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The Gilmer-Masbaummap is not injective
on the skein module

Edwin Kitaeff

Abstract. In [13], Gilmer and Masbaum use Witten-Reshetikhin-Turaev
(WRT) invariants to define amap from theKauffman bracket skeinmodule to
a set of complex-valued functions defined on roots of unity in order to provide
a lower bound for its dimension. We show that the restriction of the map to a
certain homology class is not injective. We also provide a basis for the KBSM
of mapping tori associated to a power of a Dehn twist on the 2-torus.
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1. Introduction
1.1. The Kauffman bracket skein module. Let 𝑀 be a closed oriented 3-
manifold. The Kauffman bracket skeinmodule𝐾(𝑀,ℚ(𝐴)) (or𝐾(𝑀) for short)
over ℚ(𝐴), or just skein module here, was introduced independently by Przy-
tycki ([18]) and Turaev ([19]).
The skein module 𝐾(𝑀) is defined as the ℚ(𝐴)-vector space spanned by the

framed links in𝑀 over the ground fieldℚ(𝐴)modulo isotopies and the Kauff-
man skein relations:

.
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For 𝜉 ∈ ℂ∗, we use the notation 𝐾𝜉(𝑀) = 𝐾(𝑀,ℚ[𝐴±1])
⨂

𝐴=𝜉
ℂ.

It was shown in [11] that the bracket skeinmodule overℚ(𝐴) is finite dimen-
sional for every closed 3-manifold. Unfortunately, this proof is not construc-
tive and cannot be used to compute the dimension of 𝐾(𝑀). Recently, another
proof of this fact was provided in [1], in a more constructive and elementary
way. However, even if [1] provide a set of generators, it does not give a basis for
𝐾(𝑀), nor its dimension.
The computation of 𝐾(𝑀) is therefore still a very active and open problem.

So far, three main ideas stand out to compute the skein module. The first one,
used for instance in [14] and in [15] for lens spaces, is to view𝑀 as a Heegaard
splitting. Then, 𝐾(𝑀) is the skein module of a handlebody (for which we know
a basis) quotiented by some relations called "slide relations". Unfortunately,
the computations obtained in this way become very complicated as soon as the
genus of the Heegaard splitting is more than 1.
The second method is to compare 𝐾(𝑀) to the better known 𝐾𝜁(𝑀). This

method was developed in [5] and can be applied on 3-manifolds with some
"tameness" property. However, the tameness property is not easy to check and
does not always hold (an example where it does not hold would be when the
character variety of𝑀 is infinite).
The third idea is to combinatorially compute a set of generator for𝐾(𝑀) and

prove that this set is free through representations of 𝐾(𝑀). In this vein, Gilmer
and Masbaum introduced the evaluation map in [13], which they applied to
exhibit a free family of 𝐾(Σ𝑔 × 𝕊1). Later, in [6], it was found that this family
was also a set of generators, providing a basis for 𝐾(Σ𝑔 × 𝕊1).
In this paper, we prove that the (third) method of [13] cannot always de-

tect that a given family of skein elements is free. It then appears that stronger
methods must be developed to deal with the problem of the dimension of skein
modules.

1.2. The Gilmer-Masbaum evaluation map. The technique of [13] is rely-
ing on the Witten-Reshetikhin-Turaev invariants 𝑅𝑇𝜉(𝑀, 𝐿) of a framed link 𝐿
in 𝑀 associated to 𝜉 a primitive root of even degree. The invariant 𝑅𝑇𝜉(𝑀, 𝐿)
only depends on the skein class of 𝐿. Below is a more detailed description of
this method.
Denote by 𝕌0 ∶= {𝑒

𝑖𝑠𝜋
𝑟 | 𝑟 > 1, 𝑔𝑐𝑑(𝑠, 2𝑟) = 1} the set of primitive roots of

unity of even order, and by ℂ𝕌0
𝑎.𝑒. the set of complex-valued functions that are

defined almost everywhere on 𝕌0. For given 𝜆1, … , 𝜆𝑛 ∈ ℚ(𝐴) and 𝑓1, … , 𝑓𝑛 ∈
ℂ𝕌0
𝑎.𝑒. one can define the element

𝑛∑

𝑗=0
𝜆𝑗𝑓𝑗 = (𝜉 ↦

𝑛∑

𝑗=0
𝜆𝑗(𝜉)𝑓𝑗(𝜉)) ∈ ℂ𝕌0

𝑎.𝑒.

This is well-defined since 𝜆𝑗 is well-defined everywhere except at its poles. This
gives ℂ𝕌0

𝑎.𝑒. a structure of ℚ(𝐴)-vector space.
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Here is the evalutation map:

Definition 1.1 ([13]).

𝑒𝑣𝑀 ∶ 𝐾(𝑀) ⟶ ℂ𝕌0
𝑎.𝑒.

𝑛∑

𝑗=1
𝜆𝑗𝐿𝑗 ⟼

⎛
⎜
⎜
⎝

𝕌0 ⟶ ℂ

𝜉 ⟼
𝑛∑

𝑗=1
𝜆𝑗(𝜉)𝑅𝑇𝜉(𝑀, 𝐿𝑗)

⎞
⎟
⎟
⎠

.

This application is slightly different from the original one since we are also
looking at primitive roots of unity of order divisible by 4.
Since the skein relations are homogeneous, the skein module admits a de-

composition into graded subspaces:

𝐾(𝑀) =
⨁

𝛼∈𝐻1(𝑀,ℤ⟋2ℤ)

𝐾𝛼(𝑀),

in which 𝐾𝛼(𝑀) is the skein module of homology 𝛼.
One can use the evaluation map to check linear independence in 𝐾(𝑀). In-

deed, if a family of skein elements have a free image inℂ𝕌0
𝑎.𝑒., this family is itself

free. Although difficult, showing that a family is free in ℂ𝕌0
𝑎.𝑒. is purely a matter

of linear algebra.
In [13], this technique yielded linearly independent families for 𝐾(Σ × 𝐼).

Historically, this map has been used previously in a similar fashion in [8] for
quaternionic manifolds and in [10] for 𝕋3. It has also been used in [4] to show
the non-triviality of the empty link in rational homology spheres.
However, a key ingredient for this method to be optimal is that 𝑒𝑣𝑀 has to

be injective on the graded subspace 𝐾𝛼(𝑀) for each homological class 𝛼. The
question of the injectivity of the evaluationmap is then a very natural question,
which was asked by Gilmer and Masbaum in [13].
In fact, it has already been answered in [9] for 𝑆𝑈(2)-invariants (that is with

𝕌0 restricted to primitive roots of order 4𝑟) as Gilmer exhibited elements of
the basis of the skein module of certain lens spaces for which all their 𝑆𝑈(2)-
invariants are zero. However, since thisworkwas done for only𝑆𝑈(2)-invariants,
one could hope the map introduced above to be stronger. In particular, we
know some examples in the set given in [9] that are not detected by the 𝑆𝑈(2)-
invariants but are detected by the 𝑆𝑂(3)-invariants.
Yet, we will show that this map is also not always injective.

1.3. The mapping tori. The manifolds that will interest us are from the fol-
lowing family:

Definition 1.2. For 𝐵 ∈ 𝑀𝑜𝑑(𝕋2) ≅ 𝑆𝐿2(ℤ), we define the mapping torus of the
2-torus 𝕋2 of monodromy 𝐵 by:

𝑀𝐵 = 𝕋2 × [0, 1]⟋(𝑥, 0) ∼ (𝐵(𝑥), 1) .
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Let 𝐵𝑘 ∈ 𝑀𝑜𝑑(𝕋2) be the application of monodromy (1 𝑘
0 1), which repre-

sent a power of a Dehn twist on 𝕋2, and let𝑀𝑘 ∶= 𝑀𝐵𝑘 .
Let (𝛼, 𝛽) be a basis of𝐻1(𝕋2, ℤ⟋2ℤ) such that 𝛼 is the class of the curve along

which the Dehn twist is done. Denote by (𝑥, 𝑦) the image of (𝛼, 𝛽) by the map
induced by the inclusion 𝕋2 → 𝑀𝑘. Let 𝑧 ∈ 𝐻1(𝑀𝑘, ℤ⟋2ℤ) be the class of the
curve {𝑝𝑡} × 𝕊1.
The easiest example of the non-injectivity of the evaluationmapwill be found

for 𝑘 = 3.

Lemma 1.3. The first homology group of𝑀3 is given by:

𝐻1(𝑀3, ℤ⟋2ℤ) = {∅, 𝑦, 𝑧, 𝑦𝑧}.

Proof. It is not hard to check (see [16, Lemma 2.3] for instance) that

𝐻1(𝑀3, ℤ⟋2ℤ) ∼
(
ℤ⟋2ℤ

)2
.

On the other hand, 𝐻1(𝑀3, ℤ⟋2ℤ) is obviously generated by {𝑥, 𝑦, 𝑧}, but by
isotoping 𝑦 all along the 𝕊1 factor, one get that 𝑦 = 3𝑥 + 𝑦 = 𝑥 + 𝑦. Hence
𝐻1(𝑀3, ℤ⟋2ℤ) is generated by {𝑦, 𝑧} . □

1.4. The horizontal part. Since the fibration over 𝕊1 induces a map 𝑀𝑘 →
𝕊1, we can define the horizontal part of𝑀𝑘 to be:

ℎ𝑘 ∶= 𝐾𝑒𝑟(𝐻1(𝑀𝑘, ℤ⟋2ℤ) → 𝐻1(𝕊1, ℤ⟋2ℤ)).

Similarly, the horizontal part of 𝐾(𝑀𝑘) will be:

ℋ𝑘 ∶=
⨁

𝛼∈ℎ𝑘

𝐾𝛼(𝑀).

Kinnear computed in [16] the dimensions of the skein modules of the map-
ping tori of the 2-torus, including the dimension ofℋ𝑘:

Theorem 1.4 ([16]). The dimension ofℋ𝑘 is
𝑘 − 1
2 + 4 if 𝑘 is odd and 𝑘2 + 5 if

𝑘 is even.

According to [12, Corollary 1.7.], the skein module of a 3-manifold contain-
ing an embedded 2-torus is spanned by skein elements that can be represented
by links that intersecting the torus at most once. In our case this implies that
ℋ𝑘 is spanned by skeins that can be represented by links in 𝕋2 × [

1
4
, 3
4
] ⊂ 𝑀𝑘.

To facilitate the computations, we will use the Frohman-Gelca basis for
𝐾(𝕋2) ∶= 𝐾(𝕋2 × 𝐼). We recall its description here:
As the skein module of a thickened surface, 𝐾(𝕋2) has an algebra structure

induced by the operation 𝛼 ⋆ 𝛽 of stacking 𝛼 over 𝛽.
For coprime integers 𝑝, 𝑞 and 𝑥, 𝑦 as in Lemma 1.3, we define 𝛾(𝑝,𝑞) to be the

skein element represented by an oriented curve of homology class 𝑝𝑥 + 𝑞𝑦 on
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𝕋2 × { 1
2
} ⊂ 𝑀𝑘. The multicurves 𝛾𝑛(𝑝,𝑞), composed by 𝑛 parallel copies of 𝛾(𝑝,𝑞),

together with the empty curve form a basis of 𝐾(𝕋2) ⊂ 𝐾(𝑀𝑘).
We recall the definition of theChebychev polynomials of thefirst kind (𝑇𝑛)𝑛≥0:

{ 𝑇0 = 2, 𝑇1 = 𝑋
∀𝑛 ≥ 3, 𝑇𝑛 = 𝑋𝑇𝑛−1 − 𝑇𝑛−2.

(1)

Frohman and Gelca introduced the following basis of 𝐾(𝕋2), for which the
product (stacking operation) satisfies the so-called product-to-sum formula:
Theorem 1.5. [7] The family {(𝑝, 𝑞)𝑇 ∶= 𝑇𝑑(𝛾( 𝑝

𝑑
, 𝑞
𝑑
)), 𝑑 = 𝑔𝑐𝑑(𝑝, 𝑞)} is a basis

for 𝐾(𝕋2) for which we have the following:
(𝑝, 𝑞)𝑇 ⋆ (𝑟, 𝑠)𝑇 = 𝐴𝑝𝑠−𝑞𝑟(𝑝 + 𝑟, 𝑞 + 𝑠)𝑇 + 𝐴𝑞𝑟−𝑝𝑠(𝑝 − 𝑟, 𝑞 − 𝑠)𝑇.

Remark 1.6. Here we choose the convention (0, 0)𝑇 = 2.∅.
1.5. The results.
In section 2, we compute a basis forℋ𝑘:

Theorem 1.7.

∙ If 𝑘 is odd, {(𝑝, 0)𝑇 | 0 ≤ 𝑝 ≤ ⎢
⎣
𝑘
2
⎥
⎦
} ∪ {(0, 1)𝑇, (0, 2)𝑇, (1, 2)𝑇} is a basis of

ℋ𝑘.

∙ If 𝑘 is even, {(𝑝, 0)𝑇 | 0 ≤ 𝑝 ≤ ⎢
⎣
𝑘
2
⎥
⎦
} ∪ {(0, 1)𝑇, (0, 2)𝑇, (1, 2)𝑇, (1, 1)𝑇} is a

basis ofℋ𝑘.
Remark 1.8. With the same notations for the homology classes of𝑀𝑘 as in 1.3,
when 𝑘 is even (resp. 𝑘 is odd) the graded subspaces that are not inℋ𝑘 are

𝐾𝑧(𝑀), 𝐾𝑥+𝑧(𝑀), 𝐾𝑦+𝑧(𝑀), 𝐾𝑥+𝑦+𝑧(𝑀)
(resp. 𝐾𝑧(𝑀), 𝐾𝑦+𝑧(𝑀)).
One can deduce from [16, Prop. 4.2.] that the dimension of each of them is 1

where the generators are the natural ones. Therefore, Theorem 1.7 provides a full
basis of 𝐾(𝑀𝑘).
In Section 3.2, we provide some of the images of the elements of this basis

through the evaluation map:
Proposition 1.9. Let 𝑝, 𝑞 be integers so that 𝑞 ≠ 0. For almost all 𝜉 ∈ 𝕌0 of
order 2𝑟:
If 𝑞 is even:

𝑒𝑣((𝑝, 𝑞)𝑇)(𝜉) =
⎧

⎨
⎩

2(−1)𝑝+1(−𝜉)𝑘((
𝑞
2
)2−1) if 𝑟 is even

(−1)𝑝+1(−𝜉)𝑘((
𝑞
2
)2−1) if 𝑟 is odd

.

And if 𝑞 is odd:

𝑒𝑣((𝑝, 𝑞)𝑇)(𝜉) = {
0 if 𝑟 is even

(−𝜉)𝑘((
𝑟+𝑞
2
)2−1) if 𝑟 is odd

.
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Moreover, a direct consequence of Theorem 1.7 is that (0, 2)𝑇 + (1, 2)𝑇 is a
non-zero vector in 𝐾(𝑀3). We then have the main Theorem:

Theorem 1.10. (0, 2)𝑇 + (1, 2)𝑇 is a non-zero vector in 𝐾𝑒𝑟(𝑒𝑣𝑀3
|𝐾∅(𝑀3)).

Acknowledgement. I want to thank my PhD supervisor, Renaud Detcherry,
for his support and his substantial help during the elaboration of this paper.

2. A basis for the horizontal partℋ𝒌

According to Theorem 1.4, the set described in Theorem 1.7 has dimℚ(𝐴)ℋ𝑘
elements. This is why it is sufficient to show that this set spans ℋ𝐾 to prove
that it is a basis. To do so, we first notice the following relations:

Lemma 2.1. Let 𝑝, 𝑞 ∈ ℤ. If 𝑞 ≠ 0, then
(𝑝 + 1, 𝑞)𝑇 = (𝑝 − 1, 𝑞)𝑇 (a)

and

𝐴𝑝(𝑝, 𝑞+1)𝑇+𝐴−𝑝(𝑝, 𝑞−1)𝑇 = 𝐴𝑘𝑞−𝑝(𝑝+𝑘, 𝑞+1)𝑇+𝐴𝑝−𝑘𝑞(𝑝−𝑘, 𝑞−1)𝑇. (b)

Proof. Isotoping any skein element of the form (𝑝, 𝑞)𝑇 ∈ ℋ𝑘 along the 𝕊1
factor gives the relation

(𝑝, 𝑞)𝑇 = 𝐵𝑘((𝑝, 𝑞)𝑇) = (𝑝 + 𝑞𝑘, 𝑞)𝑇.
Applying this to (1, 0)𝑇, which is invariant by 𝐵𝑘, we get:

(𝑝, 𝑞)𝑇 ⋆ (1, 0)𝑇 = (1, 0)𝑇 ⋆ (𝑝, 𝑞)𝑇.
Using the product-to-sum formula of Theorem 1.5 it becomes:

𝐴−𝑞(𝑝 + 1, 𝑞)𝑇 + 𝐴𝑞(𝑝 − 1, 𝑞)𝑇 = 𝐴𝑞(𝑝 + 1, 𝑞)𝑇 + 𝐴−𝑞(𝑝 − 1, 𝑞)𝑇.
Thus

(𝐴−𝑞 − 𝐴𝑞)(𝑝 + 1, 𝑞)𝑇 = (𝐴−𝑞 − 𝐴𝑞)(𝑝 − 1, 𝑞)𝑇.
If 𝑞 ≠ 0, we finally have that (𝑝 + 1, 𝑞)𝑇 = (𝑝 − 1, 𝑞)𝑇.
On the other hand, since 𝐵𝑘((0, 1)𝑇) = (𝑘, 1)𝑇:

(𝑝, 𝑞)𝑇 ⋆ (0, 1)𝑇 = (𝑘, 1)𝑇 ⋆ (𝑝, 𝑞)𝑇.
Applying the product-to-sum formula again, and because (𝑝, 𝑞)𝑇 = (−𝑝,−𝑞)𝑇:
𝐴𝑝(𝑝, 𝑞 + 1)𝑇 +𝐴−𝑝(𝑝, 𝑞 − 1)𝑇 = 𝐴𝑘𝑞−𝑝(𝑝 + 𝑘, 𝑞 + 1)𝑇 +𝐴𝑝−𝑘𝑞(𝑝 − 𝑘, 𝑞 − 1)𝑇.

□

From these relations, we can prove Theorem 1.7:

Proof of theorem 1.7. Suppose that 𝑘 is odd.
During this proof, we will use several times the formula (a) of Lemma 2.1, to

say that
∀𝑞 > 0, ∀𝑝 ∈ ℤ, (𝑝, 𝑞)𝑇 ∈ 𝑆𝑝𝑎𝑛ℚ(𝐴){(0, 𝑞)𝑇, (1, 𝑞)𝑇}. (e1)

Because (𝑝, 𝑞)𝑇 = (−𝑝,−𝑞)𝑇, the set {(𝑝, 𝑞)𝑇, 𝑞 ≥ 0} spansℋ𝑘. Thus,
ℋ𝑘 ⊂ 𝑆𝑝𝑎𝑛ℚ(𝐴){(𝑝, 0)𝑇 | 𝑝 ∈ ℤ} ∪ {(𝑝, 𝑞)𝑇 | 𝑞 > 0, 𝑝 ∈ {0, 1}}.
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Consider 𝑝 ∈ {0, 1} and 𝑞 > 1. Since 𝑘 is odd, injecting (e1) into (b) leads to
the following equation:

𝐴𝑝(𝑝, 𝑞+1)𝑇 = 𝐴𝑘𝑞−𝑝(1−𝑝, 𝑞+1)𝑇+𝐴𝑝−𝑘𝑞(1−𝑝, 𝑞−1)𝑇−𝐴−𝑝(𝑝, 𝑞−1)𝑇. (e2)

Re-applying this equality for (1 − 𝑝, 𝑞 + 1)𝑇, we get:

𝐴𝑝(𝑝, 𝑞 + 1)𝑇 = 𝐴2𝑘𝑞+𝑝−2(𝑝, 𝑞 + 1)𝑇 + 𝐴−𝑝(𝑝, 𝑞 − 1)𝑇
− 𝐴𝑘𝑞+𝑝−2(1 − 𝑝, 𝑞 − 1)𝑇 + 𝐴𝑝−𝑘𝑞(1 − 𝑝, 𝑞 − 1)𝑇 − 𝐴−𝑝(𝑝, 𝑞 − 1)𝑇.

Put another way:

(1 − 𝐴2𝑘𝑞−2)(𝑝, 𝑞 + 1)𝑇 = (−𝐴𝑘𝑞−2 + 𝐴−𝑘𝑞)(1 − 𝑝, 𝑞 − 1)𝑇.

Since 𝑞 > 1, we have that 2𝑘𝑞 − 2 > 0 and 1 − 𝐴2𝑘𝑞−2 ≠ 0. We end up with the
fact that:

ℋ𝑘 = 𝑆𝑝𝑎𝑛ℚ(𝐴)({(𝑝, 0)𝑇 𝑝 ∈ ℤ} ∪ {(0, 1)𝑇, (1, 1)𝑇, (0, 2)𝑇, (1, 2)𝑇}).

Applying Relation (b) with 𝑞 = 1 gets

(𝑝, 0)𝑇 ∈ 𝑆𝑝𝑎𝑛ℚ(𝐴)({(𝑝 + 𝑘, 2)𝑇, (𝑝, 2)𝑇, (𝑝 − 𝑘, 0)𝑇}).

After enough use of this relation we have that

(𝑝, 0)𝑇 ∈ 𝑆𝑝𝑎𝑛ℚ(𝐴) ({(𝑙, 0)𝑇 | −
⎢
⎣
𝑘
2
⎥
⎦
≤ 𝑙 ≤ ⎢

⎣
𝑘
2
⎥
⎦
} ∪ {(𝑙, 2)𝑇 | 𝑙 ∈ ℤ}) .

Using (−𝑝, 0)𝑇 = (𝑝, 0)𝑇 to the elements (𝑙, 0)𝑇 with 𝑙 < 0 and (e1) to the ele-
ments (𝑙, 2)𝑇, we get that:

∀𝑝 ∈ ℤ, (𝑝, 0)𝑇 ∈ 𝑆𝑝𝑎𝑛ℚ(𝐴)({(𝑙, 0)𝑇 | 0 ≤ 𝑙 ≤ ⎢
⎣
𝑘
2
⎥
⎦
} ∪ {(0, 2)𝑇, (1, 2)𝑇}).

Since 𝑘 is odd, because of the formula (a), (1, 1)𝑇 = 𝐵𝑘((1, 1)𝑇) = (𝑘 + 1, 1)𝑇 =
(0, 1)𝑇.
At the end,

ℋ𝑘 = 𝑆𝑝𝑎𝑛ℚ(𝐴)({(𝑝, 0)𝑇 | 0 ≤ 𝑝 ≤ ⎢
⎣
𝑘
2
⎥
⎦
} ∪ {(0, 1)𝑇, (0, 2)𝑇, (1, 2)𝑇}).

The only two differences if 𝑘were evenwould be that (1, 1)𝑇 would have remain
necessary in the generating set and we would have 𝑝 instead of 1 − 𝑝 in (e2),
which would end that step directly. □

3. Computation of 𝒆𝒗𝑴𝒌

We now focus on the computations of the images of the elements of the basis
of Section 2. Since it is not much harder to compute the images of 𝑒𝑣 on 𝐾∅ for
a general 𝑘 and any (𝑝, 𝑞)𝑇 with 𝑞 ≠ 0, we will continue this section with this
setting.
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3.1. The Reshetikhin–Turaev TQFT. Let us start by recalling the definition
of the category of extended cobordisms in dimension 2+1:
Its objects are pairs (Σ, 𝐿) where Σ is an oriented compact closed surface

together with a Lagrangian 𝐿 ⊂ 𝐻1(Σ,ℚ). Its morphisms are (𝑀,𝐾, 𝑛) ∈
𝐻𝑜𝑚((Σ1, 𝐿1), (Σ2, 𝐿2)) where 𝑀 is a 3-manifold equipped with a fixed home-
omorphism 𝜕𝑀 ≃ Σ1 ⊔ Σ2, a framed link 𝐾 ⊂ 𝑀, and 𝑛 ∈ ℤ. 𝑛 is called the
weight of𝑀 and morally represents a choice of signature of a 4-manifold with
boundary 𝑀. Moreover, a TQFT is a monoidal functor from the category of
extended cobordisms in dimension 2+1 to the category of finite dimensional
ℂ-vector spaces.
In [3], the 3-manifold invariant 𝑅𝑇𝜉 is extended to a TQFT:

Theorem 3.1. [3] Let 𝜉 = 𝑒
𝑖𝑠𝜋
𝑟 ∈ 𝕌0 be a primitive root of unity of even order.

Then there exists a TQFT functor 𝑅𝑇𝜉 in dimension 2+1 satisfying:
(1) For any oriented closed surfaceΣwitha choice of Lagrangian𝐿 ⊂ 𝐻1(Σ,ℚ),

𝑅𝑇𝜉(Σ) is a finite-dimensional ℂ-vector space such that each extended 3-
manifold (𝑁, 𝐾, 𝑛) with an homeomorphism 𝜕𝑁 ≃ Σ, corresponds a vec-
tor in 𝑅𝑇𝜉(Σ). Moreover, 𝑅𝑇𝜉(Σ) is spanned by such vectors.

(2) Recall that the gluing of two extended 3-cobordisms (𝑀,𝐾, 𝑛), from (Σ1, 𝐿1)
to (Σ2, 𝐿2) and (𝑀′, 𝐾′, 𝑚) from (Σ2, 𝐿2) to (Σ3, 𝐿3), is the extended closed
3-cobordism ((𝑀,𝐾) ⊔

Σ
(𝑀′, 𝐾′), 𝑛 + 𝑚 − 𝜇) where 𝜇 ∈ ℤ, the Maslov

index, depends only on 𝐿1, 𝐿2, 𝐿3. Then:

𝑅𝑇𝜉((𝑀,𝐾, 𝑛) ⊔
Σ
(𝑀′, 𝐾′, 𝑚)) = 𝜅𝑛+𝑚−𝜇𝑅𝑇𝜉(𝑀,𝐾, 𝑛)◦𝑅𝑇𝜉(𝑀′, 𝐾′, 𝑚).

Also 𝑅𝑇𝜉(𝑀,𝐾, 𝑛) = 𝜅𝑛𝑅𝑇𝜉(𝑀,𝐾, 0) and 𝜅 is called the anomaly of the
TQFT 𝑅𝑇𝜉 .

(3) The extendedmapping class group𝑀𝑜𝑑(Σ), acting on extended 3-manifolds
with boundary (Σ, 𝐿) gives rise to a representation

𝑀𝑜𝑑(Σ) → 𝐴𝑢𝑡(𝑅𝑇𝜉(Σ, 𝐿)).

(4) For any oriented closed 3-manifold𝑀 and skein element 𝐿 in𝑀,

𝑅𝑇𝜉(𝑀, 𝐿) ∈ 𝐻𝑜𝑚(ℂ,ℂ) ≃ ℂ,

and 𝑅𝑇𝜉(𝑀, 𝐿) is the topological invariant introduced in Section 1.

Remark 3.2. Since we will only be interested in the linear independence of the
family {𝑅𝑇𝜉}, we will ignore the anomaly 𝜅 and fix the choice of Lagrangian in
𝐻1(𝕋2, ℚ) to always be the subspace generated by the class of the meridian in 𝕋2
and therefore no longer make reference to the choice of Lagrangian.

Let 𝑧 ∈ 𝐾(𝕊1 ×𝔻2) be represented by the core of 𝕊1 ×𝔻2. Recall that 𝐾(𝕊1 ×
𝔻2) has aℚ(𝐴)[𝑧] algebra structure defined by the operation of stacking on the
boundary surface and define the Chebychev polynomials of the second kind:
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{ 𝑆0 = 0, 𝑆1 = 1
∀𝑛 ∈ ℤ, 𝑆𝑛+2 = 𝑋𝑆𝑛+1 − 𝑆𝑛

. (2)

We have the following basis for 𝑅𝑇𝜉(𝕋2):

Theorem 3.3. [3, Corollary 4.10] For 𝑗 ∈ ℤ, set 𝑒𝑗 ∶= (𝕊1 × 𝔻2, 𝑆𝑗(𝑧)) ∈
𝑅𝑇𝜉(𝕋2). Let 𝜉 be a primitive 2𝑟-root of unity, then:

∙ If 𝑟 is odd, {𝑒𝑗 | 1 ≤ 𝑗 ≤ 𝑟−1
2
} is a basis of 𝑅𝑇𝜉(𝕋2).

∙ If 𝑟 is even, {𝑒𝑗 | 1 ≤ 𝑗 ≤ 𝑟 − 1} is a basis of 𝑅𝑇𝜉(𝕋2).
Moreover, 𝑒𝑟 = 0.

Remark 3.4. Let 𝑗 ∈ ℤ. One can deduce from the induction formula and the
fact that 𝑒𝑟 = 0 that 𝑒𝑟+𝑗 = −𝑒𝑟−𝑗 . Moreover, it was established in [2, Lemma
6.3.] that if 𝑟 is odd, then 𝑒 𝑟−1

2
+𝑗 = 𝑒 𝑟−1

2
+1−𝑗 .

Using this set, we compute the actions of the different cobordism applica-
tions involved.

3.2. Computations. The action of the mapping cylinder of 𝐵𝑘 on the basis of
Theorem 3.3 can be deduced from Theorem 3.1:

Lemma 3.5. Let 𝜌(𝐵𝑘) be the representation of the mapping cylinder of 𝐵𝑘 in
𝐴𝑢𝑡(𝑅𝑇𝜉(𝕋2)). The action of 𝜌(𝐵𝑘) on the basis {𝑒𝑖} in 𝑅𝑇𝜉(𝕋2) is:

𝜌(𝐵𝑘)(𝑒𝑗) = (−𝜉)𝑘(𝑗2−1)𝑒𝑗.

Proof. By noticing that 𝜌(𝐵1)(𝑧) is the effect of a simple Dehn twist on 𝑧, one
can recognize the formula from [2, p.690-691]: 𝜌(𝐵1)(𝑒𝑗) = (−𝜉)𝑗2−1𝑒𝑗. Thus,

𝜌(𝐵𝑘)(𝑒𝑗) = 𝜌(𝐵1)𝑘(𝑒𝑗) = ((−𝜉)𝑗2−1)𝑘𝑒𝑗 = (−𝜉)𝑘(𝑗2−1)𝑒𝑗.

□

The second part of the cobordism application that we will consider is the
following:

Definition 3.6. For 𝑝, 𝑞 ∈ ℤ, let 𝑍((𝑝, 𝑞)𝑇)) be the cobordism application asso-
ciated to (𝑝, 𝑞)𝑇 ∈ ℋ𝑘.
For instance, if𝑚 = (1, 0) is themeridian of the 2-torus,𝑍(𝑚)𝑒𝑗 is the operation

of stacking𝑚 on the boundary of 𝑒𝑗 .

And then one can compute its action on 𝑒𝑗:

Lemma 3.7. Let 𝑝, 𝑞 be integers. The action of 𝑍((𝑝, 𝑞)𝑇) on the basis {𝑒𝑗} is:

𝑍((𝑝, 𝑞)𝑇)𝑒𝑗 = (−1)𝑝(𝜉2𝑝𝑗+𝑝𝑞𝑒𝑗+𝑞 + 𝜉−2𝑝𝑗+𝑝𝑞𝑒𝑗−𝑞).
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Proof. If one considers the morphism

𝑍 ∶ 𝐾(𝕋2, ℚ(𝐴)) → 𝐻𝑜𝑚(𝑅𝑇𝜉(𝕋2), 𝑅𝑇𝜉(𝕋2)),

since (0, 1)𝑇 and (1, 0)𝑇 span 𝐾(𝕋2, ℚ(𝐴)) as an algebra, it suffices to compute
the actions of 𝑍((0, 1)𝑇), 𝑍((1, 0)𝑇) and their compositions on the basis {𝑒𝑗 | 1 ≤
𝑗 ≤ 𝑛} to show that it coincides with the above formula.
First it is proven in [2, p.690-691] that

𝑍((1, 0)𝑇)𝑒𝑗 = −(𝜉2𝑗 + 𝜉−2𝑗)𝑒𝑗.

Moreover, 𝑍((0, 1)𝑇)𝑒𝑗 = 𝑧𝑒𝑗 = 𝑒𝑗+1 + 𝑒𝑗−1. And now, if, for some 𝑝, 𝑞, 𝑠, 𝑡 ∈ ℤ
and for all 𝑗,

𝑍((𝑠, 𝑡)𝑇)𝑒𝑗 = (−1)𝑠(𝜉2𝑠𝑗+𝑟𝑡𝑒𝑗+𝑡 + 𝜉−2𝑠𝑗+𝑠𝑡𝑒𝑗−𝑡)

and
𝑍((𝑝, 𝑞)𝑇)𝑒𝑗 = (−1)𝑝(𝜉2𝑝𝑗+𝑝𝑞𝑒𝑗+𝑞 + 𝜉−2𝑝𝑗+𝑝𝑞𝑒𝑗−𝑞).

Then a direct computation gives that:

𝑍((𝑝, 𝑞)𝑇)◦𝑍((𝑠, 𝑡)𝑇)𝑒𝑖
= (−1)𝑝+𝑠(𝜉𝑝𝑡−𝑠𝑞𝜉2(𝑝+𝑠)𝑗+(𝑝+𝑠)(𝑞+𝑡)𝑒𝑗+𝑡+𝑞 + 𝜉𝑝𝑡−𝑠𝑞𝜉−2(𝑝+𝑠)𝑗+(𝑝+𝑠)(𝑞+𝑡)𝑒𝑗−𝑡−𝑞)

+ (−1)𝑝−𝑠(𝜉𝑠𝑞−𝑝𝑡𝜉−2(𝑝−𝑠)𝑗+(𝑝−𝑠)(𝑞−𝑡)𝑒𝑗+𝑡−𝑞 + 𝜉𝑠𝑞−𝑝𝑡𝜉−2(𝑝−𝑠)𝑗+(𝑝−𝑠)(𝑞−𝑡)𝑒𝑗−𝑡+𝑞),

which is what is expected of

𝑍((𝑝, 𝑞)𝑇 ⋆ (𝑠, 𝑡)𝑇)𝑒𝑗 = 𝜉𝑝𝑡−𝑞𝑠𝑍((𝑝 + 𝑠, 𝑞 + 𝑡)𝑇)𝑒𝑗 + 𝜉𝑞𝑠−𝑝𝑡𝑍((𝑝 − 𝑠, 𝑞 − 𝑡)𝑇)𝑒𝑗.

□

We now can prove Proposition 1.9:

Proof of Proposition 1.9. Since our obstructionwill come from the case 𝑞 even,
we only do the computations for this case. When 𝑞 is odd, the proof is similar.
Let 𝑟 > 2𝑞. Theorem 3.1 implies that (see for instance [3, §1.2]),

𝑅𝑇𝜉(𝑀𝑘, 𝑍((𝑝, 𝑞)𝑇)) = 𝑇𝑟(𝜌(𝐵𝑘)◦𝑍((𝑝, 𝑞)𝑇)),

and because of Lemmas 3.5 and 3.7,

𝜌(𝐵𝑘)◦𝑍((𝑝, 𝑞)𝑇)𝑒𝑗 =

(−1)𝑝+𝑘(𝑗+𝑞−1)(𝜉𝑝(2𝑗+𝑞)+𝑘((𝑗+𝑞)2−1)𝑒𝑗+𝑞 + 𝜉𝑝(−2𝑗+𝑞)+𝑘((𝑗−𝑞)2−1)𝑒𝑗−𝑞). (3)

When 𝑟 is even, we know from Remark 3.4 how 𝑒𝑗+𝑞 and 𝑒𝑗−𝑞 are expressed in
terms of the basis {𝑒𝑗}1≤𝑗≤𝑟−1 given in Theorem 3.3. Then, since 𝑞 is even and
𝑟 > 2𝑞, the only contribution to the trace are coming from the case when 𝑗 is
such that 𝑒𝑗−𝑞 = −𝑒𝑗 (when 𝑗 =

𝑞
2
) and 𝑒𝑗+𝑞 = −𝑒𝑗 (when 𝑗 = 𝑟 − 𝑞

2
).
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Thus (still when 𝑟 is even):

𝑒𝑣((𝑝, 𝑞)𝑇)(𝜉) = (−1)𝑝+1(−𝜉)𝑘((
𝑞
2
)2−1)

− (−1)𝑝+𝑘((𝑟−
𝑞
2
)+𝑞−1)𝜉𝑝(2(𝑟−

𝑞
2
)+𝑞)+𝑘(((𝑟− 𝑞

2
)+𝑞)2−1)

= (−1)𝑝+1(−𝜉)𝑘((
𝑞
2
)2−1)(1 + 𝜉2𝑝𝑟+𝑘𝑟

2−2𝑘𝑟 𝑞
2 ).

The first (resp. second) term corresponds to 𝑗 = 𝑞
2
(resp. 𝑟− 𝑞

2
). Since 𝜉 is a root

of unity of order 2𝑟, we have that 𝜉2𝑝𝑟+𝑘𝑟
2−2𝑘𝑟 𝑞

2 = 1 which gives the expected
result. When 𝑟 is odd, we would only have the contribution corresponding to
𝑗 = 𝑞

2
. □

As said before, the vector considered in Theorem 1.10 in non-zero because
of Theorem 1.7 and it is easy to check from Lemma 1.9 that it is in the Kernel
of the evaluation map.

4. A few words on the general setting
The study of 𝑒𝑣𝑀𝑘

for a generic 𝑘 was done in a previous version of this pa-
per (available on ArXiv: [17] v2). As in [9], we find that it is highly related to
the generalised quadratic Gauss sums and the dimension of its image depends
on the number of squares modulo 𝑘. However, the conclusions were not ex-
haustive and required a very technical study of the linear independence of the
generalised quadratic Gauss sums. Here are the conclusions of the previous
version:

4.1. When 𝒌 = 𝟐𝒑with𝒑 a prime number (including 𝟐). 𝑒𝑣𝑀𝑘
is injective

on each of its graded subspaces.

4.2. When 𝒌 is odd. (0, 2)𝑇 + (1, 2)𝑇 ∈ 𝐾𝑒𝑟(𝑒𝑣𝑀𝑘
|𝐾∅(𝑀𝑘)).

4.3. When 𝒌 ≡ 𝟐 (𝐦𝐨𝐝 𝟒) has at least 3 different prime divisors. This
case is more complicated. We prove the existence of an even divisor 𝑑 of 𝑘, two
number 𝑙, 𝑙′ coprimes with 𝑘

𝑑
and a number𝑚 such that 𝑙2 = 𝑙′2+𝑚 𝑘

𝑑
. We then

have:

(𝑑𝑙, 0)𝑇 − 𝐴−𝑚𝑑(𝑑𝑙′, 0)𝑇 − 𝐴−𝑘(1 − 𝐴−𝑚𝑑)(0, 2)𝑇 ∈ 𝐾𝑒𝑟(𝑒𝑣𝑀𝑘
|𝐾∅(𝑀𝑘)).

4.4. When 𝒌 ≠ 𝟒 is amultiple of 4. Applying the samemethod as in 4.3 gets
the same result. However, in the aforementioned previous version, we claimed
that 𝑒𝑣((𝑘

2
, 0)𝑇) and 𝑒𝑣((0, 0)𝑇) were collinear in this case, which was an error.

4.5. When 𝒌 = 𝟐𝒑𝜶 with 𝒑 > 𝟐 prime and 𝜶 > 𝟏. We do not have a conclu-
sion in this case.
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