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A complete solution to the Cauchy dual
subnormality problem for torally expansive

toral 𝟑-isometric weighted 𝟐-shifts
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Abstract. In this paper, we present a complete solution to the Cauchy dual

subnormality problem (for short CDSP) for torally expansive toral 3-isometric

weighted 2-shifts. This solution is obtained by solving a couple of Hausdorff

moment problems arising from 2-variable polynomials of lower bi-degree.
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1. Introduction

The Cauchy dual subnormality problem (for short CDSP) in 𝑛-variables asks
whether the Cauchy dual of an 𝑚-isometric 𝑛-tuple is jointly subnormal. This

problem for 2-isometries has received significant attention, with extensive studies

revealing intriguing links to moment theory and complex analysis (see [5, 10, 15];

for solutions to CDSP for various classes of𝑚-isometries, see [3, Proposition 1.7],

[5, Proposition 1.3],[10, Theorem 3.4], [15, Theorem 2.1], [18, Theorem 4.6] etc;

for Brownian-type operators, see [16, Theorem 1.2]). In this paper, we present a

complete solution to the Cauchy dual subnormality problem for torally expansive

toral 3-isometric weighted 2-shifts. A special case of this (the case of separate 2-

isometries) has been obtained in [6, Theorem 4.9]. Moreover, we present several

families of Hausdorff moment net arising from the reciprocal of polynomials of

bi-degree (2, 1) and (2, 2). Before we state the main result of this paper, let us fix

some notations and recall the relevant notions.
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Let 𝑛 be a positive integer and 𝑋 be a set. The notation 𝑋𝑛
represents the

Cartesian product of 𝑋 with itself, taken 𝑛 times. Denote by ℤ+ and ℝ+, the
set of nonnegative integers and nonnegative real numbers, respectively. Let 𝛼 =
(𝛼1,… , 𝛼𝑛), 𝛽 = (𝛽1,… , 𝛽𝑛) ∈ ℤ𝑛

+. Set |𝛼| = 𝛼1+⋯+𝛼𝑛 and (𝛽)𝛼 =
∏𝑛

𝑗=1(𝛽𝑗)𝛼𝑗 ,
where (𝛽𝑗)0 = 1, (𝛽𝑗)1 = 𝛽𝑗 and

(𝛽𝑗)𝛼𝑗 = 𝛽𝑗(𝛽𝑗 − 1)⋯ (𝛽𝑗 − 𝛼𝑗 + 1), 𝛼𝑗 ⩾ 2, 𝑗 = 1,… , 𝑛.

We denote 𝛼 ⩽ 𝛽 if 𝛼𝑗 ⩽ 𝛽𝑗 for every 𝑗 = 1,… , 𝑛. For 𝛼 ⩽ 𝛽, we let

(𝛽
𝛼

)
=

∏𝑛
𝑗=1

(𝛽𝑗
𝛼𝑗

)
.

For a net {𝑎𝛼}𝛼∈ℤ𝑛
+
and 𝑗 = 1,… , 𝑛, let△𝑗 denote the forward difference oper-

ator given by

△𝑗𝑎𝛼 = 𝑎𝛼+𝜀𝑗 − 𝑎𝛼, 𝛼 ∈ ℤ𝑛
+,

where 𝜀𝑗 stands for the 𝑛-tuple with 𝑗th entry equal to 1 and 0 elsewhere. Note
that for any 𝑖, 𝑗 ∈ {1, 2,… , 𝑛},△𝑖△𝑗 = △𝑗 △𝑖 . For 𝛼 = (𝛼1,… , 𝛼𝑛) ∈ ℤ𝑛

+,
let △𝛼

denote the operator

∏𝑛
𝑗=1△

𝛼𝑗
𝑗 . For a polynomial 𝑝 in one variable, let

deg𝑝 denote the degree of 𝑝. A polynomial 𝑝 of two variables is said to be of bi-
degree 𝛼 = (𝛼1, 𝛼2) ∈ ℤ2

+ if for each 𝑗 = 1, 2, 𝛼𝑗 is the largest integer for which
𝜕
𝛼𝑗
𝑗 𝑝 ≠ 0.
We now recall the definition of joint complete monotonicity of a net. A net

𝔞 = {𝑎𝛼}𝛼∈ℤ𝑛
+
is said to be joint completely monotone if

(−1)|𝛽| △𝛽 𝑎𝛼 ⩾ 0, 𝛼, 𝛽 ∈ ℤ𝑛
+.

When 𝑛 = 1, we simply refer to 𝔞 as a completely monotone sequence. We say

𝔞 is a separate completely monotone if for every 𝑗 ∈ {1,… , 𝑛} , 𝑘 ∈ ℤ+,

(−1)𝑘 △𝑘
𝑗 𝑎𝛼 ⩾ 0, 𝛼 ∈ ℤ𝑛

+.

For a detailed account of complete monotonicity in one and several variables, the

reader is referred to [11, 12, 13, 21].

Remark 1.1. It is readily seen that a joint completely monotone net is separate

completely monotone. Also, if 𝜙 is completely monotone function on ℤ𝑛
+, then

for any 𝛽 ∈ ℤ𝑛
+, the function 𝛼 ↦ 𝜙(𝛼 + 𝛽) is also completely monotone on ℤ𝑛

+.

We now recall a solution to the multi-dimensional Hausdorff moment problem.

A net 𝔞 = {𝑎𝛼}𝛼∈ℤ𝑛
+
is joint completely monotone if and only if it is a Hausdorff

moment net, that is, if there exists a positive Radon measure 𝜇 concentrated on

[0, 1]𝑛 such that

𝑎𝛼 = ∫
[0,1]𝑛

𝑡𝛼𝜇(𝑑𝑡), 𝛼 ∈ ℤ𝑛
+.
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(see [12, Proposition 4.6.11]). If such a measure 𝜇 exists, then it is unique. This

is an outcome of the 𝑛-dimensional Weierstrass theorem and the Riesz represen-

tation theorem (see [23, Theorem 2.14] and [25, Lemma 4.11.3]). We refer to 𝜇 as

the representing measure of 𝔞.
We now recall some operator-theoretic prerequisite. Let 𝑛 be a positive integer.

A operator tuple𝑇 = (𝑇1,… , 𝑇𝑛) on a complex separable Hilbert space𝐻 is said to

be commuting n-tuple if 𝑇1,… , 𝑇𝑛 are bounded linear operator on 𝐻 and 𝑇𝑖𝑇𝑗 =
𝑇𝑗𝑇𝑖 for every 1 ⩽ 𝑖 ≠ 𝑗 ⩽ 𝑛. A commuting 𝑛-tuple 𝑇 is said to be a toral
expansion (resp. a toral contraction) if 𝑇∗𝑗𝑇𝑗 ⩾ 𝐼 (resp. 𝑇∗𝑗𝑇𝑗 ⩽ 𝐼) for every 𝑗 ∈
{1,… , 𝑛}.We say that a commuting 𝑛-tuple 𝑇 = (𝑇1,… , 𝑇𝑛) is jointly subnormal if
there exist a Hilbert space 𝐾 containing𝐻 and a commuting 𝑛-tuple𝑁 of normal

operators 𝑁1,… , 𝑁𝑛 on 𝐾 such that

𝑇𝑗 = 𝑁𝑗|𝐻 , 𝑗 = 1,… , 𝑛.

Let𝑚 be a positive integer. Following [1, 8, 22], we say that a commuting 𝑛-tuple
𝑇 is said to be a toral 𝑚-isometry if

∑

𝛼∈ℤ𝑛+
0⩽𝛼⩽𝛽

(−1)|𝛼|
(𝛽
𝛼

)
𝑇∗𝛼𝑇𝛼 = 0, 𝛽 ∈ ℤ𝑛

+, |𝛽| = 𝑚,

where 𝑇𝛼 denotes the bounded linear operator

∏𝑛
𝑗=1 𝑇

𝛼𝑗
𝑗 and 𝑇∗𝛼 stands for the

Hilbert space adjoint of 𝑇𝛼. The reader is referred to [1, 2, 8, 9, 14, 17, 24] for the

basic theory of toral 𝑚-isometries.

Assume that 𝑇∗𝑗𝑇𝑗 is invertible for every 𝑗 = 1,… , 𝑛. Following [14, 24], we

refer to the 𝑛-tuple 𝑇𝔱 ∶= (𝑇𝔱1,⋯ , 𝑇𝔱𝑛) as the operator tuple torally Cauchy dual
to 𝑇 where 𝑇𝔱𝑗 ∶= 𝑇𝑗(𝑇∗𝑗𝑇𝑗)

−1, for 𝑗 = 1,⋯ , 𝑛. Note that toral 𝑚-isometric tuple
𝑇 = (𝑇1,… , 𝑇𝑛) is a separate𝑚-isometric tuple, that is, 𝑇1,… , 𝑇𝑛 are𝑚-isometries.

By [2, Lemma 1.21], 𝑇𝑗 is left invertible for 1 ⩽ 𝑗 ⩽ 𝑛. Hence, the toral Cauchy
dual of a toral 𝑚-isometric 𝑛-tuple exists.

Let H be a Hilbert space with orthonormal basis E = {𝑒𝛼 ∶ 𝛼 ∈ ℤ𝑛
+}. Let

𝐰 =
{
𝑤(𝑗)
𝛼 ∶ 𝑗 = 1,… , 𝑛, 𝛼 ∈ ℤ𝑛

+
}
be a collection of complex numbers. For

𝑗 = 1,… , 𝑛 and any 𝛼 ∈ ℤ𝑛
+, define W = (W1,… ,W𝑛) by W𝑗𝑒𝛼 = 𝑤(𝑗)

𝛼 𝑒𝛼+𝜀𝑗 ,
where 𝜀𝑗 is a vector with a 1 in the 𝑗th position and zeros elsewhere. Note that by

extending it linearly on E , W1,… ,W𝑛 define bounded operator on H if and only

if sup𝛼∈ℤ𝑛
+
|𝑤(𝑗)

𝛼 | < ∞ for every 𝑗 = 1,… , 𝑛. Also for any 𝑖, 𝑗 ∈ {1,… , 𝑛},W𝑖 and

W𝑗 commute if and only if

𝑤(𝑖)
𝛼 𝑤

(𝑗)
𝛼+𝜀𝑖 = 𝑤(𝑗)

𝛼 𝑤(𝑖)
𝛼+𝜀𝑗 , 𝛼 ∈ ℤ𝑛

+.

Let W be a commuting weighted 𝑛-shift. Note that for any 𝛽 ∈ ℤ𝑛
+, there exists

a positive scalar 𝑚(𝛽) such that

W 𝛽𝑒0 = 𝑚(𝛽)𝑒𝛽 . (1)
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For more information on the basic theory of weighted multi-shifts, the reader is

referred to [9, 19, 20].

In what follows, we assume that 𝐰 forms a bounded subset of positive real

numbers and W is a commuting 𝑛-tuple. We will denote the weighted 𝑛-shift W

with weight multi-sequence𝐰 by W ∶ 𝑤(𝑗)
𝛼 .

Let W ∶ {𝑤(𝑗)
𝛼 } be a weighted 𝑛-shift such that W ∗

𝑗 W𝑗 is invertible for each

𝑗 = 1,… , 𝑛. The operator tuple W 𝔱
torally Cauchy dual to the weighted 𝑛-shift

W , satisfies the following relation:

W 𝔱
𝑗 𝑒𝛼 =

1

𝑤(𝑗)
𝛼

𝑒𝛼+𝜀𝑗 , 𝑗 = 1,… , 𝑛. (2)

It is now easy to see that:

‖(W 𝔱)𝛼𝑒0‖2 =
1

‖W 𝛼𝑒0‖2
, 𝛼 ∈ ℤ𝑛

+. (3)

To state the main result, we find it convenient to introduce the following no-

tation: For 𝑖, 𝑗 ∈ {0, 1, 2},

𝜌𝑖𝑗 =△𝑖
1 △

𝑗
2 (‖W

𝛼𝑒0‖2)|𝛼=0, 𝜌1 = 2𝜌10 − 𝜌20, 𝜌2 = 2𝜌01 − 𝜌02. (4)

We are now ready to state the main result of this paper. For the sake of com-

pleteness, we include the separate 2-isometry case as part (a) below (see [6, The-

orem 4.9]).

Theorem 1.2. Let W ∶ {𝑤(𝑗)
𝛼 } be a torally expansive toral 3-isometric weighted

2-shift and let W 𝔱 be the operator tuple torally Cauchy dual to W . Let 𝜌1, 𝜌2 and
𝜌𝑖𝑗, 𝑖, 𝑗 ∈ {0, 1, 2} be as given in (4). The following statements holds∶

(a) Assume that W is a separate 2-isometry. Then the operator tuple W 𝔱 is
jointly subnormal if and only if 𝜌11 ⩽ 𝜌10𝜌01.

(b) Assume that W1 is not a 2-isometry. Then the operator tuple W 𝔱 is jointly
subnormal if and only if 𝜌1 > 0, 𝜌21 ⩾ 8𝜌20, and exactly any one of the
following holds∶
(i) 𝜌11 = 0, 𝜌01 = 0, 𝜌02 = 0,
(ii) 𝜌11 > 0, 𝜌2 > 0, 𝜌211 ⩾ 𝜌20𝜌02,

(𝜌20𝜌2 − 𝜌11𝜌1)2 ⩽ (4𝜌211 − 𝜌20𝜌02)(
𝜌21
4 − 2𝜌20).

(c) Assume that W2 is not a 2-isometry. Then the operator tuple W 𝔱 is jointly
subnormal if and only if 𝜌2 > 0, 𝜌22 ⩾ 8𝜌02, and exactly any one of the
following holds∶
(i) 𝜌11 = 0, 𝜌10 = 0, 𝜌20 = 0,
(ii) 𝜌11 > 0, 𝜌1 > 0, 𝜌211 ⩾ 𝜌20𝜌02,

(𝜌02𝜌1 − 𝜌11𝜌2)2 ⩽ (4𝜌211 − 𝜌02𝜌20)(
𝜌22
4 − 2𝜌02).
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Plan of the paper. In Section 2, we consider polynomial 𝑝 ∶ ℝ2
+ → (0,∞) of the

form 𝑝(𝑥, 𝑦) = 𝑏0(𝑥+𝑏1)(𝑥+𝑏2)+𝑎0(𝑥+𝑎1)𝑦,where 𝑎0, 𝑎1, 𝑏0, 𝑏1, 𝑏2 ∈ ℝ,with
𝑏1 ⩽ 𝑏2 and 𝑎0, 𝑎1 ≠ 0. We describe all polynomials 𝑝 for which 1∕𝑝 is a joint

completely monotone net (see Theorem 2.1). As a consequence of Theorem 2.1,

we obtain some necessary conditions for the polynomial 𝑞(𝑥, 𝑦) = 𝑏0(𝑥+𝑏1)(𝑥+
𝑏2)+(𝑎1𝑥+𝑎2)𝑦,whose reciprocal is a joint completely monotone net (see Corol-

lary 2.3). In Section 3, we consider the polynomial 𝑝(𝑥, 𝑦) = 𝑎(𝑥) + 𝑏(𝑥)𝑦 + 𝑦2,
where 𝑎(𝑥) = 𝑎0(𝑥 + 𝑎1)(𝑥 + 𝑎2), 𝑏(𝑥) = 𝑏0(𝑥 + 𝑏1), 𝑎0, 𝑎1, 𝑎2, 𝑏0, 𝑏1 ∈ ℝ
with 𝑎1 ⩽ 𝑎2. Under the assumption 𝑝(𝑚, 𝑛) > 0, we characterize the joint com-

plete monotonicity of {1∕𝑝(𝑚, 𝑛)}𝑚,𝑛∈ℤ+
(see Theorem 3.1). Proof of this theorem

is fairly long and requires several lemmas (see Lemmas 3.2-3.4). In Section 4, we

provide a solution to the Cauchy dual subnormality problem for torally expansive

toral 3-isometric weighted 2-shifts, which completes the proof of Theorem 1.2.

Note that the proof of Theorem 1.2 relies on Theorems 2.1 and 3.1 and a charac-

terization of toral 3-isometries (see Proposition 4.1).

2. A special case of bi-degree (2,1)

In this section, we present a proof of Theorem 2.1. The proof of the sufficiency

part of this theorem is obtained in [6, Theorem 3.6]. Here, we obtain a proof of

the necessity part.

Recall that for a positive real number 𝜈, the Bessel function 𝐽𝜈(𝑧) of the first kind
of order 𝜈 is given by

𝐽𝜈(𝑧) =
(𝑧
2

)𝜈 ∞∑

𝑘=0

(−𝑧2

4

)𝑘 1
𝑘!Γ(𝜈 + 𝑘 + 1)

, 𝑧 ∈ ℂ ⧵ (−∞, 0],

where Γ denotes the Gamma function.

Theorem 2.1 (Special case of bi-degree (2, 1)). Let 𝑝 ∶ ℝ2
+ → (0,∞) be a

polynomial given by 𝑝(𝑥, 𝑦) = 𝑏(𝑥) + 𝑎(𝑥)𝑦, where 𝑎(𝑥) = 𝑎0(𝑥 + 𝑎1) and
𝑏(𝑥) = 𝑏0(𝑥+𝑏1)(𝑥+𝑏2), 𝑎0, 𝑎1, 𝑏0, 𝑏1, 𝑏2 ∈ ℝ,with 𝑏1 ⩽ 𝑏2 and 𝑎0, 𝑎1 ≠ 0. Then

the net { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely monotone if and only if 𝑏1 ⩽ 𝑎1 ⩽ 𝑏2.

Proof. Since range of 𝑝 is contained in (0,∞) and 𝑎0, 𝑎1 ≠ 0, an elementary

checking shows that 𝑎0, 𝑎1, 𝑎2, 𝑏0, 𝑏1 > 0 (see discussion prior to [6, Proposi-

tion 3.2]). It was implicitly recorded in the proof of [6, Theorem 3.6] that for

𝑚, 𝑛 ∈ ℤ+

1
𝑝(𝑚, 𝑛)

= ∫
[0,1]2

𝑡𝑛𝑠𝑚1
(𝑠1∕𝑡𝑐0)𝑎1−1𝑡𝑐0(𝑏1+𝑏2−𝑎1)−1

𝑎0𝑡𝑐0
∞∑

𝑘=0

(−𝑐0𝑐1 log (𝑠1∕𝑡𝑐0) log 𝑡)𝑘

𝑘!2
1[0,𝑡𝑐0 ](𝑠1)𝑑𝑠1𝑑𝑡,
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where 𝑐0 = 𝑏0∕𝑎0 > 0 and 𝑐1 = (𝑎1 − 𝑏2)(𝑎1 − 𝑏1). So the weight function for

the net { 1
𝑝(𝑚,𝑛)

}
(𝑚,𝑛)∈ℤ2

+

is

𝑤(𝑠, 𝑡) =
(𝑠∕𝑡𝑐0)𝑎1−1𝑡𝑐0(𝑏1+𝑏2−𝑎1)−1

𝑎0𝑡𝑐0

∞∑

𝑘=0

(−𝑐2 log (𝑠∕𝑡𝑐0) log 𝑡)𝑘

𝑘!2
1[0,𝑡𝑐0 ](𝑠),

where 𝑠, 𝑡 ∈ (0, 1) and 𝑐2 = 𝑐0𝑐1. Sufficiency part follows from [6, Theorem 3.6].

To prove the necessity part, assume that 𝑎1 ∉ [𝑏1, 𝑏2].Wewill show that𝑤(𝑠, 𝑡) <
0 on some open set contained in (0, 1)2. Since by the pasting lemma, 𝑤(𝑠, 𝑡) is
continuous on (0, 1)2, it only require to show that𝑤(𝑠, 𝑡) < 0 for some 𝑠, 𝑡 ∈ (0, 1).
It now suffices to check that

∞∑

𝑘=0

(−𝑐2 log (𝑠∕𝑡𝑐0) log 𝑡)𝑘

𝑘!2
1[0,𝑡𝑐0 ](𝑠) < 0,

for some 𝑠, 𝑡 ∈ (0, 1). Observe that 𝑐2 = 𝑐0𝑐1 > 0. Take 𝑡0 = 1∕2 and 𝑠0 =
𝑒
− 5
𝑐2 log(2)

2𝑐0
< 1

2𝑐0
. It is easy to see that

∞∑

𝑘=0

(−𝑐2 log (𝑠0∕𝑡
𝑐0
0 ) log 𝑡0)

𝑘

𝑘!2
1[0,𝑡0𝑐0 ](𝑠0) =

∞∑

𝑘=0

(−5)𝑘

𝑘!2
= 𝐽0(2

√
5) ≈ −0.3268,

where 𝐽0(𝑥) is the Bessel function of the first kind of order 0. This, together

with the continuity of 𝑤(𝑠, 𝑡) on (0, 1)2, implies that { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is not a joint

completely monotone net. Therefore, we have 𝑏1 ⩽ 𝑎1 ⩽ 𝑏2. This completes the

proof. □

Next lemma is stated for frequent use (for a variant, see [5, Lemma 3.1]).

Lemma 2.2. Let 𝑝 be a polynomial of degree 2 given by 𝑝(𝑥) = 𝑎+𝑏𝑥+𝑐𝑥2,where

𝑎, 𝑏, 𝑐 ∈ ℝ such that 𝑝(𝑛) ≠ 0, 𝑛 ∈ ℤ+. Then the sequence {
1

𝑝(𝑛)
}
𝑛∈ℤ+

is completely

monotone if and only if 𝑎, 𝑏, 𝑐 are positive real numbers and 𝑝 is reducible over ℝ.

Proof. To see the proof of the necessity part, assume that { 1
𝑝(𝑛)

}
𝑛∈ℤ+

is a com-

pletely monotone sequence. Note that 𝑝(𝑛) > 0, 𝑛 ∈ ℤ+, and hence 𝑎 > 0, 𝑐 > 0.
An application of [4, Theorem 1.5] shows that

the roots of 𝑝 lies in {𝑧 ∈ ℂ ∶ ℜ(𝑧) < 0}. (5)

Let, if possible, 𝑝 be irreducible. Since 𝑝(0) > 0, we must have 𝑝(𝑥) > 0 for

all 𝑥 ∈ ℝ. An application of [3, Propositions 4.3] together with (5) shows that

{1∕𝑝(𝑛)}𝑛∈ℤ+
is not completely monotone. This contradiction shows that 𝑝 is

reducible overℝ.Thus𝑝 has negative real roots, say, 𝛼1 and𝛼2. Since 𝑏 = −𝑐(𝛼1+
𝛼2), 𝑏 is positive. For the proof of the sufficiency part, note that {1∕𝑝(𝑛)}𝑛∈ℤ+
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is the product of two completely monotone sequences and hence the sequence

{1∕𝑝(𝑛)}𝑛∈ℤ+
is completely monotone. □

With Lemma 2.2, we can now obtain the following corollary.

Corollary 2.3. Let 𝑞 be a polynomial given by 𝑞(𝑥, 𝑦) = 𝑏(𝑥) + 𝑎(𝑥)𝑦, where
𝑏(𝑥) = 𝑏0(𝑥 + 𝑏1)(𝑥 + 𝑏2), 𝑎(𝑥) = 𝑎1𝑥 + 𝑎2, 𝑎1, 𝑎2, 𝑏0, 𝑏1, 𝑏2 ∈ ℝ with 𝑏1 ⩽ 𝑏2
such that 𝑞(𝑚, 𝑛) ≠ 0, 𝑚, 𝑛 ∈ ℤ+. Then the following holds∶

(i) if 𝑞(𝑚, 𝑛) > 0, 𝑚, 𝑛 ∈ ℤ+, then 𝑎1, 𝑎2 ⩾ 0,

(ii) if { 1
𝑞(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is a joint complete monotone net then 𝑏0, 𝑏1, 𝑏2 > 0 and

𝑎1, 𝑎2 ⩾ 0. Moreover, 𝑎1 and 𝑎2 are zero or positive real numbers simulta-
neously.

Proof. Assume that 𝑞(𝑚, 𝑛) > 0, 𝑚, 𝑛 ∈ ℤ+. Let if possible 𝑎2 < 0. Choose a

large value 𝑛0 ∈ ℤ+ such that 𝑞(0, 𝑛0) < 0. This contradicts the assumption.

Hence 𝑎2 ⩾ 0. A similar argument can be used to see 𝑎1 ⩾ 0. This completes

the proof of (i). Assume that the net { 1
𝑞(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely mono-

tone. Thus, it is separate completely monotone. This implies { 1
𝑞(𝑚,0)

}
𝑚∈ℤ+

is a

completely monotone sequence. It now follows from 𝑞(𝑚, 0) ≠ 0, 𝑚 ∈ ℤ+, and
Lemma 2.2, that 𝑏0, 𝑏1, 𝑏2 > 0. Note that 𝑞(𝑚, 𝑛) > 0, 𝑚, 𝑛 ∈ ℤ+. By (i), we have

𝑎1, 𝑎2 ⩾ 0.We now consider two cases here:

Case 1. 𝑎1 = 0. Let, if possible, 𝑎2 > 0. In this case for large values of

𝑛0 ∈ ℤ+, 𝑞(., 𝑛0) is irreducible which contradicts the complete monotonicity of

{ 1
𝑞(𝑚,𝑛0)

}
𝑚∈ℤ+

. Hence 𝑎2 = 0.

Case 2. 𝑎1 > 0. Let, if possible, 𝑎2 = 0. By Remark 1.1, for 𝑘 ∈ ℤ+,

{ 1
𝑞(𝑚+𝑘,𝑛)

}
𝑚,𝑛∈ℤ+

is a joint completely monotone net. By Theorem 2.1, 𝑏1 + 𝑘 ⩽

𝑘 ⩽ 𝑏2 + 𝑘. This yields 𝑏1 ⩽ 0, which is a contradiction. Hence, 𝑎2 > 0. This
completes the proof. □

3. A special case of bi-degree (2,2)

In this section, we consider a class of polynomials of bi-degree (2, 2) and char-
acterize the joint complete monotonicity of their reciprocals.

Theorem 3.1 (Special case of bi-degree (2, 2)). Let 𝑝 be a polynomial given by
𝑝(𝑥, 𝑦) = 𝑎(𝑥)+𝑏(𝑥)𝑦+𝑦2, where 𝑎(𝑥) = 𝑎0(𝑥+𝑎1)(𝑥+𝑎2), 𝑏(𝑥) = 𝑏0(𝑥+𝑏1),
𝑎0, 𝑎1, 𝑎2, 𝑏0, 𝑏1 ∈ ℝwith 𝑎1 ⩽ 𝑎2. Assume that 𝑝(𝑚, 𝑛) > 0 for every𝑚, 𝑛 ∈ ℤ+.

Then { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is a joint completely monotone net if and only if 𝑎1, 𝑎2, 𝑏0, 𝑏1 >

0, 𝑏20 ⩾ 4𝑎0,

𝑎0(𝑎2 − 𝑎1)2 ⩽ 𝑏20(𝑏1 − 𝑎1)(𝑎2 − 𝑏1). (6)
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The following lemma plays an important role in solving CDSP for torally ex-

pansive toral 3-isometric weighted 2-shifts.
Lemma 3.2. Let 𝑝 be a polynomial given by 𝑝(𝑥, 𝑦) = 𝑎(𝑥) + 𝑏(𝑥)𝑦 + 𝑦2, where
𝑎(𝑥) = 𝑎0(𝑥 + 𝑎1)(𝑥 + 𝑎2), 𝑏(𝑥) = 𝑏1𝑥 + 𝑏2, 𝑎0, 𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ ℝ with 𝑎1 ⩽ 𝑎2
such that 𝑝(𝑚, 𝑛) ≠ 0, 𝑚, 𝑛 ∈ ℤ+. Assume that { 1

𝑝(𝑚,𝑛)
}
𝑚,𝑛∈ℤ+

is a joint complete

monotone net. Then 𝑎0, 𝑎1, 𝑎2, 𝑏1, 𝑏2 > 0.
Proof. A similar argument as used in the proof of Corollary 2.3 shows that 𝑎0, 𝑎1
and 𝑎2 are strictly positive real numbers. By symmetry, one can see that 𝑏2 > 0.
We now consider the following cases.

Case 1. 𝑏1 = 0. Note that for large values of 𝑚0 ∈ ℤ+, 𝑝(𝑚0, .) is irre-

ducible and in view of Lemma 2.2, this contradicts the complete monotonicity of

{ 1
𝑝(𝑚0,𝑛)

}
𝑛∈ℤ+

.

Case 2. 𝑏1 < 0. Choose𝑚0 ∈ ℤ+ such that 𝑏1𝑚0+𝑏2 < 0. Since { 1
𝑝(𝑚0,𝑛)

}
𝑛∈ℤ+

is a complete monotone sequence, this contradicts Lemma 2.2.

Hence, 𝑏1 > 0. This completes the proof. □

The following lemma provides necessary conditions for a class of polynomials

in two variables whose reciprocal is joint completely monotone.

Lemma 3.3. Let 𝑝 be a polynomial in two variables given by 𝑝(𝑥, 𝑦) = 𝑞(𝑥) +
𝑟(𝑥)𝑦 + 𝑠(𝑥)𝑦2, where 𝑞, 𝑟 and 𝑠 are polynomials in one variable. Assume that
𝑝(𝑚, 𝑛) ≠ 0 for every 𝑚, 𝑛 ∈ ℤ+. If the net {1∕𝑝(𝑚, 𝑛)}𝑚,𝑛∈ℤ+

is joint completely
monotone, then

4𝑞(𝑚)𝑠(𝑚) ⩽ 𝑟2(𝑚), 𝑚 ∈ ℤ+, (7)

deg(𝑞) + deg(𝑠) ⩽ 2 deg(𝑟). (8)

Proof. Assume that the net { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely monotone. As

noted earlier, { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is separate completely monotone. Therefore, by

Lemma 2.2, for any 𝑚 ∈ ℤ+, the roots of 𝑝(𝑚, .) are real numbers. Thus, we

can apply the formula for the roots of a quadratic equation to obtain (7). Note

that (7) yields (8). □

We need the following in the proof of the necessity part of Theorem 3.1.

Lemma 3.4. Let 𝑝 be a polynomial in two variables given by 𝑝(𝑥, 𝑦) = 𝑎(𝑥) +
𝑏(𝑥)𝑦+𝑦2,where 𝑎 and 𝑏 are polynomials in one variable. Assume that𝑝(𝑚, 𝑛) ≠ 0

and 𝑏2(𝑚) ≠ 4𝑎(𝑚) for every 𝑚, 𝑛 ∈ ℤ+. Let { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

be a joint com-

pletely monotone net. Then, for any positive real numbers 𝛼 and 𝛽, the sequence

{ 1
𝑝(𝑚,𝛼𝑚+𝛽)

}
𝑚∈ℤ+

is completely monotone.
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Proof. By Lemma 3.3 and the assumption that 𝑏2(𝑚) ≠ 4𝑎(𝑚) for every𝑚 ∈ ℤ+,

𝑏2(𝑚) − 4𝑎(𝑚) > 0, 𝑚 ∈ ℤ+.

Also, for 𝑚 ∈ ℤ+ and 𝑦 ∈ ℝ+,

𝑝(𝑚, 𝑦) = (𝑦 + 𝑟1(𝑚))(𝑦 + 𝑟2(𝑚)),

where 𝑟1 and 𝑟2 are given by

𝑟1(𝑚) =
𝑏(𝑚) +

√
𝑏2(𝑚) − 4𝑎(𝑚)
2 , 𝑟2(𝑚) =

𝑏(𝑚) −
√
𝑏2(𝑚) − 4𝑎(𝑚)
2 .

Note that for every 𝑚 ∈ ℤ+ and 𝑦 ∈ ℝ+,

1
𝑝(𝑚, 𝑦)

= 1
(𝑦 + 𝑟1(𝑚))(𝑦 + 𝑟2(𝑚))

= 1
𝑟2(𝑚) − 𝑟1(𝑚)

( 1
𝑦 + 𝑟1(𝑚)

− 1
𝑦 + 𝑟2(𝑚)

)

= ∫
[0,1]

𝑡𝑦 (
𝑡𝑟1(𝑚)−1 − 𝑡𝑟2(𝑚)−1

𝑟2(𝑚) − 𝑟1(𝑚)
)𝑑𝑡.

Therefore,

1
𝑝(𝑚, 𝑦)

= ∫
[0,1]

𝑡𝑦𝑤𝑚(𝑡)𝑑𝑡, 𝑚 ∈ ℤ+, 𝑦 ∈ ℝ+, (9)

where 𝑤𝑚 is given by

𝑤𝑚(𝑡) =
𝑡𝑟1(𝑚)−1 − 𝑡𝑟2(𝑚)−1

𝑟2(𝑚) − 𝑟1(𝑚)
, 𝑡 ∈ (0, 1), 𝑚 ∈ ℤ+.

Since the net { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely monotone, by (9)

(−1)𝑖 △𝑖
1

1
𝑝(𝑚, 𝑛)

= ∫
[0,1]

𝑡𝑛(−1)𝑖 △𝑖
1 𝑤𝑚(𝑡)𝑑𝑡 ⩾ 0, 𝑖, 𝑚, 𝑛 ∈ ℤ+.

This, together with the complete monotonicity of {(−1)𝑖 △𝑖
1

1
𝑝(𝑚,𝑛)

}
𝑛∈ℤ+

, 𝑖, 𝑚 ∈

ℤ+, implies that for every 𝑡 ∈ (0, 1),

(−1)𝑖 △𝑖
1 𝑤𝑚(𝑡) ⩾ 0, 𝑖, 𝑚 ∈ ℤ+.

Therefore, for each 𝑡 ∈ (0, 1), {𝑤𝑚(𝑡)}𝑚∈ℤ+
is completely monotone. Let 𝛼 and 𝛽

be positive real numbers. Note that for every 𝑡 ∈ (0, 1), {𝑡𝛼𝑚+𝛽}𝑚∈ℤ+
is a com-

pletely monotone sequence. By [12, Lemma 8.2.1(v)] , for every 𝑡 ∈ (0, 1), we
have

(−1)𝑖 △𝑖 𝑡𝛼𝑚+𝛽𝑤𝑚(𝑡) ⩾ 0, 𝑚 ∈ ℤ+.
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This, combined with (9), yields

(−1)𝑖 △𝑖 1
𝑝(𝑚,𝛼𝑚 + 𝛽)

= ∫
[0,1]

(−1)𝑖 △𝑖 𝑡𝛼𝑚+𝛽𝑤𝑚(𝑡)𝑑𝑡 ⩾ 0, 𝑚 ∈ ℤ+.

This shows that { 1
𝑝(𝑚,𝛼𝑚+𝛽)

}
𝑚∈ℤ+

is a completely monotone sequence. □

Proof of Theorem 3.1. Assume that the net { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely

monotone. A routine calculation shows that

𝑏2(𝑚) − 4𝑎(𝑚) (10)

= (𝑏20 − 4𝑎0)𝑚2 + (2𝑏20𝑏1 − 4𝑎0(𝑎1 + 𝑎2))𝑚 + 𝑏20𝑏
2
1 − 4𝑎0𝑎1𝑎2,

which, by (7) (applied to 𝑞 = 𝑎, 𝑟 = 𝑏 and 𝑠 = 1), is nonnegative for every

𝑚 ∈ ℤ+. It follows that 𝑏20 − 4𝑎0 ⩾ 0 and 𝑏20𝑏
2
1 − 4𝑎0𝑎1 ⩾ 0. By Lemma 3.2,

𝑎0, 𝑎1, 𝑎2, 𝑏0, 𝑏1 > 0.
Before we prove the necessity part, consider the polynomials given by

𝑓(𝑚) =
𝑏(𝑚)
2 , 𝑔(𝑚) =

√
𝑏2(𝑚) − 4𝑎(𝑚)

2 , 𝑚 ∈ ℤ+, (11)

(𝑔 is real-valued since 𝑏2 ⩾ 4𝑎) and note that

1
𝑝(𝑚, 𝑛)

= 1
(𝑛 + 𝑓(𝑚))2 − 𝑔2(𝑚)

, 𝑚, 𝑛 ∈ ℤ+. (12)

We will divide the verification of (6) into the following cases.

Case 1. deg 𝑏2 − 4𝑎 ⩽ 1. If deg 𝑏2 − 4𝑎 = 0, then by (10), 𝑏20 = 4𝑎0 and

2𝑏1 = 𝑎1 + 𝑎2, and hence (6) holds. If possible, then assume that 𝑏2(𝑚) − 4𝑎(𝑚)
is a linear polynomial. By (10), 𝑏20 = 4𝑎0, and hence for every 𝑚 ∈ ℤ+,

𝑏2(𝑚) − 4𝑎(𝑚) = 𝑏20
(
2𝑏1 − (𝑎1 + 𝑎2)

)
𝑚 + 𝑏20(𝑏

2
1 − 𝑎1𝑎2)

= 𝑐0𝑚 + 𝑐1,
(13)

where 𝑐0 = 𝑏20
(
2𝑏1 − (𝑎1 + 𝑎2)

)
and 𝑐1 = 𝑏20(𝑏

2
1 − 𝑎1𝑎2). Since 𝑏2(𝑚) − 4𝑎(𝑚) is

a nonnegative linear polynomial (see (7)), we have

𝑎1 + 𝑎2 < 2𝑏1. (14)

A routine calculation using (11) and (13) shows that for 𝑚, 𝑛 ∈ ℤ+,

𝑝(𝑚, 𝑛)
(12)

= (𝑛 + 𝑓(𝑚))2 − 𝑔2(𝑚)

=
(𝑏0𝑚

2 +

𝑏20𝑏1
2

+ 𝑏0𝑛 −
𝑐0
4

𝑏0

)2
+ 𝑏0

(
𝑏1 −

(𝑎1 + 𝑎2)
2

)
𝑛

+
𝑏20𝑏

2
1

4 −

(𝑏20𝑏21
2

− 𝑐0
4

)2

𝑏20
.
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Since 𝑎1+ 𝑎2 < 2𝑏1 (see (14)) and 𝑏0 > 0, we note that there exists 𝑛0 ∈ ℤ+ such

that

(𝑏20𝑏21
2

− 𝑐0
4

)2

𝑏20
−
𝑏20𝑏

2
1

4 < 𝑏0
(
𝑏1 −

(𝑎1 + 𝑎2)
2

)
𝑛, 𝑛 ⩾ 𝑛0.

It follows that 𝑝(𝑚, 𝑛0) is irreducible in𝑚, and hence { 1
𝑝(𝑚,𝑛)

}
(𝑚,𝑛)∈ℤ2

+

is not sep-

arate completely monotone. Hence, deg 𝑏2 − 4𝑎 = 0, which completes the proof

in this case.

Case 2. 𝑏2(𝑥) − 4𝑎(𝑥) is a quadratic polynomial. Note that by (7) and (10),

𝑏20 − 4𝑎0 > 0. It is easy to see using (11) that for every 𝑚 ∈ ℤ+,

𝑔2(𝑚) = (𝑐0𝑚 + 𝑐1)2 + 𝑐2,

where 𝑐0, 𝑐1, 𝑐2 are given by

𝑐0 =

√
𝑏20 − 4𝑎0
2 , 𝑐1 =

𝑏20𝑏1 − 2𝑎0(𝑎1 + 𝑎2)

2
√
𝑏20 − 4𝑎0

,

𝑐2 = −
𝑎0(𝑎2 − 𝑎1)2 − 𝑏20(𝑏1 − 𝑎1)(𝑎2 − 𝑏1)

𝑏20 − 4𝑎0
. (15)

Now, we choose a very large 𝛼0 ∈ ℤ+ such that 𝑐0𝛼0+𝑐1 > 0 and 𝑏2(𝑚+𝛼0) ≠
4𝑎(𝑚 + 𝛼0) for every 𝑚 ∈ ℤ+.We also choose a very large natural number, say

𝑁0 > 1, such that

𝑙1 ∶= 𝑁0𝑐0 −
𝑏0
2 > 0, 𝑙2 ∶= 𝑁0(𝑐0𝛼0 + 𝑐1) −

𝑏0𝛼0
2 −

𝑏0𝑏1
2 > 0. (16)

Take 𝑛 = 𝑙1𝑚 + 𝑙2 and consider

1
𝑝(𝑚 + 𝛼0, 𝑙1𝑚 + 𝑙2)

(12)

= 1
(𝑙1𝑚 + 𝑙2 + 𝑓(𝑚 + 𝛼0))2 − 𝑔2(𝑚 + 𝛼0)

(11),(16)
= 1

(𝑁0𝑐0𝑚 +𝑁0(𝑐0𝛼0 + 𝑐1))2 − (𝑐0𝑚 + 𝑐0𝛼0 + 𝑐1)2 − 𝑐2

= 1
(𝑁2

0 − 1)(𝑐0𝑚 + 𝑐0𝛼0 + 𝑐1)2 − 𝑐2
.

Assume that (6) does not hold. By (15), we obtain 𝑐2 < 0. Therefore, the poly-

nomial (𝑁2
0 − 1)(𝑐0𝑚 + 𝑐0𝛼0 + 𝑐1)2 − 𝑐2 is irreducible in 𝑚. One may see, using

Lemma 2.2 that the sequence { 1
𝑝(𝑚+𝛼0,𝑙1𝑚+𝑙2)

}
𝑚∈ℤ+

is not completely monotone.

This is not possible in view of Lemma 3.4 and Remark 1.1.

This completes the proof of the necessity part.
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We will divide the verification of the sufficiency part into several cases.

Case 1. 𝑏2(𝑚) − 4𝑎(𝑚) is a constant. By (10), we have 2𝑏1 = 𝑎1 + 𝑎2 and
𝑏20 = 4𝑎0. This implies for every 𝑚 ∈ ℤ+,

𝑏2(𝑚) − 4𝑎(𝑚)
(10)

= 𝑏20𝑏
2
1 − 4𝑎0𝑎1𝑎2 = 𝑎0(𝑎1 − 𝑎2)2 ⩾ 0.

It follows that for 𝑚, 𝑛 ∈ ℤ+,

𝑝(𝑚, 𝑛)
(12)

=

(
𝑛+

𝑏0
2 𝑚+

𝑏0𝑏1
2 +

√
𝑏20𝑏

2
1 − 4𝑎0𝑎1𝑎2
2

)(
𝑛+

𝑏0
2 𝑚+

𝑏0𝑏1
2 −

√
𝑏20𝑏

2
1 − 4𝑎0𝑎1𝑎2
2

)
.

Clearly,

𝑏0𝑏1
2

+
√
𝑏20𝑏

2
1−4𝑎0𝑎1𝑎2
2

⩾ 0 and

𝑏0𝑏1
2

−
√
𝑏20𝑏

2
1−4𝑎0𝑎1𝑎2
2

⩾ 0. In this case,

{1∕𝑝(𝑚, 𝑛)}𝑚,𝑛∈ℤ+
is a joint completely monotone net since it is the product of

two joint completely monotone net (see [12, Lemma 8.2.1(v)]).

Case 2. 𝑏2(𝑚) − 4𝑎(𝑚) is a linear polynomial. Note that from (6),

𝑎0(𝑎2 − 𝑎1)2 ⩽ 𝑏20(𝑏1 − 𝑎1)(𝑎2 − 𝑏1).

Since 𝑏2(𝑚) − 4𝑎(𝑚) is a linear polynomial, we have 4𝑎0 = 𝑏20, and hence

(𝑎2 − 𝑏1 + 𝑏1 − 𝑎1)2 ⩽ 4(𝑏1 − 𝑎1)(𝑎2 − 𝑏1).

It now follows that

(𝑎2 − 𝑏1)2 + (𝑏1 − 𝑎1)2 + 2(𝑎2 − 𝑏1)(𝑏1 − 𝑎1) ⩽ 4(𝑏1 − 𝑎1)(𝑎2 − 𝑏1),

which clearly yields (𝑎2−2𝑏1+𝑎1)2 ⩽ 0, or equivalently, 𝑎1+𝑎2 = 2𝑏1. Thus, this

case reduces to that of (1). Therefore, the net { 1
𝑝(𝑚,𝑛)

}
𝑚,𝑛∈ℤ+

is joint completely

monotone.

Case 3. 𝑏2(𝑥)−4𝑎(𝑥) is a quadratic polynomial. Note that 𝑏20 > 4𝑎0. For every
𝑚 ∈ ℤ+, we already noted that 𝑔2(𝑚) = (𝑐0𝑚 + 𝑐1)2 + 𝑐2, where 𝑐0, 𝑐1, 𝑐2 are
given by

𝑐0 =

√
𝑏20 − 4𝑎0
2 , 𝑐1 =

𝑏20𝑏1 − 2𝑎0(𝑎1 + 𝑎2)

2
√
𝑏20 − 4𝑎0

,

𝑐2 = −
𝑎0(𝑎2 − 𝑎1)2 − 𝑏20(𝑏1 − 𝑎1)(𝑎2 − 𝑏1)

𝑏20 − 4𝑎0
. (17)
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Also note that by (12), for 𝑚, 𝑛 ∈ ℤ+,

1
𝑝(𝑚, 𝑛)

= 1
(𝑛 + 𝑏(𝑚)∕2)2 − ((𝑐0𝑚 + 𝑐1)2 + 𝑐2)

= 1

(𝑛 + 𝑏(𝑚)
2

+ 𝑐0𝑚 + 𝑐1)(𝑛 +
𝑏(𝑚)
2

− 𝑐0𝑚 − 𝑐1) − 𝑐2

= 1
𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛) − 𝑐2

,

where 𝑝1 and 𝑝2 are given by

𝑝1(𝑚, 𝑛) ∶= 𝑛 + (𝑏0∕2 + 𝑐0)𝑚 + (𝑏0𝑏1∕2 + 𝑐1), 𝑚, 𝑛 ∈ ℤ+,
𝑝2(𝑚, 𝑛) ∶= 𝑛 + (𝑏0∕2 − 𝑐0)𝑚 + (𝑏0𝑏1∕2 − 𝑐1), 𝑚, 𝑛 ∈ ℤ+.

By (6) and (17), 𝑐2 ⩾ 0. If 𝑐1 ⩾ 0, then 𝑏0𝑏1∕2 + 𝑐1 ⩾ 0, and since

(𝑏0𝑏1∕2 + 𝑐1)(𝑏0𝑏1∕2 − 𝑐1) = 𝑝1(0, 0)𝑝2(0, 0) > 𝑐2 ⩾ 0,

we must have 𝑏0𝑏1∕2 − 𝑐1 > 0. Similarly, if 𝑐1 < 0, then 𝑏0𝑏1∕2 − 𝑐1 > 0, and
hence 𝑏0𝑏1∕2 + 𝑐1 > 0. Thus, for any real value of 𝑐1, {1∕𝑝1(𝑚, 𝑛)}𝑚,𝑛∈ℤ+

and

{1∕𝑝2(𝑚, 𝑛)}𝑚,𝑛∈ℤ+
are joint completely monotone nets (see [6, Theorem 3.1]).

Note that for 𝑚, 𝑛 ∈ ℤ+, 𝑝(𝑚, 𝑛) = 𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛) − 𝑐2 > 0. Thus, we have
𝑐2

𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛)
< 1, 𝑚, 𝑛 ∈ ℤ+. (18)

Therefore, for all 𝑚, 𝑛 ∈ ℤ+,

1
𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛) − 𝑐2

= 1
𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛)

( 1
1 − 𝑐2

𝑝1(𝑚,𝑛)𝑝2(𝑚,𝑛)

)

(18)

=
∞∑

𝑘=0

𝑐𝑘2
(𝑝1(𝑚, 𝑛)𝑝2(𝑚, 𝑛))𝑘+1

.

Since, for each 𝑘 ∈ ℤ+, {
𝑐𝑘2

(𝑝1(𝑚,𝑛)𝑝2(𝑚,𝑛))𝑘+1
}
𝑚,𝑛∈ℤ+

is a joint completely mono-

tone net, the finite sum {
∑𝓁

𝑘=0
𝑐𝑘2

(𝑝1(𝑚,𝑛)𝑝2(𝑚,𝑛))𝑘+1
}
𝑚,𝑛∈ℤ+

, where 𝓁 ∈ ℤ+, is also

joint completely monotone. Since the limit of the joint completely monotone

net is joint completely monotone (see [12, p. 130]), we conclude that the net

{
∑∞

𝑘=0
𝑐𝑘2

(𝑝1(𝑚,𝑛)𝑝2(𝑚,𝑛))𝑘+1
}
𝑚,𝑛∈ℤ+

is joint completely monotone. This completes the

proof of the sufficiency part. □

4. The Cauchy dual subnormality problem

In this section, we present a proof of the Theorem 1.2. We begin with the

following proposition which is a consequence of [6, Proposition 4.6].
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Proposition 4.1. For a weighted 2-shift W ∶ {𝑤(𝑗)
𝛼 }, the following statements are

valid∶
(i) W is a toral 3-isometry if and only if for 𝛼 = (𝛼1, 𝛼2) ∈ ℤ2

+,

‖W 𝛼𝑒0‖2 = 1 + 𝑎1𝛼1 + 𝑎2 𝛼21 + (𝑏1𝛼1 + 𝑏2)𝛼2 + 𝑐1 𝛼22 ,

where 𝑎1, 𝑎2, 𝑏1, 𝑏2 and 𝑐1 are as follows∶

𝑎1 = 𝜌10 −
𝜌20
2 , 𝑎2 =

𝜌20
2 , 𝑏1 = 𝜌11, 𝑏2 = 𝜌01 −

𝜌02
2 , 𝑐1 =

𝜌02
2 . (19)

(ii) W is a toral 3-isometry with W2 being a 2-isometry if and only if for 𝛼 =
(𝛼1, 𝛼2) ∈ ℤ2

+,

‖W 𝛼𝑒0‖2 = 1 + 𝑎 𝛼1 + 𝑏 𝛼21 + (𝑐 + 𝑑 𝛼1 )𝛼2,

where 𝑎, 𝑏, 𝑐 and 𝑑 are as follows∶

𝑎 = 𝜌10 −
𝜌20
2 , 𝑏 =

𝜌20
2 , 𝑐 = 𝜌01, 𝑑 = 𝜌11.

Proof. This follows from [6, Proposition 4.6 ] (the case of 𝑚 = 3). □

The following proposition reveals a relation between joint subnormality of the

toral Cauchy dual and joint complete monotonicity.

Proposition 4.2. Let W be a torally expansive weighted 𝑛-shift and let W 𝔱 be its

toral Cauchy dual. Then W 𝔱 is jointly subnormal if and only if { 1
‖W 𝛼𝑒0‖2

}
𝛼∈ℤ𝑛

+

is a

joint completely monotone net.

Proof. Recall that for a torally contractive weighted 𝑛-shift 𝑈, the following

holds∶
𝑈 is jointly subnormal if and only if {‖𝑈𝛼𝑒0‖2}𝛼∈ℤ𝑛

+
is a joint

completely monotone net.

(20)

This fact can be deduced from [7, Theorem 4.4], together with (1) (see also the

discussion prior to [8, Eqn (E)]). By (2) and the discussion following it, W 𝔱
is a

commuting weighted 𝑛-shift. Since W is torally expansive, routine calculations

show that W 𝑡
is torally contractive. This, combined with (3) and (20), completes

the proof of the proposition. □

We now present a solution to the CDSP for torally expansive toral 3-isometric

weighted 2-shifts.

Proof of Theorem 1.2. By Proposition 4.1(i), for 𝛼 = (𝛼1, 𝛼2) ∈ ℤ2
+,

‖W 𝛼𝑒0‖2 = 1 + 𝑎1𝛼1 + 𝑎2𝛼21 + (𝑏1𝛼1 + 𝑏2)𝛼2 + 𝑐1𝛼22 , (21)

where 𝑎1, 𝑎2, 𝑏1, 𝑏2 and 𝑐1 are given by

𝑎1 = 𝜌10 −
𝜌20
2 , 𝑎2 =

𝜌20
2 , 𝑏1 = 𝜌11, 𝑏2 = 𝜌01 −

𝜌02
2 , 𝑐1 =

𝜌02
2 .
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It is clear from (21) that 𝑎2 ⩾ 0 and 𝑐1 ⩾ 0. Let 𝑝(𝑥, 𝑦) = 1 + 𝑎1𝑥 + 𝑎2𝑥2 +
(𝑏1𝑥 + 𝑏2)𝑦 + 𝑐1𝑦2. By (3), 𝛼 = (𝛼1, 𝛼2) ∈ ℤ2

+,

‖(W 𝔱)𝛼𝑒0‖2 =
1

𝑝(𝛼1, 𝛼2)
.

We record that for every 𝛼1, 𝛼2 ∈ ℤ+, 𝑝(𝛼1, 𝛼2) > 0.
(a) This has been proved in [6, Theorem 4.9].

(b) Since W1 is not a 2-isometry, 𝑎2 > 0. We divide the proof in two cases.

Case 1. W2 is a 2-isometry. Note that 𝑐1 = 0. By Corollary 2.3(i), 𝑏1, 𝑏2 ⩾ 0.
For the necessity part, assume that W 𝔱

is jointly subnormal. By Proposition 4.2,

{ 1
𝑝(𝛼1,𝛼2)

}
𝛼1,𝛼2∈ℤ+

is a joint completely monotone net. Hence, it is separate com-

pletely monotone. Applying Lemma 2.2 to the polynomial 𝑝(𝑥, 0), we obtain

𝑎21 ⩾ 4𝑎2 and 𝑎1 > 0. This yields (2𝜌10 − 𝜌20)2 ⩾ 8𝜌20 and 2𝜌10 > 𝜌20. In
view of Corollary 2.3(ii), either 𝑏1, 𝑏2 = 0 or 𝑏1, 𝑏2 > 0. If 𝑏1, 𝑏2 = 0,we are done.
If 𝑏1, 𝑏2 > 0, we apply Theorem 2.1 to complete the proof of the necessity part.

To see the sufficiency part, assume that (2𝜌10 − 𝜌20)2 ⩾ 8𝜌20 and 2𝜌10 > 𝜌20.
This is equivalent to 𝑎1 > 0 and 𝑎21 ⩾ 4𝑎2. Since 𝑎21 ⩾ 4𝑎2, we have

𝑝(𝑥, 𝑦) = 𝑎2
(
𝑥 +

𝑎1 −
√
𝑎21 − 4𝑎2
2𝑎2

)(
𝑥 +

𝑎1 +
√
𝑎21 − 4𝑎2
2𝑎2

)

+(𝑏1𝑥 + 𝑏2)𝑦.

We consider the following two subcases to complete the proof of sufficiency part

in this case.

First, 𝜌11 = 0, 𝜌01 = 0, 𝜌02 = 0 (equivalently, 𝑏1 = 0, 𝑏2 = 0). Note that

{ 1
𝑝(𝛼1,𝛼2)

}
𝛼1,𝛼2∈ℤ+

is the product of two completely monotone sequences and hence

it is joint completely monotone. By Proposition 4.2, W 𝔱
is jointly subnormal.

Second, 𝜌11 > 0, 2𝜌01 > 𝜌02 and

(𝜌20𝜌2 − 𝜌11𝜌1)2 ⩽ (4𝜌211 − 𝜌20𝜌02)(
𝜌21
4 − 2𝜌20)

where 𝜌1 = 2𝜌10 − 𝜌20 and 𝜌2 = 2𝜌01 − 𝜌02 (equivalently, 𝑏1 > 0, 𝑏2 > 0, and
(2𝑎2𝑏2 − 𝑎1𝑏1)2 ⩽ 𝑏21(𝑎

2
1 − 4𝑎2)). A routine calculation yields that

𝑎1 −
√
𝑎21 − 4𝑎2
2𝑎2

⩽
𝑏2
𝑏1

⩽
𝑎1 +

√
𝑎21 − 4𝑎2
2𝑎2

.

We now apply Theorem 2.1 and Proposition 4.2 to complete the proof of the suf-

ficiency part in this case.

Case 2. W2 is not a 2-isometry. Note that 𝑐1 > 0. By Proposition 4.2, W 𝔱

is jointly subnormal if and only if the net { 1
𝑝(𝛼1,𝛼2)

}
𝛼1,𝛼2∈ℤ+

is joint completely
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monotone or equivalently

{
1

1∕𝑐1 + (𝑎1∕𝑐1)𝛼1 + (𝑎2∕𝑐1)𝛼21 + ((𝑏1𝛼1 + 𝑏2)∕𝑐1)𝛼2 + 𝛼22
}
𝛼1,𝛼2∈ℤ+

is a joint completely monotone net. The proof of the necessity part now follows

from Lemmas 2.2, 3.2 and Theorem 3.1. Sufficiency follows from Theorem 3.1.

(c) This follows from part (b), by interchanging the role of W1 and W2. □
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