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Hopf-Galois objects over bicrossed product
Hopf algebras and twisting maps

Julien Bichon and Agustin Garcia Iglesias

ABSTRACT. We describe Hopf-Galois objects over bicrossed product Hopf al-
gebras. More precisely, we show that any right Hopf-Galois object over a bi-
crossed product of Hopf algebras is obtained from Hopf-Galois objects over
the two factors and a certain twisting map, while the unique Hopf algebra
making it into a bi-Galois object is again a bicrossed product.
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1. Introduction

Hopf-Galois extensions, introduced in [27], are the natural analogues in non-
commutative algebra of principal homogeneous spaces or torsors in algebraic
geometry. The case with trivial base, called a Hopf-Galois object, is already
of great interest, because of its use in the study of tensor categories of comod-
ules [40, 32], classification questions for pointed Hopf algebras [4, 6], homolog-
ical algebra questions [8, 43, 42, 9], or for example, with the recent connection
found with quantum information theory [14].

The question of the classification of Hopf-Galois objects over a given Hopf
algebra is thus an important one and has been much studied in the past 30
years. While the case of group algebras or of enveloping algebras of Lie algebras
is easily expressed in terms of second cohomology groups calculations, there is
no general scheme, and even the case of coordinate algebras on affine algebraic
groups is yet not fully understood, see [23] for several particular classes.
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The starting point of this paper was the fact that the Weyl algebra A, (k) is
a Hopf-Galois object over the polynomial algebra k[x, y], that we have noticed
in [11], but was certainly well-known before, and at least was known from [23,
Example 4.8]. Since A;(k) is, in characteristic zero, the algebra of differential
operators on the additive algebraic group k, this leads to the question whether
algebras of differential operators on affine algebraic groups always are Hopf-
Galois objects. We observe (Proposition 2.5) that this is indeed the case, com-
bining a classical result of Heyneman-Sweedler [31] together with the general-
ized quantum double construction of Doi-Takeuchi [20]. It results, for an affine
group scheme G, that Diff(G), the algebra of differential operators on G, is a
right Hopf-Galois object over the tensor product Hopf algebra O(G)*°°? ® D(G),
where O(G) is the commutative Hopf algebra corresponding to G and the alge-
bra D(G) € O(G)* is the Hopf algebra of distributions on G (see Section 2 for
more details).

opf-Galois objects over tensor products of Hopf algebras, or more generally
over generalized Drinfeld doubles, have been described by Schauenburg [34,
33]. Therefore the natural next step seems to study the case of a general bi-
crossed product of Hopf algebras (the generalized Drinfeld double case being
the one when the bicrossed product comes from a pairing), and this is precisely
the contribution of this paper. We show that the Hopf-Galois objects over a
Hopf algebra that is a bicrossed product of two Hopf algebras are described by
Hopf-Galois objects over the two factors together with certain twisting maps.
Our results and methods are illustrated by a complete study of a bicrossed prod-
uct that is not produced by a pairing.

The paper is organized as follows. We start in Section 2 by recalling some
basic notions about Hopf Galois objects and pairings, from which we deduce,
via Proposition 2.4, that for an affine group scheme G, the algebra Diff(G) is a
Hopf-Galois object.In Section 3 we recall the notions of twisting map for a pair
of algebras and of bicrossed product of Hopf algebras. We then discuss the rel-
evant notion of (skew) pairing in the bicrossed product context and generalize
Proposition 2.3 to this context (Proposition 3.8), obtaining in this way an in-
teresting source of Hopf-Galois objects for Hopf bicrossed producs. In Section
4, we study the relation between the bicrossed product of two Hopf algebras
and the appropriate twisted tensor products of a pair of Hopf-Galois objects for
them. This leads to a description of the right Hopf-Galois objects (Theorem 4.2)
and of the corresponding Hopf algebras over which these are left Hopf-Galois
(Theorem 4.6), which are shown to be bicrossed products as well. Section 5 pro-
vides a detailed analysis of an example of bicrossed product Hopf algebra not
arising from a pairing. In the final Section 6 we restrict our previous results to
the case of a the semi-direct product of Hopf algebra. This allows us to provide
a more precise presentation of the Hopf-Galois objects in this case in Theorem
6.3. We discuss in particular the case of unrolled Hopf algebras.

We work over a fixed base field k, over which all the tensor products are
taken. We write k* for the units in k.
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2. Hopf-Galois objects and pairings

2.1. Hopf-Galois objects. Recall that a (right) Hopf-Galois object A over a
Hopf algebra H [27] is a (right) comodule algebra A over H with trivial coin-
variants A" = k and such that the Galois map

can: AQA—> AQH, can(a ® b) = aby) ® by, a,b € A
is bijective. Along the text, we will consider the map
x:H— AQA, h— h® @ h? :=can"(14 ® h); (2.1)
hence we have that:
WD) @ (W?)y=1®h,  heH. (2.2)
As well, we have, see [38, Remark 3.4 2(b)]:
ay(aa)® ® (aq)? =1Qa, a€A. (2.3)

Similarly, there is a notion of left Hopf-Galois object, and a notion of bi-Galois
object [32]. Schauenburg [32, Theorem 3.5] has shown that, given a right Hopf-
Galois object A over H, there exists a unique, up to isomorphism, Hopf algebra
L = L(A, H) such that A is an L-H-bi-Galois object. The Hopf algebra L(A, H)
is defined by L(A, H) = (A ® A°?)°H and the left coaction1, : A > L@ Ais
given by 14(a) = a) ® x(a()).

2.2. Hopf 2-cocycles. Let H be a Hopf algebra. Recall that a (left) 2-cocycle
on H is a convolution invertible linear map ¢ : H® H — k such that o(x,1) =
e(x) = o(1, x) for any x € H, and we have, for any x,y,z € H,

a(x1), Y1))o(X2)Y(2)» 2) = (Y1), 2(1))0(X, Y(2)Z(2))-

There are several algebras naturally associated to such a 2-cocycle.
« The algebra ;H has H as underlying vector space, and product defined by

x.y = 0(X1), Y1))X2)Y(2)- (2.4)

The comultiplication of H then endows ;H with the structure of a right H-
comodule algebra, making it into a right H-Galois object [13, 19]. Notice that
the 2-cocycle condition is equivalent to the fact that the above product is asso-
ciative and has 1 as unit.

« The Hopf algebra H? [18] has H as underlying coalgebra, and product de-
fined by

x.y = a(Xa), Y1) (X@) Y3)X2)Y 2)- (2.5)

The comultiplication of H then endows ;H with the structure of a left H°-
comodule algebra, making it into a left H?-Galois object, and hence an H°-
H-bi-Galois object [32].
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2.3. Cogroupoids. We briefly recall part of the terminology and results from
[8] on cogroupoids. We refer the reader to loc. cit. for details.

We start by recalling that a cocategory consists of a set of objects ob C, a k-
algebra C(X,Y)foreach X,Y € ob Cand algebra morphisms, foreveryX,Y,Z €
obC

ALt CX,Y) = C(X,Z2) ® C(Z,Y), ex: CX,X) >k

satisfying compatibility axioms that mimic those of a coassociative coalgebra,
namely

(A% ; ® idezy))oA% y = (idex.r) ®AF y)oAY 4
(idex v) ®EY)°A)Y(,Y = idexy) = (ex ®idex y) ®€Y)°A))§7y-

forevery X,Y,Z,T € ob C. The cocategory C is called connected if C(X,Y) # 0
forall X,Y € ob C. In turn, a cogroupoid is a cocategory C together with linear
maps

Sxy: CX,Y) - C(Y,X), VX,Y €obC

subject to the natural axioms of the antipode on a Hopf algebra. It follows from
the definitions that a bialgebra is a cocategory with a single object; and C(X, X)
is a Hopf algebra for any object X in a cogroupoid C. We use Sweedler’s notation
A}Z(,Y(aX Yy = a*Z@a”X foran element a*¥ € (X, Y). In particular, we write

o ®%)
X, T T,Z zZY . X,Z\X,T X,Z\T,Y zZY X,T T,Y\T,Z
ay) ®a, @ag, foreither (ai 7Yy @ (a7, ®a,) orayy ®(ag );) ®

(g )y I CX,T)® C(T,2) ® C(Z,Y).
If € is a connected cogroupoid, then C(X,Y)isa C(X,X)— C(Y,Y) bi-Galois

object for all X,Y € obC, see [8, Proposition 2.8]. Conversely, for any Hopf
algebra H and a left H-Hopf-Galois object A, there exists a cogroupoid € and
X, Y eobCsothat H = C(X,X)and A = C(X,Y), [8, Theorem 3.11]. We shall
also use [8, Lemma 2.14], which shows that A)Z(,Y induces a C(X,X) — C(Y,Y)-
bicomodule algebra isomorphism

CX,Y) = C(X, Z)ez.2)CZ, Y). (2.6)

If € is a connected cogroupoid, then [8, Theorem 2.12] presents a k-linear
equivalence of monoidal categories

MEXX) A® preY.Y), Ve Ve x)CX,Y)

for every pair (X,Y) of objects in €. The monoidal constraint is given by the
isomorphism

VOex x)CX,Y)) @ Wex x)C(X,Y)) = (VQ W)ewx x)C(X,Y)
(Zi: U ® af(’y) ® (Zj: w; ® b;(’y) - le:vi Quw;® af’yb;{’y (2.7)

for all V, W € MXX) see [8, Remark 2.16].
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Subcocategories, respectively subcogroupoids, ¢’ C € are defined as ex-

pected. In particular, we make the following remark, which is clear from the
definitions and [8, Proposition 2.13].

Lemma 2.1. Let C be a connected cogroupoid, X € ob C and let H C C(X,X) be
a Hopf subalgebra. Consider, for Y,Z € ob C, the algebra

Cy(Y,Z)={a¥2 e CY,2): a"F @ a** ® aig)z € CY,X)® HQ CX,2)}

@ (@)
This defines a connected subcogroupoid Cy of € (with obCy = ob C and the
natural restrictions of the maps A, € and S).

Remark 2.2. Notice that
Cu(Y,2) ~ (Y, X)ew xyHOex x) C(X, Z)
and in particular
Cr(X,Y) = Hex x)CX, Y), C(Y,X) = (Y, X)Texx)H. (2.8)
As well, we have Cy(X,X) = H and

Cu(X,Y) ={XY e C(X,Y) : aé;’( ® aé’)y eHQ® CX,Y),

Y. X XX
0 ®ay € (Y, X) ® H}.

2.4. Pairings. Let A and U be Hopf algebras. Recall that a pairing between A
and U consists of a linear map 7 : A @ U — k such that for any a,b € A,
x,y € U, we have:
7(a,1) = e(a), (1, x) = e(x),
t(ab, x) = t(a, xq))t(b, x2)) 7(a, xy) = (auy, X)1(ae), y)

A skew-pairing between A and U is a pairing between A“P and U.

Doi-Takeuchi have shown [20, Proposition 1.5] thatift : AQ U — kisa
skew-pairing, then

TIAQUR®ARU — k, a®@x®b®y+— 1(b, x)e(a)(y)

is a 2-cocycle on A ® U. We thus obtain, via the constructions of Subsection

2.2, the algebra {A ® U) and the Hopf algebra (A ® U)*. The Hopf algebra
(A ® U)* is denoted D,(A, U) and is called a generalized Drinfeld double.

2.5. Smash products. Let U be a Hopf algebra and let A be an algebra. A left
U-module algebra structure on A consists of a linear map

URA— A x®ar— x.a

Cy(V,X)={a¥"Xee,X):a

making A into a left U-module, and such that, forany x € U and a,b € A, we
have
x.(ab) = (x1).a)(x(2).b), x.1 = e(x)1.
If A is left U-module algebra, the associated smash product algebra A#U is the
algebra having A @ U as underlying vector space, and whose product is defined
by
a#x - b#y = a(xq).b)#x)y.
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2.6. Hopf-Galois structure on smash products arising from pairings. Let
A and U be Hopf algebrasand let 7 : A @ U — k be a pairing. The pairing
then provides a map

URA— A x®ar— x.a= T(a(z),x)a(l)

that endows A with the structure of a left U-module algebra structure. We thus
can form the smash product algebra A#U, that we denote A#,U to keep track
of 7, whose product is:

a#tx - b#y = a(x(l).b)#x(z)y = T(b(z),x(l))ab(l)#x(z)y.

It is a simple verification that the above product coincides with the one on
{AP ® U) as in Subsection 2.2, and thus the considerations in subsections
2.2 and 2.4 yield the following result.

Proposition 2.3. Let A and U be Hopf algebrasand lett : AQ U — k bea
pairing. Then the smash product algebra A# .U isa D (AP, U)— (AP ® U)-bi-
Galois object, whose left and right coactions are induced by the comultiplication
of the tensor product coalgebra AP @ U.

For the purpose of future generalizations, it is worth to record the equivalent
skew-pairing version of the previous proposition. So again let A and U be Hopf
algebrasand lett : A ® U — k be a skew-pairing. The pairing then provides
a map

URA— A X ® ar— x.a = 1(an), X)ag)

that endows A with the structure of a left U-module algebra structure. We thus
form the smash product algebra A#U, that we denote A#_.U to keep track of ¢
(viewing our skew-pairing as a pairing between A“°P and U, this is the previous
ACP#_U), whose product is defined by

a#tx - b#y = a(x(l).b)#x(z)y = T(b(l),x(l))ab(l)#x(l)y.

Again, the above product coincides with the one on {A ® U) as in Subsection
2.2, yielding, as before, the following result.

Proposition 2.4. Let A and U be Hopf algebrasand lett : AQ U — k bea
skew-pairing. Then the smash product algebra A#.U isa D.(A,U)—(AQ U)-bi-
Galois object, whose left and right coactions are induced by the comultiplication
of the tensor product coalgebra A @ U.

2.7. Application to differential operators on affine group schemes. The
first Weyl algebra A; (k) = k(x,y | xy — yx = 1) can be described as the smash
product k[y]#k[x], where k[x] and k[y] have the Hopf algebra structure mak-
ing x and y primitive, and the smash product structure is obtained as in Sub-
section 2.6 via the pairing 7 : k[x] ® k[y] — k defined by 7(x,y) = 1.

The structure of Hopf-Galois object over k[x,y] of A;(k) is a particular in-
stance of Proposition 2.3. The Weyl algebra is, in characteristic zero, the alge-
bra of differential operators on the additive algebraic group k. This leads to the
question whether algebras of differential operators on algebraic groups always
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are Hopf-Galois objects. As we shall see soon, a classical result of Heyneman-
Sweedler [31] together with Proposition 2.3 provide a positive answer.

Let G be an affine group scheme, with corresponding commutative and finitely
generated coordinate Hopf algebra O(G). The algebra of differential operators
on G, denoted Diff(G), is defined as the algebra of differential operators on the
commutative algebra O(G), in the usual manner, see e.g. [30]. Denote by D(G)
the algebra of distributions on G (this is D(O(G)) in [31], see [17, 26] as well).
This is a Hopf subalgebra of the Hopf dual O(G)°, isomorphic, in characteris-
tic zero, with U(g), the enveloping algebra of g, the Lie algebra of G. Now [31,
Theorem 2.4.5] establishes an algebra isomorphism

O(G)#D(G) ~ Diff(G)

where the smash product is associated to the pairing coming from the inclusion
D(G) € O(G)°. Combining Proposition 2.3 with the above isomorphism, we
get:

Proposition 2.5. Let G be an affine group scheme. Then Diff(G) is a right Hopf-
Galois object over the Hopf algebra O(G)*°? @ D(G).

3. Twisting maps and bicrossed products of Hopf algebras

In this section we review the notions of a twisted tensor product of algebras
and of a bicrossed product of Hopf algebras, and we provide the first general-
ization of Proposition 2.4.

3.1. Twisting maps. Let A, R be algebras. Recall that a twisting map for A, R
consists of a linear map

6:R®A—->AQR
such that the map

id , ®O®id ®
AQRQARQR % AQ AQR®R —2™, A®R

makes A ® R into an associative algebra, with 1 ® 1 as a unit. The resulting
algebra can be denoted A ®g R or A#4R, and is called a twisted tensor product
of A and R. This construction has been studied in many papers, see [41, 15] for
example, where the following equivalent conditions are established, for a,a’ €
A, r,r' €R:
Bo(myr ®id)r @ r' ® a) = (Id ® my)o(6 ®id)o(iIdRO)(r @ r' ® a),
Bo(id®@my)(r®a®a’) =(my ®id)o(id®0)o(6 ® id)(r ® @’ ® a), (3.1)
61®a)=a®1, 6re)=1Qr.

Example 3.1. The very first non-trivial example of a twisted tensor product
comes from smash products: if U is a Hopf algebra and A isa U-module algebra,
then the map

URA—AQU X®ar— Xx1).a® X
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is a twisting map, and the resulting twisted tensor product is the smash product
algebra of Subsection 2.5.

The twisted tensor product generalizes the braided tensor product of algebras
(typically the braided tensor product of Yetter-Drinfeld algebras) as well. If we
write

Br®a)=r—=a®r ~—a
then the above conditionsbecomel — a®1 — a = a®1,r = 1Qr — 1 = 1Qr
and
(" =)@ —a)=r = (' =~ D)~ (" = )~ a),

= ad)®( —ad) = (r~ ) =)~ VO —a) =,

foranyr,r’ €R, a,a’ € A. These equations will become handy further on.

Conversely, starting with an algebra E having two subalgebras such that the
restricted multiplication A®R — E is bijective, then there exits a twisting map
6 : R®A - A®Rsuchthat E ~ A#4R, where the twisting map is obtained as
the composition of the restricted multiplication R ® A — J with the flip map.
See [15, Theorem 2.10] for example.

It is in general a difficult task to classify the twisted tensor product of two
algebras, see e.g. [7] for a recent paper on this question.

3.2. Bicrossed products of Hopf algebras. Recall that a Hopf algebra E fac-
tors through two Hopf subalgebrast: H & Eand j : U < E if the multiplica-

tionmo(t® j): HRU L Eis bijective. This is equivalent, see [29, Theorem
7.2.3], to have a pair (H, U) of Hopf algebras together with coalgebra maps

<:UQ®H - U, >: UQ®H - H,
so that (U, <) is a left H-module coalgebra, (H, I>) is aright U-module coalgebra
and the following compatibilities hold, for every x,y € U, a,b € H:
x> 1y = ey(x)1y, 1y <a = egla)ly,
x B> (ab) = (xq) > aq))(xz) < ap)) > b),
(yx)<a =y <(xq) > an))(xe) < ag),
Yoy <aq) @ Ye) > de) = V) <1ae) ® ya) > do).-

A quadruple (H, U, >, <) as above is called a matched pair of Hopf algebras
and the bicrossed product Hopf algebra H I} U := E, often called a double
crossed (as pointed out in [1], the name bicrossed product fits better with the
bicrossed product of groups), is the coalgebra H ® U with multiplication

(3.3)

(a X x)(b X y) = alxq) > bay) M (X < b))y, a,be H,x,yeU.
In particular, this defines a twisting map and a coalgebra morphism:
W U®H ->HQU, XQ®@h- X)) > h(l) ® X)) < h(z). (3.4)

We say that one of the actions, say <, is trivial, if x <a = ¢(a)x for all x €
U,a e H.
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Example 3.2. Examples of this construction are:

(1) The tensor product Hopf algebra H ® U, where both actions < and >
are trivial.

(2) Smash products of Hopfalgebras H#U, where one of the actions, namely
<: U®H — U is trivial. We will come back to this situation in more
detail in Section 6.

(3) Group algebras kT, arising from a matched pairs of groups (F, G, >, <),
sothat G,F <T,GNF ={e}and I = GF.

(4) Bicrossed products U(E) ~ U(g) X U(m) associated to a matched pair
of Lie algebras (g, m) as in [29, Definition 8.3.1]. Here E = ¢ @ m as
vector spaces and the bracket [, |z is written in terms of [, |4, [, ],y and
the actions defining the matched pair.

(5) The generalized Drinfeld doubles D.(A,U) = (A ® U)? associated to
skew pairings7: AQ® U — k asin §2.4. Here, D.(A,U) ~ A I} U with

AXx)(axl) = T(a(l),x(l))a(z)x(z)r‘l(a(3),x(3)), xeU,ae€A.

In this setting we write A X}, U to remark the existence of this pairing.

We have not been able to find in the literature an example not belonging to
any of these groups. In particular, we observe that in the ongoing program of
classifying bicrossed products of Hopf algebras by Agore et. al., see [1, 2, 3], all
the examples fall into one of the categories above (most notably into the fourth).
The same holds for [12] and [28]. The Galois objects in this setting have been
described in [34]. We present in Section 5 below a case essentially different to
those above, in the sense that it is neither a smash product nor it comes from a
pairing, see Remark 5.2. Hence it better suits the scope of the present article.

First, we remark that when the antipodes Si; and Si; of H and U are invertible
(or equivalently when Sy is), then this construction can be flipped over, in the
sense that the roles of H and U can be interchanged. This is the content of the
next result.

Lemma 3.3. Let (H, U, >, <) be a matched pair of Hopf algebras. Assume that
the antipodes Sg; and Sy; are bijective. Then there are coalgebra maps

t t
<:H®U - H, >: HQRU - U

t t
so that (H, <) is a right U-module coalgebra, (U, >) is a left H-module coalgebra
t t
and the compatibilities (3.3) hold for <t and t>. More explicitly,

abx =Sy(Spi0) <S7 @), a<x = Su(S;ix) > S (@),
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tt
The bicrossed product Hopf algebras coincide, as H X U ~ U >< H and the
following identities hold:

t t t t
ax = [(a@) > x1)) > (aiy < x@)[(ag) > x2) B> (@) < X)),

(3.5)

t t
xa = [(xq) > aq)) > (x3) < a)][(xe) > ) < (X < ae)].

t t
Proof. 1t is clear that (H, <) is a right U-module coalgebra, (U, >) is a left H-
module coalgebra and the compatibilities (3.3) hold, since these facts follow
from the corresponding properties of < and . As well, observe that, for b =

S (a) and y = S;(x), we have:
ax = Sy(b)Sy(y) = Sg(yb) = Sg((y1 > b1)(y2 4 by)) = Sy(y2 < by)Sy((y1 > by))

t t
= Sy (S5t (xy) < S (@))Su(S (x2) B S5 (a)) = (agy > X)) (a) < X)),

tt
which shows H 4 U ~ U ><1 H. Finally, to check (3.5), we use the definition
of H X U in:

t t t t t t
ax = (agy > xpy)(ap) < Xp) = [(agy > xq) > (az) < X)) ][(ag) > Xo) < (@@ < X))l
tt
The other identity follows from the definition of H < U:

t t
xa = (x(1) > a(1))(x(2) < a(z)) = [(xa) > a(1)) > (x(s) < a(3))][(x(2) > a(z)) < (x(4) < a(4))].

The lemma follows. ([

3.3. Skew-pairings over bicrossed products. We now provide a generaliza-
tion of skew pairing to the setting of bicrossed products.

Definition 3.4. Let (H, U, >, <) be a matched pair of Hopfalgebras andletE :=
H X} U be the corresponding bicrossed product. A skew H X U-pairing is a
convolution invertible linear map v : H @ U — k such that, forall g,h € H,
x,y e U:

w(h,1) = e(h), (1, x) = e(x),
t(h, xy) = ©(hay, 1))tV 2) B Ay, X), T(gh, x) = T(g1), X(1))T(h, X(2) < g(2))-
(3.6)

In particular, any skew H X U-pairing is determined by its values on the
generators and is extended using (3.6) via the rule, for g,h € H, x,y € U:

7(gh, xy) = 1(gn), Y1))T(h1y, Y(2) < 82)T(V(3) B> &3, X(1))
((V(s) < &s) B> h(2)s X2 < V) > &ay))- (3.7)
Of course we can interpret the usual skew-pairing as in Section 2 as skew

H ® U-pairings. Condition 3.6 appears in [10, Definition 4.1]. The definition
is motivated by the following lemma.
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Lemma 3.5. Let (H,U,>, <) be a matched pair of Hopf algebras and let T :
H ® U — k be a linear map. Consider the map

0, :UQH—>HQQU xQ@h+— T(l’l(l),X(l)) X B ]’l(z) ® X(3) < I’l(3).
(3.8)

Then 6, is a twisting map if and only if T satisfies Condition (3.6).
Proof. We have, for x,y € U, h € H:
0:(xy, h) = t(hay, X1)Y1)) X2)Y(2) > he) @ X3)Y3) < hes).
On the other hand, we have, using the axioms of a matched pair
(idy ®my)o(6; @ idy)o(idy ®O)(x @y ® h)
= 7(hay, ya))(idyg ®my)o(6; @ idy)(x ® y2) > hz) ® Y3y < hz))
= 7(ha), Y1) T(V2) > h2y» X)X (2) B> (V3) B hz)) @ [x3) < Yy B> Byl - yis) < hs)
= 7(h), Y))T0V2) > A2y X)) X2) > BV3) B hiz) © X(3)V(4) < sy
= 7(ha), Y)T (V) > Iy X)X 3) > he) ® X@)Ya) < hay,

and this shows that the equivalence of the first axiom for a twisting map is
equivalent to 7(h,xy) = t(hq), y1))t(¥2) > h), x). The rest of the proof is
similar and straightforward, and is left to the reader. O

Lemma 3.6. Let (H,U,>,<) be a matched pair of Hopf algebras and let T :
H ® U — k beaskew H X} U-pairing. Then

P HQURHQRU — k gRx®h®y+— t(h,x)e(@)e(y)
is a 2-cocycle on H M U, and the algebras H#4 U and {H X U) are isomorphic.

Proof. First it is clear that 7 is convolution invertible since 7 is. In the algebra
H#tg U, we have

g#x - hity = t(hq), X)) 8(x2) > hp))#(X(3) < hz))y
while for the product in {H X U) we have
g x-h Xy =2(gu) X Xy, hay X Y1))82)(X2) B> ha)#(x3) < h@)ye)
= 1(hay, Xa)) 8(X(2) > h))#(X3) < h))y

Hence the two products coincide, which shows simultaneously that 7 is a 2-
cocycle on H I U and that H#y U =~ {H > U). O

Lemma 3.7. Let (H,U,>, <) be a matched pair of Hopf algebras and let T :
H ® U — k bea skew H X U-pairing. Then the maps

4:U®H-U, b>.:UQH-—H
defined by
X > h = 1(hay, X))t (), X@3)X@) B hey
X < h = 1(hay, X))t (), X@3)X@) Thg)
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T
define a matched pair of Hopf algebras (H,U,1>.,<.). We denote by H X U the
corresponding bicrossed product.

Proof. Itisclear that (U, <,) is a left H-module coalgebra and (H, ) is a right
U-module coalgebra. Next we check the conditions in (3.3) for <, and >;; using
this condition for <t and >, together with (3.6). We have that, for x € U and
a,beH,

(X B a)((x) L az) B b) = T(any, X))t (), X3)T(Aays X0)T " (agg), Xis))

(bay, X5) < a5))T (b, X7y < A7) (X2 B a2))(X(6) < ae)) > by

(33) B B
= 1(auy, Xa)T (A X)) T(bays X2) < ap) T (bgy, X(s) < As)) (X ) B> A3)) Xy < ay) > by

(3‘6233) T(au)b(n’ x(l))r‘l(a(3)b(3), x(s))x(z) > (a(z)b(z)) = x> (ab).
Similarly one checks that (yx) <a = (y < (xq) > aq)))(x2) < agp) fory,x € U,
a € H. Finally,ify € U,a € H:

Y<kam) @ Yo B an) = Vo) < Ap) @ Ya) B>r a)

as this property holds for <, 7 and the cancellation of the proper 7 and 7! fac-
tors. (]

We conclude with the announced generalization of Proposition 2.4.

Proposition 3.8. Let (H,U,>, <) be a matched pair of Hopf algebras and let
T : HQU — kbeaskew H X} U-pairing. Then the twisted tensor product

T
H#g Uisa H X U-H X U-bi-Galois object, whose left and right coactions are
induced by the comultiplication of the tensor product coalgebra H @ U.

Proof. As H#y U ~; (H X U) by Lemma 3.6, then H#, U is a (H X U)t-
H 1 U-bi-Galois object, whose left and right coactions are induced by the co-
multiplication of the tensor product coalgebra H @ U. Moreover, the algebra
(H 4 U)? is unique with this property, up to isomorphism.

T ~
To end the proof, we observe that H X U ~ (H X} U)’, in a similar compu-
tation to that of the proof of Lemma 3.6, as the products coincide, see (2.5). [J

4. Hopf-Galois objects for bicrossed product Hopf algebras

The case in which the Hopf-Galois objects for Hopf algebra bicrossed prod-
ucts are bicleft were already studied in [35, 10]. The relevant result there is
the Kac exact sequence, which, when the two factors are cocommutative, con-
tains all the information about Hopf-Galois objects over the bicrossed product.
In this section we discuss Hopf-Galois objects over bicrossed products of Hopf
algebras in full generality.

4.1. General setting. Recall from (3.4) that given a matched pair of Hopf al-
gebras (H, U, >, <), the associated twisting map U @ H - H ® U is denoted
by wyq, S0 w(X, @) = X1y B> ag) ® X2y < Ay
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Lemma 4.1. Let (H,U,>, <) be a matched pair of Hopf algebras and let E =
H >4 U be the associated Hopf algebra bicrossed product. Let A, resp. R, be a right
H-Galois object, resp. U-Galois object. Let©: RQ A — A Q® R be a twisting map.
Then A#4R is a right E-comodule algebra with coaction p* := p gr:

PARR - A#gR - A#;RQ H XU attr — a(o)#r(o) ® acy M ra

if and only if the following diagram commutes:

R®A

jPR®A LPA@R
ROAQURH 2 AQROHQU

This amounts to the fact that 6 is a morphism of H @ U-comodules, where the
H ® U-comodule structure on R ® A is given by (idrg 4 ® wy)oprea (recall that
wyq is a coalgebra map) and the one of A ® R is given by p* = pagr.

Explicitly, A#gR is a right E-comodule algebra if and only if

O(rg) ® a) ® (ray > agy M ry < agpy) = p* (6(r @ a)). (4.2)

Proof. We look for sufficient and necessary conditions so that p* : A#3R —
A#gR ® H I} U is an algebra map. It is enough to see that

o (1#r)p*(a#l) = p* (6(r ® a)), r €R, a € A,
as 6(r, a) = (1#r)(a#1). It readily follows that:
P (#r)p* (a#1) = (1#rg) @ 1 X ray)(agy#1 @ agy X 1)
= 0(r) ® ag)) ® (1) > a) M rz) <1 4z,

A®R (4.1)

Thus p* is an algebra map if and only if (4.2) holds. O
Using the notation as in (3.2), equation (4.2) becomes

(ro) = a)#(r) = ) ® (ray > aqy M 1) < aw)
= = a)# — a)g) ® (r = a)qy X (r < a)y).
We arrive to the description of the right Galois objects over E = H X U.

Theorem 4.2. Let (H, U, >, <) be a matched pair of Hopf algebras and let E :=
H X U be the corresponding bicrossed product.

(1) Let A, resp. R, be a right H-Galois object, resp. U-Galois object, and as-
sume there is a twistingmap 6: R@® A — A ® R such that (4.1) com-
mutes. Then A#gR isaright H X U-Galois object, with the tensor product
comodule structure p* as in Lemma 4.1.

(2) Let A, A’, resp. R, R’, be right H-Galois objects, resp. U-Galois objects, and
assume that there are twisting maps6: RQ A > AQRand6': R' ®
A’ - A’ ® R'such that (4.1) commutes. Then the above right H X U-
Galois object A#gR and A’#4R’ are isomorphic if and only if there exist
a right A-comodule algebra isomorphism f : A — A’ and a right U-
comodule isomorphism g : R — R’ such that (f ® g)o6 = 6'0(g ® f).
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(3) Conversely, any right E-Galois object arises as A#gR for some A, R and
6: R® A— AQ®Rasabove.
Proof. (1) The associated canonical map is as follows:
Y 1 A#oR ® A#oR — A#,RQ H X U
a#x @ b#y — a(x — b)) #(x < b))y ® bay X y).-

To construct an inverse to y, we consider the maps x;(h) = KD @h® € AR A,
heH,and xy(x) = xV ® x» € RQR, x € U, see (2.1), and define

Yt A#oRQ H X U — A#oR @ A#gR
a#tr @ h X x — (a#r)0(xH @ hM) @ h@#x?.
To see that y’oy = id and yoy’ = id, it is enough to check that
Y'oy(1#1 @ b#y) = 1#1 @ b#y, yoy/(I#1@hX x) = 1#1 ® h M x.
We have y’oy = id, since:
Y (y(1#1 @ b#y)) = v'(boy#Y0) ® by M ¥1))

= (boy#¥0))0((1)® & (b)) ® (b)) P#(y1))?
= (boy#¥0)) L# 1) (b)) V#1) ® (b)) P #(y 1))@

= (boy#¥0) Y1) (b)) P #1) ® (b)) P#(y)®

23) 23)
= (by(bay)V#1) @ (b)) P#y =" 1#1 ® bity.

Similarly, we have yoy’ = id, since:
Yy (Y A#1 @ h X x)) = y(0(xP @ hV) @ hP#x?)
= 0(xM @ hW)(h@)g)#(xP) ) ® (K@) 1y #(xP)y)
= (W = pWxD h(l))((h(z))(o)#(x(z))(o)) ® (h(Z))(l)#(x(Z))(l)
= ((x® = AOY((xD — D) =~ (h(z))(o))#((x(l) — hWy (h(2))<0))(x(2))(0))
® (h@) ) #(xP)q)
(32

=" (x® = hORD)))#(xD — KD (D) ))(xD) ) @ (hP) ) #(xP)y)

(22)
= (W = D#(xW = D)) ® (h#(xP)q

= 1#xD(x@) ) @ h#(x®) ) 2 1#1 @ h W x.

(2) An isomorphism of H M U-Galois objects A#4R — A’#gR’ induces
an isomorphism between the H and U-coinvariant parts, where the respective
(right) H and U-comodule structures are induced by the coalgebra surjections
my=idgy ®¢: E—> Hand 7y =€ ®idy : E — U. Hence our isomorphism
has the form f ® g for f and g as in the statement. The condition (f ® g)o6 =
0’o(g ® f) comes from the fact that f ® g is an algebra map. The converse is
an immediate verification.
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(3) Follows as [34, Lemma 3.1]. We reproduce the details for completeness.
Recall that both H and U identify with Hopf subalgebras of E, and moreover
we have the coalgebra surjections 7y =idg ® U : E > Hand 7y = e Q idy :
E — U that are respectively left H-linear and right U-linear. Let J be an E-
Galois object and let us set

A=J°V ={z€e]:zp®zy €JQH}~JgH,
R:=J°H={ze]:zp®zq€JQU}~JgU.
It follows that A is an H-Galois object and R as an U-Galois object; this is pre-
cisely [37, Remark 3.11 (2), p.186]. Now, we consider J as a Hopf module in
the category MY, with the U-comodule structure induced by 7y, (this is indeed

a Hopf module by the U-linearity of 77;; and the definition of R) and thus [37,
Theorem 3.7] gives an isomorphism (via the multiplication):

AQR=JUQR —sJ.
Therefore, there is a twistingmap8: R® A - A ® R such that J ~ A#4R
(see the end of Subsection 3.1) and since multiplication is E-colinear, the E-

coaction on A®R has the form asin Lemma 4.1, so that 6 satisfies the conditions
there. 0

Remark 4.3. Consider the mapsxy : H > A®Q@ Aandxy : U > R®QRasin
Subsection 2.1: ki (h) = "V @ h® € AQ A, h € H,and xy(x) = xV @ x? e
R®R, x € U, see (2.1). Then the proof of the above theorem shows that
Kpqu (B X X) = 0(xM @ M) @ h@#x@ = (xO =~ EOY(xD — KDy @ KD #x?.
(4.3)

4.2. The cleft setting. Assume that the Galois-objects A and R from Theorem
4.2 are cleft. In particular, there are Hopf 2-cocycles o € Z%(H) and t € Z2(U)
sothat A ~ ;H,R ~ . U. Set E = H X U. Now, any E-colinear map 6 €
Hom® (RA,ARR) ~ Hom® (U® H,H ® U) is determined by a linear map
Y : H®U — kinsuch away that 6 = 6,, where

9¢(x, h) = lp(h(l), X(l)) X)) > h(z) ® X3) < ]’l(3), x€eU,heH. (4.4)
Notice that this also reads: 6,(x, h) = P(hq), X)) X2) M h(z). As well, recall
t ot

the notation <, > from Lemma 3.3.
Lemma 4.4. Let6 € HomE(R RA,AQRR) ~ HomE(U Q®H,HQU)beasin
(4.4). Then 6 is a twisting map if and only if

(X, YR, X0V (2)) = Yy Yo ) Wy B Ay X))t (X2) < V) B hsy)s Yoy < hgay)s

a(hay, ta)P(hyte), X) = P(hay, Xa))P(Eay, X@y < he)o(Xe) B ), (Xa) < he) B o),

forallh,k e H, x,y € U.
Assume that Sy, Sy are invertible. If 1 is convolution invertible, then 0 is in-
vertible with

(4.5)

t t t t
6 1(h,x) = 7,0_1(]’1(1) > X(1), A3y < X(3)) h) B> X2) ® hy < X xeU,heH.
(4.6)
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Proof. The identity in (3.1) corresponding to mz = T * my, becomes, using
(3.3) with particular emphasis on the fourth identity:
T(x), Yy ¥ (hay, X2)Y2)X @)V e) > Aoy ® X@)Va) < e
= P(hay, Y)W 2) B hezy X1)T(x3) < Vay B> hay)s o) < hge))

X2)Y3) B> hiaz) ® (X4 < (Vs) > hsy))Vezy < hpy)s

(.3)
=" P(hay, YY) B> hea)s X1))T(X3) < YV(a) B hay), Yis) < hs))

X2)Y3) B> hi) ® (X4 < (V) > hie))Vezy < hpy)s
= Py, Yo e) B> hay X0)T(X3) < V) > M), Yis) < hgs))

xX2)Y3) > ha) ® (X@)Ye)) B> he)s

(3.3)
=" P(hay, YY) B ha)» X1))T(X2) < YVa) > hay), Y3y < hsy)

xX@)Ys) > his) ® (X@)Ye) B he)-

Similarly, the identity in (3.1) corresponding to my = o * my is:

a(hay, L)Y (h)t ), X)X @) > he)te) @ Xz) < At
= P(hay, @)ty Xy < hay)a(X@) B> he), (xis) < hs) B L)
(X@3) B> h3))((x6) < he) B L3)  (X(7y < hyy) it

3.3)
=" P(hay, X@)P(a), X3) < hE)o(Xe) B ), (Xa) <Qhe) > L)

X(s) > syt @ Xe) < heyta)-
Next we check (4.6). Notice that, if wewrite h@ x =y X t,y € U,t € H, then

this is 6=1(h, x) = y(y,t), for
tt
Y, 1) = 7 tqy, Yay)ye) B< L)
tt
Indeed, if we identify U @ H = H < H, then we have that

tt
y8(x, h) = P(har), X))y () M hiy) = Ylhay, Xa)P ™ () X@)x@) P he) = x @ b,
tt
By (h,x) = Oy(y, 1) = P™H(t1), Y1))6(V(2) B< t2) = ™1ty Yyt 2: Y(2))V3) M L3
=yNXt=hQ x.
This ends the proof. O
By (4.5), if we assume that the values of o, 7 are known, then it is enough to
define 1 on the generators of U @ H and extend it via:
P(ht,xy) = U_l(h(l), 1(1))‘[_1(35(1),Y(1))¢(h(2),J’(2))1/’(Y(3) > hs), X(2))
V() Y6y L)Y (V7 < hpy) B Ly, X3) < (V) > hay))
(X < (Ys) B hs)) < ((Vs) D hgs)) B L) Yoy < (Mgyl(s)))
o ((x(5)Y10)) > hi0y (X Yary) < hary) B Le))-
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In general, the determination of the values of a Hopf cocycle o is a hard work;
nevertheless there instances in which task has been performed and character-
ized, see e.g. [21, 22].

We the conclude the subsection with a useful remark.

Remark 4.5. When one of the cocycles g, 7 is trivial, then (4.5) become simpler
and we can deduce further properties of ¢:

(a) Assume that t = ¢. If the antipode S = Sy is invertible, then the first
equation in (4.5) is

Y(h, xy) = P(hay, Y )PV B> hy, X)
and then 1 is convolution-invertible, with
»7H(h, x) = P(xa) > b, STHX(2))-
Indeed, let p(h, x) = (x> h, S~ (xz)). Then
¥ @(h, x) = P(hay, X)P(xe) > hoy, STHxE)) = P, STH(X2)Xa)) = e(h)e(x).
On the other hand, letting y = S~!(x):

@ * P(h, x) = P(x) > hay, ST X)) (he), X3) = PSGE) > hay Y)Y (ha), SGay)
= P(Ss) B hy, Y )P (V@) B> (SO@) > he)), SOay))
=P((SOaE)) B> My, ) )P((V2)e) > SOaE) B> Ry, Say)
=9P(S) > h, SG)ye) = e(he(y) = e(h)e(x).

(b) On the other hand, if o = ¢ and Sy is invertible, then ¢ is invertible. The
second equation in (4.5) becomes

P(hk, x) = P(hay, X0)Pk, X2) < hez))

and we get that:
P7(h, x) = P(Sy(hy), x < hgy).

In this setting, the inverse S~! of S = Sy; is used in the verification, arguing
as in the previous case. Indeed, if we now set ¢(h, x) = Y(S(h(y)), X < h(y))
it is straightforward to check that ¢ * ¢ = ¢, while, for k = S~!(h):

@ * P(h, x) = P(S(h(p), Xy < hay)P(he), X2)
= (k). X1y IS kg))P(S k), x2))
= Pk, X1y S ks)NP(S k1)), X(2) < (STHka))y(3)
= P(key, (x < S k@) @))P(S ™ (kay), (x < S7Hkwy))2) < V)
= (kS k), x <87 (¥(3))) = e(k)e(x) = e(h)e(x).
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4.3. The left bicrossed product Hopf algebra. We recall notation and re-
sults on cogroupoids from §2.3; in particular the subcogroupoid €y C € from
Lemma 2.1 associated to a cogroupoid C, an object X € ob € and a sub Hopf
algebra H C C(X, X).

Theorem 4.6. Let (H, U, >, <) be a matched pair of Hopf algebras.

(1) Let L,Q be Hopf algebras and let A, resp. R, be an (L, H)-Galois object,
resp. (Q, U)-Galois object. Assume there is a twistingmap6: RQ A —
A @ R such that (4.1) commutes. Then the associated left Hopf algebra
F = L(A#¢R,H X U) is a bicrossed product L P-4 Q for some actions
P:Q®L — Land {: Q ® L — Q making the following diagram
commute:

RQA A®R (4.7)

j AR@A L AA@R
Wy ®0

QRL®R®A—LRQOR®AQ®R

where A 4gr and Agg 4 denote the diagonal left coactions induced by those
of A and R.

(2) Let F be a Hopf algebra such that there exists an (F,H X U)-bi-Galois
object. Then F ~ L P Q for some Hopf algebras L, Q as above.

Proof. (1) We use [8, Theorem 2.11] to consider a cogroupoid € with two ob-
jects X, Y such that

CX,X)=HMNMU, C(Y,X) = A#4R,

so that H, U become Hopf subalgebras of C(X,X) and the we have a bijective
multiplication

m: HQ U — CX,X). (4.8)

Consider the subcogroupoids Cp, €y € Casin Lemma 2.1; we have Cy (Y, X) ~
A, Cy(Y,X) ~R,and Cy(Y,Y) ~ L, Cy(Y,Y) ~ Q by uniqueness of left Hopf
algebras in [32, Theorem 3.5].

We need to show that the multiplication map m : Cx(Y,Y) ® Cy(Y,Y) —
C(Y,Y) is bijective. We will do so by fitting it into the following commutative
diagram with bijective arrows, where [] = [Jex x) and the bijectivity of each
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arrow corresponds to the label on top:

Cu(Y,Y)®Cy(Y,Y) e(y,Y)
9
ey, x)OHO X, Y)) ® (¢(Y,X)OUO X, Y)) @6)
(2‘7)]
ey, x)0HOCX, V) ® (UOCX, Y))) ey, x)dex, e, Y)
‘x “9)

ey, X)O(H @ U)OCX,Y)).

This shows that F is a bicrossed product L pp U of L ~ Cy(Y,Y) and Q =~
Cy(Y,Y).

The commutation of (4.7) will follow from the obvious left version of that
of (4.1) in Lemma 4.1, provided we show that the left L P4 Q-coaction on
A#, R has the appropriate form. We identify L ~ L(A, H) = (A ® A°?)®°H and
Q ~L(R,U) = (R®R°P)®°V 50 that

24(a) = a) ® xy(ag)) = agy @ (aa)® @ (ap)@

and similarly Az(r) = r) ® (r(l))(l) ® (r(l))(z).
In the same spirit, we identify L p Q ~ L(A#R,H X U) = (A#,R ®
(A#gR)%P)°H™U "and we have

Aasgr(a#1) = a0y #r(g) ® Kppqu (@) M r))
(4.3)
=" a#r(g) ® 0((ra)™ ® (aa)™) ® (aa)P#(rq)®
[(a@)#1 ® (aa) V#1) ® (an)P#1[(1#r ) ® 1#(ra) D) @ 1#(rq)?)]

where the last product between the terms in square brackets [, | is taken in the
algebra

A#gR @ (A#4R)P @ A#gR.
This shows that the following diagram commutes:

Aa#gR

A#gR (A#oR ® (A#gR)P)°HNU & A#,R

AA®R

(AR A®)°H @ (RQRP)°UV @ AQR.

Here £ is, as at the end of Subsection 3.1, the composition of the multiplication
in A#gR ® (A#4R)°P together with the inclusion map

N ® g - (A ®A0p)coH ® (R ®R0p)coU
— (A#gR ® (A#¢R)P)° U @ (A#¢R @ (A#oR)°P)C ™V
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where t4 and 1 are the canonical inclusions
Ly i (AQ AP)CH s (A#4R @ (A#gR)P)CHNU g @ b +— a#1 ® b#1,
g - (RRP)OU — (A#,R @ (A#oR)°P)OHNU 1 @ s+ 1#r @ 1#s.

Since we know that L p Q =~ (A#5R Q@ (A#4R)°P)°H™U 'the map & is a Hopf
algebra isomorphism, and it follows in particular that 1,gy is an algebra map,
so the left analogue of Lemma 4.1 applies, and the diagram (4.7) commutes.
(2) This follows by the uniqueness of the left Hopf algebra associated to a
right Galois object and the previous results. Indeed, if J is a (F,H X U)-bi-
Galois object, then J = A#4R for some right Galois objects A and R over H
and U respectively by Theorem 4.2. If L = L(A,H) and Q = L(R,U) are the
corresponding left Hopf algebras so that A is (L, H)-bi-Galois and R is (Q, U)-
bi-Galois, then J is (L < Q,H X U)-bi-Galois by (1) and thus L p Q =
LU,HXU)~F. O

Corollary 4.7. With the notation of Theorem 4.6, assume that A and R are cleft.
Let®: HQ® U — k be such that © = 6, as in (4.4). If 1 is invertible, then

4% 1) = Phay, X))~ (hiay X)X ) > by ® X(3) < sy,

Proof. In this setting, R ~ U as U-comodules and A ~ H as H-comodules, so
we may assume, without loss of generality, that R = U and A = H in (4.7). By
following the arrows, we get

Wy q(X1)s 1) ® P(h2), X(2))X(3) > hz) X4y < hiay
= P(ha), X))X) > Ry @ X(3) Ahz) @ X(ay B iy ® X(5) T hs).
We apply idy ® idy Qe ® ¢y and obtain

b(he), X2)0pq(X1)s 1)) = Y(hay, Xa))X@) > Ay @ X(3) < h)
from where the result follows. O

Remark 4.8. In the case of a tensor product E = H ® U, Schauenburg’s [34,
Proposition 3.7] describes the Hopf-Galois objects over E, with 6 of Theorem
4.2 and Theorem 4.6 being shown to arise from a skew pairingr: Q ® L — k,
so that L ppr Q =~ L X, Q. In the general situation of Theorem 4.2 and
Theorem 4.6, we do not see how to reach such a simple and elegant statement
as [34, Proposition 3.7], since it seems to us that there is no canonical bicrossed
product L P Q to start with. Disappointingly, we do not see neither how
to deduce in a straightforward manner [34, Proposition 3.7] from Theorem 4.2
and Theorem 4.6, without essentially redoing the same work already done in
[34].

5. A complete example

In this section we illustrate the previous results with an example of a bi-
crossed product that does not fall into the classes of bicrossed products men-
tioned in Example 3.2.



HOPF-GALOIS OBJECTS 791

5.1. The Hopf algebra E = H I U. Throughout the section, let U, H be the
graded pointed Hopf algebras given by the smash products (also called bosoniza-
tions in this context) H = k[b,c|#kZ, Z = (h) and U = kla|#kZ, Z = (g).
Here k[a], k[b, c] are polynomial algebras. Each smash product is defined so
that hb = —bh, hc = —ch, ga = —ag.

The comultiplication is such that g € U, h € H are group-like elements and

Al@)=a®1+g’°®a, AbL)=bR1+h*®b, Ac)=c®1+h*QRc.
(5.1)

Definition 5.1. Let E be the smash product k[a, b, c|#kZ?, i.e. the k-algebra
generated by a, b, c, h*!, g*! with gh = hg and commutation:

ha = —ah, hb = —bh, hec = —ch,
ga = —ag, gb = —cg, gc = —bg, (5:2)
together with the quadratic identities
ab—ba =0, ac—ca =0, bc—cb =0. (5.3)

It is easy to see that E is a Hopf algebra with coalgebra structure given by
that of H ® U. Moreover, it also follows that E factors through H and U via the
canonical injectionst: H < Eand j : U < E. Hence E ~ H I U.

Next remark shows that the bicrossed product E ~ H 4 U above is neither a
smash product (both actions are nontrivial) nor it comes from a pairing between
H and U. It also establishes some properties of the actions involved, that will
become useful further on.

Remark 5.2. With the notation we make the following observations:
(a) Bothactions<: U®H — U and>: U @ H — H are non-trivial as

ah=—-ha=a<h=—aq, gb=—-cg=>gp>b=—c.
(b) The bicrossed product H X U does not come from a pairing. Indeed,
for any pairingt: U ® H — k, we get:
8:b ="7(8,b))b)877 (8, bz)) = 7(g, b)g + (g, h*)bg + 7(g, h*)h"gT™"(g, b);

asbqy ® by ® b3 =b@®1®1+h*Q@bQ®1+h*>Q®h*Qb,see (5.1),
and 7(g,1) = 1. Hence g.b € k{g, bg, h?g} while in H i U we have
gb = —cg & k{g, bg, h°g}.

(c) Observe thata>_ = 0and _ < b = 0, same for c. We write down the
tables with the actions > and < in terms of the generators:
>| b | c |h |bjc| h
al 0] 0|0 a|0(0|—-a
g|l—c|—b|h g/0]|0]| g

Furthermore, notice that both H = ).  H; and U = Zj>0 U; are
coradically graded Hopf algebras; here H; = k[b"c™ : n+ m = i|#kZ
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and U; = k[a/]#kZ. 1t is thus easy to check that a > H = 0 and
U < b =U <b =0, using (3.3). Moreover, this extends to

U>0 >H = 0, U<« H>0 =0. (5.4)

We now introduce some notation that will become handy to deal with exam-
ples.

Notation. Let H, and U as above and consider the decomposition H = )
and U = Z U in Remark 5.2 (c). We shall write, for f € H,, u € Uj,:

A(f)—f®”(f)+f(f)®f+f(1)®f(2), A(u)—u®r(u)+f(u)®u+u(1)®u(2)
(5.5)

L>O

with r(f), €(f) € (h) such that
n—1
fo®fa=AN-fOr(N+t(HSf € ZHi ® Hyi.

Similarly, r(u), €(u) € (g) and U ® Up) € Z U QU,_;.

5.1.1. Deformations. In this part we introduce two families of algebras, ob-
tained by deforming the relations of the Hopf algebra E in Definition 5.1.

Definition 5.3. Letusfixa, S € k and A € k* scalars with the following restric-
tions:

a(l +1%) =0, B(1—2%) =0. (5.6)

(a) Let Ei,/s be the k-algebra generated by a, b, c, h*!, g*! with relations gh = hg
and:

ha = —A%ah, hb = —bh, hc = —ch, (5.7)

ga = —ag, gb = —A%cg, gc = —A%bg, (5.8)

together with the identities
ab — A*ba = B(1 — g?h?), ac — A*ca = f(1 — g?h?), bc—cb = a(l — h*).

(b) Let A’1 be the k-algebra generated by a, b, c, h*!, g*! with relations gh =
Ahg and (5.7), together with the identities

ab — 1*ba = B, ac — A*ca = B, bc —cb = a. (5.9)

We remark that (5.6) above forces ¢ = 0; moreover ¢ = § = 0 whenever
A#+lorA* # —1.

It is easy to see that Ei 5

over, it can be checked that the algebras Ai 5 are (E, Ei B)—biGalois objects. This

is indeed the content of this part, as the result of applying the ideas in Sections
3 and 4. We observe that E(;—L(l) ~E.
We refer to Corollary 5.12 for a general picture summarizing our results.

is a Hopf algebra with comultiplication (5.1). More-
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5.2. Skew H X U-pairings. We start by discussing the skew H I} U-pairings
for the matched pair of Hopf algebras (H, U, <,>) in §5.1. We construct two
such maps in Examples 5.5 and 5.6 and then show that these exhaust all the
skew H M U-pairings in Proposition 5.8. Along the way we describe the corre-
sponding Galois objects and left Hopf algebras.

We observe that in this setting, using (5.4), conditions (3.6) become:

t(f,uu) = 1(f), u)T(r@W) > fo,w), t(ff',u) = o(f, ua)t(f', up <r(f)),
(5.10)

forany f e Hy, f e H,ue€ U,,u’' € U,,s,t,n,m > 0.
We begin with a quick remark.

Remark 5.4. (1) Any linear map 7: H ® U — k is convolution invertible if
and only if it is invertible in the coradical E, = Hy ® U, ~ k(g, h) of E: that
isifand only if 1 := 7(g, h) # 0.

(2) Conditions (3.6) restricted to H, ® U, are equivalent to stating that t" =
t(h,-): (g) » kand 78 = 7(—,g): (h) — k are algebra maps and thus
they are determined by A.

Our first example is rather straightforward and it does not lead to interesting
consequences. We include it for completeness, see Proposition 5.8 below.

Example 5.5. Foreach A # 0,sett = 73 : H ® U — k be the linear map so
that

T(hP,g?) = AP9, T\H,QU; = 0,i+j>0.

T
Then 7 is skew H I} U-pairing. As well, H X U =~ E(/)lo and H#g U =~ AS‘O.

Proof. First, Remark 5.4 shows that 7 is convolution invertible and identities
(3.6) hold on Hy ® U,,. Next, if either f € Hy f’ € Hy or u € U, we have
that 7(f f/,u) = 0. On the other hand, the left hand side of the corresponding
equation in (3.6) is 7(f,uq))t(f’, upy < r(f)) by (5.10). Again, if f € H.,,,
f € Hyyort € Us,, then this is also zero by definition. The other identity in
(3.6) follows similarly.

Notice that the corresponding cocycle £ is concentrated in the coradical Z>.

T S
We thus get that the deformation H X U ~ (H X U)' becomes the k-algebra
E(’}O in Definition 5.3. In turn, H#g U ~ {H X U) is the algebra Ago as stated.
O

Next we produce a more involved pairing (which includes the previous one).

Example5.6. Fix3 € kand § € {+1}. Consider the linear map T?  HQU - k

given by:
r§ (b"cShP, a"gl) = 8,5 n(—1)INEPINIAN, (5.11)
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for every r,s,n € N, p,q € Z. We write ‘L'B = ‘L'il. Thent =17

=+
H p»q U-pairing.

T
It follows that H X U ~ E(‘)iﬁ and H#g U ~ Agﬁ.

Remark 5.7. If 8 = 0, then this is Example 5.5 with A = &. In particular, we

can unify Examples 5.5 and 5.6 in a single pairing Tf, wherel € k*and § € k
are subject to the second restriction in (5.6); namely § = 0if 1 ¢ {+1}.

? is a skew

Proof. Observe first that Tmeu; = 0 fori # jand t(g,h) = £ = +1. In
particular, it is convolution invertible. We start with the second identity (5.10):
We proceed by inductionono :=s+t+n>0,for f € H;, f € H,u € U,.

The case 0 = O or s = t = n = 0 follows since this defines algebra maps 7"
and 78 as in Remark 5.4. Now assume ¢ > 0. Then 7(f f’,u) = 0. As for the
right hand side of the equation, we have two cases: s+t = nand s+t # n. We
start with the later. If s = 0 (so t # n), we may assume f € (h) and then

t(f, uay)t(f, ug <r(f)) = o(f, uqy)t(f', up) < ).
Ifn=0thent > 0and z(f’,—) = 0. If n > 0, then, as 7(—,u < f) = 0 we get:
t(f, uat(f upy < f) = o(f, €@)e(f,u< f) = 0.

Now, if s > 0, then 7(f, —) = 0 and thus 7(f, uq))t(f’", up < r(f)) = 0.

Let us now assume that s + t = n, f = b%i¢2hPr, f' = blickhP2, y = a"gl,
with s; + s, =8, t; +t, =t and py, p,,q € Z. We have that

t(f f',u) = (=1)P(=1)InEPrtPIanIgn, (5.12)
On the other hand,
t(f, ua)t(f' ue) < r(f)) = o(f, (@) )gDr(f’, (a") o) < hPr1gd).
The component of A(a™) = (a);) ® (a")) = Zin:o (’i’)aigz(”‘i) ® a™ ! in the
right component U ® U; is precisely ('Sl)as g% ® a'. So the above equation is

(M)e(f, g ge(s”,at < hPigh) = o (-1)ECEOnSIg 1y (~ 1) gl

= nl(—1)26+D EPr+p2)g(_1)Prt g5+t

which coincides with (5.12). As for the first identity, if u = a"g9, u’ = a™g"
and f = bSc'hP, then the left hand side is

t(f,uu’) = (=D z(b’c'hP, a"*Mgd*")
— (_1)qm(_1)(q+r)(n+m)5s+t n+m§p(q+r)(n + m)!ﬁn+m
— (_1)qn+rn+rm5s+t n+m§p(q+r)(n + m)!6n+m’
For the right hand side, we use that
N t
_ t _ S\N(E\pi 2(s+t—i—j)+ —it—j
A = ABIACRP @ hP) = 3 3 (1) (oW @ bict e

i=0 j=0
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to compute:
(f), u)T(r@’) > fo), w) = ©(f 1y, u)T(g" > fr2), )

_ZZ( )( ) i+j, m(— 1)rm§prm|6m( 1)r(z+})5s+t i Jn( 1)qn§pqn'ﬁ”

i=0 j=0
- Z Z ( )( ) i+j, mm!n! 5s+t nam(— 1)qn+rn+rm§p(q+r)‘8n+m.

This coincides with the expression for the left hand side computed above as

>y Z;—o (f)(’)5l+ j,m counts the number of subsets of size i + j = m in a set

of size s + t (by choosing i from a subset of size s and j from the complement of

size t), namely this coefficient is (**'). Now (**"Ym!n!8s,; ypm = (m + n)! and
m m

both sides coincide. Thus the first part follows.

Now, the corresponding cocycle ¢ = ‘ff cHMXUQ®H X U — kcan be
computed explicitly using (5.11), via the definition in Lemma 3.6. In particular,
it is concentrated on U ® H, and, for our purposes, it is enough to determine
its values on the generators {a, g} X {b, c, h}. We easily get:

t(a,b) = t(a,c) =6, 1(g,h)==+1, 1i(a,h)=1(gb)=1(gb)=0.

T
Therefore, we obtain that H X U ~ (H X U)? is the k-algebra E+ from
Definition 5.3. Indeed, this is a standard computation for the multlphcatlon in
(H X U)E, see (2.5):
a.b = o(aq), ba)a@beo ™ (4 be)

= o(a,b)1 + o(g?, h?)ab + o(g?, h?)g*h*c(a,b)

=B +ab — Bgh = B(1 — g*h?).
As b.a = ba, we obtain the first (deformed) quadratic relation for E(;—“ﬁ. The

others follow similarly.
As well, we can analogously describe the Hopf-Galois object H#g U ~ H X

U, with multiplication (2.4): we obtain the k-algebra Ag 5 Notice that in this

setting b.a = ab and a.b = o(a(), bayapbe = ola,b)l + o(g* h*)ab =

B + ab. This concludes the example. O
Next we show that these are indeed all the skew-parings for H X} U.

Proposition 5.8. Lett: H ® U — k be a H X U-skew-paring. Then there is

A #0sothatt =1, orthereis B € ksothatt = Ti.

Proof. Let 1 = 7(g, h). Then 1 # 0 since 7 is convolution invertible. Following
(5.10), we get:

7(bh, a) = (b, a), 7(hb, a) = —A%7(b, a).
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and we see that 12 = 1 or 7(b, a) = 0, since bh = —hb. On the other hand,
7(b, ag) = —A*t(c,a) = —1(c, a), 7(b, ga) = (b, a).
As ag = —ga we get that 7(c, a) = 7(b, a). In particular have that either
A? =1and t(c,a) = (b, a) or 7(b,a) = 7(c,a) = 0.
Similarly, if n > 0 and p, q € Z, then we easily deduce from (5.10) that
(hP, a"g?) = AP9t(h?,a") and 7(h?, g%a") = AP9t(h?,a").
As ga = —ag, thisimplies that 7(h?, a") = 0. This idea can be repeated to show
that
T|H,@U, +H,oU, = 0, n>0. (5.13)

But now (5.10) implies 7, meu;, =0 when i # j, since these are graded coalge-
bras and the actions <, > respect this grading.

Hence we deduce that when (b, a) = t(c,a) = 0 we have that T = 7, asin
Example 5.5.

Otherwise, we have that (g, h) = 1issuch that 1> = 1. Weset{ = 1 €
{1,-1}, B8 = t(b,a) = t(c, a). We can use (5.10) to check that, forr+s =n € N:

(b",a") = t(c",a") = t(b"c%, a") = n!f". (5.14)
Fix now f = f(b,c) € k[b,c] of degree n € N (notice r(f) = 1, ¢(f) = h*")
and p,q € Z. Then
t(fhP,a"g?) = =(f,(a") gt (hP, (a")2)g?)
=1(f,a"gDr(h?, g = §P9(f,a"g?)
= EP(f (1), gD (g1 > f(2),a™)
= EPar(h, gh)r(g? > f,a") = EPIEXNT(f, a").

b, qgeven, ¢, qeven,
Here f, = f(b,, € k[b,c], forb, = and ¢, =
fa = f(bg:cq) [b.c] 7 |e, qodd, “ b, qodd.
Now, by (5.14), we have 7(fh?,a"g9) = £P1E20"¢(f,, a") = (—1)1"EPInIB".
Therefore 7 = ri is as in (5.11) in Example 5.6, according to & = +1. The
lemma follows. U

5.3. Hopf-Galois objects. We now describe the Hopf-Galois objects over E =
HXU.

The cleft objects A for H that produce a non-trivial left Hopf algebra, namely
L(A,H) # H, are the (pairwise isomorphic) algebras H,, a # 0; here H, is the
k-algebra generated by {b, ¢, h*'} with relations

hb = —bh, hc = —ch, bc—cb = a. (5.15)
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The Hopfalgebra L, = L(H, H,) is the deformation generated by {b, ¢, h*'} with
relations

hb = —bh, he = —ch, bc —cb = a(1 — h?). (5.16)

In turn, there are no Hopf deformations of U, hence there are no cleft objects
for U in this sense. We shall look, however, into non-trivial cocycles for U in
§6.2 at the end of this monograph, in a different setting. As well, we analyze
the case a = 0 in Remark 5.11 below.

For any a € k, the cocycle o, : H ® H — k which determines the deforma-
tion H, is

o4 n+m
aa(b"cmm,brc%q)=5n,sam,r(—1)M(—1)p<"+"1>n!m!(5) . (517)

for n,m,r,s > 0, p,q € Z. We shall provide some insight for this formula on
Remark 5.9, whereas we refer to [21] for more details.
We will be primarily interested in the following consequences for o = o,,:

Oimen; =0, L# ), OjyeH, =E®F,

a(bh?,ch?) = —a(ch?,bhi) = (—1)1’%, a(bh?,bh?) = o(ch?,ch?) =0,
(5.18)

As well, we have that o is skew-linear with respect to (g), as:
ogi>f,gi> f') = (-1)?"0(-,-),  f.f €H,. (5.19)

Remark 5.9. The recipe for the full computation of o is as follows: let us set
V = k{b,c}, Z = (h): consider the Z-invariant mapn’: V®V — k:

n'(b,c) =a/2, n'(c,b) = —a/2, n'(b,b)=7'(c,c)=0
and extend it to an e-derivation : H @ H — k via:

n(vlhp’ vth) = n(vli h'p : UZ)’ U1, U; € V’ p.q € Z’ 77|Hl-®Hj = 05 (laj) ;é (15 1)

Then o arises as the exponential e”? = ), i'n*”; here ™" stands for the nth
n>0 n:
power of the convolution product *, namely # * --- % 1. The formula follows
—_—— —
n times

from the projection onto V®"+™ of the iteration A*"=D(p"c™),

Next we investigate the maps ¢ : H @ U — k that satisfy (4.5), in order to
compute the corresponding twisting maps 6 = 6.

Notice right away that as one of the cocycles is trivial and both antipodes are
invertible, then any such ¥ is convolution invertible, by Remark 4.5. Moreover,
the bijectivity of the antipodes implies that 6, is invertible as well. Recall the

notation r(—), ¢(—) in (5.5). Now, arguing as in §5.2 we use once again (5.4) to
simplify (4.5) into:
P uu’) = P(f), W )pr@) > fo), w), (5.20)
U(f(l)vfél))ll)(f(z)f(’z)» w) =P(f), u(l))lp(f(ll)’ Uy Ar(fay)o(r(ue) B fo), rue) > f(’z)),
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forevery f € H,, f € H,,ue U,,u' € U, s,t,n,m > 0.

We obtain similar results as in §5.2, though more restrictive; see Remark 5.11
below.

Lemma 5.10. Fix¢ € k, with ¢* = —1.
(1) Letyp =y : HQ U — k be the linear map

PY(hP,g?) =P, Yieu; =0, i+ > 0.

Then 1 satisfies (4.5) and 6; := 0y : U ® H, — H, ® U is such that
6:(g®n=¢h®g  6(E®b)=-c®g 6:(g®c)=-*h®g,
8:(a®h)=-h®a, 6(a®b)=¢bP®a, 6(a®c)=¢*cQa.

(2) Conversely,ifyp : HQU — kisalinear map satisfying (4.5), thenv = ;.
It follows that Hy #, U is Ai,o and L, p4U = Ei,o.

Proof. The lemma is essentially analogous to Example 5.5, combined with a
partial Proposition 5.8. The current setting only forces the restriction ¢4 = —1
on the map concentrated on degree zero. We sketch a proof, following the ideas
in the cases just mentioned.

(1) The first equation in (5.20) follows automatically as the corresponding
(5.10) in Example 5.5. As for the second, let e,e’ € k[b, c] be homogeneous
elements of degreed > 0,r,s € Zand u = g9 € U, (if u € U, then both
sides are zero). Set f = eh”, f’ = ¢’h®. Then this equation is equivalent to

o(f, [P+, u) = (=1, gDp(h**5, gNa (f, ), (5.21)

namely 1 = (—1)99¢%44,v d € N; which holds when (and only if) ¢* = —1.

As for (2), this is a consequence of the skew-linearity of o as in (5.19). We
start by imitating the first part of Proposition 5.8. Indeed, lety: H, @ U — k
satistying (5.20). As o|y,gu+HeH, = & ® & we can follow the first lines of
loc.cit. to conclude that § := 1(h, g) # 0. As well, we get once again that either
¢?2 = 1and (b,a) = ¥(c,a) or else p(b,a) = P(c,a) = 0. For this last case
we deduce that 7 = 7¢ as in (1), as we have observed above that the identity
¢* = —1 is necessary.

Otherwise, 7(g, h) = ¢, with ¢2 = 1. We can look at equation (5.21) in this
context for u = g; which still represents the second condition in (5.20). If we
set f = b, f' = ¢ we obtain the contradiction o(b,c) = —o(b,c). This shows
(2).

In turn, recall that Q = L(U,U) ~ U and L, = L(H,, H) is as in (5.16).
In this setting we get that L, P4 U becomes the k-algebra Ei,o in Definition
5.3. O

We obtain more examples if we let « = 0, as we return to the case in the
previous section. We include them to make the twisting map explicit following
the lines of this section.
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Remark 5.11. If we choose ¢ = 0, namely H, = H is the trivial cleft object,
then o = ¢ s trivial as well and equations (4.5) become (3.6); namely ) : HQU
isa H I U-skew-paring. Hence we recover Examples 5.5 and 5.6, by setting

Y, =71, and zpfi = ‘L’i. Namely:

(1) The firstis an unrestricted ¥ = ¥, and the corresponding 8,, from Lemma
5.10, as the condition A* = —1 comes from the fact that @ # 0 therein. As
for the Galois objects, if we set 6 = 6,, then H pp U =~ H X U is the

i
k-algebra A .

(2) As for the second, if¢p = z,bi, then the twisting map Gi =0y U®H —
HQ®U is:

Gﬁ(g®h)=ih®g, Bi(g®b)=—c®g, ei(g®c)=—b®g,
oS a®@h)=-h®a 6@®b=101+b®a, 6.@®)=F1Q®1+cRa.

The corresponding algebras H#,U naturally coincide with those in Examples

. B +
5.5and 5.6. In turn, if 6 = 67, then H pq U =~ E(J)"ﬁ.

5.4. Conclusions. We summarize the results in this section in the following
statement. Recall the definition of the algebras Ei 5 and Ai 5 be as in Definition

5.3. As well, recall the examples 7, and rf of skew-pairings H ® U — k from
Examples 5.5 and 5.6, respectively. -

We recall as well the Hopf cocycles o, : H ® H — k as in (5.17) and the
corresponding deformations H in (5.15) and L, in (5.16); in particular H, =
Ly = H. Finally, we shall consider the maps ¢ : H ® U — k as in Lemma
5.10, with ¢* = —1.

Corollary 5.12. Let E = H X U be as in Definition 5.1.
(1) Lett: HQ® U — k be a skew-pairing; thent =7, or7 = ‘L’i.
T
(@) Ift=1),thenH QU =~ E(/)l,o and H#g U =~ Ag’o.

T
j— =+ ~ + ~ +
b)) Ift = s then H X} U ~ Eo,ﬁ and H#y U ~ Ao,ﬁ'

(2) Lety: HQ® U — k be a map satisfying (4.5) forc = g, and t = 832.
(@ Ifa # 0, thent = ;. Weget L, p U ~ Ei’o and Ho#e, U = Ai,o.
(b) If « = 0 then 3 is a skew-pairing Tf. Hence L, p4q U =~ Egﬁ and

H, #,U =~ Ag, .

In the language of Definition 5.3, we could further condense the information
in the examples from this section by saying that algebras in the case 8 # 0 come
from skew-pairings and the case o # 0 comes from linear maps and cocycles in

the cleft setting.

Proof. The first assertion in (1) is Proposition 5.8. Then (a) and (b) therein
follow from the corresponding Examples 5.5 and 5.6. In turn, (2)(a) is Lemma
5.10 and (b) is Remark 5.11. O
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6. Hopf-Galois objects over a semi-direct product Hopf algebra

We specialize the results of the previous section to the semi-direct product
Hopf algebra case, i.e. when one of the actions in the matched pair is trivial.
‘We will see that in that case, we can make Theorem 4.2 and Theorem 4.6 much
more precise, at least when we assume that all the Galois objects over the Hopf
algebra U are cleft.

6.1. General results. The framework in this section is that of a matched pair
of Hopf algebras (H, U, >, <) with <« trivial. The matched pair conditions be-
come that H is a left U-module algebra together with

X1) ® X)) B> a =Xy ® X > a, x€eU,aeH. (6.1)

The resulting Hopf algebra is denoted H X U. As an algebra it is just a smash
product as before, but to stress out the Hopf structure, we will call it a semi-
direct product Hopf algebra.

In view of the above condition (6.1), the most interesting semi-direct prod-
ucts (i.e. those with > non trivial) will occur with U cocommutative, and hence
in particular with U having the property that any Galois object is cleft, an as-
sumption that will be made in the main results of the section.

We begin with a basic construction. This is certainly well-known, and the
straightforward proof is left to the reader.

Lemma 6.1. Let U be a Hopf algebra, letc : U @ U — k be a 2-cocycle and let
A be a U-module algebra. Then the map

0:,URA->AQ U X®ar xq)-a® xg

is a twisting map. The resulting algebra A#,U is called a twisted smash product.
O

We need one more preparatory result. Again the proof is an immediate veri-
fication, that we leave to the reader.

Lemma 6.2. Let E = H X U be a semi-direct product Hopf algebra, let o :
UQ®U — kbea 2-cocycle and let A be a U-module algebra and a right H-
comodule algebra. Then the twisting map 6 : ;U Q® A - A Q® ,U in Lemma
6.1 makes Diagram (4.1) commute (with R = ,U) if and only if the right coaction
Pa i A—> AQ H is left U-linear. O

Theorem 6.3. Let E = H X U be a semi-direct product Hopf algebra.

(1) Leto : UQ® U — k be a 2-cocycle and let A be a right H-Galois object.
Assume that U acts on A as a U-module algebra and that the right coac-
tionpy : A - AQ H is left U-linear. Then the twisted smash product
A#,U is a right E-Galois object.

(2) Conversely, assuming that any right U-Galois is cleft, any right E-Galois
object is isomorphic to a twisted smash product A#,U as above.
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Proof. The first assertion is a direct consequence of Lemma 6.2 and of (the first
part of) Theorem 4.2. Let J be a right E-Galois object. By the second part of
Theorem 4.2, we have J ~ A#4R where A is a right H-Galois object, R is a right
U-Galois object,and @ : R® A — A ® R is a twisting map making Diagram
(4.1) commute. By our assumption on U, we can assume that R = ;U for some
2-cocycle 0 : U ® U — k. The commutativity of Diagram (4.1) implies that

0. URA—>AQRU

is right U-colinear (where U ® A and A ® U have the comodule structure in-
duced by the comultiplication of U). A standard argument then shows that
there isa linear map u : U ® A — A such that

0 = (u®idy)oayga

with ayga(x ® a) = xq) ® a ® X(z). Thus if we denote u(x @ a) = x - a, we
have:

O(x ®a) = xq) - a® xg), x €U, aeA.
Since 0 is a twisting map we get that u defines a left U-module algebra structure
on A. Then, again, the commutativity of Diagram (4.1) ensures, by Lemma 6.2,
that the right coaction p, : A - A ® H is left U-linear, and this finishes the
proof. O

Theorem 6.4. Let E = H X U be a semi-direct product Hopf algebra, with U
cocommutative.

(1) Let L be a Hopf algebra, let A be an (L, H) bi-Galois object, and let o :
UQ®U — k bea 2-cocycle. Assume that U acts on A as a U-module
algebra and that the right coaction p4 : A — A ® H is left U-linear, so
that A#,U is right H X U-Galois object. Then the associated left Hopf
algebra F = L(A#,U,H X U) is a semi-direct Hopf algebra L X\ U, where
the action of U on L is such that the left coaction 1, : A - L @ A is left
U-linear.

(2) Conversely, any Hopf algebra F such that there exists an F — H X U bi-
Galois object satisfies F ~ L X U, for U acting on L as above.

Proof. (1) We know from Theorem 4.6 that F ~ L P4 U° and we have to
prove that the right action €{: U° ® L — U is trivial. Recall also from Theo-
rem 4.6 that the following commutes:

URA AQU

l/lU®A l/‘lA®U
CUN®9
UQRLQU®A LRIURARU

where we omit the o subscripts since only coalgebras and comodules structures
are involved in the diagram. We thus have, for x € U and a € A,

Wpg(X1) ® A1) ® X(2) - A0) ® X(3) = (X(1) - B)(—1) ® X(2) ® (x(1) - A)0) ® X(3)
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and hence

XPa2) ® X dac-y ® X - 40 ® X
= (X) - @)-1) ® X(2) ® (x(1) - A)(0) ® X(3)- (6.2)
Applying the counit to the first factor, this gives
Xy Qa1 ® X2 - 4o) ® X(3) = X2y ® X(1) - & ® X(3)-

Applying the antipode of U on the right term and making it act on the middle
one, gives by the cocommutativity of U

xqay) ®ap =x®a.

ForleL,let};.a;®b; € A® Abesuchthatl ® 1 = . aj_1) ® a)b; (A is
left A-Galois). We then have

rql®1= Z x a1 ® aygb; = Z x®ab=e(Dx®1
i i

and this proves that the right action < is indeed trivial. Another glance at
Equation 6.2 then shows that the left coaction 1, : A — L ® A is left U-linear,
as claimed.

(2) follows from Theorem 6.3, from the first assertion, and from the unique-
ness of the left Hopf algebra associated to a right Galois object. O

In the situation with a trivial cocycle, Theorem 6.3 gives:

Corollary 6.5. Let E = H X U be a semi-direct product Hopf algebra, let A be a
L-H-bi-Galois objets and assume that U acts on A and L as U-module algebras
and that the right coaction p4 : A - A Q H is left U-linear and the left coaction
Ay ¢ A - LQAisleft U-linear. Then the smash product A#U isa LXU-H X U-
bi-Galois object.

Example 6.6. Let U = k(t|t?> = 1) be the group algebra of the cyclic group
C, and consider matrices p = (p;;),q = (g;;) € M,(k) with p; = 1 = g;; and
pijpji = 1forevery1l <i# j < n. Thealgebra Op 4 = Op q(GL,(k)) associated
to such a pair of matrices p, q is defined by n? generators x; pYijp 1<, j<n
and relations

XkiXij = PkiqjiXijXkl>  Yk1Yij = Pk,i49j1YijYki>  YkiXij = Pik41jXijYki»

. n n
together with 3}, | Xy yjx = 8;j = 20, _; XkiVkj-
In this way Op = Opp and Oy := 044 are Hopf algebras and Op 4 is a
(Op, Og)-bi-Galois object [8, 3.4], with comultiplication, resp. coaction, induced
by the comatrix comultiplication

n n
Xij = Z Xik @ Xgjs Yij Z Yikk ® Yij-

The antipode in these Hopf algebras is determined by S(x;;) = yj;, S(y;j) = x;j-
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Then U acts as an U-module algebra on all H = Og, A = Opq and L = Op
by switching x;; < y;;, and it is immediate that the involved coactions are U-
linear. Hence Op, o #U is a Op X U-O4 X U-bi-Galois object

6.2. Unrolled Hopfalgebras. A particularinstance where a semidirect prod-
uct H X U as in Theorem 6.3 is considered is the setting of unrolled Hopf alge-
bras: here H is a Hopf algebra and U = U(g), where g is a Lie algebra acting
on H by k-biderivations (i.e. by endomorphisms that are both derivations and
co-derivations); see [5] for details.

We may re-brand Theorem 6.3 into the following.

Corollary 6.7. Let H and g as above and assume there is a right H-Galois object
onwhich g acts by k-biderivations. Let F = L(A,H) andletc : U(g)®U(g) = k
be a 2-cocycle. Then the left Hopf algebra L(A#,U, H X U) is an unrolled Hopf
algebra F X U(g). Conversely, any Hopf algebra F for which thereisan F — H X
U(g) bi-Galos object is an unrolled Hopf algebra. O

We now specialize to the context of unrolled quantum 81, in [16], where
H is (a cover of) the small quantum group uy(31,) and U = k[X] (namely
dim g = 1). As an illustration, we revisit this situation within our setup.

We fix1 < ¢ € Nand q € k a primitive 2¢th root of 1. We consider the Hopf
k-algebra H := Uq(§I2) generated by E, F, K *1 and relations
K-K!
q-q’

Let U = k[X] denote the polynomial algebra on a variable X (or the envelop-
ing algebra of the one-dimensional Lie algebra g = k) and let k[X] act on H via

XK= =0, X >E = 2E, X>F=-2F. (6.3)

K*'K¥' =1, KE =q?EK, KF=q?FK, EF-FE= Ef =0, F‘=0.

This defines a semidirect product Hopf algebra H X k[X], with commutators:
[X,K] =0, [X,E] = 2E, [X,F] = —2F.

This algebra is denoted Ué( (81,) in [16] and called the unrolled quantum group
of 81,.
We observe that the algebra H = U4 (81,) fits into a chain of quotients

Ugy(8L,) » H » uy(8ly)

as H = U, (81,)/(E?,F’) and u,(81,) = H/(K* —1). The cleft objects for the
left and right ends of this sequence were computed in [25, Lemma 16] and [25,
Lemma 25], respectively.

The same tool developed therein, particularly [25, Theorem 8] together with
its systematization [4, §5], shows that the cleft objects for H are the algebras
Aabe) @, b,c € k, generated by e, f, g*! so that

gt'g™ =1, ge=q’eg, gf=q°fg ef—fe=ag— g, e =b fl=c

q-q!
The coaction p : Ay pe) = Agpe) @ H is as expected. Now [25, Theorem 12],
also [4, §5.5], shows that the associated left Hopfalgebra L, , o) := L(A(gpc), H)
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is the algebra generated by K*!, E, F with commutation K*'K¥! = 1, KE =

q’EK, KF = q~%FK and the liftings:
K—-K!

EF —FE = a———, E? = b(1 — K%), Ff =c(1 - K%).

q—q-

We remark that L, 09y ~ H when a # 0 and Ly o) ~ k[E, F]#kZ is graded.

It is easy to check that for each A # 0, the assignment X" @ X™ + §,, ,,n!1"
defines a Hopf cocycle 0 = 0, : U ® U — k; moreover these are all such cocy-

cles. The associated cleft object .U is the vector space k[X | with multiplication
min{r,s}

X'XS = Z /11(”) (s.)i!XH_S_Zi.
i=0 bt
The following is a direct consequence of Theorem 6.3 and Corollary 6.7.

Example 6.8. Letusset H = Uq(élz) and U = k[X], as above.

(1) An H-Galois object A p, ) is an U-module algebra so that the coaction
P Aabe) = Awabe) ® H is U-linear if and only if b = ¢ = 0. The
action is

X-gtl =0, X -e=2e, X f==2f.

(2) The associated smash product algebra Ai“; 00 = Ag00#sU is a right

U7 (81,)-Galois object and L(Agz 0.0) U, (81,)) is a semidirect product
Lifl 00y = Liaoo X K[X], for k[X] acting on L ,0) via (6.3).

It follows that Lél o0 U,(81,)" when a # 0.

Proof. Remember that the coinvariants A?ZI;C) ={ae€e A: p(a)=a®1}are
coH .

(abe) = k. Thus thereis u € k so that X - gt = +ug*l, as

(X -gthg™t e AZ‘I’I;C), by (6.3). This fact, together with the linearity of p, sets

X-e=2(u+1eand X - f = —2(u+1)f. AsX - e’ = 2¢(u + 1)e, similarly for
f, we get that either u = —1 or b = ¢ = 0. However, as X - (ef — fe) = 0, we
get that u = 0 and therefore (1) follows. (2) is Corollary 6.7. O

trivial, namely A
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