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ABSTRACT. The sphere graph of M,, a connect sum of r copies of S! x S?
was introduced by Hatcher as an analog of the curve graph of a surface to
study the outer automorphism group of a free group F,. Bestvina, Bromberg,
and Fujiwara proved that the chromatic number of the curve graph is finite;
bounds were subsequently improved by Gaster, Greene, and Vlamis. Moti-
vated by the analogy, we provide upper and lower bounds for the chromatic
number of the sphere graph of M,. As a corollary to the prime decomposi-
tion of 3-manifolds, this gives bounds on the chromatic number of the sphere
graph for any orientable 3-manifold.
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1. Introduction

The sphere graph of a connect sum of r copies of S* x S? was introduced by
Hatcher to investigate homological stability of the automorphism groups of free
groups; analogous to Harvey’s use of the curve graph of a surface to investigate
mapping class groups of surfaces [Hat95]. Subsequently, the large scale geom-
etry of both graphs have been extensively studied on their respective sides of
the long-running analogy between automorphisms of free groups and mapping
class groups of surfaces [MM99, MM00, BBF15, HM13, HM19, BF14a, BF14b].
In addition to their above mentioned role, both graphs are rich combinatorial
objects. The graph theory of both the curve graph [Iva97, AL13,AL16, GGV18,
MRT14,DKG20] and the sphere graph [AS11, BL24| have seen a similar devel-
opment of parallel results.
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We will focus our attention on the chromatic number. Bestvina, Bromberg,
and Fujiwara first proved that the chromatic number of the curve graph is fi-
nite, on the way to determining the asymptotic dimension of the mapping class
group of a surface [BBF15, Lemma 5.6]. Their initial bound was doubly expo-
nential in the genus of the surface. Subsequently, Gaster, Greene, and Vlamis
produced a lower bound super-linear in the genus and a singly exponential up-
per bound [GGV18, Theorem 1.5]. Motivated by the guiding analogy, we obtain
upper and lower bounds for the sphere graph of M, a connect sum of r copies
of S' x 2.

Theorem 1.1.
rlogr < x(8(M,)) < 27,

The proof of Theorem 1.1 is given in two lemmas: Lemma 2.3 for the lower
bound and Lemma 3.2 for the upper bound.

Prime decomposition of 3-manifolds [HemO04, Theorem 3.15] allows us to
apply Theorem 1.1 to an orientable 3-manifold M. Let M = N,8N,f --- N, M,
be the prime decomposition of M into a connect sum of irreducible 3-manifolds
N; and r copies of S' x S? collected in the M, term. An essential embedded
sphere in M is isotopic to either a connect-sum sphere or an essential sphere in
M,. Thus 8(M) is the join of S(M,) and k vertices, and we obtain the corollary:

Corollary 1.2. If M is an orientable 3-manifold with prime decomposition
NNyt - BNy M,

then
rlog(r) + k < y(S(M)) < 2¥? 4+ k.

The proof of the upper bound in Theorem 1.1 involves a coloring constructed
using double covers and Z/2Z homology. Bestvina and Feighn define a color-
ing on the free factor graph of a free group [BF14b, Definition 4.11, Example
4.12], which can be characterized in terms of Z/2Z homology. While not ex-
plicitly calculated, the coloring provided by Bestvina and Feighn is also doubly-
exponential in the rank. Coloring the free factor graph is insufficient to easily
recover Theorem 1.1: there are well-studied coarse projections from the sphere
graph to the free factor graph, but coarse projections do not interact well with
graph colorings.

In addition to the motivation from mapping class groups, Gaster, Greene,
and Vlamis describe a connection between the chromatic number of the curve
graph and interesting open problems in the theory of combinatorial designs.
We are unaware of any analogous investigation for spheres in connect sums,
but the parallel questions are natural and intriguing.

Notational conventions. A vertex coloring of a graph G is a function
¢ : V(G) - X such that for every edge (u,v) € E(G), f(u) # f(v). The cardi-
nality | X| is the size of the coloring. The chromatic number of G, denoted y(G),
is the minimal size of a vertex coloring of G.
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Given two functions f, g : N4 — R, define f < gif there exists an absolute
constant C such that f < C - g for sufficiently large inputs (often written f €
O(g) elsewhere in the literature), and f ~ gif f < gand g < f (often f € ©(g)).

For r > 0 we define M, = M, = #},S* X S? to be the connect sum of r copies
of ST x S? with the convention M, = S3. For n > 0 we define M, , = M, \ U, B to
be M, with n disjoint open balls removed. A sphere embedded in a 3-manifold
is essential if it does not bound a ball and non-peripheral if it is not isotopic
to the boundary. The sphere graph of a 3-manifold M is the graph S(M) with
vertex set the isotopy classes of embedded essential non-peripheral spheres in
M where two classes are joined by an edge if they have disjoint representatives.
For brevity, we will refer to vertices of S(M) as spheres in M when no ambiguity
occurs. A cut-system in M, , is a disjoint union of embedded spheres C such

that M, , \ C = Mo 42

Acknowledgments. The authors thank the anonymous referee for their care-
ful reading and suggested improvements to the upper bound, particularly the
point of view presented in Remark 3.3.

2. Kneser graphs and the lower bound

We establish the lower bound using Gaster, Greene, and Vlamis’ computa-
tion of the chromatic number for the total Kneser graph [GGV18]. Given a pair
of positive integers n, k with n > 2k the Kneser graph KG(n, k) is the graph with
vertices the k element subsets of {1, ..., n} and edges joining disjoint subsets.
The total Kneser graph is the graph whose vertices are unordered partitions of
{1, ..., n} into two non-empty subsets, and two partitions are joined by an edge
if they are nested, that is (A, B) is joined to (C, D) if one of A or B is a subset of
C or D. Note this condition is symmetric. Gaster, Greene, and Vlamis compute
the asymptotics of the chromatic number, which we record.

Theorem 2.1 (|GGV18, Theorem 1.1]).
X(KG(n)) ~ nlogn.

The partition definition of the Kneser graph is intimately related to the struc-
ture of S(M ,,).

Lemma 2.2.
S(MO,,L) = KG(n)\ KG(n,1).

Proof. A sphere s € S8(M,,) is necessarily separating, and thus partitions
the connected components of dM, ,,. In fact, this partition determines s up
to isotopy [BL24, Lemma 9]. Moreover, since each sphere of S(M, ) is non-
peripheral, both pieces of the partition have more than one component. Fix a
bijection between components of dM, , and {1, ..., n}. The map that sends a par-
tition of {1, ..., n} to its corresponding sphere is a bijection between the vertices
of KG(n) \ KG(n,1) and 8(M, ).
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FIGURE 1. The stereographic projection of the midsphere of
M, s with the deleted balls shown as removed disks. Each
sphere of S(M, ) is shown as a simple closed curve of inter-
section with the midsphere. A pleasant exercise is to verify the
intersection pattern of these spheres is the Petersen graph, 3-
colored by the indicated colors.

It remains to verify that this assignment preserves the edge relation.
Since the boundary partition determines each s € S(M, ) up to isotopy [BL24,
Lemma 9] it suffices to produce disjoint spheres realizing each nested parti-
tion. Let (A, A”), and (B, B’) be nested partitions of {1, ..., n} such that, without
loss of generality, A C B. Let X, be the subset of M|, , obtained by joining the
boundary spheres corresponding to A by arcs. Then, the boundary of a regu-
lar neighborhood a = dN(X,) is a sphere which by construction induces the
partition (4, A’) on the boundary. Let Xy be the subset of M, obtained by
joining a to the spheres corresponding to B \ A by arcs. The boundary of a reg-
ular neighborhood dN(Xg) has two connected components: one isotopic to a
and the other a sphere b. By construction b induces the partition (B, B") and is
disjoint from a. O

As a specific example, Fig. 1 illustrates S(M, 5), and the picture can be used
to verify
8(Mo5) = KG(5) \ KG(5,1) = KG(5,2);

note that KG(5, 2) is the well-known Petersen graph.
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Lemma 2.3.
X(S(Mr,n)) >(n+ 2") log(n + 2r).

Proof. Fix a cut system C in M, ,. Consider the cut manifold

M, \C= Mo p+2r-

Gluing along C induces a graph map S(Mj ;1) = 8(M, ,,). Indeed, if an em-
bedded sphere a C M, ., bounds a ball in the glued manifold, then up to
isotopy C can be made disjoint from this ball, which implies a is not essential.
Moreover, if a, b C M ,,;,, are disjoint spheres, their images in the glued man-
ifold are as well. Thus y(8(M,.,,)) > x(8(My ,+2)), and the conclusion follows
from Lemma 2.2 and Theorem 2.1. O

3. Double covers and the upper bound

We exhibit an explicit coloring, using a double-cover construction analogous
to that used by Bestvina, Bromberg, and Fujiwara in the curve complex set-
ting [BBF15, Lemma 5.6].

Define T(M) as the set of all of connected double covers of M. Define X (M)
to be the disjoint union of H,(M, Z/27) over all M € T(M). Finally, let F(M)
be the set of all functions f : T(M) — X(M). The set F(M) will serve as our
coloring set.

Lemma 3.1. For the manifold M,,
[F(M,)| < 277

Proof. First, since 77,(M,) is the free group of rank r and the index-2 sub-
groups are parameterized by non-trivial homomorphisms to Z/27, we have
IT(M,)| =2" —1.

Next, for each cover M € T(M,.), 7,(M) is a free gorup of rank 2r — 1, so the
homology has rank 2r — 1, thus

\H,(M, Z/27)] = 2" — 1.

Taking a disjoint union over the 2" — 1 connected covers we find |[X(M,)| < 2%,
from which we conclude |F(M,)| < 2#%'. O

Given a sphere a € S(M,) and a double cover M let @, @' denote the two lifts

of a to M. For this sphere, define a function f, € F(M,) by
f a(M ) =la]

that is, f, assigns to a double cover M a choice of Z/2Z homology class of one
of the lifts of a to M. We will show in the course of the proof of Lemma 3.2 that
the ambiguity of choice in the definition of f, does not matter. If the reader
would like a concrete f, without the axiom of choice, fix an ordered basis for
each H,(M, Z /27) (these are finite so this does not require choice) and select

the class [@],[a@’] that is lexicographically least in coordinates with respect to
the fixed basis.
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Lemma 3.2.

x(8(M,)) < 2%,

Proof. While our result is asymptotic, we will prove that the desired inequality
holds for all . We first treat the case r = 2. Consider the function ¢ : S(M,) —
H,(M,, Z/2Z). We claim this is a 4-coloring. Indeed, suppose a,b € S(M,) are
adjacent spheres. If a U b is non-separating, then a and b are not homologous.
If a is separating, then the closure of both connected components of M, \ {a}
is M, ;, and b is contained in one component. Since b is not parallel to a it
is essential and non-peripheral in the M, ; component it is contained in, and
therefore non-separating, so a and b are not homologous. If a is non-separating,
then the closure of M, \ {a} is M;, and b is essential and non-peripheral in
M, ,. Either b is non-separating in M, ,, so that a U b is non-separating, or b is
separating—in either possibility a is not homologous to b. Thus [a] # [b] in all
cases, and y(S8(M,)) < 4.

Now suppose r > 3 and consider the function ¢ : 8S(M,) — F(M,) de-
fined ¢(a) = f,. We will prove ¢ is a coloring; the bound then follows from
Lemma 3.1.

Let a, b be adjacent spheres in 8(M,.). We will construct a cover M € T(M,)
such that f,(M) # f,(M). First, observe that if a and b are not Z/2Z homolo-
gous in M, then for any cover M their lifts are also not homologous, so f, # fp.
It remains to consider the case when [a] = [b].

Since a, b are disjoint, there are at most three components of M, \ (a U b).
Label the closures of the components W, W,, W5 and notice that each one is
of the form M , with1 < p; < 4. Observe that for k > 1, My, contains a
non-separating sphere. We claim that for each W;, k; > 1. To verify this we
consider the four possible cases with k; = 0.

p; =1 In this case, W; is a ball bounded by exactly one of a or b. Thus either
a or b is non-essential in M,, contradicting our hypotheses.

p; = 2 In this case, 0W; = a U b, and W; = M, ,, which is homeomorphic to
S2x1. This implies that a and b are isotopic, contradicting our hypothe-
ses.

p; = 3 In this case, 0W; is three spheres. Without loss of generality, suppose
two boundary components are identified with b and one with a. We
claim there is some curve y in M, that passes through b exactly once
and has a Ny = @. Given a neighborhood N of b, select a pair of points
D1, D> in the two components of N \ b. Since N is path-connected and b
separates N, there exists some path Py between p; and p, thatintersects
b exactly once. Since W; is path-connected and N\b C W;, there existsa
path P, C W; connecting p;, p,. By construction the union y = Py UP,
is the desired curve. By Poincaré duality we conclude a and b are not
homologous in M,, contradicting our hypotheses.

p; =4 In this case, there is only one component W; = M,,. This implies
r = 2. However, we are only considering r > 3.



624 EDGAR A. BERING IV, BENNETT HAFFNER, ESTEPHANIE ORTIZ AND OLIVIA SANCHEZ

: ) \\
- -

b

FIGURE 2. Two possible cases for the construction of y, in M3,
here depicted as one-half of a Heegaard splitting. The spheres
a,b,o,,0, are the doubles of the indicated disks.

Thus, each W; contains some non-separating sphere ;. Construct a double
cover M by cutting open two copies of M, along the collection of o; and gluing
crosswise.

We will construct a closed loop y in M that intersects both lifts of a, @ and @’
exactly once and disjoint from both lifts of b. Thus, regardless of the choice in
the definition of f, [, fo(M) # f,(M).

Notice that if a U b does not separate M,, then we can show that [a] # [b] via
a similar curve construction. Therefore aUb separates M,. As noted in the case
p; = 3, if a appears twice in the boundary of one complementary component,
[a] # [b]. So, without loss of generality suppose a is in the boundary of W, and
W,. Since each W; is path connected and the spheres o; are non-separating,
there is a loop y, that intersects o; and o, exactly once, intersecting a twice.
By construction, there is a loop ¥ in M covering y,, disjoint from both lifts of b
which intersects @ and @’ exactly once (see Fig. 2). O

Remark 3.3. We are thankful to the anonymous referee for pointing out the
following.

In the proof above, M, \ (a U b) has either two or three components. In the
former case, with components W, W,, a Meyer-Vietoris argument shows that

HI(MI"’ Z/ZZ) = Hl(Wl’ Z/ZZ) @ HI(WZ’ Z/ZZ) @ V
for a 1-dimensional V; in the latter case, with components W, W,, W,
H\(M,,Z/27) = Hi (W1, Z2/22) ® H\(W,,Z/2Z) & H\(W3,Z/227).

The cover M used to show that f, f; are not equal is a cover that restricts to a
connected double cover of the components W, W,, W;. There is a one-to-one
correspondence between connected double covers of M, and codimension one
subspaces of H;(M,, Z /27). A cover M corresponding to a subspace U restricts
to a connected cover of W, W,, W if the intersection with H,(W;, Z/27) is
codimension one for each i.
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The bound in Lemma 3.2 is doubly-exponential because we require all 2" — 1
covers to separate f, and f;,. The bound could be improved with a better as-
ymptotic estimate on the minimum size of a collection U of codimension one
subspaces of a Z /27 vector space V such that for every direct sum decomposi-
tionV =V, @V, V; thereissome U € U such that V;NU is codimension one
in V; for all i. A subexponential upper bound for the size of such a collection
has eluded us.

References

[AL13]

[AL16]

[AS11]

[BL24]

[BBF15]

[BF14a]

[BF14b]

[DKG20]

[GGV18]

[HM13]

[HM19]

[Hat95]

[HemO04]

[Iva97]

ARAMAYONA, JAVIER; LEININGER, CHRISTOPHER J. Finite rigid sets in curve com-
plexes. J. Topol. Anal. 5 (2013), no. 2, 183-203. MR3062946, Zbl 1277.57017,
arXiv:1206.3114, doi: 10.1142/S1793525313500076. 1618

ARAMAYONA, JAVIER; LEININGER, CHRISTOPHER J. Exhausting curve complexes by
finite rigid sets. Pacific J. Math. 282 (2016), no. 2, 257-283. MR3478935, Zbl 1342.57015,
arXiv:1410.5619, doi: 10.2140/pjm.2016.282.257. 1618

ARAMAYONA, JAVIER; SOUTO, JUAN. Automorphisms of the graph of free split-
tings. Michigan Math. J. 60 (2011), no. 3, 483-493. MR2861084, Zbl 1242.05117,
arXiv:0909.3660, doi: 10.1307/mmj/1320763044. 1618

BERING, EDGAR A., IV; LEININGER, CHRISTOPHER J. Finite rigid sets in sphere com-
plexes. Topology Appl. 347 (2024), Paper No. 108862, 16 pp. MR4713791, Zbl 07826757,
arXiv:2204.02204, doi: 10.1016/j.topol.2024.108862. 1618, 620, 621

BESTVINA, MLADEN; BROMBERG, KEN; FUJIWARA, KoOJI. Constructing group ac-
tions on quasi-trees and applications to mapping class groups. Publ. Math. Inst.
Hautes Etudes Sci. 122 (2015), 1-64. MR3415065, Zbl 1372.20029, arXiv:1006.1939,
doi: 10.1007/s10240-014-0067-4. 1618, 619, 622

BESTVINA, MLADEN; FEIGHN, MARK. Hyperbolicity of the complex of free fac-
tors. Adv. Math. 256 (2014), 104-155. MR3177291, Zbl 1348.20028, arXiv:1107.3308,
doi: 10.1016/j.aim.2014.02.001. 1618

BESTVINA, MLADEN; FEIGHN, MARK. Subfactor projections. J. Topol. 7 (2014), no.
3, 771-804. MR3252963, Zbl 1346.20054, arXiv:1211.1730, doi: 10.1112/jtopol/jtu001.
1618, 619

DISARLO, VALENTINA; KOBERDA, THOMAS; GONZALEZ, JAVIER DE LA NUEZ. The
model theory of the curve graph. Preprint (2020). arXiv:2008.10490. 1618

GASTER, JONAH; GREENE, JOSHUA EVAN; VLAMIS, NICHOLAS G. Coloring curves
on surfaces. Forum Math. Sigma 6 (2018), Paper No. el7, 42 pp. MR3850207, Zbl
1405.57008, arXiv:1608.01589, doi: 10.1017/fms.2018.12. 1618, 619, 620

HANDEL, MICHAEL; MOSHER, LEE. The free splitting complex of a free group, I: hy-
perbolicity. Geom. Topol. 17 (2013), no. 3, 1581-1672. MR3073931, Zbl 1278.20053,
arXiv:1111.1994, doi: 10.2140/gt.2013.17.1581. 1618

HANDEL, MICHAEL; MOSHER, LEE. The free splitting complex of a free group, II: Lox-
odromic outer automorphisms. Trans. Amer. Math. Soc. 372 (2019), no. 6, 4053-4105.
MR4009387, Zbl 1515.20223, arXiv:1402.1886, doi: 10.1090/tran/7698. 1618
HATCHER, ALLEN. Homological stability for automorphism groups of free groups.
Comment. Math. Helv. 70 (1995), no. 1, 39-62. MR1314940, Zbl 0836.57003,
doi: 10.1007/BF02565999. 1618

HEMPEL, JOHN. 3-manifolds. AMS Chelsea Publishing, Providence, RI, 2004. xii+195
pp- ISBN:0-8218-3695-1. MR2098385, Zbl 1058.57001, doi: 10.1090/chel/349. 1619
IvANOV, NIKOLAI V. Automorphisms of complexes of curves and of Teichmiiller
spaces. Internat. Math. Res. Notices 1997 (1997), no. 14, 651-666. MR1460387, Zbl
0890.57018, doi: 10.1155/S1073792897000433. 1618


http://mathscinet.ams.org/mathscinet/article?mr=3062946
http://zbmath.org/1277.57017
http://arXiv.org/abs/1206.3114
http://dx.doi.org/10.1142/S1793525313500076
http://mathscinet.ams.org/mathscinet/article?mr=3478935
http://zbmath.org/1342.57015
http://arXiv.org/abs/1410.5619
http://dx.doi.org/10.2140/pjm.2016.282.257
http://mathscinet.ams.org/mathscinet/article?mr=2861084
http://zbmath.org/1242.05117
http://arXiv.org/abs/0909.3660
http://dx.doi.org/10.1307/mmj/1320763044
http://mathscinet.ams.org/mathscinet/article?mr=4713791
http://zbmath.org/07826757
http://arXiv.org/abs/2204.02204
http://dx.doi.org/10.1016/j.topol.2024.108862
http://mathscinet.ams.org/mathscinet/article?mr=3415065
http://zbmath.org/1372.20029
http://arXiv.org/abs/1006.1939
http://dx.doi.org/10.1007/s10240-014-0067-4
http://mathscinet.ams.org/mathscinet/article?mr=3177291
http://zbmath.org/1348.20028
http://arXiv.org/abs/1107.3308
http://dx.doi.org/10.1016/j.aim.2014.02.001
http://mathscinet.ams.org/mathscinet/article?mr=3252963
http://zbmath.org/1346.20054
http://arXiv.org/abs/1211.1730
http://dx.doi.org/10.1112/jtopol/jtu001
http://arXiv.org/abs/2008.10490
http://mathscinet.ams.org/mathscinet/article?mr=3850207
http://zbmath.org/1405.57008
http://zbmath.org/1405.57008
http://arXiv.org/abs/1608.01589
http://dx.doi.org/10.1017/fms.2018.12
http://mathscinet.ams.org/mathscinet/article?mr=3073931
http://zbmath.org/1278.20053
http://arXiv.org/abs/1111.1994
http://dx.doi.org/10.2140/gt.2013.17.1581
http://mathscinet.ams.org/mathscinet/article?mr=4009387
http://zbmath.org/1515.20223
http://arXiv.org/abs/1402.1886
http://dx.doi.org/10.1090/tran/7698
http://mathscinet.ams.org/mathscinet/article?mr=1314940
http://zbmath.org/0836.57003
http://dx.doi.org/10.1007/BF02565999
http://mathscinet.ams.org/mathscinet/article?mr=2098385
http://zbmath.org/1058.57001
http://dx.doi.org/10.1090/chel/349
http://mathscinet.ams.org/mathscinet/article?mr=1460387
http://zbmath.org/0890.57018
http://zbmath.org/0890.57018
http://dx.doi.org/10.1155/S1073792897000433

626 REFERENCES

[MRT14] MALESTEIN, JUSTIN; RIVIN, IGOR; THERAN, LoOUIS. Topological designs. Geom.
Dedicata 168 (2014), 221-233. MR3158040, Zbl 1284.57020, arXiv:1008.3710,
doi: 10.1007/s10711-012-9827-9. 1618

[MM99] MASUR, HOWARD A.; MINSKY, YAIR N. Geometry of the complex of curves. I. Hy-
perbolicity. Invent. Math. 138 (1999), no. 1, 103-149. MR1714338, Zbl 0941.32012,
arXiv:math/9804098, doi: 10.1007/s002220050343. 1618

[MMO00] MASUR, HOWARD A.; MINSKY, YAIR N. Geometry of the complex of curves. II. Hi-
erarchical structure. Geom. Funct. Anal. 10 (2000), no. 4, 902-974. MR1791145, Zbl
0972.32011, arXiv:math/9807150, doi: 10.1007/PL00001643. 1618

(Edgar A. Bering IV) SAN JOSE STATE UNIVERSITY, ONE WASHINGTON SQUARE, SAN JOSE,
CA 95112, USA
edgar.bering@sjsu.edu

(Bennett Haffner) SAN JOSE STATE UNIVERSITY, ONE WASHINGTON SQUARE, SAN JOSE,
CA 95112, USA
bennett.haffner@sjsu.edu

(Estephanie Ortiz) SAN JOSE STATE UNIVERSITY, ONE WASHINGTON SQUARE, SAN JOSE,
CA 95112, USA
estephanie.ortiz@sjsu.edu

(Olivia Sanchez) SAN JOSE STATE UNIVERSITY, ONE WASHINGTON SQUARE, SAN JOSE,
CA 95112, USA

olivia.sanchez@sjsu.edu

This paper is available via http://nyjm.albany.edu/j/2026/32-24 .html.


http://mathscinet.ams.org/mathscinet/article?mr=3158040
http://zbmath.org/1284.57020
http://arXiv.org/abs/1008.3710
http://dx.doi.org/10.1007/s10711-012-9827-9
http://mathscinet.ams.org/mathscinet/article?mr=1714338
http://zbmath.org/0941.32012
http://arXiv.org/abs/math/9804098
http://dx.doi.org/10.1007/s002220050343
http://mathscinet.ams.org/mathscinet/article?mr=1791145
http://zbmath.org/0972.32011
http://zbmath.org/0972.32011
http://arXiv.org/abs/math/9807150
http://dx.doi.org/10.1007/PL00001643
mailto:edgar.bering@sjsu.edu
mailto:bennett.haffner@sjsu.edu
mailto:estephanie.ortiz@sjsu.edu
mailto:olivia.sanchez@sjsu.edu
http://nyjm.albany.edu/j/2026/32-24.html

	1. Introduction
	Notational conventions
	Acknowledgments

	2. Kneser graphs and the lower bound
	3. Double covers and the upper bound
	References

