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The complete Nevanlinna-Pick property for
sub-Bergman Hilbert spaces

Jiming Shen, Danyang Tian and Yixin Yang

Abstract. In this paper, we show that for non-constant 𝜑 ∈ 𝐻∞
1
(𝔻𝑛), the

sub-Bergman Hilbert spaceℋ(𝐾
𝜑

𝑛 ) over the 𝑛-disk with 𝑛 ≥ 2 does not have
the complete Nevanlinna-Pick property. Furthermore, we prove by different
methods that if 𝜑 is an inner function on𝔻, the corresponding sub-Bergman
Hilbert space on 𝔻 has the complete Nevanlinna-Pick property if and only if
𝜑 is a Möbius map ([6]).
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1. Introduction
Let X be a set and let 𝑘 ∶ 𝑋 × 𝑋 → ℂ be a function of two variables. We call

𝑘 a positive semi-definite function on X if 𝑘 is a self-adjoint (𝑘(𝑧, 𝑤) = 𝑘(𝑤, 𝑧)),
and for any finite set {𝜆1, 𝜆2,⋯ , 𝜆𝑁} ⊆ 𝑋, the matrix [𝑘(𝜆𝑖, 𝜆𝑗)]𝑁𝑖,𝑗=1 is positive
semi-definite, i.e. for every 𝛼1, 𝛼2,⋯ , 𝛼𝑁 ∈ ℂ, we have that

𝑁∑

𝑖,𝑗=1

𝛼𝑖𝛼̄𝑗𝑘(𝜆𝑖, 𝜆𝑗) ≥ 0.

We will use the notation 𝑘 ⪰ 0 to denote that 𝑘 is positive semi-definite. We
can define an ordering on the set {𝑘 ∶ 𝑋 × 𝑋 → ℂ} by 𝑘1 ⪰ 𝑘2 if and only if
𝑘1 − 𝑘2 ⪰ 0.

A reproducing kernel Hilbert space is a Hilbert spaceℋ of functions on a set
Xwith the property that evaluation at each𝑥 ∈ 𝑋 is a bounded linear functional
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onℋ. By the Riesz Representation theorem, there exists for each 𝑧 ∈ 𝑋 and
function 𝑘𝑧 ∈ ℋ such that

⟨𝑓, 𝑘𝑧⟩ = 𝑓(𝑧)

for all 𝑓 ∈ ℋ. See more details on the reproducing kernel Hilbert spaces in
[1, 7].
The reproducing kernelHilbert space corresponding to 𝑘 is denoted byℋ(𝑘).

A function𝜑 ∶ 𝑋 → ℂ is amultiplier onℋ(𝑘) if𝜑𝑓 ∈ ℋ(𝑘) for each 𝑓 ∈ ℋ(𝑘).
Letℳ(ℋ(𝑘)) be the set of all multipliers ofℋ(𝑘). By an application of closed
graph theorem, for each 𝜑 ∈ ℳ(ℋ(𝑘)) the multiplication operator

𝑀𝜑 ∶ ℋ(𝑘) → ℋ(𝑘), 𝑓 ↦ 𝜑𝑓

is a bounded operator onℋ(𝑘), and we define ‖𝜑‖
ℳ(ℋ(𝑘))

=
‖‖‖‖𝑀𝜑

‖‖‖‖. We set

ℳ1(ℋ(𝑘)) = {𝜑 ∈ ℳ(ℋ(𝑘)) ∶
‖‖‖‖𝑀𝜑

‖‖‖‖ ≤ 1}.

Complete Nevanlinna-Pick kernels are related to the solution of Nevanlinna-
Pick interpolation problems. If for a set 𝑋, whenever {𝜆1,⋯ , 𝜆𝑛} ⊆ 𝑋, and
𝑊1,⋯ ,𝑊𝑛 are s-by-t matrices such that

(𝐼 −𝑊𝑖𝑊
∗
𝑗
)𝑘(𝜆𝑖, 𝜆𝑗) ≥ 0,

we can find a Φ in the closed unit ball of

ℳ(ℋ(𝑘) ⊗ ℂ𝑡,ℋ(𝑘) ⊗ ℂ𝑠) = {Φ ∶ 𝑋 → 𝑀𝑠,𝑡 ∶ Φ𝑓 ∈ ℋ(𝑘) ⊗ ℂ𝑠 for 𝑓 ∈ ℋ(𝑘) ⊗ ℂ𝑡}

such that
Φ(𝜆𝑖) = 𝑊𝑖, 𝑖 = 1, 2,⋯ ,𝑁,

then 𝑘 has 𝑠×𝑡-Pick property. If 𝑘 has 𝑠×𝑡-Pick property for all positive integers
𝑠 and 𝑡, then we say 𝑘 has the complete Nevanlinna-Pick property. For exam-
ple, the Hardy space 𝐻2(𝔻) with Szegö kernel 𝑠(𝑧, 𝑤) = 1

1−𝑤̄𝑧
, and the Drury-

Arveson space𝐻2

𝑑
with kernel 𝑘(𝑧, 𝑤) = 1

1−⟨𝑧,𝑤⟩
ℂ𝑑

are the complete Nevanlinna-

Pick space.
We will introduce the equivalent characterizations of complete Nevanlinna-

Pick kernel from [2], which will be used in this paper.
Assume 𝑘(𝑧, 𝑤) ≠ 0 for all 𝑧, 𝑤 ∈ 𝑋. Thenℋ(𝑘) is a complete Nevanlinna-

Pick space if and only if for some 𝑧0 ∈ 𝑋,

𝐹𝑧0 ∶ 𝑋 × 𝑋 → ℂ, (𝑧, 𝑤)⟼ 1−
𝑘(𝑧0, 𝑤)𝑘(𝑧, 𝑧0)

𝑘(𝑧0, 𝑧0)𝑘(𝑧, 𝑤)

is positive semi-definite. In this case, 𝐹𝑧0 is positive for all 𝑧0 ∈ 𝑋. A kernel
𝑘 ∶ 𝑋 × 𝑋 → ℂ is said to be normalized at 𝑧0 ∈ 𝑋 if 𝑘(𝑧, 𝑧0) = 1 for all 𝑧 ∈ 𝑋.
If 𝑘 is normalized, then 𝑘 is a complete Nevanlinna-Pick kernel if and only if

1 −
1

𝑘(𝑧, 𝑤)
⪰ 0.
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For a kernel 𝑘 on 𝑋 and 𝜑 ∈ ℳ1(ℋ(𝑘)), the de Branges-Rovnyak space
ℋ(𝑘𝜑) associated to 𝜑 is the reproducing kernel Hilbert space on𝑋 with kernel
𝑘𝜑 which is defined as

𝑘𝜑(𝑧, 𝑤) = (1 − 𝜑(𝑤)𝜑(𝑧))𝑘(𝑧, 𝑤) (𝑧, 𝑤 ∈ 𝑋).

When 𝑘 is the Szegö kernel, theℋ(𝑘𝜑) is called sub-HardyHilbert space. When
𝑘 is the Bergman kernel, theℋ(𝑘𝜑) is called sub-Bergman Hilbert space.
The de Branges-Rovnyak spaces are introduced by de Branges and Rovnyak

in [5]. The initialmotivation of introducing the de Branges-Rovnyak spaceswas
to study the invariant subspace problem. Sarason’s book [10] presented most
of the main developments. It was realized that these spaces have numerous
connections with other topics in complex analysis and operator theory, in par-
ticular through Toeplitz operators. Subsequently, Zhu introduced and studied
the sub-BergmanHilbert spaces in [13, 14]. In this paper, wemain focus on the
complete Nevanlinna-Pick property of the sub-Bergman Hilbert space over the
polydisk.
The following are known examples of the de Branges-Rovnyak spaces with

complete Nevanlinna-Pick property. In 2020, Chu presented the characteri-
zation of the sub-Hardy Hilbert spaces with complete Nevanlinna-Pick prop-
erty in [4]. In 2022, a similar characterization in the Drury-Arveson space was
obtained by Sautel in [11]. In 2023, Luo and Zhu proved that when did the
sub-Bergman Hilbert spaces have complete Nevanlinna-pick property in [6].
In 2024, we determined the complete Nevanlinna-Pick property for Beurling
type quotient module over the bidisk ([12]). Generally, Ahmed, Das and Panja
consider de Branges-Rovnyak spaces of a considerably large class of reproduc-
ing kernel Hilbert spaces and gave a characterization for them to be complete
Nevanlinna-Pick spaces in [3].
Our initial motivation was to consider Schur product and tensor product of

the Szegö kernels. A natural question iswhether the corresponding de Branges-
Rovnyak space satisfies the complete Nevanlinna-Pick property.
The remainder of this paper is organized as follows. In Section 2, we show

that for non-constant holomorphic function 𝜑 ∈ 𝐻∞
1
(𝔻𝑛), the sub-Bergman

Hilbert space

ℋ(
1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄1𝑧1)
2(1 − 𝑤̄2𝑧2)

2⋯(1 − 𝑤̄𝑛𝑧𝑛)
2
)

over the polydisk does not have the complete Nevanlinna-Pick property. In
Section 3, we prove by a method different that the sub-Bergman Hilbert space

ℋ(
1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄𝑧)2
)

over the unit disk has the complete Nevanlinna-Pick property if and only if 𝜑
is a Möbius map, there we assume that 𝜑 ∈ 𝐻∞

1
(𝔻) is an inner function ([6]).
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2. The sub-Bergman Hilbert spaces over the polydisk
First, we introduce the Schur product and Tensor product. For two kernels

𝑘1 and 𝑘2 on 𝑋, we define the Schur product of 𝑘1 and 𝑘2 by

(𝑘1◦𝑘2)(𝑧, 𝑤) = 𝑘1(𝑧, 𝑤)𝑘2(𝑧, 𝑤),

where 𝑧, 𝑤 ∈ 𝑋. The positive semi-definition property of 𝑘1◦𝑘2 follows from
Schur’s theorem, see [7]. The Schur product of two Szegö kernels on 𝔻 gener-
ates the kernel of Bergman space 𝐿2𝑎(𝔻).
For two kernels 𝑘1 and 𝑘2 on 𝑋, we define the tensor product of 𝑘1 and 𝑘2 by

(𝑘1 ⊗ 𝑘2)((𝑧1, 𝑧2), (𝑤1, 𝑤2)) = 𝑘1(𝑧1, 𝑤1)𝑘2(𝑧2, 𝑤2),

where 𝑧1, 𝑧2, 𝑤1, 𝑤2 ∈ 𝑋. By Theorem 5.11 in [7], we know thatℋ(𝑘1 ⊗ 𝑘2) is
isometrically isomorphic toℋ(𝑘1)⊗ℋ(𝑘2), which is the reasonwhywe call the
kernel as the tensor product of two kernels. The tensor product of two Szegö
kernels on 𝔻 generates the kernel of Hardy space𝐻2(𝔻2).
In [3], Ahmed, Das and Panja considered the Schur products, tensor prod-

ucts of 𝑛 (𝑛 ≥ 2) Szegö kernels and when is the corresponding de Branges-
Rovnyak space a completeNevanlinna-Pick space. A natural question is: When
the Szegö kernel is subjected to both Schur product and tensor product, which
de Branges-Rovnyak space has the complete Nevanlinna-Pick property? In this
case, the resulting reproducing kernel is that of the Bergman space 𝐿2𝑎 over the
bidisk, see as follows.

1

1−𝑤̄𝑧

Schur product
,,,,,,,,,,,,→

1

(1−𝑤̄𝑧)2

⏐⏐⏐⏐⏐⏐⏐
↓

tensor product
⏐⏐⏐⏐⏐⏐⏐
↓
tensor product

1

(1−𝑤̄1𝑧1)(1−𝑤̄2𝑧2)

Schur product
,,,,,,,,,,,,→

1

(1−𝑤̄1𝑧1)
2(1−𝑤̄2𝑧2)

2

In this paper, we denote by𝐾𝑛 the reproducing kernel for the Bergman space
𝐿2𝑎(𝔻

𝑛). For 𝜑 ∈ 𝐻∞
1
(𝔻𝑛), the reproducing kernel of the corresponding sub-

Bergman Hilbert spaces over polydisk is

𝐾
𝜑
𝑛 (𝑧, 𝑤) =

1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄1𝑧1)
2(1 − 𝑤̄2𝑧2)

2⋯(1 − 𝑤̄𝑛𝑧𝑛)
2

where 𝑧 = (𝑧1, 𝑧2,⋯ , 𝑧𝑛), 𝑤 = (𝑤1, 𝑤2,⋯ ,𝑤𝑛) ∈ 𝔻𝑛. We make use of the
corresponding theory of completeNevanlinna-Pick spaces in [3]. The following
notation is used in the theorem

𝐻∞
1
(𝔻,ℬ(ℰ,ℱ)) =

{
𝜑 ∶ 𝔻 → ℬ(ℰ,ℱ) ∣ 𝜑 is holomorphic on 𝔻, ‖𝜑‖

∞
≤ 1

}
.

Lemma 2.1 ([3], Theorem 3.1). Let k be a non-vanishing kernel on 𝑋 such that
𝑘 is normalized at 𝑧0 ∈ 𝑋 and

1 −
1

𝑘(𝑧, 𝑤)
= 𝑔(𝑧)𝑔(𝑤)∗ − 𝑓(𝑧)𝑓(𝑤)∗ (𝑧, 𝑤 ∈ 𝑋),
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for some function 𝑓 ∶ 𝑋 → ℬ(ℰ,ℂ) and a non-zero function 𝑔 ∶ 𝑋 → ℬ(ℱ,ℂ),
where ℰ and ℱ are Hilbert spaces. Suppose that 𝜑 ∶ 𝑋 → 𝔻 with 𝜑(𝑧0) = 0 is a
non-constant function inℳ1(ℋ(𝑘)). Then the de Branges-Rovnyak spaceℋ(𝑘𝜑)

is a complete Nevanlinna-Pick space if and only if there existsΨ ∈ 𝐻∞
1
(𝔻,ℬ((ℰ⊕

ℂ),ℱ)) such that

𝑓(𝑧) = 𝑔(𝑧)𝜓1(𝜑(𝑧)) and 𝜑(𝑧) = 𝑔(𝑧)𝜓2(𝜑(𝑧)) (𝑧 ∈ 𝑋),

where for all 𝜁 ∈ 𝔻, Ψ(𝜁) = [𝜓1(𝜁), 𝜓2(𝜁)], 𝜓1(𝜁) ∈ ℬ(ℰ,ℱ), and 𝜓2(𝜁) ∈

ℬ(ℂ,ℱ).

By using Lemma 2.1, we can obtain the characterization on the bidisk.

Theorem 2.2. Let 𝜑(𝑧1, 𝑧2) be a non-constant holomorphic function in𝐻∞
1
(𝔻2),

then the sub-BergmanHilbert spaceℋ(𝐾
𝜑

2
) over the bidisk does not have complete

Nevanlinna-Pick property.

Proof. It is not hard to check that

1 −
1

𝐾2(𝑧, 𝑤)
= 1 − (1 − 𝑧1𝑤̄1)

2(1 − 𝑧2𝑤̄2)
2

= 2𝑤̄1𝑧1 + 2𝑤̄2𝑧2 − 𝑤̄2
1
𝑧2
1
− 𝑤̄2

2
𝑧2
2

+ 2𝑤̄2
1
𝑧2
1
𝑤̄2𝑧2 + 2𝑤̄1𝑧1𝑤̄

2
2
𝑧2
2
− 𝑤̄2

1
𝑧2
1
𝑤̄2
2
𝑧2
2
− 4𝑤̄1𝑧1𝑤̄2𝑧2

= 𝑔(𝑧1, 𝑧2)𝑔(𝑤1, 𝑤2)
∗ − 𝑓(𝑧1, 𝑧2)𝑓(𝑤1, 𝑤2)

∗,

where 𝑓, 𝑔 ∶ 𝔻2 → ℬ(ℂ4, ℂ) are given by

𝑔(𝑧1, 𝑧2) = (
√
2𝑧1,

√
2𝑧2,

√
2𝑧2

1
𝑧2,

√
2𝑧1𝑧

2
2
),

and
𝑓(𝑧1, 𝑧2) = (𝑧2

1
, 𝑧2

2
, 𝑧2

1
𝑧2
2
, 2𝑧1𝑧2).

Then by Lemma 2.1,ℋ(𝐾
𝜑

2
) is a complete Nevanlinna-Pick space if and only if

there exists Ψ ∈ 𝐻∞
1
(𝔻,ℬ((ℂ4 ⊕ℂ),ℂ4)) such that

𝑓(𝑧) = 𝑔(𝑧)𝜓1(𝜑(𝑧)),

and
𝜑(𝑧) = 𝑔(𝑧)𝜓2(𝜑(𝑧)),

where 𝑧 = (𝑧1, 𝑧2) ∈ 𝔻2, i.e.

(𝑧2
1
, 𝑧2

2
, 𝑧2

1
𝑧2
2
, 2𝑧1𝑧2) = (

√
2𝑧1,

√
2𝑧2,

√
2𝑧2

1
𝑧2,

√
2𝑧1𝑧

2
2
)𝜓1(𝜑(𝑧1, 𝑧2)), (2.1)

𝜑(𝑧1, 𝑧2) = (
√
2𝑧1,

√
2𝑧2,

√
2𝑧2

1
𝑧2,

√
2𝑧1𝑧

2
2
)𝜓2(𝜑(𝑧1, 𝑧2)). (2.2)

For 𝜁 ∈ 𝔻, write
Ψ(𝜁) = [𝜓1(𝜁), 𝜓2(𝜁)],
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where

𝜓1(𝜁) =

⎛

⎜
⎜
⎜

⎝

𝜓
(1)

11
(𝜁) 𝜓

(1)

12
(𝜁) 𝜓

(1)

13
(𝜁) 𝜓

(1)

14
(𝜁)

𝜓
(1)

21
(𝜁) 𝜓

(1)

22
(𝜁) 𝜓

(1)

23
(𝜁) 𝜓

(1)

24
(𝜁)

𝜓
(1)

31
(𝜁) 𝜓

(1)

32
(𝜁) 𝜓

(1)

33
(𝜁) 𝜓

(1)

34
(𝜁)

𝜓
(1)

41
(𝜁) 𝜓

(1)

42
(𝜁) 𝜓

(1)

43
(𝜁) 𝜓

(1)

44
(𝜁)

⎞

⎟
⎟
⎟

⎠

∈ ℬ(ℂ4, ℂ4),

and

𝜓2(𝜁) =

⎛

⎜
⎜
⎜

⎝

𝜓
(2)

11
(𝜁)

𝜓
(2)

21
(𝜁)

𝜓
(2)

31
(𝜁)

𝜓
(2)

41
(𝜁)

⎞

⎟
⎟
⎟

⎠

∈ ℬ(ℂ,ℂ4).

We now consider the slice functions 𝜑(0, 𝑧2) and 𝜑(𝑧1, 0).
Suppose that one of 𝜑(0, 𝑧2) and 𝜑(𝑧1, 0) is identically zero. If 𝜑(𝑧1, 0) = 0,

by (2.1) we have

𝑧2
1
=
√
2𝑧1𝜓

(1)

11
(𝜑(𝑧1, 𝑧2)) +

√
2𝑧2𝜓

(1)

21
(𝜑(𝑧1, 𝑧2))

+
√
2𝑧2

1
𝑧2𝜓

(1)

31
(𝜑(𝑧1, 𝑧2)) +

√
2𝑧1𝑧

2
2
𝜓
(1)

41
(𝜑(𝑧1, 𝑧2)).

Let 𝑧2 = 0, we obtain that

𝑧1 =
√
2𝜓

(1)

11
(𝜑(𝑧1, 0)) =

√
2𝜓

(1)

11
(0),

which is a contradiction. If 𝜑(0, 𝑧2) = 0, it is also contradiction. Therefore, we
know that 𝜑(0, 𝑧2), 𝜑(𝑧1, 0) are not identically zero. However, by (2.1) we have

2𝑧1𝑧2 =
√
2𝑧1𝜓

(1)

14
(𝜑(𝑧1, 𝑧2)) +

√
2𝑧2𝜓

(1)

24
(𝜑(𝑧1, 𝑧2))

+
√
2𝑧2

1
𝑧2𝜓

(1)

34
(𝜑(𝑧1, 𝑧2)) +

√
2𝑧1𝑧

2
2
𝜓
(1)

44
(𝜑(𝑧1, 𝑧2)).

Let 𝑧1 = 0, we obtain that

0 =
√
2𝑧2𝜓

(1)

24
(𝜑(0, 𝑧2))

holds for all 𝑧2 ∈ 𝔻, and hence 𝜓(1)
24

≡ 0. On the other hand, let 𝑧2 = 0, we have
𝜓
(1)

14
≡ 0. Thus

2𝑧1𝑧2 =
√
2𝑧2

1
𝑧2𝜓

(1)

34
(𝜑(𝑧1, 𝑧2)) +

√
2𝑧1𝑧

2
2
𝜓
(1)

44
(𝜑(𝑧1, 𝑧2))

i.e. √
2 = 𝑧1𝜓

(1)

34
(𝜑(𝑧1, 𝑧2)) + 𝑧2𝜓

(1)

44
(𝜑(𝑧1, 𝑧2)),

which is a contradiction as the right hand side vanishes at (0, 0).
Therefore, there does not exist a Ψ satisfying the above conditions, which

implies that the sub-Bergman Hilbert spaceℋ(𝐾
𝜑

2
) does not have the complete

Nevanlinna-Pick property. □

We suspect that why ℋ(𝐾
𝜑

2
) lacks the complete Nevanlinna-Pick property

is that the reproducing kernel of the space 𝐿2𝑎(𝔻2) is the tensor product of two
non-complete Nevanlinna-Pick kernels.
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Remark. The Bergman space 𝐿2𝑎(𝔻2) does not have the complete Nevanlinna-
Pick property.

Proof. By definition, we need to check 1− 1

𝐾2(𝑧,𝑤)
is not positive semi-definite.

Let

𝐹(𝑧, 𝑤) = 1 −
1

𝐾2(𝑧, 𝑤)

= 1 − (1 − 𝑤̄1𝑧1)
2(1 − 𝑤̄2𝑧2)

2

= 2𝑤̄1𝑧1 + 2𝑤̄2𝑧2 − 𝑤̄2
1
𝑧2
1
− 𝑤̄2

2
𝑧2
2

+ 2𝑤̄2
1
𝑧2
1
𝑤̄2𝑧2 + 2𝑤̄1𝑧1𝑤̄

2
2
𝑧2
2
− 𝑤̄2

1
𝑧2
1
𝑤̄2
2
𝑧2
2
− 4𝑤̄1𝑧1𝑤̄2𝑧2.

For some 0 < |𝑎| < 1, we let

𝜆1 = (𝑎, 0), 𝜆2 = (0, 𝑎), 𝜆3 = (𝑎, 𝑎) ∈ 𝔻2,

then the matrix 𝐹3×3 = [𝐹(𝜆𝑖, 𝜆𝑗)]
3
𝑖,𝑗=1

is

⎛

⎜

⎝

2|𝑎|2 − |𝑎|4 0 2|𝑎|2 − |𝑎|4

0 2|𝑎|2 − |𝑎|4 2|𝑎|2 − |𝑎|4

2|𝑎|2 − |𝑎|4 2|𝑎|2 − |𝑎|4 4|𝑎|2 + 4|𝑎|6 − 6|𝑎|4 − |𝑎|8

⎞

⎟

⎠

.

A straightforward computation shows that det(𝐹3×3) < 0, and this means that
𝐹(𝑧, 𝑤) is not positive. □

In [4], Chu proved that there exist many 𝜑 ∈ 𝐻∞
1
(𝔻) such thatℋ(

1−𝜑(𝑤)𝜑(𝑧)

1−𝑤̄𝑧
)

have the complete Nevanlinna-Pick property. However, for 𝜑 ∈ 𝐻∞
1
(𝔻2), it was

proved in [3] that

ℋ(
1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄1𝑧1)(1 − 𝑤̄2𝑧2)
)

have the complete Nevanlinna-Pick property if and only if 𝜑 is Möbius map,
and for 𝑛 ≥ 3, [3] proved that no exists 𝜑 ∈ 𝐻∞

1
(𝔻𝑛) for which

ℋ(
1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄1𝑧1)(1 − 𝑤̄2𝑧2)⋯ (1 − 𝑤̄𝑛𝑧𝑛)
)

has the complete Pick property. In the case of Bergman space on 𝔻, Luo and
Zhuproved that for𝜑 ∈ 𝐻∞

1
(𝔻), theℋ(𝐾

𝜑

1
)have the completeNevanlinna-Pick

property if and only if𝜑 isMöbiusmap, see [6]. We suspect thatwhen the kernel
𝑘 tensor product or Schur product with an additional factor, the set of functions
𝜑 for which corresponding the de Branges-Rovnyak space have the complete
Nevanlinna-Pick property will diminish. In the following, we demonstrate this
conjecture in the setting of Bergman space over the polydisk.

Theorem 2.3. Let 𝑛 ≥ 2, and let 𝜑(𝑧) be a non-constant holomorphic function
in 𝐻∞

1
(𝔻𝑛), then the sub-Bergman Hilbert spaceℋ(𝐾

𝜑
𝑛 ) does not have complete

Nevanlinna-Pick property.
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Proof. Given 𝜑 ∈ 𝐻∞
1
(𝔻𝑛), if 𝜑(0) = 𝑎 ≠ 0, let Φ(𝑧) = 𝑎−𝜑(𝑧)

1−𝑎̄𝜑(𝑧)
, then 𝜑(0) = 0,

and

𝐾Φ
𝑛 (𝑧, 𝑤) =

1 − Φ(𝑤)Φ(𝑧)

(1 − 𝑤̄1𝑧1)
2(1 − 𝑤̄2𝑧2)

2⋯(1 − 𝑤̄𝑛𝑧𝑛)
2

=
(1 − |𝑎|2)(1 − 𝜑(𝑤)𝜑(𝑧))

𝑛∏

𝑖=1

(1 − 𝑤̄𝑖𝑧𝑖)
2(1 − 𝑎𝜑(𝑤))(1 − 𝑎̄𝜑(𝑧))

= 𝑔(𝑤)𝐾
𝜑
𝑛 (𝑧, 𝑤)𝑔(𝑧),

where 𝑔(𝑧) =
√
1−|𝑎|2

1−𝑎̄𝜑(𝑧)
. Then by the definition, we know that 𝐾Φ

𝑛 has the com-

plete Nevanlinna-Pick property if and only if 𝐾𝜑
𝑛 has the complete Nevanlinna-

Pick property. Therefore, we can assume that 𝜑(0) = 0.
The proof is by induction on 𝑛. If 𝑛 = 2, then Theorem 2.2 shows thatℋ(𝐾

𝜑

2
)

does not have complete Nevanlinna-Pick property. Let 𝑛 ≥ 3, and suppose that
the result has been shown for 𝑛 − 1. Ifℋ(𝐾

𝜑
𝑛 ) has complete Nevanlinna-Pick

property, then

𝐹(𝑧, 𝑤) = 1 −
1

𝐾
𝜑
𝑛 (𝑧, 𝑤)

= 1 −
(1 − 𝑤̄1𝑧1)

2(1 − 𝑤̄2𝑧2)
2⋯(1 − 𝑤̄𝑛𝑧𝑛)

2

1 − 𝜑(𝑤)𝜑(𝑧)

is positive. This implies that for any finite set {𝜆1, 𝜆2,⋯ , 𝜆𝑁} in 𝔻𝑛 such that

𝜆1 = (𝜆
(1)

1
, 𝜆

(2)

1
,⋯ , 𝜆

(𝑛−1)

1
, 0),

𝜆2 = (𝜆
(1)

2
, 𝜆

(2)

2
,⋯ , 𝜆

(𝑛−1)

2
, 0),

⋯

𝜆𝑁 = (𝜆
(1)

𝑁
, 𝜆

(2)

𝑁
,⋯ , 𝜆

(𝑛−1)

𝑁
, 0),

the matrix 𝐹𝑁×𝑁 = [𝐹(𝜆𝑖, 𝜆𝑗)]
𝑁
𝑖,𝑗=1

is positive, i.e.

𝐹(𝑧1, 𝑧2,⋯ , 𝑧𝑛−1, 0, 𝑤1, 𝑤2,⋯ ,𝑤𝑛−1, 0)

=1 −
(1 − 𝑤̄1𝑧1)

2(1 − 𝑤̄2𝑧2)
2⋯(1 − 𝑤̄𝑛−1𝑧𝑛−1)

2

1 − 𝜑(𝑤1, 𝑤2,⋯ ,𝑤𝑛−1, 0)𝜑(𝑧1, 𝑧2,⋯ , 𝑧𝑛−1, 0)

is positive. We write

𝜑𝑛 ∶ 𝔻
𝑛−1 → 𝔻, 𝜑𝑛(𝑧1, 𝑧2,⋯ , 𝑧𝑛−1) = 𝜑(𝑧1, 𝑧2,⋯ , 𝑧𝑛−1, 0).

A necessary condition forℋ(𝐾
𝜑
𝑛 ) to have complete Nevanlinna-Pick property

is that 1 − 1

𝐾
𝜑𝑛
𝑛−1

is positive. By the inductive hypothesis, we have 1 − 1

𝐾
𝜑𝑛
𝑛−1

is not
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positive. Therefore, there is no non-constant 𝜑 ∈ 𝐻∞
1
(𝔻𝑛) such that ℋ(𝐾

𝜑
𝑛 )

has the complete Nevanlinna-Pick property. □

3. The sub-Bergman Hilbert spaces over the unit disk
In this section, we assume that 𝜑 ∈ 𝐻∞

1
(𝔻) is an inner function and prove

that the sub-Bergman Hilbert spaceℋ(𝐾
𝜑

1
) has the complete Nevanlinna-Pick

property if and only if 𝜑 is a Möbius map ([6]).
The following lemmas can be obtained from [7], which will be used in our

proof.

Lemma 3.1 ([7], Theorem 5.1). Letℋ(𝑘1) andℋ(𝑘2) be the reproducing kernel
Hilbert spaces on set 𝑋. Then

ℋ(𝑘1) ⊆ ℋ(𝑘2)

if and only if there exists a constant 𝑐 > 0, such that

𝑘1 ⪯ 𝑐2𝑘2.

Moreover, ‖𝑓‖
ℋ(𝑘2)

≤ 𝑐 ‖𝑓‖
ℋ(𝑘1)

for all 𝑓 ∈ ℋ(𝑘1).

Lemma 3.2 ([7], Theorem 5.4). Letℋ(𝑘1) andℋ(𝑘2) be the reproducing kernel
Hilbert spaces on set 𝑋, and let 𝑘 = 𝑘1 + 𝑘2, then

ℋ(𝑘) = {𝑓 = 𝑓1 + 𝑓2 ∶ 𝑓1 ∈ ℋ(𝑘1), 𝑓2 ∈ ℋ(𝑘2)} .

For every 𝑓 ∈ ℋ(𝑘),

‖𝑓‖
2

ℋ(𝑘)
= min

{
‖𝑓1‖

2

ℋ(𝑘1)
+ ‖𝑓2‖

2

ℋ(𝑘2)
∶ 𝑓 = 𝑓1 + 𝑓2, 𝑓1 ∈ ℋ(𝑘1), 𝑓2 ∈ ℋ(𝑘2)

}
.

Lemma 3.3 ([7],Theorem 5.7). Let𝜑 ∶ 𝑆 → 𝑋 be a function and let 𝑘 ∶ 𝑋×𝑋 →

ℂ be a positive kernel. Then

ℋ(𝑘◦𝜑) = {𝑓◦𝜑 ∶ 𝑓 ∈ ℋ(𝑘)} .

Moreover, for 𝑢 ∈ ℋ(𝑘◦𝜑),

‖𝑢‖
ℋ(𝑘◦𝜑)

= min
{
‖𝑓‖

ℋ(𝑘)
∶ 𝑢 = 𝑓◦𝜑

}
.

Lemma 3.4. Suppose 𝜑(𝑧) ∈ 𝐻∞
1
(𝔻) is a non-constant inner function. A neces-

sary condition forℋ(𝐾
𝜑

1
) to have complete Nevanlinna-Pick property is that 𝜑 is

a Möbius map on 𝔻.

Proof. Without loss of generality, we can assume that 𝜑(0) = 0. If 𝐾𝜑

1
(𝑧, 𝑤)

has complete Nevanlinna-Pick property, then 1 − 1

𝐾
𝜑

1
(𝑧,𝑤)

⪰ 0, i.e.

1 −
(1 − 𝑤̄𝑧)2

1 − 𝜑(𝑤)𝜑(𝑧)
=
2𝑤̄𝑧 − 𝑤̄2𝑧2 − 𝜑(𝑤)𝜑(𝑧)

1 − 𝜑(𝑤)𝜑(𝑧)
⪰ 0. (3.1)
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Let

𝑘1(𝑧, 𝑤) =
2𝑤̄𝑧

1 − 𝜑(𝑤)𝜑(𝑧)
,

𝑘2(𝑧, 𝑤) =
𝑤̄2𝑧2

1 − 𝜑(𝑤)𝜑(𝑧)
,

𝑘𝜑(𝑧, 𝑤) =
𝜑(𝑤)𝜑(𝑧)

1 − 𝜑(𝑤)𝜑(𝑧)
.

By Lemma 3.1 and Lemma 3.2, the (3.1) holds if and only if

ℋ(𝑘1) ⊇ ℋ(𝑘2 + 𝑘𝜑) and ‖𝑓‖
ℋ(𝑘1)

≤ ‖𝑓‖
ℋ(𝑘2+𝑘𝜑)

for all𝑓 ∈ ℋ(𝑘2+𝑘𝜑). Using Lemma3.3, the corresponding reproducing kernel
Hilbert space of reproducing kernel 1

1−𝜑(𝑤)𝜑(𝑧)
is

ℋ(𝑠◦𝜑) =
{
𝑓◦𝜑 ∶ 𝑓 ∈ 𝐻2(𝔻)

}
= {ℎ(𝑧) =

∞∑

𝑛=0

𝑎𝑛(𝜑(𝑧))
𝑛,

∞∑

𝑛=0

|||𝑎𝑛
|||
2
< ∞} .

Thus

ℋ(𝑘1) =
√
2𝑧ℋ(𝑠◦𝜑),

ℋ(𝑘2) = 𝑧2ℋ(𝑠◦𝜑),

ℋ(𝑘𝜑) = 𝜑(𝑧)ℋ(𝑠◦𝜑).

Sinceℋ(𝑘1) ⊇ ℋ(𝑘2 + 𝑘𝜑), then for every 𝑓 ∈ 𝐻2(𝔻), there exists 𝑔 ∈ 𝐻2(𝔻)

such that
(𝑧2 + 𝜑(𝑧))𝑓(𝜑(𝑧)) =

√
2𝑧𝑔(𝜑(𝑧)).

By taking 𝑓 = 1, then we also have 𝑔 ∈ 𝐻2(𝔻) such that

𝑧2 + 𝜑(𝑧) =
√
2𝑧𝑔(𝜑(𝑧)). (3.2)

We claim that 𝜑 has to be injective. Suppose that 𝜑(𝜆1) = 𝜑(𝜆2) for some pair
𝜆1 ≠ 𝜆2, 𝜆1, 𝜆2 ∈ 𝔻. Putting 𝑧 = 𝜆1 and 𝑧 = 𝜆2 in (3.2), we obtain that

{
𝜆2
1
+ 𝜑(𝜆1) =

√
2𝜆1𝑔(𝜑(𝜆1)),

𝜆2
2
+ 𝜑(𝜆2) =

√
2𝜆2𝑔(𝜑(𝜆2)).

Then we have

𝑔(𝜑(𝜆1)) =
𝜆1 + 𝜆2
√
2

.

Moreover, we assume that 𝜑(0) = 0, thus we can let 𝜑(𝑧) = 𝑧ℎ(𝑧). By 𝜑(𝑧) is
an inner function, we know that ℎ(𝑧) is also inner function, and

𝑔(𝜑(𝑧)) =
𝑧 + ℎ(𝑧)
√
2

,
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thus
ℎ(𝜆1) = 𝜆2, ℎ(𝜆2) = 𝜆1.

But if 𝜑(𝜆1) = 𝜑(𝜆2), then for each 𝜆̃1 near to 𝜆1, there exists 𝜆̃2 near to 𝜆2 such
that 𝜑(𝜆̃1) = 𝜑(𝜆̃2), and hence we have

ℎ(𝜆̃1) = 𝜆̃2, ℎ(𝜆̃2) = 𝜆̃1.

This gives that
𝜑(𝜆̃1) = 𝜑(𝜆̃2) = 𝜑◦ℎ(𝜆̃1)

for each 𝜆̃1 near to 𝜆1, then

𝜑(𝑧) = 𝜑◦ℎ(𝑧), ∀𝑧 ∈ 𝑁(𝜆1),

there 𝑁(𝜆1) is any domain of 𝜆1. This forces 𝜑 ≡ 𝜑◦ℎ, and this gives that

𝑧ℎ(𝑧) = ℎ(𝑧)ℎ◦ℎ(𝑧),

i.e. ℎ◦ℎ(𝑧) = 𝑧, we obtain that ℎ is injective on 𝔻, and ℎ−1 = ℎ. Therefore,
ℎ(𝑧) is a Möbius map. Let

ℎ(𝑧) = 𝛽
𝑎 − 𝑧

1 − 𝑎̄𝑧

for some |𝑎| < 1, |𝛽| = 1, by ℎ−1 = ℎ we have 𝛽 = 1, thus

𝜑(𝑧) = 𝑧
𝑎 − 𝑧

1 − 𝑎̄𝑧
.

Indeed, if 𝜑(𝑧) is as described above, then

1 −
1

𝑘𝜑(𝑧, 𝑤)
=

2𝑤̄𝑧 − 𝑤̄2𝑧2 − 𝑤̄𝑧
𝑎̄−𝑤̄

1−𝑎𝑤̄

𝑎−𝑧

1−𝑎̄𝑧

1 − 𝑤̄𝑧
𝑎̄−𝑤̄

1−𝑎𝑤̄

𝑎−𝑧

1−𝑎̄𝑧

is not positive (see e.g. Lemma 2.9 in [12]), which is a contradiction. Therefore
𝜑must be injective, and 𝜑 is a Möbius map. □

Lemma 3.5. Suppose 𝜑(𝑧) = 𝛽
𝑎−𝑧

1−𝑎̄𝑧
, where |𝑎| < 1, |||𝛽||| = 1. Thenℋ(𝐾

𝜑

1
) is a

complete Nevanlinna-Pick space.

Proof. If 𝜑(𝑧) = 𝛽
𝑎−𝑧

1−𝑎̄𝑧
for all 𝑧 ∈ 𝔻, then

𝐾
𝜑

1
(𝑧, 𝑤) =

1 − 𝜑(𝑤)𝜑(𝑧)

(1 − 𝑤̄𝑧)2
=

1 − |𝑎|
2

(1 − 𝑤̄𝑧)(1 − 𝑎𝑤̄)(1 − 𝑎̄𝑧)
,

it is easy to check that 𝐾𝜑

1
(𝑧, 𝑤) is a complete Nevanlinna-Pick kernel. □

Thus, combining Lemma 3.4 and Lemma 3.5, we obtain the following theo-
rem.

Theorem 3.6. Let 𝜑 ∈ 𝐻∞
1
(𝔻) is a non-constant inner function. Then the sub-

Bergman Hilbert space ℋ(𝐾
𝜑

1
) over the unit disk has the complete Nevanlinna-

Pick property if and only if 𝜑(𝑧) is a Möbius map.
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