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Representing rational integers by
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Ondfej Chwiedziuk, Matéj DoleZzalek, Emma
Péchouckova, Zdenék Pezlar, Om Prakash, Giuliano
Romeo, Anna Ruzi¢kova and Mikulas Zindulka

ABSTRACT. We investigate generalized quadratic forms with values in the set
of rational integers over quadratic fields. We characterize the real quadratic
fields which admit a positive definite binary generalized form of this type
representing every positive integer. We also show that there are only finitely
many such fields where a ternary generalized form with these properties ex-
ists.
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1. Introduction

A positive definite quadratic form over Z is called universal if it represents
every positive integer n. The history of universal quadratic forms begins with
Lagrange’s proof of the Four Square Theorem in 1770: Every positive integer n is
of the form x*+y*+z2+w?. Diagonal quaternary universal forms were classified
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by Ramanujan [23], who stated that there exist 55 such forms. Dickson [9] cor-
rected Ramanujan’s statement by pointing out that the form x2 +2y? +5z% + 5u?
does not represent 15. Thus there exist exactly 54 diagonal universal forms.
Dickson [10] also proved various results on representation by non-diagonal
quaternary forms.

In 1993, John H. Conway and W. A. Schneeberger proved the celebrated 15-
Theorem. A quadratic form having an integer matrix is called classical.

Theorem 1.1 (15-Theorem, Conway-Schneeberger). A classical quadratic form
Q over Z is universal if and only if it represents the integers

1,2,3,5,6,7,10,14,and 15.

The proof was simplified by Bhargava [1]. As a corollary, one obtains all
universal classical quaternary forms - there are exactly 207 of them. Bhargava
and Hanke [2] extended the result to non-classical forms by proving the 290-
Theorem: If a positive definite quadratic form Q over Z represents every positive
integer n < 290, then Q is universal. In fact, for Q to be universal, it is enough
that it represents every integer from a list of 29 numbers, the largest number on
the list being 290. A corollary is that there are exactly 6436 universal quaternary
forms [2, Theorem 4].

It is natural to extend the notion of universality from Z to the ring of integers
Ok in a number field. Assume that the number field K is totally real. A positive
integral quadratic form over K is called universal if it represents all totally pos-
itive integers in K. A version of the local-global principal over number fields
proved by Hsia, Kitaoka, and Kneser [12] implies that a universal form over K
always exists. Maaf3 [21] showed that the sum of three squares x2+y?+2z? is uni-

versal over Q(\/g). By a result of Siegel [26], if a sum of squares is universal over
K,thenK = Qor @(\/E). In 1993, Chan, Kim, and Raghavan [7] proved that a

ternary universal quadratic form exists over a real quadratic field K = @(\/5)
if and only if D equals 2, 3, or 5. Moreover, they identified all ternary universal
forms over these fields up to equivalence. For forms of higher ranks, B. M. Kim

[17] proved that there exist only finitely many D’s such that @(\/5) admits a
universal form in 7 variables (see also [20] for an explicit estimate on the size

of D). On the other hand, a 8-ary universal form exists over each Q(\n2 — 1)
whenever n? — 1 is squarefree [18]. Blomer and Kala [3] showed: For any pos-

itive integer r, there are infinitely many quadratic fields Q(\/B) that do not have
a universal lattice of rank < r. Lower bounds for the rank of a universal form
depending on D were obtained by Kala and Tinkova [15].

One of the principal open problems in this area is Kitaoka’s conjecture: There
are only finitely many totally real number fields K having a ternary universal
form. The conjecture was proved by Kala and Yatsyna [16] for fields of an arbi-
trary but fixed degree d.

For a more comprehensive account of the theory of universal quadratic forms,
especially over number fields, we refer the reader to the survey article [14].
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In the same vein, one can study Hermitian forms over imaginary quadratic
fields. We call a positive definite Hermitian form over an imaginary quadratic
field Z-universal if it represents every n € Z,;. Earnest and Khosravani [11]

proved that universal binary Hermitian forms exist over K = Q(\/E) for only
finitely many m, and identified all such forms in the case when K has class
number 1. B. M. Kim, J. Y. Kim, and P.-S. Park [19] proved an analogy of the
15-Theorem for Hermitian quadratic forms: Ifa positive definite Hermitian form
H represents 1, 2, 3, 5, 6, 7, 10, 13, 14, and 15, then H is universal. They also
completely determined the minimal rank of a positive Hermitian form over all
imaginary quadratic fields.

Our paper concerns generalized quadratic forms introduced recently by Brown-
ing, Pierce, and Schindler [5, Definition 1.1]. They can be defined for an arbi-
trary Galois extension K of @ but we will consider them only over quadratic
fields. A quadratic field K = @(\/B) has two @-automorphisms: the identity
and the conjugation map

T: Ko K

a+bVD ~ a—bVD.

Informally speaking, a generalized quadratic form may contain also the conju-
gates of the variables. For example,

G(z,w) = z? — z1(2) + 1(2)* + w? + wr(w) + 7(w)? (1)

is a generalized quadratic form (and we will show later that it represents ev-

ery a € Z, over @(\/5)). Thus, the concept generalizes both quadratic and
Hermitian forms.

A generalized quadratic form is a special case of a generalized polynomial
(see our Definition 2.1). The values of a generalized polynomial g in n vari-
ables with coefficients in K also lie in K. However, we restrict our attention to
generalized polynomials with values in Q and find a minimal set of generators
for the ring of such polynomials in Theorem 2.4.

If G(z4, 25, ..., 2,,) is a generalized form in n variables and

G(ay,ay,...,a,) €Z, Va,a,,...,a, € O,

then we say that G is Z-valued. The properties of being positive definite, inte-
gral, and classical also readily extend to this setting. A positive definite integral
Z-valued generalized form which represents every a € Z.; will be called Z-
universal. Our main theorem is the following.

Theorem 1.2. LetK = Q(\/B) where D € Z, is squarefree.

(1) Assume that D = 2,3 (mod 4). A binary Z-universal generalized qua-
dratic form exists over K if and only if D € {2, 3,6,7,10}.

(2) Assumethat D =1 (mod 4). A classical binary Z-universal generalized
quadratic form exists over K if and only if D = 5.
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We further extend this result to ternary generalized forms by proving the
following.

Theorem 1.3. LetK = @(\/B) where D € Z, is squarefree. Assume that one
of the following two conditions is satisfied:

(1) D = 2,3 (mod 4) and there exists a ternary Z-universal generalized qua-
dratic form over K,

(2) D =1 (mod 4) and there exists a classical ternary Z-universal general-
ized quadratic form over K.

Then D < 110.

The proofs heavily rely on the 15-Theorem. A natural question is what hap-
pens when we remove the assumption that the form is classical in the case
D = 1 (mod 4). By an application of the 290-Theorem, we can find the an-
swer.

Theorem 1.4. There are only finitely many real quadratic fields which admit a
binary or ternary Z-universal generalized quadratic form.

We will prove these as Theorems 4.10 to 4.12 in Section 4. In contrast with the
situation for binary and ternary forms, it is not very difficult to construct a gen-
eralized form in four variables which is Z-universal over every real quadratic
field (and we do this later in Proposition 4.13). This provides a fairly complete
picture of the minimal rank required for a generalized form to be Z-universal.

The preceding discussion relates only to forms which are positive definite. As

regards indefinite forms, we prove the following in Theorem 5.1: IfK = Q(\/B)
where D € Z, is squarefree, then the binary generalized form

G(z,w) = zt(2) + wr(w)

represents every a € Z.

If we start with an integral Z-valued generalized form and express the vari-
ables in the integral basis, then we end up with an integral quadratic form over
Z in twice as many variables (this will be proved formally later). For example,

ifweletz = x; + ylx/E andw = x, + yZ\/E in (1), then we obtain the quadratic
form
Q(x1,¥1, %2, ¥2) = X2 + 6y7 + 3x2 + 2y2.

(It can be checked that Q is universal by the 15-Theorem.) We call Q the qua-
dratic form associated to G. A natural question is which universal quaternary
quadratic forms arise in this way. In other words, we ask which quaternary
quadratic forms are associated to some Z-universal binary generalized form.
We find all such forms (up to equivalence) for D € {2, 3,6, 7,10}. We also find
all quadratic forms associated to classical Z-universal binary generalized forms
(again, up to equivalence) for D = 5.

The rest of the paper is organized as follows. In Section 2, we find a minimal
set of generators of the ring of Q-valued generalized polynomials. The theory of
generalized quadratic forms is developed in Section 3. We prove Theorems 1.2
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to 1.4 at the end of Section 4 and Theorem 5.1 in Section 5. In the Appendix,
which can be found at arXiv:2403.07171v2 (we will further cite it as [8]), we
give the proofs of Lemmas 4.5-4.9 in Section A4 and a more detailed approach
to the proof of Theorem 5.1 in Section A5. In Section A6 we explicitly show all
quaternary forms associated to Z-universal binary generalized forms for D €
{2,3,6,7,10} (and to classical ones for D = 5).

Acknowledgments

This research project was accomplished at the Student Number Theory Sem-
inar at Charles University. We thank Nicolas Daans, Vitézslav Kala and Pavlo
Yatsyna for their helpful suggestions and the anonymous referee for their con-
structive feedback.

2. Generalized polynomials with rational values

Throughout the article let K = @(\/5) where D € Z \ {0, 1} is squarefree. If
we let

\/5, ifD=2,3 (mod 4),

Wwp =
1+2D, ifD=1 (mod 4),

then (1, wp) is a basis of Og. For a € K, we let Tr(a) = a + 7(a) and N(a) =
at(a) be the trace and norm of a, respectively.
We begin by defining generalized polynomials over a quadratic field.

Definition 2.1. LetK = Q(\/B) where D € Z \ {—1,0} is squarefree. A gener-
alized polynomial in n variables over K is an expression of the form

i i i .
g(Z17 Z21-..,Zn) = Z ail,jl,.__in’jnzllT(zl)‘]l --~Zr:’1'(zn)]n (2)
i1,J15eeesbnsfn =0
bt jite g+ ja<k

where k € Zy, o j,..i.j. € K for every iy, ji, ..., iy, j, € {0,1,...,k} and 7 :
K < C where 7(a + b\/ﬁ) =a-— b\/B is the conjugation map.

We will often use the multiindex notation, where i = (i, i, ..., i,) € Z jisa

multiindex, |i| = Z:l=1

i, is the sum of its components, and for x = (x1, x,, ..., X;,)
we let x! = xll1 xlz2 ... x,". The lexicographic order on 77, is defined as follows:
Leti,j € Z’Z’O, i= (i}, ...,ip) and j = (j1, jo, -5 jn)- Theni < jif and only if
there exists s € {1, 2,...,n} such thati, = j, for1 <r < sand i < j,.

Henceifz = (z4, 25, ..., 2,,), then we let 7(z) = (7(z1), 7(23), ..., T(2,)) and we
can write the generalized polynomial g as

g@)= ) ozit(z).

li]+1jl<k
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If g is a generalized polynomial of the form (2), then we define the degree of
gas
deg(g) = max{[i| + [j| : o5 # O}
We see that g is a generalized polynomial in n variables if and only if there
exists a polynomial § in 2n variables such that

8(z1, 25, .y 2y) = 8(21, T(21), v » 2, T(21)).

We are particularly interested in generalized polynomials g with values in Q.
They are characterized by the property g(a) = r(g(a)) for everya € K". We
prove below that the coefficients of the two conjugate terms zi7(z) and t(z)iz!
in such a polynomial must be conjugate, i.e., a; = 7(aj)-

Lemma 2.2. LetK = @(\/5) where D € Z \ {0, 1} is squarefree and let g be a
generalized polynomial in n variables over K. If g(a) = 0 for every a € K", then
g is the zero polynomial.

Proof. Let g be a polynomial in 2n variables such that

g(Z1’ Zyy ey Zn) = g(zl5 T(zl)’ w5 Zp, T(Zn))-

First, suppose that K is real. We know that o(K) = {(a,7(t)) : o € K}is
densein V = R2. Consequently, o(K)" is dense in R?". Because the polynomial
& vanishes on o(K)", it vanishes on the whole set R?", and hence g is the zero
polynomial.

Secondly, suppose that K is imaginary. In this case, 0(K) = K is dense in
V = C. Thus K" is dense in C" and the polynomial § is zero on the set

{21,215 221, 2) © Z15-52, €E K}
Let h be another polynomial in 2n variables defined by
h(xla Y15 ’xn’yn) = g(xl + iy, X1 =iV e X+ 1Yp, X — iyn)-
Since h vanishes on R?" and

g(zl, Zz, ey Zn) = h (

Z1+2Zy Z1—2Z1  ZntZp Zpn—Zn
2 2 2 02 )

g is the zero polynomial. (]

Proposition 2.3. LetK = QD) whereD € Z \ {0, 1} is squarefree and let g
be a generalized polynomial in n variables over K given by (2). We have g(a) € Q
forevery a € K" if and only if ay; = t(ay) for everyi,j € Z’;O.

Proof. Consider the two generalized polynomials
g(z) = Z OfijZiT(Z)j = Z ijiZjT (2)!
[il+1jl<k [il+ljl<k

and

Q@) = D, t(ayr(z)d.

li]+1jl<k
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The condition g(a) € Q forevery a € K is equivalent to the condition g(a) =
7(g)(a) for every a € K. By Lemma 2.2, this is equivalent to g — 7(g) being the
zero polynomial, which is in turn equivalent to a3 = 7(oy;) for every i,j €
VA O

Let K be a quadratic field and let I'; be the ring of Q-valued generalized
polynomials in n variables, i.e.,
Iy =1{g(z1,...,2,) € K[2z1,7(21), ..., 2, T(2,)] . g(a) € Qforevery a € K"}.
Ford € Z,, let
Flngd ={geTy : degg) <d}.

Clearly, I‘I"gd is a vector space over Q.
The main theorem of this section is the following one.

Theorem 2.4. LetK = @(\/B) where D € Z \ {0, 1} is squarefree. If n € Z,,
then

I = Q|2 + 1), VD(2, = 1)), -, 20 + 1), VD, — 1(20)]

The first step is to prove the theorem for n = 1. In this case, we denote the
single variable by z instead of z;, thus

I, ={g(z) €K[z,7(z)] : ga) € Qforevery a € K}.

Lemma 2.5. IfK = @(\/B) where D € Z \ {0, 1} is squarefree, then F}< =
Q [z + 7(2), \/B(z - T(Z))].

Proof. LetS; = Q [z + 7(2), \/B(z - r(z))]. We have S; C F}< because z + 7(z)

and \/B(z — 7(2)) are Q-valued, and we want to prove F}< CS;.
We claim that z7(z) € S;. Since

2
D(z - 7(@)?* = (VD(z ~1(2))) €5,
we have also (z — 7(z))? € S;, and hence
21(z) = % (@ +1@)) - (z - 1(2)?) € 5,.

This proves the claim.

Letg € F11<. We prove g € S; by induction on d = deg(g). If d = 0, then
g(z) = a € Qs a constant polynomial. Thus we assume that d > 1 and that
the Q-valued generalized polynomials of degree < d are contained in S;. We
write g as

d d
g2)= Y aZt(@y = ) aZt@) + ) a2 + Y, g T(z).
i,j>0 i,j>1 i=0 j=0
i+j<d i+j<d
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By Proposition 2.3, «;; = 7(q; ;). Let

g1(2) = Y, a,;z'1(z),
i,j>1
i+j<d

d
&(2) = Z a; oz + (@i 0)T(2),

i=0
so that g(z) = g,(z) + g,(2). We have g,(z) = zt(z) - h;(z) where
h(z) = Z a; izt r(z)

i.j>1
i+j<d

is a Q-valued generalized polynomial of degree < d. By the inductive hypothe-
sis, h; € S, and because we also know that z7(z) € S;, we get g, € S;.
Next, we have g,(z) = ag0z% + (g 0)7(2)? + hy(z) where
d-1
hy(z) = D 07" + 7(a10)7(2)
i=0

is a Q-valued generalized polynomial of degree < d. By the inductive hypothe-

sis, h, € S,. We show gz + T(ag0)(z)" € Sy. If we let ago = a + by/D for
a,b € Q, then

ocd,ozd + T(O(d’o)‘[(z)d =a(z4 + 1(2)®) + b\/B(zd —17(2)%).

We have z¢ + 7(2)¢ = (z + 1(2))¢ — z7(2) - r1(z) where

d-1 4
rn@=>, (i)z"—l‘f(z)d‘i_1
i=1
is a Q-valued generalized polynomial of degree < d, hence r; € S;. Because
(z + 7(2)) and z7(z) also belong to S, we get z¢ + 7(z) € S;.
We also have \/D(z9 — 7(2)?) = \/D(z — 7(2)) - r,(z) where

d-1
1@ =Y 2% r(2)
i=0
is a Q-valued generalized polynomial of degree < d, hence r, € S;. Because
\/B(z—r(z)) € S;, we get \/B(zd—f(z)d) € S;. This proves ocd,ozd+f(ocd,0)1(z)d
S Sl’ thus g € Sl'
Finally, because g(z) = g,(z) + g,(z), we get g € S;. O

Next, we find a basis of the vector space I"Iz’d over Q. Letn € Z,; and d €
Zsy. We define the polynomials g;; for i,j € ZZ, |i| + [j| < d as follows: If

>0’



GENERALIZED QUADRATIC FORMS OVER QUADRATIC FIELDS 699

i<j, then
gij(z) = Z'1(z) + 1(2)'7,
gji(z) = VD (Ziz(z) — 1(2)'7)
and ifi = j, then
gi = Z't(2).
Lemma 2.6. Let K = Q(\/D) where D € Z \ {0, 1} is squarefree, n € Zs,, and

d € Zy. The elements g;; fori,j € Z%,, |i| + |j| < d form a basis of the vector

n,d
space I';” over Q.

Proof. Let
g(z) = Z ocijzir(z}i € I‘I"é’d.

li[+jl<d
By Proposition 2.3, aj; = 7(ay;) for every i,j € Z’Z’O, hence
g(z) = Z OCijZiT(Z)i +T(O{ij)T(Z)iZj + Z o ZiT(2)h
i<j 2lil<d

lil+jl<d

Let aj; = a5 + bij\/B where a;5,b; € Q. In particular, a; = 7(a;) implies
Qi = aj3- We get

gz)= ) a(Ze(@) +1(2)d) + bij\/B (Ziz(z) — 1(2)'7)
|i|J:fiJ|Sd
+ Y, ayzit(@)),
2]il<d
hence g is a Q-linear combination of the elements gj;.
Let

B ={gy : ije Z5, il + |jl < d}.

>0°

Ifi # j, then the only generalized polynomials in B containing the term zir(z)
are g;; and gj;. Since they are linearly independent, neither can be expressed
as a linear combination of the remaining elements in B. Similarly, ifi = j,
then zi7(z)! is contained only in g, and thus g;; cannot be expressed as a linear
combination of the other elements in B. This proves that the g are linearly
independent. O

Proof of Theorem 2.4. Let
Sp = Q|21 +7@), VD@ = 7(21), 20 + 7(2), VD2 = 7(20)|

We have S, C T because the generators of S, are Q-valued, and we want to
prove I'y C S,,.

We proceed by induction on n. For n = 1, this is Lemma 2.5. Suppose that
n > 2 and the statement is true for polynomials with < n variables.



700 ONDREJ CHWIEDZIUK ET AL

Let g € T;. We show g € S, by induction on d = deg(g). If d = 0, then
g(z) = a € Qisaconstant polynomial. Thus we assume thatd > 1 and that the
Q-valued generalized polynomials of degree < d in n variables are contained
in S,,. The polynomial g is a Q-linear combination of the elements in the basis
from Lemma 2.6. Thus it is enough to show that the basis elements of degree d
belong to S,,.

We show that ifi,j € Zgo, li| + |j| = d, and i < j, then
gi(z) = z't1(z) + 1(2)'d € S,,,
gi(@) = VD (Z2(2) - t(2)'d) € S,
Ifi, = 0and j, = 0, then the variable z,, does not appear in g;; and gj;, hence
8ij» &ji € Sn by the inductive hypothesis.
Ifi, > 1, then we let

h(z) = 2, 1(z) 22 1(z)2 -+ 2 1(2,),
gi(@) = (2, +7(2,) - (h(@) + T(h(2))),
E(2) = (24 — 1(20)) - (h(2) — 7(h(2)),
gi(2) = VD(z, — 1(2,)) - (h(2) + 7(h(2))),
g3(2) = (z, + 1(2,)) - VD(h(2) - 7(h(2))).
so that

gij(z) = z,h(z) + ©(z,)t(h(z) = % (gxlj + glzj) ’

i) = VD (2,h(2) — 7(z,)t(h(2) = 5 (g} + &)
Because h(z) has degree d — 1, we can apply induction on h(z) + 7(h(z)) and
\/D(h(z) — (h(2))). Since
2y + 1(2,), VD(2, — 1(2,)), h(2) + t(h(2)), VD(h(2) — 1(h(2))) € S,,

we immediately obtain gilj, gjli, gjzi € S,. We also get

& = 5 -VD(z, - 2(z,)) - VD(h(z) — 1(h() € 5,,

and gjj, gji € S, follows.
Ifi, = 0 and j, > 1, then the proof is analogous to the case i,, > 1.

Next, we show that ifi € Z7 and 2[i| = d, then g;;(z) = Zir(z)t € S,,.

If i, = 0, then g;; is a polynomial in n — 1 variables, hence g; € S, by the
inductive hypothesis.

Ifi, > 1, then we let

in—

h(z) = Zillf(zl)ilzizf(zz)iz ez 1T(zn)i"‘1,
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We have g;;(z) = z,,7(z,) - h(z). Since the theorem holds for generalized poly-
nomials in one variable, we get

z,7(z,) € Q [zn + T(Zn),\/B(Zn - ‘L'(Zn))] CS,.

The generalized polynomial & has degree d — 2, hence h € S, by the inductive
hypothesis, and g;; € S,, follows. O

3. Generalized quadratic forms

Generalized quadratic forms are defined in [5, Definition 1.1] over a Galois
extension K /Q of degree d (which is assumed to be totally real). We need the
definition only over quadratic fields.

Definition 3.1. LetK = Q(\/B) where D € Z \ {0, 1} is squarefree. A general-
ized quadratic form in n variables over K is a generalized polynomial

G(21,22, 5 2p) = Z @;jziZj + Z Bijzit(z;) + Z vijt(zT(z;) (3)

1<i<j<n 1<i,j<n 1<i<j<n
where @;;,7;; €EKfor1 <i<j<nandf;; €Kforl1<i,j<n.

A generalized quadratic form G given by (3) will be called integral if a;, 7;; €
Ogforl1 <i < j<nandf;; € Og for1 < i,j < n. An integral generalized
quadratic form will be called classical if a;;,y;; € 20 fori < j and §;; € 20g
for1<i,j<n.

Let us recall that a quadratic form Q in n variables over K is a homogeneous
polynomial of degree 2 over K. We can also obtain it as a generalized quadratic
form with §;;,y;; = 0forall1 < i, j < n.

Then if G is a generalized quadratic form in n variables over K, then we can
define a quadratic form Q associated to G in 2n variables by

Q(xlayl’ ] xnayn) = G(xl + 1@p, -5 Xy + yna)D)' (4)

In other words, Q is obtained from G by expressing the variables z;, z,, ..., z, in
the integral basis (1, wp). It has coefficients in K and the variables xy, y, ... , X;1, Y
take values in Q.

If G is a generalized form in n variables over K given by (3), then we define
the matrix of G as the 2n X 2n matrix

(A B
Mg =\pr ¢
where
T %n Bu  Bu Bin
11 b ees -_— eee
2 2 2 2
2y, B Fa Pz Ban
A=]| 2 : 2 |,B=]| 2 o2,
I Zmo o, B Bna Bun
2 2 2 2
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Y12 Yin
7/11 2 “en yz

12 y Ton
C — 2 22 eee 5
Yin Vo '

s sl Yun

Thus Mg is the matrix such that

6(@) = @t @M (&)

for z € K". The rank of G is the rank of the matrix M over K.
The 2n X 2n matrix

1 wp 0 0 0 0
0 0 1 w .. 0 O
r_|0 0 0 0 1 wp
11 t(wp) O 0 0 0
0 0 1 t(wp) 0 0

0 0 0 0 1 t(wp)

determines the change of variables

(xl’yla eeey xn,yn) = (211 w5 Zp, T(Zl)’ eeey T(Zn))-

Thus, if the quadratic form Q is associated to the quadratic form G defined
by (4), and My, M; are their respective matrices, then

Mg =T™M;T.
If G is a generalized quadratic form over Q then we say that G represents
b € Z over Z if there existsa € Z" such that G(a) = b. In particular, according
to our definition, every quadratic form represents 0. If there exists a € Z" \
{(0,0,...,0)} such that G(a) = 0, then we say that G represents 0 non-trivially.
The form G is called positive definite if M is a positive definite matrix and G

is called universal if it is a positive definite integral form such that it represents
every b € Z;.

Lemma 3.2. LetK = @(\/B) where D € Z \ {0, 1} is squarefree, G be a general-
ized form in n variables over K given by (3), and Mg be the matrix of G. If Q is the
quadratic form in 2n variables associated to G and M, is the matrix of Q, then
det(2My), ifD=2,3 (mod 4),

det(Mo) = D" - det(Mg), ifD=1 (mod 4).

Proof. Since M = T'M,T, we get
det(Mg) = (det T)* det(Mj).



GENERALIZED QUADRATIC FORMS OVER QUADRATIC FIELDS 703

Let us compute the determinant of T. If 7 is the permutation

(1 2 3 4 .. 2n-1 2n
“\1 n+1 2 n+2 .. n 2n

n(n—1)
(the out-shuffle), then sgn(7) = (—1) : . Applying this permutation to the
rows of T, we obtain a block-diagonal matrix where each block equals

M=(1 o)

If D =2,3 (mod 4), then

det M = det (1 \/B ) = —2\/5,

1 —/D
while if D =1 (mod 4), then

1 1+VD
det M = det 2 = —\/B.
=
2
Thus
n(n+1) n

nn=1) -1 D22" ifD=23 (mod4),
detT = (-1)" 5 detmry =V 2P (mod 4)

(=12 D, ifD=1 (mod 4).

In the case D = 2,3 (mod 4), we get
det(Mgy) = D"22" det(M) = D" det(2Mj),
and in the case D =1 (mod 4), we get

Corollary 3.3. LetK = Q(\/B) where D € Z \ {0, 1} is squarefree, G be a gen-
eralized form in n variables over K given by (3), Q be the quadratic form in 2n
variables associated to G, and M, be the matrix of Q. If one of the following con-
ditions is satisfied:

(1) D =2,3 (mod 4) and G is integral,

(2) D=1 (mod 4) and G is classical,
then D" | det(M,).

Proof. First, assume that D = 2,3 (mod 4) and G is integral. Since the ele-
ments of M are in %OK, we must have det(2M) € Ok. Thus D" | det(M(,) by
Lemma 3.2.

Secondly, assume that D = 1 (mod 4) and G is classical. The elements of
Mg are in Ok, hence det(Mg) € Ok, and D" | det(M) by Lemma 3.2. O
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Lemma 3.4. LetK = Q(\/B) where D € Z \ {0, 1} is squarefree and let G be a
generalized form in n variables over K given by (3). Assume that G(a) € Q for
every a € K". Let Q be the quadratic form in 2n variables associated to G. If
1<i<j<n,thenwelet a;j, byj, bﬁ, and Cij be the coefficients of the terms XiXj,
XY, Xjyi, and y;y; in Q, respectively, so that the matrix M, of the quadratic form
Qis

q., gz bn G b
oy 2 2 2 2
bu bu b i
, ‘n 2 2
ain by by, Aop by,
b2 02 b 2 b 02
Mo=|b2 @ ba ., ba  Can
2 2 2
Ain bnl Ao bn2 bnn
o o o o w5
bin  Gn b bun
2 2 2 2 nn

If1<i< j<n,then
a;j = Tr(ey;) + Tr(B;;),
b;j = Tr(a;jwp) + Tr(B;jT(wp)),
bj; = Tr(eyjwp) + Tr(B;jwp),
¢;; = Tr(a;jw3) + Tr(B;;) N(wp).
Moreover, if 1 <i < n, then
a; = Tr(ay) + B,
by = Trawp) + By; Tr(wp),
¢;i = Tr(aywy) + Bi N(wp).
Proof. The quadratic form Q is given by
Q(X1, Y1y wee s Xy V) = Z o (x; + yiw)(x;j + yjw)

1<i<j<n

+ D0 Bl + yiw)(x; + yit(@))

1<i,j<n

+ > yiGa + yr@)(x; + yir().

1<i<j<n
By Proposition 2.3, G(a) € Q for every a € K" if and only if the coefficients

of conjugate terms are conjugate, i.e., y;; = 7(a;) for1 < i < j < n and
Bji = t(B;j) for 1 <i,j < n. Ifi < j, then

a;j = oy + Bij + Bji +vij = Tr(ay;) + Tr(By)),

bij = ajw + fijT(w) + Bjiw + 7;jT(w) = Tr(a;jw) + Tr(B;T(w)),

bji = ajjw + Bijw + Bjit(w) + y;j7(w) = Tr(a;w) + Tr(B;;w),

¢ij = ajw” + (Bij + Bji) N(w) + 7;;7(w)? = Tr(a;jw?) + Tr(B;;) N(w).
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Moreover,

a; = a;; + By + ¥ii = Tr(a;) + Biis
bi; = 2a;;0 + B;; Tr(w) + 2y;;t(w) = TrQ2ay;w) + B;; Tr(w),
¢i = ayw? + Bi N(w) + y;7(w)? = Tr(eyw?®) + Bi; N(w). U

Lemma 3.5. LetK = Q(\/B) where D € Z \ {0, 1} is squarefree and let G be a
generalized form in n variables over K given by (3). Assume that G is Z-valued.
Let Q be the quadratic form in 2n variables associated to G. If G is integral, then
Q is integral. Moreover, if one of the following conditions holds:

(1) D = 2,3 (mod 4) and G is integral,
(2) D=1 (mod 4) and G is classical,

then Q is classical.

Proof. As before, we let q; j» bij» bji, and ¢;; be the coefficients of the terms
XiXj, X;¥j, Xj¥;» and y;y; in Q, respectively, for 1 < i < j < n. If G is inte-
gral, then a;;,8;j € Ok fori < j. The elements of Ok have trace in Z, hence
a;j, bij, bji, ¢;j € Z by Lemma 3.4 and Q is integral.

If G is classical, then a;, B;; € 20k fori < jand B; € 2Z. It follows from
Lemma 3.4 that a;;, b;;, bj;, ¢;j € 2Z fori < jand b;; € 2Z, hence Q is classical.

If D = 2,3 (mod 4), then Tr(a) is even for every a € Q. Thus it is sufficient
to assume that G is integral to conclude that Q is classical. O

Lemma 3.6. LetK = @(\/5) where D € 7 \ {0, 1} is squarefree and let G be
a generalized form in n variables given by (3). Assume that G(a) € Q for every
a € K" If1 <i<j<n, thenweleto;; = r;; + s;;0p and §;; = t;; + u;jp
where rj, s;j, tij, uij € Q. Let Q be the quadratic form in 2n variables associated
toG. If1 < i < j < n, then we let a;j, b;j, bj;, and c;; be the coefficients of the
terms x;x;, X;yj, X;y;, and y;y; in Q, respectively.

IfD=2,3 (mod 4)and1 <i< j<n,then

aij = 2rl'j + Ztij’

bij = ZDSij - ZDU,U,
bji = 2Dsij + 2Duij,
Cij = 2Drij - 2Dtl]
Moreover, if 1 <i < n, then

a;; = 2ry; + ty,
by = 4Ds;,
Cl-l- == 2Drl'i - Dtii'
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IfD=1 (mod 4)and1 <i< j < n,then

—2r + 5;5 + 2t;; i+ Ui

1+D 1-D
bij = rij + Tsij +tlj + Tul’j,
1+D 1+D
bji = l’ij + Tsij +tl] + Tu,-j,
_1+D 1+3D 1-D 1-D
cij_ B rij+ 4 Sij+ B tij+ 4 u'ij
Moreover, if 1 <i < n, then
Qi = 2r; + 855 + Ly,
by = 2r;; + (1 + D)s;; + ty,
1+D 1+3D 1-D
Cii = —Tii Sii Lij-

4

Proof. We express the coefficients of Q using Lemma 34. If 1 <i < j<n
then

a;; = Tr(ay;) + Tr(B;) = Tr(r;j + s;jwp) + Tr(t;; + u;jwp)
= 2r;j + 8;; Tr(wp) + 2t;; + u;; Tr(wp),
bij = Tr(a;jwp) + Tr(B;;7(wp)) = Tr(rjwp + s;50p) + Tr(t;7(wp) + u;; N(wp))
= r;; Tr(wp) + s;; Tr(cujzj) + t;; Tr(wp) + 2u;; N(wp),
bji = Tr(ayjwp) + Tr(Bjwp) = Tr(r;jwp + w3 + Tr(tjwp + u;jwp)
= ri; Tr(wp) + 8;; Tr(wy) + t;; Tr(wp) + u;; Tr(w?),
ij = Tr(a; D) + Tr(B;;) N(wp) = Tr(r,J D+ Sij D) + Tr(t;j + w;jwp) N(wp)
=rij Tr(cuD) + 5j Tr(cuD) + 2t;j N(wp) + u;; Tr(wp) N(wp).
Moreover, if 1 <i < n, then
a; = Tr(e) + By = Tr(ry + sywp) + & = 2ry + 53 Tr(wp) + 8,
by = Tr(at;;wp) + By Tr(wp) = Tr(2rywp + 28007 + ti; Tr(wp)
= 2r; Tr(wp) + 2s;; Tr(w?) + t; Tr(wp),
¢;i = Tr(a@;) + By N(wp) = Tr(rywy, + 5;0;) + t; N(wp)
= r;; Tr(w}) + 8;; Tr(@3) + t; N(wp).
If D = 2,3 (mod 4), then wp = \/B, hence Tr(wp) = 0, Tr(cof)) = Tr(D) =
2D, Tr(w}) = Tr(DVD) = 0, and N(wp) = —D

IfD =1 (mod 4), thenwp = —\/— ,80Tr(wp) =1, Tr(a)D) = Tr(lzD + @> =

2
ﬂ Tr(a)D) = Tr(1+3D 3+D\/_) = —1+3D ,and N(wp) = %
After substituting these expressions 1nt0 the formulas above, we get the lemma.
O
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If p is a prime and M a matrix with entries in Z, then we let M mod p de-
note the matrix with entries in Z/pZ obtained by reducing the elements of M
modulo p.

Proposition 3.7. LetK = @(\/B) where D € Z \ {0, 1} is squarefree, p | D be a
prime number, and G an integral generalized quadratic form in n variables over
K. Assume that G is Z-valued. If Q is the quadratic form associated to G and M,
is the matrix of Q, then rank(M,, mod p) < n.

Proof. We introduce the following notation: if M is a 2n X 2n matrix and 1 <
k < 2n, let [M]; denote the k-th row of M.

If1<i<j<n, thenweleta;; =r; +s;;0p and §;; = t;; + u;jp where
rij,Sij, tl'j,ul'j (S Q

First assume that D = 2,3 (mod 4). If 1 < k < n, then the 2k-th row of Mg
equals

bik  cu bk bue
Mol = (5 5 = % e - 5 )

By Lemma 3.6,if 1 <i < j < n, then

bij bji Cij
-5 = D(s;; — wyj), - = D(s;j + uyj), 5 = D(ryj — tij),

andifl1 <i < n, then
U =2D = D(Q2r;; —
) Sii> Cij ( Fii tii)-

Since we assume that G is integral, r;;, s;,t;j,4;; € Z. Thus D divides ev-
ery element of [M|,. It follows that M, mod p contains n zero rows, hence
rank(M, mod p) < n.

Secondly, assume that D = 1 (mod 4). Let N be the matrix obtained from
M, by subtracting two times the 2k-th row of M, from the (2k—1)-th row of M,

for every 1 < k < n. The (2k —1)-th row of N equals [M |2k — 1—-2[M |2k =
by

n
b g,
5 5 kn

Qi by b i
(7 - blk 7 —Cik e Qg — bkk 7 - chk - — bnk

By Lemma 3.6,if 1 <i < j < n, then

aij 1 1+D 1-D

7 — le = z (2rij +Sij + Ztij +ul-j) - <rij + Tsij + tij + Tuij>
_ uij+sl~j
= > s

bji 1+D

1 1+D
7_0’7_5 rij+Tsij+tij+Tuij

1+D 1+3D 1-D 1-D
- ii 4 Sij+ b tij+Tuij
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andifl1 <i < n, then

a;; — by = 2ry; + s; + t;; — 2ry; + (1 + D)sy; + t;) = —Dsy,

b;; 1 1+D 1+3D 1-D
%‘2%’=E(zrii+(1+D)Sii+fii)—2( S Tt Sut — tii)
D
= _Drii — DSii + Etii.

We have r;j, 8, t;j, U;j € %Z because G is integral. Since we assume D = 1
(mod 4), p is an odd prime and 2 is invertible modulo p. We see that every

element of [N ],,—; vanishes modulo p, hence Ny mod p contains n zero rows
and rank(M, mod p) = rank(N, mod p) < n. O

4. Binary and ternary generalized quadratic forms

Let us formally state a definition from the introduction.

Definition 4.1. LetK = @(\/B) where D € Z, is squarefree and let G be an
integral generalized form in n variables over K. Assume that G is Z-valued. If
for every a € Z,, there exist ay, a5, ..., @, € Ok such that

G(ay, oy, ..., ) = a,
then we say that G is Z-universal.

The purpose of this section is to investigate binary and ternary Z-universal
forms. We begin by proving one implication in statements (i) and (ii) of Theo-
rem 1.2.

Proposition 4.2. LetK = @(\/B) where D € Z, is squarefree.

(1) If D = 2,3 (mod 4) and there exists a positive definite binary generalized
form over K which is Z-universal, then D € {2,3,6,7,10}.

(2) If D =1 (mod 4) and there exists a classical positive definite binary gen-
eralized form over K which is Z-universal, then D = 5.

Proof. Suppose that G is a positive definite binary generalized form over K
which is Z-universal. If D = 1 (mod 4), we further assume that G is classical.
If Q is the associated quaternary quadratic form defined by (4), then Q is positive
definite and universal.

By Lemma 3.5, Q is also classical. Bhargava obtained, as a corollary of his
proof of the 15-Theorem, a complete list of classical quaternary positive definite
universal quadratic forms up to equivalence [1, Table 5]. Every form on this list
has determinant < 112. By Corollary 3.3, D* | det(M,), thus D* < 112. This
yields the proof. O
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Lemma 4.3. LetK = Q(\/B) where D € Z \ {0, 1} is squarefree and let G be a
binary generalized form over K given by the matrix

b d e

a —_ p— —_

2 2

b M f

M~=1|2 2 2 (5)

e @ g T

g 12‘ (b) 2
> 3 —  1(c)

2

where a,b,c,e € Kandd,f € Q. Leta = a; + a,wp, b = by + bywp, ¢ =
¢, + c,wp, and e = ey + e,wp. Let Q be the quaternary quadratic form associated
to G and M, be the matrix of Q.

IfD = 2,3 (mod 4), then

2a; +d 2Da, b, +e; D(by—ey)
Mo = 2Da, D(Q2a, —d) D(by,+e,) D(b;—e)
Q7| by+ey Dby+e) 2 +f 2Dc,

D(b, —e;) D(by —e) 2Dc, D(2¢; - f)
IfD =1 (mod 4), then

Mo1 Mg,

0,2
where
1+D d
2a; +a, +d a+ —a,+2
Mg, = 14D d 14D 143D 1-p |
a1+—a2+— —a1+—a2+—d
2 2 2 4 4
b b 1+D 1-D
. bi+ 2 4e+2 Lt b+ e
2 | b 1+D 1+D 1+D 1+3D 1-D 1-D ’
2 4 2 4 4 8 4 8
1+D
2C1+C2+f Cl+_02+£
Mqs = 1+D f 14D 1+23D i-D . |-
’ CI+TCZ+E s 1+—02 —f
Proof. The matrix of G is
a12 Bu Biz
a — — —
o 2 2
ap 7(B12) B2z
M.=|2 = 2
¢ =
ﬁ% 7(B12) T(O(H) T(O;n)
Bz %3 [1G2P))
= = — (a
SO

Where a1 =a,a;p = b, ayy =C, ‘811 = d, 512 =e, and 522 = f. In the nOtatiOH
of Lemma 3.6, aij = rl'j + SijC()D and ﬁl] = tl] + ul‘jC()D, hence ry1 = ag, $11 = Q,,
ra=by, sy =byrp=cp, s =ctn =d, iy =€, U =ey,and i = f.
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The matrix of Q is

bn aip by,
oS

by by C12
My=|2 S o
Q™| az bn by,
2 2 2

b a2 b2
2 2 2 2

If D = 2,3 (mod 4), then by Lemma 3.6,
a; =2r + 61 =2a; +d,
by; = 4Ds;; = 4Da,,
¢y = 2Dry; — Dt;; = D(2a; — d),
Ay = 2r1y + 2ty = 2(by +ey),
by, = 2Ds;, — 2Duy, = 2D(b, — e,),
by, = 2Ds;, + 2Duy, = 2D(b, + €5),
12 = 2Dryy — 2Dty; = 2D(b, —ey),
Qyy = 2Fy + 1y =201 + f,
by, = 4Ds,, = 4Dc,,
Cyy = 2Dry, — Dty = D(2¢; — f).

If D=1 (mod 4), then by Lemma 3.6,

a;; = 21"11 + 81+t = 2a1 + a, +d,
bll = 2}'11 + (1 +D)Sll + tll = 2a1 + (1 +D)a2 + d,

1+D 1+ 3D 1-D 1+D 1+3D 1-D
1 = 5 rq+ 4 S+ ) tll = 5 a, + 4 a, + ) d,

a;p = 21"12 + 812 + 2t12 + U, = 2b1 + b2 + 231 + e,,

1+ 1-D 1+D 1-D
b12 =rp;p+ Tslz+t12+ Uy = bl + ) b2+el + e,
1+D 1+D 1+D
b21 =rp;+ S12+t12+ Upp = b1+ b2+€1+ e,
1+D 1+3D 1-D 1-D

2= — rip + 1 S1p + 2 fip + 7 e
1+D 1+ 3D 1-D 1-D

= 5 b1+ ) b2+ 3 e+ 4

ar =2r22+522+t22 =2C1+C2+f,
b22 = 2}’22 + (1 +D)S22 + tzz = 201 + (1 + D)C2 + f,

1+D 1+3D 1-D 1+D 1+3D 1-D
022 = Tr22+ 4 S22+ 4 t22 = ) Cl + 4 CZ + 4 f. |:|

€,

In Lemmas 4.4 to 4.9, we find an example of a Z-universal generalized form
over @(\/B) for D € {2,3,6,7,10} and of a classical Z-universal generalized
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form over @(\/E)_ We prove only Lemma 4.4, the rest is stated and proved in
the Appendix in Section A4 [8].

Lemma4.4. LetK = Q(\/E) and
Gy(z,w) = 2> — V2zw + w? — z1(z) — wr(w) + 1(2)? + V2r(2)r(w) + T(w)>.
The generalized form G, is Z-universal over K.

Proof. The coefficients of G, area = 1, b = —\2,¢c = 1,d = —1,e = 0,
f = —1. Let Q, be the quaternary quadratic form Q,(xy, 1, X5, y2) = Gy(x; +
yl\/E, X, + yz\/E) and let M), be the matrix of Q,. By Lemma 4.3 with D = 2,

2a; +d 4a, by +e;  2(by—ey)
Mo — 4a, 22a; —d) 2(by+e,) 2(b;—e;)
@7 by4+e 2by+e) 2+ f 4c,

2(by —ey) 2(by —e) 4c, 2(2c; - f)
1 0 0o -2

-2 0 0 6
We get
1 0 0 O 1 000
M 0 6 -2 0 0200
Q7o =2 1 0 001 ol
0 0 0 2 0 00 2

Since the last matrix is positive definite, G, is also positive definite. Moreover,
the diagonal quadratic form x2 +2y? + z? 4+ 2w? is universal by the 15-Theorem,
hence G, is Z-universal. O

Lemma4.5. LetK = Q(\/E) and
Gs(z,w) = 2z% — 2V/3zw + 2w?
—3z1(2) — \/gzr(w) + \/Ewr(z)
+21(2)? + 2V31(z)(w) + 2r(w)2.
The generalized form G5 is Z-universal over K.
Lemma 4.6. LetK = @(\/g) and
Gs(z,w) = (3 — ws)z? + w? — 4z7(z) + (3 — 1(ws))7(2)? + T(w)?

1+v5

where ws = >

. The generalized form Gs is classical and Z-universal over K.
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Lemma4.7. LetK = @(\/E) and Gg be the generalized form with the matrix

3 46 -2 ¥
22
i
G=
S (R O
2 2
Yoo 1 6 3
22

The generalized form Gg is Z-universal over K.

Lemma4.8. LetK = @(\/7) and G be the generalized quadratic form with the
matrix

3 14+24/7 s —142¢/7
2 2 2
14247 4 —1-24/7 3
— 2 2 2
Mg, B —1-24/7 3 1-247
2 2 2
—1+24/7 3 1-24/7 4
2 2 2

The generalized form G, is Z-universal over K.

Lemma 4.9. Let K = Q(\/10). If G is the generalized quadratic form with the
matrix

, V@ s D
2 2 2
oo Vo7
=1 2 22
Mow=l 5 wo , w|
2 2 2
vie 7 Wi
2 2 2

then Gy is Z-universal over K.

Now we are ready to prove Theorem 1.2, which we restate here for the con-
venience of the reader.

Theorem 4.10. LetK = @(\/B) where D € Z, is squarefree.

(1) Assume that D = 2,3 (mod 4). A binary Z-universal generalized qua-
dratic form exists over K if and only if D € {2, 3,6,7,10}.

(2) Assumethat D =1 (mod 4). A classical binary Z-universal generalized
quadratic form exists over K if and only if D = 5.

Proof. First we prove (i). We assume that D = 2,3 (mod 4). If a binary Z-
universal generalized form exists over K = @(\/5), then D € {2,3,6,7,10} by
Proposition 4.2 (i). Conversely, in Lemmas 4.4, 4.5 and 4.7 to 4.9 we found an
example of a generalized form with the required properties over each of these
fields.
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Next, we prove (ii). We assume that D = 1 (mod 4). If a classical binary
Z-universal generalized form exists over K = @(\/B), then D = 5 by Proposi-
tion 4.2 (ii). We found an example of such a form over Q(\/E) inLemma4.6. [

Theorem 1.3 is an immediate consequence of the following slightly refined
version.

Theorem 4.11. LetK = Q(\/B) where D € Zs, is squarefree. Assume that one
of the following two conditions is satisfied:

(1) D = 2,3 (mod 4) and there exists a ternary Z-universal generalized qua-
dratic form over K,

(2) D =1 (mod 4) and there exists a classical ternary Z-universal general-
ized quadratic form over K.

Then D €11, ...,62} U {66, 70,74,77,78, 82, 85, 86, 87,93, 94, 95,102, 106, 110}.

Proof. Let G be a ternary generalized quadratic form over K which is
Z-universal. If D = 1 (mod 4), then we further assume that G is classical.
Let Q be the quadratic form in 6 variables associated to G and let M, be the
matrix of Q. By Lemma 3.5, Q is classical.

A classical universal quadratic form has a quaternary subform (not neces-
sarily universal) obtained by the method of escalations [1, p. 31]. Let R be such
a subform of Q and My, the matrix of R. If p | D is a prime, then rank(M, mod
p) < 3 by Proposition 3.7. The rank of R over Z/pZ is less than or equal to the
rank of Q over Z/pZ, hence rank(Mp mod p) < 3. Since My, is a 4 X 4 matrix,
det(Mgz) =0 (mod p).

This proves D | det(My). Every quaternary form obtained by the method of
escalations is listed in [1, Table 3] and in particular, has determinant < 112.
It remains to determine which squarefree D < 112 divide the determinant
of some form on the list. Every squarefree D € {1,..., 62} satisfies this con-
dition. Additionally, the squarefree determinants greater than 62 on the list are
66,70,74,77,78, 82,85, 86,87,93,94,95,102, 106, 110. [l

Using the 290-Theorem, we can remove the “classical” assumption in the
case D =1 (mod 4).

Theorem 4.12. There are only finitely many real quadratic fields which admit a
binary or ternary Z-universal generalized quadratic form.

Proof. We show that there exists a positive constant C such that D < C for
every such field K = @(\/B). If D = 2,3 (mod 4), then the statement follows
from Theorems 4.10 and 4.11. Hence, we can assume that D = 1 (mod 4).
Let G be a Z-universal generalized form over K with matrix M; and Q be the
quadratic form associated to G with matrix M.

First, assume that G is binary. If M; is the matrix of G and M, is the matrix
of Q, then det(My) = D?det(My) by Lemma 3.2. The matrix My is a 4 X 4

matrix with entries in %OK, hence 16det(M;) € Ox N Q = Z, and we get
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A corollary of the 290-Theorem is that there are exactly 6436 universal qua-
ternary forms [2, Theorem 4]. If we let m be the maximum of their determi-
nants, then D? < 16m.

Secondly, assume that G is ternary. A universal quadratic form contains a
quaternary subform equivalent to one of 6560 basic escalators [2, p. 4]. Let
R be such a subform of Q and My the matrix of R. If p | D is a prime, then
rank(M, mod p) < 3 by Proposition 3.7, hence rank(Myg mod p) < 3 as well.
Since My, is a 4 X 4 matrix, det(My) = 0 (mod p), and since the entries of My
are in %Z, we have 16 det(My) € Z.

This proves D | 16 det(Mp). If we let m be the maximum of the determinants
of the basic escalators, then D < 16m. O

In contrast to Theorem 4.12, it is not difficult to construct a Z-universal gen-
eralized form in 4 variables over every real quadratic field.

Proposition 4.13. LetK = @(\/B) where D € Z, is squarefree. The general-
ized quadratic form
G(21,2,23,24) = Z% —z17(z1) + 7(21)* + Zg — 2,7(2,) + 7(2,)?
+ 22 — 237(23) 4+ T(23)* + 22 — 247(24) + 1(24)?

is Z-universal over K. Thus, the minimal rank of a Z-universal generalized form
over K is at most 4.

Proof. Clearly, G is positive definite. It is enough to show that G represents

everya € Zs over Z. If z; € Z fori = 1, ..., 4, then 7(z;) = z;, hence
G(21,22,23,24) = 23 + 25 + 23 + 25,

This quadratic form is universal by Lagrange’s Four Square Theorem. O

We end this section with a proposition that is used in Section A6 in [8].

Proposition 4.14. LetK = Q(\/B) where D € 7 \ {0, 1} is squarefree, D = 2,3
(mod 4). Let G be an integral binary generalized form over K. Assume that G is
Z-valued. If Q is the quaternary quadratic form associated to G and M, is the
matrix of Q, then

M =0,1 (mod 4).
D2

Proof. By Lemma 3.2,
det(My) = D* - det(2M).
The matrix 2M is

2a b d e
b 2¢c 1(e) f
d t(e) 2t(a) 7(b)
e f ) 2t(c)

2MG =
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where a,b,c,e € O and d, f € Z because G is integral. Expanding det(2M)
along the first column, we get

2¢c  1(e) f b d e
det(2My) =2a - det| 7(e) 27(a) 7t(b) |[—b-det|z(e) 27(a) t(b) |+
[ 2t(c) fow) 2t(c)

b d e b d e
+d-det|2c t(e) f |—e-det] 2¢ 1(e) f 1,
f () 2t(c) t(e) 2t(a) 7(b)
hence
det(2My) EZCI(T(e)T(b) f+ fr(e)f(b)) - b(dr(b) f
+ et(e)t(b) — 2ft(a)e — t(b)*b — Zr(c)r(e)d)
+d(2br(e)r(c) + df? + 2ect(b) — fr(e)e — T(b)fb)
- e(bf(e)'r(b) +dft(e) — t(e)%e — 2t(a)fb — Zr(b)cd)
= — N(b)df — N(b)N(e) + 2z(a)bef + N(b)? + 2bt(c)dz(e)
+ 2bt(c)dt(e) + d?f? + 2t(b)cde — d N(e)f — N(b)d f
—N(b)N(e) — dN(e)f + N(e)? + 2t(a)bef + 21t(b)cde
=—2N(b)df —2N(b)N(e) + N(b)? + d?f? — 2d N(e)f + N(e)?
=(N(b) + N(e) + df)’ (mod 4).

Thus,

DT - det(2Mg;) =0,1 (mod 4). O

5. Indefinite generalized quadratic forms

We end with a short section providing a shortened proof of the universality of
G(z,w) = zt(z)+wt(w) over real quadratic fields, where the form is indefinite.
For a more detailed approach, please consult Section A5 of the Appendix [8].

Theorem 5.1. LetK = Q(\/B) where D € Z, is squarefree. The binary gener-
alized form

G(z,w) = zt(z) + wt(w)

represents every a € Z.

Proof. It is sufficient to show that G represents every a € Z \ {0} over Z [\/B]
because Z[\/B] C Ok.
Letz =x; + yl\/ﬁ andw = x, + yz\/BWhere X1, V1, X2, V2 € Z. Let

Q(x1,¥1,X2,y2) = G(x1 + J’1\/5, X, + )’2\/B)~
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‘We have

Q(x1,¥1,%2,¥2) = (X1 + Y1\/B)(x1 - Y1\/B)

+ (%, + y,VD)(x, — VD)
—_ 2 2 2 2
= x] + x; — Dy; — Dy;.

By the local-global principle for representations over Z by indefinite forms (see,
e.g., [6, Chap. 9, Thm. 1.5)), it suffices to verify that each a € Z is represented
over Z,, for all primes p. This is indeed straightforward to verify; for details see
Section A5 of the Appendix. O

It is natural to be interested in the ways a quadratic form represents 0 non-
trivially. We show that the quadratic form Q(x, y, z, w) = x? + y?> — Dz?> — Dw?
represents 0 non-trivially if and only if D is a sum of two squares. The proof of
this can be found in the Appendix, see Proposition A5.6. in [8].
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