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Young type integral inequalities for tensorial
and Hadamard products of continuous
fields of operators in Hilbert spaces

S. S. Dragomir andM. T. Garayev

Abstract. Let𝐻 be aHilbert space andΩ a locally compactHausdorff space
endowed with a Radonmeasure 𝜇with ∫

Ω
1𝑑𝜇 (𝑡) = 1. In this paper we show

among others that, if (𝐴𝜏)𝜏∈Ω and (𝐵𝜏)𝜏∈Ω are continuous fields of positive
operators in 𝐵 (𝐻) such that 𝜎 (𝐴𝜏) , 𝜎 (𝐵𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω,
then for all 𝜈 ∈ [0, 1]

exp [
1

2
𝜈 (1 − 𝜈) (

𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝐴1−𝜈
𝜏 𝑑𝜇 (𝜏)⊗ ∫

Ω

𝐵𝜈𝜏𝑑𝜇 (𝜏)

≤ (1 − 𝜈) ∫
Ω

𝐴𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜈1⊗ ∫
Ω

𝐵𝜏𝑑𝜇 (𝜏)

≤ exp [
1

2
𝜈 (1 − 𝜈) (

𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝐴1−𝜈
𝜏 𝑑𝜇 (𝜏)⊗ ∫

Ω

𝐵𝜈𝜏𝑑𝜇 (𝜏) .

We also have similar inequalities for the Hadamard product ε◦ε.
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1. Introduction
The famous Young inequality for scalars says that if 𝑥, 𝑦 > 0 and 𝜆 ∈ [0, 1],

then
𝑥1−𝜆𝑦𝜆 ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 (1.1)

with equality if and only if 𝑥 = 𝑦. The inequality (1.1) is also called 𝜆-weighted
arithmetic-geometric mean inequality.

Received April 24, 2024.
2010Mathematics Subject Classification. 47A63; 47A99.
Key words and phrases. Tensorial product, Hadamard Product, selfadjoint operators, convex

functions, compact Hausdorff space, Radon measure, Young operator inequality.

ISSN 1076-9803/2025

792

http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2025/Vol31.htm


YOUNG TYPE INTEGRAL INEQUALITIES 793

We recall that Specht’s ratio is defined by [19]

𝑆 (ℎ) ∶=

⎧
⎪

⎨
⎪

⎩

ℎ
1

ℎ−1

𝑒 ln(ℎ
1

ℎ−1 )

if ℎ ∈ (0, 1) ∪ (1,∞)

1 if ℎ = 1.

(1.2)

It is well known that limℎ→1 𝑆 (ℎ) = 1, 𝑆 (ℎ) = 𝑆
(
1

ℎ

)
> 1 for ℎ > 0, ℎ ≠ 1. The

function is decreasing on (0, 1) and increasing on (1,∞) .

The following inequality provides a refinement and a multiplicative reverse
for Young’s inequality

𝑆 ((
𝑥

𝑦
)

𝑟

)𝑥1−𝜆𝑦𝜆 ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 ≤ 𝑆 (
𝑥

𝑦
)𝑥1−𝜆𝑦𝜆, (1.3)

where 𝑥, 𝑦 > 0, 𝜆 ∈ [0, 1], 𝑟 = min {1 − 𝜆, 𝜆}.
The second inequality in (1.3) is due to Tominaga [20] while the first one is

due to Furuichi [10].
Kittaneh and Manasrah [15], [16] provided a refinement and an additive re-

verse for Young inequality as follows:

𝑟
(√

𝑥 −
√
𝑦
)2
≤ (1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆 ≤ 𝑅

(√
𝑥 −

√
𝑦
)2

(1.4)

where 𝑥, 𝑦 > 0, 𝜆 ∈ [0, 1], 𝑟 = min {1 − 𝜆, 𝜆} and 𝑅 = max {1 − 𝜆, 𝜆} .

We also consider the Kantorovich’s ratio defined by

𝐾 (ℎ) ∶=
(ℎ + 1)

2

4ℎ
, ℎ > 0. (1.5)

The function 𝐾 is decreasing on (0, 1) and increasing on [1,∞) , 𝐾 (ℎ) ≥ 1 for
any ℎ > 0 and 𝐾 (ℎ) = 𝐾

(
1

ℎ

)
for any ℎ > 0.

The following multiplicative refinement and reverse of Young inequality in
terms of Kantorovich’s ratio holds

𝐾𝑟 (
𝑥

𝑦
)𝑥1−𝜆𝑦𝜆 ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 ≤ 𝐾𝑅 (

𝑥

𝑦
)𝑥1−𝜆𝑦𝜆 (1.6)

where 𝑥, 𝑦 > 0, 𝜆 ∈ [0, 1], 𝑟 = min {1 − 𝜆, 𝜆} and 𝑅 = max {1 − 𝜆, 𝜆} .

The first inequality in (1.6) was obtained by Zou et al. in [22] while the sec-
ond by Liao et al. [18].
In [22] the authors also showed that 𝐾𝑟 (ℎ) ≥ 𝑆 (ℎ𝑟) for ℎ > 0 and 𝑟 ∈

[
0,

1

2

]

implying that the lower bound in (1.6) is better than the lower bound from (1.3).
In the recent paper [5]we obtained the following reverses of Young’s inequal-

ity as well:

0 ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆 ≤ 𝜆 (1 − 𝜆) (𝑥 − 𝑦) (ln𝑥 − ln 𝑦) (1.7)
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and

1 ≤
(1 − 𝜆)𝑥 + 𝜆𝑦

𝑥1−𝜆𝑦𝜆
≤ exp [4𝜆 (1 − 𝜆) (𝐾 (

𝑥

𝑦
) − 1)] , (1.8)

where 𝑥, 𝑦 > 0, 𝜆 ∈ [0, 1].

In [6] we obtained the following Young related inequalities:

Theorem 1.1. For any 𝑥, 𝑦 > 0 and 𝜆 ∈ [0, 1] we have
1

2
𝜆 (1 − 𝜆) (ln𝑥 − ln 𝑦)

2
min {𝑥, 𝑦} ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆 (1.9)

≤
1

2
𝜆 (1 − 𝜆) (ln𝑥 − ln 𝑦)

2
max {𝑥, 𝑦}

and

exp [
1

2
𝜆 (1 − 𝜆)

(𝑦 − 𝑥)
2

max2 {𝑥, 𝑦}
] ≤

(1 − 𝜆)𝑥 + 𝜆𝑦

𝑥1−𝜆𝑦𝜆
(1.10)

≤ exp [
1

2
𝜆 (1 − 𝜆)

(𝑦 − 𝑥)
2

min
2
{𝑥, 𝑦}

] .

For an equivalent form and a different approach in proving the results (1.9)
and (1.10) see [1].
The second inequalities in (1.9) and (1.10) are better than the corresponding

results obtained by Furuichi and Minculete in [13] where instead of constant 1
2

they had the constant 1.
Let 𝐼1, ..., 𝐼𝑘 be intervals from ℝ and let 𝑓 ∶ 𝐼1 × ... × 𝐼𝑘 → ℝ be an es-

sentially bounded real function defined on the product of the intervals. Let
𝐴 = (𝐴1, ..., 𝐴𝑛) be a 𝑘-tuple of bounded selfadjoint operators on Hilbert spaces
𝐻1, ..., 𝐻𝑘 such that the spectrum of 𝐴𝑖 is contained in 𝐼𝑖 for 𝑖 = 1, ..., 𝑘.We say
that such a 𝑘-tuple is in the domain of 𝑓. If

𝐴𝑖 = ∫
𝐼𝑖

𝜆𝑖𝑑𝐸𝑖 (𝜆𝑖)

is the spectral resolution of 𝐴𝑖 for 𝑖 = 1, ..., 𝑘; by following [3], we define

𝑓 (𝐴1, ..., 𝐴𝑘) ∶= ∫
𝐼1

... ∫
𝐼𝑘

𝑓 (𝜆1, ..., 𝜆𝑘)𝑑𝐸1 (𝜆1)⊗ ... ⊗ 𝑑𝐸𝑘 (𝜆𝑘) (1.11)

as a bounded selfadjoint operator on the tensorial product𝐻1 ⊗ ... ⊗ 𝐻𝑘.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, andwemay consider the functional calculus for arbitrary real func-
tions. This construction [3] extends the definition of Korányi [17] for functions
of two variables and have the property that

𝑓 (𝐴1, ..., 𝐴𝑘) = 𝑓1(𝐴1)⊗ ... ⊗ 𝑓𝑘(𝐴𝑘),

whenever 𝑓 can be separated as a product 𝑓(𝑡1, ..., 𝑡𝑘) = 𝑓1(𝑡1)...𝑓𝑘(𝑡𝑘) of 𝑘
functions each depending on only one variable.
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It is know that, if 𝑓 is super-multiplicative (sub-multiplicative) on [0,∞), namely

𝑓 (𝑠𝑡) ≥ (≤)𝑓 (𝑠)𝑓 (𝑡) for all 𝑠, 𝑡 ∈ [0,∞)

and if 𝑓 is continuous on [0,∞) , then [12, p. 173]

𝑓 (𝐴⊗ 𝐵) ≥ (≤)𝑓 (𝐴)⊗ 𝑓 (𝐵) for all 𝐴, 𝐵 ≥ 0. (1.12)

This follows by observing that, if

𝐴 = ∫
[0,∞)

𝑡𝑑𝐸 (𝑡) and 𝐵 = ∫
[0,∞)

𝑠𝑑𝐹 (𝑠)

are the spectral resolutions of 𝐴 and 𝐵, then

𝑓 (𝐴⊗ 𝐵) = ∫
[0,∞)

∫
[0,∞)

𝑓 (𝑠𝑡)𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) (1.13)

for the continuous function 𝑓 on [0,∞) .

Recall that the Hadamard product of 𝐴 and 𝐵 in 𝐵(𝐻) is defined to be the
operator 𝐴◦𝐵 ∈ 𝐵(𝐻) satisfying

⟨
(𝐴◦𝐵) 𝑒𝑗, 𝑒𝑗

⟩
=
⟨
𝐴𝑒𝑗, 𝑒𝑗

⟩ ⟨
𝐵𝑒𝑗, 𝑒𝑗

⟩

for all 𝑗 ∈ ℕ, where
{
𝑒𝑗
}

𝑗∈ℕ
is an orthonormal basis for the separable Hilbert

space𝐻.
It is known that, see [11], we have the representation

𝐴◦𝐵 = 𝒰∗ (𝐴⊗ 𝐵)𝒰 (1.14)
where 𝒰 ∶ 𝐻 → 𝐻 ⊗𝐻 is the isometry defined by 𝒰𝑒𝑗 = 𝑒𝑗 ⊗ 𝑒𝑗 for all 𝑗 ∈ ℕ.
If 𝑓 is super-multiplicative and operator concave(sub-multiplicative and oper-

ator convex) on [0,∞) , then also [12, p. 173]

𝑓 (𝐴◦𝐵) ≥ (≤)𝑓 (𝐴) ◦𝑓 (𝐵) for all 𝐴, 𝐵 ≥ 0. (1.15)

We recall the following elementary inequalities for the Hadamard product

𝐴1∕2◦𝐵1∕2 ≤ (
𝐴 + 𝐵

2
) ◦1 for 𝐴, 𝐵 ≥ 0 (1.16)

and Fiedler inequality
𝐴◦𝐴−1 ≥ 1 for 𝐴 > 0. (1.17)

Alternatively, as extension ofKadison’s Schwarz inequality on theHadamard
product, Ando [2] showed that

𝐴◦𝐵 ≤
(
𝐴2◦1

)1∕2 (
𝐵2◦1

)1∕2
for 𝐴, 𝐵 ≥ 0

and Aujla and Vasudeva [4] gave an alternative upper bound

𝐴◦𝐵 ≤
(
𝐴2◦𝐵2

)1∕2
for 𝐴, 𝐵 ≥ 0.

It has been shown in [14] that
(
𝐴2◦1

)1∕2 (
𝐵2◦1

)1∕2
and

(
𝐴2◦𝐵2

)1∕2
are incom-

parable for 2-square positive definite matrices 𝐴 and 𝐵.
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For some recent results concerning new inequalities for tensorial and
Hadamard products, see [7], [8] and [21].
LetΩ be a locally compact Hausdorff space endowed with a Radon measure

𝜇. A field (𝐴𝑡)𝑡∈Ω of operators in 𝐵 (𝐻) is called a continuous field of opera-
tors if the parametrization 𝑡 ⟼ 𝐴𝑡 is norm continuous on 𝐵 (𝐻). If, in addi-
tion, the norm function 𝑡 ⟼ ‖𝐴𝑡‖ is Lebesgue integrable on Ω, we can form
the Bochner integral ∫

Ω
𝐴𝑡𝑑𝜇 (𝑡), which is the unique operator in 𝐵 (𝐻) such

that 𝜑
(
∫
Ω
𝐴𝑡𝑑𝜇 (𝑡)

)
= ∫

Ω
𝜑 (𝐴𝑡)𝑑𝜇 (𝑡) for every bounded linear functional 𝜑

on 𝐵 (𝐻) . Assume also that, ∫Ω 1𝑑𝜇 (𝑡) = 1.

Motivated by the above results, in this paper we show among others that, if
(𝑃𝜏)𝜏∈Ω and (𝑄𝜏)𝜏∈Ω are continuous fields of positive operators in 𝐵 (𝐻) such
that 𝜎 (𝑃𝜏) , 𝜎 (𝑄𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω, then for all 𝜆 ∈ [0, 1]

exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

We also have similar inequalities for the Hadamard product ε◦ε.

2. Main results
We start with the following tensorial refinement and reverse of Young’s in-

equality:

Lemma 2.1. Assume that the selfadjoint operators 𝑃 and𝑄 satisfy the condition
0 < 𝑚 ≤ 𝑃, 𝑄 ≤ 𝑀, then

0 ≤ 𝑚𝜆 (1 − 𝜆)

⎡
⎢
⎢

⎣

(
ln
2
𝑃
)
⊗ 1 + 1⊗

(
ln
2
𝑄
)

2
− ln𝑃 ⊗ ln𝑄

⎤
⎥
⎥

⎦

(2.1)

≤ (1 − 𝜆)𝑃 ⊗ 1 + 𝜆1⊗𝑄 − 𝑃1−𝜆 ⊗𝑄𝜆

≤ 𝑀𝜆 (1 − 𝜆)

⎡
⎢
⎢

⎣

(
ln
2
𝑃
)
⊗ 1 + 1⊗

(
ln
2
𝑄
)

2
− ln𝑃 ⊗ ln𝑄

⎤
⎥
⎥

⎦

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝜆 ∈ [0, 1] .
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In particular,

0 ≤
1

4
𝑚

⎡
⎢
⎢

⎣

(
ln
2
𝑃
)
⊗ 1 + 1⊗

(
ln
2
𝑄
)

2
− ln𝑃 ⊗ ln𝑄

⎤
⎥
⎥

⎦

(2.2)

≤
𝑃 ⊗ 1 + 1⊗𝑄

2
− 𝑃1∕2 ⊗𝑄1∕2

≤
1

4
𝑀

⎡
⎢
⎢

⎣

(
ln
2
𝑃
)
⊗ 1 + 1⊗

(
ln
2
𝑄
)

2
− ln𝑃 ⊗ ln𝑄

⎤
⎥
⎥

⎦

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.

Proof. If 𝑡, 𝑠 ∈ [𝑚,𝑀] ⊂ (0,∞) , then by (1.9) we get

0 ≤
1

2
𝑚𝜆 (1 − 𝜆) (ln 𝑡 − ln 𝑠)

2
≤ (1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆 (2.3)

≤
1

2
𝑀𝜆 (1 − 𝜆) (ln 𝑡 − ln 𝑠)

2
≤
1

2
𝑀𝜆 (1 − 𝜆) (ln𝑀 − ln𝑚)

2
.

If

𝑃 = ∫

𝑀

𝑚

𝑡𝑑𝐸 (𝑡) and 𝑄 = ∫

𝑀

𝑚

𝑠𝑑𝐹 (𝑠)

are the spectral resolutions of 𝑃 and 𝑄, then by taking in (2.3) the double inte-
gral ∫ 𝑀

𝑚
∫
𝑀

𝑚
over 𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) , we get

0 ≤
1

2
𝑚𝜆 (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

(ln 𝑡 − ln 𝑠)
2
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) (2.4)

≤ ∫

𝑀

𝑚

∫

𝑀

𝑚

[
(1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆

]
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

≤
1

2
𝑀𝜆 (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

(ln 𝑡 − ln 𝑠)
2
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
∫

𝑀

𝑚

∫

𝑀

𝑚

𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) .
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Now, observe that, by (1.11)

∫

𝑀

𝑚

∫

𝑀

𝑚

(ln 𝑡 − ln 𝑠)
2
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= ∫

𝑀

𝑚

∫

𝑀

𝑚

(
ln
2
𝑡 − 2 ln 𝑡 ln 𝑠 + ln

2
𝑠
)
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= ∫

𝑀

𝑚

∫

𝑀

𝑚

ln
2
𝑡𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) + ∫

𝑀

𝑚

∫

𝑀

𝑚

ln
2
𝑠𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

− 2 ∫

𝑀

𝑚

∫

𝑀

𝑚

ln 𝑡 ln 𝑠𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

=
(
ln
2
𝑃
)
⊗ 1 + 1⊗

(
ln
2
𝑄
)
− 2 ln𝑃 ⊗ ln𝑄,

∫

𝑀

𝑚

∫

𝑀

𝑚

[
(1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆

]
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑡𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) + 𝜆 ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑠𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

− ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑡1−𝜆𝑠𝜆𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= (1 − 𝜆)𝑃 ⊗ 1 + 𝜆1⊗𝑄 − 𝑃1−𝜆 ⊗𝑄𝜆

and

∫

𝑀

𝑚

∫

𝑀

𝑚

𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) = 1⊗ 1 = 1.

By employing (2.4) we then get the desired result (2.1). □

We have the representation

𝑋◦𝑌 = 𝒰∗ (𝑋 ⊗ 𝑌)𝒰

where 𝒰 ∶ 𝐻 → 𝐻 ⊗𝐻 is the isometry defined by 𝒰𝑒𝑗 = 𝑒𝑗 ⊗ 𝑒𝑗 for all 𝑗 ∈ ℕ.
If we take 𝒰∗ to the left and 𝒰 to the right in Lemma 2.1, then we can also

state the following result for the Hadamard product:

Corollary 2.2. With the assumptions of Lemma 2.1,

0 ≤ 𝑚𝜆 (1 − 𝜆) [(
ln
2
𝑃 + ln

2
𝑄

2
) ◦1 − ln𝑃◦ ln𝑄] (2.5)

≤ [(1 − 𝜆)𝑃 + 𝜆𝑄] ◦1 − 𝑃1−𝜆◦𝑄𝜆

≤ 𝑀𝜆 (1 − 𝜆) [(
ln
2
𝑃 + ln

2
𝑄

2
) ◦1 − ln𝑃◦ ln𝑄]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2
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for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
1

4
𝑚 [(

ln
2
𝑃 + ln

2
𝑄

2
) ◦1 − ln𝑃◦ ln𝑄] (2.6)

≤
𝑃 + 𝑄

2
◦1 − 𝑃1∕2◦𝑄1∕2

≤
1

4
𝑀 [(

ln
2
𝑃 + ln

2
𝑄

2
) ◦1 − 2 ln𝑃◦ ln𝑄]

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.

The inequality (2.5) provides a weighted refinement and reverse inequality
for (1.16) that is obtained for 𝜆 = 1∕2.

Remark 2.3. If we take 𝑄 = 𝑃 in Corollary 2.2, then we get

0 ≤ 𝑚𝜆 (1 − 𝜆)
[(
ln
2
𝑃
)
◦1 − ln𝑃◦ ln𝑃

]
≤ 𝑃◦1 − 𝑃1−𝜆◦𝑃𝜆 (2.7)

≤ 𝑀𝜆 (1 − 𝜆)
[(
ln
2
𝑃
)
◦1 − ln𝑃◦ ln𝑃

]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
1

4
𝑚
[(
ln
2
𝑃
)
◦1 − ln𝑃◦ ln𝑃

]
≤ 𝑃◦1 − 𝑃1∕2◦𝑃1∕2 (2.8)

≤
1

4
𝑀
[(
ln
2
𝑃
)
◦1 − ln𝑃◦ ln𝑃

]
≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.

Our first main result is as follows:

Theorem2.4. LetΩ be a locally compactHausdorff space endowedwith aRadon
measure 𝜇. Let (𝑃𝜏)𝜏∈Ω and (𝑄𝜏)𝜏∈Ωbe continuous fields of positive operators in
𝐵 (𝐻) such that 𝜎 (𝑃𝜏) , 𝜎 (𝑄𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω. Then for all
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𝜆 ∈ [0, 1] we have

0 ≤ 𝑚𝜆 (1 − 𝜆)
⎡
⎢

⎣

∫
Ω
ln
2
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
ln
2
𝑄𝜏𝑑𝜇 (𝜏)

2
(2.9)

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)

− ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ 𝑀𝜆 (1 − 𝜆)
⎡
⎢

⎣

∫
Ω
ln
2
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
ln
2
𝑄𝜏𝑑𝜇 (𝜏)

2

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2
.

In particular,

0 ≤
1

4
𝑚
⎡
⎢

⎣

∫
Ω
ln
2
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
ln
2
𝑄𝜏𝑑𝜇 (𝜏)

2
(2.10)

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤
1

2
[∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)]

− ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
1

4
𝑀
⎡
⎢

⎣

∫
Ω
ln
2
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
ln
2
𝑄𝜏𝑑𝜇 (𝜏)

2

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.
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Proof. From (2.1) we get

0 ≤
1

2
𝑚𝜆 (1 − 𝜆)

[(
ln
2
𝑃𝜏

)
⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
− 2 ln𝑃𝜏 ⊗ ln𝑄𝛾

]
(2.11)

≤ (1 − 𝜆)𝑃𝜏 ⊗ 1 + 𝜆1⊗𝑄𝛾 − 𝑃1−𝜆𝜏 ⊗𝑄𝜆
𝛾

≤
1

2
𝑀𝜆 (1 − 𝜆)

[(
ln
2
𝑃𝜏

)
⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
− 2 ln𝑃𝜏 ⊗ ln𝑄𝛾

]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝜏, 𝛾 ∈ Ω.

If we take the integral ∫
Ω
over 𝑑𝜇 (𝜏) , then we get

0 ≤
1

2
𝑚𝜆 (1 − 𝜆) (2.12)

× ∫
Ω

[(
ln
2
𝑃𝜏

)
⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
− 2 ln𝑃𝜏 ⊗ ln𝑄𝛾

]
𝑑𝜇 (𝜏)

≤ ∫
Ω

[
(1 − 𝜆)𝑃𝜏 ⊗ 1 + 𝜆1⊗𝑄𝛾 − 𝑃1−𝜆𝜏 ⊗𝑄𝜆

𝛾

]
𝑑𝜇 (𝜏)

≤
1

2
𝑀𝜆 (1 − 𝜆)

× ∫
Ω

[(
ln
2
𝑃𝜏

)
⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
− 2 ln𝑃𝜏 ⊗ ln𝑄𝛾

]
𝑑𝜇 (𝜏)

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2
∫
Ω

1𝑑𝜇 (𝜏) .

By using the properties of integrals and tensorial products, we have

∫
Ω

[(
ln
2
𝑃𝜏

)
⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
− 2 ln𝑃𝜏 ⊗ ln𝑄𝛾

]
𝑑𝜇 (𝜏)

= (∫
Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏))⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)

− 2 ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ln𝑄𝛾𝑑𝜇 (𝜏)

and

∫
Ω

[
(1 − 𝜆)𝑃𝜏 ⊗ 1 + 𝜆1⊗𝑄𝛾 − 𝑃1−𝜆𝜏 ⊗𝑄𝜆

𝛾

]
𝑑𝜇 (𝜏)

= (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗𝑄𝛾 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗𝑄𝜆
𝛾

for all 𝛾 ∈ Ω.
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By (2.12) we get

0 ≤
1

2
𝑚𝜆 (1 − 𝜆) [(∫

Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏))⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)
(2.13)

−2 ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ln𝑄𝛾]

≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗𝑄𝛾 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗𝑄𝜆
𝛾

≤
1

2
𝑀𝜆 (1 − 𝜆) [(∫

Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏))⊗ 1 + 1⊗

(
ln
2
𝑄𝛾

)

−2 ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)⊗ ln𝑄𝛾]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝛾 ∈ Ω.

If we take the integral ∫
Ω
over 𝑑𝜇 (𝛾) , thenwe get the desired result (2.9). □

Corollary 2.5. With the assumptions of Theorem 2.4, we have the following in-
equalities for the Hadamard product

0 ≤ 𝑚𝜆 (1 − 𝜆) [∫
Ω

ln
2
𝑃𝜏 + ln

2
𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1 (2.14)

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤ ∫
Ω

[(1 − 𝜆)𝑃𝜏 + 𝜆𝑄𝜏]𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤
1

2
𝑀𝜆 (1 − 𝜆) [∫

Ω

ln
2
𝑃𝜏 + ln

2
𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝜆 ∈ [0, 1] .
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In particular,

0 ≤
1

4
𝑚 [∫

Ω

ln
2
𝑃𝜏 + ln

2
𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1 (2.15)

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤ ∫
Ω

𝑃𝜏 + 𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
1

4
𝑀 [∫

Ω

ln
2
𝑃𝜏 + ln

2
𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1

− ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑄𝜏𝑑𝜇 (𝜏)]

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.

Remark 2.6. If we take 𝑄𝜏 = 𝑃𝜏, 𝜏 ∈ Ω in Corollary 2.5, then we get

0 ≤ 𝑚𝜆 (1 − 𝜆) [∫
Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫

Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)] (2.16)

≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜆𝜏𝑑𝜇 (𝜏)

≤
1

2
𝑀𝜆 (1 − 𝜆) [∫

Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫

Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)]

≤
1

2
𝜆 (1 − 𝜆)𝑀 (ln𝑀 − ln𝑚)

2

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
1

4
𝑚 [∫

Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫

Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)] (2.17)

≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
1

4
𝑀 [∫

Ω

ln
2
𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫

Ω

ln𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

ln𝑃𝜏𝑑𝜇 (𝜏)]

≤
1

8
𝑀 (ln𝑀 − ln𝑚)

2
.
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Lemma 2.7. With the assumptions of Lemma 2.1 we have

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆) (

𝑃2 ⊗ 1 + 1⊗𝑄2

2
− 𝑃 ⊗ 𝑄) (2.18)

≤ (1 − 𝜆)𝑃 ⊗ 1 + 𝜆1⊗𝑄 − 𝑃1−𝜆 ⊗𝑄𝜆

≤
𝑀

𝑚2
𝜆 (1 − 𝜆) (

𝑃2 ⊗ 1 + 1⊗𝑄2

2
− 𝑃 ⊗ 𝑄) ≤

𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
𝑚

4𝑀2
(
𝑃2 ⊗ 1 + 1⊗𝑄2

2
− 𝑃 ⊗ 𝑄) (2.19)

≤
𝑃 ⊗ 1 + 1⊗𝑄

2
− 𝑃1∕2 ⊗𝑄1∕2

≤
𝑀

4𝑚2
(
𝑃2 ⊗ 1 + 1⊗𝑄2

2
− 𝑃 ⊗ 𝑄) ≤

𝑀

8𝑚2
(𝑀 −𝑚)

2
.

Proof. We observe that

0 <
1

max {𝑥, 𝑦}
≤
ln𝑥 − ln 𝑦

𝑥 − 𝑦
≤

1

min {𝑥, 𝑦}
,

which implies that

0 <
1

max2 {𝑥, 𝑦}
≤ (

ln𝑥 − ln 𝑦

𝑥 − 𝑦
)

2

≤
1

min
2
{𝑥, 𝑦}

for all 𝑥, 𝑦 > 0.

By making use of (1.9) we derive

1

2
𝜆 (1 − 𝜆) (𝑦 − 𝑥)

2 min {𝑥, 𝑦}

max2 {𝑥, 𝑦}
(2.20)

≤
1

2
𝜆 (1 − 𝜆) (ln𝑥 − ln 𝑦)

2
min {𝑥, 𝑦} ≤ (1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆

≤
1

2
𝜆 (1 − 𝜆) (𝑦 − 𝑥)

2 max {𝑥, 𝑦}

min
2
{𝑥, 𝑦}

.

If 𝑡, 𝑠 ∈ [𝑚,𝑀] ⊂ (0,∞) , then by (2.20) we get

0 ≤
𝑚

2𝑀2
𝜆 (1 − 𝜆) (𝑡 − 𝑠)

2
≤ (1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆 (2.21)

≤
𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑡 − 𝑠)

2
.

If

𝑃 = ∫

𝑀

𝑚

𝑡𝑑𝐸 (𝑡) and 𝑄 = ∫

𝑀

𝑚

𝑠𝑑𝐹 (𝑠)
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are the spectral resolutions of 𝑃 and 𝑄, then by taking in (2.21) the double in-
tegral ∫ 𝑀

𝑚
∫
𝑀

𝑚
over 𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) , we get

0 ≤
𝑚

2𝑀2
𝜆 (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

(𝑡 − 𝑠)
2
𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) (2.22)

≤ ∫

𝑀

𝑚

∫

𝑀

𝑚

[
(1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆

]
𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

≤
𝑀

2𝑚2
𝜆 (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

(𝑡 − 𝑠)
2
𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) .

Since, by (1.11)

∫

𝑀

𝑚

∫

𝑀

𝑚

(𝑡 − 𝑠)
2
𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= ∫

𝑀

𝑚

∫

𝑀

𝑚

(
𝑡2 − 2𝑡𝑠 + 𝑠2

)
𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑡2𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) + ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑠2𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

− ∫

𝑀

𝑚

∫

𝑀

𝑚

2𝑡𝑠𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= 𝑃2 ⊗ 1 + 1⊗𝑄2 − 2𝑃 ⊗ 𝑄,

then by (2.22) we derive the first part of (2.18).
The last part follows by the fact that

(𝑡 − 𝑠)
2
≤ (𝑀 −𝑚)

2

for all 𝑡, 𝑠 ∈ [𝑚,𝑀] . □

Corollary 2.8. With the assumptions of Lemma 2.7, we have the following in-
equalities for the Hadamard product

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆) (

𝑃2 + 𝑄2

2
◦1 − 𝑃◦𝑄) (2.23)

≤ [(1 − 𝜆)𝑃 + 𝜆𝑄] ◦1 − 𝑃1−𝜆◦𝑄𝜆

≤
𝑀

𝑚2
𝜆 (1 − 𝜆) (

𝑃2 + 𝑄2

2
◦1 − 𝑃◦𝑄) ≤

𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .
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In particular,

0 ≤
𝑚

4𝑀2
(
𝑃2 + 𝑄2

2
◦1 − 𝑃◦𝑄) ≤

𝑃 + 𝑄

2
◦1 − 𝑃1∕2◦𝑄1∕2 (2.24)

≤
𝑀

4𝑚2
(
𝑃2 + 𝑄2

2
◦1 − 𝑃◦𝑄) ≤

𝑀

8𝑚2
(𝑀 −𝑚)

2
.

The inequality (2.23) provides another weighted refinement and reverse in-
equality for (1.16) that is obtained for 𝜆 = 1∕2.

Remark 2.9. If we take 𝑄 = 𝑃 in Corollary 2.8, then we get

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆)

(
𝑃2◦1 − 𝑃◦𝑃

)
≤ 𝑃 − 𝑃1−𝜆◦𝑃𝜆 (2.25)

≤
𝑀

𝑚2
𝜆 (1 − 𝜆)

(
𝑃2◦1 − 𝑃◦𝑃

)
≤

𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
𝑚

4𝑀2

(
𝑃2◦1 − 𝑃◦𝑃

)
≤ 𝑃◦1 − 𝑃1∕2◦𝑃1∕2 (2.26)

≤
𝑀

4𝑚2

(
𝑃2◦1 − 𝑃◦𝑃

)
≤

𝑀

8𝑚2
(𝑀 −𝑚)

2
.

The following integral inequalities also hold:

Theorem 2.10. Let Ω be a locally compact Hausdorff space endowed with a
Radon measure 𝜇. Let (𝑃𝜏)𝜏∈Ω and (𝑄𝜏)𝜏∈Ωbe continuous fields of positive op-
erators in 𝐵 (𝐻) such that 𝜎 (𝑃𝜏) , 𝜎 (𝑄𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω.
Then for all 𝜆 ∈ [0, 1] we have

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆) (2.27)

× (
∫
Ω
𝑃2𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄2
𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)

− ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤
𝑀

𝑚2
𝜆 (1 − 𝜆)

× (
∫
Ω
𝑃2𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄2
𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤
𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .
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In particular,

0 ≤
𝑚

4𝑀2
(2.28)

× (
∫
Ω
𝑃2𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄2
𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤
∫
Ω
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
𝑀

4𝑚2

× (
∫
Ω
𝑃2𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄2
𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤
𝑀

8𝑚2
(𝑀 −𝑚)

2

The proof follows by Lemma 2.7 by a similar argument to the one in the proof
of Theorem 2.4.

Corollary 2.11. With the assumptions of Theorem 2.10, we have the following
inequalities for the Hadamard product

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆) (2.29)

× (∫
Ω

𝑃2𝜏 + 𝑄2
𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤ ∫
Ω

[(1 − 𝜆)𝑃𝜏 + 𝜆𝑄𝜏]𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤
𝑀

𝑚2
𝜆 (1 − 𝜆)

× (∫
Ω

𝑃2𝜏 + 𝑄2
𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤
𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .
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In particular,

0 ≤
𝑚

4𝑀2
(∫

Ω

𝑃2𝜏 + 𝑄2
𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)) (2.30)

≤ ∫
Ω

𝑃𝜏 + 𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
𝑀

4𝑚2
(∫

Ω

𝑃2𝜏 + 𝑄2
𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏))

≤
𝑀

8𝑚2
(𝑀 −𝑚)

2

Remark 2.12. If we take 𝑄𝜏 = 𝑃𝜏, 𝜏 ∈ Ω in Corollary 2.11, then we get

0 ≤
𝑚

𝑀2
𝜆 (1 − 𝜆) (∫

Ω

𝑃2𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)) (2.31)

≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜆𝜏𝑑𝜇 (𝜏)

≤
𝑀

𝑚2
𝜆 (1 − 𝜆) (∫

Ω

𝑃2𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏))

≤
𝑀

2𝑚2
𝜆 (1 − 𝜆) (𝑀 −𝑚)

2

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
𝑚

4𝑀2
(∫

Ω

𝑃2𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)) (2.32)

≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
𝑀

4𝑚2
(∫

Ω

𝑃2𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏))

≤
𝑀

8𝑚2
(𝑀 −𝑚)

2
.

3. Some related results
Further, we also have:

Lemma 3.1. Assume that the selfadjoint operators 𝑃 and𝑄 satisfy the condition
0 < 𝑃, 𝑄 ≤ 𝑀, then

0 ≤ (1 − 𝜆)𝑃 ⊗ 1 + 𝜆1⊗𝑄 − 𝑃1−𝜆 ⊗𝑄𝜆 (3.1)

≤ 𝑀𝜆 (1 − 𝜆) (
𝑃−1 ⊗𝑄 + 𝑃 ⊗ 𝑄−1

2
− 1)
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for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
𝑃 ⊗ 1 + 1⊗𝑄

2
− 𝑃1∕2 ⊗𝑄1∕2 ≤

1

4
𝑀 (

𝑃−1 ⊗𝑄 + 𝑃 ⊗ 𝑄−1

2
− 1) . (3.2)

Proof. Recall that if 𝑥, 𝑦 > 0 and

𝐿 (𝑥, 𝑦) ∶=

⎧

⎨

⎩

𝑦−𝑥

ln 𝑦−ln𝑥
if 𝑥 ≠ 𝑦,

𝑦 if 𝑥 = 𝑦

is the logarithmicmean and𝐺 (𝑥, 𝑦) ∶=
√
𝑥𝑦 is the geometricmean, then𝐿 (𝑥, 𝑦) ≥

𝐺 (𝑥, 𝑦) for all 𝑥, 𝑦 > 0.

Then from (1.9) we have for 𝑥 ≠ 𝑦 that

(1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆 ≤
1

2
𝜆 (1 − 𝜆) (ln𝑥 − ln 𝑦)

2
max {𝑥, 𝑦}

=
1

2
𝜆 (1 − 𝜆) (𝑦 − 𝑥)

2
(
ln𝑥 − ln 𝑦

𝑦 − 𝑥
)

2

max {𝑥, 𝑦}

≤
1

2
𝜆 (1 − 𝜆)

(𝑦 − 𝑥)
2

𝑥𝑦
max {𝑥, 𝑦}

=
1

2
𝜆 (1 − 𝜆) (

𝑦

𝑥
+
𝑥

𝑦
− 2)max {𝑥, 𝑦} ,

which implies that

(1 − 𝜆)𝑥 + 𝜆𝑦 − 𝑥1−𝜆𝑦𝜆 ≤
1

2
𝜆 (1 − 𝜆) (

𝑦

𝑥
+
𝑥

𝑦
− 2)max {𝑥, 𝑦} (3.3)

for all 𝑥, 𝑦 > 0.

If 𝑡, 𝑠 ∈ (0,𝑀] ⊂ (0,∞) , then by (3.3) we get on taking the double integral
∫
𝑀

𝑚
∫
𝑀

𝑚
over 𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) , that

∫

𝑀

𝑚

∫

𝑀

𝑚

[
(1 − 𝜆) 𝑡 + 𝜆𝑠 − 𝑡1−𝜆𝑠𝜆

]
𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) (3.4)

≤
1

2
𝑀𝜆 (1 − 𝜆) ∫

𝑀

𝑚

∫

𝑀

𝑚

(
𝑠

𝑡
+
𝑡

𝑠
− 2)𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) .
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Since

∫

𝑀

𝑚

∫

𝑀

𝑚

(
𝑠

𝑡
+
𝑡

𝑠
− 2)𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑡−1𝑠𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠) + ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑡𝑠−1𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

− ∫

𝑀

𝑚

∫

𝑀

𝑚

𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠)

= 𝑃−1 ⊗𝑄 + 𝑃 ⊗ 𝑄−1 − 2,

hence by (3.4) we derive (3.1). □

Corollary 3.2. With the assumptions of Lemma 3.1, we have the inequalities for
the Hadamard product

0 ≤ [(1 − 𝜆)𝑃 + 𝜆𝑄] ◦1 − 𝑃1−𝜆◦𝑄𝜆 (3.5)

≤ 𝑀𝜆 (1 − 𝜆) (
𝑃−1◦𝑄 + 𝑃◦𝑄−1

2
− 1)

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤
𝑃 + 𝑄

2
◦1 − 𝑃1∕2◦𝑄1∕2 ≤

1

4
𝑀 (

𝑃−1◦𝑄 + 𝑃◦𝑄−1

2
− 1) . (3.6)

We observe that, if we take 𝑄 = 𝑃 in Corollary 3.2, then we get

0 ≤ 𝑃◦1 − 𝑃1−𝜆◦𝑃𝜆 ≤ 𝑀𝜆 (1 − 𝜆)
(
𝑃−1◦𝑃 − 1

)
(3.7)

for all 𝜆 ∈ [0, 1] .

In particular,

0 ≤ 𝑃◦1 − 𝑃1∕2◦𝑃1∕2 ≤
1

8
𝑀
(
𝑃−1◦𝑃 − 1

)
. (3.8)

The inequality (3.7) provides aweighted refinement ofFiedler inequality (1.17).
Moreover, we also have the integral inequalities:

Theorem3.3. LetΩ be a locally compactHausdorff space endowedwith aRadon
measure 𝜇. Let (𝑃𝜏)𝜏∈Ω and (𝑄𝜏)𝜏∈Ωbe continuous fields of positive operators in
𝐵 (𝐻) such that 𝜎 (𝑃𝜏) , 𝜎 (𝑄𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω. Then for all
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𝜆 ∈ [0, 1] we have

0 ≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏) (3.9)

− ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ 𝑀𝜆 (1 − 𝜆)

× (
∫
Ω
𝑃−1𝜏 𝑑𝜇 (𝜏)⊗ ∫

Ω
𝑄𝜏𝑑𝜇 (𝜏) + ∫

Ω
𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫

Ω
𝑄−1
𝜏 𝑑𝜇 (𝜏)

2
− 1)

and

0 ≤
∫
Ω
𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫

Ω
𝑄𝜏𝑑𝜇 (𝜏)

2
− ∫

Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

(3.10)

≤
1

4
𝑀

× (
∫
Ω
𝑃−1𝜏 𝑑𝜇 (𝜏)⊗ ∫

Ω
𝑄𝜏𝑑𝜇 (𝜏) + ∫

Ω
𝑃𝜏𝑑𝜇 (𝜏)⊗ ∫

Ω
𝑄−1
𝜏 𝑑𝜇 (𝜏)

2
− 1) .

We also can state the corresponding inequalities for the Hadamard product

0 ≤ ∫
Ω

[(1 − 𝜆)𝑃𝜏 + 𝜆𝑄𝜏]𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ 𝑀𝜆 (1 − 𝜆)

× (
∫
Ω
𝑃−1𝜏 𝑑𝜇 (𝜏) ◦ ∫Ω 𝑄𝜏𝑑𝜇 (𝜏) + ∫

Ω
𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫Ω 𝑄

−1
𝜏 𝑑𝜇 (𝜏)

2
− 1)

and

0 ≤ ∫
Ω

𝑃𝜏 + 𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1 − ∫

Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤
1

4
𝑀

× (
∫
Ω
𝑃−1𝜏 𝑑𝜇 (𝜏) ◦ ∫Ω 𝑄𝜏𝑑𝜇 (𝜏) + ∫

Ω
𝑃𝜏𝑑𝜇 (𝜏) ◦ ∫Ω 𝑄

−1
𝜏 𝑑𝜇 (𝜏)

2
− 1) .

In the case when 𝑄𝜏 = 𝑃𝜏, 𝜏 ∈ Ω, we derive

0 ≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜆𝜏𝑑𝜇 (𝜏)

≤ 𝑀𝜆 (1 − 𝜆) (∫
Ω

𝑃−1𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) − 1)
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for all 𝜆 ∈ [0, 1] and

0 ≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1 − ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
1

4
𝑀 (∫

Ω

𝑃−1𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) − 1) .

We also have the following multiplicative results:

Lemma 3.4. Assume that the selfadjoint operators 𝑃 and𝑄 satisfy the condition
0 < 𝑚 ≤ 𝑃, 𝑄 ≤ 𝑀, then

𝑃1−𝜆 ⊗𝑄𝜆 ≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

]𝑃1−𝜆 ⊗𝑄𝜆 (3.11)

≤ (1 − 𝜆)𝑃 ⊗ 1 + 𝜆1⊗𝑄

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

]𝑃1−𝜆 ⊗𝑄𝜆

for all 𝜆 ∈ [0, 1] .

In particular,

𝑃1−𝜆 ⊗𝑄𝜆 ≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

]𝑃1∕2 ⊗𝑄1∕2 (3.12)

≤
𝑃 ⊗ 1 + 1⊗𝑄

2

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

]𝑃1∕2 ⊗𝑄1∕2.

Proof. Since

(𝑦 − 𝑥)
2

max2 {𝑥, 𝑦}
= (

max {𝑥, 𝑦} − min {𝑥, 𝑦}

max {𝑥, 𝑦}
)

2

= (1 −
min {𝑥, 𝑦}

max {𝑥, 𝑦}
)

2

and

(𝑦 − 𝑥)
2

min
2
{𝑥, 𝑦}

= (
max {𝑥, 𝑦} − min {𝑥, 𝑦}

min {𝑥, 𝑦}
)

2

= (
max {𝑥, 𝑦}

min {𝑥, 𝑦}
− 1)

2

,

hence by (1.10) we derive

exp [
1

2
𝜆 (1 − 𝜆) (1 −

min {𝑥, 𝑦}

max {𝑥, 𝑦}
)

2

] (3.13)

≤
(1 − 𝜆)𝑥 + 𝜆𝑦

𝑥1−𝜆𝑦𝜆

≤ exp [
1

2
𝜆 (1 − 𝜆) (

max {𝑥, 𝑦}

min {𝑥, 𝑦}
− 1)

2

] .
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If 𝑡, 𝑠 ∈ [𝑚,𝑀] ⊂ (0,∞) , then by (3.13) we get, if we take the double integral
∫
𝑀

𝑚
∫
𝑀

𝑚
over 𝑑𝐸 (𝑡)⊗ 𝑑𝐹 (𝑠), the desired result (3.11). □

Corollary 3.5. With the assumptions of Lemma 3.4, we have the inequalities for
Hadamard product

𝑃1−𝜆◦𝑄𝜆 ≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

]𝑃1−𝜆◦𝑄𝜆 (3.14)

≤ (1 − 𝜆)𝑃 + 𝜆𝑄

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

]𝑃1−𝜆◦𝑄𝜆

for all 𝜆 ∈ [0, 1] .

In particular,

𝑃1∕2◦𝑄1∕2 ≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

]𝑃1∕2◦𝑄1∕2 (3.15)

≤
𝑃 + 𝑄

2
◦1

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

]𝑃1∕2◦𝑄1∕2.

If we take 𝑄 = 𝑃 in Corollary 3.5, then we get the following inequalities for
one operator 𝑃 satisfying the condition 0 < 𝑚 ≤ 𝑃 ≤ 𝑀,

𝑃1−𝜆◦𝑃𝜆 ≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

]𝑃1−𝜆◦𝑃𝜆 (3.16)

≤ 𝑃◦1

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

]𝑃1−𝜆◦𝑃𝜆

for all 𝜆 ∈ [0, 1] .

In particular,

𝑃1∕2◦𝑃1∕2 ≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

]𝑃1∕2◦𝑃1∕2 (3.17)

≤ 𝑃◦1

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

]𝑃1∕2◦𝑃1∕2.

Finally, we can state the following multiplicative result:

Theorem 3.6. Let (𝑃𝜏)𝜏∈Ω and (𝑄𝜏)𝜏∈Ωbe continuous fields of positive operators
in 𝐵 (𝐻) such that 𝜎 (𝑃𝜏) , 𝜎 (𝑄𝜏) ⊆ [𝑚,𝑀] ⊂ (0,∞) for each 𝜏 ∈ Ω. Then for all
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𝜆 ∈ [0, 1] we have

∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏) (3.18)

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ (1 − 𝜆) ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 𝜆1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

and, in particular

∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏) (3.19)

≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤
1

2
[∫

Ω

𝑃𝜏𝑑𝜇 (𝜏)⊗ 1 + 1⊗ ∫
Ω

𝑄𝜏𝑑𝜇 (𝜏)]

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)⊗ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏) .

We can state the following results for the Hadamard product as well:

∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏) (3.20)

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ ∫
Ω

[(1 − 𝜆)𝑃𝜏 + 𝜆𝑄𝜏]𝑑𝜇 (𝜏) ◦1

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)
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and, in particular

∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏) (3.21)

≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏)

≤ ∫
Ω

𝑃𝜏 + 𝑄𝜏

2
𝑑𝜇 (𝜏) ◦1

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄
1∕2

𝜏 𝑑𝜇 (𝜏) .

When 𝑄𝜏 = 𝑃𝜏, 𝜏 ∈ Ω , we obtain for 𝜆 ∈ [0, 1] that

∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏) (3.22)

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

≤ ∫
Ω

[(1 − 𝜆)𝑃𝜏 + 𝜆𝑄𝜏]𝑑𝜇 (𝜏) ◦1

≤ exp [
1

2
𝜆 (1 − 𝜆) (

𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃1−𝜆𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑄𝜆
𝜏𝑑𝜇 (𝜏)

and, in particular,

∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) (3.23)

≤ exp [
1

8
(
𝑀 −𝑚

𝑀
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏)

≤ ∫
Ω

𝑃𝜏𝑑𝜇 (𝜏) ◦1

≤ exp [
1

8
(
𝑀 −𝑚

𝑚
)

2

] ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) ◦ ∫
Ω

𝑃
1∕2

𝜏 𝑑𝜇 (𝜏) .

4. Acknowledgement.
The second authorwould like to extend his appreciation to theDistinguished

Scientist Fellowship Program at King Saud University, Riyadh, Saudi Arabia,
for funding this work through Researchers Supporting Project number
RSPD2025R1056.



816 S. S. DRAGOMIR ANDM. T. GARAYEV

References
[1] Alzer, H.; da Fonseca, C. M.; Kovačec, A. Young-type inequalities and their matrix

analogues. Linear and Multilinear Algebra 63 (2015), Issue 3, 622-635. MR3274000, Zbl
1316.15023, doi: 10.1080/03081087.2014.891588 . 794

[2] Ando, T. Concavity of certain maps on positive definite matrices and applications to
Hadamard products. Lin. Alg. & Appl. 26 (1979), 203-241. MR0535686, Zbl 0495.15018,
doi: 10.1016/0024-3795(79)90179-4 . 795

[3] Araki, H.; Hansen, F. Jensen’s operator inequality for functions of several variables.
Proc. Amer. Math. Soc. 128 (2000), No. 7, 2075-2084. MR1670414, Zbl 0956.47009,
doi: 10.1090/s0002-9939-00-05371-5 . 794

[4] Aujila, J. S.; Vasudeva, H. L. Inequalities involving Hadamard product and operator
means.Math. Japon. 42 (1995), 265-272. MR1356386, Zbl 0859.15007. 795

[5] Dragomir, S. S. A note on Young’s inequality. Revista de la Real Academia de Ciencias
Exactas, Físicas yNaturales. Serie A.Matemáticas 111 (2017), no. 2, 349-354.MR3623844,
Zbl 1360.26020, doi: 10.1007/s13398-016-0300-8 . 793

[6] Dragomir, S. S.A note on new refinements and reverses of Young’s inequality. Transyl.
J. Math. Mec. 8 (2016), No.1, 45-49. MR3531966. 794

[7] Dragomir, S. S. Tensorial and Hadamard product inequalities for functions of selfad-
joint operators in Hilbert spaces in terms of Kantorovich ratio. Extr. Math. 38 (2023) No.
2, 237-250. MR4699075, Zbl 1546.47025, doi: 10.17398/2605-5686.38.2.237 . 796

[8] Dragomir, S. S. Tensorial and Hadamard product integral inequalities for convex func-
tions of continuous fields of operators in Hilbert spaces.Hacettepe Journal of Mathemat-
ics and Statistics 54 (2025), No.1, 115-124. MR4875157, doi: 10.15672/hujms.1362698 .
796

[9] Furuichi, S.On refined Young inequalities and reverse inequalities. J. Math. Inequal. 5
(2011), 21-31. MR2799055, Zbl 1213.15017 , doi: 10.7153/jmi-05-03 .

[10] Furuichi, S. Refined Young inequalities with Specht’s ratio. Journal of the
Egyptian Mathematical Society 20(2012) , 46-49. MR2975333, Zbl 1287.47031,
doi: 10.1016/j.joems.2011.12.010 . 793

[11] Fujii, J. I. The Marcus-Khan theorem for Hilbert space operators.Math. Jpn. 41 (1995),
531-535. MR1339012, Zbl 0826.47016. 795

[12] Furuta, T.; Mićić Hot, J.; Pečarić, J.; Seo, Y.) Mond-Pečarić Method in Operator
Inequalities. Inequalities for Bounded Selfadjoint Operators on aHilbert Space.Element,
Zagreb, 2005. MR3026316 Zbl 1135.47012. 795

[13] Furuichi, S.; Minculete, N. Alternative reverse inequalities for Young’s inequality. J.
Math Inequal. 5 (2011), No. 4, 595–600. MR2908115, Zbl 1236.15046, doi: 10.7153/jmi-
05-51 . 794

[14] Kitamura, K.; Seo, Y. Operator inequalities on Hadamard product associated with
Kadison’s Schwarz inequalities. Scient. Math. 1 (1998), No. 2, 237-241. MR1686236, Zbl
0947.47015. 795

[15] Kittaneh, F.; Manasrah, Y. Improved Young and Heinz inequalities for ma-
trices. J. Math. Anal. Appl. 361 (2010), 262-269. MR2567300, Zbl 1180.15021,
doi: 10.1016/j.jmaa.2009.08.059 . 793

[16] Kittaneh, F.; Manasrah, Y. Reverse Young and Heinz inequalities for matri-
ces, Linear Multilinear Algebra 59 (2011), 1031-1037. MR2826070, Zbl 1225.15022,
doi: 10.1080/03081087.2010.551661 . 793

[17] Korányi, A. On some classes of analytic functions of several variables. Trans. Amer.
Math. Soc. 101 (1961), 520–554. MR0136765, Zbl 0111.11501, doi: 10.1090/s0002-9947-
1961-0136765-6 . 794

[18] Liao, W.; Wu, J.; Zhao, J. New versions of reverse Young and Heinz mean inequali-
ties with the Kantorovich constant. Taiwanese J. Math. 19 (2015), No. 2, pp. 467-479.
MR3332308, Zbl 1357.26048, doi: 10.11650/tjm.19.2015.4548 . 793

http://www.ams.org/mathscinet-getitem?mr=3274000
http://www.emis.de/cgi-bin/MATH-item?1316.15023
http://www.emis.de/cgi-bin/MATH-item?1316.15023
http://dx.doi.org/10.1080/03081087.2014.891588 
http://www.ams.org/mathscinet-getitem?mr=0535686
http://www.emis.de/cgi-bin/MATH-item?0495.15018
http://dx.doi.org/10.1016/0024-3795(79)90179-4 
http://www.ams.org/mathscinet-getitem?mr=1670414
http://www.emis.de/cgi-bin/MATH-item?0956.47009
http://dx.doi.org/10.1090/s0002-9939-00-05371-5 
http://www.ams.org/mathscinet-getitem?mr=1356386
http://www.emis.de/cgi-bin/MATH-item?0859.15007
http://www.ams.org/mathscinet-getitem?mr=3623844
http://www.emis.de/cgi-bin/MATH-item?1360.26020
http://dx.doi.org/10.1007/s13398-016-0300-8 
http://www.ams.org/mathscinet-getitem?mr=3531966
http://www.ams.org/mathscinet-getitem?mr=4699075
http://www.emis.de/cgi-bin/MATH-item?1546.47025
http://dx.doi.org/10.17398/2605-5686.38.2.237 
http://www.ams.org/mathscinet-getitem?mr=4875157
http://dx.doi.org/10.15672/hujms.1362698 
http://www.ams.org/mathscinet-getitem?mr=2799055
http://www.emis.de/cgi-bin/MATH-item?1213.15017 
http://dx.doi.org/10.7153/jmi-05-03 
http://www.ams.org/mathscinet-getitem?mr=2975333
http://www.emis.de/cgi-bin/MATH-item?1287.47031
http://dx.doi.org/10.1016/j.joems.2011.12.010 
http://www.ams.org/mathscinet-getitem?mr=1339012
http://www.emis.de/cgi-bin/MATH-item?0826.47016
http://www.ams.org/mathscinet-getitem?mr=3026316
http://www.emis.de/cgi-bin/MATH-item?1135.47012
http://www.ams.org/mathscinet-getitem?mr=2908115
http://www.emis.de/cgi-bin/MATH-item?1236.15046
http://dx.doi.org/10.7153/jmi-05-51 
http://dx.doi.org/10.7153/jmi-05-51 
http://www.ams.org/mathscinet-getitem?mr=1686236
http://www.emis.de/cgi-bin/MATH-item?0947.47015
http://www.emis.de/cgi-bin/MATH-item?0947.47015
http://www.ams.org/mathscinet-getitem?mr=2567300
http://www.emis.de/cgi-bin/MATH-item?1180.15021
http://dx.doi.org/10.1016/j.jmaa.2009.08.059 
http://www.ams.org/mathscinet-getitem?mr=2826070
http://www.emis.de/cgi-bin/MATH-item?1225.15022
http://dx.doi.org/10.1080/03081087.2010.551661 
http://www.ams.org/mathscinet-getitem?mr=0136765
http://www.emis.de/cgi-bin/MATH-item?0111.11501
http://dx.doi.org/10.1090/s0002-9947-1961-0136765-6 
http://dx.doi.org/10.1090/s0002-9947-1961-0136765-6 
http://www.ams.org/mathscinet-getitem?mr=3332308
http://www.emis.de/cgi-bin/MATH-item?1357.26048
http://dx.doi.org/10.11650/tjm.19.2015.4548 


YOUNG TYPE INTEGRAL INEQUALITIES 817

[19] Specht, W. Zer Theorie der elementaren Mittel.Math. Z. 74 (1960), pp. 91-98. 793
Zbl 0095.03801, doi: 10.1007/bf01180475 .

[20] Tominaga, M. Specht’s ratio in the Young inequality. Sci. Math. Japon. 55 (2002), 583-
588. MR1901045, Zbl 1021.47010, doi: 10.7153/mia-07-13 . 793

[21] Stojiljkovic, V.; Dragomir, S. S. Differentiable Ostrowski type tensorial norm in-
equality for continuous functions of selfadjoint operators in Hilbert spaces.Gulf J. Math.
15 (2023) No. 2, 40-55 . MR4680182, Zbl 7781237, doi: 10.56947/gjom.v15i2.1247 . 796

[22] Zuo, G.; Shi, G.; Fujii, M.Refined Young inequality with Kantorovich constant. J.Math.
Inequal. 5 (2011), 551-556. MR2908111, Zbl 1242.47017, doi: 10.7153/jmi-05-47 . 793

(S. S. Dragomir) Applied Mathematics Research Group, ISILC, Victoria University,
Melbourne , VIC, Australia, and Department of Mathematical and Physical Sci-
ences, La Trobe University, Melbourne, VIC, Australia.
sever.dragomir@vu.edu.au

(M. T. Garayev) Department of Mathematics, College of Science, King Saud Univer-
sity, P.O.Box 2455, Riyadh 11451, Saudi Arabia.
mgarayev@ksu.edu.sa

This paper is available via http://nyjm.albany.edu/j/2025/31-29.html.

http://www.emis.de/cgi-bin/MATH-item?0095.03801
http://dx.doi.org/10.1007/bf01180475 
http://www.ams.org/mathscinet-getitem?mr=1901045
http://www.emis.de/cgi-bin/MATH-item?1021.47010
http://dx.doi.org/10.7153/mia-07-13 
http://www.ams.org/mathscinet-getitem?mr=4680182
http://www.emis.de/cgi-bin/MATH-item?7781237
http://dx.doi.org/10.56947/gjom.v15i2.1247 
http://www.ams.org/mathscinet-getitem?mr=2908111
http://www.emis.de/cgi-bin/MATH-item?1242.47017
http://dx.doi.org/10.7153/jmi-05-47 
mailto:sever.dragomir@vu.edu.au
mailto:mgarayev@ksu.edu.sa
http://nyjm.albany.edu/j/2025/31-29.html

	1. Introduction
	2. Main results
	3. Some related results
	4. Acknowledgement.
	References

