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Exactness of the Cuntz-Pimsner
construction

Menevse Eryiizlii Paulovicks

ABSTRACT. In prior work we described how the Cuntz-Pimsner construction
may be viewed as a functor. The domain of this functor is a category whose
objects are C*-correspondences and morphisms are isomorphism classes of
certain pairs comprised of a C*-correspondence and an isomorphism. The
codomain is the well-studied category whose objects are C*-algebras and mor-
phisms are isomorphism classes of C*-correspondences. In this paper we
show that certain fundamental results in the theory of Cuntz-Pimsner alge-
bras are direct consequences of the functoriality of the Cuntz-Pimsner con-
struction. In addition, we describe exact sequences in the target and domain
categories, and prove that the Cuntz-Pimsner functor is exact.
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1. Introduction

In [Ery22] we introduced a categorical framework for viewing the Cuntz-
Pimsner construction as a functor, which thereby allows one to determine re-
lationships between Cuntz-Pimsner algebras from relationships between the
defining C*-correspondences. The domain of this functor is the category
C*corpair, introduced in [Ery22], that has C*-correspondences as objects, and
a morphism from 4X 4 to gYp is the isomorphism class of the pair (, Mg, Uy,),
where 4 My is a C*-correspondence satisfying certain conditions, and

Uy - AX @4 M) = 4(M Q@ Y)g
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is a C*-correspondence isomorphism. The codomain category C*alg.,,, which
has sometimes been called the Enchilada Category in the literature, has C*-
algebras as objects and isomorphism classes of C*-correspondences as mor-
phisms. For any pair (4,Mpg, Uj,) one can construct a covariant representation
(7, @) of 4 X, on X(M ®p Oy). Then the universal property of Cuntz-Pimsner
algebras assures the existence of an associated homomorphism

Oz - Ox = KM Qg Oy),

which allows us to view M @z Oy as an Ox—-0Oy-correspondence. It is shown in
[Ery22] that there exists a functor € from C*cory,;, to C*alg.,, that maps a C*-
correspondence 4X 4 to its Cuntz-Pimsner algebra Oy, and a morphism from
4X 4— gYp is mapped to the isomorphism class of an Ox—Oy-correspondence.
The first part of this paper uses this functor to obtain some well-known Cuntz-
Pimsner algebra results. Specifically, if (7', t) is a universal covariant represen-
tation of 4 X4, and I is a positive X-invariant ideal of A, then the following hold:

(i) Opx is isomorphic to the smallest hereditary subalgebra of Oy containing
Y ().
(ii) O;x is Morita equivalent to the ideal (Y'(I)) generated by Y'(I) in Oy.
(iii) If X, is regular and I is an X-invariant ideal, then the C*-algebras
Ox /(Y(I)) and Ox /x; are isomorphic.

Items (i) and (ii) were proven by Katsura in [Kat07, Proposition 9.3 and Propo-
sition 9.5] by using what are called O-pairs. Item (iii) can be shown by com-
bining [MT04, Lemma 6.3] and [FMRO03, Theorem 3.1]. Item (iii) can also be
deduced by combining [Kat07, Proposition 5.3] and [Kat07, Proposition 8.5];
however, this requires a deep understanding of O-pairs and the properties of
C*-algebras generated by such pairs. The first objective of this paper is to show
that the functor established in [Ery22] can be applied to obtain easier and more
direct proofs of these three results.

The work that is presented in the second part of this paper was motivated by a
question frequently asked by audience members when presenting the results of
[3], namely: “Can one define exact sequences in the domain and codomain cat-
egories so that the Cuntz-Pimsner functor & is exact?” In order to answer this
question, one needs to know what is meant by an exact sequence in both the do-
main and codomain categories. One of the difficulties in answering this ques-
tion is that one cannot identify images in either categories, and it is suspected
that images may not exist in either categories. Therefore the usual “kernel-
image definition” of exactness may not apply. To circumvent this obstruction

in each category, we define 0 - A L B3 € = 0tobe a short exact sequence
when f is a categorical kernel of g and g is a categorical cokernel of f (see
Definition 5.8 and Definition 5.10). We characterize this “kernel-cokernel defi-
nition” of exactness in each category, showing that kernel-cokernel exactness is
a tractable concept in these categories. We prove that with the kernel-cokernel
definition of short exact sequence, the Cuntz-Pimsner functor is exact. We end
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the paper by showing that as an immediate consequence of exactness one can
obtain the results (i),(ii), and (iii) listed above for the case when 4X 4 is regular.

2. Preliminaries

Let C be a pointed category (a category with a zero object),andlet f : A -» B
be a morphism. A kernel of f is a pair (K, k) consists of an object K and a
morphism k : K — A such that

. fok =0;
« whenever a morphism h : D — A satisfies fok = 0 there exists a
unique morphism p : D — K such that kop = h.

A cokernel of f is a pair (C, c) consisting of an object C and a morphism
¢ : B — Csuch that
° Cof = 0;
« whenever a morphism & : B — D satisfies hof = 0 there exists a
unique morphism p : C — D such that poc = h.

We say that f is a monomorphism if for all morphisms g : C — A and
h : C - Ain @, we have fog = foh implies g = h. We say that f is an
epimorphism if for all morphisms g : B - Cand h : B —» C in G, we have
gof = hof implies g = h.

A C*-correspondence 4Xp is a right Hilbert B-module equipped with a left
action given by a homomorphism ¢y : A - £(X), where £(X) denotes the C*-
algebra of adjointable operators on X. We denote the kernel of the left action
homomorphism ¢y by Ker ¢x. For a C*-correspondence 4Xg define

A-X={px(a)x :a€ A, x X}

The correspondence 4Xp is called nondegenerate if A - X = X. In this paper
all our correspondences will be nondegenerate by standing hypothesis. A C*-
correspondence 4 X is called injective if the left action gy : A — L(X) is
injective; it is called proper if ¢x(A) is contained in the C*-algebra X (X) of
compact operators on X. A C*-correspondence 4Xp is called regular if it is
both injective and proper. For a C*-correspondence 4Xz we denote the closed
span of B-valued inner products (X, X )z by Bx. One of the C*-correspondence
properties we use frequently in this paper is the following: let I be an ideal of B
such that By C I. Then, X can be viewed as an A-I-correspondence [EKQ20,
Lemma 3.2].
A C*-correspondence isomorphism from 4 X5 to 4 Y5 is a bijective linear map
® : X — Y satisfying
(i) ®(a-x) = a- (x),
(ii) (x,z)p = (P(x), P(2))p,
foralla € A,and x,z € X. Welet Ad ® : £L(X) — L£(Y) denote the associated
C*-algebra isomorphism defined by Ad ®(T) = ®oTod™L.
The balanced tensor product X ®pY of an A—B correspondence X anda B—C
correspondence Y is formed as follows: the algebraic tensor product X © Y is
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a pre-correspondence with the A — C bimodule structure satisfying
a(x®y)c=ax® yc forae A, xeX,yeY,ceC,

and the unique C-valued semi-inner product whose values on elementary ten-
sors are given by

X®Y,u®v)c =¥, {(x,u)g - U)c forx,ue X,y,veY.

This semi-inner product defines a C-valued inner product on the quotient
XOpY of X ® Y by the subspace generated by elements of form

X-b®y—xQ® py(b)y (xeX,yeY,beB).

The completion X ®p Y of X©pY with respect to the norm coming from the
C-valued inner product is an A — B correspondence, where the left action is
given by

A—->LXQpY), a px(a) ® 1y,
for a € A. We denote the canonical image of x ® yin X @5 Y by x @3 y.

Proposition 2.1. [EKQ20, Proposition 3.1] For C*-correspondences 4Xg and
sYc we have

AX ®pY)p = 405 <= 4(X®pY)p =405 < By CKerogy.

Lemma 2.2 ([FMRO3]). Let X be a C*-correspondence over A and let ,Y be an
injective C*-correspondence. Thenthe mapt . T — T @ 1y gives an isometric
homomorphism of L(X) into L(X ® 4 Y). If, in addition, ¢y (A) C K(Y), then
embeds K (X) into K(X @4 Y).

A Hilbert bimodule 4 X5 is a C*-correspondence that is also equipped with an
A-valued inner product 4(:, -), which satisfies

ala-x,y)=a-,(x,y) and 4, )" =4, X)
foralla € A, x,y € X, as well as the compatibility property
alx,y)-z=x-(y,z)p  forx,y,z€X.

A Hilbert bimodule 4 X} is left-full if the closed span of 4(X, X) is all of A.

An imprimitivity bimodule 4Xp is a Hilbert bimodule that is full on both the
left and the right. The identity correspondence on A is the Hilbert bimodule 4A 4
where the bimodule structure is given by multiplication, and the inner products
are given by

a{a,b) = ab*, {a,b), =a*b, fora,be A.

A representation (m,t) of a C*-correspondence 4X 4 on a C*-algebra B con-
sists of a * —homomorphism 7 : A — B and a linear mapt : X — B such
that

m(a)t(x) = tlex(a)(x))  and ()" t(y) = 7(x,y)a)s
fora € A and x,y € X, where ¢y is the left action homomorphism associated
with 4X,4. For any representation (r,t) of 4 X, on B, there is an associated
homomorphism 9, : K(X) — B satisfying ,(6, ,») = t(x)t(x')* for x,x’ € X.
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The representation (7, t) is called injective if 7r is injective, in which case ¢ is an
isometry. We denote the C*-algebra generated by the images of 7 and ¢ in B by
C*(m,t).

Consider a C*-correspondence 4,X 4. The ideal Jy is defined as

Tx = 9% (K(X)) n (Ker px)*
={a € A: px(a) € X(X)and ab = 0 for all b € Ker ¢y},

and is called the Katsura ideal. Notice here that for a regular 4 X, we have
Jx = A.

A representation (7, t) of 4X 4 is called covariant if m(a) = ¥, (px(a)), for all
a € Jx. The C*-algebra generated by the universal covariant representation of
aX 4 is called the Cuntz-Pimsner algebra Ox of 4 X 4.

3. Categories and the covariant representation

In this section we briefly explain the construction of the functor £ defined
in [Ery22], and recall the related categories. The range category C*alg.,, of & is
sometimes called “the enchilada category” as in [EKQ20]. In this category our
objects are C*-algebras, and a morphism from A to B is the isomorphism class
of an A-B-correspondence. The composition [gY]o[ 4 X3] is the isomorphism
class of the balanced tensor product 4(X ®p Y)c; the identity morphism on
A is the isomorphism class of the identity correspondence 4A4, and the zero
morphism A — B is [40z]. Note that a morphism [4X%] is an isomorphism
in C*alg.,, if and only if 4 X3 is an imprimitivity bimodule [EKKRO00, Proposi-
tion 2.6].

We need the following definition for the domain category.

Definition 3.1. [Ery22, Definition 3.1] For C*-correspondences 4 X 4, Y, and
A-B-correspondences 4 Mg, 4N, let

UM X®AM—)M®BY
and

UN X®AN—)N®BY
be A-B-correspondence isomorphisms. The pairs (4Mp, Uy) and (4Np, Uy)
are called isomorphic if

« there exists an isomorphism &: ;M — 4Njp; and
« the diagram

1®
X@,M 25 X @, N

UM\L J/UN
{®1y,
MQ@pY —> N®pY
commutes.
We denote the isomorphism class of the pair (, Mg, Uys) by [4Mp, Uyl
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Remark 3.2. For a C*-correspondence 4 Mg, let I and J be ideals of A and B,
respectively. We denote the map

M ®pJ — MJ, mQ@pjr>m-j

by &, m.7) where m € M, j € J. This map defines an A-B-correspondence
isomorphism as well as an A-J-correspondence isomorphism. Similarly, we
denote the map

IQ, M —IM, iQumme—i-m
by &y, where m € M, i € 1. This map defines an A-B-correspondence
isomorphism as well as an I-B-correspondence isomorphism.

Theorem 3.3 ([Ery22, Theorem 3.2]). There exists a category C*cory,;, such that

« objects are C*-correspondences 4 X 4;

o morphisms ,X ,— gYg are isomorphism classes [ 4Mg, Uy;] where Uy,
denotes an A-B-correspondence isomorphism X @ 4, M - M Qg Y, and
4M3 is a proper correspondence satisfying Jxy - M C M - Jy;

* the composition [gN¢, Uy]o[4Mpg, Uy is given by the isomorphism class

[4(M ®p N)c» Uyg,n]

where Uyg N denotes the isomorphism (1) ® Un)(Uy ® 1n);
o the identity morphism on 4X 4 is [4A4, U4), where U 4 denotes the iso-
morphism §§AO§,X,A T XQ A5 AR, X.

Let [4Mp, Uy ]: aX4— pYp be amorphism in C*corp,;,. Denote the universal
covariant representation of Y by (1',1). Let Vy : Y ®p Oy — t(Y)Oy be the
isomorphism determined on elementary tensors by

Vy(y ®p S) = t(y)S
foryeY,S € Oy. DefineT : X - L(M,M Q3 Y) by
T(x)(m) = Uy (x ®4 m),
for x € X, m € M. Next, define a linear map ® : X - X(M ®g Oy) by
P(x) = Ay @ Vy)NT(x) @ 1y).
and a homomorphism 7 : A - X(M ®gp Oy) by

The pair (7, ®) is a covariant representation of 4 X, on X(M ®z Oy) [Ery22,
Proposition 4.2], and it is called the C-covariant representation of 4X 4. It is in-
jective when the homomorphism ¢, is. By the universal property of Ox we
obtain a *-homomorphism o, ¢) : Ox — K(M ®p Oy), which provides a
left action of Oy on the Hilbert Oy-module M ®5 Oy and allows us to view
M ®g Oy as a proper Ox-0y-correspondence. It is important to note that the
C-covariant representation (77, ®) admits a gauge action. Consequently, the ho-
momorphism o ¢) is an isomorphism onto C*(7, ®) when 4, Mj is an injective
C*-correspondence [Ery22, Theorem 4.13].
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Theorem 3.4 ([Ery22, Theorem 5.1]). Let [4Mpg, Uy]: 4X4— 5Yp be a mor-
phism in C*cory,,. Then the assignments 4X s~ Ox on objects and

[aMp, Uy ]+ [o,(M &g Oy)o, ]
on morphisms define a functor & from C*corp, to C*algco,.
The next proposition is crucial for this paper.

Proposition 3.5. Let[,Mg, Uy] : 4X4— Y bea morphismin C*cor,;,, where
4X 4 is a regular correspondence, and let 0 : Ox — K (M ®@p Oy) be the asso-
ciated homomorphism. Denote the universal covariant representation of 4X 4 by
(Y, t). Then Ker o is the ideal (Y'(Ker ¢,,)) generated by Y'(Ker ¢,,) in Ox.

Proof. It suffices to show the equality Kerog N 1'(A) = (Y'(Ker ¢y,)) N Y'(A),
since gauge invariant ideals of Oy are distinguished by their intersection with
T'(A) when 4X, is regular [Kat07, Corollary 8.7]. One can easily verify that
(Y'(Ker ¢py)) C Kero. Let Y'(a) € Ker o. Then we have

0=0T(a) =em(a)® 1o,

This implies ¢p;(a) = 0 by Lemma 2.2. And thus, a € Ker ¢, which means
Y(a) € Y(A) N (Y (Ker gp)). O

4. Invariant Ideals and Structure Theorems

Definition 4.1. Let 4 X, be a C*-correspondence. For an ideal I of A, define
an ideal X~(I) of A by

X )={a€eA:(x,a-y), €lforallx,y € X}.

Anideal I of A is said to be positive X-invariant if IX C XI, negative X -invariant
if Iy N X~Y(I) c I, and X-invariant if I is both positive and negative invariant.

Note that I is a positive X-invariant ideal of A if and only if (X,IX), C I.
When that’s the case, we have IX = IX(IX,IX), C IXI. Therefore, we have the
equality IX = IXI. Consequently, the I-A-correspondence IX can be viewed
as a C*-correspondence over I.

Lemma 4.2. Let 4X, be a C*-correspondence and I be a positive X-invariant
ideal of A. Denote the I-A-correspondence isomorphism §(_l;(,1)o§'(uXJ) D IX @
I - I ®4X by Uy, where & x 1) and &, 1x ) are the I-A-correspondence isomor-
phisms defined as in Remark 3.2. Then, the isomorphism class [;14,U;] : [IX; —
X 4 is a morphism in C*corp,.

Proof. Itsufficesto showJrx -I C Jx, which follows immediately from the fact
that J;x = I N Jx [Kat07, Proposition 9.2]. O

Lemma 4.3. For C*algebras A and B, let A C B. Then we have the C*-algebra
isomorphism KX (AB) = ABA, where AB is viewed as a Hilbert B-module .
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Proof. For any x € ABA, consider the operator T, : AB — AB defined by
T.(y) = xy,wherey € AB. Then each T, is an element of X(AB), and the map
L : ABA — X(AB) defined by x — T, is an injective x-homomorphism. Now
take any Galbl,a2b2 € X(AB). We have ealbhazbz = Talblb;a; = L(alblb;a;ﬁ).
And thus, L is surjective. O

Theorem 4.4. Let 4 X, be a C*-correspondence and I be a positive X-invariant
ideal of A. Let (Y',t) be the universal covariant representation of 4X 4. Then we
have the following:

(1) E( 4, UL = [OIX(I R4 OX)OX] is an isomorphism class of a left-full Hilbert
bimodule.

(2) Opx isisomorphic to the smallest hereditary subalgebra of Ox containing Y'(I)
[Kat07, Proposition 9.3].

(3) Oyx is Morita equivalent to the ideal (Y'(I)) generated by Y'(I) in Ox [Kat07,
Proposition 9.5].

Proof. Let : I® 4 Ox — Y'(I)Ox denote the Hilbert Ox-module isomorphism
defined on elementary tensors by i ® 4 S — Y(i)S. Denote the C-covariant
representation of 4, X4 by (7, ®), and let L : Y(I)OxY(I) - KX (X (I)Ox) be the
isomorphism defined as in the proof of Lemma 4.3. Then we have the following

diagram
\
Ad &

KU ®, Ox) —L s 5 (r()0y) —— s YO, T().

S

We claim that Ad £~!oL is an isomorphism onto C*(7r, ®). It suffices to show
the equalities

Ad §[@(ixj)] = LA Dt()TY(j)) and Ad [z (iaj)] = L (T (ia)),

foranyi,j € I,x € X,anda € A.LetV : X ®,4 Ox — t(X)Ox denote
the A — Ox correspondence isomorphism defined on elementary tensors by
X®4 S t(x)S,forany x € X,S € Ox. Fork € I,S € Ox we have

ED(ixj)k®4S) =81, @V)U(ixj ®r k) ®4 S
=&(a ®y4 t(2)S) (a €1,z € X with az = ixjk)
=Y (a)t(z)S
= t(ixjk)S.
On the other hand, we have
L@ @tx)Y(G) §k ®4S) = Y)Y ()Y (k)S = t(ixjk)S,
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which proves the first equality. For the second equality, we observe that
En(iaj)k ®,4S) = E(iajk ® 4 S) = Y(iajk)S = L(X(iaj) (k @4 S),

which proves our claim.

Recall that the left action homomorphismo : O;x - K(I®4Ox)isinjective
onto C*(wr,®). And thus, we may now conclude that the C*-correspondence
oI ®a Ox)o, is a left-full Hilbert bimodule, which implies O;x and
(I ®4 Ox,I ®4 Ox)o, = (Y(I)) are Morita equivalent C*-algebras. Moreover,
by Lemma 4.3 we have O;x =2 X(I®4 Ox) = K(Y(IT)Ox) 2 Y(I)OxY (), which
proves item (2). O

Remark4.5. Let 4 X 4, be a C*-correspondence, and let I be a positive X-invariant
ideal of A. Letp : A > A/I and q : X — X /XI be the natural quotient maps.
Then, X /XTI can be viewed as a C*-correspondence over A/I with the module
actions and the inner product are given by

p(a) - q(x) - q(a’) = g(axa’) (@(x),q(») = p(x,¥)4)

fora,a’ € A,and x,y € X.

Assume 4 X 4 is regular and I is an X-invariant ideal. Then X /XTI is a regular
correspondence as well: properness of X /X1 is straightforward by construction.
To see injectivity let a € A, and let p(a)q(x) = 0 for all x € X. Then ax € XI
for all x € X, which means a € X~'(I). Since I is X-invariant and ,X, is
regular we have X~1(I) C I, and thus p(a) = 0.

Now, for a regular correspondence 4X 4 and an X-invariant ideal I, consider
the isomorphisms

i : XQ®4A/ - X/XI, xQ®4 pla) = qg(xa)
i 1 A1, X /XT — X /X1, p(@) ®4/1 q(x) = glax),

where x € X,a € A. Then, [A/I,Uy/1]: aAXa— a/1(X/XI) 4/ is a morphism
in C*corpy, where U, p i = i; " oiy.

Note that forany x € X, a € A, we have U (x®4p(a)) = p(@')®4/1q(x"),
for some @’ € A,x' € X, satisfying p(a’)q(x") = q(x)p(a): i1(x ®,4 p(a)) =
q(xa). Since q(xa) is an element of the non-degenerate correspondence X /X1,
there exists p(a’) € A/I,q(x") € X/XI such that p(a’)q(x") = q(x)p(a).

Theorem 4.6. Let 4X 4 be a regular correspondence and let I be an X-invariant
ideal. Then, we have the isomorphism Ox /(Y (I)) & Ox /x-

Proof. Let(Y,t)and (T, f)be universal covariant representations of X and X /X1,
respectively. And,letp : A - A/I and q : X — X /XI be the quotient maps.
The map § : A/I ®4/1 Ox/x1 — Ox/xr defined on elementary tensors by
p(a) ® S — Y'(p(a))S is a Hilbert-Ox /x1 module isomorphism, and extends to
a C*-algebra isomorphism

AdE T K(A/T ®asr Ox/xr) = K(Ox xp)-
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Let L : Ox/x; — X(Ox/xr) be the C*-algebra isomorphism defined by
L(S)T = ST for S,T € Ox/x;- Denote the C-covariant representation of 4X,4
on K(A/I ®4/1 Ox /xr) by (7, @). Then we have the following diagram

X
\
Ad¢ !
KA/ @1 Oxyx1) ——— K(Ox/x1) —— Ox/xr-
/

A

We claim Ad £~'oL is an isomorphism onto C*(rr, ®). To prove our claim we
first show #(q(x)) = L™ Ad £(®(x)), for x € X. Leta € A,S € Oy x;. On one
hand we have
L(E(q(x))§(p(a) ® /1 S) = L(E(qO:)T(p(a))S = {(q(x)T(p(a))S = E(g(xa))S.
Now, let V' @ X /XTI ®4/1 Ox/x1 = Ox/xr denote the isomorphism defined on
elementary tensors by q(z) ® 41 T + t(q(z))T,wherez € X, T € Ox/x1- Let
q(x)p(a) = p(a’)q(x')!. We have

ER(x)(p(a) ®ayr S) = Ea/r VI U/ (x ®4 p(a)) ®4/15)
=& ®@V)(p(a) ®ayr q(X) ®ay1 S)
=& [p(a’) @a/r E(q(x"))S]
= t(g(xa))S.

It is easy to show T'(p(a)) = L™! Ad &((a)), for any a € A, completing the
proof of our claim. We may now conclude that o : Ox — K(A/I 4,1 Ox /x1)
is surjective. Then by the first isomorphism theorem we have Oy /Kero =
o(Ox). By using Proposition 3.5 we obtain Ox /(Y (I)) & K(A/I ® 41 Ox x1) =
Ox/x1- u

We next give a factorization property in C*corp,;, which allows us to gener-
alize the first item of Theorem 4.4. But first we need a Lemma.

Lemma 4.7. For an A-B-correspondence isomorphismU,; : X@4M - M Qg
Y we have the following.

(1) Theideal By; = (M, M)g of B is positive Y -invariant.
(2) Ker ¢y, is a positive X-invariant ideal of A. If 4X 4 and gY§g are regular cor-
respondences, then Ker ¢, is an X-invariant ideal.

Proof. For the first item we compute

(Y,By-Y)p =(M®pY,M®pY)p = (XQ@ M, XQ,M)g =(M,Ax-M)p C By,

ISee the last paragraph of Remark 4.5.
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as desired. For the second item denote Ker ¢,,; by K. We have
0 = <K 'M®B Y,M ®B Y)B = <K X®AM,X ®AM>B = <M,<KX,X>A 'M)B,

which implies (KX, X), C K, asdesired. Now, assume 4X 4 and Y are regular
correspondences. Let a € X~(K). Then, {(ax, x’), € K for any x, x’ € X. This
means

(ax @4 m,x' @4 nyg = (m,{(ax,x")4 -n)g =0,

for any x,x’ € X and m,n € M. This implies a € Kerpyxg, v = Keroyg,v-
Then for any m,n € M and y,y’ € Y, we have

0= <a -m Qp y,m, ®By,>B = <ya<am’ml>B 'y’>B’

which implies (am, m')z € Ker ¢y. Since 5Yj is a regular correspondence, we
conclude that a € Ker ¢y,. U

Let [4\Mp, Uy]: 4Xa— pYp be a morphism in C*corp,,. The first item of
Lemma 4.7 and Lemma 4.2 together imply that the isomorphism class of the
pair (BM(BM)B,UBM) is a morphism [BM(BM)B,UBM]: BM(BMY)BM — pYp in
C*corp,i-

pair

Proposition 4.8. For any morphism [4Mg, Uy ]: oX4— gYp in C*corp,, there
exists a morphism [ 4,M JIBM’ Uwl: aXa— B, (BMY)B such that the equality
M

[aMp, Uy 1=[5, (Ba)s, Up,, lo [aMp , Upr]
holds.

Proof. Let ;,M l;M be the Hilbert B-module M viewed as A-B,,-correspondence.
Consider the following C*-correspondence isomorphisms:

t: a(M ®p By)p,, — aMy mQ®gb—m-b
l: 4(M' ®g,, Bu)s = aMsp, mQ®gp, b m-b
J By By ®Y)p — B, (ByY)s, b@py—b-y
k : g, (BuY ®g By)g,, — 5,,(BuY)s,, @b &b

where b € By;,m € M,y € Y, and § € By Y. Let Uy be the composition of
the A — B), correspondence isomorphisms

1@ ! Uy ®1p
= > X®4MQpBy ———— M®gpY Qg By

"' ®1y®1g,,

XQuM

M’ ®p,, By @5 Y ®p BMlAmM' ®p,, BuY ®p By W M’ ®p,, ByY.
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To prove [, (Byp)g, Ug,, lo [AMl,sM’ Uy ] = [4M5, U] we show that the dia-
gram
1x®
X @4 M ®p, By =% X @4 M
(1M’®UBM)(UM’®IBM)\L \LUM
I®1
M ®p, By QY —> MQpY

commutes. Take an elementary tensor x @, m € X ® 4 M’. By the Cohen-
Hewitt factorization theorem there exist m’ € M, b’ € By, withm = m’ - b’.
Then we have

Unr(x ®4 m)
=y @K1y ®j®1 ) ®1y ®1p YUy Q15 )(1x Q@ ™ H)(x ®4 m)
=1y @Ay ®j®15 )" ®1y ® 15 ) Uy ® 15, )(x @4 m' @5 b')

N,
=1y @Iy ®j®1z )11 ®1y ®1z,) lim D m! ®; y' ®g b/,
=iy

. N, . .
where lim,,_,, 2., m!' ®g ¥ = Up(x ® 4 m'). Again by Cohen-Hewitt factor-
ization theorem, there exist £ l” €eM, clf”‘ € By, such that m? =¢ l” . clf“. Then we
may continue our computation as

N
=y ® )1y ® j ® 15,) lim > &' ®s,, ' ® y}' @5 b’
i=1
N
=y ®k) lim > &' ®,, ¢ -y @5 b/
®i=1

= lim Z%’l” ®p,, ¢! -y - b

Then, for the elementary tensor x ® 4, m ®g b of X ® 4 M ®5 By, we have
I®1y)(1y ® Up, ) Uy ® 15, )(x ®4 m ®p b)

N,
=(®1y)(1y ® Ug,) lim > & ®g,, ] -y - b' ®p b
®i=1

Ny
= lim Zml" ®gy!-b'b
n—eo =
= UM(X ®A m’)b/b

= Uy(lx ® D(x ®4 m Qp,, b),

as desired. O
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Corollary 4.9. Let [4Mg, Uyl: 4X4—5Yg be a morphism in C*corpy. If 4Mp
is a left-full Hilbert bimodule, then so is the associated correspondence o, (M Qg
Oy)o,-

Proof. By Proposition 4.8 we have [, (By)p, Ug,, |0 [AMl;M’ Uy 1=[4Mp, Uy,
and thus

loy(M &5 Oy)o, | = log,,,(Bu ®s Oy)o, lolo, (M’ ®p,, Opy, )0y, v
Since 4 M ll%M is an imprimitivity bimodule, [ ,M ’BM’ U, ] is an isomorphism in
C*corpgir, and thus, € ([AM’M, UM,]) = [o,(M' ®g,, OBMY)OBMY] is an isomor-
phism in C*alg.,,. This means o, (M’ ®p,, OBMY)OBMY is an imprimitivity bi-
module. We also know by Theorem 4.4 that Oy (Bm ®p Oy)o, is a left-full
Hilbert bimodule. Hence, o (M ®g Oy)o, is a left-full Hilbert bimodule.  [J

5. Exactness

We denote by C"‘cor;‘;gr the subcategory of C*cor,,;, where all objects are reg-

ular C*-correspondences. Every morphism in C*cor,,;, has a kernel; however,
not every morphism has a cokernel. We show in this section that every kernel
in C*cor;igr has a cokernel. This observation leads us to study exactness in the
subcategory C*cor;‘;

To study kernels in C*corr:?r we need some understanding of monomorphisms
in this category. The following lemma is necessary for this purpose.

g %
- instead of C*corpy;

Lemma5.1. Letu : M ®3 N - M’ ®g N be an A-C-correspondence isomor-
phism where M and M’ are A-B-correspondences, and gN is a left-full Hilbert
bimodule. Then, there exists an isomorphismt . ;,Mp— sM g suchthatt @ 1y =

U

Proof. Since zN is a left-full Hilbert bimodule, there exists a C—B-correspon-
dence N and a B-B-correspondence isomorphism

J i N®cN — B, ny ®c 1, — p(ny,ny),

. . . ,
where n;, n, € N. Define an isomorphism ¢ : 4,Mp— 4,M}, by

. . -1
1= @ NDWR1) (I @ ) Cpmp)

where &, ;s 5) and &,y p) are the A-B-correspondence isomorphisms defined
as in Remark 3.2. It suffices to use elementary tensors to verify the equality
t® 1y = u. Let m'" € M’ and n,, n,, n; € N. Then we have

Eemrp ®1y) Ly ® j ® 1y) (M’ ®p ny ¢ Hy @p 13)
= (§(r,M',B) ® 1y) m' ®g p(ny, n,) ®p n3
m'g(n, ny) g ns

=m’' ®p ny(ny, n3)c.
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This shows that for any x € M ®g N, and n,n’ € N we have
Comrp®@Iy) Iy Q@j®1IN) (M® 1y ® 1y) (X Qc A ®p 1) = u(x)(n,n’)c
and
p(Eemp @ 1n) Iy ® j®1y) (X @¢c AQp 1) = u(x)(n,n')c,
as desired. O

Proposition 5.2. Let [zN¢, Ux]: 5Yg—cZc be a morphism in C*cor;;gr. IfgN¢
reg

is a left-full Hilbert bimodule, then [gN¢, Uy] is a monomorphism in C*corpair.
Proof. Let[ Mg, Uy, [aMy, Uppl: 4X 4— Y be morphisms in C*cor;igr sat-
isfying

[gNc, Un] o [aMp, Uy ] = [sN¢, U] 0 [aMy, Upy].
Then, there exists an isomorphism ¢ : M @3 N - M’ ® N with the commu-
tative diagram

1x®,
XMz N X x®, M ®z N
(1M®UN)(UM®1N)\L J/(lM/®UN)(UM’®1N)
®1
M®;N®cZ =5 M ®3 N ®c Z.

Since gN( is a left-full Hilbert bimodule, by Lemma 5.1, there exists an isomor-
phismt : y,Mp— 4M 1’9 such that 4 =t ® 15. We aim to show that the diagram

xo M 28 x @, M

o] Lo

MY 2% M @, Y

commutes.
By the first diagram above, we have

Ay @UN)(Up @ In)(1x @@ 1n) = (1 ® 1y @ 12)(1y ® Un)(Uy ® 1y)
=1y QU ® 1y ® 1n)(Uy ® 1y),

which implies the equality

U @ In)(1x @1 ®1y) = (1 ® 1y ® 1x)(Uy ® 1y).
Since zN( is an injective correspondence, by Lemma 2.2, we have

Uw(lx ® 1) = 1y)Uy,

completing the proof. O
Remark5.3. LetU,; : X@,M — M ®pY be an A-B-correspondence isomor-
phism. We know by Lemma 4.7 that Ker ¢, is a positive X -invariant ideal of A.

And thus we may view KX as a C*-correspondence over K, where K denotes
the ideal Ker ¢,,. Then, as described in Lemma 4.2, [ K4, Ur]: kKXg— 4X4
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is a morphism in C*cor:;gr where Ug(kx Qg k') = k ® 4 xk , for any k, k' € K
and x € X.

We are now ready to determine kernels in C*cor;:igr )
Theorem 5.4. Let [ 4Mg,Up]: 4X 41— gY be a morphism in C*cor;zigr. Let K de-

note the kernel of the homomorphism g, : A — K(M). Then, the object x(KX)g
paired with the morphism [gK 4, Ux]| : kKXx— 14X 4 is a kernel of [ 4,Mp,U].

Proof. We must show the following:
(1) [aMp, Uyl o [xkK4, Ug] = [0, Oxx y]; and
(2) assume that [Ny, Uy]: ¢Zc— 4X 4 is a morphism in C*cor;‘igr satisfy-
ing the equality [4Mpg, Up] o [cN4, Uy] = [0, 0zy] . Then, there ex-
ists a unique morphism [Tk, Ur]: cZ-— xKXg such that the equality
[kKa, Ukl o [cTk, Url=[cNa, Uy] holds.
Item (1) is folklore. For (2), notice thatsince N® 4,M =~ Owe have (N,N), C K.
Thus we may view N, as a C-K-correspondence, which we denote by N’.
Moreover, we have the isomorphisms

[:CN®AKK_)CN;< ”l®Akl—>n'k
and
j:CN,®KKA_)CNA n®Kk|—)n'k
forn € N, k € K. Now let Uy be the C-K-correspondence isomorphism
cZ ®c Ny Zy Z®cN®y Ky — oy N ®, X ®, Ky
J el ek

CN, ®KK®AX®AKK —> CN’ ®KKX®AKK —> CN, ®KKXKa

1y ®€®1k 1y ®&r
where §; is the K-A-correspondence isomorphism §;xx) : K ®4 X — KX,
and &, is the K-K-correspondence isomorphism £, xkx x) : KX ®4 K — KX,
ie.,
Uy =1y @ § Iy ® @ Ikl ® 1x ® 1x][Uy ® 1x][1, ® 7]
‘We show that [C(N/ ®K K)A’ (1N/ (024 UK)(UNr [024) 1K)]:[ NA’ UN], i.e., the
diagram

Z@cN' @K 2225 7@. N

(]-N’®UK)(UN’®1K)\L \LUN
j®1
N QrK®sX —> N4 X

commutes. Consider atensor n @4 x ® 4 k1 @k k, of A(INR4 X R4 K Qx K) 4.

By the Cohen-Hewitt factorization theorem we have n = n’ -k’ forsomen’ € N

and k' € (N,N), C K. Then,

(O L)y @Ux)(Ay @5, ® 1)y ®E® 1k ® 1) @ 1y ® 1x ® 1x)(n ®4 X ®4 ki B ky)
= ® Ly @ Ux)(ly @&, ® 1)(n' ®x k'x @4 ki ® k3)
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= ® 1)1y ® U)(n' ® k'xk; ®x k,)
= ® 1y’ ®x k' ®4 xk,k;)
=nQ®, xkk,.

On the other hand, it is not hard to see that
Un(1z® )1z @1@ 1)Uy ® 1x ® 1x)(n ® 4 X ® 4 k1 ®k ky) = n Q@4 xkyks.

Uniqueness of the morphism [N ;{, Uy ] follows from Proposition 5.2, since
kK4 is a left-full Hilbert bimodule. O

eg

We next study cokernels in C*corpalr

Lemma5.5. Let -Xg and Y g be two C*-correspondences, and let ,C¢ be the C*-
correspondence where the left action is determined by the surjective map  : A —
C. If there exists an A-B-correspondence isomorphism U : CQ®c-X - C QY
then there exists an isomorphismV . - Xp — cYgsuchthat1l. @ V = U.

Proof. Consider the natural A-B-correspondence isomorphisms
[C,X:C®CX_)X C®CX|—)C'X
[C,Y:C®CY_)Y C®Cyl—)C'y

[EKQ20, Lemma 3.3] tells us that the map LC’YOUOLE’IX : 4Xp — 4Yjp preserves
the left C-module structure and thus, provides an isomorphism Xz — ~Yp.
We observe that 1- ® (¢, YUL_1 =U: letc,c’ € C,x € X. Notice that since

U’ ®Cx)—11mn_,oozl ¢ ®c y! forc!' € C,y!' € Y, we have

(1c ® e y)1e @ UXc ®¢ ¢’ ®¢ x) = ¢ Q¢ r}l—{{)lo Z AR

= lim ch ®c y!'

n—>oo

= U(lc ® tex)(c®c ¢’ ®c x),
as desired. O

Proposition 5.6. Let X, be a regular C*-correspondence and let I be an X-

invariant ideal of A. Then, [A(A/Dar, Uajrl: aXa—= ayi(X/XI)p is an epi-
eg

morphism in C"‘corpa .-

Proof. Assume that there exist two morphisms [4,/Mg, Uy, [4/1NB, Un]:

Aa/1(X/XT) /1 =Yg in C*coryy, such that

La/tMp, Unlo [a(A/Dasrs Uyl = [ayiNg, Unlo [a(A/D a1 Uajrl-
Then, there exists an A-B-correspondence isomorphism

M . A/I ®A/IM - A/I ®A/IN
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making the diagram

X @A/l @i M -2 X @, A/T®4; N

(1A/I®UM)(UA/I®1M)J/ J/(IA/I®UN)(UA/I®1N)
k@1
A/T@arM@gY — A/I®aNQuY

commute.
Since the C*-correspondence 4(A/I),/; comes from the surjective homo-

morphism A — A/I, by Lemma 5.5, there exists an isomorphism § : 4 ,;Mp—
a/iNpsuch that u = 1, ; ® §. Then, by the diagram above, we have

Qar ®E® 1) 4y @ Up)(Uayr @ 1yy) = 1y @ Un)(Uyr @ In)(1x @ 14 ® )
=Lar @ Un)1ayr ® Ly/xr @ E)Uayr @ 1ap),
which means lA/I ® (5 ® ly)UM = 1A/I ® UN(]‘X/XI ® g). Since [A(A/I)A/I] is
an epimorphism in C*alg.,,, we may now conclude the equality (5§ ® 1)Uy, =
Un(1x/x1 ® §), which implies [ 4,;Mg, Up]=[4,/Ng, Uy]. U

. . . reg .
Theorem 5.7. Let [4Mp,Uy]: 4Xa— Y be a morphism in C*cor_=. If By is

a Y-invariant ideal of B, then a cokernel of [ \Mp, U] is [s(B/Bn)g/s,,» Us/s,, )
BYp— B/BM(Y/YBM)B/BM-

Proof. We must show the following:

(1) [s(B/Bm)B/By> Usssy ] © [aMp, Uy =10, Ox yvp,,]; and

(2) assume [gNc, Uy]: gYg— ¢Z¢ is a morphism in C"‘cor;‘?r satisfying
the equality [gN¢, Uy] o [4Mp, Uy] = [0, Ox z] . Then, there exists
a unique morphism [g/p, Tc, Ur]: /8, (Y/YBm)p/B,,— cZc satistying
the equality [gN¢, Uy]=lg/s,Tc, Url © [8(B/Bux)g/s,,» Usys,, -

The first item is easy to verify. Let [fN¢, Uy ]: gYp— ¢Zc be a morphism de-
scribed asin the second item. Then z N can be viewed as a B/B,;—C-correspon-
dence [EKQ20, Lemma 3.3], which we denote by N’. Now, let £ be the C*-
correspondence isomorphism g(B/By ®p/,, N "¢ — gN¢; and consider the
B-C-correspondence isomorphism

E'®1)UNAy ® %')(U;/IBM ® 1n/) : B/By ®gpyp,, Y/YBy ®pyg,, N' = B/By gy, N' Q¢ Z.
By Lemma 5.5 there exists an isomorphism
Un' : BB, (Y/YBy ®p/5,, N')c — 5, (N ®c Z)c¢
such that 155 @ Uy = (7! @ 1)Un(1y @ §)(UE/1BM ® 1x/). One can now
see that the diagram
1y®
Y ® B/By ®p/5, N =% ¥ @5 N
(178, ®Un1)(Ug/p), ®1N’)J/ \LUN
£®1
B/By ®p/p, N ®cZ — N®c Z
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commutes. The uniqueness of [/, N, ’C, U] follows from Proposition 5.6. [

Let [ 4Xg] be a morphism in C*alg,. A kernel of [ 4 X3]is the pair (K, [xK4]),
where K denotes the kernel of oy : A — £(X) [EKQ20, Theorem 3.11]. A
cokernel of [, Xp] is the pair (B/By, [s(B/Bx)g/5, 1) [EKQ20, Corollary 3.12].

.. [aX5] [sYc] . " . .
Definition 5.8. A sequence 0 >+ A —— B —— C — 0in C*alg,, is exact if

the pair (A, [4X5]) is a kernel of [3Y ] and the pair (B, [gY¢]) is a cokernel of
[4XB].

‘s [4X5] [Ycl s . .
Proposition 5.9. A sequence0 > A —— B —— C — 0in C*alg,,, is exact if
and only if the following three hold.

(1) 4Xp is a left-full Hilbert bimodule;

(2) Bx = K, where K denotes the kernel of py : B — L(Y).

(3) Hilbert C-moduleY viewed asa B /K- C-correspondence g, KY’C isan imprim-
itivity bimodule.

Proof. Assume we have (1)-(3). In C*alg.,,, we know that kernel of [zY ] is
the pair (K, [xKg]), where K denotes the kernel of ¢y : B — £(Y). On the
other hand, item (2) implies that [3Y]o[ 4X5]=[40¢]. Then, by the universal
property of kernels there exists a morphism from A to K which [ ,X5]| factors
through. As shown in [EKQ20, Theorem 3.9] this unique morphism is [ 4 X %]
where X is just X’ viewed as an A-K-correspondence. Since X}, is an imprim-
itivity bimodule we have that [ 4X} ] is an isomorphism in C*alg,,. It remains
to show that [5Y -] is a cokernel of [ 4 X5]. We know that a cokernel of [ 4 X3] is
[sB/Kpg k], and since [pY ¢]o[ 4Xg]=[40c], by the universal property of coker-
nels there exists a unique morphism which [zY ] factors through. As shown
in [EKQ?20, Proposition 3.11], this unique morphism is [ /KYZ:], which is an
isomorphism in C*alg.,, by item (3).

For the other direction, assume [ 4 X ] is a kernel of [sY ] and [3Y -] is a cok-
ernel of [ 4Xg]. Since [4X5] is a kernel of [3Y], the correspondence 4, Xy in
the kernel factorization 4Xp = 4X ®g Kz must be an imprimitivity bimodule,
which means 4 X} is a left-full Hilbert bimodule, giving us item (1). Moreover,
4Xx being an imprimitivity bimodule implies that By = K, which proves item
(2). Since [gY ] is a cokernel of [ 4 X3], the correspondence g /KY’C in the cok-
ernel factorization zB/K ®p/x Y’C =~ pY - must be an imprimitivity bimodule,
concluding the proof. O

Definition 5.10. A sequence

[aMp,Up] [Nc,Un]
0_)AXAABM BBBCN oZe =0

in C”‘cor;:"’r is called exact if the pair (4 X4, [4Mp, Up]) is a kernel of the mor-
phism [gN¢, Uy] : 5Yp = ¢Zc; and the pair (53Yg, [sNc, Un]) is a cokernel of

the morphism [ 4Mp, Up/] : 4X4 — 5Y5.
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Note that [ 4 M5, U),| being a kernel of [N, Uy] in the sequence above im-
plies that By; = Ker ¢)y. Then, Lemma 4.7 allows us to conclude that By, is a
Y-invariant ideal of B, and thus, cokernel of [ My, Uj,] exists.

Corollary 5.11. A sequence

[aMp, U] [Nc,Upn]
0_)AXAABM BBBCN oZe =0

. . * reg . . .
isexactin C corpaigr if and only if the following holds.
(1) 4Mgp is a left-full Hilbert bimodule;

(2) By; = K, where K denotes the kernel of p : B - L(N);

(3) Hilbert C-module N viewed as a B/K- C-correspondence g /KN’C is an im-

primitivity bimodule.

We omit the proof of Corollary 5.11 as it is very similar to the proof of Propo-
sition 5.9. We would like to point out that one must use Theorems 5.4 and 5.7
for this proof.

reg

> IS exact.
pair

Theorem 5.12. The restriction of the functor & to the category C*cor

Proof. Let the sequence

[aMp,Upy] [Nc,Un]
0_)AXAABM BBBCN oZe =0

in C*cor'® be exact. Denote Ker gy by K. We know that 4Mj is a left-full
pair

Hilbert bimodule, the correspondence g/ N, é is an imprimitivity bimodule, and
we have the equality By; = K. The functor £ maps this sequence to

[ow (M®50Oy) o ] loy N®cO2)o,]
0_) OX Ox BYY /Oy OY Oy cYZ)0z OZ_)O'

By Corollary 4.9, we have that o (M ®g Oy)p, is a left-full Hilbert bimodule.
Since [g/k N, Un']: kY /YKg/x — cZc is an isomorphism in C*cor;:gr,
have that

we

E(lg/x N Un'D) = [0y, (N ®c O2)0,]
is an isomorphism in C*alg,, and thus o, vk (N" ®c O7)0, is an imprimitivity
bimodule. It remains to prove that (M ®g Oy, M ®g Oy)o, = Kero, where
o : Oy - XN ®c Oy) is the left action homomorphism associated to the
correspondence o (N ®¢ Oz)e,- Let (I, t) denote the universal covariant rep-
resentation of Y. Then, by Proposition 3.5, we have

(M ®g Oy, M ®g Oy)o, =(0y,K - Oy) =(T(K)) =Kero,
as desired. O

Example 5.13. By using Theorem 5.12 we can easily see Theorem 4.6 and The-
orem 4.4 for the case when 4X 4 is a regular correspondence: let I be an X-
invariant ideal of A. Then, the sequence

[114:U1] [4A/Ta/1.Uay]
00— IIXI _— AXA _— A/IX/XIA/I -0
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is exact in C"‘cor;‘;gr . And thus, the sequence
[1®40x] ) [A/1®4/10x /x1]

0— 0,4 X x/x1 = 0

is exact in C*alg.,,. This implies by Proposition 5.9 that o (I ® 4 Ox)e, is a
left-full Hilbert bimodule, which means o (I ®4 Ox)r) is an imprimitiv-
ity bimodule, where (1, ¢t) is the universal covariant representation of 4,X,.
Consequently, we have O;xy = KU ®4 Ox) = Y{I)OxY(I). On the other
hand, again by Proposition 5.9, we know that o /ra)(A/I @ 4/r Ox/xDoy 5,
is an imprimitivity bimodule. This allows us to conclude the isomorphism
Ox /(Y (D)) = K(A/I @41 Oxx1) = Ox/x1-
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