3.

Definition 4.5. Suppose we have a right link state of a rook-Brauer n-diagram.
We can remove two defects and replace them with a non-propagating edge join-
ing the two vertices. This operation is called a splice. We can also remove a
defect, leaving an isolated vertex. This operation is called a deletion.

Remark 4.6. These operations continue to be valid for subsets of rook-Brauer
n-diagrams, but sometimes with conditions. We do not allow the deletion of de-
fects when considering the (walled) Brauer algebra or the Temperley-Lieb alge-
bra as this would result in isolated vertices. When considering the Temperley—
Lieb algebra and the Motzkin algebra, we do not allow splices that would violate
the planarity condition. In the case of the walled Brauer algebra, we only allow
splices that connect a defect at one of the first r vertices with a defect at one of
the last s vertices.

Example 4.7. The diagrams below show the right link state of the walled Brauer
(2 + 2)-diagram from Example 4.3, together with the result of splicing the two
defects.

=1
=1

Wl Yl
o e
wl S]]

4 4

Definition 4.8. Consider a right link state p € P;. Let J,, denote the left ideal
of RB, (68, ) with basis given by the diagrams having right link state obtained
from p by a (possibly empty) sequence of splices and deletions.

One can see that J, is a left ideal as follows: given rook-Brauer n-diagrams
x and y, the right link state of the composite xy is obtained from the right link
state of y by means of a valid sequence of splicings and deletions.
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4.2. Sesqui-diagrams and double diagrams. In order to prove our results it
will be useful to consider the diagrams formed in composition, together with
the composite of a diagram and a right link state. This leads to the notions of
double diagram and sesqui-diagram.

Definition 4.9. For any of the algebras defined in Sections 2, the composi-
tion of two diagrams d; and d, involved forming a diagram d; * d, with three
columns of vertices, formed by identifying the right-hand column of vertices of
d; with the left-hand column of vertices in d,. We call such a diagram a double
diagram. Henceforth, when using double diagrams we will label the left-hand
column of vertices by 1, ..., n, the middle column of vertices with 1/, ..., n" and
the right-hand column of vertices with 1, ..., 7.

Example 4.10. The diagram

from Example 2.4 is a double diagram.

Definition 4.11. For any of the algebras defined in Section 2, let p be a right
link state of an n-diagram. Let d be an n-diagram. We define the sesqui-diagram
(p,d) to be the diagram formed by identifying the vertices 1,..,n in p with
the vertices 1, ...,n in d. After performing this identification, we relabel the
vertices. The left-hand column of vertices will be labelled by 1/, ..., n" and we
preserve the labels T, ..., n on the right-hand column.

Example 4.12. Consider the right link state p and the diagram d (as walled
Brauer (2 + 2)-diagrams) below:

The sesqui-diagram (p, d) is drawn below:



1048 ANDREW FISHER AND DANIEL GRAVES

5. Cohomology of diagram algebras

In this section we prove the cohomological analogues of [Boy25, Theorem
4.3] and [Boy25, Corollary 4.4] and provide an application in the case of subal-
gebras of the rook-Brauer algebras.

Theorem 5.1. Let A bean associative k-algebra. Let M and N be right A-modules.
Suppose that I is a two-sided ideal of A such that

« I acts trivially on M and N and

« as a left ideal I is isomorphic to a direct sum of left ideals J, @ --- © J,,
where each J; is generated as a left ideal by finitely many commuting idem-
potents.

Then there is an isomorphism of graded k-modules

Ext}(M,N) = Ext; , (M, N).

Proof. We will show that Extz(M ,N) and Ext: /I(M ,N) are the cohomology
of the same cochain complex.

Let F, be a free resolution of M by right A-modules. We know that Ext;(M ,N)
is the cohomology of the cochain complex Hom 4(F,, N).

On the other hand, since I acts trivially on N, we have an isomorphism of
cochain complexes

Homy(Fy, N) = Hom, /1(Fy ®4 (A/I),N),

by extension and restriction of scalars.

As demonstrated in the proof of [Boy25, Theorem 4.3], F, ® 4 (A/I) is a reso-
lution of M by free right (A /I)-modules. This uses the commuting idempotents
in the statement and the fact that I acts trivially on M.

As shown in [Boy25, Lemma 4.1], if e € A is idempotent then the left ideal
Ae is a projective left A-module because there is a split short exact sequence

(1-e)
0> Ae> A—— A(1—e)— 0.
Then [Boy25, Corollary 4.2] shows by induction that a left ideal of A gener-
ated by finitely many commuting idempotents is in fact generated by a single
idempotent, and hence is a projective left A-module.

Each J; is then a projective left A-module since it is generated as a left ideal

of A by finitely many commuting idempotents, and therefore I is a projective
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left A-module as it is a direct sum of projective left A-modules. This yields a
projective resolution 0 - I & A — 0 of A/I by projective right A-modules.
The fact that I acts trivially on M allows one to deduce that when we tensor
over A with M we obtain M ® 4 I = 0.
Combining these two things we see that Tors(M, A/I) = 0 for * > 1 and
TorOA(M ,A/I) = M as required. Therefore the cohomology of the right-hand

side, Extjf1 /I(M ,N), is isomorphic to Eth(M ,N) as required. O

The theorem has two important corollaries. The first covers the case where
I itself is generated as a left ideal by finitely many commuting idempotents.
This follows immediately from the theorem and we state it without proof. The
second covers the case where we have a chain of inclusions of two-sided ideals
and each successive quotient of ideals satisfies the conditions of the theorem.

Corollary 5.2. Let A be an associative k-algebra. Let M and N be right A-modules.
Suppose that I is a two-sided ideal of A such that I acts trivially on M and N and
that I is generated as a left ideal by finitely many commuting idempotents. Then
there is an isomorphism of graded k-modules

Ext;(M,N) = Ext) (M, N).

Corollary 5.3. Let A be a unital, associative k-algebra. Let M and N be right
A-modules. Let 0 < I < m. Suppose that we have a chain of two-sided ideals

O0=I <o < <Ip <A,
such that
e eachI jacts trivially on M and N;
« fori >l there is an isomorphism of left A-modules
Ii ~ Ji,l Ji,pi

for left ideals J; ; generated by finitely many commuting idempotents.

Then there exist isomorphisms of graded k-modules
Ext, (M,N)=Ext), (M,N)= .- =Ext,, (M,N).

Proof. Starting with the given chain of two-sided ideals and [ > 0, the condi-
tions in the statement tell us that for each i > I, the conditions of Theorem 5.1
are satisfied for the image of each two-sided ideal I; inside the algebra A/I;_;.
Theorem 5.1 therefore gives the required chain of isomorphisms. O

Theorem 5.4. Let0 <1 < m < n— 1. Let A be a subalgebra of RB,(9d, €) such
that

» as a k-module, A is free on a subset of the rook-Brauer diagrams and

» foriintherangel < i < m, foreachrightlink state p € P;, if A contains at
least one diagram with right link state p, then A contains an idempotent
e, such that in A we have an equality of left ideals A - e, = AN J),.
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Then we have a chain of isomorphisms
XUy g, (1> 1) & BXCy 0 (1, 1) & - = Bxty 00 (1, 1),

Proof. The proof of this theorem follows the same method as [Boy25, Theorem
1.11], given in Section 6 of that paper. We will apply Corollary 5.3 to the chain
of two-sided ideals

0=AnI;<AN<---<ANI[, <A

We note that each of these two-sided ideals acts as multiplication by 0 € k
on 1 since the diagrams spanning these ideals have fewer than n propagating
edges. Therefore the first condition of Corollary 5.3 is satisfied.

For the second condition, since each I is free as a k-module on some basis of
diagrams and since every diagram has some right link state, we can write

AN, fo=ry ANy’

where we recall that the set P; consists of the right link states of the diagrams
that span the quotient I; /I;_;. The fact that the sum is direct follows by noting
that, if we have two distinct elements in P;, say p and g, then J, nJ, C I;_;.
Since p and g are distinct, an element in J, N J, must be obtained from both
p and q by at least one splice or deletion (depending on which operations are
allowed in A). In either case, this yields a diagram in I;_; since the number of
defects is reduced. O

6. Cohomological analogues of known results

In this section, we collect some cohomological analogues of known results on
the homology of Brauer algebras, Temperley-Lieb algebras and rook algebras.

Proposition 6.1. If§ € k isinvertible or if n is odd, then there is an isomorphism
of graded k-modules Ext;n(a) (I, 1) = H*(Z,, 1).

Proof. We apply Theorem 5.4 with I = 0 and m = n — 1 to obtain this result.
The chain of isomorphisms tells us that the cohomology of

Bn(8)/(Bn(8) N1_1) = B,(5)
is isomorphic to the cohomology of
Bn(8)/(B(8) N1y_1) = k[Zy],

whence the result. The Brauer algebra is free on the basis of Brauer diagrams.
The existence of the necessary idempotents was shown by Boyde: [Boy25, Lemma
7.1] constructs the necessary idempotent when ¢ is invertible; [Boy25, Section
8] describes how to construct the necessary idempotent when n is odd. The
latter case uses the notions of double diagram and sesqui-diagram recalled in
Subsection 4.2 and we adapt these methods to study the walled Brauer algebras
in Section 8. (]
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Proposition 6.2. If n is odd, then the graded k-module Ext;(~ £, (L, 1) is iso-
morphic to k concentrated in degree zero.

Proof. The proof is similar to Proposition 6.1. We apply Theorem 5.4, except
in this case the chain of isomorphisms tells us that the cohomology of

TLn(8)/(TLn(8) NI_1) = T Ly(8)
is isomorphic to the cohomology of
TLn(8)/(TLn(8) NIpy) = k.

We can apply the theorem because the Temperley-Lieb algebras are free on
the basis of Temperley-Lieb algebras and Boyde has constructed the necessary
idempotents in [Boy25, Section 8]. O

Proposition 6.3. Let ¢ € k be invertible. There exists an isomorphism of graded
k-modules
Ext;n(s) (1,1) = H* (Z,,1).

Furthermore, both the graded k-modules Toriw"(g) (1,1)and Ext;R © (L, 1)are
isomorphic to a copy of k concentrated in degree zero.

Proof. In the introduction we recalled the diagrams p;, defined in [Boy25, Sec-
tion 5]. The diagram p; is formed by taking the rook-Brauer n-diagram with n
horizontal edges and omitting the i edge. In particular, each p; lies in the rook
algebra R, (¢) and in the planar rook algebra PR, (¢).

Combining Lemmas 5.2 and 5.3 with the proof of Theorem 5.4 in [Boy25],
we know that the elements ¢~!p; are idempotent and that they generate the
two-sided ideal R,,(¢) N I,,_; as a left ideal. The statement for the rook algebras
now follows from Corollary 5.2 by noting that R,,(¢)/(R,,(¢) N I,,_;) = k[Z,,].

The proof for the planar rook algebras is similar. Using Boyde’s methods one
checks that the two-sided ideal PR, (e) N 1,_; is generated as a left ideal by the
elements e~ p;. We then apply Corollary 5.2, noting that

PR/ (PR ()N 1yq) = k

since the only permutation diagram in PR, (¢) is the identity diagram. O

7. Cohomology of rook-Brauer algebras and Motzkin algebras

In this section, we prove that if € is invertible then the (co)homology of the
rook-Brauer algebra R3B,,(6, ¢) is isomorphic to the (co)homology of the sym-
metric group Z, and that the (co)homology of the Motzkin algebras vanishes
in positive degrees.

Definition 7.1. Let p € P; be aright link state of a rook-Brauer n-diagram. Let
d, be the rook-Brauer n-diagram defined as follows:
« if i is an isolated vertex in p, then i and i are isolated in d b3

« ifi and j are connected by a non-propagating edge in p, then they are
also connected by a non-propagating edge in d,;
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« if there is a defect at i in p then there is a propagating edge between i
and i in dp;
« there are no non-propagating edges in the left-hand column of dp.
Lemma 7.2. Let p € P; be a right link state of a rook-Brauer n-diagram. Let o

be the number of isolated vertices in p and let 8 be the number of non-propagating
edges in p. Then, foranyy € J,,, we have yd,, = g*+hy,

Proof. We will check the following equivalent statement: the double diagram
y #* dp has all the vertex pairings and isolated vertices of y with no loops and
precisely o + 8 contractible components in the middle column.

Any non-propagating edge or isolated vertex in the left-hand column of y
appears in the left-hand column of y * d,,.

Suppose y has a propagating edge from i to j Therefore the double diagram
y * d, has an edge from i to j'. A propagating edge in y leads to a defect in

its right link state at j Since y € J,, its right link state is obtained from p by

a sequence of splices and deletions. Therefore p must have a defect at j. By
definition of d,, there is an edge from j’ to j in the double diagram y * d,,. In

other words i and j are connected in the double diagram as required.

Suppose y has isolated vertices in the right-hand column. There are precisely
a of these that are isolated in p, giving a factor of €* in the product. Any other
isolated vertex in the right-hand column of y is the result of a deletion of a
defect in its right link state. By definition of d, there is an edge joining such
an isolated vertex to the right-hand column in the double diagram. This leads
to the vertex being isolated in the product without generating any extra factors
of €.

Suppose y has a non-propagating edge in its right-hand column. There are
precisely § of these that appear in p, giving a factor of €® in the product. Any
other non-propagating edge in the right-hand column of y is the result of a
splice in its right link state. By definition of d,, there are edges joining the
two vertices to the right-hand column in the double diagram. This leads to the
non-propagating edge existing in the right-hand column of the product.

Finally, in order to form a loop, we would need non-propagating edges in the
left-hand column of d p but, by definition, there are none.

Therefore, the double diagram y * d,, has all the vertex pairings and isolated
vertices of y with no loops and precisely a + 8 contractible components in the
middle column, as required. O

Theorem 7.3. Let ¢ be invertible. For any 6, there exist isomorphisms of graded
k-modules

Tory "1, 1) 2 Hy(S,, 1) and  Exthy s.(1,1) = H*(S,, 1).

Proof. We apply Theorem 5.4 with [ = 0 and m = n — 1. As a k-module, the
rook-Brauer algebra is free on a subset of rook-Brauer diagrams (all of them, in
fact).
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Lete, = e~@*Ad,,. Lemma 7.2 implies that e,, is idempotent. It also implies
that for any y € J,, ye, = e @Pyd, = yandsoJ, C A - e,. The reverse
inclusion, A - e, C Jp, holds since e, has right link state p by construction. [

Theorem 7.4. Let ¢ be invertible. Then for any &, the graded k-modules

Tori/["(a’a)(]l, 1) and Ext;,[n( 5,5)(]1, 1) are isomorphic to k concentrated in degree
zero.

Proof. The method for the Motzkin algebras is exactly the same as for the rook-
Brauer algebras. The key point to note is that if we start with a right link state
of a Motzkin diagram, then the diagram d,, will be a Motzkin diagram. O

8. Cohomology of walled Brauer algebras

We start by showing that the (co)homology of the walled Brauer algebra
B, 5(8) is isomorphic to the cohomology of %, X X; when the parameter § is in-
vertible. We recall the definition of k-free idempotent left cover together with
a related result on (co)homology. We then construct a k-free idempotent left
cover of the two-sided ideal I, ;_;. We use this to show that the (co)homology
of the walled Brauer algebra B, ((5) is isomorphic to the (co)homology of £, XX
when r # s forany § € k and that such an isomorphism holds in a range when
r = 5. We show that this range is sharp in the caser = s = 1.

8.1. Invertible parameter. We begin with the case where the parameter ¢ is
invertible.

Definition 8.1. Fix p € P;, aright link state in 3B, (§) with precisely i defects.
Define a diagram d,, € B, ((9) as follows:

« if there is a non-propagating edge between a and b in p then there is
a non-propagating edge between a and b and a non-propagating edge
between @ and b in d s

« if there is a defect at vertex a in p, then there is a propagating edge
between a and a in d),.

Lemma 8.2. Fix p € P;, a right link state in B, ((§) with precisely i defects. If
Yy is a diagram in B, (&) N J,, then yd, = 8%y, where a is the number of non-
propagating edges in p.

Proof. In order for y to lie in B, ((6) N J,, the right link state of y must be ob-
tained from p by a (possibly empty) sequence of splices. We note the following
facts:

« if @ and b are connected by a non-propagating edge in p then they are
also connected by a non-propagating edge in y;
« if there is a defect at vertex a in p then there are two possibilities:
- the vertex a is part of a propagating edge in y (which results in a
defect in its right link state);
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- the vertex a is part of a non-propagating edge in the right-hand
column of y (which is the result of a splice).

Now consider the double diagram y * d,, (recalling the notation of Subsection
4.2). We will show that if two vertices are connected in y then they are con-
nected in the double diagram y * d,, and that there are precisely a loops in the
middle column of y * d,.

Any non-propagating edges in the left-hand column of y are also present in
the left-hand column of the double diagram y * d,,.

There are precisely a non-propagating edges that appear in both the right-
hand column of y and the right link state p. For each of these there is a corre-
sponding non-propagating edge in the left-hand column of d, by construction.
These form « loops in the middle column of y * d,. Any other non-propagating

edge in the right-hand column of y, say between the vertices a and E, is the re-
sult of splicing two defects together. Since there were defects at a and b in the

right link state p, there are edges from a’ to a and from b’ to b in the double
diagram y * d,. Combining these with the edge from a’ to b’ in the left-hand

part of the double diagram y * d,, formed by the splice, we see that a and b are
connected in y * d,.

Finally, if there is a propagating edge from a to b in y then there is an edge
from a to b’ in the double diagram y * d,. Since this propagating edge would

lead to a defect in the right link state of y, there is an edge from b’ tobiny * d,
by the construction of d,,.

Combining all of this, we see that all the vertex pairings in y are present in
y * d, with precisely a loops in the middle column. Therefore, yd, = §y. [J

Theorem 8.3. Letr and s be non-negative integers. Let 5 € k be invertible. There
exist isomorphisms of graded k-modules

B,5(8)

Tor .

(1,1) = H, (Z, X2, 1) and Ext;m@) (1,1) 2 H* (T, x Z,, 1).

Proof. The walled Brauer algebra B, (5) is a subalgebra of the rook-Brauer
algebra RB,((d,¢).

We will apply [Boy25, Theorem 1.11] for the homological statement and The-
orem 5.4 for the cohomological statement withl =0and m =r + s — 1.

We note that

Bs(0)
(3r,s(5) N I—l) -

B,5(3)

B,s(6) and
’ (Br,s(a) n Ir+s—1)

IR

k[Z, x Z].

The latter holds since the quotient is spanned k-linearly by walled Brauer
(r+s)-diagrams having r+s propagating edges. The conditions of walled Brauer
diagrams tells us that such a diagram consists of a permutation of the first r ver-
tices and a permutation of the last s vertices.
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The first condition of the theorem is satisfied since the walled Brauer algebra
B, +(6) is free on a subset of rook-Brauer (r + s)-diagrams, namely the walled
Brauer (r + s)-diagrams.

Lete, = 67%d,. Lemma 8.2, with y = d,, implies that e, is idempotent.
There is an inclusion 3B, ((§)-e, C B, ((§)NJ, since e, liesinJ,. For the reverse
inclusion, take y € B, (§) NJ,. Lemma 8.2 tells us that ye, = 6 *yd, = y, so
Y € B, 4(8) - e, as required. O

8.2. A result on (co)homology. We recall the concept of k-free idempotent
cover from [Boy24, Section 2], together with a result on (co)homology.

Definition 8.4. Let A be a k-algebra. Let I be a two-sided ideal of A. Let w >
h > 1. An idempotent left cover of I of height h and width w is a collection of left
ideals Jy, ..., J, in A such that
Sy 4 e+ Ty =1,
« for S C {1,2,...,w} with |S| < h, the intersection
()
ies
is either zero or is a principal left ideal generated by an idempotent.

If I is free as a k-module, then an idempotent left cover is said to be k-free if
there is a choice of k-basis for I such that each J; is free on a subset of this basis.

We will make use of the following result which can found as [FG25, Theo-
rem B] (noting that the homological part was originally published as [Boy24,
Theorem 2.7]).

Proposition 8.5. Let A be an augmented k-algebra with trivial module 1. Let I be
a two-sided ideal of A which is free as a k-module and which acts as multiplication
by 0 € k on 1. Suppose that there exists a k-free idempotent left cover of I of height
h and width w. There are natural isomorphisms of k-modules

AJl

Tor(1,1) = Tory” (1,1) and Ext](l,1)=Ext! (1,1)

AT

for q < h. Furthermore, if h = w, then the isomorphisms holds for all q.

8.3. Technical lemmas. Recall the notions of double diagram and sesqui-
diagram from Subsection 4.2, together with the notation introduced therein.

Lemma 8.6. Let p be the right link state of a walled Brauer (r + s)-diagram.
Suppose that there exists a walled Brauer (r + s)-diagram e such that
(1) e has right link state p;
(2) if p has a defect at vertex b then there are sequence of edges in the sesqui-
diagram (p, e) that connects b’ and E;
(3) each vertex b’ in (p, e) is connected to the right-hand column of vertices.

Thenye =y forally € B, (5) NJ),.
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Proof. We will show that if two vertices are connected in the diagram y then
they are connected in the double diagram y * e and that the double diagram
Yy #* e contains no loops. If there is a non-propagating edge between a and b
in the left-hand column of y then there must also be a non-propagating edge
between a and b in the left-hand column of the double diagram y * e.

If y has a propagating edge from a to b, then there is an edge from a to b’ in

the double diagram y * e. Condition 2 tells us that b’ is connected to b in the
double diagram y * e as required.

Suppose y contains a non-propagating edge between a and b in its right-hand
column. If this non-propagating edge is present in the right link state p then a
and b are connected in the double diagram y * e by Condition 1. If the non-
propagating edge is not present in the right link state p, it is the result of splicing
two defects together. In this case a’ and b’ are connected in the double diagram
y * e. Condition 2 tells us that a’ is connected to a and that b’ is connected to
b and so a and b are connected in the double diagram y * e as required.

Finally, Condition 3 tells us that every vertex in the middle column of the
double diagram y =* e is connected to the right-hand column and therefore
¥ * e cannot contain any loops. (]

Lemma 8.7. Let p be the right link state of a walled Brauer (r + s)-diagram with
at least one defect. There exists a diagram e, in B, (8) satisfying the conditions
of Lemma 8.6.

Proof. We start with two copies of the right link state p placed side-by-side. We
will explain how to extend the right-hand copy of p to the necessary diagrame,,.
We note that Condition 1 of Lemma 8.6 is automatically satisfied since we are
starting with p as the right link state. There is an illustrative example demon-
strating the steps of this lemma following this proof.

Label the vertices of the left-hand copy by 1, 2, ..., 7 + s and label the vertices
of the right-hand copy by 1,2,..,7 +5.

Extend all but one of the defects in the right-hand copy of p to be connected
to the corresponding defect in the left-hand copy of p by a horizontal edge (since
these propagating edges are horizontal, they satisfy the conditions on edges in
a walled Brauer diagram). We note that the choice of which defect to leave
unconnected is immaterial, the following method applies equally well for any
choice.

We will join the final defect in the right-hand column of p to the correspond-
ing defect in the left-hand column of p, but via a sequence of edges that passes
through every non-propagating edge in the left-hand copy of p. We note that
when we have done this, each defect in the right-hand copy of p will be con-
nected to the corresponding defect in the left-hand copy (so Condition 2 of
Lemma 8.6 will be satisfied) and every vertex in the left-hand copy of p will
be connected to a vertex in the right-hand copy of p (so Condition 3 of Lemma
8.6 will be satisfied). We proceed as in [Boy25, Lemma 8.7], but we must take
extra care to make sure that the non-propagating edges that we add to form
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our path between the two remaining defects satisfy the conditions of a walled
Brauer diagram.

Suppose the right link state p has x non-propagating edges. By the conditions
on walled Brauer diagrams, there are x vertices amongst the first r vertices and
x vertices amongst the last s vertices that are part of non-propagating edges.
Choose a total ordering 1 < --- < x on the non-propagating edges in the left-
hand copy of p (any total ordering will do). Label the vertices corresponding
to the total ordering r4, ..., r,, for the vertices in the top part of the diagram and
81, ..., Sy for the vertices in the bottom part of the diagram.

Suppose that our final unconnected defect in the right-hand copy of p is
amongst the last s vertices, at vertex a. Connect our last remaining defect in
the right-hand copy of p to the vertex s; in the left-hand copy of p. Now join
vertex r; to s;;1 (for 1 < i < x — 1) by non-propagating edges to the right of the
vertices in the left-hand copy of p. Finally, join r, to the vertex a.

We note that had our remaining defect been amongst the first r vertices (still
at some vertex a) we would join the defect to vertex rq, join s; to r;,; for 1 < i <
x — 1 and then join s, to vertex a. O

Example 8.8. Suppose we start with the following right link state, p, of a walled
Brauer (2 + 3)-diagram:

— e

We place two copies side by side and extend all but one of the defects in the
right-hand copy to horizontal edges. In this picture, we have extended the two
top-most defects.




1058 ANDREW FISHER AND DANIEL GRAVES

Finally, we join the remaining defect in the right-hand copy to the corre-
sponding defect in the left-hand copy via a path that passes through the non-
propagating edge in the left-hand copy of the link state. We now have a sesqui-
diagram (p, e,,) where the diagram e, satisfies the conditions of Lemma 8.6.
The diagram on the right is e,,.

Lemma 8.9. Supposer # s (withr,s > 1). The right link state of any diagram
in B, 5(6) has at least one defect.

Proof. Suppose s > r. Since any non-propagating edge in B, ((§) must connect
an element from the first r vertices to a vertex from the last s vertices, there can
be at most r non-propagating edges and so we must have at least s —r > 0
propagating edges. The same argument works for r > s. |

8.4. A free idempotent left cover.
Definition 8.10. Let U denote the set of elements (i, j) where i and j are pos-
itive integers satisfying 1 < i <randr+1<j<r+s.

Consider a walled Brauer (r + s)-diagram, d. Multiplying on the left by any
other walled Brauer (r + s)-diagram preserves non-propagating edges in the
right-hand column of d. We can therefore make the following definition.

Definition 8.11. For (i, j) € U, let L; ; be the left ideal of B, ((§) spanned k-
linearly by walled Brauer (r + s)-diagrams such that the vertices i and j are
joined by a non-propagating edge.

Lemma 8.12. The collection of left ideals L; j (for (i, j) € U) cover the two-sided
ideal I s, in B, 4(5).

Proof. A basis diagram in L; ; contains at least one non-propagating edge, and
so cannot have r + s propagating edges. Hence each L; ; is contained in I, _;.

Conversely, a basis diagram in I, ;_; has fewer than r + s propagating edges.
Therefore, we must have at least one non-propagating edge in each column of
vertices and so the basis diagram must lie in some L; ;. |

Lemma 8.13. Let T C U. Then
ﬂ Li,j =0

(i,j)eT
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if and only if there exist distinct elements a = (i}, j;) and b = (i, j,) in T such
that one of the co-ordinates of a is equal to one of the co-ordinates of b.

Proof. If there exist distinct elements a = (i}, j;) and b = (i, j,) in T such
that one of the co-ordinates of a is equal to one of the co-ordinates of b, then a
diagram in the intersection would have a vertex in the right-hand column with
two distinct edges incident to it, which contradicts the definition of a walled
Brauer n-diagram.

Conversely, suppose there are not distinct elements a = (i}, j;) and b =
(i, j») in T such that one of the co-ordinates of a is equal to one of the co-
ordinates of b. We construct a diagram in the intersection as follows. For
each (i, j) € T, we have a non-propagating edge joining i and j and a non-
propagating edge joining i and j. For each vertex v not included in the indexing
set T, we have a propagating edge joining v and v. O

Lemma 8.14. Suppose r # s (with r,s > 1). Suppose there are not distinct
elements a = (i1, j;) and b = (i, j,) in T such that one of the co-ordinates of a is
equal to one of the co-ordinates of b. Then the intersection

is principal and generated by an idempotent.

Proof. Let g be the right link state such that for each (i, j) € T, we have a
non-propagating edge joining i and j and for each vertex v not included in the
indexing set T we have a defect. We have
ﬂ Li,j = Jq.
(i,))eT
Since r # s, ¢ must have at least one defect by Lemma 8.9. Lemmas 8.6 and 8.7
tell us that there exists a diagram e, such that right multiplication by e, gives a

retraction B, ((§) — B, (6) NJ,. It follows from [Boy24, Lemma 2.6] that J, is
principal and generated by an idempotent. O

Lemma 8.15. Supposer = s (with r,s > 1). Suppose there are not distinct
elements a = (iy, j;) and b = (i, j,) in T such that one of the co-ordinates of a is
equal to one of the co-ordinates in b. Suppose that

U {i,j}#1{1,2,...,r +s}.
(i.)eT
Then the intersection
M L
(i.)EeT
is principal and generated by an idempotent.
Proof. Since the union of all indices in T does not include every vertex in the

right-hand column, the same proof as Lemma 8.14 applies here, since we must
have at least one defect. O
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Proposition 8.16. Suppose r # s (withr,s > 1). The left ideals L; ; (for (i, j) €
U) form a k-free idempotent left cover of I, ,_, such that the height is equal to the
width.

Proof. This follows from Lemmas 8.12, 8.13 and 8.14. O
Proposition 8.17. Supposer = s (r,s > 1). The left ideals L; ; (for (i, j) € U)

r+s

form a k-free idempotent left cover of I, ,_; of height - 1.
Proof. This follows from Lemmas 8.12, 8.13 and 8.15. ]

8.5. (Co)homology of walled Brauer algebras.

Theorem 8.18. Letr,s > 1. Forany § € k and forr # s, there exist isomor-
phisms of graded k-modules

B, 5(8)

Tor*

(1L, D = H (5 X2, 1) and  Exty (1, 1) = H*(Z, X Z,, 1),

Furthermore, when r = s, these isomorphisms hold in the range 0 < % < r—;rs -1

Proof. This follows from Proposition 8.5 with the idempotent left covers of
Proposition 8.16 (when r # s) and Proposition 8.17 (when r = s), together
with the isomorphism of k-algebras B, ((6)/1I, -1 = k[Z, X X]. O

We will now show that the range found in Theorem 8.18 for the case r = s
cannot be extended in general by showing that it is sharp for the case of B, ;(5).

Proposition 8.19. There is an isomorphism of k-algebras B, 1(8) = T £,(5). In
particular, there exist isomorphisms of k-modules

k g=>0
Tor, " ®(1,1) 2 {k/6k g >0, qodd
ks g > 0, g even
and
k g=0
ExthM(a)(Il, 1)=1k/8k q> 0, qeven
(ks q>0,qodd

where ks is the kernel of the map k — k given by multiplication by 9.

Proof. We note that both algebras have two basis diagrams. The isomorphism
of k-algebras is determined by sending the identity diagram to the identity dia-
gram, the non-identity diagram to the non-identity diagram and noting in both
cases that the non-identity diagram squares to & lots of itself.

The isomorphisms on (co)homology follow from the isomorphism of
k-algebras together with the calculations of Boyd and Hepworth [BH24, Propo-
sition 7.1]. O

Corollary 8.20. The range in Theorem 8.18 is sharp whenr = s = 1.
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Proof. Theorem 8.18 tells us that Torfl‘l(a)(ﬂ, 1) and Exth (5)(1, 1) agree
11

with the (co)homology of ¥; X X;, namely the trivial group, when q = 0.
However, this isomorphism does not extend beyond g = 0. The (co)homology
of £; XX, is trivial in positive degrees, whereas Proposition 8.19 tells us that the
(co)homology of B, ;(d) is non-trivial in positive degrees. O

Remark 8.21. The question as to whether the range found in Theorem 8.18 is
sharp for r = s > 2 remains open. This is similar to the case for Brauer algebras
B,,(6) with n even.
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