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On the abelianization of the
special derivation Lie algebras of

free Lie algebras

Naoya Enomoto and Takao Satoh

Abstract. In this paper, we show that there are infinitely many linearly in-
dependent elements in the abelianization of the Lie algebra of special deriva-
tions of a free Lie algebra by using the Morita traces. Furthermore, we show
that the abelianization contains non-trivial elements which are killed by the
Morita traces.
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1. Introduction
Over the last forty years, the Johnson homomorphisms have been studied for

the mapping class groups of surfaces and automorphism groups of free groups
by many authors over generations. To put it simply, the Johnson homomor-
phisms describe a series of approximations of the graded quotients of a certain
filtrations of the groups. Since each of the Johnson homomorphisms is injec-
tive by definition, to determine their images and cokernels is a natural prob-
lem. In order to attack the problem, Morita [26] originally introduced trace
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maps. Morita’s traces played a crucial role in the study of the Johnson homo-
morphisms, and gave many contributions to the development of the field. (For
surveys of the field, see Morita [27], Hain [17] and Satoh [34] for example.)

Let us fix notation. Let 𝐹𝑛 be the free group of rank 𝑛 generated by 𝑥1, … , 𝑥𝑛,
and Aut 𝐹𝑛 the automorphism group of 𝐹𝑛. Set 𝐻 ∶= 𝐻1(𝐹𝑛, 𝐙), the abelian-
ization of 𝐹𝑛. Denote by ℒ𝑛 =

⨁
𝑘≥1ℒ𝑛(𝑘) the free Lie algebra generated by

𝐻. We have a certain filtration 𝒜𝑛(1) ⊃ 𝒜𝑛(2) ⊃ ⋯ of Aut 𝐹𝑛, so-called the
Andreadakis-Johnson filtration of Aut 𝐹𝑛, and for each 𝑘 ≥ 1 we have the 𝑘-th
Johnson homomorphism

𝜏𝑘 ∶ gr𝑘(𝒜𝑛) ∶= 𝒜𝑛(𝑘)∕𝒜𝑛(𝑘 + 1) → Hom𝐙(𝐻,ℒ𝑛(𝑘 + 1)).

Furthermore, the graded sum
⨁

𝑘≥1 gr
𝑘(𝒜𝑛) → Der+(ℒ𝑛) can be considered

as a Lie algebra homomorphism, where Der+(ℒ𝑛) is the positive part of the
derivation Lie algebra of ℒ𝑛. Let

𝒞𝑛(𝑘) ∶= 𝐻⊗𝑘∕⟨𝑎1 ⊗ 𝑎2⋯⊗𝑎𝑘 − 𝑎𝑘 ⊗ 𝑎1⋯⊗𝑎𝑘−1 | 𝑎𝑖 ∈ 𝐻⟩

be the quotient of 𝐻⊗𝑘 by the permutation action of the cyclic group 𝐶𝑘 of de-
gree 𝑘 on the components. By combining results by Satoh [31, 32] and Darné
[7], we see that the cokernel of 𝜏𝑘 is isomorphic to 𝒞𝑛(𝑘) for 𝑛 ≥ 𝑘 + 2, which
is detected by the trace map

Tr𝑘 ∶ 𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1) → 𝐻∗ ⊗𝐙 𝐻⊗(𝑘+1) → 𝐻⊗𝑘 → 𝒞𝑛(𝑘)

defined as the compositions of maps including a contraction. (See Section 4 for
details.)

Let 𝑆𝑘𝐻 be the symmetric power of 𝐻 of degree 𝑘 ≥ 1. The composition
of Tr𝑘 and the natural projection 𝒞𝑛(𝑘) → 𝑆𝑘𝐻, is called the Morita trace as
mentioned above, denoted byMT𝑘 ∶ 𝐻∗⊗𝐙 ℒ𝑛(𝑘 + 1) → 𝑆𝑘𝐻. Morita tried to
give one of characterizations of the Morita traces as generators of the abelian-
ization of Der+(ℒ𝑛) as a Lie algebra. In [27], Morita constructed a surjective
Lie algebra homomorphism

Θ ∶= id1 ⊕
⨁

𝑘≥2
MT𝑘 ∶ 𝐻1(Der

+(ℒ𝑛), 𝐙) → Im(𝜏1) ⊕
⨁

𝑘≥2
𝑆𝑘𝐻

where id1 is the identity map on the degree one part, and the target is under-
stood to be an abelian Lie algebra. Morita [27] conjectured that the above map
induces an isomorphism, and showed that it is true up to degree 𝑛(𝑛 − 1) over
𝐐 by using a work of Kassabov in [21]. Morita-Sakasai-Suzuki [28] showed that
Θ induces an isomorphism up to degree 𝑛 − 2 over 𝐙. We remark that for the
freemetabelian Lie algebraℒ𝑀

𝑛 , Enomoto-Satoh [11] showed that for any 𝑛 ≥ 4

𝐻1(Der
+(ℒ𝑀

𝑛 ), 𝐙) ≅ Im(𝜏1) ⊕
⨁

𝑘≥2
𝑆𝑘𝐻.
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For a subgroup 𝒮 ≤ Aut 𝐹𝑛, we can consider subgroups 𝒮 ∩ 𝒜𝑛(𝑘), and the
𝑘-th Johnson homomorphism

gr𝑘(𝒮) ∶= 𝒮 ∩ 𝒜𝑛(𝑘)∕𝒮 ∩ 𝒜𝑛(𝑘 + 1) → Hom𝐙(𝐻,ℒ𝑛(𝑘 + 1))

by the same argument as that of 𝜏𝑘. Let LB𝑛 be themapping class group of a col-
lection 𝐶 of 𝑛 disjoint, unknotted, oriented circles embedded in the three ball
𝐵3. Namely, LB𝑛 is the group of isotopy classes of orientation preserving home-
omorphisms of 𝐵3 which fix 𝐶 setwise. The group LB𝑛 is called the loop braid
group on 𝑛 components. By a work of Goldsmith [16], LB𝑛 can be embedded
into Aut 𝐹𝑛, and its image is given by

{𝜎 ∈ Aut 𝐹𝑛 | 𝑥𝜎𝑖 = 𝑎𝑖𝑥𝜇(𝑖)𝑎−1𝑖 , 𝑎𝑖 ∈ 𝐹𝑛, 𝜇 ∈ 𝔖𝑛 (1 ≤ 𝑖 ≤ 𝑛)}.

Through this embedding, we consider LB𝑛 as a subgroup of Aut 𝐹𝑛. We re-
mark that Fenn-Rimányi-Rourke [15] obtained a finite presentation ofLB𝑛, and
called LB𝑛 the braid-permutation group. (See [6] for details.) As is well-known,
Artin’s braid group𝐵𝑛 of 𝑛 strands can be embedded intoAut 𝐹𝑛. If we consider
𝐵𝑛 as a subgroup of Aut 𝐹𝑛, then we have 𝐵𝑛 ⊂ LB𝑛 ⊂ Aut 𝐹𝑛.

In our previous paper [12], we studied the Johnson homomorphisms of LB𝑛,
denoted by 𝜏𝑃𝑘 . The graded sum of the images of 𝜏𝑃𝑘 is contained in a Lie subal-
gebra of Der+(ℒ𝑛), called the tangential derivation Lie algebra of ℒ𝑛, denoted
by 𝔭𝑛 =

⨁
𝑘≥1 𝔭𝑛(𝑘). Alekseev and Torossian [1, 2] studied 𝔭𝑛 in a series of

their works including for the Kashiwara-Vergne conjecture, and showed 𝔭𝑛 is a
Lie subalgebra ofDer+(ℒ𝑛). In a different context, Satoh [33] considered 𝔭𝑛 for
the study of the Johnson homomorphisms of McCool groups. In [12], we intro-
duced a certain trace maps T̃r𝑘 such that Im(𝜏𝑃𝑘 ) ⊂ Ker(T̃r𝑘) ⊂ 𝔭𝑛(𝑘) for 𝑘 ≥ 2.
By using these trace maps, we determined the structure of the images and the
cokernels of 𝜏𝑃𝑘 for 1 ≤ 𝑘 ≤ 4. At the present stage, however, the Johnson
cokernels of LB𝑛 have not determined yet in general.

As a subsequent study, this paper considers the Johnson homomorphisms of
Artin’s braid groups 𝐵𝑛, denoted by 𝜏𝐵𝑘 . The graded sum of the images of 𝜏𝐵𝑘 is
contained in a Lie subalgebra of 𝔭𝑛, called the special derivation Lie algebra of
ℒ𝑛, denoted by 𝔟𝑛 =

⨁
𝑘≥1 𝔟𝑛(𝑘). The Lie algebra 𝔟𝑛 seemed to be introduced

by Ihara in a series of his researches for the absolute Galois group over𝐐 in the
1980s In particular, Ihara [20] calls elements of 𝔟𝑛 normalized special deriva-
tions. We determined the images and the cokernels of 𝜏𝐵𝑘 ∶ gr𝑘(𝐵𝑛) → 𝔟𝑛(𝑘).
By combining a work of Darné [8] and independent works of Kohno [22] and
Falk-Randell [13], we can calculate the rank of a free abelian group gr𝑘(𝐵𝑛) for
each 𝑘 ≥ 1. (See Section 5 for details.) Darné [9] showed that 𝜏𝐵1 and 𝜏

𝐵
2 are

surjective, and gave a description of the ranks of the Johnson cokernels. In this
paper, we describe the cokernel of 𝜏𝐵3 and 𝜏

𝐵
4 by using trace maps.

Proposition 1 (= Propositions 7.6 and 7.9). The sequences

0 → gr3(𝐵𝑛)
𝜏𝐵3,,→ 𝔟𝑛(3)

MT𝐵3,,,,→ Im(MT𝐵3 ) → 0
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for any 𝑛 ≥ 3 and

0 → gr4𝐐(𝐵𝑛)
𝜏𝐵4,𝐐
,,,→ 𝔟𝐐𝑛 (4)

Tr𝐐
[2,12]

,,,,,,→ Im(Tr𝐐[2,12]|𝔟𝐐𝑛 (4)) → 0

for any 𝑛 ≥ 4 are𝔖𝑛-equivariant exact sequences.

Here the subscript and the superscript 𝐐 means tensoring with 𝐐 over 𝐙, and
Tr[2,12] is a kind of trace map, for the definition, see (13) below.
In addition to show the above proposition, in order to investigate the abelian-

ization of 𝔟𝑛, we need a basis of each of 𝔟𝑛(𝑘). In Section A.1 in [9], Darné gave
a formula for the rank of 𝔟𝑛(𝑘) for each 𝑘 ≥ 1, which recovers a classical for-
mula for Milnor invariants by Orr. (See Theorem 15 in [29].) In general, in
contrast to the case of the degree 𝑘 part of Der+(ℒ𝑛), to write down generators
of 𝔟𝑛(𝑘) explicitly is quite complicated even in the low degree 𝑘. We consider to
decompose 𝔟𝑛(𝑘) into𝔖𝑛-submodules with compositions of 𝑘 + 1. In Section
6, we give a basis of each component 𝔟𝑛(𝑘, 𝛼) of 𝔟𝑛(𝑘) for any 1 ≤ 𝑘 ≤ 4 and
any composition 𝛼. As for the Morita trace mapMT𝐵𝑘 , we show the following.

Theorem 1 (= Theorem 7.5). For any 𝑛 ≥ 3 and any odd 𝑘 ≥ 3, we have

rank𝐙(Im(MT
𝐵
𝑘 )) =

(𝑛 + 𝑘 − 1
𝑘

)
−
𝑛(𝑛 + 1)

2 .

In the latter part of the paper, we consider the abelianization of the Lie al-
gebra 𝔟𝑛. For each 𝑘 ≥ 1, let 𝐻1(𝔟𝑛, 𝐙)𝑘 be the degree 𝑘 part of 𝐻1(𝔟𝑛, 𝐙). An
immediate consequence obtained from Theorem 1, by considering the restric-
tion ofΘ to 𝔟𝑛, we see that𝐻1(𝔟𝑛, 𝐙)𝑘 contains non-trivial free abelian group of
finite rank, and that𝐻1(𝔟𝑛, 𝐙) is not finitely generated as a 𝐙-module. (For de-
tails, see Theorem 8.1.) We should remark that Yusuke Kuno communicated to
us the non-finite generation of 𝐻1(𝔟2, 𝐙) can be obtained with Soulé elements
defined by Ihara [20]. (See Remark 8.2 for details.)

In Subsection 8.2, we show that for any 2 ≤ 𝑘 ≤ 4,𝐻1(𝔟𝑛, 𝐙)𝑘 is trivial except
for the component that can be detected by theMorita traceMT𝐵3 . In Subsection
8.3, we show that there exist linearly independent elements in Ker(MT𝐵5 ) and
not in [𝔟𝑛(4), 𝔟𝑛(1)].

Theorem 2. (= Theorem 8.16) For 𝑛 ≥ 3, the surjective Lie algebra homomor-
phism

Θ|𝔟𝑛 ∶ 𝐻1(𝔟𝑛, 𝐙) → Im(𝜏1) ⊕
⨁

𝑚≥1
Im(MT𝐵2𝑚+1)

induced from Θ|𝔟𝑛 is not injective.

This implies that the structure of the abelianization of 𝔟𝑛 is much more com-
plicated than that of Der+(ℒ𝑀

𝑛 ) and Der
+(ℒ𝑛). We expect that

Ker(MT𝐵5,𝐐)∕[𝔟
𝐐
𝑛 (4), 𝔟

𝐐
𝑛 (1)]

is of dimension
(𝑛
3

)
+
(𝑛
4

)
. (For details, see Remark 8.17.)
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2. Notation and conventions
In this section, we fix notation and conventions. Throughout this paper, a

group means a multiplicative group if otherwise noted. Let 𝐺 be a group.
∙ The abelianization of 𝐺 is denoted by 𝐺ab if otherwise noted.
∙ The automorphism group Aut𝐺 acts on 𝐺 from the right. For any 𝜎 ∈
Aut𝐺 and 𝑥 ∈ 𝐺, the action of 𝜎 on 𝑥 is denoted by 𝑥𝜎.

∙ For a normal subgroup𝑁, we often denote the coset class of an element
𝑔 ∈ 𝐺 by the same 𝑔 in the quotient group𝐺∕𝑁 if there is no confusion.

∙ For elements 𝑥 and 𝑦 of 𝐺, the commutator bracket [𝑥, 𝑦] of 𝑥 and 𝑦 is
defined to be [𝑥, 𝑦] ∶= 𝑥𝑦𝑥−1𝑦−1. Then for any 𝑥, 𝑦, 𝑧 ∈ 𝐺, we have

[𝑥𝑦, 𝑧] = [𝑥, [𝑦, 𝑧]][𝑦, 𝑧][𝑥, 𝑧], [𝑥, 𝑦𝑧] = [𝑥, 𝑦][𝑥, 𝑧][[𝑧, 𝑥], 𝑦] (1)

and

[𝑥−1, 𝑧] = [[𝑥−1, 𝑧], 𝑥][𝑥, 𝑧]−1, [𝑥, 𝑦−1] = [𝑥, 𝑦]−1[𝑦, [𝑦−1, 𝑥]]. (2)

∙ For subgroups𝐻 and 𝐾 of 𝐺, we denote by [𝐻, 𝐾] the commutator sub-
group of 𝐺 generated by [ℎ, 𝑘] for all ℎ ∈ 𝐻 and 𝑘 ∈ 𝐾.

∙ For elements 𝑔1, … , 𝑔𝑘 ∈ 𝐺, a left-normed commutator

[[⋯ [[𝑔1, 𝑔2], 𝑔3],⋯], 𝑔𝑘] ∈ 𝐺

of weight 𝑘 is denoted by [𝑔1, 𝑔2,⋯ , 𝑔𝑘].
∙ For any𝐙-module𝐴, we denote the𝐐-vector space𝐴⊗𝐙𝐐 by the symbol
obtained by attaching a subscript or superscript 𝐐 to 𝐴, like 𝐴𝐐 or 𝐴𝐐.
Similarly, for any 𝐙-linear map 𝑓 ∶ 𝐴 → 𝐵, the induced 𝐐-linear map
𝐴𝐐 → 𝐵𝐐 is denoted by 𝑓𝐐 or 𝑓𝐐.

3. Tangential and special derivation algebras of free Lie algebras
To begin with, we review free Lie algebras and their derivation algebras. For

𝑛 ≥ 1, let 𝐹𝑛 be the free group of rank 𝑛 with basis 𝑥1, … , 𝑥𝑛. Let Γ𝑛(1) ⊃
Γ𝑛(2) ⊃ ⋯ be the lower central series of 𝐹𝑛 defined by

Γ𝑛(1) ∶= 𝐹𝑛, Γ𝑛(𝑘) ∶= [Γ𝑛(𝑘 − 1), 𝐹𝑛], 𝑘 ≥ 2.

We denote by ℒ𝑛(𝑘) ∶= Γ𝑛(𝑘)∕Γ𝑛(𝑘 + 1) the 𝑘-th graded quotient of the lower
central series of 𝐹𝑛, and by ℒ𝑛 ∶=

⨁
𝑘≥1ℒ𝑛(𝑘) the associated graded sum. For

each 𝑘 ≥ 1, we consider ℒ𝑛(𝑘) as an additive group. For example, for any
𝑥, 𝑦, 𝑧 ∈ 𝐹𝑛 we have

[𝑥𝑦, 𝑧] = [𝑥, 𝑧] + [𝑦, 𝑧], [𝑥−1, 𝑦] = −[𝑥, 𝑦]

inℒ𝑛(1) from (1) and (2). The graded sumℒ𝑛 has the Lie algebra structure with
the Lie bracket induced from the commutator bracket of 𝐹𝑛. It is known that
the Lie algebra ℒ𝑛 is isomorphic to the free Lie algebra generated by ℒ𝑛(1) by
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a classical work of Magnus. (For details, see [25] and [30] for example.) Each
of ℒ𝑛(𝑘) is a free abelian group, and its rank is given by

𝑟𝑛(𝑘) ∶=
1
𝑘
∑

𝑑|𝑘
𝜇(𝑑)𝑛

𝑘
𝑑 (3)

by a work of Witt [36], where 𝜇 is the Möbius function, and 𝑑 runs over all
positive divisors of 𝑘. Hall [18] constructed an explicit basis ofℒ𝑛(𝑘)with basic
commutators of weight 𝑘. For example, basic commutators of weight less than
five are listed below.

𝑘 basic commutators
1 𝑥𝑖 1 ≤ 𝑖 ≤ 𝑛
2 [𝑥𝑖, 𝑥𝑗] 1 ≤ 𝑗 < 𝑖 ≤ 𝑛
3 [𝑥𝑖, 𝑥𝑗, 𝑥𝑙] 𝑖 > 𝑗 ≤ 𝑙
4 [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑚] 𝑖 > 𝑗 ≤ 𝑙 ≤ 𝑚

[[𝑥𝑖, 𝑥𝑗], [𝑥𝑙, 𝑥𝑚]] (𝑖, 𝑗) > (𝑙,𝑚)

Here (𝑖, 𝑗) > (𝑙,𝑚) means the lexicographic order on 𝐍 × 𝐍. (For details, see
[19] and [30] for example.)

For simplicity, we denote by 𝐻 the abelianization 𝐹ab𝑛 = 𝐻1(𝐹𝑛, 𝐙) of 𝐹𝑛.
The basis 𝑥1, … , 𝑥𝑛 of 𝐹𝑛 induces a basis of 𝐻 as a free abelian group. we also
denote it by the same letters 𝑥1, … , 𝑥𝑛 by abuse of language. By fixing this ba-
sis of 𝐻, we identify the automorphism group Aut𝐻 with the general linear
group GL(𝑛, 𝐙). Then GL(𝑛, 𝐙) naturally acts on each of ℒ𝑛(𝑘). For example,
as GL(𝑛, 𝐙)-modules we have ℒ𝑛(1) = 𝐻 and ℒ𝑛(2) = ∧2𝐻. The universal
enveloping algebra of ℒ𝑛 is the tensor algebra

𝑇(𝐻) ∶= 𝐙⊕𝐻 ⊕𝐻⊗2 ⊕⋯
of𝐻 over 𝐙. From Poincaré-Birkhoff-Witt’s theorem, the natural map 𝜄 ∶ ℒ𝑛 →
𝑇(𝐻) is injective. We denote by 𝜄𝑘 ∶ ℒ𝑛(𝑘) → 𝐻⊗𝑘 the degree 𝑘 part of 𝜄,
and consider ℒ𝑛(𝑘) as a GL(𝑛, 𝐙)-submodule of 𝐻⊗𝑘 through 𝜄𝑘. Similarly, we
consider ℒ𝐐

𝑛 (𝑘) as a GL(𝑛,𝐐)-submodule of𝐻
⊗𝑘
𝐐 through 𝜄𝐐𝑘 .

Next, we consider the derivation algebra of ℒ𝑛. We denote it by

Der(ℒ𝑛) ∶= {𝑓 ∶ ℒ𝑛
𝐙−linear
,,,,,,,→ ℒ𝑛 | 𝑓([𝑥, 𝑦]) = [𝑓(𝑥), 𝑦]+ [𝑥, 𝑓(𝑦)], 𝑥, 𝑦 ∈ ℒ𝑛}.

The Lie algebraDer(ℒ𝑛) is a graded Lie algebra. For 𝑘 ≥ 0, the degree 𝑘 part of
Der(ℒ𝑛) is defined to be

Der(ℒ𝑛)(𝑘) ∶= {𝑓 ∈ Der(ℒ𝑛) | 𝑓(𝑥) ∈ ℒ𝑛(𝑘 + 1), 𝑥 ∈ 𝐻}.
For 𝑘 ≥ 1, by considering the universality of the free Lie algebra, we identify
Der(ℒ𝑛)(𝑘)withHom𝐙(𝐻,ℒ𝑛(𝑘+1)) = 𝐻∗⊗𝐙ℒ𝑛(𝑘+1) as aGL(𝑛, 𝐙)-module,
where𝐻∗means the 𝐙-linear dual group of𝐻. Let 𝑥∗1 , … , 𝑥

∗
𝑛 be the dual basis of

𝑥1, … , 𝑥𝑛 ∈ 𝐻. Then Der(ℒ𝑛)(𝑘) is generated by 𝑥∗𝑖 ⊗ [𝑥𝑗1 , 𝑥𝑗2 , … , 𝑥𝑗𝑘+1] for all
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1 ≤ 𝑖, 𝑗1, … , 𝑗𝑘+1 ≤ 𝑛 as a𝐙-module. LetDer+(ℒ𝑛) be the graded Lie subalgebra
of Der(ℒ𝑛) with positive degrees. Similarly, we define the graded Lie algebras
Der(ℒ𝐐

𝑛 ) and Der
+(ℒ𝐐

𝑛 ) over 𝐐. Then, we have Der(ℒ
𝐐
𝑛 ) = Der(ℒ𝑛) ⊗𝐙 𝐐, and

Der(ℒ𝐐
𝑛 )(𝑘) = 𝐻∗

𝐐⊗𝐐ℒ
𝐐
𝑛 (𝑘 + 1) for any 𝑘 ≥ 1.

In this paper, we consider many calculations of Lie brackets of Der(ℒ𝑛) and
its Lie subalgebras. All calculations are based on the following formula.

[𝑥∗𝑖 ⊗[𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘 ], 𝑥
∗
𝑗 ⊗ [𝑥𝑗1 , 𝑥𝑗2 , … , 𝑥𝑗𝑙 ]]

=
𝑘∑

𝑡=1
𝛿𝑗𝑖𝑡𝑥

∗
𝑖 ⊗ [𝑥𝑖1 , … , 𝑥𝑖𝑡−1 , [𝑥𝑗1 , 𝑥𝑗2 , … , 𝑥𝑗𝑙 ], 𝑥𝑖𝑡+1 , … , 𝑥𝑖𝑘 ]

−
𝑙∑

𝑠=1
𝛿𝑖𝑗𝑠𝑥

∗
𝑗 ⊗ [𝑥𝑗1 , … , 𝑥𝑗𝑠−1 , [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘 ], 𝑥𝑗𝑠+1 , … , 𝑥𝑗𝑙 ],

(4)

where 𝛿𝑝𝑞 means Kronecker’s delta. It is perhaps easiest to understand the
calculation if a simple example is exhibited. For example, we have

[𝑥∗1 ⊗ [𝑥1, 𝑥2,𝑥3, 𝑥2], 𝑥∗2 ⊗ [𝑥3, 𝑥1]]
= 𝑥∗1 ⊗ [𝑥1, [𝑥3, 𝑥1], 𝑥3, 𝑥2] + 𝑥∗1 ⊗ [𝑥1, 𝑥2, 𝑥3, [𝑥3, 𝑥1]]

− 𝑥∗2 ⊗ [𝑥3, [𝑥1, 𝑥2, 𝑥3, 𝑥2]].

Definition 3.1. For any 𝑘 ≥ 1, let 𝔭𝑛(𝑘) be the 𝐙-submodule of Der(ℒ𝑛)(𝑘)
generated by elements

𝑥∗𝑖 ⊗ [𝑥𝑗1 , … , 𝑥𝑗𝑘 , 𝑥𝑖]

for all 1 ≤ 𝑖, 𝑗1, … , 𝑗𝑘 ≤ 𝑛. Let 𝔭𝑛 be the graded sum
⨁

𝑘≥1 𝔭𝑛(𝑘).

The Lie subalgebra 𝔭𝑛 is called the tangential derivation Lie algebra ofℒ𝑛. Con-
sider the symmetric group𝔖𝑛 of degree 𝑛 as the subgroup of GL(𝑛, 𝐙) consist-
ing of permutations of the basis 𝑥1, … , 𝑥𝑛 of 𝐻. Then each of 𝔭𝑛(𝑘) is an 𝔖𝑛-
invariant 𝐙-submodule of Der(ℒ𝑛)(𝑘). We remark that 𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖] for any
1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛 form a basis of 𝔭𝑛(1), and for 𝑘 ≥ 2 𝔭𝑛(𝑘) is isomorphic to
𝐻 ⊗𝐙 ℒ𝑛(𝑘) as an𝔖𝑛-module by the correspondence

𝑥∗𝑖 ⊗ [𝑥𝑗1 , … , 𝑥𝑗𝑘 , 𝑥𝑖] ↦ 𝑥𝑖 ⊗ [𝑥𝑗1 , … , 𝑥𝑗𝑘 ].

Hence, we have rank𝐙(𝔭𝑛(1)) = 𝑛2(𝑛−1)∕2 and rank𝐙(𝔭𝑛(𝑘)) = 𝑛𝑟𝑛(𝑘) for any
𝑘 ≥ 2.

For any 𝑘 ≥ 1, an 𝑛-tuple 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) ∈ ℤ𝑛
≥0 such that 𝛼1 + 𝛼2 +

⋯ + 𝛼𝑛 = 𝑘 + 1 is called a composition of 𝑘 + 1, denoted by 𝛼 ⊧ 𝑘 + 1. For
a composition 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛), if 𝛼𝑖+1 = ⋯ = 𝛼𝑛 = 0 then we write 𝛼 =
(𝛼1, 𝛼2, … , 𝛼𝑖) for simplicity. For any composition 𝛼 ⊧ 𝑘 + 1, let 𝑝(𝛼) be the set
of all permutations of (1𝛼1 , 2𝛼2 ,⋯ , 𝑛𝛼𝑛). For example, if 𝛼 = (2, 1) ⊧ 3 then
𝑝(𝛼) = {(1, 1, 2), (1, 2, 1), (2, 1, 1)}. If a composition 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) of 𝑘 + 1
satisfies 𝛼1 ≥ 𝛼2 ≥ ⋯ ≥ 𝛼𝑛, then 𝛼 is called a partition of 𝑘 + 1, denoted by
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𝛼 ⊢ 𝑘 + 1. Set

𝔭𝑛(𝑘, 𝛼) ∶= ⟨𝑥∗𝑗𝑘+1 ⊗ [𝑥𝑗1 , 𝑥𝑗2 , … , 𝑥𝑗𝑘+1] | (𝑗1, … , 𝑗𝑘+1) ∈ 𝑝(𝛼)⟩ ⊂ 𝔭𝑛(𝑘).

Notice that each 𝔭𝑛(𝑘, 𝛼) is not𝔖𝑛-equivariant submodule of 𝔭𝑛(𝑘), and that if
𝛼 = (𝑘 + 1) then 𝔭𝑛(𝑘, 𝛼) = {0} since [𝑥1, 𝑥1, … , 𝑥1] = 0 ∈ ℒ𝑛(𝑘 + 1).

Lemma 3.2. For any 𝑘 ≥ 1, we have

𝔭𝑛(𝑘) =
⨁

𝛼⊢𝑘+1
𝔖𝑛 ⋅ 𝔭𝑛(𝑘, 𝛼),

where𝔖𝑛 ⋅ 𝔭𝑛(𝑘, 𝛼)means the𝔖𝑛-orbit of 𝔭𝑛(𝑘, 𝛼).

Proof. It is clear that 𝔭𝑛(𝑘) is generated by 𝔖𝑛 ⋅ 𝔭𝑛(𝑘, 𝛼) for all compositions
𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) of 𝑘 + 1. In general, from the theory of commutator cal-
culus given by Magnus and a theory of Hall basis, a left normed commuta-
tor [𝑥𝑖1 , … , 𝑥𝑖𝑘+1] can be written as a linear combination of basic commutators
among 𝑥𝑖1 , … , 𝑥𝑖𝑘+1 . In addition to this, all basic commutators are linearly inde-
pendent. (See Section in [19].) This fact implies the required direct decompo-
sition of 𝔭𝑛(𝑘). □

For example, if 𝛼 ⊧ 𝑘+1 such that 𝛼1 = ⋯ = 𝛼𝑖 ≠ 0 and 𝛼𝑖+1 = ⋯ = 𝛼𝑛 = 0
for some 1 ≤ 𝑖 ≤ 𝑛, then𝔖𝑛 ⋅ 𝔭𝑛(𝑘, 𝛼) is the direct sum of

(𝑛
𝑖

)
copies of 𝔭𝑛(𝑘, 𝛼).

The above lemma is perhaps easy to understand if a few examples are given.
Consider the case of 𝑘 = 1. The compositions of 𝑘 + 1 = 2 are (2) and (12). It
suffices to consider the case for (12) since 𝔭𝑛(𝑘, (2)) = {0}. If 𝛼 = (1, 1) then
(1𝛼1 , 2𝛼2 ,⋯ , 𝑛𝛼𝑛) = (1, 2), and we see

𝔭𝑛(1, 𝛼) ∶= ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1], 𝑥∗2 ⊗ [𝑥1, 𝑥2]⟩ ⊂ 𝔭𝑛(1). (5)

For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, set

𝔭𝑛(1, 𝛼)𝑖,𝑗 ∶= ⟨𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖], 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗]⟩ ⊂ 𝔭𝑛(1).

Then we see

𝔖𝑛 ⋅ 𝔭𝑛(1, 𝛼) =
⨁

1≤𝑖<𝑗≤𝑛
𝔭𝑛(1, 𝛼)𝑖,𝑗 ≅ 𝐙2(

𝑛
2).

Next, we consider Lie algebras of special derivations of ℒ𝑛.

Definition 3.3. For any 𝑘 ≥ 1, let 𝔟𝑛(𝑘) be the𝔖𝑛-invariant 𝐙-submodule

𝔭𝑛(𝑘) ∩
{ 𝑛∑

𝑖=1
𝑥∗𝑖 ⊗𝐶𝑖 ∈ 𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1)

|||||

𝑛∑

𝑖=1
𝐶𝑖 = 0

}

of 𝔭𝑛(𝑘). Let 𝔟𝑛 be the graded sum
⨁

𝑘≥1 𝔟𝑛(𝑘).
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An element of 𝔟𝑛 is called a special derivation of ℒ𝑛. It is also known that 𝔟𝑛
is a Lie subalgebra of 𝔭𝑛, and is called the special derivation Lie algebra of ℒ𝑛.
The rank of each 𝔟𝑛(𝑘) is given by Darné [9] in Section A.1 as

rank𝐙(𝔟𝑛(𝑘)) = {
(𝑛
2

)
, 𝑘 = 1,

𝑛𝑟𝑛(𝑘) − 𝑟𝑛(𝑘 + 1), 𝑘 ≥ 2.
(6)

For any 𝑘 ≥ 1 and any composition 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) ⊧ 𝑘+1, set 𝔟𝑛(𝑘, 𝛼) =
𝔭𝑛(𝑘, 𝛼) ∩ 𝔟𝑛(𝑘). From Lemma 3.2, we see

𝔟𝑛(𝑘) =
⨁

𝛼⊢𝑘+1
𝔖𝑛 ⋅ 𝔟𝑛(𝑘, 𝛼), (7)

where𝔖𝑛 ⋅ 𝔟𝑛(𝑘, 𝛼)means the𝔖𝑛-orbit of 𝔟𝑛(𝑘, 𝛼). From the above decompo-
sition, we can calculate the dimension of 𝔟𝐐𝑛 (𝑘) for any 𝑘 ≥ 1 by determining
that of 𝔟𝐐𝑛 (𝑘, 𝛼) for each 𝛼 ⊧ 𝑘 + 1 in principle.

4. Johnson homomorphisms and trace maps
Here we briefly recall the Andreadakis-Johnson filtrations and the Johnson

homomorphisms of the automorphism groups of free groups, and their restric-
tions to the braid groups. For each 𝑘 ≥ 1, the action of Aut 𝐹𝑛 on the nilpotent
quotient group 𝐹𝑛∕Γ𝑛(𝑘 + 1) of 𝐹𝑛 induces the homomorphism

Aut 𝐹𝑛 → Aut(𝐹𝑛∕Γ𝑛(𝑘 + 1)).

We denote its kernel by 𝒜𝑛(𝑘). Then the groups 𝒜𝑛(𝑘) define a descending
filtration

𝒜𝑛(1) ⊃ 𝒜𝑛(2) ⊃ 𝒜𝑛(3) ⊃ ⋯
ofAut 𝐹𝑛. This filtration is called the Andreadakis-Johnson filtration ofAut 𝐹𝑛,
and the first term is called the IA-automorphism group of 𝐹𝑛, and is also de-
noted by IA𝑛. Historically, the Andreadakis-Johnson filtration was originally
introduced by Andreadakis [3] in the 1960s. Johnson studied such filtration for
the mapping class groups of surfaces in the 1980s. Andreadakis showed that

Theorem 4.1 (Andreadakis [3]).
(1) For any 𝑘, 𝑙 ≥ 1, 𝜎 ∈ 𝒜𝑛(𝑘) and 𝑥 ∈ Γ𝑛(𝑙), 𝑥−1𝑥𝜎 ∈ Γ𝑛(𝑘 + 𝑙).
(2) For any 𝑘 and 𝑙 ≥ 1, [𝒜𝑛(𝑘), 𝒜𝑛(𝑙)] ⊂ 𝒜𝑛(𝑘 + 𝑙).

For each 𝑘 ≥ 1, the group Aut 𝐹𝑛 acts on𝒜𝑛(𝑘) by conjugation, and this action
naturally induces the actions ofGL(𝑛, 𝐙) = Aut 𝐹𝑛∕IA𝑛 on the graded quotients
gr𝑘(𝒜𝑛) ∶= 𝒜𝑛(𝑘)∕𝒜𝑛(𝑘 + 1) by Part (2) of Theorem 4.1.

In order to study the GL(𝑛, 𝐙)-module structure of gr𝑘(𝒜𝑛) for each 𝑘 ≥ 1,
we consider the Johnson homomorphisms. For each 𝑘 ≥ 1, define the homo-
morphism 𝜏̃𝑘 ∶ 𝒜𝑛(𝑘) → Hom𝐙(𝐻,ℒ𝑛(𝑘 + 1)) by

𝜎 ↦ (𝑥 ↦ 𝑥−1𝑥𝜎), 𝑥 ∈ 𝐻.
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The kernel of 𝜏̃𝑘 is 𝒜𝑛(𝑘 + 1). Hence, 𝜏̃𝑘 induces the injective homomorphism

𝜏𝑘 ∶ gr𝑘(𝒜𝑛) ↪ Hom𝐙(𝐻,ℒ𝑛(𝑘 + 1)) = 𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1).

The homomorphisms 𝜏̃𝑘 and 𝜏𝑘 are called the 𝑘-th Johnson homomorphisms
of Aut 𝐹𝑛. Each of 𝜏𝑘 is GL(𝑛, 𝐙)-equivariant. The graded sum gr(𝒜𝑛) ∶=⨁

𝑘≥1 gr
𝑘(𝒜𝑛) has the Lie algebra structure with the Lie bracket induced from

the commutator bracket on IA𝑛. Furthermore, the graded sum 𝜏 ∶=
⨁

𝑘≥1 𝜏𝑘 ∶
gr(𝒜𝑛) → Der+(ℒ𝑛) is a Lie algebra homomorphism.

In the later sections, we consider restrictions of the Johnsonhomomorphisms
to certain subgroups of Aut 𝐹𝑛. Let 𝒮 be a subgroup of Aut 𝐹𝑛. For any 𝑘 ≥ 1,
set 𝒮(𝑘) ∶= 𝒜𝑛(𝑘) ∩ 𝒮, and gr𝑘(𝒮) ∶= 𝒮(𝑘)∕𝒮(𝑘 + 1). Then the restriction of 𝜏̃𝑘
to 𝒮(𝑘) induces the injective homomorphism 𝜏𝒮𝑘 ∶ gr

𝑘(𝒮) → 𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1).
We call 𝜏𝒮𝑘 the 𝑘-th Johnson homomorphism of 𝒮. This homomorphism 𝜏𝒮𝑘 is an
𝒮∕𝒮(1)-equivariant. The graded sum gr(𝒮) =

⨁
𝑘≥1 gr

𝑘(𝒮) is a Lie subalgebra of
gr(𝒜𝑛), and the graded sum 𝜏 ∶=

⨁
𝑘≥1 𝜏

𝒮
𝑘 ∶ gr(𝒮) → Der+(ℒ𝑛) is a Lie algebra

homomorphism.

Here we remark on the cokernels of the Johnson homomorphisms. For 𝑘 ≥
1, let 𝜑𝑘 ∶ 𝐻∗⊗𝐙𝐻⊗(𝑘+1) → 𝐻⊗𝑘 be the contraction map defined by

𝑥∗𝑖 ⊗ 𝑥𝑗1 ⊗⋯⊗ 𝑥𝑗𝑘+1 ↦ 𝑥∗𝑖 (𝑥𝑗1) ⋅ 𝑥𝑗2 ⊗⋯⊗⋯⊗ 𝑥𝑗𝑘+1 .

For the natural embedding 𝜄𝑘+1 ∶ ℒ𝑛(𝑘 + 1) → 𝐻⊗(𝑘+1), we have the GL(𝑛, 𝐙)-
equivariant homomorphism

Φ𝑘 = 𝜑𝑘◦(𝑖𝑑𝐻∗ ⊗ 𝜄𝑘+1) ∶ 𝐻∗⊗𝐙ℒ𝑛(𝑘 + 1) → 𝐻⊗𝑘.

For any 𝑘 ≥ 1, let 𝒞𝑛(𝑘) be the quotient module of 𝐻⊗𝑘 by the action of the
cyclic group 𝐶𝑘 of order 𝑘 on the components. Namely,

𝒞𝑛(𝑘) = 𝐻⊗𝑘/⟨𝑎1 ⊗ 𝑎2 ⊗⋯⊗ 𝑎𝑘 − 𝑎2 ⊗ 𝑎3 ⊗⋯⊗ 𝑎𝑘 ⊗ 𝑎1 | 𝑎𝑖 ∈ 𝐻⟩.

Let𝜛𝑘 ∶ 𝐻⊗𝑘 → 𝒞𝑛(𝑘) be the natural projection. For any 1 ≤ 𝑗1, … , 𝑗𝑘 ≤ 𝑛, we
write the image of 𝑥𝑗1⊗⋯⊗𝑥𝑗𝑘 ∈ 𝐻⊗𝑘 by themap𝜛𝑘 as 𝑥𝑗1𝑥𝑗2 ⋯𝑥𝑗𝑘 ∈ 𝒞𝑛(𝑘).
According to this notation, we have 𝑥𝑗1𝑥𝑗2 ⋯𝑥𝑗𝑘 = 𝑥𝑗2 ⋯𝑥𝑗𝑘𝑥𝑗1 in 𝒞𝑛(𝑘). By
[30], it is known that 𝒞𝑛(𝑘) is a free abelian group, and the necklaces among
𝑥1, … , 𝑥𝑛 of length 𝑘 form a basis of 𝒞𝑛(𝑘). From this, we have

rank𝐙(𝒞𝑛(𝑘)) =
1
𝑘
∑

𝑑|𝑘
𝜑(𝑑)𝑛

𝑘
𝑑

where 𝜑 ∶ 𝐍 → 𝐍 is the Euler function, and 𝑑 runs over all positive divisors of
𝑘.
For any 𝑘 ≥ 1, set Tr𝑘 ∶= 𝜛𝑘◦Φ𝑘 ∶ 𝐻∗⊗𝐙ℒ𝑛(𝑘 + 1) → 𝒞𝑛(𝑘). We call Tr𝑘

the trace map of degree 𝑘. This is a generalization of the Morita trace defined
by Morita [26], which is obtained by Tr𝑘 by composing the natural projection
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𝒞𝑛(𝑘) → 𝑆𝑘𝐻. By combining independent results by Satoh [31, 32] and Darné
[7], for any 𝑘 ≥ 2 and 𝑛 ≥ 𝑘 + 2, the sequence

0 → gr𝑘(𝒜𝑛)
𝜏𝑘,,→ 𝐻∗⊗𝐙ℒ𝑛(𝑘 + 1)

Tr𝑘,,,→ 𝒞𝑛(𝑘) → 0

is a GL(𝑛, 𝐙)-equivariant exact sequence. We remark that over 𝐐, the corre-
sponding exact sequence was obtained by independent works by Satoh [31, 32]
and Massuyeau-Sakasai [23]. In particular, we have

Im(𝜏𝑘) = Ker(Tr𝑘) (8)

for 𝑛 ≥ 𝑘 + 2.

5. McCool groups and pure braid groups
Here we consider subgroups of the loop braid group LB𝑛. The intersection

LB𝑛 ∩ IA𝑛 is
{𝜎 ∈ Aut 𝐹𝑛 | 𝑥𝜎𝑖 = 𝑐𝑖𝑥𝑖𝑐−1𝑖 (𝑐𝑖 ∈ 𝐹𝑛)},

and called the basis-conjugating automorphisms of 𝐹𝑛, denoted by PΣ𝑛. Mc-
Cool [24] obtained a finite presentation of PΣ𝑛. Thus PΣ𝑛 is also called the
McCool group. For any 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛, let 𝐾𝑖𝑗 be the basis-conjugating auto-
morphism of 𝐹𝑛 defined by

𝑥𝑡 ↦ {
𝑥𝑗−1𝑥𝑖𝑥𝑗 𝑡 = 𝑖,
𝑥𝑡 𝑡 ≠ 𝑖.

McCool obtained the following finite presentation of PΣ𝑛.

Theorem5.1 (McCool [24]). The groupPΣ𝑛 is generated by𝐾𝑖𝑗 for 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛
subject to relations:
(P1): [𝐾𝑖𝑗, 𝐾𝑘𝑗] = 1 for (𝑖, 𝑗) < (𝑘, 𝑗),
(P2): [𝐾𝑖𝑗, 𝐾𝑘𝑙] = 1 for (𝑖, 𝑗) < (𝑘, 𝑙),
(P3): [𝐾𝑖𝑘, 𝐾𝑖𝑗𝐾𝑘𝑗] = 1
where in each relation, the indices 𝑖, 𝑗, 𝑘, 𝑙 are distinct.

Let 𝜌 ∶ Aut 𝐹𝑛 → GL(𝑛, 𝐙) be the natural homomorphism induced from the
abelianization of 𝐹𝑛. The image of the restriction of 𝜌 to LB𝑛 is the symmetric
group𝔖𝑛 of degree 𝑛. Here we consider𝔖𝑛 as a subgroup of GL(𝑛, 𝐙), consist-
ing of all permutations on the basis of𝐻. Thus we have the group extension

1 → PΣ𝑛 → LB𝑛
𝜌
,→ 𝔖𝑛 → 1.

For each 𝑘 ≥ 1, setPΣ𝑛(𝑘) ∶= 𝒜𝑛(𝑘)∩PΣ𝑛, and gr𝑘(PΣ𝑛) ∶= PΣ𝑛(𝑘)∕PΣ𝑛(𝑘+1).
The 𝑘-th Johnson homomorphism of LB𝑛 is denoted by 𝜏𝐿𝐵𝑘 ∶ gr𝑘(PΣ𝑛) →
𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1). In Proposition 3.5 in [33], we showed that for each 𝑘 ≥ 2,
the image of 𝜏𝐿𝐵𝑘 is contained in 𝔭𝑛(𝑘). From this viewpoint, in this paper we
consider 𝜏𝐿𝐵𝑘 ∶ gr𝑘(PΣ𝑛) → 𝔭𝑛(𝑘). Each of 𝜏𝐿𝐵𝑘 is 𝔖𝑛-equivariant, and the
cokernel of 𝜏𝐿𝐵𝑘 , denoted by Coker(𝜏𝐿𝐵𝑘 ), always means the quotient module
𝔭𝑛(𝑘)∕Im(𝜏𝐿𝐵𝑘 ). In Enomoto-Satoh [12], we studied Coker(𝜏𝐿𝐵𝑘 ) by using the



THE SPECIAL DERIVATION LIE ALGEBRAS OF THE FREE LIE ALGEBRA 653

trace maps. At the present stage, the range of 𝑘 whereCoker(𝜏𝐿𝐵𝑘 ) is completely
determined for any 𝑛 ≥ 3 is 1 ≤ 𝑘 ≤ 4.

Let Tr𝐿𝐵𝑘 ∶ 𝔭𝑛(𝑘) → 𝒞𝑛(𝑘) be the restriction of the trace map Tr𝑘 ∶ 𝐻∗ ⊗𝐙
ℒ𝑛(𝑘+1) → 𝒞𝑛(𝑘) to𝔭𝑛(𝑘). In Proposition 3.7 in [33], we showed that ⟨𝑥𝑘1 , … , 𝑥

𝑘
𝑛⟩∩

Im(Tr𝐿𝐵𝑘 ) = {0} for any 𝑘 ≥ 2. Here ⟨𝑥𝑘1 , … , 𝑥
𝑘
𝑛⟩ denotes the 𝐙-linear span of

𝑥𝑘1 , … , 𝑥
𝑘
𝑛 in 𝒞𝑛(𝑘). Set 𝒞𝑛(𝑘) ∶= 𝒞𝑛(𝑘)∕⟨𝑥𝑘1 , … , 𝑥

𝑘
𝑛⟩. By compositing Tr

𝐿𝐵
𝑘 and

the natural projection 𝒞𝑛(𝑘) → 𝒞𝑛(𝑘), we obtain the map Tr
𝐿𝐵
𝑘 ∶ 𝔭𝑛(𝑘) →

𝒞𝑛(𝑘). We also call Tr
𝐿𝐵
𝑘 the trace map. We remark that Tr

𝐿𝐵
𝑘 is not surjective

in general. For example, it is the case for 𝑘 = 4. In fact, 𝑥2𝑖 𝑥
2
𝑗 and 𝑥𝑖𝑥𝑗𝑥𝑖𝑥𝑗 for

1 ≤ 𝑖 < 𝑗 ≤ 𝑛 form a basis of Coker(Tr
𝐿𝐵
4 ) as a 𝐙-module. (For details, see

Lemma 7.7 in [12].)

Next, we consider the plane braid group of 𝑛 strands. Let 𝐵𝑛 be the mapping
class group of 𝑛 points punctured disk𝐷2 ⧵{𝑝1, … , 𝑝𝑛}. Namely, 𝐵𝑛 is the group
of isotopy classes of orientation preserving homeomorphisms of𝐷2⧵{𝑝1, … , 𝑝𝑛}
which fix 𝜕𝐷2 pointwise. By a classical work of Artin [4], it is known that 𝐵𝑛 is
isomorphic to the plane braid group of 𝑛 strands, and 𝐵𝑛 can be embedded into
Aut 𝐹𝑛. He [4] also gave the image of the embedding by

{𝜎 ∈ Aut 𝐹𝑛 | 𝑥𝜎𝑖 = 𝑐𝑖𝑥𝜇(𝑖)𝑐−1𝑖 (𝑐𝑖 ∈ 𝐹𝑛, 𝜇 ∈ 𝔖𝑛), (𝑥1𝑥2⋯𝑥𝑛)𝜎 = 𝑥1𝑥2⋯𝑥𝑛}.

Let 𝜎1, … , 𝜎𝑛−1 be Artin’s generators of 𝐵𝑛. As an automorphism of Aut 𝐹𝑛, 𝜎𝑖
is defined by

𝑥𝑡 ↦
⎧

⎨
⎩

𝑥−1𝑖 𝑥𝑖+1𝑥𝑖 𝑡 = 𝑖,
𝑥𝑖 𝑡 = 𝑖 + 1,
𝑥𝑡 𝑡 ≠ 𝑖, 𝑖 + 1.

The intersection 𝐵𝑛 ∩ IA𝑛 is called the pure braid group of 𝑛-strands, and is
denoted by 𝑃𝑛. We have

𝑃𝑛 = {𝜎 ∈ Aut 𝐹𝑛 | 𝑥𝜎𝑖 = 𝑐𝑖𝑥𝑖𝑐−1𝑖 (𝑐𝑖 ∈ 𝐹𝑛), (𝑥1𝑥2⋯𝑥𝑛)𝜎 = 𝑥1𝑥2⋯𝑥𝑛}

as a subgroup of Aut 𝐹𝑛. For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, set

𝐴𝑖,𝑗 ∶= 𝜎𝑗−1𝜎𝑗−2⋯𝜎𝑖+1𝜎2𝑖 𝜎
−1
𝑖+1⋯𝜎−1𝑗−2𝜎

−1
𝑗−1 ∈ 𝑃𝑛.

Then Artin [4] showed that 𝑃𝑛 is generated by 𝐴𝑖,𝑗 for all 1 ≤ 𝑖 < 𝑗 ≤ 𝑛,
and also obtained a finite presentation of 𝑃𝑛 with respect to these generators.
(See also Lemma 1.8.2 in [5].) The image of the restriction of 𝜌 to 𝐵𝑛 is also
the symmetric group 𝔖𝑛 in GL(𝑛, 𝐙) as mentioned above. Thus we have the
following commutative diagram whose three rows are group extensions, and
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whose all vertical maps are inclusion maps.

1 ,,,,,,→ IA𝑛 ,,,,,,→ Aut 𝐹𝑛
𝜌

,,,,,,→ GL(𝑛, 𝐙) ,,,,,,→ 1
↑⏐⏐⏐⏐⏐⏐⏐

↑⏐⏐⏐⏐⏐⏐⏐
↑⏐⏐⏐⏐⏐⏐⏐

1 ,,,,,,→ PΣ𝑛 ,,,,,,→ BP𝑛
𝜌|BP𝑛,,,,,,→ 𝔖𝑛 ,,,,,,→ 1

↑⏐⏐⏐⏐⏐⏐⏐
↑⏐⏐⏐⏐⏐⏐⏐

↑⏐⏐⏐⏐⏐⏐⏐=

1 ,,,,,,→ 𝑃𝑛 ,,,,,,→ 𝐵𝑛
𝜌|𝐵𝑛,,,,,,→ 𝔖𝑛 ,,,,,,→ 1

For each 𝑘 ≥ 1, set 𝐵𝑛(𝑘) ∶= 𝒜𝑛(𝑘) ∩ 𝐵𝑛, and gr𝑘(𝐵𝑛) ∶= 𝐵𝑛(𝑘)∕𝐵𝑛(𝑘 + 1).
Darné [8] showed that the filtration 𝐵𝑛(1) ⊃ 𝐵𝑛(2) ⊃ ⋯ coincides with the
lower central series of the pure braid group 𝑃𝑛. Hence from formulae obtained
by Kohno [22] and Falk-Randell [13] independently, we can calculate the rank
of each of the graded quotients gr𝑘(𝐵𝑛). For example, we have the following.

𝑘 1 2 3 4

rank𝐙(gr𝑘(𝐵𝑛))
(𝑛
2

) (𝑛
3

)
2
(𝑛+1

4

) 3(2𝑛−1)
5

(𝑛+1
4

)

The 𝑘-th Johnson homomorphism of 𝐵𝑛 is denoted by 𝜏𝐵𝑘 ∶ gr
𝑘(𝐵𝑛) → 𝐻∗ ⊗𝐙

ℒ𝑛(𝑘 + 1).

Lemma 5.2. For each 𝑘 ≥ 2, the image of 𝜏𝐵𝑘 is contained in 𝔟𝑛(𝑘).

Proof. For any 𝜎 ∈ 𝐵𝑛, and any 1 ≤ 𝑖 ≤ 𝑛, set 𝑥𝜎𝑖 ∶= 𝑎𝑖𝑥𝑖𝑥𝑖 for some 𝑎𝑖 ∈ 𝐹𝑛.
Set 𝐶𝑖 ∶= 𝑥−1𝑖 𝑥𝜎𝑖 ∶= [𝑥−1𝑖 , 𝑎−1𝑖 ] for any 1 ≤ 𝑖 ≤ 𝑛. From (𝑥1⋯𝑥𝑛)𝜎 = 𝑥1⋯𝑥𝑛,
we have (𝑥1𝐶1⋯𝑥𝑛𝐶𝑛) = 𝑥1⋯𝑥𝑛.
If 𝜎 ∈ 𝐵𝑛(𝑘), we have 𝐶𝑖 ∈ Γ𝑛(𝑘 + 1) for any 1 ≤ 𝑖 ≤ 𝑛. Thus we see

𝑥1⋯𝑥𝑛𝐶1⋯𝐶𝑛 ≡ 𝑥1𝐶1⋯𝑥𝑛𝐶𝑛 = 𝑥1⋯𝑥𝑛 (mod Γ𝑛(𝑘 + 2)),

and hence 𝐶1⋯𝐶𝑛 ≡ 1 (mod Γ𝑛(𝑘 + 2)). From this, we obtain the required
result. □

From this viewpoint, in this paper we consider 𝜏𝐵𝑘 ∶ gr
𝑘(𝐵𝑛) → 𝔟𝑛(𝑘). Each

of 𝜏𝐵𝑘 is𝔖𝑛-equivariant, and the cokernel of 𝜏𝐵𝑘 , denoted by Coker(𝜏
𝐵
𝑘 ), always

means the quotient module 𝔟𝑛(𝑘)∕Im(𝜏𝐵𝑘 ). Let Tr
𝐵
𝑘 ∶ 𝔟𝑛(𝑘) → 𝒞𝑛(𝑘) be the

restriction of Tr𝐿𝐵𝑘 ∶ 𝔭𝑛(𝑘) → 𝒞𝑛(𝑘) to 𝔟𝑛(𝑘), and Tr
𝐵
𝑘 ∶ 𝔟𝑛(𝑘) → 𝒞𝑛(𝑘) the

composition of Tr𝐵𝑘 and the natural projection 𝒞𝑛(𝑘) → 𝒞𝑛(𝑘). We emphasize
the following open problem.

Problem 5.3. Determine Im(Tr
𝐿𝐵
𝑘 ) for any 𝑘 ≥ 5, and Im(Tr

𝐵
𝑘 ) for any 𝑘 ≥ 1.
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6. Basis of 𝖇𝒏(𝒌) for degrees 𝒌 ≤ 𝟒

Note that the rank of 𝔟𝑛(𝑘) is given in (6). In this section, we will show the
following decompositions of 𝔟𝑛(𝑘) for any 𝑛 ≥ 2 and 𝑘 ≤ 4 through (7);

𝔟𝑛(1) = 𝔖𝑛 ⋅ 𝔟𝑛(1, (12)),

𝔟𝑛(2) = 𝔖𝑛 ⋅ 𝔟𝑛(2, (13)),

𝔟𝑛(3) = 𝔖𝑛 ⋅ (𝔟𝑛(3, (22)) ⊕ 𝔟𝑛(3, (2, 12)) ⊕ 𝔟𝑛(3, (14))),

𝔟𝑛(4) = 𝔖𝑛 ⋅ (𝔟𝑛(4, (3, 12)) ⊕ 𝔟𝑛(4, (22, 1)) ⊕ 𝔟𝑛(4, (2, 13)) ⊕ 𝔟𝑛(4, (15))).

Moreover, in order to investigate the abelianization of 𝔟𝑛, we give an explicit
basis of each components. In this section, we will use the following special
deriveations;

𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗] ∈ 𝔟𝑛(1),

𝑥∗𝑖 ⊗ [𝑥𝓁, 𝑥𝑗, 𝑥𝑖] − 𝑥∗𝑗 ⊗ [𝑥𝓁, 𝑥𝑖, 𝑥𝑗] + 𝑥∗𝓁 ⊗ [𝑥𝑗, 𝑥𝑖, 𝑥𝓁] ∈ 𝔟𝑛(2),

𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖, 𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗] ∈ 𝔟𝑛(3),

𝒃(𝑖, 𝑗, 𝑙, 𝑝) ∶=𝑥∗𝑖 ⊗ [𝑥𝑙, 𝑥𝑗, 𝑥𝑝, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑝, 𝑥𝑖, 𝑥𝑙, 𝑥𝑗] − 𝑥∗𝑙 ⊗ [𝑥𝑝, 𝑥𝑖, 𝑥𝑗, 𝑥𝑙]

+ 𝑥∗𝑝 ⊗ [𝑥𝑗, 𝑥𝑙, 𝑥𝑖, 𝑥𝑝] ∈ 𝔟𝑛(3),
𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) ∶=𝑥∗𝑞 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑝, 𝑥𝑞] − 𝑥∗𝑝 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑞, 𝑥𝑝]

− 𝑥∗𝑗 ⊗ [𝑥𝑝, 𝑥𝑞, 𝑥𝑙, 𝑥𝑖, 𝑥𝑗] + 𝑥∗𝑖 ⊗ [𝑥𝑝, 𝑥𝑞, 𝑥𝑙, 𝑥𝑗, 𝑥𝑖]

− 𝑥∗𝑙 ⊗ [𝑥𝑖, 𝑥𝑗, [𝑥𝑝, 𝑥𝑞], 𝑥𝑙] ∈ 𝔟𝑛(4).

We remark that Alekseev and Torossian [1] gave a connection between triva-
lent trees and derivations of free Lie algebras, and that Ševera-Willwacher [35]
described 𝔟𝑛 as a space of undirected internally trivalent trees modulo the IHX
relations. (See Lemma 4 in [35].) We also refer a brief description of this given
in Appendix A in [14] by Felder. From this point of view, the above five ele-
ments are described by the following internal trivalent trees, respectively. (The
third element is a half of the element corresponding to the third tree.)

𝑖 𝑗 𝑖

◦

𝓁 𝑗

𝑗 𝑖

◦ ◦

𝑖 𝑗

𝓁 𝑖

◦ ◦

𝑗 𝑝

𝑖 𝑞

◦ ◦ ◦

𝑗 𝓁 𝑝

6.1. The cases of 𝒌 = 𝟏 and 𝟐. For 𝑘 = 1, the compositions of 𝑘 + 1 = 2 are
𝛼 = (2) and (12). It suffices to consider the case for (12) since 𝔟𝑛(𝑘, (2)) = {0}.
By using (5), we can see

𝔟𝑛(1, (12)) = ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1] + 𝑥∗2 ⊗ [𝑥1, 𝑥2]⟩ ≅ 𝐙.

For 𝑘 = 2, consider compositions 𝛼 ∶= (2, 1) and (13) of 3. Since 𝔭𝑛(2, (2, 1)) =
⟨𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1]⟩ ≅ 𝐙, we see 𝔟𝑛(2, (2, 1)) = {0}. For 𝑛 ≥ 3, we have

𝔭𝑛(2, (13)) = ⟨𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥1], 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥2], 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥3]⟩ ≅ 𝐙3.
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Take any element 𝑓 = 𝑎𝑥∗1⊗[𝑥3, 𝑥2, 𝑥1]+𝑏𝑥∗2⊗[𝑥3, 𝑥1, 𝑥2]+𝑐𝑥∗3⊗[𝑥2, 𝑥1, 𝑥3] ∈
𝔟𝑛(2, (13)). By using the Jacobi identity, we have

0 = 𝑎[𝑥3, 𝑥2, 𝑥1] + 𝑏[𝑥3, 𝑥1, 𝑥2] + 𝑐[𝑥2, 𝑥1, 𝑥3]
= (𝑎 + 𝑏)[𝑥3, 𝑥1, 𝑥2] + (𝑐 − 𝑎)[𝑥2, 𝑥1, 𝑥3] ∈ ℒ𝑛(3).

Since [𝑥3, 𝑥1, 𝑥2] and [𝑥2, 𝑥1, 𝑥3] are basic commutators of weight three, they
are linearly independent in ℒ𝑛(3), and hence 𝑎 + 𝑏 = 𝑐 − 𝑎 = 0. This shows
𝔟𝑛(2, (13)) = ⟨𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥1] − 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥2] + 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥3]⟩ ≅ 𝐙.

(9)

6.2. The case of 𝒌 = 𝟑. For 𝑘 = 3, consider compositions 𝛼 = (3, 1), (22),
(2, 12) and (14) of 4. Since 𝔭𝑛(3, (3, 1)) = ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥1]⟩ ≅ 𝐙, we see
𝔟𝑛(3, (3, 1)) = {0}. Since

𝔭𝑛(3, (22)) = ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥2, 𝑥1], 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥1, 𝑥2]⟩ ≅ 𝐙2,

we can see

𝔟𝑛(3, (22)) = ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥2, 𝑥1] + 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥1, 𝑥2]⟩ ≅ 𝐙

since

[𝑥2, 𝑥1, 𝑥2, 𝑥1] + [𝑥1, 𝑥2, 𝑥1, 𝑥2] = [𝑥2, 𝑥1, [𝑥2, 𝑥1]] = 0 ∈ ℒ𝑛(4)

by the Jacobi identity.

Assume 𝑛 ≥ 3. For 𝛼 = (2, 12), we see that 𝔭𝑛(3, (2, 12)) is generated by

𝑥∗1⊗[𝑥2, 𝑥1, 𝑥3, 𝑥1], 𝑥∗1⊗[𝑥3, 𝑥1, 𝑥2, 𝑥1], 𝑥∗2⊗[𝑥3, 𝑥1, 𝑥1, 𝑥2], 𝑥∗3⊗[𝑥2, 𝑥1, 𝑥1, 𝑥3].

By using the Jacobi identity, we see
𝑥∗1⊗[𝑥2, 𝑥1, 𝑥3, 𝑥1] + 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥1] − 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥2]

− 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3] ∈ 𝔟𝑛(3, (2, 12))

since
[𝑥2, 𝑥1, 𝑥3, 𝑥1] + [𝑥3, 𝑥1, 𝑥2, 𝑥1] − [𝑥3, 𝑥1, 𝑥1, 𝑥2] − [𝑥2, 𝑥1, 𝑥1, 𝑥3]

= [𝑥2, 𝑥1, [𝑥3, 𝑥1]] + [𝑥3, 𝑥1, [𝑥2, 𝑥1]] = 0.

From this observation, we can see 𝔟𝑛(3, (2, 12)) = ⟨𝒃(1, 1, 2, 3)⟩ ≅ 𝐙 since
[𝑥3, 𝑥1, 𝑥2, 𝑥1], [𝑥3, 𝑥1, 𝑥1, 𝑥2] and [𝑥2, 𝑥1, 𝑥1, 𝑥3] are linearly independent inℒ𝑛(4).

For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛, observe
[𝑥𝑙, 𝑥𝑗, 𝑥𝑝, 𝑥𝑖] + [𝑥𝑝, 𝑥𝑖, 𝑥𝑙, 𝑥𝑗] − [𝑥𝑝, 𝑥𝑖, 𝑥𝑗, 𝑥𝑙] − [𝑥𝑙, 𝑥𝑖, 𝑥𝑗, 𝑥𝑝] + [𝑥𝑗, 𝑥𝑖, 𝑥𝑙, 𝑥𝑝]

= [𝑥𝑙, 𝑥𝑗, 𝑥𝑝, 𝑥𝑖] + [𝑥𝑝, 𝑥𝑖, [𝑥𝑙, 𝑥𝑗]] − [𝑥𝑙, 𝑥𝑗, 𝑥𝑖, 𝑥𝑝]

= [𝑥𝑙, 𝑥𝑗, [𝑥𝑝, 𝑥𝑖]] + [𝑥𝑝, 𝑥𝑖, [𝑥𝑙, 𝑥𝑗]] = 0.

Assume 𝑛 ≥ 4. For 𝛼 = (14), we see that 𝔭𝑛(3, (14)) is generated by
𝑥∗1 ⊗ [𝑥4, 𝑥2, 𝑥3, 𝑥1], 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥4, 𝑥1], 𝑥∗2 ⊗ [𝑥4, 𝑥1, 𝑥3, 𝑥2], 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥4, 𝑥2],
𝑥∗3 ⊗ [𝑥4, 𝑥1, 𝑥2, 𝑥3], 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥4, 𝑥3], 𝑥∗4 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥4], 𝑥∗4 ⊗ [𝑥2, 𝑥1, 𝑥3, 𝑥4].
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We can see 𝔟𝑛(3, (14)) = ⟨𝒃(1, 2, 3, 4), 𝒃(1, 2, 4, 3)⟩ ≅ 𝐙2, since the commutators
appearing in the above except for [𝑥3, 𝑥2, 𝑥4, 𝑥1] and [𝑥4, 𝑥2, 𝑥3, 𝑥1] are linearly
independent in ℒ𝑛(4).

6.3. The case of 𝒌 = 𝟒. For 𝑘 = 4, consider compositions 𝛼 = (4, 1), (3, 2),
(3, 12), (22, 1), (2, 13) and (15) of 5. Since𝔭𝑛(4, (4, 1)) = ⟨𝑥∗1⊗[𝑥2, 𝑥1, 𝑥1, 𝑥1, 𝑥1]⟩ ≅
𝐙, we see 𝔟𝑛(4, (4, 1)) = {0}. For 𝛼 = (3, 2), we have

𝔭𝑛(4, (3, 2)) = ⟨𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1], 𝑥∗2 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥1, 𝑥2]⟩ ≅ 𝐙2.

Since

[𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1] = [𝑥2, 𝑥1, 𝑥1, [𝑥2, 𝑥1]] + [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1],

and since [𝑥2, 𝑥1, 𝑥1, [𝑥2, 𝑥1]], [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1] and [𝑥2, 𝑥1, 𝑥1, 𝑥1, 𝑥2] are basic
commutators, we can see 𝔟𝑛(4, (3, 2)) = {0}.
For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝, 𝑞 ≤ 𝑛, observe
[𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑝, 𝑥𝑞] − [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑞, 𝑥𝑝] − [𝑥𝑝, 𝑥𝑞, 𝑥𝑙, 𝑥𝑖, 𝑥𝑗] + [𝑥𝑝, 𝑥𝑞, 𝑥𝑙, 𝑥𝑗, 𝑥𝑖]
− [𝑥𝑖, 𝑥𝑗, 𝑥𝑝, 𝑥𝑞, 𝑥𝑙] + [𝑥𝑖, 𝑥𝑗, 𝑥𝑞, 𝑥𝑝, 𝑥𝑙]

=[𝑥𝑖, 𝑥𝑗, 𝑥𝑙, [𝑥𝑝, 𝑥𝑞]] − [𝑥𝑝, 𝑥𝑞, 𝑥𝑙, [𝑥𝑖, 𝑥𝑗]] − [𝑥𝑖, 𝑥𝑗, [𝑥𝑝, 𝑥𝑞], 𝑥𝑙]
=0 ∈ ℒ𝑛(5).

It is easily seen that

𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) = −𝒃(𝑗, 𝑖, 𝑙, 𝑝, 𝑞) = −𝒃(𝑖, 𝑗, 𝑙, 𝑞, 𝑝),

and
𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) = 𝒃(𝑝, 𝑞, 𝑙, 𝑗, 𝑖). (10)

Assume 𝑛 ≥ 3. For 𝛼 = (3, 12), we see that 𝔭𝑛(4, (3, 12)) is generated by
𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥2, 𝑥1], 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥1], 𝑥∗1 ⊗ [𝑥3, 𝑥1, [𝑥2, 𝑥1], 𝑥1],
𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥1, 𝑥2], 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥1, 𝑥3].

Consider an element
𝒃(2,1, 1, 1, 3) = 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥1, 𝑥3] − 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥1]

− 𝑥∗1 ⊗ [𝑥1, 𝑥3, 𝑥1, 𝑥2, 𝑥1] + 𝑥∗2 ⊗ [𝑥1, 𝑥3, 𝑥1, 𝑥1, 𝑥2] − 𝑥∗1 ⊗ [𝑥2, 𝑥1, [𝑥1, 𝑥3], 𝑥1]

in 𝔟𝑛(4, (3, 12)). By an argument similar to as above, we can see 𝔟𝑛(4, (3, 12)) =
⟨𝒃(2, 1, 1, 1, 3)⟩ ≅ 𝐙. We remark that 𝒃(3, 1, 1, 1, 2) = −𝒃(2, 1, 1, 1, 3).

For 𝛼 = (22, 1), we see that 𝔭𝑛(4, (22, 1)) is generated by
𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥2, 𝑥3, 𝑥1], 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥2, 𝑥1], 𝑥∗1 ⊗ [𝑥3, 𝑥2, [𝑥2, 𝑥1], 𝑥1],
𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥2, 𝑥2], 𝑥∗2 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥2], 𝑥∗2 ⊗ [𝑥3, 𝑥1, [𝑥2, 𝑥1], 𝑥2],
𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥3].

Consider an element
𝒃(2,1, 1, 2, 3) = 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥3] − 𝑥∗2 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥2]

− 𝑥∗1 ⊗ [𝑥2, 𝑥3, 𝑥1, 𝑥2, 𝑥1] + 𝑥∗2 ⊗ [𝑥2, 𝑥3, 𝑥1, 𝑥1, 𝑥2] − 𝑥∗1 ⊗ [𝑥2, 𝑥1, [𝑥2, 𝑥3], 𝑥1]
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in 𝔟𝑛(4, (22, 1)). By an argument similar to as above, we can see

𝔟𝑛(4, (22, 1)) = ⟨𝒃(2, 1, 1, 2, 3)⟩ ≅ 𝐙.

We remark that an easy calculation shows that 𝒃(1, 2, 2, 1, 3) = −𝒃(2, 1, 1, 2, 3).

Assume 𝑛 ≥ 4. For 𝛼 = (2, 13), we see that 𝔭𝑛(4, (2, 13)) is generated by

𝑥∗1 ⊗ [𝑥4, 𝑥1, 𝑥2, 𝑥3, 𝑥1], 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥4, 𝑥1], 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥3, 𝑥4, 𝑥1],
𝑥∗1 ⊗ [𝑥4, 𝑥1, [𝑥3, 𝑥2], 𝑥1], 𝑥∗1 ⊗ [𝑥4, 𝑥3, [𝑥2, 𝑥1], 𝑥1], 𝑥∗1 ⊗ [𝑥4, 𝑥2, [𝑥3, 𝑥1], 𝑥1],
𝑥∗2 ⊗ [𝑥4, 𝑥1, 𝑥1, 𝑥3, 𝑥2], 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥4, 𝑥2], 𝑥∗2 ⊗ [𝑥4, 𝑥1, [𝑥3, 𝑥1], 𝑥2],
𝑥∗3 ⊗ [𝑥4, 𝑥1, 𝑥1, 𝑥2, 𝑥3], 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥4, 𝑥3], 𝑥∗3 ⊗ [𝑥4, 𝑥1, [𝑥2, 𝑥1], 𝑥3],
𝑥∗4 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥2, 𝑥4], 𝑥∗4 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥4], 𝑥∗4 ⊗ [𝑥3, 𝑥1, [𝑥2, 𝑥1], 𝑥4].

Consider linearly independent elements

𝒃(1, 2, 1, 3, 4) = −𝑥∗4 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥4] + 𝑋,
𝒃(1, 3, 1, 2, 4) = −𝑥∗4 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥2, 𝑥4] + 𝑌,
𝒃(3, 1, 4, 2, 1) = −𝑥∗4 ⊗ [𝑥3, 𝑥1, [𝑥2, 𝑥1], 𝑥4] + 𝑍

in 𝔟𝑛(4, (2, 13)), where 𝑋,𝑌, 𝑍 mean linear combinations of elements type of
𝑥∗𝑝 ⊗ [𝐶, 𝑥𝑝] for 1 ≤ 𝑝 ≤ 3. By a direct calculation, we can see that

[𝑥4, 𝑥1, 𝑥2, 𝑥3, 𝑥1], [𝑥3, 𝑥1, 𝑥2, 𝑥4, 𝑥1], [𝑥2, 𝑥1, 𝑥3, 𝑥4, 𝑥1],
[𝑥4, 𝑥1, [𝑥3, 𝑥2], 𝑥1], [𝑥4, 𝑥3, [𝑥2, 𝑥1], 𝑥1], [𝑥4, 𝑥2, [𝑥3, 𝑥1], 𝑥1],
[𝑥4, 𝑥1, 𝑥1, 𝑥3, 𝑥2], [𝑥3, 𝑥1, 𝑥1, 𝑥4, 𝑥2], [𝑥4, 𝑥1, [𝑥3, 𝑥1], 𝑥2],
[𝑥4, 𝑥1, 𝑥1, 𝑥2, 𝑥3], [𝑥2, 𝑥1, 𝑥1, 𝑥4, 𝑥3], [𝑥4, 𝑥1, [𝑥2, 𝑥1], 𝑥3],
[𝑥3, 𝑥1, 𝑥1, 𝑥2, 𝑥4], [𝑥2, 𝑥1, 𝑥1, 𝑥3, 𝑥4], [𝑥3, 𝑥1, [𝑥2, 𝑥1], 𝑥4]

are linearly independent in ℒ𝑛(5), and hence

𝔟𝑛(4, (2, 13)) = ⟨𝒃(1, 2, 1, 3, 4), 𝒃(1, 3, 1, 2, 4), 𝒃(3, 1, 4, 2, 1)⟩ ≅ 𝐙3.

We remark that 𝒃(1, 4, 1, 2, 3) = 𝒃(1, 2, 1, 3, 4) − 𝒃(1, 3, 1, 2, 4) − 2𝒃(3, 1, 4, 2, 1).
Hence,

𝔟𝐐𝑛 (4, (2, 13)) = ⟨𝒃(1, 2, 1, 3, 4), 𝒃(1, 3, 1, 2, 4), 𝒃(1, 4, 1, 2, 3)⟩𝐐 ≅ 𝐐3.

Assume 𝑛 ≥ 5. Consider the case of 𝛼 = (15). For each 1 ≤ 𝑖 ≤ 5, let
1 ≤ 𝑖1 < 𝑖2 < 𝑖3 < 𝑖4 ≤ 5 be the integers such that {1, 2, 3, 4, 5}⧵{𝑖} = {𝑖1, 𝑖2, 𝑖3, 𝑖4}.
Then 𝔭𝑛(4, (15)) is generated by

𝑥∗𝑖 ⊗ [𝑥𝑖4 , 𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖3 , 𝑥𝑖], 𝑥
∗
𝑖 ⊗ [𝑥𝑖3 , 𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖4 , 𝑥𝑖], 𝑥

∗
𝑖 ⊗ [𝑥𝑖2 , 𝑥𝑖1 , 𝑥𝑖3 , 𝑥𝑖4 , 𝑥𝑖],

𝑥∗𝑖 ⊗ [𝑥𝑖4 , 𝑥𝑖3 , [𝑥𝑖2 , 𝑥𝑖1], 𝑥𝑖], 𝑥
∗
𝑖 ⊗ [𝑥𝑖4 , 𝑥𝑖2 , [𝑥𝑖3 , 𝑥𝑖1], 𝑥𝑖], 𝑥

∗
𝑖 ⊗ [𝑥𝑖4 , 𝑥𝑖1 , [𝑥𝑖2 , 𝑥𝑖3], 𝑥𝑖]

(11)
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for all 1 ≤ 𝑖 ≤ 5 and 𝔭𝑛(4, (15)) ≅ 𝐙30. Consider six linearly independent
elements

𝒃(4, 1, 2, 3, 5) = 𝑥∗5 ⊗ [𝑥4, 𝑥1, 𝑥2, 𝑥3, 𝑥5] + 𝑋1,
𝒃(4, 3, 5, 2, 1) = −𝑥∗5 ⊗ [𝑥4, 𝑥3, [𝑥2, 𝑥1], 𝑥5] + 𝑋2,
𝒃(3, 1, 2, 4, 5) = 𝑥∗5 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥4, 𝑥5] + 𝑋3,
𝒃(4, 2, 5, 3, 1) = −𝑥∗5 ⊗ [𝑥4, 𝑥2, [𝑥3, 𝑥1], 𝑥5] + 𝑋4,
𝒃(2, 1, 3, 4, 5) = 𝑥∗5 ⊗ [𝑥2, 𝑥1, 𝑥3, 𝑥4, 𝑥5] + 𝑋5,
𝒃(4, 1, 5, 3, 2) = −𝑥∗5 ⊗ [𝑥4, 𝑥1, [𝑥3, 𝑥2], 𝑥5] + 𝑋6

in 𝔟𝑛(5, (15)), where 𝑋𝑚 for each 1 ≤ 𝑚 ≤ 6 means a linear combination of
elements type of 𝑥∗𝑝 ⊗ [𝐶, 𝑥𝑝] for 1 ≤ 𝑝 ≤ 4. Then by a computer calculation,
we can see that elements in (11) except for the elements for 𝑖 = 5 are linearly
independent. (We can also check it by a brute force hand calculation by using
basic commutators of weight 5.) Thus 𝔟𝑛(4, (15)) ≅ 𝐙6.

7. Trace maps on 𝖇𝒏(𝒌) and the Johnson cokernels
In this section, for𝑘 ≤ 4wedescribe the cokernelsCoker(𝜏𝐵𝑘 ) = 𝔟𝑛(𝑘)∕Im(𝜏𝐵𝑘 )

by using trace maps on 𝔟𝑛(𝑘).

First we consider the case where 𝑘 = 1 and 2. In these cases, the Johnson
images are completely determined byDarné [9]. Sowe briefly describe the facts
along the lines of our arguments. For 𝑘 = 1, by using the Artin generators 𝐴𝑖,𝑗
of the pure braid group 𝑃𝑛 = 𝐵𝑛(1), we see that

𝜏𝐵1 (𝐴𝑖,𝑗) = 𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗]

for any 1 ≤ 𝑖 < 𝑗 ≤ 𝑛. Hence from the result in Subsection 6.1, we obtain
Im(𝜏𝐵1 ) = 𝔖𝑛 ⋅ 𝔟𝑛(1, (12)) = 𝔟𝑛(1). By using Artin’s finite presentation of 𝑃𝑛, we
see that the abelianization of 𝑃𝑛 is a free abelian group of rank

(𝑛
2

)
with freely

generated by the coset classes of the Artin generators. Thus, we also see that 𝜏𝐵1
gives the abelianization of 𝑃𝑛. Similarly, for 𝑘 = 2, we have

𝜏𝐵2 ([𝐴𝑖𝑗, 𝐴𝑖𝑙]) = 𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑙, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑙, 𝑥𝑖, 𝑥𝑗] + 𝑥∗𝑙 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑙]

for any 1 ≤ 𝑖, 𝑗, 𝑙 ≤ 𝑛 such that 𝑖 < 𝑗, 𝑙. Hence from the result in Section 6.1,
we obtain Im(𝜏𝐵2 ) = 𝔖𝑛 ⋅ 𝔟𝑛(2, (13)) = 𝔟𝑛(2).

For 𝑘 ≥ 3, in order to study Coker(𝜏𝐵𝑘 ), we consider Morita’s trace maps.
For any 𝑘 ≥ 1, let 𝑆𝑘𝐻 be the symmetric tensor product of 𝐻 of degree 𝑘. The
composition of Tr𝑘 ∶ 𝐻∗ ⊗𝐙 ℒ𝑛(𝑘 + 1) → 𝒞𝑛(𝑘) and the natural projection
𝒞𝑛(𝑘) → 𝑆𝑘𝐻 is called the Morita trace map, and denoted by MT𝑘 ∶ 𝐻∗ ⊗𝐙
ℒ𝑛(𝑘+1) → 𝑆𝑘𝐻. The restriction ofMT𝑘 to 𝔟𝑛(𝑘) is denoted byMT

𝐵
𝑘 ∶ 𝔟𝑛(𝑘) →

𝑆𝑘𝐻. We show that the image ofMT𝐵𝑘 is non-trivial for any odd 𝑘 ≥ 1. For any
1 ≤ 𝑖1, … , 𝑖𝑘 ≤ 𝑛, set 𝒆𝑖1,𝑖2,…,𝑖𝑘 ∶= 𝑥𝑖1𝑥𝑖2 ⋯𝑥𝑖𝑘 ∈ 𝑆𝑘𝐻. Then

{𝒆𝑖1,𝑖2,…,𝑖𝑘 ∈ 𝑆𝑘𝐻 | 1 ≤ 𝑖1 ≤ ⋯ ≤ 𝑖𝑘 ≤ 𝑛}
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forms a basis of 𝑆𝑘𝐻 as a free abelian group. With respect to the map Φ𝑘 dis-
cussed in Section 4, from Lemma 3.1 in [31], we have the following.

Lemma 7.1. For any 1 ≤ 𝑖, 𝑖1, … , 𝑖𝑘+1 ≤ 𝑛,

Φ𝑘(𝑥∗𝑖 ⊗[𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘+1])

= 𝛿𝑖,𝑖1𝑥𝑖2 ⊗⋯⊗ 𝑥𝑖𝑘+1 −
𝑘+1∑

𝑙=2
𝛿𝑖,𝑖𝑙 [𝑥𝑖1 , … , 𝑥𝑖𝑙−1] ⊗ 𝑥𝑖𝑙+1 ⊗⋯⊗ 𝑥𝑖𝑘+1 .

In particular, we have

MT𝑘(𝑥∗𝑖 ⊗ [𝑥𝑖, 𝑥𝑖1 , … , 𝑥𝑖𝑘 ]) = 𝒆𝑖1,𝑖2,…,𝑖𝑘 .

For any 𝑘 ≥ 3, let 𝒮𝑘 be the set of 𝒆𝑖1,𝑖2,…,𝑖𝑘 ∈ 𝑆𝑘𝐻 such that 1 ≤ 𝑖1 ≤ ⋯ ≤
𝑖𝑘 ≤ 𝑛 and there are at least three distinct indices among 𝑖1, … , 𝑖𝑘.

Proposition 7.2. For any 𝑛 ≥ 3 and any odd 𝑘 ≥ 3, we have 2𝒮𝑘 ⊂ Im(MT𝐵𝑘 ).

Proof. For any indeces 1 ≤ 𝑗, 𝑖1, 𝑖2, … , 𝑖𝑘−1 ≤ 𝑛 such that 𝑗, 𝑖1, 𝑖2 are distinct,
consider

[𝑥𝑖1 , … , 𝑥𝑖𝑘−1 , [𝑥𝑗, 𝑥𝑖1]] + [𝑥𝑗, 𝑥𝑖1 , [𝑥𝑖1 , … , 𝑥𝑖𝑘−1]] = 0 ∈ ℒ𝑛(𝑘 + 1),

and
𝑥∗𝑖1 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘−1 , 𝑥𝑗, 𝑥𝑖1] − 𝑥∗𝑗 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘−1 , 𝑥𝑖1 , 𝑥𝑗]

+ 𝑥∗𝑖𝑘−1 ⊗ [𝑥𝑗, 𝑥𝑖1 , [𝑥𝑖1 , … , 𝑥𝑖𝑘−2], 𝑥𝑖𝑘−1]
+⋯

+ (−1)𝑘−4𝑥∗𝑖3 ⊗ [𝑥𝑗, 𝑥𝑖1 , 𝑥𝑖𝑘−1 , … , 𝑥𝑖4 , [𝑥𝑖1 , 𝑥𝑖2], 𝑥𝑖3]

+ (−1)𝑘−3𝑥∗𝑖2 ⊗ [𝑥𝑗, 𝑥𝑖1 , 𝑥𝑖𝑘−1 , … , 𝑥𝑖3 , 𝑥𝑖1 , 𝑥𝑖2]

+ (−1)𝑘−2𝑥∗𝑖1 ⊗ [𝑥𝑗, 𝑥𝑖1 , 𝑥𝑖𝑘−1 , … , 𝑥𝑖3 , 𝑥𝑖2 , 𝑥𝑖1]

in 𝔟𝑛(𝑘). The image of the above element byMT
𝐵
𝑘 is 2𝒆𝑗,𝑖1,𝑖2,…,𝑖𝑘−1 since 𝑘 is odd.

This shows the proposition. □

We continue to investigate the image of the Morita trace for a general odd
degree 𝑘 ≥ 3. Set

𝒯′
𝑘 ∶= {𝒆𝑖,𝑖,𝑗,𝑖3,…,𝑖𝑘−1 + 𝒆𝑗,𝑗,𝑖,𝑖3,…,𝑖𝑘−1 | 1 ≤ 𝑖, 𝑗, 𝑖3, … , 𝑖𝑘−1 ≤ 𝑛, 𝑖 ≠ 𝑗}.

Proposition 7.3. For any 𝑛 ≥ 3 and 𝑘 ≥ 3, we have𝒯′
𝑘 ⊂ Im(MT𝐵𝑘 ).

Proof. For any indices 1 ≤ 𝑖, 𝑗, 𝑖3, … , 𝑖𝑘−1 ≤ 𝑛 such that 𝑖 ≠ 𝑗, consider a Jacobi
identity

[𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … ,𝑥𝑖𝑘−1 , 𝑥𝑖, 𝑥𝑗] + [𝑥𝑖, 𝑥𝑗, [𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−1]]
+ [𝑥𝑗, [𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−1], 𝑥𝑖] = 0 ∈ ℒ𝑛(𝑘 + 1).
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Since
[𝑥𝑖, 𝑥𝑗,[𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−1]]

=
𝑘−3∑

𝑙=1
(−1)𝑙−1[𝑥𝑖, 𝑥𝑗, 𝑥𝑖𝑘−1 , … , 𝑥𝑖𝑘−𝑙+1 , [𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−𝑙−1], 𝑥𝑖𝑘−𝑙 ],

we see
𝑥∗𝑗⊗[𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−1 , 𝑥𝑖, 𝑥𝑗]

+
𝑘−3∑

𝑙=1
(−1)𝑙−1𝑥∗𝑖𝑘−𝑙 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖𝑘−1 , … , 𝑥𝑖𝑘−𝑙+1 , [𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−𝑙−1], 𝑥𝑖𝑘−𝑙 ]

+ 𝑥∗𝑖 ⊗ [𝑥𝑗, [𝑥𝑖, 𝑥𝑗, 𝑥𝑖3 , … , 𝑥𝑖𝑘−1], 𝑥𝑖]
(12)

in 𝔟𝑛(𝑘). The image of the above element byMT
𝐵
𝑘 is−(𝒆𝑖,𝑖,𝑗,𝑖3,…,𝑖𝑘−1+𝒆𝑗,𝑗,𝑖,𝑖3,…,𝑖𝑘−1).

This shows the proposition. □

In the notation 𝒆𝑖1,𝑖2,…,𝑖𝑘 , if 𝑖1 = ⋯ = 𝑖𝑙 = 𝑖 and 𝑖𝑙+1 = ⋯ = 𝑖𝑘 = 𝑗 for some
1 ≤ 𝑙 ≤ 𝑘 then we write it like 𝒆𝑖𝑙 ,𝑗𝑘−𝑙 . Set

𝒯𝑘 ∶= {𝒆𝑖𝑙 ,𝑗𝑘−𝑙 + 𝒆𝑖𝑙+1,𝑗𝑘−𝑙−1 | 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, 1 ≤ 𝑙 ≤ 𝑘 − 2} ⊂ 𝒯′
𝑘.

Since 2𝒮𝑘 and 𝒯𝑘 are linearly independent in 𝑆𝑘𝐻 for odd 𝑘 ≥ 3, we have

rank𝐙(Im(MT
𝐵
𝑘 )) ≥

(𝑛 + 𝑘 − 1
𝑘

)
−
𝑛(𝑛 + 1)

2 .

In order to show the equality holds in the above equation, we show the follow-
ing.

Proposition 7.4. Let 𝑛 ≥ 3 and 𝑘 ≥ 3 be integers. For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 and
any 𝑎 ∈ 𝐙 ⧵ {0}, we have 𝑎𝒆𝑖,𝑗𝑘−1 ∉ Im(MT𝐵𝑘 ).

Proof. For some 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 and some 𝑎 ∈ 𝐙 ⧵ {0}, assume 𝑎𝒆𝑖,𝑗𝑘−1 ∈
Im(MT𝐵𝑘 ) andMT

𝐵
𝑘 (𝑋) = 𝑎𝒆𝑖,𝑗𝑘−1 for 𝑋 ∈ 𝔟𝑛(𝑘) ⊂ 𝔭𝑛(𝑘). Since elements 𝑥∗𝑝 ⊗

[𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘 , 𝑥𝑝] for 1 ≤ 𝑝, 𝑖1, … , 𝑖𝑘 ≤ 𝑛 generate 𝔭𝑛(𝑘), and since

MT𝑘(𝑥∗𝑝 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘 , 𝑥𝑝]) = (𝛿𝑝,𝑖1 − 𝛿𝑝,𝑖2)𝒆𝑖1,𝑖2,…,𝑖𝑘
from Lemma 7.1, we may assume that 𝑋 is a linear combination of elements
𝑥∗𝑝 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘 , 𝑥𝑝] such that 𝑖1, … , 𝑖𝑘 is eqaul to one 𝑖 and 𝑘 − 1 times
𝑗s, and 𝑝 = 𝑖 or 𝑗. Namely, since 𝑖1 and 𝑖2 should be different, 𝑋 is a linear
combination of 𝑘 elements

𝑥∗𝑖 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗, 𝑥𝑖], 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗],

𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗, 𝑥𝑖, 𝑥𝑗], … , 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗].

On the other hand, by reducing𝑋 with the element (12) of 𝔟𝑛(𝑘) in Proposition
7.3, we may assume 𝑋 is a linear combination of 𝑘 − 1 elements

𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗], 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗, 𝑥𝑖, 𝑥𝑗], … , 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗].
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Recall 𝑋 ∈ 𝔟𝑛(𝑘), and consider when a linear combination of

[𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗], [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗, 𝑥𝑖, 𝑥𝑗], … , [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗]

is equal to zero inℒ𝑛(𝑘+1). Since [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗] is the only element among the
above whose components have one 𝑥𝑖 and 𝑘 − 1 𝑥𝑗s, by considering the Hall
basis of ℒ𝑛(𝑘 + 1), we see that the coefficient of [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗] in such a linear
combination is equal to zero. Hence 𝑋 is a linear combination of

𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗, 𝑥𝑖, 𝑥𝑗], … , 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗, … , 𝑥𝑗].

This is a contradiction toMT𝐵𝑘 (𝑋) = 𝑎𝒆𝑖,𝑗𝑘−1 . □

From Proposition 7.4, we see that the intersection of Im(MT𝐵𝑘 ) and the 𝐙-
submodule of 𝑆𝑘𝐻 generated by

{𝒆𝑖𝑘 | 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝒆𝑖,𝑗𝑘−1 | 1 ≤ 𝑖 < 𝑗 ≤ 𝑛}

is trivial. Thus we obtain the following.

Theorem 7.5. For any 𝑛 ≥ 3 and any odd 𝑘 ≥ 3, we have

rank𝐙(Im(MT
𝐵
𝑘 )) =

(𝑛 + 𝑘 − 1
𝑘

)
−
𝑛(𝑛 + 1)

2 .

For 𝑘 = 3, we show that the equality holds. More precisely, we show the
following.

Proposition 7.6. For any 𝑛 ≥ 3,

0 → gr3(𝐵𝑛)
𝜏𝐵3,,→ 𝔟𝑛(3)

MT𝐵3,,,,→ Im(MT𝐵3 ) → 0

is an𝔖𝑛-equivariant exact sequence.

Proof. First we determine the image Im(MT𝐵3 ) of the Morita trace. By Propo-
sition 7.2, we see that MT𝐵3 (𝔖𝑛 ⋅ 𝔟𝑛(3, (2, 12))) = 2⟨𝒮3⟩ = 2⟨𝒆𝑖,𝑗,𝑙 | 1 ≤ 𝑖 < 𝑗 <

𝑙 ≤ 𝑛⟩ ≅ 𝐙(
𝑛
3). Moreover, we can easily see

MT𝐵3 (𝔖𝑛 ⋅ 𝔟𝑛(3, (22))) = ⟨𝒆𝑖,𝑖,𝑗 + 𝒆𝑗,𝑗,𝑖 | 1 ≤ 𝑖 < 𝑗 ≤ 𝑛⟩ ≅ 𝐙(
𝑛
2),

andMT𝐵3 (𝔖𝑛 ⋅ 𝔟𝑛(3, (14))) = {0}. Hence we have

Im(MT𝐵3 ) = MT𝐵3 (𝔖𝑛 ⋅ (𝔟𝑛(3, (2, 12)) ⊕ 𝔟𝑛(3, (22)))) ≅ 𝐙(
𝑛+1
3 ).

Next, we show Im(𝜏𝐵3 ) = Ker(MT𝐵3 ). If this equation is shown, we obtain the
required exact sequence since Im(MT𝐵3 ) is a free abelian group,. It suffices to
show Im(𝜏𝐵3 ) ⊃ Ker(MT𝐵3 ) since Im(𝜏𝐵3 ) ⊂ Ker(MT𝐵3 ). Since

Im(MT𝐵3 ) = MT𝐵3 (𝔖𝑛 ⋅ 𝔟𝑛(3, (22))) ⊕MT𝐵3 (𝔖𝑛 ⋅ 𝔟𝑛(3, (2, 12))),
we see
Ker(MT𝐵3 ) =

(
(𝔖𝑛 ⋅ 𝔟𝑛(3, (22))) ∩ Ker(MT

𝐵
3 )
)
⊕
(
(𝔖𝑛 ⋅ 𝔟𝑛(3, (2, 12))) ∩ Ker(MT

𝐵
3 )
)

⊕𝔖𝑛 ⋅ 𝔟𝑛(3, (14)).
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From a straightforward calculation, we see

𝜏𝐵3 ([𝐴1,4, [𝐴1,3, 𝐴1,2]]) = 𝒃(1, 2, 3, 4), 𝜏𝐵3 ([𝐴1,3, [𝐴1,4, 𝐴1,2]]) = 𝒃(1, 2, 4, 3),

and hence𝔖𝑛 ⋅ 𝔟𝑛(3, (14)) ⊂ Im(𝜏𝐵3 ). Notice that𝔖𝑛 ⋅ 𝔟𝑛(3, (22)) is generated by
−𝑥∗𝑖 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑗, 𝑥𝑖] for all 1 ≤ 𝑗 < 𝑖 ≤ 𝑛 as a 𝐙-module.
It turns out that (𝔖𝑛 ⋅ 𝔟𝑛(3, (22))) ∩ Ker(MT

𝐵
3 ) is trivial from

MT𝐵3 (−𝑥∗𝑖 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑗, 𝑥𝑖]) = −(𝒆𝑖,𝑖,𝑗 + 𝒆𝑗,𝑗,𝑖)

for any 1 ≤ 𝑗 < 𝑖 ≤ 𝑛. Notice that𝔖𝑛 ⋅ 𝔟𝑛(3, (2, 12)) is generated by 𝒃(𝑖, 𝑖, 𝑗, 𝑙)
for all distinct 1 ≤ 𝑖, 𝑗, 𝑙 ≤ 𝑛 as a 𝐙-module. From the observation

𝒃(𝑖, 𝑖, 𝑙, 𝑗) = −𝒃(𝑖, 𝑖, 𝑗, 𝑙)),

𝜏𝐵3 ([𝐴𝑖,𝑗, [𝐴𝑖,𝑗, 𝐴𝑖,𝑙]]) = 𝒃(𝑖, 𝑖, 𝑗, 𝑙) + 𝒃(𝑗, 𝑗, 𝑖, 𝑙)

for any distinct 𝑖, 𝑗 and 𝑙, we see that any element 𝑋 of𝔖𝑛 ⋅ 𝔟𝑛(3, (2, 12)) can be
written as

𝑋 ≡
∑

𝑖<𝑗<𝑙
𝑎𝑖,𝑗,𝑙𝒃(𝑖, 𝑖, 𝑗, 𝑙) (mod Im(𝜏𝐵3 ))

for some𝑎𝑖,𝑗,𝑙 ∈ 𝐙. If𝑋 ∈ Ker(MT𝐵3 ), thenwe see𝑋 ≡ 0 (mod Im(𝜏𝐵3 )) by using
MT𝐵3 (𝒃(𝑖, 𝑖, 𝑗, 𝑙)) = −2𝒆𝑖,𝑗,𝑘. Therefore we obtain Im(𝜏𝐵3 ) ⊃ Ker(MT𝐵3 ). □

For 𝑘 = 4, we consider another trace maps. For any 𝑘 ≥ 1, let

𝜓𝑘 ∶ 𝐻∗⊗𝐙𝐻⊗(𝑘+1) → 𝐻⊗𝑘

be the contraction map with respect to the first and the third components, de-
fined by

𝑥∗𝑖 ⊗ 𝑥𝑗1 ⊗⋯⊗ 𝑥𝑗𝑘+1 ↦ 𝑥∗𝑖 (𝑥𝑗2) ⋅ 𝑥𝑗1 ⊗ 𝑥𝑗3 ⊗⋯⊗⋯⊗ 𝑥𝑗𝑘+1 ,

and set Ψ𝑘 ∶= 𝜓𝑘◦(id𝐻∗ ⊗ 𝜄𝑘+1) ∶ 𝐻∗⊗𝐙ℒ𝑛(𝑘 + 1) → 𝐻⊗𝑘.

Lemma 7.7. For any 1 ≤ 𝑖, 𝑖1, … , 𝑖𝑘+1 ≤ 𝑛,

Ψ𝑘(𝑥∗𝑖 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘+1])
= 𝛿𝑖,𝑖2𝑥𝑖1 ⊗ 𝑥𝑖3 ⊗⋯⊗ 𝑥𝑖𝑘+1

−
𝑘+1∑

𝑙=2
𝑥𝑖𝑙 ⊗

(
𝛿𝑖,𝑖1𝑥𝑖2 ⋯⊗𝑥𝑖𝑙−1 ⊗ 𝑥𝑖𝑙+1 ⊗⋯⊗ 𝑥𝑖𝑘+1

−
𝑙−1∑

𝑚=2
𝛿𝑖,𝑖𝑚[𝑥𝑖1 , … , 𝑥𝑖𝑚−1] ⊗ 𝑥𝑖𝑚+1 ⊗⋯⊗ 𝑥𝑖𝑙−1 ⊗ 𝑥𝑖𝑙+1 ⊗⋯⊗ 𝑥𝑖𝑘+1

)
.
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Proof. Since

Ψ𝑘(𝑥∗𝑖 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , … , 𝑥𝑖𝑘+1])
= 𝛿𝑖,𝑖2𝑥𝑖1 ⊗ 𝑥𝑖3 ⊗⋯⊗ 𝑥𝑖𝑘+1

−
𝑘+1∑

𝑙=2
𝑥𝑖𝑙 ⊗Φ𝑘−1(𝑥∗𝑖 ⊗ [𝑥𝑖1 , … , 𝑥𝑖𝑙−1] ⊗ 𝑥𝑖𝑙+1 ⊗⋯⊗ 𝑥𝑖𝑘+1),

we obtain the required result by Lemma 7.1. □

Set

Tr[2,1𝑘−2] ∶= (𝑖𝑑𝐻 ⊗ 𝑓[1𝑘−1])◦Ψ𝑘 ∶ 𝐻∗⊗𝐙ℒ𝑛(𝑘 + 1) → 𝐻⊗𝐙 ∧𝑘−1 𝐻, (13)

where 𝑓[1𝑘] ∶ 𝐻⊗𝑘 → ∧𝑘𝐻 is the natural projection defined by

𝑓[1𝑘](𝑥𝑖1 ⊗⋯⊗ 𝑥𝑖𝑘 ) = 𝑥𝑖1 ∧⋯ ∧ 𝑥𝑖𝑘 .

Let 𝐼 be the GL(𝑛, 𝐙)-submodule of𝐻⊗𝐙 ∧𝑘−1 𝐻 defined by

𝐼 ∶= ⟨𝑥 ⊗ 𝑧1 ∧⋯ ∧ 𝑧𝑘−2 ∧ 𝑦 + 𝑦 ⊗ 𝑧1 ∧⋯ ∧ 𝑧𝑘−2 ∧ 𝑥 | 𝑥, 𝑦, 𝑧𝑡 ∈ 𝐻⟩.

We see rank𝐙𝐼 = (𝑘 − 1)
(𝑛+1
𝑘

)
. In our previous paper [31], we showed that

Im(𝜏𝑘) ⊂ Ker(Tr[2,1𝑘−1]) and Im (Tr𝐐[2,1𝑘−1]) = 𝐼𝐐 if𝑘 ≥ 4 is even and𝑛 ≥ 𝑘+1. By
using Theorem 9 in [10], we see thatKer(Tr𝑘) ⊂ Ker(Tr[2,1𝑘−1]) for 𝑛 ≥ 𝑘+2. By
using Pieri’s formula, we have𝐻𝐐⊗𝐙 ∧𝑘−1𝐻𝐐 ≅ 𝐻[2,1𝑘−2]

𝐐 ⊕∧𝑘𝐻𝐐. If 𝑘 is even,
since 𝐼𝐐 is contained in the kernel of the natural map𝐻𝐐⊗𝐙 ∧𝑘−1𝐻𝐐 → ∧𝑘𝐻𝐐
defined by 𝑥⊗𝑦1∧⋯∧𝑦𝑘−1 ↦ 𝑥∧𝑦1∧⋯∧𝑦𝑘−1, we see that 𝐼𝐐 is theGL(𝑛,𝐐)
irreducible polynomial module associated to the Young diagram [2, 1𝑘−2].

Let 𝐽 ⊂ 𝐼 be the submodule of 𝐼 generated by

𝑤(𝑖, 𝑗; 𝑖1, … , 𝑖𝑘−2) ∶= 𝑥𝑖 ⊗ 𝑥𝑖1 ∧⋯ ∧ 𝑥𝑖𝑘−2 ∧ 𝑥𝑗 + 𝑥𝑗 ⊗ 𝑥𝑖1 ∧⋯ ∧ 𝑥𝑖𝑘−2 ∧ 𝑥𝑖

for all distinct 1 ≤ 𝑖, 𝑗, 𝑖1, … , 𝑖𝑘−2 ≤ 𝑛. Then we show the following.

Proposition 7.8. For any 𝑘 ≡ 0 (mod 4) and 𝑛 ≥ 𝑘, we have

2
𝑘−2
2 𝐽 ⊂ Im(Tr[2,1𝑘−2]|𝔟𝑛(𝑘)).

Proof. For any distinct 1 ≤ 𝑖, 𝑗, 𝑖1, … , 𝑖𝑘−2 ≤ 𝑛, observe

[𝑥𝑖1 , 𝑥𝑖2 ,𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], [𝑥𝑗, 𝑥𝑖]]
+ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2]]] = 0 ∈ ℒ𝑛(𝑘 + 1),
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and consider
𝑥∗𝑖 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], 𝑥𝑗, 𝑥𝑖]

− 𝑥∗𝑗 ⊗ [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], 𝑥𝑖, 𝑥𝑗]

+ 𝑥∗𝑖𝑘−2 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−5 , 𝑥𝑖𝑘−4]], 𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2]

− 𝑥∗𝑖𝑘−3 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖, [𝑥𝑖3 , 𝑥𝑖4], … , [𝑥𝑖𝑘−5 , 𝑥𝑖𝑘−4]], 𝑥𝑖𝑘−2 , 𝑥𝑖𝑘−3]
⋯

+ (−1)
𝑘−6
2 𝑥∗𝑖4 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], … , [𝑥𝑖5 , 𝑥𝑖6], [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖], 𝑥𝑖3 , 𝑥𝑖4]

+ (−1)
𝑘−4
2 𝑥∗𝑖3 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], … , [𝑥𝑖5 , 𝑥𝑖6], [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖], 𝑥𝑖4 , 𝑥𝑖3]

+ (−1)
𝑘−4
2 𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], … , [𝑥𝑖3 , 𝑥𝑖4], [𝑥𝑖1 , 𝑥𝑖2], 𝑥𝑖]

+ (−1)
𝑘−2
2 𝑥∗𝑖2 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], … , [𝑥𝑖3 , 𝑥𝑖4], 𝑥𝑖, 𝑥𝑖1 , 𝑥𝑖2]

+ (−1)
𝑘
2 𝑥∗𝑖1 ⊗ [𝑥𝑗, 𝑥𝑖, [𝑥𝑖𝑘−3 , 𝑥𝑖𝑘−2], … , [𝑥𝑖3 , 𝑥𝑖4], 𝑥𝑖, 𝑥𝑖2 , 𝑥𝑖1]

in 𝔟𝑛(𝑘). By using Lemma 7.7, we can calculate the image of the above element
by Tr[2,1𝑘−2] as follows:

𝑥𝑖 ⊗ (2𝑥𝑖1 ∧ 𝑥𝑖2) ∧⋯ ∧ (2𝑥𝑖𝑘−3 ∧ 𝑥𝑖𝑘−2) ∧ 𝑥𝑗
+ 𝑥𝑗 ⊗ (2𝑥𝑖1 ∧ 𝑥𝑖2) ∧⋯ ∧ (2𝑥𝑖𝑘−3 ∧ 𝑥𝑖𝑘−2) ∧ 𝑥𝑖

+ (−1)
𝑘−4
2 𝑥𝑖 ⊗ 𝑥𝑗 ∧ (2𝑥𝑖𝑘−3 ∧ 𝑥𝑖𝑘−2) ∧⋯ ∧ (2𝑥𝑖1 ∧ 𝑥𝑖2)

+ (−1)
𝑘−4
2 𝑥𝑗 ⊗ (2𝑥𝑖𝑘−3 ∧ 𝑥𝑖𝑘−2) ∧⋯ ∧ (2𝑥𝑖1 ∧ 𝑥𝑖2) ∧ 𝑥𝑖

= 2
𝑘−2
2 𝑤(𝑖, 𝑗; 𝑖1, … , 𝑖𝑘−2)

since 𝑘 ≡ 0 (mod 4). This shows the proposition. □

Proposition 7.9. For any 𝑛 ≥ 4,

0 → gr4𝐐(𝐵𝑛)
𝜏𝐵4,𝐐
,,,→ 𝔟𝐐𝑛 (4)

Tr𝐐
[2,12]

,,,,,,→ 𝐼𝐐 → 0

is an𝔖𝑛-equivariant exact sequence.

Proof. By Proposition 7.8, we have that 2
𝑘−2
2 𝐽 ⊂ Im(Tr[2,12]|𝔟𝑛(4)). In addition

to this, we have

Tr[2,12](𝒃(2, 1, 1, 1, 3)) = 4(𝑥1 ⊗ 𝑥2 ∧ 𝑥3 ∧ 𝑥1),

and hence

Im(Tr𝐐[2,12]|𝔟𝐐𝑛 (4)) = 𝐽𝐐 ⊕ ⟨𝑥𝑖 ⊗ 𝑥𝑗 ∧ 𝑥𝑙 ∧ 𝑥𝑖 | 1 ≤ 𝑖, 𝑗, 𝑙 ≤ 𝑛⟩𝐐 = 𝐼𝐐.

Thus we see

dim𝐐(Im(𝜏𝐵4,𝐐)) + dim𝐐(Im(Tr
𝐐
[2,12]|𝔟𝐐𝑛 (4))) = dim𝐐(𝔟

𝐐
𝑛 (4)),
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and obtain the required result. □

8. On the abelianization of 𝖇𝒏
Here we consider the abelianization of the special derivation algebra 𝔟𝑛 as

a Lie algebra. The purpose of this section is to detect non-trivial linearly inde-
pendent elements in𝐻1(𝔟𝑛, 𝐙) with the Morita traces and others.

8.1. Infinite generation of 𝑯𝟏(𝖇𝒏, 𝐙). In [27], Morita constructed a surjec-
tive Lie algebra homomorphism

Θ ∶= id1 ⊕
⨁

𝑘≥2
MT𝑘 ∶ 𝐻1(Der

+(ℒ𝑛), 𝐙) → (𝐻∗ ⊗𝐙 ∧2𝐻) ⊕
⨁

𝑘≥2
𝑆𝑘𝐻

where id1 is the identity map on the degree one partDer
+(ℒ𝑛)(1) = 𝐻∗⊗𝐙∧2𝐻

of Der+(ℒ𝑛), and the target is understood to be an abelian Lie algebra.

Since 𝔟𝑛 is a graded Lie algebra, its abelianization 𝐻1(𝔟𝑛, 𝐙) naturally has
a graded 𝐙-module structure. We denote the degree 𝑘 part of 𝐻1(𝔟𝑛, 𝐙) by
𝐻1(𝔟𝑛, 𝐙)𝑘 for each 𝑘 ≥ 1. As a corollary to Theorem 7.5, by observing the
restriction of Θ to 𝔟𝑛, we have the following.

Theorem 8.1. For any 𝑛 ≥ 3 and odd 𝑘 ≥ 3, we have

rank𝐙(𝐻1(𝔟𝑛, 𝐙)𝑘) ≥
(𝑛 + 𝑘 − 1

𝑘

)
−
𝑛(𝑛 + 1)

2 .

In particular,𝐻1(𝔟𝑛, 𝐙) is not finitely generated as a 𝐙-module.

In Theorem8.16, wewill show thatΘ|𝔟𝑛 is not injective. Namely, the equality
in Theorem 8.1 does not hold in general.

Remark 8.2. Yusuke Kuno communicated to us the non-finite generation of
𝐻1(𝔟2, 𝐙) can be obtained with Soulé elements defined by Ihara [20] as follows.
In a series of his study of the absolute Galois group over 𝐐, he considered a cer-
tain infinite sequence of solvable Galois extensions over𝐐 and studied the graded
Lie algebra structure of the graded sum 𝒢 ∶=

⨁
𝑘≥1 𝒢

(𝑘) consisting of the Galois
groups of the successive extensions of the sequence. In particular, he [20] con-
structed a sequence of elements 𝜎2𝑚+1 ∈ 𝒢(2𝑚+1) for each𝑚 ≥ 1 and called them
Soulé elements. In Equation (15) in [2], for any𝑚 ≥ 1Alekseev and Torossian [2]
described the images of 𝜎2𝑚+1 by some Lie algebra homomorphism 𝜈 ∶ 𝒢 → 𝔟𝐐2 .
More precisely, in Proposition 4.5 in [2], they showed thatMT𝐐2𝑚+1(𝜈(𝜎2𝑚+1)) =
(𝑥1 + 𝑥2)2𝑚+1 − 𝑥2𝑚+11 − 𝑥2𝑚+12 . This shows that the non-finite generation of
𝐻1(𝔟

𝐐
2 , 𝐐) as a Lie algebra. Hence, by considering the natural map 𝔟2 → 𝔟𝐐2 , we

see the non-finite generation of 𝐻1(𝔟2, 𝐙) as a Lie algebra. Futhermore, for any
𝑛 ≥ 3 and distinct 1 ≤ 𝑖, 𝑗 ≤ 𝑛, by considering

(𝑛
2

)
embeddings 𝔟𝐐2 → 𝔟𝐐𝑛 in-

duced by the correspondence 𝑥1 ↦ 𝑥𝑖 and 𝑥2 ↦ 𝑥𝑗 respectively, we can see that
dim𝐐(Im(MT

𝐐
2𝑚+1)) ≥

(𝑛
2

)
. This shows that non-finite generation of 𝐻1(𝔟

𝐐
𝑛 , 𝐐),

and of𝐻1(𝔟𝑛, 𝐙).
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8.2. The structure of 𝑯𝟏(𝖇𝒏, 𝐙)𝒌 for 𝒌 ≤ 𝟒. Here we consider the structure
of 𝐻1(𝔟𝑛, 𝐙)𝑘 for 𝑘 ≤ 4. Clearly, 𝐻1(𝔟𝑛, 𝐙)1 = 𝔟𝑛(1) ≅ 𝐙(

𝑛
2). In this subsection,

we show that 𝐻1(𝔟𝑛, 𝐙)𝑘 for 2 ≤ 𝑘 ≤ 3 and 𝐻1(𝔟𝑛, 𝐐)4 are trivial except for the
components which can be detected by the Morita trace map.

For 𝑘 = 2, since 𝔟𝑛(2) = 𝔖𝑛 ⋅ 𝔟𝑛(2, (13)) is generated by 𝜏𝐵2 ([𝐴1,3, 𝐴1,2])
as an𝔖𝑛-module from (9), we see 𝐻1(𝔟𝑛, 𝐙)2 = 0. For 𝑘 = 3, since gr(𝐵𝑛) ∶=⨁

𝑘≥1 gr
𝑘(𝐵𝑛) is generated by the degree 1 part as a Lie algebra, it is immediately

follows from Theorem 7.6 that𝐻1(𝔟𝑛, 𝐙)3 ≅ Im(MT𝐵3 ) ≅ 𝐙(
𝑛+1
3 ).

For 𝑘 = 4, we show that all generators 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) of 𝔟𝑛(4) belong to
[𝔟𝑛(3), 𝔟𝑛(1)]. Notice that Im(𝜏𝐵4 ) ⊂ [𝔟𝑛(3), 𝔟𝑛(1)], and for any distinct 1 ≤
𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛,

𝒃(𝑖, 𝑗, 𝑙, 𝑝) ∈ Ker(MT𝐵3 ) = Im(𝜏𝐵3 )
from Lemma 7.1.

Lemma 8.3. (1) For any distinct 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝, 𝑞 ≤ 𝑛, we have 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) ∈
Im(𝜏𝐵4 ).
(2) For any distinct 1 ≤ 𝑖, 𝑗, 𝑙 ≤ 𝑛, we have 𝒃(𝑖, 𝑗, 𝑗, 𝑖, 𝑙) ∈ [𝔟𝑛(3), 𝔟𝑛(1)].

Proof. This lemma is obtained by straightforward calculations given by

𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞) = [𝒃(𝑙, 𝑞, 𝑝, 𝑗), 𝜏𝐵1 (𝐴𝑝,𝑞)],

𝒃(𝑖, 𝑗, 𝑗, 𝑖, 𝑙) = [𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗] + 𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖, 𝑥𝑗, 𝑥𝑖], 𝜏𝐵1 (𝐴𝑖,𝑙)].

□

Let us consider 𝒃(𝑖, 𝑗, 𝑗, 𝑗, 𝑙), 𝒃(𝑖, 𝑗, 𝑗, 𝑝, 𝑞) for any distinct 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛.

Lemma 8.4. For distinct 1 ≤ 𝑖, 𝑗, 𝑙 ≤ 𝑛, we have
(1) 𝒃(𝑖, 𝑗, 𝑗, 𝑖, 𝑙) ∈ [𝔟𝑛(3), 𝔟𝑛(1)].
(2) 𝒃(𝑖, 𝑗, 𝑗, 𝑗, 𝑙) − 𝒃(𝑖, 𝑗, 𝑙, 𝑙, 𝑗) ∈ [𝔟𝑛(3), 𝔟𝑛(1)].
(3) 𝒃(𝑖, 𝑗, 𝑗, 𝑗, 𝑙) ∈ [𝔟𝑛(3), 𝔟𝑛(1)].

Proof. Parts (1) and (2) are follow from

𝒃(𝑖, 𝑗, 𝑗, 𝑖, 𝑙) = [𝑥∗𝑖 ⊗ [𝑥𝑗, 𝑥𝑖, 𝑥𝑗, 𝑥𝑖] + 𝑥∗𝑗 ⊗ [𝑥𝑖, 𝑥𝑗, 𝑥𝑖, 𝑥𝑗], 𝜏𝐵1 (𝐴𝑖,𝑙)],

𝒃(𝑖, 𝑗, 𝑗, 𝑗, 𝑙) − 𝒃(𝑖, 𝑗, 𝑙, 𝑙, 𝑗) = [𝜏𝐵1 (𝐴𝑗,𝑙), 𝒃(𝑗, 𝑗, 𝑖, 𝑙)].

From (10), we see 𝒃(𝑗, 𝑖, 𝑙, 𝑙, 𝑗) = 𝒃(𝑖, 𝑙, 𝑙, 𝑗, 𝑖) = −𝒃(𝑖, 𝑙, 𝑙, 𝑖, 𝑗). Thus by Parts (1)
and (2), we obtain Part (3). □

Lemma 8.5. For distinct 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛, 𝒃(𝑖, 𝑗, 𝑗, 𝑝, 𝑞) ∈ [𝔟𝑛(3), 𝔟𝑛(1)].

Proof. This lemma follows from

𝒃(𝑖, 𝑗, 𝑗, 𝑝, 𝑞) = [𝒃(𝑗, 𝑗, 𝑖, 𝑝), 𝜏𝐵1 (𝐴𝑝,𝑞)].

□
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In order to show 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑗) ∈ [𝔟𝑛(3), 𝔟𝑛(1)], we observe some relations
among 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞)s. We use the equality ≡ for the equality in 𝔟𝑛(3) modulo
Im(𝜏𝐵4 ).

Lemma 8.6. For distinct 1 ≤ 𝑖, 𝑗, 𝑝, 𝑞 ≤ 𝑛,
(1) 𝒃(𝑗, 𝑖, 𝑗, 𝑝, 𝑞) ≡ 𝒃(𝑖, 𝑗, 𝑖, 𝑝, 𝑞).
(2) 𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗) ≡ 𝒃(𝑖, 𝑝, 𝑞, 𝑖, 𝑗).
(3) 𝒃(𝑖, 𝑗, 𝑝, 𝑖, 𝑞) ≡ −𝒃(𝑗, 𝑖, 𝑞, 𝑗, 𝑝).
(4) 𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗) ≡ −𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝).

Proof. By considering the𝔖𝑛-orbit, it suffices to show the lemmawith special-
ized 𝑖, 𝑗, 𝑝, 𝑞. Recall the element 𝒃(1, 2, 3, 4) ∈ Im(𝜏𝐵3 ). Then Part (1), (2) and
(3) is obtained from

𝒃(3, 2, 3, 4, 1) − 𝒃(2, 3, 2, 4, 1) = [𝒃(1, 2, 3, 4), 𝜏𝐵1 (𝐴2,3)],

𝒃(3, 1, 2, 4, 1) − 𝒃(3, 2, 4, 3, 1) = [𝜏𝐵1 (𝐴1,3), 𝒃(1, 2, 3, 4)],

𝒃(4, 3, 2, 4, 1) + 𝒃(3, 4, 1, 3, 2) = [𝒃(1, 2, 3, 4), 𝜏𝐵1 (𝐴3,4)].

Part (4) is obtained from

𝒃(3, 4, 1, 2, 4) = −𝒃(4, 3, 1, 2, 4) = 𝒃(4, 3, 1, 4, 2)
(3)
≡ −𝒃(3, 4, 2, 3, 1)

(2)
≡ −𝒃(3, 1, 4, 2, 1).

This completes the proof of Lemma 8.6. □

Lemma 8.7. For distinct 1 ≤ 𝑖, 𝑗, 𝑝, 𝑞 ≤ 𝑛, we have
𝒃(𝑖, 𝑗,𝑝, 𝑞, 𝑗) ≡ −𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝) ≡ −𝒃(𝑝, 𝑞, 𝑖, 𝑗, 𝑞) ≡ 𝒃(𝑝, 𝑖, 𝑞, 𝑗, 𝑖)

≡ 𝒃(𝑗, 𝑞, 𝑖, 𝑝, 𝑞) ≡ −𝒃(𝑗, 𝑖, 𝑞, 𝑝, 𝑖) ≡ −𝒃(𝑞, 𝑗, 𝑝, 𝑖, 𝑗) ≡ 𝒃(𝑞, 𝑝, 𝑗, 𝑖, 𝑝)
(14)

and
𝒃(𝑖, 𝑗,𝑝, 𝑖, 𝑞) ≡ −𝒃(𝑖, 𝑞, 𝑝, 𝑖, 𝑗) ≡ −𝒃(𝑗, 𝑖, 𝑞, 𝑗, 𝑝) ≡ 𝒃(𝑗, 𝑝, 𝑞, 𝑗, 𝑖)

≡ −𝒃(𝑝, 𝑗, 𝑖, 𝑝, 𝑞) ≡ 𝒃(𝑝, 𝑞, 𝑖, 𝑝, 𝑗) ≡ 𝒃(𝑞, 𝑖, 𝑗, 𝑞, 𝑝) ≡ −𝒃(𝑞, 𝑝, 𝑗, 𝑞, 𝑖).
(15)

Proof. We showEquation (14) since Equation (15) is obtained by a similarway.
The first equality 𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗) ≡ −𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝) is Part (4) of Lemma 8.6. We
have

𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗)
(2)′
≡ 𝒃(𝑖, 𝑝, 𝑞, 𝑖, 𝑗)

(3)′
≡ −𝒃(𝑝, 𝑖, 𝑗, 𝑝, 𝑞)

(2)′
≡ −𝒃(𝑝, 𝑞, 𝑖, 𝑗, 𝑞)

(4)′
≡ 𝒃(𝑝, 𝑖, 𝑞, 𝑗, 𝑖).

Here (a)’ means Part (a) in Lemma 8.6. By considering the above argument for
𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝) instead of 𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗), we obtain

−𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝) ≡ 𝒃(𝑗, 𝑞, 𝑖, 𝑝, 𝑞)
(4)′
≡ −𝒃(𝑗, 𝑖, 𝑞, 𝑝, 𝑖).
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Similarly, by considering the above argument for 𝒃(𝑝, 𝑖, 𝑞, 𝑗, 𝑖) instead of
𝒃(𝑖, 𝑗, 𝑝, 𝑞, 𝑗), we obtain

𝒃(𝑝, 𝑖, 𝑞, 𝑗, 𝑖) ≡ −𝒃(𝑞, 𝑗, 𝑝, 𝑖, 𝑗)
(4)′
≡ 𝒃(𝑞, 𝑝, 𝑗, 𝑖, 𝑝).

Then we obtain all of the equalities. □

Lemma 8.8. For distinct 1 ≤ 𝑖, 𝑗, 𝑝, 𝑞 ≤ 𝑛, we have

𝒃(𝑖, 𝑗, 𝑖, 𝑝, 𝑞) + 𝒃(𝑗, 𝑝, 𝑖, 𝑞, 𝑝) + 𝒃(𝑖, 𝑝, 𝑗, 𝑞, 𝑝) ≡ 0.

Proof. By considering the𝔖𝑛-orbit, it suffices to show the lemmawith special-
ized 𝑖, 𝑗, 𝑝, 𝑞. Then we see

[𝜏𝐵1 (𝐴1,4), 𝜏𝐵3 ([𝐴1,2, [𝐴1,2, 𝐴1,3]])] = 𝒃(2, 3, 2, 1, 4)+𝒃(3, 1, 2, 4, 1)+𝒃(2, 1, 3, 4, 1).

□

Lemma 8.9. For distinct 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛, we have

2𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑗) ≡ 𝒃(𝑝, 𝑙, 𝑙, 𝑖, 𝑗) + 𝒃(𝑖, 𝑗, 𝑗, 𝑝, 𝑙).

Proof. By using Lemma 8.8 and (14), we obtain the required equation. □

From 8.8 and 8.9, we see 2𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑗) ∈ [𝔟𝑛(3), 𝔟𝑛(1)] for 𝑛 ≥ 4. In particu-
lar, 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑗) ∈ [𝔟𝐐𝑛 (3), 𝔟

𝐐
𝑛 (1)] for𝑛 ≥ 4. By combining the above arguments,

we have the following.

Proposition 8.10. For any 𝑛 ≥ 4,

𝔟𝐐𝑛 (4) = [𝔟𝐐𝑛 (3), 𝔟
𝐐
𝑛 (1)], 𝔟3(4) = [𝔟3(3), 𝔟3(1)].

In other words,𝐻1(𝔟𝑛, 𝐐)4 = 0, and𝐻1(𝔟𝑛, 𝐙)3 = 0.

8.3. On 𝑯𝟏(𝖇𝒏, 𝐙)𝟓. In this subsection we consider 𝐻1(𝔟𝑛, 𝐙)5. Since 𝔟𝑛(2) =
[𝔟𝑛(1), 𝔟𝑛(1)] as mentioned in Subsection 8.2, we can see

[𝔟𝑛(3), 𝔟𝑛(2)] ⊂ [𝔟𝑛(4), 𝔟𝑛(1)]

by the Jacobi identity. Hence we have 𝐻1(𝔟𝑛, 𝐙)5 = 𝔟𝑛(5)∕[𝔟𝑛(4), 𝔟𝑛(1)]. The
purpose of this subsection is to show that there exist linearly independent ele-
ments in Ker(MT𝐵5 ) and not in [𝔟𝑛(4), 𝔟𝑛(1)].

For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝, 𝑞, 𝑟 ≤ 𝑛, observe

[𝑥𝑟,𝑥𝑞, 𝑥𝑝, 𝑥𝑙, 𝑥𝑗, 𝑥𝑖] − [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, 𝑥𝑙, 𝑥𝑖, 𝑥𝑗] − [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, [𝑥𝑗, 𝑥𝑖], 𝑥𝑙]
− [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, [𝑥𝑞, 𝑥𝑟], 𝑥𝑝] − [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑝, 𝑥𝑟, 𝑥𝑞] + [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑝, 𝑥𝑞, 𝑥𝑟]

= [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, 𝑥𝑙, [𝑥𝑗, 𝑥𝑖]] − [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, [𝑥𝑗, 𝑥𝑖], 𝑥𝑙]
− [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, [𝑥𝑞, 𝑥𝑟], 𝑥𝑝] − [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, 𝑥𝑝, [𝑥𝑟, 𝑥𝑞]]

= [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, [𝑥𝑙, [𝑥𝑗, 𝑥𝑖]]] + [𝑥𝑖, 𝑥𝑗, 𝑥𝑙, [[𝑥𝑟, 𝑥𝑞], 𝑥𝑝]] = 0,
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and set
𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞, 𝑟) ∶=𝑥∗𝑖 ⊗ [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, 𝑥𝑙, 𝑥𝑗 , 𝑥𝑖] − 𝑥∗𝑗 ⊗ [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, 𝑥𝑙, 𝑥𝑖 , 𝑥𝑗]

− 𝑥∗𝑙 ⊗ [𝑥𝑟, 𝑥𝑞, 𝑥𝑝, [𝑥𝑗 , 𝑥𝑖], 𝑥𝑙] − 𝑥∗𝑝 ⊗ [𝑥𝑖 , 𝑥𝑗 , 𝑥𝑙, [𝑥𝑞, 𝑥𝑟], 𝑥𝑝]
− 𝑥∗𝑞 ⊗ [𝑥𝑖 , 𝑥𝑗 , 𝑥𝑙, 𝑥𝑝, 𝑥𝑟, 𝑥𝑞] + 𝑥∗𝑟 ⊗ [𝑥𝑖 , 𝑥𝑗 , 𝑥𝑙, 𝑥𝑝, 𝑥𝑞, 𝑥𝑟] ∈ 𝔟𝑛(5).

We remark that 𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞, 𝑟) corresponds to an internal trivalent tree

𝑟 𝑖

◦ ◦ ◦ ◦

𝑞 𝑝 𝓁 𝑗

Lemma 8.11. For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝, 𝑞, 𝑟 ≤ 𝑛,

MT𝐵5 (𝒃(𝑖, 𝑗, 𝑙, 𝑝, 𝑞, 𝑟))
= 2(𝛿𝑖𝑟𝒆𝑥𝑖 ,𝑥𝑗 ,𝑥𝑙 ,𝑥𝑝 ,𝑥𝑞 − 𝛿𝑖𝑞𝒆𝑥𝑗 ,𝑥𝑙 ,𝑥𝑝 ,𝑥𝑞 ,𝑥𝑟 − 𝛿𝑗,𝑟𝒆𝑥𝑖 ,𝑥𝑗 ,𝑥𝑙 ,𝑥𝑝 ,𝑥𝑞 + 𝛿𝑗,𝑞𝒆𝑥𝑖 ,𝑥𝑙 ,𝑥𝑝 ,𝑥𝑞 ,𝑥𝑟)

Proof. This lemma follows from Lemma 7.1, by a straightforward calculation.
□

For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛, consider

𝒏(𝑖, 𝑗, 𝑙) ∶= 𝒃(𝑙, 𝑗, 𝑖, 𝑙, 𝑗, 𝑖) − 𝒃(𝑙, 𝑗, 𝑙, 𝑖, 𝑗, 𝑖) ∈ 𝔟𝑛(5, (23)),

𝒏(𝑖, 𝑗, 𝑙, 𝑝) ∶= 𝒃(𝑝, 𝑗, 𝑗, 𝑖, 𝑙, 𝑖) ∈ 𝔟𝑛(5, (22, 12)).

From Lemma 8.11, we see that 𝒏(𝑖, 𝑗, 𝑙), 𝒏(𝑖, 𝑗, 𝑙, 𝑝) ∈ Ker(MT𝐵5 ). We show that
these elements are non-trivial and do not belong to [𝔟𝑛(4), 𝔟𝑛(1)]. First we show
that these elements are non-trivial.

Lemma 8.12. For any 1 ≤ 𝑖, 𝑗, 𝑙, 𝑝 ≤ 𝑛, 𝒏(𝑖, 𝑗, 𝑙), 𝒏(𝑖, 𝑗, 𝑙, 𝑝) ≠ 0 ∈ 𝔟𝑛(5).

Proof. First we consider 𝒏(𝑖, 𝑗, 𝑙)s. By observing the 𝔖𝑛-orbit, it suffices to
show the lemma with specialized 𝑖, 𝑗, 𝑙. So we show 𝒏(1, 2, 3) ≠ 0 ∈ 𝔟𝑛(5).
Then we have
𝒃(3, 2, 1, 3, 2, 1) = 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥3, 𝑥1, 𝑥2, 𝑥3] − 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥3, 𝑥1, 𝑥3, 𝑥2]

+ 𝑥∗1 ⊗ [𝑥1, 𝑥2, 𝑥3, [𝑥3, 𝑥2], 𝑥1] − 𝑥∗3 ⊗ [𝑥3, 𝑥2, 𝑥1, [𝑥2, 𝑥1], 𝑥3]
− 𝑥∗2 ⊗ [𝑥3, 𝑥2, 𝑥1, 𝑥3, 𝑥1, 𝑥2] + 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥1, 𝑥3, 𝑥2, 𝑥1],

𝒃(3, 2, 3, 1, 2, 1) = 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥1, 𝑥3, 𝑥2, 𝑥3] − 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥1, 𝑥3, 𝑥3, 𝑥2]
+ 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥1, [𝑥3, 𝑥2], 𝑥3] − 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥3, [𝑥2, 𝑥1], 𝑥1]
− 𝑥∗2 ⊗ [𝑥3, 𝑥2, 𝑥3, 𝑥1, 𝑥1, 𝑥2] + 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥3, 𝑥1, 𝑥2, 𝑥1].

By considering the isomorphism 𝐻 ⊗𝐙 ℒ𝑛(𝑘) ≅ 𝔭𝑛(𝑘) given 𝑥𝑖 ⊗ 𝑋 ↦ 𝑥∗𝑖 ⊗
[𝑋, 𝑥𝑖], we observe the part 𝑥∗3 ⊗[−, 𝑥3] in 𝒏(1, 2, 3). For example, by rewriting
[𝑥1, 𝑥2, 𝑥3, 𝑥1, 𝑥2] as a linear combination of the basic commutators of weight
five, we have
[𝑥1, 𝑥2, 𝑥3, 𝑥1, 𝑥2] = [𝑥3, 𝑥1, 𝑥2, [𝑥2, 𝑥1]] − [𝑥2, 𝑥1, 𝑥2, [𝑥3, 𝑥1]] − [𝑥2, 𝑥1, 𝑥1, [𝑥3, 𝑥2]]

− [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥3].
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Similarly, by rewriting
[𝑥3, 𝑥2, 𝑥1, [𝑥2, 𝑥1]], [𝑥1, 𝑥2, 𝑥1, 𝑥3, 𝑥2], [𝑥1, 𝑥2, 𝑥1, [𝑥3, 𝑥2]]

as a linear combination of the basic commutators of weight five. we can see
that 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥2, [𝑥3, 𝑥1], 𝑥3] appears only from 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥3, 𝑥1, 𝑥2, 𝑥3],
and hence 𝒏(1, 2, 3) ≠ 0 ∈ 𝔟𝑛(5).
Next we consider 𝒏(𝑖, 𝑗, 𝑙, 𝑝). By a similar argument as above, it suffices to

show that 𝒏(1, 2, 3, 4) ≠ 0 ∈ 𝔟𝑛(5). By observing the term 𝑥∗4 ⊗ [−, 𝑥4] in
𝒏(1, 2, 3, 4), we can immediately see it. □

Now we show 𝒏(𝑖, 𝑗, 𝑙) ∉ [𝔟𝑛(4), 𝔟𝑛(1)]. By considering the𝔖𝑛-orbit, it suf-
fices to show 𝒏(1, 2, 3) ∉ [𝔟𝑛(4), 𝔟𝑛(1)]. In general, the standard inclusion
𝐹3 → 𝐹𝑛 defined by 𝑥𝑖 ↦ 𝑥𝑖 for 1 ≤ 𝑖 ≤ 3 induces an injective Lie algebra
homomorphism ℒ3 → ℒ𝑛. This injection also induces an injective Lie algebra
homomorphism 𝔭3 → 𝔭𝑛. Through this injection, we consider 𝔭3 as a Lie sub-
algebra of 𝔭𝑛. Similarly, we consider 𝔟3 as a Lie subalgebra of 𝔟𝑛. From this
viewpoint, we have 𝔟3(𝑘) ⊂ 𝔟𝑛(𝑘) for each 𝑘 ≥ 1.
Lemma 8.13. If 𝒏(1, 2, 3) ∈ [𝔟𝑛(4), 𝔟𝑛(1)], then 𝒏(1, 2, 3) ∈ [𝔟3(4), 𝔟3(1)].
Proof. In general, for any 𝑘 ≥ 1 the Lie bracket of 𝑥∗𝑖𝑘+1⊗[𝑥𝑖1 , … , 𝑥𝑖𝑘+1] ∈ 𝔭𝑛(𝑘)
and 𝑥∗𝑗2 ⊗ [𝑥𝑗1 , 𝑥𝑗2] ∈ 𝔭𝑛(1) in 𝔭𝑛(𝑘 + 1) is calculated as

[𝑥∗𝑖𝑘+1 ⊗ [𝑥𝑖1 , … , 𝑥𝑖𝑘+1], 𝑥
∗
𝑗2
⊗ [𝑥𝑗1 , 𝑥𝑗2]]

=
𝑘+1∑

𝑚=1
𝛿𝑖𝑚 ,𝑗2𝑥

∗
𝑖𝑘+1

⊗ [𝑥𝑖1 , … , [𝑥𝑗1 , 𝑥𝑗2], … , 𝑥𝑖𝑘+1]

− 𝛿𝑗1,𝑖𝑘+1𝑥
∗
𝑗2
⊗ [𝑥𝑖1 , … , 𝑥𝑖𝑘+1 , 𝑥𝑗2] − 𝛿𝑗2,𝑖𝑘+1𝑥

∗
𝑗2
⊗ [𝑥𝑗1 , [𝑥𝑖1 , … , 𝑥𝑖𝑘+1]].

Thus, any component in the commutators inℒ𝑛(𝑘+2) appearing the right hand
side of the above equation is in {𝑥𝑖1 , … , 𝑥𝑖𝑘+1 , 𝑥𝑗1 , 𝑥𝑗2}. Moreover, any element in
{𝑥𝑖1 , … , 𝑥𝑖𝑘+1 , 𝑥𝑗1 , 𝑥𝑗2} appears at least one in the components of the commuta-
tors in appearing the right hand side of the above equation.
On the other hand, if {𝑎1, … , 𝑎𝑘+1} and {𝑏1, … , 𝑏𝑘+1} for 1 ≤ 𝑎𝑚, 𝑏𝑚 ≤ 𝑛 are

different set with multiplicity, and [𝑎1, … , 𝑎𝑘+1], [𝑏1, … , 𝑏𝑘+1] ≠ 0 ∈ ℒ𝑛(𝑘 + 1),
then we can see that [𝑎1, … , 𝑎𝑘+1] and [𝑏1, … , 𝑏𝑘+1] are linearly independent in
ℒ𝑛(𝑘 + 1) by rewriting them as a linear combination of Hall’s basic commu-
tators. Hence, we see 𝑥∗𝑎𝑘+1 ⊗ [𝑎1, … , 𝑎𝑘+1] and 𝑥∗𝑏𝑘+1 ⊗ [𝑏1, … , 𝑏𝑘+1] are also
linearly independent in 𝔭𝑛.
Therefore, by observing 𝔟𝑛 ⊂ 𝔭𝑛, we see that if𝒏(1, 2, 3) ∈ [𝔟𝑛(4), 𝔟𝑛(1)] then

𝒏(1, 2, 3) ∈ [𝔟3(4), 𝔟3(1)]. □

Lemma 8.14. 𝒏(1, 2, 3) ∉ [𝔟3(4), 𝔟3(1)].
Proof. Assume 𝒏(1, 2, 3) ∈ [𝔟3(4), 𝔟3(1)]. Since 𝒏(1, 2, 3) ∈ 𝔖𝑛 ⋅ 𝔟3(5, (23)),
there is the only one possibility that 𝒏(1, 2, 3) ∈ [𝔖3 ⋅𝔟3(4, (22, 1)), 𝔟3(1)]. From
a result in Subsection 6.3, we have

𝔖3 ⋅ 𝔟3(4, (22, 1)) = ⟨𝒃(2, 1, 1, 2, 3), 𝒃(3, 1, 1, 3, 2), 𝒃(3, 2, 2, 3, 1)⟩𝐙
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and 𝔟3(1) is generated by 𝜏𝐵1 (𝐴1,2), 𝜏𝐵1 (𝐴1,3) and 𝜏𝐵1 (𝐴2,3). The Lie brackets of the
above generators of𝔖3 ⋅𝔟3(4, (22, 1)) and 𝔟3(1) that have terms in𝔖𝑛 ⋅𝔟3(5, (23))
are

𝑍1 ∶= [𝒃(2, 1, 1, 2, 3), 𝜏𝐵1 (𝐴1,3)], 𝑍2 ∶= [𝒃(2, 1, 1, 2, 3), 𝜏𝐵1 (𝐴2,3)],

𝑍3 ∶= [𝒃(3, 1, 1, 3, 2), 𝜏𝐵1 (𝐴1,2)], 𝑍4 ∶= [𝒃(3, 1, 1, 3, 2), 𝜏𝐵1 (𝐴2,3)],

𝑍5 ∶= [𝒃(3, 2, 2, 3, 1), 𝜏𝐵1 (𝐴1,2)], 𝑍6 ∶= [𝒃(3, 2, 2, 3, 1), 𝜏𝐵1 (𝐴1,3)].

By using the formula (4), we can calculate the above elements, and see that
each of 𝑍𝑖 has terms in𝔖𝑛 ⋅ 𝔟3(5, (23)) and𝔖𝑛 ⋅ 𝔟3(5, (3, 2, 1)). Write the𝔖𝑛 ⋅
𝔟3(5, (3, 2, 1))part of𝑍𝑖 as𝑍𝑖. Since𝒏(1, 2, 3) ∈ [𝔖3⋅𝔟3(4, (22, 1)), 𝔟3(1)],𝒏(1, 2, 3)
is written as 𝑎1𝑍1 +⋯+ 𝑎6𝑍6. Then we see 𝑎1𝑍1 +⋯+ 𝑎6𝑍6 = 0.
On the other hand, we have

𝑍1 = − 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥1, 𝑥2, 𝑥1] + 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥2, [𝑥2, 𝑥1], 𝑥1] − 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥3, 𝑥1]
+ 𝑥∗2 ⊗ [𝑥2, 𝑥1, 𝑥1, [𝑥3, 𝑥1], 𝑥2] + 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥2, 𝑥1, 𝑥1, 𝑥2] + 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1, 𝑥3],

𝑍2 = − 𝑥∗1 ⊗ [𝑥1, 𝑥2, 𝑥2, [𝑥3, 𝑥2], 𝑥1] − 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥1, 𝑥2, 𝑥2, 𝑥1] + 𝑥∗2 ⊗ [𝑥3, 𝑥2, 𝑥1, 𝑥2, 𝑥1, 𝑥2]
− 𝑥∗2 ⊗ [𝑥3, 𝑥2, 𝑥1, [𝑥1, 𝑥2], 𝑥2] + 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥2, 𝑥1, 𝑥3, 𝑥2] − 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥2, 𝑥1, 𝑥2, 𝑥3],

𝑍3 = − 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥3, 𝑥1, 𝑥3, 𝑥1] + 𝑥∗1 ⊗ [𝑥2, 𝑥1, 𝑥3, [𝑥3, 𝑥1], 𝑥1] − 𝑥∗1 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥3, 𝑥2, 𝑥1]
+ 𝑥∗2 ⊗ [𝑥3, 𝑥1, 𝑥1, 𝑥3, 𝑥1, 𝑥2] + 𝑥∗3 ⊗ [𝑥3, 𝑥1, 𝑥1, [𝑥2, 𝑥1], 𝑥3] + 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥3, 𝑥1, 𝑥1, 𝑥3],

𝑍4 = − 𝑥∗1 ⊗ [𝑥1, 𝑥3, 𝑥3, [𝑥2, 𝑥3], 𝑥1] + 𝑥∗1 ⊗ [𝑥2, 𝑥3, 𝑥1, 𝑥3, 𝑥3, 𝑥1] − 𝑥∗2 ⊗ [𝑥1, 𝑥3, 𝑥3, 𝑥1, 𝑥3, 𝑥2]
+ 𝑥∗3 ⊗ [𝑥2, 𝑥3, 𝑥1, 𝑥3, 𝑥1, 𝑥3] − 𝑥∗3 ⊗ [𝑥2, 𝑥3, 𝑥1, [𝑥1, 𝑥3], 𝑥3] + 𝑥∗3 ⊗ [𝑥1, 𝑥3, 𝑥3, 𝑥1, 𝑥2, 𝑥3],

𝑍5 = 𝑥∗1 ⊗ [𝑥3, 𝑥2, 𝑥2, 𝑥3, 𝑥2, 𝑥1] − 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥3, 𝑥2, 𝑥3, 𝑥2] + 𝑥∗2 ⊗ [𝑥1, 𝑥2, 𝑥3, [𝑥3, 𝑥2], 𝑥2]
− 𝑥∗2 ⊗ [𝑥3, 𝑥2, 𝑥2, 𝑥3, 𝑥1, 𝑥2] + 𝑥∗3 ⊗ [𝑥3, 𝑥2, 𝑥2, [𝑥1, 𝑥2], 𝑥3] + 𝑥∗3 ⊗ [𝑥1, 𝑥2, 𝑥3, 𝑥2, 𝑥2, 𝑥3],

𝑍6 = − 𝑥∗1 ⊗ [𝑥2, 𝑥3, 𝑥3, 𝑥2, 𝑥3, 𝑥1] − 𝑥∗2 ⊗ [𝑥2, 𝑥3, 𝑥3, [𝑥1, 𝑥3], 𝑥2] − 𝑥∗2 ⊗ [𝑥1, 𝑥3, 𝑥2, 𝑥3, 𝑥3, 𝑥2]
+ 𝑥∗3 ⊗ [𝑥1, 𝑥3, 𝑥2, 𝑥3, 𝑥2, 𝑥3] − 𝑥∗3 ⊗ [𝑥1, 𝑥3, 𝑥2, [𝑥2, 𝑥3], 𝑥3] + 𝑥∗3 ⊗ [𝑥2, 𝑥3, 𝑥3, 𝑥2, 𝑥1, 𝑥3].

We remark that since 𝑍2 = −[𝒃(1, 2, 2, 1, 3), 𝜏𝐵1 (𝐴2,3)] = −𝜎⋅𝑍1 for 𝜎 = (1, 2) ∈
𝔖3, we see𝑍2 = −𝜎⋅𝑍1, Similarly we can calculate𝑍𝑖 for any 2 ≤ 𝑖 ≤ 6 from𝑍1.
Observe the 𝑥∗3⊗[−, 𝑥3] part in 𝑎1𝑍1+⋯+𝑎6𝑍6 = 0. An element type of 𝑥∗3⊗
[𝐶, 𝑥3] where 𝐶 is a commutator of weight 5, and whose component consists
of three 𝑥1s and two 𝑥2s only appears in 𝑍1 as 𝑥∗3 ⊗ [𝑥2, 𝑥1, 𝑥1, 𝑥2, 𝑥1, 𝑥3]. This
means𝑎1 = 0. By the same argument, by observing elements type of𝑥∗3⊗[𝐶, 𝑥3]
where𝐶 is a commutator of weight 5, andwhose component consists of two 𝑥1s
and three 𝑥2s, we obtain 𝑎2 = 0. Similarly, by observing the 𝑥∗2 ⊗ [−, 𝑥2] part,
we obtain 𝑎3 = 0 and 𝑎4 = 0. Finally, by observing the 𝑥∗1 ⊗ [−, 𝑥1] part, we
obtain 𝑎5 = 0 and 𝑎6 = 0. This is a contradiction since 𝒏(1, 2, 3) is non-trivial
by Lemma 8.13. □

From Lemmas 8.13 and 8.14, we obtain the following proposition.

Proposition 8.15. For any 𝑛 ≥ 3, we have 𝒏(1, 2, 3) ∉ [𝔟𝑛(4), 𝔟𝑛(1)].

As a corollary to Proposition 8.15, we obtain the following consequece.
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Theorem 8.16. For 𝑛 ≥ 3, the surjective Lie algebra homomorphism

Θ|𝔟𝑛 ∶ 𝐻1(𝔟𝑛, 𝐙) → Im(𝜏1) ⊕
⨁

𝑚≥1
Im(MT𝐵2𝑚+1)

induced from Θ|𝔟𝑛 is not injective.

Remark 8.17. By using a computer calculation, we can show that

𝒏(1, 2, 3, 4) ∉ [𝔟𝑛(4), 𝔟𝑛(1)].
The method is the same as above. Namely, we can check that

𝒏(1, 2, 3, 4) ∉ [𝔖4 ⋅ 𝔟4(4, (22, 1)), 𝔟4(1)] ⊕ [𝔖4 ⋅ 𝔟4(4, (2, 13)), 𝔟4(1)].
Based on these results, we expect that

dim𝐐(Ker(MT
𝐵
5,𝐐)∕[𝔟

𝐐
𝑛 (4), 𝔟

𝐐
𝑛 (1)]) =

(𝑛
3

)
+
(𝑛
4

)

with a basis

{𝒏(𝑖1, 𝑖2, 𝑖3) | 1 ≤ 𝑖1 < 𝑖2 < 𝑖3 ≤ 𝑛} ∪ {𝒏(𝑖1, 𝑖2, 𝑖3, 𝑖4) | 1 ≤ 𝑖1 < 𝑖2 < 𝑖3 < 𝑖4 ≤ 𝑛}.
That is true for 𝑛 ≤ 7.
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