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Invertibility of Bergman Toeplitz operators

Mo Javed and Amit Maji

Abstract. In this paper, we establish the invertibility of the Berezin trans-
form of the symbol as a necessary and sufficient condition for the invertibil-
ity of the Toeplitz operator on the Bergman space 𝐿2𝑎(𝔻). More precisely, if
𝜑 = 𝑐𝑔 + 𝑑𝑔̄, where 𝑐, 𝑑 ∈ ℂ and 𝑔 ∈ 𝐻∞(𝔻), the space of all bounded
analytic functions, then 𝑇𝜑 is invertible on 𝐿2𝑎(𝔻) if and only if inf

𝑧∈𝔻

||| 𝜑̃(𝑧)
||| =

inf
𝑧∈𝔻

|𝜑(𝑧)| > 0, where 𝜑̃ is the Berezin transform of 𝜑.
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1. Introduction
Let𝔻 = {𝑧 ∈ ℂ ∶ |𝑧| < 1} be the open unit disc and𝕋 be the unit circle in the

complex plane ℂ. Let 𝑑𝐴 denote the normalized Lebesgue area measure on 𝔻.
The space 𝐿2(𝔻, 𝑑𝐴) stands for the complex Hilbert space of square integrable
functions on 𝔻 with the inner product defined by

⟨𝑓, 𝑔⟩ = ∫
𝔻

𝑓(𝑧)𝑔(𝑧) 𝑑𝐴(𝑧) (𝑓, 𝑔 ∈ 𝐿2(𝔻, 𝑑𝐴)).

The Bergman space, denoted by 𝐿2𝑎(𝔻), is the closed subspace of all analytic
functions on𝔻 in 𝐿2(𝔻, 𝑑𝐴). Moreover, the space 𝐿2𝑎(𝔻) is a reproducing kernel
Hilbert space (RKHS) with respect to the kernel function 𝐾𝑧 given by

𝐾𝑧(𝑤) = 𝐾(𝑤, 𝑧) =
1

(1 − 𝑧̄𝑤)2
(𝑧, 𝑤 ∈ 𝔻).
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Let𝐻2(𝔻) be the Hardy space of analytic functions 𝑓 on 𝔻 such that

‖𝑓‖ = sup
0≤𝑟<1

(
1

2𝜋
∫

2𝜋

0

|𝑓(𝑟𝑒𝑖𝑡)|2 𝑑𝑡)

1

2

< ∞.

We denote by 𝐿∞(𝔻) (or 𝐿∞(𝕋)) the Banach space of essentially bounded func-
tions on 𝔻 (or 𝕋) equipped with the sup-norm ‖ ⋅ ‖∞. For 𝜑 ∈ 𝐿∞(𝔻), the
Toeplitz operator 𝑇𝜑 on the Bergman space is defined by

𝑇𝜑𝑓 = 𝑃(𝜑𝑓), (𝑓 ∈ 𝐿2𝑎(𝔻)),

where 𝑃 is the orthogonal projection of 𝐿2(𝔻, 𝑑𝐴) onto 𝐿2𝑎(𝔻). For 𝜑 ∈ 𝐿∞(𝔻),
the Berezin transform of 𝜑 on 𝔻, denoted by 𝜑, is defined as follows

𝜑(𝑧) = ⟨𝑇𝜑𝑘𝑧, 𝑘𝑧⟩ = ∫
𝔻

𝜑(𝑤)
(1 − |𝑧|2)2

|1 − 𝑧̄𝑤|
4
𝑑𝐴(𝑤) (𝑧 ∈ 𝔻),

where 𝑘𝑧 is the normalized reproducing kernel, i.e., 𝑘𝑧 =
𝐾𝑧

‖𝐾𝑧‖
. On the other

hand, for 𝜑 ∈ 𝐿∞(𝕋), the harmonic extension of the function 𝜑 in 𝔻, denoted
by 𝜑̆, is given by the Poisson integral formula:

𝜑̆(𝑧) =
1

2𝜋
∫

2𝜋

0

𝜑(𝑒𝑖𝑡)
1 − |𝑧|2

|||1 − 𝑧𝑒−𝑖𝑡|||
2
𝑑𝑡 (𝑧 ∈ 𝔻).

It is easy to see that the harmonic extension of a function 𝜑 ∈ 𝐿∞(𝕋) in 𝔻

coincides with the Berezin transform of the Toeplitz operator 𝑇𝜑 with symbol 𝜑
on theHardy space𝐻2(𝔻) over the unit disc. Themain purpose of this note is to
study the invertibility criteria for the certain Toeplitz operators on the Bergman
space.
One of the key problems in operator theory and function theory is to de-

termine the invertibilty of Toeplitz operators. In this direction, the complete
characterization of invertible Toeplitz operators on𝐻2(𝔻) was studied by Dev-
inatz [1]. Douglas [2] characterized the invertibility of Toeplitz operators on
𝐻2(𝔻) with continuous symbols by showing that for 𝜑 ∈ 𝐶(𝕋), the space of
continuous functions on 𝕋, the Toeplitz operator 𝑇𝜑 is invertible on 𝐻2(𝔻) if
there exists 𝛿 > 0 such that |𝜑̆(𝑧)| ≥ 𝛿 for all 𝑧 ∈ 𝔻. Thereby, Douglas raised
the following problem: Let 𝜑 ∈ 𝐿∞(𝕋). Suppose there exists a 𝛿 > 0 such that
|𝜑̆(𝑧)| ≥ 𝛿 for all 𝑧 ∈ 𝔻. Is the Toeplitz operator 𝑇𝜑 invertible on 𝐻2(𝔻)?
Many researchers including Chang and Tolokonnikov [14] investigated the

above problem and obtained a sufficient condition that there exists a positive
𝛿0 (< 1) such that if 𝛿0 < |𝜑̆(𝑧)| < 1 for all 𝑧 ∈ 𝔻, then𝑇𝜑 is invertible on𝐻2(𝔻)

(see also [10]). On the other hand, Wolff [15] constructed a function in 𝐿∞(𝕋)
that serves as an elegant counterexample for a negative answer to Douglas’s
question. Thus, in the Bergman space setting the question reads:

Question 1.1. Is the invertibility of Bergman Toeplitz operator 𝑇𝜑 for 𝜑 ∈

𝐿∞(𝔻) equivalent to the invertibility of the Berezin transform 𝜑 in 𝐿∞(𝔻)?
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The above question is incredibly challenging and even for a bounded har-
monic function 𝜑 on𝔻, the problem is still unsolved. However, the affirmative
answers are available in the literature in the casewhen𝜑 ∈ 𝐿∞(𝔻) is either ‘real
harmonic’, or ‘non-negative’, or ‘analytic’, or ‘coanalytic’. For a detailed survey,
see [8, 9, 17]. The invertibility and spectral properties of Toeplitz operators with
harmonic symbols on the Bergman space have been discussed in detail bymany
authors, for example, see [3, 4, 13, 18]. In general, Karaev [6] established certain
sufficient conditions for the invertibility of bounded linear operators on RKHS
using the Berezin transform and atomic decomposition. Recently, Taskinen
and Čučković [12] have studied the invertibility problem for Bergman Toeplitz
operators under a geometric condition on the image of the symbols. The prob-
lem of invertibility for Bergman Toeplitz operators with harmonic symbols had
also been explored by Yoneda [16]. He obtained the invertibility of Berezin
transform of the harmonic symbol of the form 𝜑 = 𝑐𝑔+𝑑𝑔, where 𝑐, 𝑑 ∈ ℂ and
𝑔 ∈ 𝐻∞(𝔻) as a sufficient condition for the invertibility of the BergmanToeplitz
operator 𝑇𝜑. Moreover, for such a 𝜑 if 𝑔 ∈ 𝐻∞(𝔻) ∩ 𝐶(𝔻), then he obtained an
affirmative answer to the Question 1.1 (see [16, Theorem 2.6, Theorem 2.8]).
For a thorough discussion and properties of Bergman Toeplitz operators, one
can see [5, 7, 19].
In this paper we have obtained an affirmative answer to Question 1.1 for har-

monic symbols of the form 𝑐𝑔+𝑑𝑔, where 𝑔 ∈ 𝐻∞(𝔻)which relaxes the condi-
tion that 𝑔 be continuous on𝔻 unlike Yoneda’s result. Along the way, we prove
some characterization results in the general setting of Hilbert space. In turn, it
precisely extends the results concerning the invertibility of 𝑇𝜑 in terms of the
invertibility of the Berezin transform of its symbol when 𝜑 is either real har-
monic, analytic, coanalytic, or 𝑇𝜑 is normal provided 𝜑 is bounded harmonic.
The rest of the paper is structured as follows. Section 2 focuses on establish-

ing the necessary background, and along the way, we fix some notations and
definitions. In Section 3, we prove the invertibility of the Berezin transform of
certain harmonic symbols determines the invertibility of the Bergman Toeplitz
operators which extends Yoneda’s result.

2. Preliminaries
This section compiles notations, definitions, and some basic results that are

used in this paper. We denote ℋ as a Hilbert space over the field of complex
numbers ℂ and ℬ(ℋ) as the 𝐶∗-algebra of all bounded linear operators onℋ.
A linear operator 𝑇 is said to be bounded below if there exists 𝑐 > 0 such that
‖𝑇ℎ‖ ≥ 𝑐‖ℎ‖ for all ℎ ∈ ℋ. An operator 𝑇 ∈ ℬ(ℋ) is said to be hyponormal if
𝑇∗𝑇 − 𝑇𝑇∗ is a positive operator, equivalently, ‖𝑇ℎ‖ ≥ ‖𝑇∗ℎ‖ for all ℎ ∈ ℋ.
Let 𝐻(𝔻) be a reproducing kernel Hilbert space (e.g. 𝐻2(𝔻) or 𝐿2𝑎(𝔻)) on 𝔻

and the map 𝐾 ∶ 𝔻 × 𝔻 → ℂ defined by

𝐾(𝑤, 𝑧) = 𝐾𝑧(𝑤) = ⟨𝐾𝑧, 𝐾𝑤⟩
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be the reproducing kernel function of 𝐻(𝔻). We denote 𝑘𝑧 =
𝐾𝑧

‖𝐾𝑧‖
for 𝑧 ∈ 𝔻

as the normalized reproducing kernel of 𝐻(𝔻) and the set {𝑘𝑧 ∶ 𝑧 ∈ 𝔻} is a
total set in 𝐻(𝔻). For more details and references on RKHS, see [11]. For a
bounded operator 𝑇 on 𝐻(𝔻), the Berezin transform of 𝑇, denoted by 𝑇, is a
complex-valued function on 𝔻 defined as

𝑇(𝑧) = ⟨𝑇𝑘𝑧, 𝑘𝑧⟩ for all 𝑧 ∈ 𝔻.

Thus, every bounded linear operator 𝑇 on 𝐻(𝔻) induces a bounded function
𝑇 on 𝔻. Indeed, ‖𝑇‖∞ ≤ ‖𝑇‖. Therefore, the Berezin transform of an opera-
tor yields crucial information about the operator. In this note we mainly focus
on the Berezin transform of Toeplitz operators on the Bergman space to deter-
mine the invertibility criterion of the Toeplitz operators. Throughout this arti-
cle, 𝐻∞(𝔻) stands for the algebra of bounded analytic functions on 𝔻 and it is
also a multiplier algebra for the Hardy space as well as the Bergman space, and
𝐶(𝕋) is the space of all continuous functions on 𝕋.
We will be using the following known results very often.

Theorem 2.1 (cf. [9]). For 𝜑 ∈ 𝐻∞(𝔻), let 𝑇𝜑 ∶ 𝐿2𝑎(𝔻) → 𝐿2𝑎(𝔻) be the Toeplitz
operator. Then the following are equivalent:

(1) 𝑇𝜑 is invertible.
(2) 𝑇𝜑 is invertible.
(3) inf

𝑧∈𝔻
|𝜑(𝑧)| > 0.

Theorem 2.2 (cf. [17]). Let 𝜑 ∈ 𝐿∞(𝔻) be a bounded harmonic function on 𝔻
such that 𝑇𝜑 is a normal operator on 𝐿2𝑎(𝔻). Then 𝑇𝜑 is invertible if and only if
inf
𝑧∈𝔻

| 𝜑̃(𝑧)| = inf
𝑧∈𝔻

|𝜑(𝑧)| > 0.

3. Toeplitz operator on the Bergman space
In this sectionwe discuss the invertibility of BergmanToeplitz operatorswith

the help of the Berezin transform of the symbol. More precisely, Theorem 3.1
gives an affirmative answer to the Problem 2.3 stated in [16] in a more gen-
eral setting. Consequently, we obtain a refined characterization of invertible
Bergman Toeplitz operators for some certain bounded harmonic functions.

Theorem 3.1. Let 𝑇 ∈ ℬ(ℋ) be a hyponormal operator and 𝑠 ∈ ℂwith |𝑠| < 1.
Then the following two are equivalent:

(1) 𝑇∗ is bounded below.
(2) 𝑠𝑇 + 𝑇∗ is bounded below.

Proof. Suppose 𝑇∗ is bounded below on ℋ. Since 𝑇 is hyponormal on ℋ,
‖𝑇ℎ‖ ≥ ‖𝑇∗ℎ‖ for all ℎ ∈ ℋ, and hence 𝑇 is also bounded below. It follows
that 𝑇 is invertible. If 𝑓 ∈ ℋ and 𝑓 ≠ 0, then we choose 0 ≠ ℎ ∈ ℋ such that
𝑓 = 𝑇ℎ. For 𝑠 ∈ ℂ with |𝑠| < 1, consider

‖(𝑠𝑇 + 𝑇∗)𝑓‖ = ‖(𝑠𝑇 + 𝑇∗)𝑇ℎ‖
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= sup{|⟨(𝑠𝑇 + 𝑇∗)𝑇ℎ, ℎ′⟩| ∶ ℎ′ ∈ ℋ, ‖ℎ′‖ = 1}

≥
|||||||

⟨

(𝑠𝑇 + 𝑇∗)𝑇ℎ,
ℎ

‖ℎ‖

⟩|||||||

=
1

‖ℎ‖
|⟨𝑠𝑇2ℎ + 𝑇∗𝑇ℎ, ℎ⟩|

=
1

‖ℎ‖
|𝑠⟨𝑇ℎ, 𝑇∗ℎ⟩ + ‖𝑇ℎ‖2|

≥
1

‖ℎ‖

(
‖𝑇ℎ‖2 − |𝑠||⟨𝑇ℎ, 𝑇∗ℎ⟩|

)

≥
1

‖ℎ‖
(‖𝑇ℎ‖2 − |𝑠|‖𝑇ℎ‖‖𝑇∗ℎ‖)

(by the Cauchy-Schwarz inequality)

≥
1

‖ℎ‖
(‖𝑇ℎ‖2 − |𝑠|‖𝑇ℎ‖2) (by the hyponormality of 𝑇)

=
(1 − |𝑠|)

‖ℎ‖
‖𝑇ℎ‖2.

Now ℎ = 𝑇−1𝑓. Thus, 0 < ‖ℎ‖ ≤ ‖𝑇−1‖‖𝑓‖. Therefore

‖(𝑠𝑇 + 𝑇∗)𝑓‖ ≥
(1 − |𝑠|)

‖𝑇−1‖‖𝑓‖
‖𝑓‖2 =

(1 − |𝑠|)

‖𝑇−1‖
‖𝑓‖ (𝑓 ∈ ℋ).

Hence 𝑠𝑇 + 𝑇∗ is bounded below.
Conversely, assume that 𝑠𝑇+𝑇∗ is a bounded below operator onℋ. Suppose,

if possible, that 𝑇∗ is not bounded below. Then there exists a sequence (𝑓𝑛)𝑛≥1
inℋ with ‖𝑓𝑛‖ = 1 for every 𝑛 ≥ 1 and ‖𝑇∗𝑓𝑛‖ → 0 as 𝑛 → ∞. Recall that an
operator𝐴 onℋ is bounded below if and only if𝐴∗ is surjective. Therefore, for
every 𝑛 ≥ 1, there exists ℎ𝑛 ∈ ℋ such that

(𝑠𝑇∗ + 𝑇)ℎ𝑛 = 𝑓𝑛.

Also,

‖𝑇∗𝑓𝑛‖ = ‖𝑇∗(𝑠𝑇∗ + 𝑇)ℎ𝑛‖

= ‖𝑠𝑇∗2ℎ𝑛 + 𝑇∗𝑇ℎ𝑛‖

≥
|||||||

⟨

𝑠𝑇∗2ℎ𝑛 + 𝑇∗𝑇ℎ𝑛,
ℎ𝑛

‖ℎ𝑛‖

⟩|||||||

=
1

‖ℎ𝑛‖

||||𝑠⟨𝑇
∗ℎ𝑛, 𝑇ℎ𝑛⟩ + ‖𝑇ℎ𝑛‖

2||||

≥
1

‖ℎ𝑛‖
(‖𝑇ℎ𝑛‖

2 − |𝑠|‖𝑇ℎ𝑛‖‖𝑇
∗ℎ𝑛‖)

(by the Cauchy-Schwarz inequality)

≥
1

‖ℎ𝑛‖
(‖𝑇ℎ𝑛‖

2 − |𝑠|‖𝑇ℎ𝑛‖
2) (by the hyponormality of 𝑇)
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=
(1 − |𝑠|)

‖ℎ𝑛‖
‖𝑇ℎ𝑛‖

2

= (1 − |𝑠|)‖ℎ𝑛‖

‖‖‖‖‖‖‖‖‖

𝑇 (
ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

2

.

Now

1 = ‖𝑓𝑛‖ = ‖(𝑠𝑇∗ + 𝑇)ℎ𝑛‖ ≤ ‖𝑠𝑇∗ + 𝑇‖‖ℎ𝑛‖ for every 𝑛 ≥ 1.

Thus,

‖𝑇∗𝑓𝑛‖ ≥
(1 − |𝑠|)

‖𝑠𝑇∗ + 𝑇‖

‖‖‖‖‖‖‖‖‖

𝑇 (
ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

2

≥
(1 − |𝑠|)

‖𝑠𝑇∗ + 𝑇‖

‖‖‖‖‖‖‖‖‖

𝑇∗ (
ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

2

(𝑛 ≥ 1).

Thus it follows that
‖‖‖‖‖‖‖‖‖

𝑇 (
ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

→ 0 and
‖‖‖‖‖‖‖‖‖

𝑇∗ (
ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

→ 0 as 𝑛 → ∞.

Since 𝑠𝑇 + 𝑇∗ is bounded below, we can choose 𝑀 > 0 such that 𝑀‖ℎ𝑛‖ ≤

‖(𝑠𝑇 + 𝑇∗)ℎ𝑛‖ for every 𝑛 ≥ 1. Therefore

0 < 𝑀 ≤

‖‖‖‖‖‖‖‖‖

𝑠𝑇 (
ℎ𝑛

‖ℎ𝑛‖
) + 𝑇∗ (

ℎ𝑛

‖ℎ𝑛‖
)

‖‖‖‖‖‖‖‖‖

→ 0 as 𝑛 → ∞,

which leads to a contradiction that 𝑠𝑇 + 𝑇∗ is bounded below. This establishes
(2) ⟹ (1).

□

Theorem 3.2. Let 𝑇 ∈ ℬ(ℋ) be a hyponormal operator and 𝑠 ∈ ℂwith |𝑠| > 1.
The following two are equivalent:

(1) 𝑇 is bounded below.
(2) 𝑠𝑇 + 𝑇∗ is bounded below.

Proof. For ℎ ∈ ℋ,

(|𝑠| + 1)‖𝑇ℎ‖ = |𝑠|‖𝑇ℎ‖ + ‖𝑇ℎ‖

≥ |𝑠|‖𝑇ℎ‖ + ‖𝑇∗ℎ‖ (by the hyponormality of 𝑇)
≥ ‖𝑠𝑇ℎ + 𝑇∗ℎ‖ = ‖(𝑠𝑇 + 𝑇∗)ℎ‖

≥ |𝑠|‖𝑇ℎ‖ − ‖𝑇∗ℎ‖

≥ (|𝑠| − 1)‖𝑇ℎ‖.

Now |𝑠|−1 > 0 as |𝑠| > 1. Therefore, the above chain of inequalities establishes
that (1) ⟺ (2). □

Example 3.3. Consider the shift operator 𝑇𝑧 on the Hardy space 𝐻2(𝔻). It is
an analytic Toeplitz operator so is hyponormal. Also, 𝑇𝑧 is bounded below, in
fact, ‖𝑇𝑧ℎ‖ = ‖ℎ‖ for all ℎ ∈ 𝐻2(𝔻). If |𝑠| > 1 then it follows from Theorem 3.2
that 𝑠𝑇𝑧 + 𝑇∗𝑧 is also bounded below. Note that 𝑇𝑧 is not surjective and hence
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𝑇∗𝑧 is not bounded below. This shows that 𝑇∗ may not be bounded below while
𝑠𝑇 + 𝑇∗ is bounded below for |𝑠| > 1.

From the above theorems, we have the following result.

Proposition 3.4. Let 𝑇 ∈ ℬ(ℋ) be hyponormal onℋ and 𝑠 ∈ ℂ with |𝑠| ≠ 1.
Then the following are equivalent:

(1) 𝑇 is invertible onℋ.
(2) 𝑠𝑇 + 𝑇∗ is invertible onℋ.

Proof. It suffices to show that both 𝑇 and 𝑇∗ are bounded below if and only if
both 𝑠𝑇 + 𝑇∗ and 𝑠𝑇∗ + 𝑇 are bounded below. First we note that if 𝑠 = 0, then
it is trivial as𝑇 is invertible if and only if𝑇∗ is invertible. Nowassume that 𝑠 ≠ 0.

Case (i): Suppose |𝑠| > 1.
Let both𝑇 and𝑇∗ be bounded below. It follows fromTheorem3.2 that 𝑠𝑇+𝑇∗

is bounded below. Moreover,

(𝑠𝑇 + 𝑇∗)∗ = 𝑠𝑇∗ + 𝑇 = 𝑠 (
1

𝑠
𝑇 + 𝑇∗) with

||||||

1

𝑠

||||||
=

1

|𝑠|
< 1.

Thus, Theorem 3.1 implies that 𝑠𝑇∗ + 𝑇 is bounded below as well.
On the other hand, if both 𝑠𝑇 + 𝑇∗ and 𝑠𝑇∗ + 𝑇 are bounded below, then 𝑇

is bounded below follows from Theorem 3.2. However, the relation 1

𝑠
𝑇 + 𝑇∗ =

1

𝑠
(𝑠𝑇∗ + 𝑇) along with Theorem 3.1 yields 𝑇∗ to be bounded below too.
Case (ii): Suppose 0 < |𝑠| < 1.
Using Theorems 3.1 and 3.2 and the relation

𝑠𝑇∗ + 𝑇 = 𝑠 (
1

𝑠
𝑇 + 𝑇∗) with

||||||

1

𝑠

||||||
=

1

|𝑠|
> 1,

yields that both 𝑇 and 𝑇∗ are bounded below if and only if both 𝑠𝑇 + 𝑇∗ and
𝑠𝑇∗ + 𝑇 are bounded below. □

We are now in a position to present the main result of this section.

Theorem 3.5. Let 𝜑 = 𝑐𝑔 + 𝑑𝑔, where 𝑔 ∈ 𝐻∞(𝔻) and the constants 𝑐, 𝑑 ∈ ℂ,
then the following are equivalent:

(1) 𝑇𝜑 is invertible on 𝐿2𝑎(𝔻).
(2) There exists 𝛿 > 0 such that |𝜑(𝑧)| ≥ 𝛿 for all 𝑧 ∈ 𝔻, i.e., inf

𝑧∈𝔻
| 𝜑̃(𝑧)| =

inf
𝑧∈𝔻

|𝜑(𝑧)| > 0.

Proof. If either 𝑐 = 0 or 𝑑 = 0, then the equivalence of (1) and (2) follows
from Theorem 2.1. Assume now that 𝑐 ≠ 0 and 𝑑 ≠ 0 and let 𝑠 = 𝑐∕𝑑, then
𝑇𝜑 = 𝑑𝑇𝑠𝑔+𝑔.
Case (i): For |𝑠| = 1.
Firstly, 𝑇𝜑 is normal on 𝐿2𝑎(𝔻). Indeed,

𝑇∗𝜑𝑇𝜑 = |𝑑|2(𝑠𝑇𝑔 + 𝑇𝑔)(𝑠𝑇𝑔 + 𝑇𝑔)
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= |𝑑|2(𝑇𝑔𝑇𝑔 + 𝑠𝑇𝑔𝑇𝑔 + 𝑠𝑇𝑔𝑇𝑔 + 𝑇𝑔𝑇𝑔)

= |𝑑|2(𝑠𝑇𝑔 + 𝑇𝑔)(𝑠𝑇𝑔 + 𝑇𝑔)

= 𝑇𝜑𝑇
∗
𝜑.

Hence, Theorem 2.2 yields the equivalence of (1) and (2).
Case (ii): When |𝑠| ≠ 1.
Note that for 𝑔 ∈ 𝐻∞(𝔻), 𝑇𝑔 is hyponormal because for 𝑓 ∈ 𝐿2𝑎(𝔻),

‖𝑇∗𝑔𝑓‖ = ‖𝑇𝑔𝑓‖ = ‖𝑃(𝑔𝑓)‖ ≤ ‖𝑔𝑓‖ = ‖𝑔𝑓‖ = ‖𝑇𝑔𝑓‖.

Also, for |𝑠| ≠ 1 we have

||𝑠|−1||𝑔(𝑧)| =
|||||
|𝑠𝑔(𝑧)| −

|||||
𝑔(𝑧)

|||||

|||||
≤
|||||
𝑠𝑔(𝑧) + 𝑔(𝑧)

|||||
≤ (|𝑠|+1)|𝑔(𝑧)|, (𝑧 ∈ 𝔻).

Thus

||𝑠| − 1| (inf
𝑧∈𝔻

|𝑔(𝑧)|) ≤ inf
𝑧∈𝔻

|||||
𝑠𝑔(𝑧) + 𝑔(𝑧)

|||||
≤ (|𝑠| + 1) (inf

𝑧∈𝔻
|𝑔(𝑧)|) . (3.1)

Let 𝑇𝜑 be invertible on 𝐿2𝑎(𝔻). Thus, 𝑇𝑠𝑔+𝑔 = 𝑠𝑇𝑔 + 𝑇∗𝑔 is invertible. Employing
Proposition 3.4, we have𝑇𝑔 is invertible on 𝐿2𝑎(𝔻). It now follows fromTheorem
2.1 that inf

𝑧∈𝔻
|𝑔(𝑧)| > 0. Hence the inequality (3.1) implies that

inf
𝑧∈𝔻

|𝜑(𝑧)| = |𝑑| inf
𝑧∈𝔻

|||||
𝑠𝑔(𝑧) + 𝑔(𝑧)

|||||
> 0.

Conversely, assume that inf
𝑧∈𝔻

|𝜑(𝑧)| > 0. Again, the inequality (3.1) and The-

orem 2.1 infers that 𝑇𝑔 is invertible on 𝐿2𝑎(𝔻). Finally, Proposition 3.4 yields
that 𝑇𝜑 is invertible on 𝐿2𝑎(𝔻). This completes the proof. □

Acknowledgement: The authors are thankful to the anonymous reviewer for
his/her careful reading of the manuscript and for the valuable comments and
suggestions.
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