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Divisorial and geometric gonality of
higher-rank tropical curves
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and David van der Vorm

ABSTRACT. We consider a variant of metrised graphs where the edge lengths
take values in a commutative monoid, as a higher-rank generalisation of the
notion of a tropical curve. Divisorial gonality, which Baker and Norine defined
on combinatorial graphs in terms of a chip firing game, is extended to these
monoid-metrised graphs. We define geometric gonality of a monoid-metrised
graph as the minimal degree of a horizontally conformal, non-degenerate
morphism onto an monoid-metrised tree, and prove that geometric gonality is
an upper bound for divisorial gonality in the monoid-metrised case. We also
show the existence of a subdivision of the underlying graph whose gonality
is no larger than the monoid-metrised gonality. Finally, we relate our notion
of geometric gonality to the minimal degree of a map between logarithmic

curves.
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1. Introduction

Tropical geometry allows us to exchange information between geometric and
combinatorial worlds. A fundamental example is that of gonality. The older
notion is the gonality of a smooth curve, defined as the minimal degree of a map
to the projective line. More recently, Baker and Norine defined the divisorial
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gonality of a graph in terms of a certain chip-firing game (see [5], or Definition
2.10). The connection between these runs via degenerations; a family of smooth
curves may degenerate to a stable curve, allowed mild (nodal) singularities.
To a stable curve we can associate a graph (with a vertex for each irreducible
component and an edge for each node), and the gonality of the curve is then
closely related to the gonality of the associated graph. This relation has been
exploited by [5] and [9] to prove a combinatorial Riemann-Roch Theorem, and
to give a tropical proof of the Brill-Noether Theorem.

It is clear that replacing a stable curve by its graph forgets a lot of information.
One can hope by decorating the graph with some of that information to obtain
a tighter relationship between the notions of gonality coming from algebraic
geometry and those coming from combinatorics; for example, one could remem-
ber the genera of the vertices. In this brief note we explore the consequences
of carrying across another kind of geometric data, namely assigning lengths to
the edges of the graph. For 1-parameter degenerating families this is already
well-explored; given a singularity with local equation xy — t" we assign the
corresponding edge the length n. This leads to the classical theory of tropical
curves as graphs with edge lengths in R, as treated for example in [2, 6, 8].

However, for many applications (in particular to moduli spaces of curves) it is
natural to consider families of curves over higher-dimensional bases, for which
there is no natural integer-valued edge length. Following [17] we instead equip
our graphs with a length function taking values in a monoid, which is the natural
setting for a metric from the perspective of logarithmic geometry. Taking the
monoid to be N recovers the classical integer-valued notion of edge-length, or
we can consider the monoid to be R, to recover (a finite model of) an abstract
tropical curve'. However, for us the most interesting cases are where the monoid
has higher rank (such as N?).

For a ‘monoid-metrised’ graph I, we define the divisorial gonality dgon(I') to
be the minimal degree of a divisor of positive rank (see Definition 2.10). Then
we extend the notion of morphisms to monoid-metrised graphs, and define har-
monicity and nondegeneracy for these morphisms. We define geometric gonality
ggon(T") to be the minimal degree of a harmonic, non-degenerate morphism
onto a tree (see Definition 2.14). Our first main result is the following.

Theorem (Theorem 3.1). Let M be a sharp, integral monoid and T = (X, r,1i,1)
be an M-metrised graph. Then dgon(T") < ggon(T").

This generalizes the inequality between geometric and divisorial gonality [6,
Corollary 2] (see also [11, Lemma 6.1]) from unweighted and weighted (i.e.,
N-metrised) graphs to M-metrised graphs. We will see that this result is an
improvement over the classical inequality, at least when one is interested in

e warn the reader that the edges of our ‘monoid-metrised graphs’ are discrete objects
equipped with edge lengths, so there are no points on the interior of any edge. This differs from
the usual notion of a ‘metric graph’, where every edge is an interval containing uncountably many
points.
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using these results to bound from below the gonality of an algebraic curve. For
such applications one is generally interested in the minimum of gonalities of
subdivisions of the underlying combinatorial graph, and our second main result
shows that this minimum is no greater than our ‘monoid-metrised gonality’.

Theorem (Theorem 4.11). Let T be a monoid-metrised graph, and let G be the
underlying graph. Then there is a subdivision G of G such that dgon(T") > dgon(G).

Example 2.16 shows that this inequality is in general strict, as dgon(I") can be
infinite.

An immediate consequence is that two combinatorial lower bounds on the
gonality (namely, treewidth [11] and scramble number [12]) carry over to monoid-
metrised graphs; see Corollary 4.12.

Finally, in Appendix A we give a precise connection between the combinato-
rial and algebro-geometric gonalities via log geometry. We show that the degree
of a flat morphism of log curves is equal to the degree of the associated har-
monic morphism of monoid-metrised graphs, from which we deduce that the
algebro-geometric gonality is greater than or equal to the geometric gonality of
the associated monoid-metrised graph; see Theorem A.6 for a precise statement.
Using this, we show that monoid-metrised gonality gives a sharper bound on
geometric gonality than was possible with previous approaches; see Remark
A7

1.1. Attribution. Theorem 3.1 was proven by DvdV as part of his bachelor’s
thesis [19] under the supervision of DH. After this paper was posted to the arXiv,
JvDdB explained to us how to prove Theorem 4.11, and joined the paper as a
co-author. The initial version of the text is due to DvdV, with edits by all of us.
Section 4 is written by JvDdB, and the appendix is written by DH.

2. Preliminaries

2.1. Monoids. This subsection is based on Chapter 1.1 of [18].

A monoid is a set M with a commutative associative binary operation and
an identity element 0 € M. We say M is sharp if the only invertible element
is 0. The groupification M — MS3P is the initial object in the category of maps
from M to groups; we say M is integral if the groupification map is injective;
equivalently if for every a,b,c € M we havea+c=b+c = a =0b.

From now on, by monoid we always mean a sharp, integral monoid; key
examples to keep in mind are N, Ry, N2,

Lemma 2.1. Let M be a sharp, integral monoid and m,n € M. Suppose there exist
positive integers a and b with an = m and bn = m. Thena =borm =n = 0.

In other words, if an = m, then 2 — qis well-defined.
n

2.2. Monoid-metrised graphs. Here we present a purely combinatorial ver-
sion of the tropical curves of [17]. Our graphs are connected, undirected, and
are allowed self-loops and multiple edges. More formally we define
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Definition 2.2. A graph is a tuple G = (X, r,i) where
« X is a finite set
« r: X - X is aidempotent function
« i: X - X isan involution
* i(x) = x ifand only if r(x) = x.

The subset of X of elements with i(x) = x is denoted V(G) or V (vertices).
The other elements of X are half-edges, which form the set H = X \ V. We also
write E = {{e,i(e)} : e € H} for the set of edges. Forv € V,let H, ={e € H :
r(e) = v} be the set of half-edges adjacent to v. For vertices u,v € V, the set
of edges between them is E(u,v) = {{e, f} € E : {r(e), r(f)} = {u, v}}. We only
consider connected graphs from now on.

Definition 2.3. Let M be a monoid and G = (X, r,i) a graph. A metric on G
with values in M is a function [ : X — M such that

o I(i(x)) =1l(x)forallx € X

e I(x) = 0ifand only if x € V(G).

An M-metrised graph is a tuple I' = (G, l) where G is a graph and [ is a
metric on G with values in M. We say that I' is metrised by M, and we use the
notation V(T') and E(T) to refer to V(G) and E(G), respectively.

Remark 2.4. We can simply view a metric over M as a function assigning
to every edge a non-zero element of M. In particular, if M = R, then this
is exactly (a finite model of) an abstract tropical curve. The more intricate
formulation above via the set X will be convenient when we begin to study
morphisms of graphs.

Definition 2.5. Let I' be an (M-metrised) graph. A divisor D on T is an element

ZU V(D) D(v)[v] of the free abelian group Div(T’) on V(T').

We often think of D as a function V' — Z. The degree of a divisor D is
deg(D) = Zv oy D(v). The set of divisors on I' with degree k is denoted by
Div(D).

We define a partial order > on Div(T'), such that D > D’ if and only if for
all v € V we have D(v) > D’(v). A divisor D is called effective if D > 0.
The set of effective divisors on I is denoted by Div_(I"). Similarly, we define
Div'i(l“) = Div, ()N Divk(F), the set of effective divisors of degree k.

Definition 2.6. Let I be an M-metrised graph. The set of piecewise linear
Junctions on T is

PL() ={g: V(I) > M8 : Ve € H : g(r(e)) — g(r(i(e))) € (l(e))};

in other words, we require that the difference between the values of g at the
ends of an edge is an integer multiple of the length of that edge. Piecewise linear
functions on M-metrised graphs can be seen as a discrete equivalent of rational
functions on algebraic varieties.



DIVISORIAL AND GEOMETRIC GONALITY 723

Lete € H,u = r(e),v = r(i(e)). If g(u) — g(v) € (l(e)), then g(u) — g(v) is
an integer multiple of I(e), and Lemma 2.1 ensures that % is well defined,
e
and it is an integer.

Definition 2.7. Let I" be an M-metrised graph. The Laplacian A is the group
homomorphism

A: PL(T) — Div(D):

=S| g(v)—g(r(i(e)))[v] .

veV \ eeH, l(e)

Lemma 2.8 ([17, Lemma 3.4.5]). The kernel of A is ker(A) = {g € PL() :
g is constant}.

Proof. By [17, Lemma 2.1.2.11] we can choose a sharp monoid M C N C M8P
with the property that for all x € M#8?, either x € N or —x € N; such a monoid
is called valuative, and has the property that the ordering on M#P given by setting
x <y if and only if there exists n € N with y = n + x, is a total ordering. To
prove the lemma we may replace M by N, whereupon the standard maximum
principal applies: if Y is a maximal connected set of vertices where g takes its
maximum value, then any outgoing edge must have negative slope, but the sum
of the slopes along all outgoing edges vanishes, hence there are no outgoing
edges, so every vertex lies in Y, and g is constant. O

Example 2.9. Consider the following graph I over N?:
(1,0)

Then g € PL(T") would have to satisfy g(v) — g(u) = r - (1,0) = s - (0,1) for
somer,s € Z, and thusr = s = 0 and g(v) = g(u). Hence PL(T") consists of all
constant functions V — N2, and A is the zero map here.

The divisors in the image of A are called principal divisors. The correspond-
ing subgroup is denoted by Prin(T") := A[PL(I")] C DiVO(F).

The equivalence relation ~, on Div(T') with D ~, D’ < D —D’ € Prin(I")
is called linear equivalence. The equivalence class of D € Div(I') under ~,
is denoted with [D]. The linear system associated to D is {E € [D] : E > 0}.
The rank or dimension of D is

r(D) =max{k € Z : forall F € Divlfr(I‘), |D — F| # @}.
Definition 2.10. Let I be an M-metrised graph. The divisorial gonality of T is
dgon(I') = min{deg(D) : D € Div(I'),r(D) > 1}.
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Remark 2.11.

(1) Since the divisor given by the sum of all vertices has positive rank, we
have dgon(I") < |V(I)|.

(2) In the language of the Baker-Norine chip firing game, the divisorial
gonality of T is the smallest degree of a winning divisor.

2.3. Harmonic morphisms. A morphism of M-metrised graphs should take
vertices to vertices, and edges to edges or vertices, satisfying the obvious compat-
ibilities. If an edge e sent to an edge e’ then we require that the length of ¢’ is an
integer multiple of the length of e. This is formalised in the following definition.

Definition 2.12. LetT = (X,r,i,l)and " = (X', 7', i’,1") be M-metrised graphs.
A morphism from I' to I is amap ¢ : X — X’ such that
« forall v € V(I'), we have p(v) € V(I)
. foralle € H(T), if p(e) = ¢’ € H(I") then o(r(e)) = r'(¢"), p(r(i(e))) =
r'(i’(e")) and I'(e’) € (l(e))
« foralle € H), if p(e) = v’ € V(I) then ¢(r(e)) = p(r(i(e))) = v'.

We denote a morphism with ¢ : T' — I” rather than ¢ : X(I') — X(I").

For any half-edge e € H(T') and e’ = g¢(e), let u,(e) = I'(e’)/1(e) denote
the slope of ¢ on e. This is a positive integer by Lemma 2.1. The slope of a
half-edge e is zero if and only if p(e) € V’. For a vertex v € V(T') and half-edge
e’ € Hy,y C H(I"), the multiplicity of e’ € HI") atv € V(T') is

meu(€) = 3, Kle).
e€H, :p(e)=e’

Suppose that for a vertex v € V any two half-edges ¢/, f’ € Hy,) adjacent to
@(v) have the same multiplicity at v. We define the horizontal multiplicity of
v under ¢ to be m,(v) = m, ,(e’) for any e’ € Hyy.

A morphism ¢ : T — I” is horizontally conformal if the horizontal multi-
plicity is well defined for each vertex v € V. A horizontally conformal morphism
¢: I' - I is non-degenerate if m,(v) > O forallv € V.

The multiplicity of a half-edge ¢’ € H(I") is

me(e) = D, My
veV(D):p(v)=r'(e")

That is, the multiplicity of ¢’ is the sum of the multiplicities of ¢’ at v for the
vertices v that are mapped onto the root r’(e’) of ¢’. It is clear that m,(e’) =
my(i(e’)). Also, if ¢ is horizontally conformal, then for any f’ € H,(,,) we have

mgo(e,) = Z m(p,r(e)(e/) = Z mqo,r(f)(f,) = mqo(f’)'
veV(I) : p(v)=r'(e’) veV(T) @ p)=r'(f")

Since I' and I are both connected, we have the same equality m(e’) = m,(f”)

for any two half-edges ¢/, f' € H(I").

Definition 2.13. Let I, I” be M-metrised graphs and ¢ : T — I"” a horizontally
conformal morphism. The degree of ¢ is deg(¢) = m,(e) for any e’ € H(I").
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Horizontally conformal morphisms are often called ‘harmonic’ ([4]), because
they pull back harmonic functions to harmonic functions. When I is simple (that
is, |E(u,v)| < 1 for any u,v € V(I)), the converse also holds: a morphism that
pulls back harmonic functions to harmonic functions is horizontally conformal.
We follow Baker and Norine ([4]) and call a horizontally conformal morphism
harmonic from now on.

2.4. Geometric gonality. A (monoid-metrised) graph is called a tree if it con-
tains no cycles.

Definition 2.14. Let I' be an M-metrised graph. The geometric gonality of T,
denoted ggon(I), is

min{deg(¢) : T atree, ¢ : I' > T a harmonic, non-degenerate morphismj.

Remark 2.15. This definition is based on the notion of geometric gonality of
combinatorial graphs in [1]. Alternatively, geometric gonality may be defined as
the minimum degree of an indexed harmonic morphism onto a tree ([6, Def 2.1]
and [20, Def. 1.3.1]). In that case, divisorial and (indexed) geometric gonality do
not bound one another ([6, Ex. 2.18,2.19] and [20, Ex. 2.1.3]). Another version
of geometric gonality of G is the minimal degree of a harmonic non-degenerate
morphism between a refinement of I' and a tree [8].

Remark 2.16. Not all M-metrised graphs allow a harmonic, non-degenerate
morphism onto a tree. If the graph I' of Example 2.9 is mapped surjectively onto
atree T, then |V(T)| € {1,2}. If |V(T)| = 1, then the morphism is degenerate.
If |[V(T)| = 2, then the two edges with lengths (0, 1) and (1, 0) have the same
image {e, f}. If the map is a morphism, then (1, 0), (0,1) € (I({e, f})), which is
not possible. Hence ggon(I") = 0.

Clearly the degree of a harmonic morphism is at least 1, and so is the geometric
gonality of an M-metrised graph.

Lemma 2.17. An M-metrised graph T has geometric gonality 1 if and only if T is
a tree.

3. Geometric gonality of a monoid-metrised graph

The first main theorem of this note is the following inequality between di-
visorial gonality and geometric gonality. This is a generalisation of the known
inequality for combinatorial graphs.

Theorem 3.1. Let M be a sharp, integral monoid and T = (X, r,i,l) be an M-
metrised graph. Then dgon(I") < ggon(I').

The inequality comes down to the following. Given a harmonic, non-degenerate
morphism of an M-metrised graph I" onto an M-metrised tree T, we can con-
struct a divisor of positive rank on I'. For this, we need to define a pullback map
of divisors, a pullback map of piecewise linear functions, and a pushforward
map of divisors, corresponding to a morphism ¢.
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Definition 3.2. Let ¢ : T — I be a harmonic morphism of M-metrised graphs.
Then the pullback map of divisors is the group homomorphism
¢*: Div(I") » Div(l): D' = . D'(p(v))m,v)[v].
veV ()
It can be verified that deg(p*(D")) = deg(p) - deg(D’), and that p*(D’) is
effective if and only if D’ is effective.

Lemma 3.3. Let ¢ : T - I be a harmonic morphism of M-metrised graphs, and
let g be a piecewise linear function on I’. Then gog is a piecewise linear function
onT.

Proof. Clearly gog is a map from V to M8P. Let g € PL(I"),and e € H an
half-edge, and u = r(e) and v = r(i(e)) the corresponding vertices. Then
either () = ¢(v) and thus g(pw)) — ge(v)) = 0 € (I(e)), or p(u), p(v) are
connected by an edge {¢’, i’ (¢/)}, and we have g(p(u))—g(p(v)) € (I'(e")) C (l(e)).
Therefore g(p(r(e))) — gle(r(i(e)))) € (I'(e')) C (l(e)) for any half-edge e, and
therefore gop € PL(T). ]

Definition 3.4. Let ¢ : T — I"” be a harmonic, non-degenerate morphism of
M-metrised graphs. Then the pullback map of piecewise linear functions is
the group homomorphism

o*: PL(I") - PL(I): g+ gop.

Although both pullback maps are denoted with ¢*, it should be clear from the
context which one is used. The next lemma shows that pulling back commutes
with the Laplacians A and A’; the proof is a lengthy verification, and is omitted.

Proposition 3.5. Let ¢ : T' — I” be a harmonic, non-degenerate morphism of
M -metrised graphs, and A, A’ be the Laplacians corresponding to T and I'". Then
@ oA = Aog*.

In other words, the following diagram commutes:

PLIT) — % PL(D)

\LA’ A

Div(l") —2 % Div(D).

Given a harmonic, non-degenerate morphism ¢ : T' — I”, and a divisor
D’ € Div(I"”), the corresponding divisor ¢*(D) is of most interest. In Lemma
3.8, we prove that ¢* does not decrease the rank of a divisor, and we use the
pushforward map for the proof.

Definition 3.6. Let ¢ : T — I be a harmonic morphism of M-metrised graphs.
The pushforward map on divisors is the group homomorphism

@, : Div(T) - Div(I"): D Z D()[p(V)].
veV(T)
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It is clear that deg(p.(D)) = deg(D). We also recall that deg(p*(D’)) =
deg(p) - deg(D’) for D’ € Div(I").
Lemma 3.7. Let ¢ : T — I be a harmonic, non-degenerate morphism of M-
metrised graphs, and F € Div_(T'). Then ¢*(¢.(F)) > F.

Proof. We have

o (p.(F) =¢*| >, FOle®]|=9¢*| D > F)|[v]

veV () veVI) \ u:p(uw)=v’

S| 3 rwlmwilz Y FomwI]

veV(D) \ u:pw)=¢() veV ()
> > F@)v]=F.
veV(D)
For the first inequality, we used that F(u) > 0 for all u € V(T'). For the second
inequality, we used that m,(v) > 1 for allv € V(') as ¢ is non-degenerate. [J

We can now prove that the pullback of divisors does not decrease the rank
of an effective divisor. This means that pulling back an effective divisor of
positive rank and degree d, gives an effective divisor of positive rank and degree

deg(e) - d.

Lemma 3.8. Let ¢ : T' —» I be a harmonic, non-degenerate morphism of M-
metrised graphs. Then for all D’ € Div (I") we have r(¢p*(D’)) > r(D").

Proof. For any divisor D € Div(I') we have
r(D) = max{k € Z : VF € Div'.(T') : |D — F| # %}
=max{k € Z : VF e Div'(I) : 3E € |D| : E > F}.

Let D’ € Div,(I"), and D = ¢*(D’) € Div(T), and k = r(D") > 0. We will
show that, for any F”" € Divlfr(l“), there is an E € |D| such that E > F”, which
implies r(D) > k = r(D’). The relations between all divisors involved are
summarized in the figure below.

Forany F" € Div'i(l“) letF' = ¢, (F") e Divﬁ(F’). Then thereisan E’ € |D’|
with E' > F’ since r(D’) = k. It is clear that E = ¢*(E’) is effective because E’
is effective, and E’ — D’ € Prin(I") implies ¢*(E’ — D’) = E — D € Prin(T’) by
Proposition 3.5,s0 E € |D|. We also have E' —F' > 0s0 E > F = ¢*(¢,.(F")) >
F".

Hence for all F”" € DiV’:’_(D,)(F) thereisa E € |p*(D’)| with E > F”, and thus
r(e*(D")) > r(D").

0 < F <
¢ ¢ ¢
0 F < D.

< F' <
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Theorem 3.1 follows immediately.

Theorem (Theorem 3.1). Let M be a sharp, integral monoid and T = (X, r,1i,1)
be an M-metrised graph. Then dgon(I') < ggon(I').

Proof. If ggon(I') = oo, then the inequality holds since dgon(I') < |V(I')| < 0.
Otherwise, let ¢ : I' — T be a harmonic, non-degenerate morphism of M-
metrised graphs of minimal degree deg(¢p) = ggon(T'), where T is a tree. Then
for any v € V(T), the divisor D, = (v) has rank (D)) = 1. By Lemma 3.8, D, =
¢*(D}) € Div(T) is an effective divisor of degree deg(D) = deg(p) = ggon(D),
and rank r(D,) > r(D]) = 1. Hence D, is winning, and dgon(T") < deg(D,) =
ggon(T). O

4. Comparison with the divisorial gonality of the underlying
graph

This section compares the divisorial gonality of a monoid-metrised graph I’
to the divisorial gonality of the underlying combinatorial graph G. We define
the latter to be the divisorial gonality in the sense of Definition 2.10 but where
the monoid is taken to be N and all edges are given length 1; this coincides
with the notion elsewhere in the literature for combinatorial graphs, and we
denote it again by dgon(G). The main result of this section is that there exists
a subdivision G of G such that dgon(I') > dgon(G). This confirms that the
monoid-metrised gonality is an improvement over the usual notion of divisorial
gonality when the goal is to lower bound the gonality of a curve, and shows
that two combinatorial lower bounds on the gonality (treewidth and scramble
number) also apply to monoid-metrised graphs.

It is easy to see that Definition 2.2 is equivalent to the standard notion of
multigraphs? in combinatorics, and that the divisorial gonality of an N-metrised
graph where all edges have length 1 corresponds to the standard notion of
divisorial gonality (as defined in [3, 10, 11, 20]). Our goal will be to replace the
lengths of the edges of a monoid-metrised graph by natural numbers, in such a
way that positive rank divisors are preserved.

Assume once again that M and N are sharp, integral monoids. Following
[17], we define an edge contraction as follows.

Definition 4.1. Let f : M — N be a homomorphism. For an M-metrised graph
T, the edge contraction of T along f is the N-metrised graph I"” obtained by
applying f to edge lengths of T and subsequently contracting all edges of length 0.
(In other words, I' is the quotient of I where we identify e ~ r(e) ~ i(e) ~ r(i(e))
whenever f(l(e)) = 0. Equipped with the length function fol, this becomes an
N-metrised graph.)

Definition 4.2. Let f : M — N be a homomorphism, and lety : T = I"” be
the edge contraction of I" along f. The pushforward map on divisors is the

A multigraph is a finite graph where loops and parallel edges are allowed.
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group homomorphism

f«: Div(I) > Div(I"), D> > D)[e)].
veV ()

Proposition 4.3. Let I" be an M-metrised graph, let f : M — N be a homomor-
phism, lety : T — I be the edge contraction of T along f, and letg € PL(T'). Then
f8Pog is a well-defined, piecewise linear function on I, and A(f8Pog) = f.(A(g)).

Proof. For every e € H(T), there exists some m € Z such that g(r(e)) —
g(r(i(e))) = ml(e), hence (fePog)(r(e)) — (fEPog)(r(i(e))) = mf(l(e)). For
edges that are contracted (i.e. f(l(e)) = 0), this shows that féPog takes on the
same values at both endpoints of that edge, so f8Pog is a well-defined function
V(I'") - N8P, For edges that are not contracted, this shows that the difference
between the values of f8Pog at the endpoints of that edge is a multiple of the
length of the edge, so f8Pog is piecewise linear.

It remains to prove that A(f8Pog) = f,.(A(g)). Given a piecewise linear
function g € PL(I') and an edge {e, i(e)} € E(T), we define the contribution of
{e,i(e)} to A(g) to be the divisor

g(r(e)) l— g(r(i(e))) [r(e)] + g(r(i(e))) — g(r(e))
(e) I(e)

By the above, if f(I(e)) # 0, then

g(r(e)) — g(r(i(e))) _ (f#Pog)(r(e)) — (fEPog)(r(i(e)))
I(e) J(U(e)) ’

so for each non-contracted edge {e,i(e)} € E(I') we have f,(Ag n(g) =
Agye)p(iceny(fEP0g). On the other hand, if f(I(e)) = 0, then the endpoints of the
edge {e, i(e)} are identified with one another, so f.(A ) (g)) = 0, because the
two non-zero entries of Ay ;,)1(g) are added up and cancel out. Therefore we
have

Ageiep(8) = [r(i(e))].

fA@) =1 D Apien®

{e,i(e)}eE()

= D DApuey(fePog)
{e’,i’(e’}eE(T)

= A(f#Pog). O

Lemma 4.4. Let T be an M-metrised graph, let f : M — N be a homomorphism,
and let D € Div(T"). Then r(f.(D)) > r(D).

Proof. Let I be the contraction of I' along f. Write k = r(D), and let F’ €
Divlfr(I" ) be given. It is easy to see that f *[Divﬁ(F)] = Divlfr(l“’ ), SO we may
choose some F € Divi(l“) such that f,.(F) = F’. Since r(D) > k, we have
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|D — F| # @, so we may choose g € PL(T') such that D — A(g) > F. By
Proposition 4.3, we have

f+(D) — A(f8Pog) = f.(D — A(g)) = f.(F) = F/,

which shows that |f.(D) — F’| # @. This holds for all F’ € Divﬁ(l" ), SO we
have r(f.(D)) > k = r(D). O

Remark 4.5. If f : M — N is injective, then r(f,.(D)) = r(D). To see this,
note that I is now the same monoid-metrised graph, but with weights in a
larger monoid N D M. It is easy to see that M8P C N8P and Prin(TI") C Prin(I").
Conversely, given g’ € PL(I"”), choose some v, € V(I"), and define g(v) =
g'(v) — g’(vy). Then g is piecewise linear and differs from g’ by a constant, so
A(g) = A(g’). Moreover, using piecewise linearity of g’ and connectedness of
T, we see that g takes values in M8 C N8P, so g € PL(I'). This shows that
Prin(T") = Prin(I""), so r(f.(D)) = r(D).

The following corollary is immediate from Lemma 4.4.

Corollary 4.6. Let f : M — N be a homomorphism, and let T be the edge
contraction of T along f. Then dgon(T") < dgon(T).

We also need the following lemma, which is a special case of [18, Ch. I,
Prop. 2.2.1].

Lemma 4.7. If M is finitely generated (in addition to being sharp and integral),
then there exists a homomorphism f : M — N such that f(m) > 0 for all m # 0.

We now come to the main result of this section, which compares the divi-
sorial gonality of a monoid-metrised graph with the divisorial gonality of the
underlying combinatorial graph.

Definition 4.8. Let G be a graph.

(a) A subdivision operation adds an extra vertex on some edge of G.>

(b) A subdivision of G is a graph G that can be obtained from G after a
finite sequence of subdivision operations.

(c) Aloop in G is an edge {e, i(e)} such that r(e) = r(i(e)).

It is easy to see that loops can be freely added and deleted from the graph.

Proposition 4.9. Let T be an M-metrised graph, and let T’ be the M-metrised
graph obtained from T by removing all loops. Then Prin(I") = Prin(I"”), rp(D) =
rr(D) for every D € Div(T), and dgon(T") = dgon(T”).

A loopless N-metrised graph can be converted to an unmetrised graph in the
following way.

3More formally, in terms of terminology from Definition 2.2, we delete an edge {e, i(e)} from
G, and we add a new vertex w and two new edges {¢’,i(e’)},{e”,i(e”)} to G, where r(e’) = r(e),

r(i(e")) = r(e") = w, and r(i(e")) = r(i(e)).
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Lemma 4.10. Let ' be an N-metrised graph without loops, and let G be the
underlying graph. Then dgon(T") > dgon(G), where G is the graph obtained from
G by subdividing every edge {e, i(e)} € E(G) exactly I(e) — 1 times.

Proof. Let: : V(I') & V(G) denote the inclusion of vertex sets, and let ¢, :
Div(I') — Div(G) be the associated pushforward map. Let D € Div(T') be a
positive rank divisor of minimum degree. For every v € V(I'), choose some
g, € PL(T) such that D — A(g,) > [v]. Every edge {e, i(e)} in T corresponds to
a path of length I(e) in G, so g, can be extended to a piecewise linear function
h, € PL(G) by linear interpolation. Clearly t,(A(g,)) = A(h,), so we have
1.(D)— A(hy) > [v] for allv € V(T'). This shows that ¢, (D) € Div(G) reaches all
original vertices of I'. Because T’ is loopless, it now follows from [11, Lem. 2.6]
that r(¢,(D)) > 1.* Therefore, dgon(G) < deg(1,(D)) = deg(D) = dgon('). [

We now have all the ingredients to prove the main theorem of this section.

Theorem 4.11 (Compare [11, Theorem 5.1]). Let I be an M-metrised graph,
and let G be the underlying graph. Then there is a subdivision G of G such that
dgon(T") > dgon(G).

Proof. By Remark 4.5, we may assume without loss of generality that M is the
monoid generated by the lengths of the edges in T', so that M is finitely generated.
Furthermore, by Proposition 4.9, we may freely remove loops from I' and put
them back after we have found our subdivision G. So assume without loss of
generality that I' is loopless.

By Lemma 4.7, we may choose a homomorphism f : M — N such that
f(m) # 0 for all m # 0. Let I” be the contraction of I" along f. Since f(l(e)) # 0
for all e € E, no edges are contracted, so I is simply the N-metrised graph
obtained from I' by relabelling the weights of the edges according to f. It
follows from Corollary 4.6 that dgon(T") > dgon(I”), and from Lemma 4.10
that dgon(I") > dgon(G) for some subdivision G of G. O

An immediate consequence is that the treewidth and scramble number lower
bounds carry over (see [11, 12] for definitions).

Corollary 4.12 (Compare [11, Cor. 5.2], [12, Thm. 1.1]). Let T be a monoid-
metrised graph, and let G be the underlying graph. Then dgon(I") > sn(G) >
tw(G).

These lower bounds can be useful when computing gonalities. However,
once we resort to this, the benefit of using monoid-metrised graphs instead of
unmetrised graphs is lost.

As a closing remark, we point out that Theorem 4.11 is not true if we omit
the subdivision. The following example shows that dgon(G) can be much larger
than dgon(I').

4This can also be deduced from Luo’s theorem on rank-determining sets [16, Thm. 1.6], but
this requires more work in going back and forth between G and the associated metric graph (in
the combinatorial sense; i.e., the metric space obtained by identifying each edge of G with a unit
interval, glued together at their endpoints as prescribed by G).
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Example 4.13. Fixsome k € N;. Let I'" be the cycle of length 2k + 1, where
one edge {e, i(ey)} has weight k and all other edges have weight 1. Let v be the
vertex that is furthest away from {e,, i(e;)}, and let w be one of the endpoints of

{eo, ieo)}-
A . 1
o J°

1
1
1
1

The shorter arc between v and w contains k edges of total length k, and the
longer arc contains k + 1 edges of total length 2k. It is not hard to see that the
divisors 3[v] and 3[w] are equivalent on I" and have rank > 1.

Let T be the N-metrised graph obtained by gluing together k copies of I,
where wj is identified with v;,; foralli € {1, ...,k — 1}.

)( ) A

Then clearly 3[v;] ~ 3[v,] ~ --- ~ 3[w,], and this divisor has positive rank, so
dgon(I') < 3. On the other hand the underlying graph G is generic in the sense

of [9, Def. 4.1], so it follows from [9, Thm. 1.1] that dgon(G) = [SJ + 1. This
shows that dgon(G) is not bounded by a function in dgon(TI').

Appendix A. Logarithmic perspective

The purpose of this section is to give an algebro-geometric interpretation of
the refined notion of geometric gonality introduced in this paper. For this we
assume familiarity with the language of log geometry (see [14] or [18]), and with
log curves (see [15]).

Let S be a geometric log point and C/S a proper vertical log curve. We write
M = M(S) for the global sections of the characteristic monoid of S and T for
the dual graph of C, which comes with a metric taking values in M.

Let C'/S be another proper vertical log curve with graph I, and let f : C —
C’ be a flat logarithmic morphism over S.
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Lemma A.1. The morphism f induces a morphism of M-metrised graphs & : T —
I in the sense of Definition 2.12.

Proof. Irreducible components are mapped to irreducible components. A sin-
gular point p is mapped either to a singular point, or to a smooth point (in which
case all components through p map to the irreducible component containing
f(p)). It thus remains to check the divisibility condition on the edge lengths for
non-contracted edges.

Suppose p’ := f(p) is another singular point, and write I(p), I(p’) € M for
the lengths of the associated edges; we must show that I(p’) is a positive integer
multiple of I(p). The characteristic monoids at p and p’ are given by

Mc,={ab)eMxM :a-bep)H

and
Mc y ={(a,b)eMXM : a—bel(pH}.

The map MC,,p, - Mc, p induced by f is a restriction of the identity on M xM
(because the log structures on C/S and C’/S are strict on the smooth locus),
hence (I(p") € (U(p))- O

Now since f : C — (' is flat, it is also finite, and hence has a degree.

Lemma A.2. Let p’ € C’ be a singular point corresponding to an edge e’ of T".
Then the multiplicity of & at ¢’ is the same as the degree of f at p.

Proof. Every point p of C lying over p’ is singular, so it suffices to show that the
slope of  at the corresponding edge e of I is equal to the ramification degree of
f at p. For this we use an alternative presentation of the characteristic monoids:
at p we have

Mc,p - M ®N N2
where N — M sends 1 to I(p) and N — N2 sends 1 to (1, 1). Similarly at p’ we
have

Mcl’p/ = M®N N2
where this time N — M sends 1 to I(p’). In particular the map N> — N? induced
by f must send (1,1) to (s,s) where s = I(p’)/l(p) is the slope. Hence the

ramification degrees of the two branches are equal to each other and to the
slope. O

From the previous lemma we immediately deduce

Lemma A.3. Suppose that C' is not smooth. Then F : T — I is horizontally
conformal, of degree equal to the degree of f.

To complete our connection to the graph-theoretic geometric gonality we
observe

Lemma A.4. Suppose that C' has arithmetic genus 0. Then I is a tree.
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Proposition A.5. Suppose that C' has arithmetic genus 0 and is not smooth. Then
the degree of f is greater than or equal to the geometric gonality of the M-metrized
graphT.

Proof. The map § : T — I" is a harmonic morphism to a tree, and has degree
equal to the degree of f. O

Using that the degree is locally constant in flat families we can deduce a ‘global’
version of the above proposition, which can be thought of as a ‘specialization
lemma’ for monoid-metrised graphs.

Theorem A.6. Let S be a connected log scheme, and let f : C — C' be a flat
S-morphism of proper vertical log curves, with C' of arithmetic genus 0. Let s € S
be a geometric point with C} singular, and write ggon(s) for the geometric gonality
of the graph associated to C,, and dgon(s) for the divisorial gonality. Then

deg f > ggon(s) > dgon(s).

Remark A.7. We give a geometric interpretation of this result in the case of
the 2-gon over N? (Example 2.9). In particular this example shows that the
monoid-metrised gonality gives sharper bounds on geometric gonalities than
previous approaches.

Firstly, if one ignores the metrics, there is a unique harmonic degree 2 map
to the tree with one edge. This reflects a geometric fact. Define a curve C by
glueing two copies of the projective line P! at the points (1 : 1) and (1 : —1),
and a curve D by glueing two copies of P! just at (1 : 1). Then we can make a
degree-2 map

f:C—->D

where on the first component we take the squaring map to the first P!, and on
the second component the squaring map to the second.

If one works with classically metrised graphs (both edges being given length
1), then this harmonic degree 2 map still exists. On a geometric level, this reflects
the fact that a very carefully-chosen 1-parameter deformation of C admits a map
to a 1-parameter deformation of D.

On the other hand, suppose we equip the graph of C with the N?-metric
from Example 2.9. Then the geometric gonality is infinite (see Remark 2.16), so
by Theorem A.6 a corresponding morphism of log curves does not exist. This
implies that the map f does not extend to a ‘generic’ deformation of the curve C.
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