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On the abelianization of the
special derivation Lie algebras of
free Lie algebras

Naoya Enomoto and Takao Satoh

ABSTRACT. In this paper, we show that there are infinitely many linearly in-
dependent elements in the abelianization of the Lie algebra of special deriva-
tions of a free Lie algebra by using the Morita traces. Furthermore, we show
that the abelianization contains non-trivial elements which are killed by the
Morita traces.
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1. Introduction

Over the last forty years, the Johnson homomorphisms have been studied for
the mapping class groups of surfaces and automorphism groups of free groups
by many authors over generations. To put it simply, the Johnson homomor-
phisms describe a series of approximations of the graded quotients of a certain
filtrations of the groups. Since each of the Johnson homomorphisms is injec-
tive by definition, to determine their images and cokernels is a natural prob-
lem. In order to attack the problem, Morita [26] originally introduced trace
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maps. Morita’s traces played a crucial role in the study of the Johnson homo-
morphisms, and gave many contributions to the development of the field. (For
surveys of the field, see Morita [27], Hain [17] and Satoh [34] for example.)

Let us fix notation. Let F,, be the free group of rank n generated by x4, ..., X,
and AutF, the automorphism group of F,,. Set H := H,(F,, Z), the abelian-
ization of F,,. Denote by £, = @, ., £,(k) the free Lie algebra generated by
H. We have a certain filtration A,(1) > A,(2) D --- of AutF,, so-called the
Andreadakis-Johnson filtration of Aut F,;, and for each k > 1 we have the k-th

Johnson homomorphism
T & gr*(A4,) = A,(k)/A,(k + 1) = Homz(H, £,(k + 1)).

Furthermore, the graded sum @k>1 grk(ﬂn) - Der+(£n) can be considered

as a Lie algebra homomorphism, where Der"(£,,) is the positive part of the
derivation Lie algebra of £,,. Let

Cu(k) :=H® /{0, @a, - ®ay—a,®a, - Qay_, | a; € H)

be the quotient of H®¥ by the permutation action of the cyclic group Cy, of de-
gree k on the components. By combining results by Satoh [31, 32] and Darné
[7], we see that the cokernel of 7, is isomorphic to C, (k) for n > k + 2, which
is detected by the trace map

Tr, : H* ®7 L,(k +1) - H* ®7 H®*+D 5 H® _, @, (k)

defined as the compositions of maps including a contraction. (See Section 4 for
details.)

Let SH be the symmetric power of H of degree k > 1. The composition
of Tr, and the natural projection C,(k) — S*H, is called the Morita trace as
mentioned above, denoted by MT}, : H* ®; £,(k + 1) — SKH. Morita tried to
give one of characterizations of the Morita traces as generators of the abelian-
ization of Der"(£,,) as a Lie algebra. In [27], Morita constructed a surjective
Lie algebra homomorphism

0 :=id; ® @PMTy : Hy(Der*(£,).2) - Im(r)) & ) S*H

k>2 k>2

where id; is the identity map on the degree one part, and the target is under-
stood to be an abelian Lie algebra. Morita [27] conjectured that the above map
induces an isomorphism, and showed that it is true up to degree n(n — 1) over
Q by using a work of Kassabov in [21]. Morita-Sakasai-Suzuki [28] showed that
© induces an isomorphism up to degree n — 2 over Z. We remark that for the
free metabelian Lie algebra £, Enomoto-Satoh [11] showed that for any n > 4

H,(Der*(£M),2) = Im(r;) @ @) S*H.
k>2
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For a subgroup 8§ < AutF,,, we can consider subgroups 8 N A,(k), and the
k-th Johnson homomorphism

grk(8) :=8nA,(k)/Sn A,(k + 1) - Homgz(H, £,,(k + 1))

by the same argument as that of 7. Let LB,, be the mapping class group of a col-
lection C of n disjoint, unknotted, oriented circles embedded in the three ball
B3. Namely, LB,, is the group of isotopy classes of orientation preserving home-
omorphisms of B*> which fix C setwise. The group LB,, is called the loop braid
group on n components. By a work of Goldsmith [16], LB,, can be embedded
into Aut F,,, and its image is given by

{o € AutF, | x? = aix,pha; ", @, €F,, e, 1<i<n)

Through this embedding, we consider LB,, as a subgroup of AutF,. We re-
mark that Fenn-Rimanyi-Rourke [15] obtained a finite presentation of LB,,, and
called LB, the braid-permutation group. (See [6] for details.) As is well-known,
Artin’s braid group B,, of n strands can be embedded into Aut F,,. If we consider
B,, as a subgroup of Aut F,,, then we have B,, C LB,, C AutF,,.

In our previous paper [12], we studied the Johnson homomorphisms of LB,,,
denoted by ‘ri . The graded sum of the images of ‘L'£ is contained in a Lie subal-

gebra of Der*(£,,), called the tangential derivation Lie algebra of £, denoted
by p, = ®k21 p,. (k). Alekseev and Torossian [1, 2] studied p,, in a series of
their works including for the Kashiwara-Vergne conjecture, and showed p,, is a
Lie subalgebra of Der*(£,). In a different context, Satoh [33] considered p,, for
the study of the Johnson homomorphisms of McCool groups. In [12], we intro-
duced a certain trace maps Try such that Im(z}) C Ker(Try) C p,(k) for k > 2.
By using these trace maps, we determined the structure of the images and the
cokernels of Tf; for 1 < k < 4. At the present stage, however, the Johnson
cokernels of LB, have not determined yet in general.

As a subsequent study, this paper considers the Johnson homomorphisms of
Artin’s braid groups B,,, denoted by Tf. The graded sum of the images of Tf is
contained in a Lie subalgebra of p,,, called the special derivation Lie algebra of
£,, denoted by b, = P, ., b,(k). The Lie algebra b, seemed to be introduced
by Ihara in a series of his researches for the absolute Galois group over Q in the
1980s In particular, Thara [20] calls elements of b, normalized special deriva-
tions. We determined the images and the cokernels of Tf . gtk(B,) = b,(k).
By combining a work of Darné [8] and independent works of Kohno [22] and
Falk-Randell [13], we can calculate the rank of a free abelian group gr*(B,,) for
each k > 1. (See Section 5 for details.) Darné [9] showed that TlB and ‘L'ZB are
surjective, and gave a description of the ranks of the Johnson cokernels. In this
paper, we describe the cokernel of Tf and T4B by using trace maps.

Proposition 1 (= Propositions 7.6 and 7.9). The sequences

B

5 MT; B
0 — gr’(B,) — b,(3) — Im(MT3) - 0
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foranyn > 3 and

Q
B
Tr[l12J

T4,Q
0 — grfy(By) — B(#) —— Im(Tr? |, [ja,) = 0
forany n > 4 are ©, -equivariant exact sequences.

Here the subscript and the superscript Q means tensoring with Q over Z, and
Trp,12) is a kind of trace map, for the definition, see (13) below.

In addition to show the above proposition, in order to investigate the abelian-
ization of b,,, we need a basis of each of b,,(k). In Section A.1 in [9], Darné gave
a formula for the rank of b, (k) for each k > 1, which recovers a classical for-
mula for Milnor invariants by Orr. (See Theorem 15 in [29].) In general, in
contrast to the case of the degree k part of Der (£,,), to write down generators
of b, (k) explicitly is quite complicated even in the low degree k. We consider to
decompose b, (k) into ©,-submodules with compositions of k + 1. In Section
6, we give a basis of each component b,(k, ) of b, (k) for any 1 < k < 4 and
any composition a. As for the Morita trace map MTI,f, we show the following.

Theorem 1 (= Theorem 7.5). Forany n > 3 and any odd k > 3, we have
n+k—1>_ nn+1)

rankZ(Im(MTf)) = ( K 3

In the latter part of the paper, we consider the abelianization of the Lie al-
gebra b,,. For each k > 1, let H,(b,, Z), be the degree k part of H,(b,,Z). An
immediate consequence obtained from Theorem 1, by considering the restric-
tion of ® to b,,, we see that H,(b,,, Z), contains non-trivial free abelian group of
finite rank, and that H,(b,,, Z) is not finitely generated as a Z-module. (For de-
tails, see Theorem 8.1.) We should remark that Yusuke Kuno communicated to
us the non-finite generation of H,(b,, Z) can be obtained with Soulé elements
defined by Thara [20]. (See Remark 8.2 for details.)

In Subsection 8.2, we show that for any 2 < k < 4, H,(b,,, Z),, is trivial except
for the component that can be detected by the Morita trace MT? In Subsection
8.3, we show that there exist linearly independent elements in Ker(MT?) and
not in [b,(4), b,(1)].

Theorem 2. (= Theorem 8.16) For n > 3, the surjective Lie algebra homomor-
phism
®lp, : Hy(6,,Z) - Im(1;) & @) Im(MT5,,,,)
m>1
induced from ©|y_is not injective.

This implies that the structure of the abelianization of b,, is much more com-
plicated than that of Der” (£¥) and Der™(£,,). We expect that

Ker(MTE )/[62(4), 62(1)]

is of dimension (Z) + (Z) (For details, see Remark 8.17.)
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2. Notation and conventions

In this section, we fix notation and conventions. Throughout this paper, a
group means a multiplicative group if otherwise noted. Let G be a group.

« The abelianization of G is denoted by G2 if otherwise noted.

+ The automorphism group Aut G acts on G from the right. For any o €
AutG and x € G, the action of o on x is denoted by x°.

« For anormal subgroup N, we often denote the coset class of an element
g € G by the same g in the quotient group G /N if there is no confusion.

« For elements x and y of G, the commutator bracket [x, y] of x and y is
defined to be [x, y] := xyx~'y~!. Then for any x, y, z € G, we have

[xy,z] =[x, [y, z]lly, zl[x, 2], [x,yz] =[x, yllx, 2]z, x),y] (D)

and

[x7Lz] =[xzl xllx 2] ey ' =[xy iy hxll @)

« For subgroups H and K of G, we denote by [H, K| the commutator sub-
group of G generated by [h, k] forallh € H and k € K.
« For elements gy, ..., g € G, a left-normed commutator

[[ [[gl’gZ]’g3]’ ]’gk] €G

of weight k is denoted by [g;, 8, -*- » &]-

« ForanyZ-module A, we denote the Q-vector space AQzQ by the symbol
obtained by attaching a subscript or superscript Q to A, like Ag or AQ
Similarly, for any Z-linear map f : A — B, the induced Q-linear map
Aq — B is denoted by fq or fQ.

3. Tangential and special derivation algebras of free Lie algebras

To begin with, we review free Lie algebras and their derivation algebras. For
n > 1, let F,, be the free group of rank n with basis x,,...,x,. Let I,(1) D
I,(2) D --- be the lower central series of F,, defined by

r,(1) :=F, T,k :=[[,(k-1),F,], k2.

We denote by £,(k) :=T,(k)/T,(k + 1) the k-th graded quotient of the lower
central series of F,,, and by £, := @k>1£}n(k) the associated graded sum. For
each k > 1, we consider £,(k) as an additive group. For example, for any
Xx,y,z € F,, we have

[xy9z]:[x7z]+[yfz]1 [x_ly)’]=—[x,)’]

in £,(1) from (1) and (2). The graded sum £,, has the Lie algebra structure with
the Lie bracket induced from the commutator bracket of F,,. It is known that
the Lie algebra £,, is isomorphic to the free Lie algebra generated by £,(1) by
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a classical work of Magnus. (For details, see [25] and [30] for example.) Each
of £,(k) is a free abelian group, and its rank is given by

ra(k) = Z u(dns 3)
dlk
by a work of Witt [36], where u is the Mdbius function, and d runs over all
positive divisors of k. Hall [18] constructed an explicit basis of £, (k) with basic
commutators of weight k. For example, basic commutators of weight less than
five are listed below.

k | basic commutators

1| x; 1<i<n

2| [x;x)] 1<j<i<n

3 [xl,x x;] i>j<l

4| [xi, X, X1, X ] i>j<l<m
[[xi, x50, [, %11 | (G ) > (L,m)

Here (i, j) > (I, m) means the lexicographic order on N X N. (For details, see
[19] and [30] for example.)

For simplicity, we denote by H the abelianization F&® = H,(F,,Z) of F,.
The basis x4, ..., x,, of F,, induces a basis of H as a free abelian group. we also
denote it by the same letters x, ..., x,, by abuse of language. By fixing this ba-
sis of H, we identify the automorphism group Aut H with the general linear
group GL(n,Z). Then GL(n, Z) naturally acts on each of £,(k). For example,
as GL(n,Z)-modules we have £,(1) = H and £,(2) = A?H. The universal
enveloping algebra of £, is the tensor algebra

TH)  =Z®H®H®*@ -
of H over Z. From Poincaré-Birkhoff-Witt’s theorem, the natural map:¢ : £, —
T(H) is injective. We denote by ¢, : £,(k) — H®* the degree k part of (,
and consider £, (k) as a GL(n, Z)-submodule of H®¥ through ¢,. Similarly, we
consider Lg(k) as a GL(n, Q)-submodule of H g’k through [I?.

Next, we consider the derivation algebra of £,,. We denote it by
Z—linear
Der(Ly) :={f : Ln —— L, | fIx,yD = [fC, ¥ +[x, fW], x,y € L}
The Lie algebra Der(£,,) is a graded Lie algebra. For k > 0, the degree k part of
Der(£,,) is defined to be

Der(L,)(k) :={f € Der(£,)| f(x) e L,(k+1), x € H}.
For k > 1, by considering the universality of the free Lie algebra, we identify
Der(£,)(k) with Homz(H, £,(k+1)) = H*®5L,(k+1) asa GL(n, Z)-module,
where H* means the Z-linear dual group of H. Let xi‘, ..., X, be the dual basis of

X1, ., X, € H. Then Der(£,)(k) is generated by x ® [x;,, x;,, ..., X}, ,, ] for all
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1<1i,j1,., jrs1 < nasaZ-module. Let Der*(£,) be the graded Lie subalgebra
of Der(£,,) with positive degrees. Similarly, we define the graded Lie algebras

Der(ﬁg) and Der+(/$$) over Q. Then, we have Der(LS) = Der(£,) ®z Q, and
Der(LS)(k) = H(*2®QLS(k + 1) forany k > 1.

In this paper, we consider many calculations of Lie brackets of Der(£,,) and
its Lie subalgebras. All calculations are based on the following formula.

[xl?“®[xi1,xi2, ,xik],x*. ® [xj,,xj,5 5%,

= 2511, §® DXy ey X [ X s X5 1 Xy e X

“4)

Z 5le } Xjyo s Xjg_yo [xil’ Xiyseres xik]’ Xjgprr e le]’

where §,, means Kronecker’s delta. It is perhaps easiest to understand the
calculation if a simple example is exhibited. For example, we have

[x] ® [x1,%2,%3, %3], X5 ® [x3,x1]]
= X7 ® [x1, [x3, X1 ], X3, 5] + XT ® [x1, X5, X3, [X3, %1]]

- x; ® [X3, [xlsx23x3sx2]]'

Definition 3.1. For any k > 1, let p, (k) be the Z-submodule of Der(£,)(k)
generated by elements

xl.* ® [le,...,xjk,xl-]
foralll <1i, jy,..., jx < n. Let p, be the graded sum @, ., pn(k).

The Lie subalgebra p,, is called the tangential derivation Lie algebra of £,,. Con-
sider the symmetric group ©,, of degree n as the subgroup of GL(n, Z) consist-
ing of permutations of the basis xi, ..., x,, of H. Then each of p, (k) is an ©,,-
invariant Z-submodule of Der(£,)(k). We remark that x7 ® [x;, x;] for any
1 <i# j < nform a basis of p,(1), and for k > 2 p,(k) is isomorphic to
H ®z £,(k) as an &,,-module by the correspondence

xlfk ® [le, e s Xjps X Il x® [le, ,xjk].

Hence, we have rankz(p, (1)) = n*(n—1)/2 and rankz(p,(k)) = nr,(k) for any
k>2.

For any k > 1, an n-tuple a = (a;,%,...,a,) € Z such that a; + a;, +
-+ a, = k + 1is called a composition of k + 1, denoted by a F k + 1. For
a composition a = (ay, ay, ..., a,), if a4 = --- = a, = 0 then we write a =
(o1, Ay, ..., ;) for simplicity. For any composition o F k + 1, let p(a) be the set
of all permutations of (1%1,2%, ... n%). For example, if « = (2,1) F 3 then
p(a) =1{(1,1,2),(1,2,1),(2,1,1)}. If a composition o = (ay,ay,...,a,) of k + 1
satisfies a; > a, > --- > «,,, then a is called a partition of k + 1, denoted by
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alk k+1. Set
pulk,a) := (x;.‘k+1 ® [xj,,Xj,5 s X 1 (15 s Jik1) € P(@)) C pr(k).

Notice that each p, (k, @) is not &,-equivariant submodule of p,(k), and that if
a = (k + 1) then p,(k, @) = {0} since [x;, X;,..., %] =0 € £,(k + 1).

Lemma 3.2. Foranyk > 1, we have

pak) = @B ©, - palk, ),

atk+1

where ©,, - p,(k, @) means the ©,,-orbit of p,(k, ).

Proof. It is clear that p, (k) is generated by &,, - p,,(k, ) for all compositions
a = (o, ay,...,a,) of k + 1. In general, from the theory of commutator cal-
culus given by Magnus and a theory of Hall basis, a left normed commuta-
tor [x; R 1] can be written as a linear combination of basic commutators
among x; , ..., X;, ,, - In addition to this, all basic commutators are linearly inde-
pendent. (See Section in [19].) This fact implies the required direct decompo-
sition of p, (k). O

For example,ifa F k+1suchthata; = - =a; #0and o ; =+ =a, =0
forsome1 <i < n,then &, - p,(k,a) is the direct sum of (’l‘) copies of p,,(k, @).

The above lemma is perhaps easy to understand if a few examples are given.
Consider the case of k = 1. The compositions of k + 1 = 2 are (2) and (1?). It
suffices to consider the case for (1) since p,(k,(2)) = {0}. If « = (1,1) then
(1%1,2% ... n%) =(1,2), and we see

Pu(l,a) 1= (x] ® [x3, x1], X5 ® [x1, X5]) C pr(D). (5)
Foranyl <i < j <n,set
Pa(l,a)j i=(x/® [xj’xi],x;f ® [x;, x;]) € pp(D).

Then we see

CcZ’n : pn(l’ O() = @ ]’Jn(l, (x)i,j = Zz(;)

1<i<j<n
Next, we consider Lie algebras of special derivations of £,,.

Definition 3.3. Forany k > 1, let b,,(k) be the ©,,-invariant Z-submodule
n n
PN { Y %] @ Cr € H @7 £,(k+ )| Y ¢ =0}
i=1 i=1

of p,,(k). Let b, be the graded sum @kzl b, (k).
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An element of b, is called a special derivation of £,,. It is also known that b,
is a Lie subalgebra of p,,, and is called the special derivation Lie algebra of £,,.
The rank of each b, (k) is given by Darné [9] in Section A.1 as

n —
). k=1

rankg(b,(k)) = nr,(k) —r,(k+1), k>2.

(6)

For any k > 1 and any composition a = (o, ¢y, ..., o) E k+1,setb,(k,a) =
p,.(k,a) nb,(k). From Lemma 3.2, we see

by(k) = EP S, - bk, ), (7)
akk+1
where &, - b, (k, a) means the &,,-orbit of b, (k, a). From the above decompo-
sition, we can calculate the dimension of Bg(k) for any k > 1 by determining
that of bg(k, a) for each a F k + 1 in principle.

4. Johnson homomorphisms and trace maps

Here we briefly recall the Andreadakis-Johnson filtrations and the Johnson
homomorphisms of the automorphism groups of free groups, and their restric-
tions to the braid groups. For each k > 1, the action of Aut F,, on the nilpotent
quotient group F, /T, (k + 1) of F,, induces the homomorphism

AutF, — Aut(F, /T, + 1)).

We denote its kernel by .A,,(k). Then the groups A, (k) define a descending
filtration

A,1)>A,2)DA,(3)D -
of Aut F,,. This filtration is called the Andreadakis-Johnson filtration of Aut F,,,
and the first term is called the IA-automorphism group of F,,, and is also de-
noted by IA,,. Historically, the Andreadakis-Johnson filtration was originally
introduced by Andreadakis [3] in the 1960s. Johnson studied such filtration for
the mapping class groups of surfaces in the 1980s. Andreadakis showed that

Theorem 4.1 (Andreadakis [3]).
(1) Foranyk,1>1,0 € A,(k)and x € T,,(1), x'x° € T,,(k + ).
(2) Foranykand!l > 1, [A,(k),A,(D] c A,(k +I).

For each k > 1, the group Aut F,, acts on .A,,(k) by conjugation, and this action
naturally induces the actions of GL(n, Z) = AutF,, /TA,, on the graded quotients
grf(A,) := A,(k)/A,(k + 1) by Part (2) of Theorem 4.1.

In order to study the GL(n, Z)-module structure of gr*(A,,) for each k > 1,
we consider the Johnson homomorphisms. For each k > 1, define the homo-
morphism %, : A,(k) - Homgz(H, £,(k + 1)) by

o (x~x1x%9, xe€H.
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The kernel of 7, is A, (k + 1). Hence, 7}, induces the injective homomorphism
Ty © grf(A,) © Homg(H, £,(k + 1)) = H* ®7 L, (k + 1).

The homomorphisms 7, and 7, are called the k-th Johnson homomorphisms
of AutF,. Each of 7, is GL(n,Z)-equivariant. The graded sum gr(A,) :=
Doy grk(A,) has the Lie algebra structure with the Lie bracket induced from
the commutator bracket on IA,,. Furthermore, the gradedsumrt := @k>1 (A

gr(A,) — Der"(£,) is a Lie algebra homomorphism.

In the later sections, we consider restrictions of the Johnson homomorphisms
to certain subgroups of Aut F,,. Let § be a subgroup of AutF,. For any k > 1,
set 8(k) := A,(k)n S, and gr*(8) := S(k)/S(k + 1). Then the restriction of #;
to S(k) induces the injective homomorphism Tlf : grf(8) » H* ®z £,(k +1).
We call r]f the k-th Johnson homomorphism of 8. This homomorphism rlf isan
8/8(1)-equivariant. The graded sum gr(8) = P 1 grk(8) is a Lie subalgebra of
gr(A,), and the graded sum t := ®k21 T;f D gr(8) — Der*(£,)isa Lie algebra
homomorphism.

Here we remark on the cokernels of the Johnson homomorphisms. For k >
1, let ¥ : H*®,H®*+D _ H® be the contraction map defined by

* *
xi ®xh - ®xjk+1 = xi (le) ) sz Q@ ®xjk+1'

For the natural embedding i, : £,(k + 1) -» H®*+D we have the GL(n, Z)-
equivariant homomorphism

OF = p*o(idy: @ tyyy) @ H*®,L,(k + 1) = HOK,

For any k > 1, let ,(k) be the quotient module of H®* by the action of the
cyclic group C, of order k on the components. Namely,

Cuk)=H® /(a; ® 0, @ - @t — 0, ® a3 ® - @ @ @ a; | a; € H).

Let wk : H® — @, (k) be the natural projection. Forany 1 < ji, ..., ji < 1, we
write the image of X; ® - ®x;, € H® by themap w* asx; x; - x; € C,(k).
According to this notation, we have x; x;, ---x; = x;, -+ xj x;, in C,(k). By
[30], it is known that C,(k) is a free abelian group, and the necklaces among
X1, ..., X, of length k form a basis of C,,(k). From this, we have

ranky(€,(0) = 7 ¥, p(d)ns
dlk

where ¢ : N — N is the Euler function, and d runs over all positive divisors of
k.

For any k > 1, set Try := wXo®* : H*®,L,(k + 1) - €, (k). We call Try
the trace map of degree k. This is a generalization of the Morita trace defined
by Morita [26], which is obtained by Tr; by composing the natural projection



652 NAOYA ENOMOTO AND TAKAO SATOH

C,(k) = S*H. By combining independent results by Satoh [31, 32] and Darné
[7], for any k > 2 and n > k + 2, the sequence

Tk Trk
0 — grk(A,) — H*'®zL,(k +1) — C, (k) = 0
is a GL(n, Z)-equivariant exact sequence. We remark that over Q, the corre-

sponding exact sequence was obtained by independent works by Satoh [31, 32]
and Massuyeau-Sakasai [23]. In particular, we have

Im(7;) = Ker(Try) (8)
forn > k + 2.

5. McCool groups and pure braid groups

Here we consider subgroups of the loop braid group LB,,. The intersection

LB, N1IA, is
{o € AutF, | x7 =cixic;' (¢ € Fy)},
and called the basis-conjugating automorphisms of F,, denoted by PX,. Mc-
Cool [24] obtained a finite presentation of PX,. Thus PX, is also called the
McCool group. For any 1 <i # j < n, let K;; be the basis-conjugating auto-
morphism of F,, defined by
x:lxx; t=i,
x, s 17 T

X; t#I.
McCool obtained the following finite presentation of PZ,.

Theorem 5.1 (McCool [24]). Thegroup P, isgenerated by K;;for1 <i# j<n
subject to relations:

(P1): [K;j, Ki;] =1 for (i, j) < (k, j),

(P2): [K;j, Kigl = 1 for (i, j) < (k, D),

(P3): [Kik, K;jKyj]l =1

where in each relation, the indices i, j, k, | are distinct.

Let p : AutF,, - GL(n,Z) be the natural homomorphism induced from the
abelianization of F,,. The image of the restriction of p to LB, is the symmetric
group ©,, of degree n. Here we consider &,, as a subgroup of GL(n, Z), consist-
ing of all permutations on the basis of H. Thus we have the group extension

1-P5, > LB, > &, - 1.

Foreachk > 1,setPX, (k) := A,(k)NPZ,, and gr*(PZ,) := P%, (k)/PZ,(k+1).
The k-th Johnson homomorphism of LB, is denoted by 7% : gr*(PZ,) —
H* ®z £,(k + 1). In Proposition 3.5 in [33], we showed that for each k > 2,
the image of TiB is contained in p, (k). From this viewpoint, in this paper we
consider 7;% : gr*(PL,) — p,(k). Each of 7;” is &,-equivariant, and the
cokernel of T]];B , denoted by Coker(riB), always means the quotient module

p,(k)/Im(;"). In Enomoto-Satoh [12], we studied Coker(z;*) by using the
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trace maps. At the present stage, the range of k where Coker(rﬁB ) is completely
determined foranyn > 3is1 <k <4.

Let TriB : p(k) = C€,(k) be the restriction of the trace map Tr, : H* @y
L,(k+1) - €,(k)to p,(k). In Proposition 3.7 in [ 33], we showed that (x’f, . x’,ﬁ)n
Im(Tr,LCB ) = {0} for any k > 2. Here (x’l‘, ,x’,f) denotes the Z-linear span of

x’l‘, ,x,’j in €, (k). Set En(k) = Gn(k)/(x’f, ,xﬁ). By compositing TriB and

_ —LB
the natural projection €,(k) — C,(k), we obtain the map Tr, : p,(k) —
B LB

En(k). We also call Tr, the trace map. We remark that Tr, is not surjective
in general. For example, it is the case for k = 4. In fact, xizsz. and x;x;x;x; for

_LB
1 <i < j £ nform a basis of Coker(Tr, ) as a Z-module. (For details, see
Lemma 7.7 in [12].)

Next, we consider the plane braid group of n strands. Let B,, be the mapping
class group of n points punctured disk D?\ {p, ..., p,}. Namely, B,, is the group
of isotopy classes of orientation preserving homeomorphisms of D?\{py, ..., p,,}
which fix dD? pointwise. By a classical work of Artin [4], it is known that B,, is
isomorphic to the plane braid group of n strands, and B,, can be embedded into
AutF,. He [4] also gave the image of the embedding by

{o € AutF, | x7 = cix )¢t (¢ € Fpy U E @), (XX X,)7 = X1Xp -+ X},

Let 0y,...,0,_1 be Artin’s generators of B,,. As an automorphism of AutF,,, o;
is defined by

-1 s
Xi Xit1Xi t=1,

X = 1X; t=i+1,
x; t#0,0+ 1.

The intersection B,, N IA,, is called the pure braid group of n-strands, and is
denoted by P,,. We have

P, ={o € AutF, | x7 = ¢;xic;" (¢; € F), (X1X -+ X)7 = X1X; -+ X}
as a subgroup of AutF,,. Forany 1 <i < j < n, set

— . . e . 2 _1 e _1 _1
Ajj i=0j10j 3 01410;0, 4 0,05, € p,.

Then Artin [4] showed that P, is generated by A; j forall1 < i < j < n,
and also obtained a finite presentation of P,, with respect to these generators.
(See also Lemma 1.8.2 in [5].) The image of the restriction of p to B, is also
the symmetric group ©,, in GL(n,Z) as mentioned above. Thus we have the
following commutative diagram whose three rows are group extensions, and
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whose all vertical maps are inclusion maps.

1 —— IA, — AutF, —— GL(n,Z) — 1

T T T

plsp,
1— Py, —> BP, —s ©, —>1

ela,
1—— P, — B, — &, —1

For each k > 1, set B,(k) := A,(k) n B,, and gr*(B,) := B,(k)/B,(k + 1).
Darné [8] showed that the filtration B,,(1) O B,(2) D --- coincides with the
lower central series of the pure braid group P,.. Hence from formulae obtained
by Kohno [22] and Falk-Randell [13] independently, we can calculate the rank
of each of the graded quotients gr*(B,,). For example, we have the following.

k 1|2 3 4
rankg(gr*(8,)) | () | (3 [ 207 [ 222

The k-th Johnson homomorphism of B, is denoted by Tf . grf(B,) — H* ®
L,(k+1).

Lemma 5.2. Foreach k > 2, the image of Tf is contained in b, (k).

Proof. Foranyo € B,,and any 1 <i < n, setx; := a;x;x; for some q; € F,.
Set C; 1= x;'x7 :=[x;",a; "] forany 1 < i < n. From (x; -+ X,)° = X1 -+ Xp,
we have (x;C; --- x,C,,) = X1 - X,,.
If o € B,(k), we have C; € T',(k + 1) for any 1 < i < n. Thus we see
X x,C, - C,=x,C; - x,Cp, = X1 -+ X, (mod T, (k + 2)),

and hence C; ---C,, = 1 (mod T, (k + 2)). From this, we obtain the required
result. O

From this viewpoint, in this paper we consider rf : grk(B,) = b,(k). Each
of Tf is ©,-equivariant, and the cokernel of T]lf, denoted by Coker(ff ), always
means the quotient module b,,(k)/ Im(rl’f). Let Tr,lie : b, (k) —» €,(k) be the

— B —_
restriction of Tri” : p,(k) = €,(k) to b,(k), and Tr, : b,(k) — C,(k) the

composition of Trf and the natural projection €,(k) - €,(k). We emphasize
the following open problem.

LB _B
Problem 5.3. Determine Im(Tr, ) for any k > 5, and Im(Try,) forany k > 1.
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6. Basis of b, (k) for degrees k < 4

Note that the rank of b,,(k) is given in (6). In this section, we will show the
following decompositions of b, (k) for any n > 2 and k < 4 through (7);

b,(1) = &, - b,(1,(1%),

b,(2) = &, - b,(2,(1%)),

b,(3) = &, - (b,(3,(2%) B 5,(3,(2,1%)) ® b,(3, ")),

b,(4) =&, - (6,(4,(3,1) @ b,(4,(2%, 1)) ® b, (4,(2,1%)) ® b,(4,(1%))).

Moreover, in order to investigate the abelianization of b,,, we give an explicit
basis of each components. In this section, we will use the following special
deriveations;

[x], Xi] +x7 ® [x;, ;] € by(1),
® [x¢, xi, x;] — x. ® [x¢, xi, ;] + x; ® [x, x;, x¢] € by(2),
[x]7xl’ ]’xl] + x ® [xU Xjs X j] € b,(3),
b(i, j,1, p) :=x] ® [x}, X}, xp, X;] + xj ® [x p,xl,xl,xj] — X ® [xp, x;, X, x;]
+ x; ® [xj’xlsxi’xp] € Bn(3),
b(i, j,1, p,q) :=x5 ® [x;, X}, X1, X, Xq] — X5 @ [x;, x;, X}, Xg, Xp ]
- x;f ® [xp’ xqa Xl, xi’ x]] + x;k ® [xpa xq: xl’ xj’ xi]
- xl* ® [xi7 xj7 [xp7 xq]v xl] € Bn(4)-
We remark that Alekseev and Torossian [1] gave a connection between triva-
lent trees and derivations of free Lie algebras, and that Severa-Willwacher [35]
described b,, as a space of undirected internally trivalent trees modulo the IHX
relations. (See Lemma 4 in [35].) We also refer a brief description of this given
in Appendix A in [14] by Felder. From this point of view, the above five ele-

ments are described by the following internal trivalent trees, respectively. (The
third element is a half of the element corresponding to the third tree.)

*
l
*
l

6.1. The cases of k = 1 and 2. For k = 1, the compositions of k + 1 = 2 are
a = (2) and (12). It suffices to consider the case for (1?) since b, (k, (2)) = {0}.
By using (5), we can see

Ba(L, (12)) = (x} ® 33,311 + X} ® [, ]) = Z

For k = 2, consider compositions a := (2,1) and (1) of 3. Since p,(2,(2,1)) =
(x] ® [x2, X1, %1]) = Z, we see b,,(2,(2,1)) = {0}. For n > 3, we have

P,(2, (1) = (x] ® [x3, %2, %11, X5 ® [x3, %1, %5, X5 ® [x5, %1, x3]) = Z°.
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Take any element f = axf@[x3,x2,x1]+bx§®[x3,xl,x2]+cx;‘®[x2,xl,x3] IS
b,(2,(1%)). By using the Jacobi identity, we have
0= a[x?an’xl] + b[X3,x1,X2] + c[x25x17x3]
= (a + b)[x3, x1, X1 + (¢ — @)[x3, X1, X;3] € L,(3).

Since [x3, X1, X,] and [x,, X;, x3] are basic commutators of weight three, they
are linearly independent in £,(3), and hence a + b = ¢ — a = 0. This shows

b,(2, (1)) = (X} ® [x3, %2, X1] = X5 ® [x3, X1, %] + X5 @ [x3, %1, X3]) = Z.

)

6.2. The case of k = 3. For k = 3, consider compositions a = (3,1), (22),
(2,1%) and (1*) of 4. Since p,(3,(3,1)) = (X} ® [x2, X1, X1, %1]) = Z, we see
b,(3,(3,1)) = {0}. Since

Pa(3,(2%) = (X} ® [x2, X1, X2, %11, X5 ® [X1, %2, %1, X,]) = Z2,
Wwe can see

b,(3,(2%) = (X} ® [x2, X1, X2, X1 ] + X5 ® [X1, X0, X1, X,]) = Z
since

[X2, X1, X2, X1 ] + [x1, X2, X1, X5] = [X2, X1, [ X5, x1]] = 0 € £,,(4)
by the Jacobi identity.

Assume n > 3. For a = (2,12), we see that p,(3, (2,1?)) is generated by
X7 ®[ X2, X1, X3, X1 ], X7 @[ X3, X1, X3, X1 |, X5 ® [ x3, X1, X1, X5 ], X5 ® [x3, X1, X1, X3].
By using the Jacobi identity, we see

xT®[x27xlax3’xl] + xf ® [x3,x17x27x1] - x; ® [x3’x1,x17x2]
— X5 ® [x2, %1, %1, x3] € ,(3,(2,1%))

since
[X2,X1,X3,xl] + [x3’xl7x29xl] - [x?a’xl’xl’xZ] - [x27xl’xl’x3]

= [x2, X1, [X3, X1 ] + [x3, X1, [%2, X1 ]] = 0.

From this observation, we can see b,(3,(2,1%)) = (b(1,1,2,3)) =~ Z since
[x3, X1, X2, X711, [X3, X1, X1, X, ] and [x,, X1, X1, X3] are linearly independent in £, (4).
Forany1 <1, j,l, p < n, observe

[xlsxjs xpsxi] + [xpaxi’xlsxj] - [xpaxi’xj’xl] - [xlsxia xjaxp] + [xj’xisxlaxp]

= [xl’xj’xp’xi] + [xp’xb [xl’ xj]] - [xla Xj> Xi, xp]
= ['xl,xj’ [xp’xi]] + [xp9xi7 [xlixj]] =0.
Assume n > 4. For a = (1%), we see that p,(3, (1*)) is generated by
X7 ® [x4, %, X3, X1], X7 @ [x3, X2, X4, X1], X5 & [x4, X1, X3, X2 ], X5 @ [X3, X1, X4, X5],

x5 @ [Xq, X1, X3, X3], X5 @ [X2, %1, X4, X3], X @ [x3, X1, X2, X4, X, @ [X2, X1, X3, X4]-
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We can see b,,(3,(1*)) = (b(1, 2, 3,4), b(1, 2,4, 3)) = Z2, since the commutators
appearing in the above except for [x3, x5, X4, X; | and [xy4, X,, X3, X1 | are linearly
independent in £,(4).

6.3. The case of k = 4. For k = 4, consider compositions « = (4,1), (3,2),
(39 12), (22’ 1)a (2a 13) and (15) Ofs Since pn(4s (4a ]-)) = <x;<®[x2’ xl’ xls xls x1]> =
Z,we see b,(4,(4,1)) = {0}. For a = (3,2), we have
p}’l(4’ (35 2)) = <x;< ® [x27 xl: xl: x27 xl]’ x; ® [x27 x17 xl: xl’ x2]> = Zz'
Since
[x2, X1, X1, X5, X1] = [x2, X1, X1, [X2, X1 ]] + [, X1, X1, X2, X1],

and since [x,, Xy, X1, [x2, X1 ]], [x2, X1, X1, X5, X1 ] and [x;, X1, X1, X1, X, ] are basic
commutators, we can see b, (4, (3,2)) = {0}.
For any 1 <1, j,l, p,q < n, observe

[xis xjsxlaxpsxq] - [xia xjaxl’ xqsxp] - [xpa xqaxl’xisxj] + [xpa xq’xl’ xjaxi]
— [xis xj, Xp, Xgo X1 + [x35 X5 X g5 X5 X1 ]
=[xi7xj’xl’ [xp’xq]] - [xp’xqaxl’ [Xi,Xj]] - [xi5xj5 [xpaxq]’xl]
=0 € £,(5).

It is easily seen that

b, j,l, p,q) = =b(j,i,1, p,q) = —=b(i, j,1,q, p),
and
b(i,j,L p,q) = b(p,q.l, j, ). (10)

Assume n > 3. For a = (3,12), we see that p, (4, (3,12)) is generated by

xik ® [x3,x1,x1,x2,x1],x’1k ® [x2’x1’x1’x3’x1]sxr ® [x3, x1, [x2, %11, %11,

x5 ® [x3, X1, X1, X1, %3], X5 @ [x2, X1, X1, X1, X3]-
Consider an element
b(2,1,1,1,3) = x5 ® [x3, X1, X1, X1, X3] — X7 ® [x, X1, X1, X3, X1]

=X} ® [x1, X3, %1, X3, %1] + x5 ® [x1, X3, X1, X1, X2] — X7 ® [x3, X1, [x1, X3], %1]

in b,(4,(3,12)). By an argument similar to as above, we can see b, (4, (3,12)) =
(b(2,1,1,1,3)) ~ Z. We remark that b(3,1,1,1,2) = —b(2,1,1, 1, 3).

For a = (22,1), we see that p,(4,(22,1)) is generated by

xik ® [xz,xl,xz,x3,x1],x’1k ® [x3,x1,x2,x2,x1],x;‘ ® [x3, x5, [x2, %11, %11,

x5 ® [x3, X1, X1, X3, X, X5 ® [x3, X1, X1, X3, %3], X5 @ [X3, X1, [X2, X1 ], X5 ],

x5 ® [x3, X1, X1, X3, X3]-
Consider an element
b(2,1,1,2,3) = x5 ® [x, X1, X1, X3, X3] — x5 ® [x2, X1, X1, X3, X5]

=X} ® [x2, X3, %1, X2, X1 | + X5 @ [X2, X3, %1, X1, X5 ] = x] @ [x2, %1, [%2, X3], X1]
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in b,(4,(2%,1)). By an argument similar to as above, we can see
b,(4,(2%,1)) = (b(2,1,1,2,3)) = Z

We remark that an easy calculation shows that b(1,2,2,1,3) = —b(2,1, 1, 2, 3).
Assume n > 4. For a = (2,13), we see that p,(4, (2,1%)) is generated by

® [x4, X1, X3, X3, X1 ], XT @ [x3, X1, X2, Xg, X1 ], X7 @ [X2, X1, X3, X4, X1 ],

® [x4, X1, [x3, %], X1 ], XT ® [X4, X3, [x2, X1 ], X1 ], %7 ® [x4, X5, [X3, %11, %11,
® [x4, xlsxlsx3’x2]’x§ ® [x3,x1,x1,x4,x2],x; ® [x4, X1, [x3, X1 ], %51,

® [x4, X1, X1, X2, X3], X5 ® [x, X1, X1, X4, X3], X5 ® [x4, X1, [x2, X1 ], X3],
®l I, [

%k
x37x17x1’x2’x4 X ® x27x17x17x3’x4]’x4®[x37x17[x2’x1]’x4]'

Consider linearly independent elements

b(1,2,1,3,4) = —x} ® [X3, X1, X1, X3, X4] + X,
b(l, 3a 1’ 2a 4) = _x:; ® [x3ax1ax19x21x4] + Y’
b(3,1,4,2,1) = —x; ® [x3, X1, [X2, X1 ], X4] + Z

in b,(4,(2,13)), where X,Y, Z mean linear combinations of elements type of
x;‘, ® [C,x,] for 1 < p < 3. By a direct calculation, we can see that

[X45 X1, X2, X3, X1 1, [X3, X1, X2, X4, X1 ], [X2, X1, X3, X4 X1 ],
[x4, x1, [x3, X5 ], 1], [ x4, X3, [X2, %11, %11, [X4, X2, [23, X1 ], x4 ],
[X45 X1, X1, X3, X2], [X3, X1, X1, X4, X2 ], [X4, X1, [ X3, X1 ], X5,
[X45 X1, X1, X, X3], [ X2, X1, X1, X4, X3], [X4, X1, [X2, X1 ], %3],
[ [

X3, X1, X1, Xp, Xg], [ X2, X1, 21, X3, X4, [ X3, X1, [ X2, X1 ], x4]
are linearly independent in £,,(5), and hence
b,(4,(2, 13)) =(b(1,2,1,3,4),b(1,3,1,2,4),b(3,1,4,2,1)) = Z3.

We remark that b(1,4,1,2,3) = b(1,2,1,3,4) — b(1,3,1,2,4) — 2b(3,1,4,2,1).
Hence,

by(4,(2,1%) = (b(1,2,1,3,4),b(1,3,1,2,4),b(1,4,1,2,3))q = Q*.

Assume n > 5. Consider the case of @« = (1°). Foreach1 < i < 5, let
1<i; <i, <i3<iy <5betheintegerssuch that{l,2,3,4, 5}\{i} = {i;, 5, i3, i4}.
Then p,, (4, (1°)) is generated by

X ® [xi,, Xi» Xiys Xiys Xi 1 X @ [ X35 X5 Xy, X, Xi ], X @ [xi,, X, X5 Xiy 5 X4,

xi ® [xi4’xi3’ [xizaxil]’xi]ax;k ® [xi4’xi2’ [xi3’xi1]’xi]’xi ® [xi4’xi1! [xiz’xi3]7xi]

(11)
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forall1 < i < 5and p,(4,(1°)) = Z°. Consider six linearly independent
elements

b(4,1,2,3,5) = xi ® [x4, X1, X3, X3, X5] + X7,

b(4,3,5,2,1) = —xz ® [ X4, X3, [ X2, X1], X5] + X,

b(3,1,2,4,5) = xI ® [x3, X1, X, X4, X5] + X3,

b(4,2,5,3,1) = —xz @ [X4, X2, [X3, X1 ], X5] + X4,

b(2,1,3,4,5) = x: ® [x3, X1, X3, X4, X5] + X5,

b(4,1,5,3,2) = —xI ® [x4, X1, [X3, X5], X5] + X,
in b,(5,(1°)), where X,,, for each 1 < m < 6 means a linear combination of
elements type of x, ® [C, x,] for 1 < p < 4. Then by a computer calculation,
we can see that elements in (11) except for the elements for i = 5 are linearly

independent. (We can also check it by a brute force hand calculation by using
basic commutators of weight 5.) Thus b,(4, (1°)) = Z°.

7. Trace maps on b, (k) and the Johnson cokernels

In this section, for k < 4 we describe the cokernels Coker(rf )=b,(k)/ Im(ff )
by using trace maps on b, (k).

First we consider the case where k = 1 and 2. In these cases, the Johnson
images are completely determined by Darné [9]. So we briefly describe the facts
along the lines of our arguments. For k = 1, by using the Artin generators A,
of the pure braid group P,, = B,,(1), we see that

(A1) = xF @ [x), x;] + X5 ® [x;,x;]
forany 1 < i < j < n. Hence from the result in Subsection 6.1, we obtain
Im(rf) =&, -b,(1,(1%)) = b,(1). By using Artin’s finite presentation of P,,, we
see that the abelianization of P,, is a free abelian group of rank (;l) with freely

generated by the coset classes of the Artin generators. Thus, we also see that Tf
gives the abelianization of P,,. Similarly, for k = 2, we have

Tg([AljiAll]) = x;k ® [xjaxl’xi] + x;k ® [xl’xi’xj] + xl>< ® [xi9xj’xl]

forany 1 < i, j,l < nsuchthati < j,l. Hence from the result in Section 6.1,
we obtain Im(7%) = &, - b,(2,(1%)) = b,(2).

For k > 3, in order to study Coker(ff), we consider Morita’s trace maps.
For any k > 1, let SKH be the symmetric tensor product of H of degree k. The
composition of Try, : H* ®z £,(k + 1) —» €,(k) and the natural projection
C,(k) — S¥H is called the Morita trace map, and denoted by MT, : H* ®
£,(k+1) = SKH. The restriction of MT, to b,,(k) is denoted by MTE 1 b, (k) >
SkH. We show that the image of MTE is non-trivial for any odd k > 1. For any

. ; . k
1<iy, . i Sn,sete ;5 =X X, X, €S H. Then

{eil,iz ..... iy ESkHllSllSSlkSn}
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forms a basis of S¥H as a free abelian group. With respect to the map ®* dis-
cussed in Section 4, from Lemma 3.1 in [31], we have the following.

Lemma7.1. Foranyl <i,ij, ..., <A,

q)k(x;k®[xil, xi29 eeey xi,”l])
k+1

= 5“1 xiz R Q xik+1 - Z 5i,il [xl'l, ,xil_]] (0%4] xil+1 R R x;
=2

lev1”

In particular, we have

MTy(x] & [xi, i, X, 1) = € 5, i, -

For any k > 3, let 8 be the setof e; ;, ; € SKH such that1 < iy < -+ <

i, < n and there are at least three distinct indices among iy, ..., ii.
Proposition 7.2. Forany n > 3 and any odd k > 3, we have 28, C Im(MTf ).

Proof. For any indeces 1 < j,ij,i,,...,ix_; < nsuch that j,i;, i, are distinct,
consider

[ es g [0 X 114 [, 5, X5, X, 11 =0 € £, (k + 1),
and
X5 @ [y Xy ooy Xy X Xgy ] = X7 @[30 Xy s Xy X X ]
SN J EJRECR ECRRE N
+ ..
D @ [, 5 03,00,
+ (—l)k—3x;‘2 ® [X, Xi 5 X5 wen s Xiy> Xiy 5 X, )
+ (=12 @ [, Xi,, Xy e X X1y X, ]

in b, (k). The image of the above element by MTﬁ is2ej; ; ., sincek isodd.
This shows the proposition. (|

We continue to investigate the image of the Morita trace for a general odd
degree k > 3. Set

T,’( =€ iy T €ty |1 S h o las sy S0, 1F )
Proposition 7.3. Foranyn > 3 and k > 3, we have J° ,’{ C Im(MTE).

Proof. For anyindices1 <1, j,is, ..., ix_; < nsuchthati # j, consider a Jacobi
identity

[x;, x:, x;

s Xigs oee o X

D) xi,xj'] + [xl',xj‘, [xi,.x]',xl‘s, ,xik_l]]

+ [Xj, [xl',x]',xig,... ,xik_l],xi] =0e an(k + 1)
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Since
[xi5 xj;[xl'a xj7 xi37 eesy xik_l]]
k-3
= Z (—l)l_l [xl', Xj, xik_l 5 eeey xik_m , [xi, Xj, xi3 5 eeey xik_l_l], xik_l],
I=1

we see
Ed
xj®[xi,xj,xi3, s Xy X5 X

k-3
I-1,.%
+ Z (_1) xik—l ® [xi’ xj1 xik—l 9 eee sy xik—l+1 5 [xia xj’ xi3a eeey xik_l_1]1 xik_l]
=1

+ x;k ® [xj', [xi,xj',xis, ,xik_l],x,-]

(12)

in b, (k). The image of the above element by MTE is—(e;;. Jrissenix_ €, j’i)iS’"wik—l)'
This shows the proposition.

In the notation e; ; ;,ifi; = -~ =i =iandiy, = - =i = jfor some
1 < I < k then we write it like e; ji—1. Set

Tk Z={ei1,]~k—1 + €1 ji-i-1 [1<i<j<n, 1<I<k-2} C.T;{.
Since 28 and 7, are linearly independent in S*H for odd k > 3, we have

n+k—1)_ n(n+1)
k 2

In order to show the equality holds in the above equation, we show the follow-
ing.

rankz(lm(MTE ) > (

Proposition 7.4. Letn > 3 and k > 3 be integers. Forany1 <i < j < nand
any a € Z \ {0}, we have ae; ji1 & Im(MTf).

Proof. For some 1 < i < j < nand some a € Z \ {0}, assume ae; ji-1 €
Im(MTﬁ) and MTE(X ) = ae; j—1 for X € b, (k) C p,(k). Since elements x;, ®
[xi,» Xi,5 - » Xi» Xp] fOr 1 < p, iy, ..., i < n generate p,(k), and since

MTy(x} ® [Xi,5 Xiy5 -5 X5 Xp1) = (8p iy — Opi, )iy iy,

from Lemma 7.1, we may assume that X is a linear combination of elements
x; ® [xi,Xi,, > X, Xp] such that iy, ..., i is eqaul to one i and k — 1 times

js,and p = i or j. Namely, since i; and i, should be different, X is a linear
combination of k elements

xl* ® [xi5xj7 e 9xj’xi]7x;< ® [xi’xj’ oo 7xj],
x;f ® [Xi X5 e s X, Xi5 X5 oo ,x;.‘ ® [Xi, X5 Xis X, oov s X .

On the other hand, by reducing X with the element (12) of b, (k) in Proposition
7.3, we may assume X is a linear combination of k — 1 elements

% % *
X ® [xi> X, ... ,xj],xj ® [xi,xj,...,xj,xi,xj],...,xj ® [Xi, X, Xi5 X5 ove s Xj ]
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Recall X € b,(k), and consider when a linear combination of
[xi, xJ', ey Xj], [xi, Xj, ey xj', Xi, xj'], ey [xi, Xj, Xi, xJ', ey x]]

is equal to zero in £,,(k +1). Since [x;, X}, ..., x;] is the only element among the
above whose components have one x; and k — 1 x;s, by considering the Hall

basis of £, (k + 1), we see that the coefficient of [x;, x s X j] in such a linear

combination is equal to zero. Hence X is a linear combination of
x;f ® [x, xj, ... ,xj,xl-,xj], ,x;.‘ ® [xi,xj,xi,xj, ...,xj].

This is a contradiction to MTL,E X) = ae, ji1. O

From Proposition 7.4, we see that the intersection of Im(MTi3 ) and the Z-
submodule of S*H generated by

fex|[1<i<niuiep|1<i<j<n}
is trivial. Thus we obtain the following.
Theorem 7.5. For any n > 3 and any odd k > 3, we have
n+k—1)_ nn+1)
k 2

For k = 3, we show that the equality holds. More precisely, we show the
following.

rankz(Im(MT%)) = (

Proposition 7.6. Forany n > 3,

rf MT?
0 — gr3(B,) — 6,(3) —> Im(MT5) — 0
is an ©,-equivariant exact sequence.

Proof. First we determine the image Im(MTf) of the Morita trace. By Propo-
sition 7.2, we see that MT?(@,L - 5,(3,(2,1%)) = 2(8;) = e l1<i<j<

I[<n)z Z(:). Moreover, we can easily see
MTE(@, - b,(3,(2) = (e + ;11 < i< j<n)=2z0),
and MT%(&,, - b,(3,(14))) = {0}. Hence we have

B (n+1)
Im(MT}) = MT5(S,, - (b,(3,(2,12) ® b,(3, @) = Z* s /.

Next, we show Im(‘t’33 )= Ker(MTf ). If this equation is shown, we obtain the
required exact sequence since Im(MTgg ) is a free abelian group,. It suffices to
show Im(z5) > Ker(MT%) since Im(7?) C Ker(MT%). Since

Im(MT3) = MT5(&, - b,(3,(2%)) @ MT5(S,, - b,(3, (2, 1),
we see
Ker(MTE) = ((@n b,(3,2)) N Ker(MTf)) @ ((@n - b,(3,(2,12)) N Ker(MTf))
&) @n : bn(3, (14))-
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From a straightforward calculation, we see
7133([141,4, [A;13,A1,]]) = b(1,2,3,4), Tf([Am, [A14,A1,]]) = b(1,2,4,3),

and hence &, - b,(3,(1*)) € Im(z%). Notice that &, - b,(3, (2%)) is generated by
—x; ® [x;, xj, xj, x;] + x;.‘ ® [x;, xj,xj, x;] forall 1 < j <i < nasaZ-module.

It turns out that (&, - b,(3, (22)) N Ker(MT3) is trivial from
MT];(—XI-* ® [xi, xj, xj, x;] + x}k ® [xi, xj, x5, x;]) = —(e;;; + e ;)

forany 1 < j < i < n. Notice that &, - b,(3,(2,1?)) is generated by b(i, i, j, )
for all distinct 1 < i, j,I < n as a Z-module. From the observation

b(la ia la J) = _b(l’ i’j’ l)),
Tf([Ai,j’ [Ai,jﬁAi,l]]) = b(la i’ ja l) + b(]’ j’ i’ l)

for any distinct i, j and [, we see that any element X of &,, - b,,(3, (2, 12)) can be
written as

X= ), a;;;b(i,i,j,1) (mod Im(zE))

i<j<l
forsomeq; ;; € Z. IfX € Ker(MTf), thenwesee X = 0 (mod Im(ff)) by using
MTf (b(i,i, j,1)) = —2e; j . Therefore we obtain Im(rf) D Ker(MT’é3 ). O
For k = 4, we consider another trace maps. For any k > 1, let
.()bk . H*®ZH®(k+1) N H®k

be the contraction map with respect to the first and the third components, de-
fined by

x;k ® le Q- ® xjk+1 = x;k(sz) ) le ®xj3 Q@ ® xjk+1’
and set ¥ : = ¢pko(idy: ® yq) 1 H* ®@zL,(k + 1) — HOK,
Lemma 7.7. Forany 1 <i,iy,...,ig. <A,

K (%
W (xl' ® [xil’ xi27 ey xik+1])
= O Xy, ® Xy, ® - ® X,
k+1

- 12 X, ® (814, ® %y, ® %, ® - ® X,
=2

U1

-1
- Z 5i,im [xil’ o xim—l] ® xim+1 Q- ® xil—l ® xil+1 Q- Q xik+1)'
m=2
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Proof. Since

K (%
W (xi ® [xil’xiz’ ’xik+1])
=01, Xi, ® Xiy @ - ® Xy,
k+1

=D x, @O @ [y, u Xy ] ® X
1=2

® - Q®x, )

i1 Te+1

we obtain the required result by Lemma 7.1. O

Set
Trpp k-2 1= (idy @ frx-1))o®* 1 H*®zL,(k +1) > HQz A"V H,  (13)
where fr  H ®k — AKH is the natural projection defined by
Jug(i, @ -+ @ x;,) = Xj A-+s AX;,.
Let I be the GL(n, Z)-submodule of H®, A*~! H defined by
I '=(x®@ZzZ1 A AZx 2 AYV+YQRZI A AZra AX | X,¥,2; € H).

We see rank;] = (k — 1)(";’1). In our previous paper [31], we showed that

Im(7y) C Ker(Trp,14-17) and Im (Trg 1k—1]) = Igifk > 4isevenandn > k+1. By

using Theorem 9 in [10], we see that Ker(Try) C Ker(Tr, 1)) forn > k+2. By

k_
([22’1 %] @ /\kHQ, If k is even,

since I is contained in the kernel of the natural map Ho®; Ak Hqg — /\kHQ
defined by x @ y1 A-- AYg_1 = XAY1 A+ A1, We see that I is the GL(n, Q)
irreducible polynomial module associated to the Young diagram [2, 1¥2].

using Pieri’s formula, we have Hy®; Ak—1 Hqo =2 H

LetJ C I be the submodule of I generated by

W, Jy s bj2) =X @ X A AX , AXj X QX A AXG , A X

ik—2
for all distinct 1 < i, j, iy, ..., ix—p < n. Then we show the following.

Proposition 7.8. Forany k =0 (mod 4) and n > k, we have

k-2

22JC Im(Tr[z,Ik_z]lbn(k)).
Proof. For any distinct 1 < i, j, iy, ..., ix_p < 1, observe

[xi,» i %, [xiy5 X3, 15 s [5,_5 x5, 1 [, %]

+ [xj’ Xi, [xi17 xi27 xi’ [xi37 xi4]’ cee sy [xik_37 xik_z]]] =0 € Ln(k + 1)7
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and consider
Xt ® [xip, xi, X, [xi, X3, 15 -5 [0 X3, 1 x5 X4
= X7 ® x5 xi, X [xig, X3, 1o oo s Dy X3, 1 0 %]
+x, @ [xg i, [xi, 0 x5, x5, [, x5, 1 s Do 201 X500 %, ]

- x:c—S ® [xj’ xi9 [xi1 ) xi27 xi: [xi3’ xi4]’ ceey [xik—s’ xik_4]]7 xik_21 xik_3]

+ (—1)%636;: ® [xj, x;, [x5, > %3, 1 o [Xigs X, 1, X35 X3, X315 X5 3, ]
+ (—1)1%‘36: ® [xj, xi, [x5, x5, 1o [Xigs X, 1, [ X35 X3, X310 X3, %3,
+ (—1)1%4)@7k ® [xj, xi, [x5,_p> X3, 1 e [Xiy0 X3, 1, [x3,5 X3, 1, %]

+ (—1)1%2%-*2 ® [x, x;, [x5, > X3, 1 e [0 X3, 1 X35 X3, 3, ]

+ (—1)535{? ® [xj, xi, [x5 x5, 1o ey [0 X3, 1, X5, 3, 2,

in b, (k). By using Lemma 7.7, we can calculate the image of the above element
by Trp, 1x-2] as follows:
X (024 (2xi1 AN xiz) VANRERIVAN (le’k_3 AN xik_z) AN xj'
+ xj' ® (2xi1 A xiz) A A (2xik_3 A xik_z) A X;

k—4
+ (=1 2 Q@ x; ARx;_, Axy ) A A2X; A X))
k-4
+ (—1) 2 xj' ® (2xl~k_3 A xik_z) Ao A (2xi1 A xl'z) A X;
k=2
= sz(ly .]9 ila eeey ik—Z)
since k = 0 (mod 4). This shows the proposition. O

Proposition 7.9. Foranyn > 4,

Q
B
"212)

T T
0 — gri(B,) *2, 6%(4) Ip—0

is an ©,,-equivariant exact sequence.

k-2

Proof. By Proposition 7.8, we have that 237 C Im(Trp, 121 p, (a))- In addition
to this, we have

Trp2121(b(2,1,1,1,3)) = 4(x; @ X3 A X3 A X1),
and hence
Im(Tr[%JZ]leM)) =Jq® (X @ X; AX AX; |11, j,1 <n)g=Iq.
Thus we see
dimg(Im(e ) + dimQ(Im(Trg’lz] o) = dimg(b(4)),
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and obtain the required result. O

8. On the abelianization of b,

Here we consider the abelianization of the special derivation algebra b,, as
a Lie algebra. The purpose of this section is to detect non-trivial linearly inde-
pendent elements in H,(b,, Z) with the Morita traces and others.

8.1. Infinite generation of H,(b,,Z). In [27], Morita constructed a surjec-
tive Lie algebra homomorphism

0 :=id; ® PMT : Hy(Der*(£,),Z) » (H* @ A2H) & P Sk H
k>2 k>2
where id; is the identity map on the degree one part Der*(£,)(1) = H* ®z A2H
of Der*(£,), and the target is understood to be an abelian Lie algebra.
Since b, is a graded Lie algebra, its abelianization H,(b,, Z) naturally has
a graded Z-module structure. We denote the degree k part of H;(b,,Z) by

H,(b,,Z), for each k > 1. As a corollary to Theorem 7.5, by observing the
restriction of © to b,, we have the following.

Theorem 8.1. Forany n > 3 and odd k > 3, we have
n+k—1)_ nn+1)
k 2
In particular, H,(b,, Z) is not finitely generated as a Z-module.

rankg(Hi (6, Z2)i)  (

In Theorem 8.16, we will show that ©[, isnotinjective. Namely, the equality
in Theorem 8.1 does not hold in general.

Remark 8.2. Yusuke Kuno communicated to us the non-finite generation of
H,(b,,Z) can be obtained with Soulé elements defined by IThara [20] as follows.
In a series of his study of the absolute Galois group over Q, he considered a cer-
tain infinite sequence of solvable Galois extensions over Q and studied the graded
Lie algebra structure of the graded sum G := @, ., & consisting of the Galois
groups of the successive extensions of the sequence. In particular, he [20] con-
structed a sequence of elements 05,,,.1 € GV for each m > 1 and called them
Soulé elements. In Equation (15) in 2], for any m > 1 Alekseev and Torossian [2]

described the images of 05,41 by some Lie algebra homomorphismv : G — bg.

More precisely, in Proposition 4.5 in [2], they showed that MTSm 1 V(o2me1)) =

(X1 + xp)?mFL — 2+ — x2M*L - This shows that the non-finite generation of

H 1(BQ, Q) as a Lie algebra. Hence, by considering the natural map b, — BS, we
see the non-finite generation of H,(b,,Z) as a Lie algebra. Futhermore, for any
n > 3 and distinct 1 < i,j < n, by considering (Z) embeddings bg - b in-
duced by the correspondence x, — x; and x, — X; respectively, we can see that

dimQ(Im(MTgm D))= (’2‘) This shows that non-finite generation of H; (6%, Q),

and of H(b,, Z).
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8.2. The structure of H,(b,,Z), for k < 4. Here we consider the structure

of H,(b,, Z), for k < 4. Clearly, H,(b,,Z), = b,(1) = Z(z). In this subsection,
we show that H,(b,,, Z), for 2 < k < 3 and H,(b,, Q), are trivial except for the
components which can be detected by the Morita trace map.

For k = 2, since b,(2) = &, - b,(2,(1%)) is generated by Tf([Am,ALZ])
as an ©,-module from (9), we see H,(b,,Z), = 0. For k = 3, since gr(B,,) :=
&b k1 grk(B,,) is generated by the degree 1 part as a Lie algebra, it is immediately

n+l
follows from Theorem 7.6 that H,(b,,, Z); = Im(MTf) = z(, ).

For k = 4, we show that all generators b(i, j, 1, p,q) of b,(4) belong to
[b,(3),b,(1)]. Notice that Im(rf) C [b,(3),b,(1)], and for any distinct 1 <
i,j,l,p<n,

b(i, j,1, p) € Ker(MT}) = Im(z)

from Lemma 7.1.

Lemma 8.3. (1) For any distinct 1 < i, j,l,p,q < n, we have b(i, j,l, p,q) €
Im(ff).
(2) For any distinct 1 < i, j,1 < n, we have b(i, j, j,i,1) € [b,(3),5,(1)].

Proof. This lemma is obtained by straightforward calculations given by
b(i, .1, p,q) = [b(l,q, p, j). TV (Ap )],
b(l’ j’ j5 i’ l) = [xj ® [xl" xj’ Xi, x]] + x;k ® [xj9 xi’ xj’ xi]’ T?(Ai,l)]'
g

Let us consider b(i, j, j, j, 1), b(i, j, j, p, q) for any distinct 1 < i, j,I, p < n.

Lemma 8.4. Fordistinct1 <1, j,l < n, we have
(1) b(i, j, j,i,1) € [b,(3),b,(1)].

(2) b(l’ j’ j’ j’ l) - b(l’ j’ l’ l’ ]) € [bn(?’), bn(l)]
(3) b(i, j, j, j, D € [b,(3), b,(1)].

Proof. Parts (1) and (2) are follow from
b(i’j’j’ i’ l) = [xl* ® [xj’xiixj5xi] + x;k ® [xi5 Xj,xi, Xj], Tf(Ai,l)],
b(i, j, j, j,) = b, j, 1L, j) = [tP(A4;), b(j, j, i, D].

From (10), we see b(j,i,1,1, j) = b(i, 1,1, j,i) = —b(i, 1, 1,1, j). Thus by Parts (1)
and (2), we obtain Part (3). O

Lemma 8.5. For distinct1 <1i,j,1,p <n, b(i, j, j,p,q) € [b,(3),6,(1)].
Proof. This lemma follows from

b(i, j,j, p,q) = [b(j, j, i, ), 77 (Ap o)l
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In order to show b(i, j,l, p, j) € [b,(3),5,(1)], we observe some relations
among b(i, j,l, p,q)s. We use the equality = for the equality in b,(3) modulo
Im(rf).

Lemma 8.6. Fordistinct1 <1i,j,p,q < n,
(1) b(j,1,j, p,q) = b(i, j, i, p,q).

(2) b(i, j, p,q,j) = b(i, p,q, 1L, ).

(3) b(l,], b, i’ q) = _b(j1 i’ q’j’ p)

(4) b(i,j,p, q’J) = _b(i’p’j’ q,P)

Proof. By considering the &, -orbit, it suffices to show the lemma with special-
ized i, j, p,g. Recall the element b(1,2,3,4) € Im(rf). Then Part (1), (2) and
(3) is obtained from

b(3,2,3,4,1) — b(2,3,2,4,1) = [b(1,2,3,4), 75(4,3)],

b(3,1,2,4,1) — b(3,2,4,3,1) = [t5(4,3),b(1,2,3,4)],

b(4,3,2,4,1) + b(3,4,1,3,2) = [b(1,2,3,4), 75(A; ,)].
Part (4) is obtained from

®
b(3,4,1,2,4) = —b(4,3,1,2,4) = b(4,3,1,4,2) = —b(3,4,2,3,1)

©)
= —b(3,1,4,2,1).

This completes the proof of Lemma 8.6. O
Lemma 8.7. Fordistinct1 <1, j, p,q < n, we have
b(i, j.p,q,j) = b, p, j,q, p) = =b(p,q,i, j,q) = b(p,i,q, j, 1)
=b(j,q.i,p,q) = —b(j,i,q,p,i) = —=b(q, j, p,i,j) = b(q, p, j, i, p)
(14)
and
b, j.p,i,q) = -b(i,q, p,i, j) = —b(j,i,q,j, p) = b(j, p,q, j, 1)
= —-b(p, j,i,p,q) = b(p,q.1,p, j) = bq,i,j,q,p) = —b(q, p, j, q i()i :
5

Proof. We show Equation (14) since Equation (15) is obtained by a similar way.
The first equality b(i, j, p,q, j) = —b(i, p, j, q, p) is Part (4) of Lemma 8.6. We
have

. N N E) . QY .
b(i,j,p,q,j) = b(i,p,q,i,j) = —b(p,i,j,p,q) = —b(p,q,i,j,q)

@’ L,

= b(p,i,q, j,i).
Here (a)’ means Part (a) in Lemma 8.6. By considering the above argument for
b(i, p, j, g, p) instead of b(i, j, p, g, j), we obtain

/

o o @ . .
-b(i, p, j,q,p) = b(j,q,i,p,q) = —b(j,i,q, p,D).
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Similarly, by considering the above argument for b(p,i,q, j,i) instead of
b(i, j,p,q, j), we obtain
Lo O .
b(p.i,q,j,i) = =b(q. j, p.i,j) = b(q,p, .1, p).
Then we obtain all of the equalities. O
Lemma 8.8. Fordistinct1 <1, j, p,q < n, we have
b(i, j,1, p,q) + b(j, p,i,q, p) + b(i, p, j.q, P) = 0

Proof. By considering the &,,-orbit, it suffices to show the lemma with special-
ized i, j, p,q. Then we see

[7B(A14), T8([A1 2, [A12, A1 31ID] = B(2,3,2,1,4)+b(3,1,2,4,1)+b(2,1,3,4,1).

O
Lemma 8.9. Fordistinct1 <1, j,l, p < n, we have
2b(i, j,l, p, j) = b(p,1L,1,i,j)+ b, j, j, p, D).
Proof. By using Lemma 8.8 and (14), we obtain the required equation. O

From 8.8 and 8.9, we see 2b(i, j, I, p, j) € [0,(3),b,(1)] for n > 4. In particu-
lar, b(i, j, 1, p, j) € [53(3), 52(1)] forn > 4. By combining the above arguments,
we have the following.

Proposition 8.10. Foranyn > 4,

B2(4) = [63(3), BR(D)],  b3(4) = [65(3), b5(1)].
In other words, H,(b,,,Q), = 0, and H,(b,,, Z); = 0.
8.3. On H,(b,,Z)s. In this subsection we consider H,(b,, Z)s. Since b,(2) =

[b,(1),b,(1)] as mentioned in Subsection 8.2, we can see
[6,(3), 6,(2)] C [b,(4),5,(1)]

by the Jacobi identity. Hence we have H,(b,,Z)s = b,(5)/[b,(4),5,(1)]. The
purpose of this subsection is to show that there exist linearly independent ele-
ments in Ker(MT?) and not in [b,(4), b,,(1)].

Forany 1 <1i,j,l, p,q,r < n, observe
[xr,Xg> Xp, X5 X5 Xi ] =[5 X g5 Xy X05 X35 X ] = [, Xg5 X [ X5 X115 1]
= [xi, x5, X1, [xg5 X, 1 Xp ] = [, X, X1, Xy Xy Xg ] + [, X, X0, X, X g5 X ]
[xraxq’xpaxl’[x}sxz] [xraxqaxpa[xj’ ]xl]
— [x;, x xl,[

= [xr’xqa p9[ [xj’xl

’xp] [ ’xl’xp’ [xr’xq]]
]] + [xl’x]’xl [[xraxq]’xp]] =0,

X1,
1-
X
|
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and set
b(i, j, 1, p,q,r) :=x] ® [x;, Xg, Xp, X1, X, X;] — x;.k ® [x,, xg, Xp, X1, X;, X
= x; @ [x,xg, xp, [xj, X;], 1] = X, & [x1, %, X, [xg, X, ], X ]
—xg ® [xi, X}, Xp, Xp, Xp, Xg] + X7 @ [X;, X, X1, X, Xg, X, ] € by (5).
We remark that b(i, j, [, p, g, r) corresponds to an internal trivalent tree

r i

N /

O—O0O—O0—0

2 N BN
g p ¢ ]

Lemma 8.11. Forany1 <1i,j,l,p,q,r <n,
MT:(b(i, j, L, p,q,7))

= 2(5irexi,xj,xl,xp,xq - 5iqexj,xl,xp,xq,x, - 5j,rex,-,xj,xz,xp,xq + 5j’qexi9xl)xp’xq)xr)

Proof. This lemma follows from Lemma 7.1, by a straightforward calculation.
O

Forany1 <1, j,l, p < n, consider
n(i, j,1) :=b(, j,i,l, j,i)— b(, j,1,i, j,i) € b,(5,(2%)),
n(i, j,1,p) :=b(p, j, j,i,1,i) € b,(5,(2%,1%)).
From Lemma 8.11, we see that n(i, j, 1), n(i, j,l, p) € Ker(MT?). We show that

these elements are non-trivial and do not belong to [6,,(4), b, (1)]. First we show
that these elements are non-trivial.

Lemma 8.12. Forany1 <1i,j,l,p <n,n(,j,1),n@,j,1, p)#0 € b,(5).

Proof. First we consider n(i, j,1)s. By observing the &, -orbit, it suffices to
show the lemma with specialized i, j,l. So we show n(1,2,3) # 0 € b,(5).
Then we have

b(3,2,1,3,2,1) = xj ® [x1, X3, X3, X1, X3, X3] — X5 ® [X1, X3, X3, X1, X3, X;]
+ x7 ® [x1, X3, X3, [X3, %3], X1 ] — X5 ® [X3, X3, X1, [x3, X1 ], x3]
= X5 ® [x3, X3, X1, X3, X1, X2 ] + X] ® [x3, X2, X1, X3, X2, X1 ],
b(3,2,3,1,2,1) = xj ® [x1, X3, X1, X3, X3, X3] — X5 ® [X1, X3, X1, X3, X3, X;]
+ x5 @ [x1, X2, X1, [X3, %], X3] — XT & [X3, X3, X3, [X2, X1 ], %1]
— X5 ® [x3, X3, X3, X1, X1, X2 ] + X] ® [x3, X3, X3, X1, X3, X1 |-
By considering the isomorphism H ®z £,(k) = p,(k) given x; ® X — x' ®
[X, x;], we observe the part x3 ® [—, x3] in n(1, 2, 3). For example, by rewriting

[x1, X5, X3, X1, X,] as a linear combination of the basic commutators of weight
five, we have

[x1, X2, X3, X1, X2 ] = [X3, X1, X2, [X2, X1 1] = [ X2, X1, X2, [X3, X1 ]] — [ X2, X1, X1, [ X3, X, ]]

= [x2, X1, X1, X3, X3].
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Similarly, by rewriting

[x3’x25x1’[x25x1]]1 [xl’x25x15x3sx2]’ [xl’x2’x15[x3’x2]]

as a linear combination of the basic commutators of weight five. we can see
that x5 ® [x, X1, X5, [X3, X1], x3] appears only from x} ® [x;, X5, X3, X1, X5, X3],
and hence n(1,2,3) # 0 € b,(5).

Next we consider n(i, j,l, p). By a similar argument as above, it suffices to
show that n(1,2,3,4) # 0 € b,(5). By observing the term xj ® [—, x4] in
n(1,2,3,4), we can immediately see it. O

Now we show n(i, j,l) ¢ [b,(4),b,(1)]. By considering the &,,-orbit, it suf-
fices to show n(1,2,3) ¢ [b,(4),b,(1)]. In general, the standard inclusion
F; — F, defined by x; » x; for 1 < i < 3 induces an injective Lie algebra
homomorphism £; — £,. This injection also induces an injective Lie algebra
homomorphism p; — p,. Through this injection, we consider p; as a Lie sub-
algebra of p,,. Similarly, we consider b; as a Lie subalgebra of b,,. From this
viewpoint, we have b;(k) C b,(k) for each k > 1.

Lemma 8.13. Ifn(1,2,3) € [b,(4),5,(1)], thenn(1,2,3) € [b3(4),b5(1)].
Proof. In general, for any k > 1 the Lie bracket of xl?;1 ®[xi, s X, ] € Pulk)
and x;.‘z ® [xj,x;,] € p,(1) in p,(k + 1) is calculated as

*

[xik+1

[1%4) [xl'l, ey xik+1]’ x;jz ® [le’ sz]]
k+1

= Z 5im,jzx;;+1 ® [xil’ B [le’ sz]’ e xik+1]
m=1

* *
= i X, ® [Xips oo Xy o X, 1 =8, X5 @ [ [ s Xy, 1

Thus, any component in the commutators in £, (k+2) appearing the right hand
side of the above equation is in {x; , ..., X; , ,, X , X;, }. Moreover, any element in
{x; e Xip s Xy X jz} appears at least one in the components of the commuta-
tors in appearing the right hand side of the above equation.

On the other hand, if {ay, ..., ax,1} and {by, ..., by4q} for 1 < a,,,b,, < n are
different set with multiplicity, and [ay, ..., Qg41]s [D1, s Dry1] 0 € L,(k + 1),
then we can see that [ay, ..., ag,1] and [by, ..., by, ] are linearly independent in
L,(k + 1) by rewriting them as a linear combination of Hall’s basic commu-

tators. Hence, we see x;‘;kﬂ ® [ai, ..., ar41] and xl”)‘k ® [by, ..., bi41] are also
+1

linearly independent in p,,.

Therefore, by observing b,, C p,,, we see thatifn(1, 2, 3) € [b,(4),b,,(1)] then
n(1,2,3) € [b3(4), b3(1)]. a
Lemma 8.14. n(1,2,3) & [b;3(4), b5(1)].

Proof. Assume n(1,2,3) € [b5(4),b5(1)]. Since n(1,2,3) € &, - b5(5,(2%)),
there is the only one possibility that n(1, 2, 3) € [S5 - b5(4,(22,1)), b5(1)]. From
a result in Subsection 6.3, we have

S5 - b5(4,(2%,1)) = (b(2,1,1,2,3),b(3,1,1,3,2),b(3,2,2,3,1)),
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and b;(1) is generated by t5(A, ,), 75(A; 3) and 7P(A, ;). The Lie brackets of the
above generators of ©5-b5(4, (22, 1)) and b;(1) that have terms in &,, - b5(5, (2*))
are

Zl = [b(za 1: 1’ 2’ 3)7 Tf(Al,?))]’ Z2 = [b(27 1; 15 2: 3), Tf(AZ,:’))],

Z3 = [b(3’ 1’ 1’ 3’ 2)’ Tllg(Al,Z)]’ Z4 L= [b(3’ 1’ 1’ 3’ 2)’ Tf(AZJ)]’

ZS = [b(3’ 2’ 2, 3a l)s Tf(Al,Z)]s Z6 \= [b(3a 2: 2, 3: 1), Tf(Al,S)L
By using the formula (4), we can calculate the above elements, and see that
each of Z; has terms in @L' b5(5,(2%)) and ©,, - b5(5,(3,2,1)). Write the S, -
b5(5,(3,2,1)) partof Z; as Z;. Sincen(1,2,3) € [E3-b3(4, (22,2), b;(1)],n(1,2,3)
is written as a;Z; + -+ + agZ¢. Then we see a1Z; + -+ + agZ¢ = 0.

On the other hand, we have

Z_l =- xl* ® [x3, X1, X5, X1, X5, X1 | + x;‘ ® [x3, X1, X5, [X2, %11, %] = xf ® [x2, X1, X1, X3, X3, X4
+x ® [x2, X1, X1, [ X3, %], X, ] + x;‘ ® [x3, X1, X5, X1, X1, X, ] + x;‘ ® [x5, X1, X1, X5, X1, X3,
Z_z =-x® [x1, X5, X5, [ X3, X%, ], %, | = X ® [x3, X5, X1, X5, X5, X | + X Q [x3, X2, X1, X5, X1, X, ]
-X® [x3, X2, X1, [ X1, X,], X, + X Q [x1, X5, X5, X1, X3, X,] — X ® [x1, X35 X3, X1, X5, X3],
Z_3 =—-Xx® [X2, X1, X3, X1, X3, X1 | + X ® [, X1, X3, [X3, %1 ], 1] — X; ® [33, X1, X1, X3, X5, X1
+ X5 @ [x3, X1, X1, X3, X1, X5 ] + X5 ® [x3, X1, X3, [%5, X1 ], X3] + X5 ® [x5, X1, X3, X1, X1, X5],
Z_4 =- xl* ® [x1, X3, X3, [X%2, X351, %] + xf ® [x5, X3, X1, X3, X3, X1 | — x;‘ ® [x1, X3, X3, X1, X3, X;]
+x; ® [x2, X3, X1, X3, X1, X3] — x;‘ ® [x5, X3, %1, [X1, X351, x3] + x;‘ ® [x1, X3, X3, X1, X5, X3,
Z_s = X® [x3, X5, X5, X3, X5, X | — X Q [x1, X5, X3, X5, X3, X, ] + x5 Q® [x1, X, X3, [ X3, X, ], X, ]
-X® [x35 X2, X2, X3, X1, X5 ] + X Q® [x35 X3, X3, [ X1, X,], X5] + X ® [x15 X3, X3, X3, X5, X3 ],
Z_6 =-x ® [X3, X3, X3, X5, X3, X1 | — X Q [, X3, X3, [ X1, %3], X,] — X Q [x1, X3, X5, X3, X3, X5 ]
+ X5 ® [x1, X3, X2, X35 X3, X3] — X5 @ [x1, X3, X3, [X2, X315 X3] + X5 ® [X5, X3, X3, X5, X1, X3].

We remark that since Z, = —[b(1, 2, 2,1, 3), Tf(A2,3)] =—0g-Zforoc=(1,2) €
©,, wesee Z, = —0-Z,, Similarly we can calculate Z; forany 2 < i < 6 from Z,.
Observe the x; ® [—, x3] part in a,Z; + -+ + agZg = 0. An element type of X, ®
[C, x3] where C is a commutator of weight 5, and whose component consists
of three x;s and two x,s only appears in Z; as x5 ® [X3, X1, X1, X3, X1, X3]. This
means a; = 0. By the same argument, by observing elements type of x3 ®[C, x3]
where C is a commutator of weight 5, and whose component consists of two x;s
and three x,s, we obtain a, = 0. Similarly, by observing the x; ® [, x,] part,
we obtain a; = 0 and a4 = 0. Finally, by observing the x] ® [—, x;] part, we
obtain a; = 0 and a¢ = 0. This is a contradiction since n(1, 2, 3) is non-trivial
by Lemma 8.13. O

From Lemmas 8.13 and 8.14, we obtain the following proposition.
Proposition 8.15. Forany n > 3, we have n(1,2,3) ¢ [b,(4),b,(1)].

As a corollary to Proposition 8.15, we obtain the following consequece.
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Theorem 8.16. For n > 3, the surjective Lie algebra homomorphism

Olg, : Hy(6,,2) - Im(r;) ® P Im(MT5,,,,)

m>1

induced from ©|y,_is not injective.
Remark 8.17. By using a computer calculation, we can show that
n(1,2,3,4) & [b,(4),b,(1)].
The method is the same as above. Namely, we can check that
n(1,2,3,4) ¢ [&, - 4(4,(2%,1)), b4(1)] @ [S, - B4(4, (2, 1%)), b4(1)].

Based on these results, we expect that

dim(Ker(MT2)/[B7(4), 530D = (5) + ()

with a basis
{n(iy, iy 13) |1 <i) <iy <iz <ntuin(y,iyisiy)|1<i <i, <iz<iy <nl
That is true forn < 7.
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