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A new counter-example to the Cauchy dual
subnormality problem

Saee A. Joshi, Geetanjali M. Phatak
and Vinayak M. Sholapurkar

ABSTRACT. The Cauchy dual subnormality problem (CDSP, for short) asks
whether the Cauchy dual of a 2-isometry is subnormal. In this article, we pro-
vide a counter-example to CDSP by constructing a cyclic, analytic, 2-isometry
whose defect operator is of rank 3. In particular, we prove that the Cauchy
dual M}, of the multiplication operator M, on the Dirichlet space D(u) is not
subnormal if u is supported at three equi-spaced points on the unit circle.
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1. Introduction

Let JC be a complex, infinite dimensional, separable Hilbert space and B(¥()
denotes the C*-algebra of bounded linear operators on J .
An operator T € B(H) is said to be subnormal if there exist a Hilbert space
X and an operator S € B(X) such that H C K, S is normal and S|4 = T.
Readers are encouraged to refer to [12] for a detailed study of subnormal oper-
ators. Agler proved in [1] that T € B(H) is a subnormal contraction (that is, T
is subnormal and ||T|| < 1) if and only if

n
B,(T) = Z(—l)k(Z)T*kT" > 0 for all integers n > 0.
k=0
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An operator T € B(J() is said to be a m-isometry if B,,(T) = 0. In particular, a
2-isometry is defined by the equation

I —2T*T + T**T? = 0.

For the basic properties of m-isometric transformations, the readers are referred
to [2]. Following [6], an operator T € B(XK) is said to be completely hyperex-
pansive if B,(T) < 0 for all integers n > 1. Note that the class of 2-isometric
operators is a subclass of the class of completely hyperexpansive operators.
We say that an operator T € B(H) is cyclic if there exists a vector f € JF such
that 7 = \/{T"f : n > 0} (vector f is known as cyclic vector). An operator T
is said to be analytic if N,5oT"H = {0}.

The Cauchy dual T' of a left invertible operator T € B(¥) is defined by

T =T(T*T)™L

It is easy to see that the Cauchy dual of an expansion (||T(x)|| = [|x||, Vx € F)
is a contraction. Further, if T : {a,} is a left invertible weighted shift operator,

then the Cauchy dual T’ is a weighted shift operator T’ : {ai}. A property of

the Cauchy dual pertinent in the present context is that the éauchy dual of a
completely hyperexpansive weighted shift is a contractive subnormal weighted
shift [6].

The notion of Cauchy dual of an operator was introduced by Shimorin in [24].
The concept turns out to be interesting, especially while studying the interplay
between two classes of operators which are in some sense antithetical to each
other. As mentioned earlier, an excellent illustration of such classes is provided
by completely hyperexpansive operators and contractive subnormal operators.
Thus in this context, it was asked whether the Cauchy dual of a completely hy-
perexpansive operator a subnormal operator? ([9, Question 2.11]). The Cauchy
dual subnormality problem (CDSP, for short) that we deal with in the present
article is a special case of this question which asks whether the Cauchy dual of a
2-isometry a subnormal contraction. The problem has been considerably dealt
with in the literature. It has an affirmative answer for some special classes of
operators, and negative answer in some other cases. In this article, we present
a counterexample to this problem. The first counterexample was provided in
[4] by constructing a 2-isometric weighted shift on a rooted directed tree whose
Cauchy dual is not subnormal [4, Example 6.6]. For a detailed survey of the
literature on CDSP, the reader is referred to [4, 5, 10, 18, 19].

We begin by quoting two examples, which led us to construct the counter-
example presented in this article.

« An example of a cyclic, analytic 2-isometry T such that T*T — I is of
rank two and whose Cauchy dual is subnormal has been constructed in
[10, Example 7.2] by choosing a measure on the unit circle supported
at {1, -1}
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« Anexample of a cyclic, analytic 2-isometry T such that T*T —I is of rank
two and whose Cauchy dual is not subnormal has been constructed in
[18] by choosing a measure on the unit circle supported at {1, ¢}, § # —1.

The examples above suggest that the Cauchy dual M., of M, on D(u) would
be subnormal if and only if the measure u is supported at the points which are
equi-spaced on the unit circle. However, in this article, we show that even if the
measure u is supported at points 1, w, w?, where w is the complex cube-root of
unity, the Cauchy dual M}, of M, on D() fails to be subnormal!

The proof relies heavily on the techniques developed in [10]. In particular, we
capitalize on the fact that for a finitely supported measure y on the unit circle
the Dirichlet space D(u) can be realized as a de Branges-Rovnyak space F((B)
with the equality of norms [10, Theorem 6.4].

2. Preliminaries

Let R, C, D and T respectively denote the set of real numbers, the set of com-
plex numbers, the open unit disc and the unit circle.

The notion of a reproducing kernel Hilbert space (RKHS) is well known and
has been extensively studied, explored and crucially used in the theory of op-
erators on Hilbert spaces. We quickly recall the definition of RKHS for a ready
reference.

Let S be a non-empty set and F(S, C) denote set of all functions from S to C.
We say that 7 C F(S, C) is a reproducing kernel Hilbert space, briefly RKHS, if

i. H is a vector subspace of F(S, C)
ii. 7 is equipped with an inner product (, ) with respect to which F is a
Hilbert space
iii. For each x € S, the linear evaluation functional E, : #{— C defined
by E,(f) = f(x), is bounded.

If H isaRKHS on S then for each x € S, by Riesz representation theorem, there
exists unique vector k, € J such that, foreach f € J(, f(x) = E.(f) = (f, ky)-
The function K : S x S — C defined by K(x, y) = k,(x) is called as the repro-
ducing kernel for €. A classical reference for reproducing kernel Hilbert spaces
is [21].

We now recall the definitions of three special types of RKHS which are rele-
vant in the present context.

(1) Hardy Space: Let Hol(D) denote the set of all holomorphic functions
on D. The Hardy space H? is defined as

H?> =1f(2) = Z a,z" € Hol(D) : Z la,|? < oof.

n=0 n=0
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It is a well known fact that H? is a reproducing kernel Hilbert space
oo

with the inner product defined as (f,g) := Z anb_n, if

f(z) = Z a,z", g(z) = Z b,z" and the kernel function (namely, the
= n=0

Szego Kernel) K;(z) = , 4,z € D. The interested reader may

1-Az
consult [14].

Dirichlet spaces : For a finite positive Borel measure ¢ on unit circle
T, the Dirichlet space D(u) is defined by

D(u) := Ef € Hol(D) : f |f’(z)|2PM(z)dA(z) < oof,
D

where P, (z) is the Poisson integral for measure u given by
|Z|2

| -< |2
Here dA denotes the normahsed Lebesgue area measure on the open
unit disc D. The space D(u) is a reproducing kernel Hilbert space and
multiplication by the coordinate function z turns out to be a bounded
linear operator (refer [3, 22]) on D(u). For an elaborate discussion on
Dirichlet spaces the reader may also consult [15]. S. Richter described
a model for a cyclic, analytic 2-isometry [22]. Indeed, a cyclic, analytic
2-isometry is unitarily equivalent to the multiplication operator M, on
a Dirichlet space D(u) for some finite, positive, Borel measure ¢ on unit
circle T.

D. Sarason [23] initiated the study of Dirichlet spaces by way of iden-
tifying such a space with a de Branges-Rovnyak space. This associ-
ation has been further strengthened in recent years in the works of
[10, 11, 17, 20]. The identification of a Dirichlet space as a de Branges-
Rovnyak space allows one to compute the reproducing kernel for the
Dirichlet space.

Here, we include a brief description of de Branges-Rovnyak space for a
ready reference.

de Branges-Rovnyak spaces:

For complex, separable Hilbert spaces U, V, let B(U, V) denote the Ba-
nach space of all bounded linear transformations from U to V. The
Schur class S(U, V) is given by

S(u,v) = {B : D - B(U, V) : Bis holomorphic, suﬂg I1B@)||pu, vy < 1}.
ze

Observe that when U = C = V then the Schur class is nothing but the
closed unit ball of H* (D), the set of all bounded holomorphic functions
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on D. For any B € S(U, V), the de Branges-Rovnyak space, H(B) is
the reproducing kernel Hilbert space associated with the B(V)-valued
semidefinite kernel given by
*
Kp(z,w) = Iy _B(Z)E(w) , Z,w € D.
1—-zw

For equivalent formulations of de Branges-Rovnyak spaces, the reader
is referred to an excellent article by J. Ball [8]. The kernel K is nor-
malised if Kp(z,0) = Iy for every z € D. This is equivalent to the
condition B(0) = 0. Further, when U = C = V, we denote H(B) by
H(b), the classical de Branges-Rovnyak space (Refer [16] for the basic
theory of the classical de Branges-Rovnyak spaces).

Now we are ready to state and describe the problem that has been tackled in
this article.

2.1. The Problem. We begin our discussion with the fact [10, Theorem 6.1]
which states that for a cyclic, analytic 2-isometry T in B(J(), the rank of T*T —1
is finite if and only if there exist a finitely supported measure u on the unit cir-
cle T such that T is unitarily equivalent to a multiplication by the coordinate
function z on D(w). In fact, if the rank of T*T — I is a positive integer k, then
the corresponding measure u is supported at exactly k points of unit circle T.
In view of this result, a construction of a cyclic, analytic 2-isometry reduces to
choosing finitely many points on the unit circle and looking at the multipli-
cation operator M, on the Dirichlet space D(u), where u is supported at the
chosen points.

We now state the problem under consideration:

Problem 2.1. Characterize finitely supported, positive, Borel measures y on unit
circle T such that the Cauchy dual of M, on D(u) is subnormal.

An affirmative solution to the problem in the case when yu is supported at a
single point is given in [7, Corollary 3.6] and [10, Corollary 5.4]. Further, it is
proved in [10, Theorem 2.4] that for a positive, Borel measure u supported at
any two antipodal points on unit circle T, the Cauchy dual M, of M, on D(u)
is subnormal. A counter-example to the CDSP has been constructed in [19] by
choosing u to be the sum of unit point mass measures at {1, i}, thatis u = 8, +9;.
This result is further generalized in [18], by choosing u to be the sum of unit
point mass measures at {1, {'} for arbitrary { # —1 on the unit circle.

As a step towards the solution of Problem 2.1, it is necessary to find a suitable
generalization of the method of choosing k points on the unit circle, for k > 2.
In view of the case when k = 2, it is natural to choose equi-spaced points on
the unit circle, and check the subnormality of the Cauchy dual M., of M, on
D(u), where u is supported at the chosen points. In the present article, we deal
with the case when k = 3. In contrast with the case k = 2, it turns out that the
Cauchy dual M/, of M, on D(u) is not subnormal in this case. Indeed, the main
result of this paper is as given below.
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Theorem 2.2. Let ¢, ¢, and {5 be three equi-spaced points on the unit circle T.
If the measure u on the unit circle T is of the form u = &¢ + 8¢, + &¢,, then the
Cauchy dual M, of M, on the Dirichlet space D(w) is not subnormal.

The rest of the paper is devoted to the proof of this result.

3. Proof of the main result

Note that, in view of the rotational symmetry (see [10, Proposition 7.1]), it
is sufficient to prove the main result by choosing ¢; = 1, ¢, = w and ¢; = w?,
where w denotes the complex cube-root of unity.
As mentioned earlier, the proof of the theorem relies on [10, Theorem 6.4]. The
application of this theorem demands the discussion of the techniques used in
the work of Costara [13]. In particular, the computations involved in obtaining
the reproducing kernel of D(u) in this case turn out to be crucial in what follows.
For a ready reference, we briefly outline the work carried out in [13], and state
the results that are used in the sequel.
Letn € N. Let ¢, ¢y, ..., ¢, be positive real numbers and {1, ¢5, ..., ¢, be distinct
points on the unit circle T. Consider the finite, positive, Borel measure u =
Z:;l cj6;, onT.

(1) As an application of Riesz-Fejer theorem to the trigonometric polyno-
mial

H] lz= §']|2+Z] L€ ITie: |1z—¢;)2, there exist oy, @y, ..., &, € C\ D
i

and d > 0 such that the following equation holds:

n n n n
I[1z=¢P+ D ¢;[[1z=¢PP=d]]lz—a;1% z€T. 1)
j=1 j=1  i=1 j=1
i#]
(2) The values of a;, a5, ..., a, as obtained in equation (1) turn out to be

important in the expressions for reproducing kernels of following two
subspaces of H? obtained in [13, Theorem 3.1, Theorem 4.4]: Define

_ p(2)
0,(z) = @ (2)
with p(z) = e H(z ¢;) (6 € Ris chosen such that 0,(0) > 0) and
j=1

4@ = [ - ).

We observe that O,, is a rational function of degree n having poles out-
side the closed unit disk, and simple zeros at ¢ ; €T, forj=1,..,n

Then H;;l(z —¢;)H?* = O,H? and hence O,H* is a closed subspace of
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D(w). The reproducing kernel for O, H 2 is given by (Refer [13, Theorem
0,(z) ——
—0,).
1-A1z
(3) The reproducing kernel for (O, H %)L as a subspace of D(u) is given by

31 K, (2,2) =

K, (z,A) = Z gD f(2) z,A € D where

j=1
0,(2)
) e s — 3
L& = Gee-¢) ®
and
5 () (@
el (TR I el @
8@ Su@)

(4) Theresults [13, Lemma 4.2, Lemma 4.3] provide formulae for obtaining
(fi, fj)uforany 1 <1i, j < nasfollows :

||fz||;2¢ =(fi- fidu = aif (D) (3
and fori # j,

1
0L(¢)OLE N = E))

(fi’fj>,u = (6)

As a first step towards the proof of the main theorem, we proceed with the fol-
lowing lemma. The lemma invokes the Riesz-Fejer theorem and derives a spe-
cial case of equation (1) by choosingn =3, ¢(; =1, ¢, = w, {3 = w?and ¢y =
Cz = C3 =1.

Lemma 3.1. For all z € T, there exists a polynomial q(z) of degree 3 and a
constant d > 0 such that

lz=12|z—w|?|z—w?|*+|z=1)?|z—w|?>+ |z=1]?|z=w?|* + |z—w|?|z—w?|?
=d|q@)* (7)

Proof. Since w is the cuberoot of unity, 1 + w + w? = 0 (%)
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For z € T, we have,
lz=1Pz=—w)?|lz = w?]P+ |z= 1P|z = w|]* + |z = 1)?|z = w?|* + |z — w|?|z — w?|?
=z-1DEZ-1Dz-w)Z-w)(z-w>)Z—-w2)+(z-1)Z-1)(z—-w)Z—w)
+(z-1)EZ -1z -wH)Z—-w?)+(z—-w)Z—w)(z—w?)(Z—w?)
=11-6(1+ W+ w?)z —6(1 + w + wHz + 3(1 + W + w2)z>

+30+w+wd)z2-z3-23
3
3 1
=11-2z> - <E) (from (%))
-1 [26 —112° + 1]
73

Let f(z) = z° — 1123 + 1. Note that the polynomial f has a property that for

zg € Cif f(zy) = 0, then f (zi) = 0. Therefore three of the roots of f(z) lie
0
outside the closed unit disc. We denote these roots by «;, a, and a3 and the

1 1
other three roots by (3;, 8, and 3; where 3; = o By = = and 85 = PR Thus,
1 2

3
1 1 1
the roots of f(z) are ay, a,, a3, —, — and —.
a;’ o, as
At this point, we observe that f(z) is a quadratic in z3. Therefore,
1

. 11+3/13 11+3V13)°

z a= . Note that @ > 1. Thus, a; = o, a, =

aw and a; = aw?.

We now define q(z) as q(z) = (z — a;)(z — a,)(z — a3). Now, by (x) we have
q(z) =z — a®.
For z € T, we consider

1
(-Pz-B)z-F) _Z "5 _,_ 1
Z3 Tz a3z3
1 _
= ;(“3 - 2)
1 -
= -~ (@)
(04

Let b = a3 then we get,
1 1 — 1 2
—;f(z) = EQ(Z)Q(Z) = E‘q(z)| ,forallzeT
Thus we get

lz=1|z—=w|?|z=w?|?+|z=1]?|z—w|?*+ |z—=1)?|z—w?|* +|z—w|?|z—w?|?
=d |q(2)I%
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whered=%>0. |

The computation of g(z) allows us to apply formula in equation (2), as applica-
ble in the present case. We thus have the following expression for O,(z):

Ou(z) = ————. ®)

Observe that we take 6 = 0 so that 0,,(0) > 0.

Now,
201 _ ~3
O/,,L(Z)_ 3z4(1 —a”)
V(@ - a3y
which implies that
3 3w?
0,1) = ———, 0, (w) = ———— =w?0, (1),
TUoVda-e) T Vda-w) g
3w
0 (w?) = —— =wo',(1).
’ Vda-a)  °

Using the fact that « is a root of f(z), we obtain
|0,,(D] = |0,(w)| = |0, w*)] = 1.

We now use equation (3) to obtain the following expressions for f;(z), f,(z)
and f;(z):

O.(2) 1 -a®)(z-w)(z-w?
Ji@) = 0 Dz—1) 32— ) :
0,(2) 1= a®)(z — 1)z — w?)
Joa) = O, (w)(z — w) - 3(z3 — ad)
and
0.(2) 1-a®(z-1)(z-w)
J5(@) = 0, (w?)(z — w?) N 3(z3 —ad)

Now, equations (5) and (6) are used, to obtain the matrix: B = D~! where

D = (({fis fiM<i,j<3-
A simple computation reveals that,
_Q2+ad) . (@2+Db)

2 _ 2 _ 2 _ — )
1f111% = (12017 = Il - a-b
Using the fact that « is a root of f(z), we have
1-a®? 1 (1 —a’)?

(fi.f2) = ([ f3) = 9003 and (f1, f3) =
1

(w2 —1)

w—-1) -1 9w —1)
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[ 2+b) 1 1
(1-b) (L(v—lb)) (w2 -1)
1 2+ 1
Hence D = -
ence W -1 (1-b) -1
1 1 _(2 + b)
| w—-1) (W?-1) (1-b)
xX s S
This matrix can be writtenintheform D =|3§ x s |, where
s § X
2+b
—( +b) and s = ! . Further, we have det D = x(x? — 1). Therefore,
(1-b) (w-1)
we get
(x? — %) §2—xs $2—Xx§
B=D"1= x(le— 5 s2—x5 (x?-— %) §2—xs |. 9)

2

g 1
§2—xs s*—Xx§ (xz—g)

Before we present the proof of the main theorem, we quote the following results
from [10] which are used in the proof.

Theorem 3.2. [10, Theorem 6.4] For positive scalars ¢y, c,, ..., ¢, and distinct
points §1,¢,, ..., $x on the unit circle T, consider the positive Borel measure u =

Zi;l c jdgj on T, where 5;/_ denotes the Dirac delta measure supported at {;. Let
X(2) = (z,2%..., 2" and {e J-}?=1 denote the standard basis of C*. Then there

exist oy, oy, ..., € C\ Dandak X k upper triangular matrix P such that
the Dirichlet space D(u) coincides with the de Branges-Rovnyak space H(B) with

equality of norms, where B = (%, %, s %) and
k
pj(2)=(PX(2).e;) , j=1,...k, q2) = [ [z — a))
j=1

Moreover, ay, ..., oy are governed by

k ko k k
[Tiz=¢P+ 2 Illz-¢P=d]]lz-a;1% z€T
]=1 ]=1 1:1 ]=1

i#j

for somed > 0.

Theorem 3.3. [10, Theorem 2.1] Let B = (by, ..., b;) € 8(CK,C) be such that
B(0) = 0 where
pj(2)

b(Z) - - @@
! H§=1(Z— a])
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for polynomials p; of degree at most k and distinct numbers a, ..., € C\ D.
forr = 1,..,k, let a, = Hlsz#sk(ocr — a;). Assume that the operator M, of
multiplication by z on the de Branges-Rovnyak space H(B) is bounded. Then the
Cauchy dual M, of M, is subnormal if and only if the matrix

k l

k
Z 1_ Z pj(e,)pj(er) (1 - 1—) 1_n+2
a

r,t=1 arat ]:1 arat £n+2at

m,n>0
is formally positive semi-definite for every | > 1.

Corollary 3.4. [10, Corollary 4.3] Assume the hypothesis of Theorem 3.3. If
a,a; & [1,00) forevery1 <r # t < k, then M}, is subnormal if and only if

k —_—
Zj=1 pj(ar)pj(at) =0,1<r#t<k.
We now proceed to give the proof of the main theorem.

Proof. Note that by Theorem 3.2, we conclude that D(u) = F(B) with equality

of norms where B = (% &, %) . We first note that

q
aa; & [1,00), V1 < i # j <3, wherea; = a,ap = aw, a3 = aw? for

1
(114—3V13)3
2

. We now proceed to show that

3

Z pj(a)pj(a;) #0, 1 < r #t < 3so that the desired conclusion follows by
j=1

appealing to Corollary 3.4.

By [10, Remark 6.5] we have,

3
> pi(@)p;w)
j=1
3 b (1 - ziD)
= q(z)q(u) — p2)p(w)|1 + A _
i,jzzl 0,(£)0,($) (z={p@—4)
3 b_ﬂ 1

= q(2)q(w) — p(z)p(u) — p(2)p(w)(1 — zi)

2100 @=¢p@=E) |

The numbers b; i the entries of the matrix B, can be read from the expression

1 1
(9). ThuS we haVe bll = b22 = b33 = x(xz—_l)(xz — g),
bis = bys = by = ———— (5 — xs)and by = by = by, = ———— (5 — x5).

x(x2-1) x(x2-1)
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Consider the expression,
3 b_ﬂ 1
121 00L& Z =@ =)
- b 1 + by, 1
0, P 2 =D@E=1) o1 (1)07 (w) = D@~ W)

by 1 by 1
+ + S -
0L(OLw?) (z = D@ —w?) Ol w)oL(1) & ~wi@—1)
b22 1 b_23 1
0L (W) (2 = W)@ =) 01 ()0}, (w?) (z = w)(it — w?)
+ b31 1

(wz)ol (1) (Z - w2)(u - 1)

b32 1 + b_33 1
0!, w20 (w) @ — W@ =) 10LWI (z - w2)(@ - w?)

5 1 N 1 N 1
e-Da-D " E-w@E-m (2 w@-w)

by, 1 s 1 . 1
Z-D@-w)  (z_p)a-w2) E-wH@-1)

bi 1 N 1 N 1
w? | (- D@a-—w2) E-w@E-1) (z-w)(a-w)

— 1 T b_12 b12 )
=@ D@ -D l3 (bu + 7 2 7))

— b, b -
+3 (b11 + % + ﬁ) (Zﬁ) + 3(b11 + b12 + b12) .
w w

Simplifying, we get,

3b
2
*(x +1)( W =D

We now choose z = a,u = aw (two of the three roots of f(z) lying outside the
closed unit disk), and substitute these values in the above equation. Thus,

3
b
ICOOR (-t + 25 )@+ (z).

- 3b
x(x +1)( w)+ x(x=11"

2 — — 3b
3, /e o) = o7 (a-tr+ 25 ) @mr +
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Note that

3b — 3b — 3b
Im (((1 —-b)+ x—+1> (a®w)? + o+ D 1)(oczw) + oD 1)>

()0 2 o

where Im(-) denotes the imaginary part of a complex number.
We can therefore conclude that («?w) is not a root of the quadratic equation
((1—b)+ﬂ)Y2+ by, 3P
x+1 x(x+1) x(x=1)
3 >
37, pi(e0p;(aw) # 0.

Therefore, the Cauchy dual M., of M, on D(u) is not subnormal. O

= 0. Therefore,

4. Epilogue

The authors believe that the main theorem of the present article can be proved
for the measure y in the general form, i.e. u = ¢;8¢, + ¢,6¢, + ¢36¢,, where
c1, €y, C3 are positive real numbers, but the computational complexity increases
substantially. Further, there is a strong evidence that the following conjecture
has an affirmative solution.

Conjecture. If{,,¢,, {5 are any three distinct points on the unit circle and if u =
€18¢, + €20¢, + ¢30¢,, then the Cauchy dual M., of M, on D(u) is not subnormal.
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