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Dynamical properties of a sequence of
cosine operators in weighted Orlicz
spaces on hypergroup

Pinhong Long, Ya Wang and Zehua Zhou

ABSTRACT. In this paper, the dynamical properties for a sequence of cosine
operators in weighted Orlicz spaces on hypergroups are investigated. Firstly,
we generalize the equivalent conditions of the topological transitivity for a fi-
nite sequence of cosine operators from Orlicz spaces on locally compact group
to weighted Orlicz spaces on hypergroup. Secondly, in the hypergroup set-
ting we give some sufficient or almost necessary conditions for a sequence
of cosine operators to be topologically recurrent, even topologically multi-
ply recurrent on Orlicz spaces. Besides, we deduce that topological mixing
is a sufficient or necessary condition for a sequence of cosine operators to be
topologically recurrent on Orlicz spaces. Thirdly, we also obtain sufficient or
necessary conditions for a sequence of cosine operators to be chaotic in Orlicz
spaces on hypergroup.
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1. Introduction

In this article, we focus on the dynamical properties of a sequence of cosine
operators in weighted Orlicz spaces on hypergroup. To begin with, we recall
some related notations and definitions of dynamic theory of linear operators
and the weighted Orlicz space on hypergroup.

Let X be a separable and infinite dimensional Banach space over K (K =
R or C), and the linear operator T € L(X) be bounded. The operator T : X —
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X is called to be hypercyclic, if there exists a vector x € X such that the set
Orb(x,T) = {T"x | n € N}is dense in X. A bounded linear operator T on a
separable Banach space X is said to be topologically transitive if, for given two
non-empty open sets U,V € X, there exists n € N such that T*(U)NV # @. In
addition, if T*(U) NV # @ from some n onwards, then T is topological mixing.
Moreover, if T is topologically transitive (hypercyclic) together with the density
in X of the periodic elements of T, then T is said to be chaotic.

For a Banach space X, a sequence (T,) ez, of bounded linear operators from
X into X is called to be hypercyclic if there exists an element x in X (the called
hypercyclic vector) such that the set {T,(= Ix)x, T;x, ...} is dense in X. If given
nonempty open subsets U,V of X, T,(U) NV # @ from some n onwards, then
(Tp)nen, is called topological mixing. Furthermore. a sequence of bounded
linear operators (T,),en, 0n X is chaotic if (T,),epn, is topologically transitive
and the set of its periodic elements is dense in X.

Next, recall some basic properties of hypergroups; refer to two monographs
[28] and [5] for more details. For a locally compact Hausdorff space X, denote
by M(X) the space of all Radon complex measures on X, by L*(K) the Banach
space of all essentially bounded and measurable functions on K and by C.(X)
the set of all continuous compactly supported complex-valued functions on X.
N'(f,r) denotes a neighborhood of f € £2(K, K) with radius r > 0. The point
mass measure at x € X and the support of any measure u € M(X) are de-
noted by &, and supp (u), respectively. For each A C X, denote by y, the
characteristic function of A. From [33] we know that K = (K, %, , e) equipped
with convolution * and involution ~ is called a locally compact hypergroup (or
simply a hyper-group) with an identity e. Moreover, a hypergroup K is called
commutative group if for each x,y € K, 6, * §, = §, * &, holds. Notice that
any locally compact group is a hypergroup.

A non-zero non-negative Radon measure 4 on a hypergroup K is called a
right Haar measure if 1 * §, = A for each x € K. For each Borel measurable
function f : K — C, define the right translation of function f at x € K with
respect to an element y € K by

n@ﬁﬁum=ﬂxmo:/}a@*@>

K

for x, y € K, whenever this integral exists. A locally compact group K equipped
with

peve [ [ sqduoann) ey )
K YK

as convolution, and x — x~! from K onto K as involution is a hypergroup. Al-
though any locally compact group is a hypergroup, in general there is no action
between elements of a hypergroup; See [5] for several classes of hypergroups.
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Further, define the convolution f * g of any two measurable functions f, g :
K - Cby

(f * ) 1= f FO)E0 * 0dAG) (x €K)
K

whenever this integral exists, where

gy~ *xx) 1= f g(t)d(6,- * 8,)(1).
K

Similarly, if 4 € M(K) and f is a Borel measurable function on K, the convo-
lution f = u is defined by

(f  w)(x) = f SO % y)duG) (x € K).
K

In particular, (f * §,-)(x) = f,(x) =: (L,f)(x) for x,z € K.
For any Borel subsets A, B C K, define

AxB = Z supp (8 * Jy).
x€A,yeB

For each x € K, denote {x} * A and A * {x} simply by x * A and A * x. Also,
for each n € N we put

X" i={x}* --- % {x} (ntimes).
For a hypergroup K, the center Z(K) of K is defined by
Z(K):={x€K :6,%0,- =08,- x5, =8,}.

The center of a hypergroup K, as the maximal subgroup of K, was introduced
and studied in [22] and [28] (see also [41]). For each x € Z(K) and y € K, the
supp (8, * &,) and supp (8, * &) are two singletons, and their single elements
are denoted by xy and yx, respectively. Furthermore, for each z € Z(K) and
n € N, letting 87 :=6, % &, * --- * 8,(n times), we know that 6] = §,..

A Young function is called to be a continuous, even and convex function @ :
R — [0, +o0) satisfying ®(t) > 0 for t > 0 with ®(0) = 0 and lim,_, ., ®(t) = 0.
Furthermore, the complementary function of ® is defined by

P(y) =sup{x |y | —P(x) : x>0} (¥ €R),

which is also a Young function. Moreover, ® and W satisfy the following Young
inequality
xy <@(x)+¥(y) (x,y=0).

For alocally compact hypergroup K with identity e and a right Haar measure
A, the Orlicz space £L*(K, K) is defined by

L2K,K) =

f:K—>[K:f¢(a|f|)dl<ooforsomeoc>0 ,
K
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where f is a Borel measurable function. Furthermore, L2(K,K) is a Banach
space equipped with the Orlicz norm

I f llo= SUP{_/ | fglda: f‘l’(l g Dda < 1} for each f € L2(K, K),
K K

equivalently, with the Luxemburg norm denoted by

No(f) = inf {k >0: ]@(%) da < 1} for each f € £L2(K, K).
K

For a Borel set B of K, let A(B) > 0 and yj be the characteristic function of B.

Then, we know that
1

-1 (L)
A(B)

where ®~1(¢) is the modulus of the preimage of a singleton ¢ under ®. For
convenience, let Q be the set of all Borel functions g on K satisfying

f (| g DdA < 1.
K

Consequently, || f |lo= SUP,cq Je | fglda.

A Young function ®(t) is said to be A,-regular if there exist a constant M > 0
and t, > 0 such that ®(2t) < M®(t) for t > t, and ®(2t) < M®(t) forallt > 0
when K is compact and non-compact, respectively. For example,

@(t):z% (1<p<o) and &) :=[t|* A+ |log|t]|]) (x>1)

No(xp) =

are both A,-regular Young functions [40]. Another examples of Young func-
tions include e* — x — 1 and cosh x — 1. If @ is A,-regular, then the space C.(K)
of all continuous functions on K with compact support is dense in £L*(K, K),
and the dual space (£L2(K,K), || - ||lo) is (£¥(K, K), Ng(-)), where ¥ is the com-
plementary function of ®, and N(-) is the Luxemburg norm on £¥(K, ).

A weight on K is a continuous function w : K — (0, o0), which satisfies

w(x *y) Sw(x)w(y) (x,y € K).
For a weight w on K, let the weighted Orlicz space £L2(K,K) be defined by
LEK,K) ={f : fw € L2(K,K)}, endowed with the weighted Orlicz norm ||
f llow:=Il fw |l. Note that £ (K, K) is Banach space with respect to weighted
Orlicz norm. By Lemma 2.1 in [38], we know if ® satisfies A,-condition, then
C.(K) is dense in £L2(K, K). Here, we point out that

No(f) <|| f llow< 2No(fw).

For a € K, let §, be the unit point mass at a and u : K — (0,00) be a
bounded continuous function on K. A weighted translation on K is a weighted
convolution operator T, ,, : LE(K,K) - £L2(K,K) defined by

Tou(f) =uT(f) (f € LIK,K)),
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where T,(f) = f * 8, € L2(K,K) is the left translation operator or convolu-
tion denoted by

(f * 8)(x) = flesxy™Nds,(») = f(xxa™) (x €K).
yeK

Ifu™! € L*(K), then we can define a self-map S, , on L2(K,K) by

Sau(f) =W f) % 8,1 (f € LYK, K))
satisfying
Ta,uSa,u(f) = f (f € Lg(K’ K))

In what follows, we assume that u, u~! € L®(K).
For each n € Z, the single cosine operator G, : £L2(K,K) - £2(K,K) is
defined by

1
€, 1= 5(Th, + S5,

which infers ¢y = I and 2¢,,C),, = Cjypy + Cp_, for n,m € Z.

Over the last decades, linear dynamical properties of bounded operators have
attracted many scholars to investigate; refer to some monographs and the sur-
vey articles [7, 26, 27, 31] for more detailed information. Specially, Salas [42]
ever posed some conditions on the weight function and characterized hyper-
cyclicity of bilateral weighted shifts on £2(Z). Then, Ledn-Saavedra proved that
the bilateral weighted shifts on £2(Z) are Cesaro hypercyclic. Also, Costakis
and Sambarino [17] gave a sufficient and necessary condition for bilateral
weighted shifts on £P(Z) to be mixing. Afterwards, linear dynamics of weighted
translations on a Lebesgue space on locally compact group were intensely stud-
ied; refer to [13] for the existence of hypercyclic weighted translations on Lebe-
gue space, [20] for chaotic operators on the hypergroup case and [21] topo-
logical transitivity on vector-valued version. In [1, 15] some linear dynamical
properties of weighted translation operators in Orlicz spaces on locally compact
groups have been studied. As well as Sobolev Spaces and Morrey spaces, Orlicz
spaces also are generalizations of the usual Lebesgue spaces, which have been
thoroughly investigated; refer to [40, 45] for Orlicz spaces. Initially, the linear
dynamics for weighted translations on the Orlicz space are due to Azimi and
Akbarbaglu [1] or Chen and Du [15]. Recently, Chen et al. [12, 14] character-
ized topological transitivity, topologically multiple recurrence and chaoticity
of translation operators in a weighted Orlicz space on locally compact group.
Moreover, Kumar et al. [34, 35, 36] investigated Orlicz spaces on locally com-
pact hypergroup. For the disjoint dynamics on Orlicz spaces and weighted Or-
licz spaces, we see [15, 16] for disjoint topological transitivity and mixing of
translation operator and [47] for disjoint supercyclic dynamic of translation
operators. Based on their works, Kumar and Tabatabie [33] introduced a se-
quence of bounded linear operators in the Orlicz space on hypergroup and ob-
tained some necessary conditions for this sequence to be densely hypercyclic.
Besides, they improved their results for the special case that the sequence of
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weighted translation operators corresponds to a sequence in the center of hy-
pergroup, and gave an equivalent condition for a single weighted translation
operator to be hereditarily hypercyclic in the Orlicz space.

In the dynamical system Poincaré [39] firstly introduced the notation of re-
currence. However, a systematic study of recurrent operators went back to the
works of Gottschalk and Hedlund [24], and also the work of Furstenberg [23]
who investigated the recurrence in ergodic theory and combinatorial number
theory. Later, Costakis, et al. [19] considered linear operators to be recurrent.
Clearly, topologically multiple recurrence is stronger than recurrence. Costakis
and Parissis [18] ever characterized topologically multiply recurrent weighted
shifts on £P(Z) in terms of the weight sequence. For another related works, we
may refer to Bonilla et al. [3] for the frequently recurrent operators, Galan, et
al. [25] for the product recurrence for weighted backward shifts, and Yin and
Wei [48] for the recurrence and topological entropy of translation operators.

For the cosine operator functions of semigroup, we pay attention to the works
from Butzer and Koliha [6] and Shaw [44]. As for the cosine operators on Ba-
nach spaces, Bonilla and Miana [8] originally provided some sufficient condi-
tions for the hypercyclicity and topological mixing of a strongly continuous co-
sine operator function. Afterwards, Kalmes [30] investigated the hypercyclicity
of cosine operator functions on locally Lebesgue space generated by second or-
der partial differential operators. He also showed that the hypercyclicity and
weak mixing of these type of operators are equivalent. Later then, Kosti¢ [32]
studied the main structural properties of hypercyclic and chaotic integrated
C-cosine functions. Chen et al. [9, 10] characterized topological transitivity,
topologically multiple recurrence for cosine operator functions, generated by
weighted translations on Lebesgue space. Immediately after that, Chen [11]
obtained sufficient conditions for finite sequences of cosine operators to be dis-
joint topologically transitive and mixing in terms of the group elements and
weights. In 2021, Tabatabaie and Ivkovi¢ [46] deduced some sufficient and nec-
essary conditions for discrete cosine operator functions on solid Banach func-
tion spaces to be chaotic or topologically transitive. Meanwhile, Akbarbaglu,
Azimi and Kumar [2] also presented some conditions for the topological tran-
sitivity and topological mixing of a sequence of cosine operators.

Inspired by the statement above, we intend to consider the dynamical proper-
ties of a sequence of cosine operators in weighted Orlicz space on hypergroup
setting. Firstly, according to [2] we characterize the equivalent conditions of
the topological transitivity for a finite sequence of cosine operators from Or-
licz spaces on locally compact group to weighted Orlicz spaces on hypergroup.
Secondly, in light of [12], in the hypergroup setting we give some sufficient or
necessary conditions for a sequence of cosine operators to be topologically re-
current and topologically multiply recurrent on Orlicz spaces. Besides, we infer
that topological mixing is a sufficient or necessary condition for a sequence of
cosine operators to be topologically recurrent on Orlicz spaces. Thirdly, we also
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obtain the sufficient or necessary conditions for a sequence of cosine operators
to be chaotic in Orlicz spaces on hypergroup.

2. Some Preliminary Lemmas

Recall that an element a € K of finite order is called a torsion element. An
element a € K is called to be periodic if the closed subgroup K(a) generated
by a is compact. Further, an element a € K is aperiodic if it is not periodic.
Equivalently, a € K is an aperiodic element if and only if for any compact
subset K C K, there exists an N € N such that K n Ka™ = @ foralln > N.
Note that T, cannot be transitive if a is a torsion element. For discrete groups,
the periodic element and the torsion element are identical.

In fact, since (fg)? # f?g” generally in hypergroup setting, we have to con-
sider in the center Z(K). For convenience, we are prepared for some prelimi-
nary lemmas below. Following the same method as the proof of Lemma 1.3 in
[33], here we give the following result.

Lemma 2.1. Forz € Z(K) and f € £L2(K, C), we have No(f?w) = Ng(fw?").

Lemma 2.2 ([33]). An element z € Z(K) is aperiodic if and only if for each
compact subset K C K with A(K) > 0,there exists N € N such that (K * {z}'") N
(K % {z}9" = @ forn > N and p,q € N with p # q, where {z} " = {z"}".

3. Main Results and Their Proofs

In this section we deal with the dynamical properties for a sequence of
cosine operators in weighted Orlicz space on hypergroup. At first, we establish
the next theorem for the topologically transitive in weighted Orlicz spaces on
hypergroup.

Theorem 3.1. Let a € K be an aperiodic element of Z(K), ® be a A,-regular
Young’s functionandu,u™! € L®(K). IfC, := %(Tg,u +S4.4) is a cosine operator
on L2(K, C), then the following statements are equivalent.

(D (Cp)nen, is topologically transitive in LE(K,C).

(IT) For each non-empty compact subset K C K with A(K) > 0, there exist three
sequences of Borel sets (Ey.), (E) and (E;) in K, and a sequence (ny) of positive
numbers such that E; = E,} U E;” and

lim supf | v(x) | w(x)dA(x) = 0.
R\Ej

k—c0 ,e0

Moreover, two sequences
. =1
Pp=wx8" - (H;‘Zlu * 5271) and @, =w * 5" - (H;.:éu * 5{1)
satisfy
lim supf @, () | v(x * a™) | dA(x) = 0,
Ej

k—o0 veQ
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lim sup/ @, (X) | v(x * a™™) | dA(x) = 0,

~®veQ JE,

lim supf Pon, (X) | v(x % a®™) | dA(X) =0
E¢

k= ye0

and

lim sup/ Pon, () | v(x % a™2%) | dA(x) = 0,
P yeQ E,

where Q is the set of all Borel functions v on K satisfying [, ®(| v [)dA < 1.

Proof. (I)=(II). Let K be a compact subset of K such that A(K) > 0. Since a €
K is an aperiodic element of Z(K), there exists N € N such that K n Ka*" = ¢
for n > N. Denote by yz the characteristic function of K defined on K. Clearly
X € LE(K,C). According to the definition of the topologically transitive for
the sequence (Cy,),en,» choose U = N'(yg,€*) and V = N'(—xg, €?). Then, for
each ¢ € (0,1) there exist f € L2(K,C) and m € N such that

I f =Xk low<e® and || Cof + Xi lou< €

Hence, we remark that

IR - Xk low<e® and || RECuf)+ Xz low=Il CaR(+ Xk loo< €,

where R(f) is the real part of the complex valued function f. Since the maps
RN LE2K,C) - L2(K,R)and f — f* := max{0,+f} from L2(K,R) to
L2(K,R) are continuous and also commute with both T,, and S, ,, without
loss of generality we may assume that the function f is real valued such that
for any Borel subset F C K, we may imply

” emf+XF ”(IJ,w ” (emf)+ ”(IJ,co:” (emf + Xz _X§)+ ”(I),w
| Conf + X" llow + I (=Xx&)" llow
[ (Cmf+)(§)+ ”@,wS” emf + Xr ||€D,co< €.

Denote A = {x € K :| f(x) —1 |> ¢}. Then

<
<

> f = Xk low

sup / | f(0) = xg(x) || v(x) | o(x)dA(x)
K

veQ

> sup f | GO =111 906 | @(x)dAG)
veQ JK

> sup f ¢ 1 9(x) | w(x)AA(), W
veQ Ja

which infers

supf | v(x) | w(x)dA(x) < e.
A

veQ
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Denote B, = {x €K :| €,,f(x) 4+ 1 |> €}. Similarly, we know

veQ

sup/ | v(x) | w(x)dA(x) < €.
B

Now, let
E, ={xeK:|fx)—1l<en{xek ;| Cnf(x)+1|< ek

Then, for x € E,, we get f(x) >1—¢ > 0and G, f(x) <€ —1 < 0. Therefore

sup f~ | v(x) | w(x)dA(x) = sup / | v(x) | w(x)dA(x)
R\E,, AUB,,

veQ veQ

veQ veQ

< supf | v(x) | w(x)dA(x) + supf | v(x) | w(x)dA(x) < 2e.
A By

Since Haar measure A is right invariant, in this sense T7", f* and S;, f* are
positive. Then, from (1) we obtain that

262 > ” 2(emf+))(Em*am ”tb,w
= ” (Tcrzr,luf+ + nguf+))(Em*am “tb,wZ“ Tgfuf-'-)(Em*am ”d),a)

= sup f T £+ [ 9(x) | (o)dAG)
Exam

veQ

= supf | u(u(x = a™) - ulx * a™ D fH(x * a™™) || v(x) | w(x)dA(x)
Epxa™

veQ

= supf u(x * a™u(x = a™ - ulx * a)fH(x) | v(xa™) | w(x * a™)dA(x)
veQ Em

= sup f Pm(fF(xX) | v(x * a™) | dA(x)
Em

veQ

veQ

> (1—-¢) supf Pm(X) | v(x * a™) | dA(x).
Em

Therefore
2¢?
1—¢

supf Pm() | v(x % a™) | dA(x) <

veQ Ep,
Similarly, we get

26* >|| (g f D xpmsan llow> (1 —€) Sug f Pm(x) | v(x = a™™) | dA(x)
veQ Jg,,

and thus
2¢?
1—¢

supf Pm(X) | v(x % a™™) | dA(x) <

veQ E,,

Hence, because ¢ is arbitrary, the first part of Condition (II) holds .
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From now on, let E;, = {x € E,, : Ty, f(x) < e —1}and E;, = Ey, \ Ep,..
Then, for x € E;},, we have

1 1 1 1
€= 1> Cpf () = STES(0) + 580, f(0) 2 5(6 = 1) + 587, f(x)
and so
St fx)<e—1, xe€E,.
Now, we infer that

(1-¢)sup / @am(x) [ V(x % @) | dA(x)

veQ E;L

< sup /+ | Hi”:lu(x s ak) || S, F7(X) || v(x % a®™) | w(x * a®™)dA(x)
Em

veQ

VEQ

< sup f+ | T uCx % a™) || Sgf~0c % a™™) || w(x) | w(x)dA(x)
E,xa2m

= sup f | T2mS™ £=(%) || »(x) | w(x)dA(x)
E;f xa2m

veQ

veQ

— sup f T F=0) 11 v(0) | 0(x)dAG)
Ejf«a2m

< ZSUP/ | Cpnf =) || (%) | w(x)dA(x)
E;fxa2m

veQ

= 2sup f | Conf QX gL wa2m || V() | 0(x)dA(X)
K

veQ

= 2SUP_/ | Cn(f T = X)X gt aom | v(X) | 0(x)dA(x)
K

veQ

= 251113/ | (emf-'—)XE;l*azm - (emf + XIZ)XE;‘*azm + XEOE;;*azm ” V(X) | CO(X)dA(X)
K

veQ

< ZSUP/ | Conf X waom || v(X) | 0(x)dA(x)
K

veQ

veQ

+2sup f | Cof + XK XES wa2m || V(X) [ (X)dA(x)
K

+ ZSupf | v(x) | w(x)dA(x)
RNE;},xa2m

veQ

<21 Cnf* XEt sa2m) low +2 | Conf + X7 llow
+2 || Xgngtsam low< 26> + 26 +0 = 4%,

In the last inequality above, we apply the fact K n Ka*?"™ = J. Therefore, we
give
4¢?

1-e

sup / Pom(X) | v(x % a®™) | dA(x) <
o

veQ
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Similarly, we can also be sure that
4¢?
1-e

Since ¢ is arbitrary, the last two conditions of (II) part also is fulfilled.

(ID)=(I). Let U and V be two non-empty open subsets of £LE(K,C). Since
® is A,-regular, we can choose two non-zero functions f and g in C.(K) such
that f € Uand g € V. Let K = supp(f) U supp(g), where supp (f) and
supp (g) are the supports of f and g, respectively. Now, assume that E;, € K
satisfies condition (IT). However, a € K is an aperiodic element, then there
exists M € N such that K n Ka*" = ¢ for all n > M. Subsequently, for a fixed
€ > 0, one can find N € N such that for each k > N, there exists n, > M
satisfying

sup f Pom(X) | v(x % a™2™) | dA(x) <

veQ JE

I g Il -sup f 0 (X) | ¥(x % a™) | dA(X) < ¢
Ey

veQ

and
|l & lleo -Supﬁ | v(x) | w(x)dA(x) <e.
R\E,

veQ

Therefore, we imply that

I To% (g xz,) llow= sup f | ok (gxE)()v(x) | w(x)dA(x)
K

veQ

= supf | H?z"(;lu(x * a Hg(x * a™"™) xg, (x * a7 w(x) | w(x)dA(x)
K

veQ

veQ

= sup/ | H?:"lu(x ® ai)g(x))(Ek(x)v(x * a™) | w(x * a™)dA(x)
K

< g lle -SUP_/ P, () [ V(x5 a™) | dA(x) <e.
veQ JE,

Since E* C E, we remark that
lim || Tg%(gxp+) llow= lim || Te',(8x5,) llow= 0.
k— o0 k k—o0

In addition

lg—gxn, llow = sup f | 80x) — 805, () [ ¥(0) | (A
K

VEQ
> sup f | 80z () 11 9(6) | @(x)dACx)
veQ Jg
= f~ | g0 Il v(x) | @(x)dA(x)
R\Ei
< g lle / | v(x) | w(x)dA(x) < €.

K\Ej
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Similarly, by condition (II) we get
. n . n
Jim 1 Sa% (@ xs) low= lim Il Squ(gxe,) lew=0

and
an Zi’lk

lim ” Sa,u (g)(E‘) ”d),w: lim ” Ta,u (gXE“‘) ”CI),co: 0.
k— o0 k k— o0 k
Consequently, if f is exchanged with g, then we have
lim || Sg5(f xg) llow= lim || Toh(fx5) low= lim I f = fxg, low= 0.
k- k- k-
For each k € N, let
vie = f e, + 2Ta5(8XE) + 28a5(8X57).

Based on Lemma 2.2, we have K N K % a™~"2)% = ¢ (m;,m, € Z and m; #
m,), and with Minkowski inequality we may yield that

1 = f lowSIl £ = £ 25, Now +2 1l Toiu(@250) llow +2 1| Si@xe) o

and

1
I Cave = 8 lowsll 8 = 8X5; llow +5 1| Teu(f X5 low

2nk 2nk

1
+ 5 1 Saa(F X8 low + Il Tai @) low + Il Sui (€25, llow -
Therefore, we remark
lim || ve — f llop=0 and lim || €, v — & ll¢0= 0,
k—o k— oo
which means that
kh_)r{)lo v, =f and kh_)rglo Cn, Vk = &
Then, €, (U)NV # @ for some k. Therefore, we conclude that the sequence
(Cnen, 1s topologically transitive. O
Corollary 3.2. Let a € K be an aperiodic element of hypergroup Z(K), ® be a
A,-regular Young’s function and u,u™! € L®(K). If G, := é(T{,‘,u +Sp,)isa
cosine operator on LE(K, C), then the following statements are equivalent.
(D (Cpnen, is topological mixing in LE(K,C).
(IT) For each non-empty compact subset K C K with A(K) > 0, there exists a
sequence of Borel sets (E,)) in K such that we have

lim supf | v(x) | w(x)dA(x) = 0.
R\E,

n—oo veQ

Moreover, the two sequences

Pp =% 8", (H;;lu * di_l) and @, =w 8- (H;.’;éu * 5{1)
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satisfy
lim sup/ @p(x) | v(x % a™) | dA(x) =0
n—oo veQ En

and
lim supf @n(x) | v(x % a™) | dA(x) =0,

n—oo veQ En

where Q is the set of all Borel functions v on K satisfying [, ®(| v [)dA < 1.

Further, if K is a discrete hypergroup with the counting measure as its Haar
measure, then the set Ej, is exactly K itself so that we reformulate the theorem
above.

Corollary 3.3. Let a € K be a non-torsion element of Z(K), ® be a A,-regular
Young’s functionand u,u™! € L*(K). IfC,, := i(TZ,u +Sg.4) is a cosine operator
on LL(K,C), then the following statements are equivalent.

(D (C)nen, is topologically transitive in LE(K,C).

(IT) For each non-empty finite subset K C K with A(K) > 0, there exist two se-
quences of Borel sets (E,:r )and (E[)in K, and a sequence (n) of positive numbers
such that K = E; U E,, and we know two sequences

. -1
J = J
cpn=co*5z_1-(l'[;‘=1u>k5a_l) and gpn=w*52‘-(]0u*5)
satisfy
hm sup Z P, (X) | v(x * a™) |= 0, hm sup Z P (X) | V(x % a™™) |=0
k=o0ye xek xeK
and
lim sup 3 @2, () | v0x % @) [= 0, lim sup 37 Gy, () | v(x + a72%) =0,
P yeQ EE+ k—oo veQer

where Q is the set of all Borel functions v on K satisfying [, ®(| v [)dA < 1.

For a fixed L € N, let (as);<¢<; and (ug);<¢<;, be the sequences of aperiodic
elements of hypergroup K and positive weight, respectively. Then (T, ., J1<¢<1.
and (S, 4, h1<¢<1 are a sequence of weighted translation operators and a se-
quence of self-maps with weight, respectively. Now, we characterize the topo-
logical transitivity for a finite sequence of cosine operators.

Theorem 3.4. Let (as)1<¢<1 and (ug)1<¢<1, be a sequence of aperiodic elements
of Z(K) and a sequence of positive weights respectively such that u,,u, € L*(K).
IfCpp = (Tat, u, +Sa, u,) is a cosine operator on LE(K,C) for 1 S ¢ <L, then
the followmg statements are equivalent.

(D (€1, @ Cyppy @ -+ ® Cp p)nen, s topologically transitive.

(IT) For each non-empty compact subset K C K with A(K) > 0, there has some

sequence (n;) of positive integers such that for 1 < ¢ < L, there exist three se-

quences of Borel sets (Ey ), (E;“k) and (E ) of K such that E, ), = E Y E{Tk,
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and we have

lim supf | v(x) | w(x)dA(x) =0

k=00 ye0 E\Eg .

and two sequences

_ o 1 J ~ _ Mg =1 J
Pep, = @ * 5a_1 . (H}.zluf * 5a_1> and P, =@ * 6y, - (Hj:O Up * éaf)
4 4

satisfy
lim supf P (X) | v(x x ay*) | dA(x) =0,

k=00 ye0 By

lim sup f Ben, (X) | v(x % a,™) | dA(x) =0,
E¢x

k—o0 veQ

lim supf Pe on, (X) | v(x * a?nk) | dA(x) =0
EJ,

k—»oo 'UEQ
and
lim sup f Bt am, () | v(x % a;°™) | dA(x) = 0,

k=00 ye0 E;,
where Q is the set of all Borel functions v on K satisfying [, ®(| v [)dA < 1.
Proof. (I)=(II). Let K be a compact subset of K such that A(K) > 0. Since
(C1, D Cyy @+ ® Cp p)nen, is topologically transitive, for € € (0, 1) there exist
fe € L2(K,C)and m € Nsuch thatfor1 < ¢ < L,wehave || f, — xz o< €
and || C¢mfe + Xz llow< €* Further, it relies on the proof of part (I)=(II) of
Theorem 3.1 to get desired conditions on weights u, for each ¢.

(ID)=(I). Let U, and V, be non-empty open subsets of £2(K, C). Since ® is
A,-regular, we can choose two non-zero functions f, and h, in C.(K) such that
fe € Usand h € V,. Let K = supp(f¢) U supp (hy) and Epy C K satisfy
condition (IT). From now on, following the proof of (II) = (I) of Theorem 3.1
we can conclude that C, , (Up) NV, # @ foreach (1 < ¢ < L). O

An operator T is said to be topologically multiply recurrent on X, if for all
L € N and all nonempty open subset U of X, there exists n € N such that

UNnTU)NT2"(U)N---nTLNU) # 0.

A vector x € X is called a topologically multiply recurrent vector for T if there
exist an increasing sequence (n;) of positive integersand 1 < ¢ < LforL € N
such that T®™x — x as k — oco. The set of all topologically multiply recurrent
vectors for T is denoted by RM(T), and we know that T is topologically mul-
tiply recurrent if and only if RM(T) is dense in X. Note that when L = 1, the
topologically multiple recurrence reduces to the topological recurrence, which
is weaker than (closed to) the topological transitivity. In fact, every topologi-
cally transitive operator is topologically multiply recurrent on separable Banach
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spaces [18]. Besides, a sequence of operators (T,,) is said to be topologically mul-
tiply recurrent on X, if for all L € N and all nonempty open subset U of X, there
exists n € N such that

UnT,'(U)NTHU)N--NT;(U) # 0.

From now on, we consider the topologically multiple recurrence of a se-
quence of cosine operators in weighted Orlicz spaces on hypergroup.

Theorem 3.5. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume that a € K

is an aperiodic element of Z(K) and C,, := %(Tg,u + Sg..,) is a cosine operator on
LE(K, C) generated by a weight function u on K. Then (I) =(I1) is true.
(D (C)nen, is topologically multiply recurrent on L2(K,C), and

lim S;,f(x)=0 or lim T}, f(x)=0;
h—oo n—co

(II) For each compact subset K C K with /1£K) >0and1 < ¢ <LforL €
N, there exist a sequence of Borel sets (Ey) in K, and a sequence (ny) of positive
numbers such that A(K) = lim._, ., A(Ey) and the sequence

. 1
Pep = @ * 52{’1 . <H§21” * 52_1) or Pep = xS (H?:glu * 5{1)
admits respectively subsequence (¢¢y, ) or (P¢y, ) satisfying

kll—g)lo ” ¢€l’lk |Ek||°°= ]}1_{{.10 “ qo(f"'L)nk |Ek||°o

or

Hm | @, g Moo= Hm | @errym, |1, lleo= O-

Proof. Now we assume that (€,),en, is topologically multiply recurrent. Let
K C K be a compact set with 1(K) > 0 so that

c:=infw(x)>0 and C :=supw(x) < oo
x€K xek

and 0 < € < c. By the aperiodicity of a € Z(K), there exists some N € N such
that KNKa*" = @ forn > N. Let yz € L2(K, C) be the characteristic function
of Kand U = {g € L2(K,C) : Nol[(g — xg)w] < €*}. By the assumption of
topologically multiple recurrence and the continuity of (C,,).en,  for some fixed
L € N there exists k > N such that

Unclune;, Un--nep, U#p.

Hence, there exists f € £L2(K, C) such that No[(f—xz)w] < €?and Nol(Cpp, f—
xg)w] < e?for ¢ = 1,2,---,L. By the same argument as in Theorem 3.1, let f
be a real valued function. Denote A = {x € K :| f(x) — 1 | w(x) > €}. Then

f)w(x)>w(x)—c (xeK\A), and A(A)< 1/(1)(%)
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2 > Nol(f — xp)wl 2 Nolxzg(f — Dl 2 Nol[xa(f — Del

€
> Ng(xa€) = m,

which implies A(A) < 1/<I>(§). Let
Bog={x €K 1| Cpp f(x) — 1| w(x) > €.
Then
Con fCIO() > w(x) =€ (x € K\ Be) and A(By ) < 1/0()
by the following procedure
€2 > Nol(Con f — x0)®] = No | xg(Con, f — D]

€
2 Nq> [XBg_k(et’nkf - 1)&)] 2 Nq)(XBg,ke) =

v (55)
A(Be i)

LetCop = {x € K\ (AUBsy) @ @z, (x) > €}. Now we remark that
Pen, (X) <€ (x €K\ (AUBg,UCy)),

and A(Cpy) <1/ <I>( ¢/ e) In fact, according to Lemma 2.1, KNnKa*’™ = ¢and

the r1~ght invariance of Haar measure A, due to the fact f(x) > (c—¢)/C > 0 for
x € K\Aandlim,_,, Sy, f(x) = 0 we take n large enough so that | Sg, f(x) |<
ce/2C and

2€ > Nol2(Cen f = XR)®] 2 No (22c, yatn Con o)
-1 j ¢
> N(IJ (XCg k*afnk <H]ZI(() u *x 5é) (f * 5ank)w — EXC *af"kw/2>
¢ tny ¢
= Nq,()(c{)k( n"u*éj )fco*éa —e)(cfkcu*6"k/2)
ec/2—-¢)/C

ACe i)
c/2 €
which implies A(Cyx) < 1/ (ID( )

Similar to Cy, let Cf)k = {x e K\ (Au Bei UCpi) @ Petryn, (X) = €}
Similarly, we imply that

¢
= No(xc,, Pen S —€xc, @ * 5(:{{/2) >

Peerryn,(X) <€ (x €KR\(AUB;UCsi U @,k)
and 1(Cy ;) < 1/<1>(C/2 5.

Let Ep = (K \ A) \ U€=1(Bf’k UCp iU é\ﬁ,k)- Then, we conclude /I(E \ Ey) <
1+L 2L

—_— + —_—
w5 WIS

implies the former of the condition (IT) together with the fact lim,_,, ®(t) =

and || @e+ryn, g llo< € aswell as || @¢n, g llo< € Which
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co. Similarly, if lim,,_,, S;,,f(x) = 0, then the latter of the condition (II) is
obtained. O

Theorem 3.6. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume that a € K
is an aperiodic element of Z(K) and C,, := %(TZ,M + Sg..,) is a cosine operator on
L2(K, C) generated by a weight function u on K. Then (I1)=(I) holds.

(D (C)nen, is topologically multiply recurrent on L2(K,C);

(I1) For each compact subset K ¢ K with A(K) > 0and1 < ¢ < LforL €
N, there exist a sequence of Borel sets (Ey) in K, and a sequence (ny) of positive
numbers such that A(K) = lim,_, ., A(E}) and two sequences

Pen =@ x 8" - (H?Zlu s 5{1_1> and @pp = w * 8" - (Hfﬁglu s 5{1)

admit respectively subsequences (¢¢y,, ) and (P¢,, ) satisfying

Tim | @en, Il = Jim 1| Gon, sl
= I{ILTO I Pe+L)ny |Ek||oo
= kh—>n20 I 5(€+L)nk |Ek”oo

= 0.

Proof. Now we show that (C,,),epn, is topologically multiply recurrent. Let U
be a non-empty open subset of L2(K,C). Since the space C,(K) of continu-
ous functions on K with compact support is dense in £LE(K, C), we can choose
[ € Cu(K) satisfying f € U. Let K be the compact support of f. Given some
L € N, let E; C K and the sequences (¢¢,), (¢¢,) satisty the condition (II).

By aperiodicity of a € Z(K), there exists M € N such that K n Ka*" = @ for

all n > M. By the condition (II), there exists N € N such that n, > M and

~ 1/2k
®en, B> Peny 1B, < e for k > N. Hence,

Nol(f xr\e)@] Sl f lleoll X2\E, lo.w— 0
and by Lemma 2.1 we obtain

Ng [(Tg,r;k(f)(Ek)) CU]

No [(Hf:’(‘)_lu * éfl) (f = 52”")(){Ek * 5af’nk)a)]

No [(Hf:’iu * 5i_1)f)(Ek(co * 52?{‘)]

1/2k
I f lleo s

Ng (Wnkf)(Ek) <———0

()
A(E)

ask — oo for 1 < ¢ < L. Similarly, we infer that

. ¢ . ¢ i\ ¢ ¢
Jim N [SCECmd] = Jim No (T2 6L, )+ 80zm, + 807w

a1
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= lim N, [( T 51) f)(Ek(co % 6L
= I}LH; No (Pen fx5,) =0

forl=1,2,---, L. Therefore

klgfolo Ng [Con (fxp)®] =0
Similarly, for 1 < ¢,m < L we obtain
kh_)nolo Ng I:(Tl(fljm)nk(f)(E )) CO] = lim No [(Sfim)""(fxfs )) CU]
= lim Ng [( f""Smn"(f)(Ek )a)] = hm No [(Sﬁn"Tmn"(f)(Ek )a)] =0.

k— oo
For each k € N, let

¢ ¢
v = fXg t+ z Tow(fxE) + Z Sant (f XE)-
¢=1
Then

L
Noli = ol < Nol(fxrg)ol + X No|(Taki (fx5)) @]

t=1

z No (S22 ) ]

and

IA

Nol(Cpnve = o] < No[(Con(fx5)) @] +3 ZNcp[(Téme)”k(fxEk)) o

L
£ 1 Na[(S ) o]+ Na [t o]

c B o)l

m=1,m#¢
which implies
lim No[(ve — flw] = im No[(Crp, vk = flw] =0.

Hence
Unclune;, Un--nep U#H.
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Letting L = 1, immediately we can characterize the recurrence and topolog-
ical mixing of a sequence of cosine operators as follows.

Corollary 3.7. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume thata € K
is an aperiodic element of Z(K) and C,, := %(Tg,u + Sg..,) is a cosine operator on
LE(K, C) generated by a weight function u on K. Then (1) =(I1) is true.

(D (€p)nen, is topologically recurrent on LE(K,C), and lim,,_, o, Seuf(x)=0
orlim,_ . Tq,f(x)=0;

(I1) For each compact subset K ¢ K with A(K) > 0, there exist a sequence of
Borel sets (Ey) in K, and a sequence (ny,) of positive numbers such that A(K) =
limy_, , A(E)) and the sequence

. J = ._ -1 J
P =S (H’J?zlu * 5a_1) or @, :=w*xd}- (H;?zou * 5a)
admits respectively subsequence (¢, ) or (¢, ) satisfying
I{ILTEO Il @, £ N o= klingo Il ®2n, g lleo OF klgl;o | @ 1B Nl o= I{ILTEO | @an 15, lo= 0.

Corollary 3.8. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume that a € K

is an aperiodic element of Z(K) and C,, := é(T;‘,u + Sg.,,) is a cosine operator on
L2(K,C) generated by a weight function u on K. Then (I1) =(I) holds.
(D (Cpnen, is recurrent on LE(K,C);

(I) For each compact subset K c K with A(K) > 0, there exist a sequence of
Borel sets (Ey) in K, and a sequence (n;.) of positive numbers such that A(K) =
limy_, o, A(E)) and two sequences

, 1
Pp i=wx 8- (H?Zlu s 5i_l> and @, i=w * " - (H;.:éu ¢ 5{1)

admit respectively subsequences (¢, ) and (@, ) satisfying
klggo | @n, £ Moo= klggo | 0, £ Moo= klggo | P2, |5, o= ;}ir?o | P2n, 1B, = 0.

Corollary 3.9. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume thata € K

is an aperiodic element of Z(K) and €, := %(T au + Sa) is a cosine operator on
LE(K, C) generated by a weight function u on K. Then (1) =(II) is satisfied.

(D (Cpnen, is topological mixing on L2(K,C), and lim,,_, Seuf(x) =0o0r
lirnn—»oo Tg,uf(x) =0;

(I1) For each compact subset K c K with A(K) > 0, there exists a sequence of
Borel sets (E,,) in K such that A(K) = limy_, ., A(E,,) and the sequence

. -1
Pni=wxb (H’J?zlu * 52_1) or @, :=w*xdy- (H;.‘;éu * 6{1)

satisfies
lim || ¢, |5, llo=00r lim || @, |g,llo= 0.
n—oo n—oo
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Corollary 3.10. Let K be a second countable locally compact hypergroup with a
right Haar measure A and ® be a A,-regular Young function. Assume that a € K
is an aperiodic element of Z(K) and G, : = %(Tg’u + Sg.,,) is a cosine operator on
L2(K,C) generated by a weight function u on K. Then (I1) =(I) holds.

(D (Cpnen, is topological mixing on LE(K,C);

(I) For each compact subset K C K with A(K) > 0, there exists a sequence of
Borel sets (E,) in K such that A(K) = limy._,, A(E,) and two sequences

. .\ —1
Pp =@ * 3" - (H;.’Zlu * 5271) and @, :=w x 8" - (H;‘:‘éu * 52)

satisfy

lim || ¢ |g, lo= lim || &, |g,[l= 0
n—oo n—oo

At last, we pay attention to the chaoticity for cosine operators on hypergroup
and give some results.

Theorem 3.11. Let K be a second countable locally compact hypergroup with a
right Haar measure 1 and ® be a Young function. Assume that a € K is an aperi-
odic element of Z(K), {C,},en, s a cosine function on L2(K,C)and {P(C)Inen,
is the set of periodic elements of {C, },en, generated by a weight function u on K.
Then (II1)=(1)=(11) holds true.

(D) (Crnen, is chaotic on L(K, C);

(D) (P(C))nen, is dense in LL(K, C);

(I11) For each compact subset K C K with A(K) > 0, there exist a sequence of
Borel sets (Ey) in K, and a sequence (n;,) of positive numbers such that A((K) =
limy_, o, A(E) and two sequences

Pp =% - (H}Llu * 52_1) and @, :=w x " - (H;:éu * 5{1)

admit respectively subsequences (¢¢,, ) and (@, ) satisfying

11m ” (Z gofl’lk + Z ¢€l’lk> |Ek||°°

=1 =1

Proof. (II1)=(I)=(II). Clearly, here we only prove (IIT)=(I). Based on Corol-
lary 3.9, we see that the condition (III) follows the topological transitivity of
(Cpnen,- Then, we have to show the density of (P(C,,))nen,- According to the
density of C, (K) in £L2(K, C), we take a non-zero function f € C.(K) with com-
pact support K C K. Then, there exist a sequence (E,) of Borel sets in K and
a sequence (n;) of positive numbers so that A(K) = limy_ . A(Ey), KaP™ N
Ka?™ #+ oo for each p,q € Z with p # q and

D 0en )+ D) Prn (X) <1/25 (x € Ey).
t=1 t=1
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Moreover, we conclude that

Cllflle
@1 (1/A(K \ Ey))

No[(f — fxg)w] = No[(f xz\g)®] < — 0(k — o0).

For each k € N, put

Ve = fxp, + Z T (f xs,) + Z SE(f xp)-
=1

Then
Tove = Tau(fam)+ 2 T Tak (f Xs,) + 2 T Sant(f xE,)
= fxg +;_1T u (fxe)+ ZS [(fxE) = vk
and
Sasvi = Seu(fam)+ Z Sk Tank (f xm) + Z Sk Sam(f x5,

¢
fxe, + Z T (f)(Ek) + Z S nk(f)(Ek) = Vi,
=1
which imply €, v, = v, and so v, € P(C,) for every n € N. Besides, from

Lemma 2.1, KaP™ n Ka?* = @ with p # g and the right invariance of Haar
measure A, we infer that

No (Z T (fap)e + . Sﬁ,’ﬁf(fxEk)w)
=1

M 83) (fF # 85" ), * Ogen oo

Il
Z
&
0
S )
DMe i
—~
|
—~
S

Il
—_

+
NgE
—
=
(WIS
Il S
p—
<
*
(e}
~.
Z

8 s, aﬁ”k)w)

S
I
—

w &) fap (w60

Il
&
S
DN
—
=
—~
e
[
Q
\_/ ~—

+
S
Mg
—
=
EEEN
I S
OW‘
L
<
*
(8]
Q <~

-1 tn
fxg (w4, )

I
Z
/'\

M s

B
II

@fnkf)(Ek +) cofnkfxEk)

=1
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1

Il fllo =
< — 2 9 (k - ),

v (55)
A(Ey)

which means

Nol( — Pwl < Nol(f xz\5,)@] + No | X Ta(fag)w + ) S (f xg )
t=1

=1
-0 (k- ).
Consequently, v converges to f as k — oo such that (P(C,)),en, is dense in
LE(K,C). O
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