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Further results on vanishing coefficients
in the series expansion of lacunary
eta quotients

Timothy Huber, James McLaughlin and Dongxi Ye

ABSTRACT. Forafunction A(q) = 3 . a,q"defineAy, ={neN: a, =0}
If A(q) and B(q) satisfy Ay = B, then we say that A(g) and B(q) have
identically vanishing coefficients.

In a previous paper the authors proved the existence of various pairs
(A(g), B(g)) of lacunary eta quotients with identically vanishing coefficients.
The work in that previous paper was motivated by a result of Han and Ono,
who showed that f% and f3/f, have identically vanishing coefficients (here
fi= H:°=0(1 — ¢™)). In each of these pairs, one of the eta quotients was a
power of f,, whose lacunarity was described in a paper by Serre.

Further experiments indicated that the results in this previous paper were
just the “tip of the iceberg”. In the current work, we demonstrate that there is
amuch larger list of eta quotients B(q) having coefficients that vanish identi-
cally with those of A(q) = ff. Similar results hold for f7, r = 4,8, 10, 14, 26,
and for f?f3. A natural network structure exists on the set of eta quotients
C(q) for which A, & C(p). The network may be exhibited by partially order-
ing the sets of vanishing coefficients by inclusion and constructing a directed
graph of collections of eta quotients that have identically vanishing coeffi-
cients.

We provide a comprehensive description of what experiment suggests and
employ a variety of methods to prove experimentally-derived results. The
work is a template and atlas for the subsequent study of lacunary eta quo-
tients. A broad range of proof strategies are applied to confirm the vanishing
structure. These comprise a representative sample of techniques that may be
used to study the remaining observations and conjectures resulting from the

work.
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1. Introduction

The work in the present paper is a continuation of work begun in [17], and
that work in turn was motivated by a result of Han and Ono in [12]. To state
this result, first define the sequences {a,} and {b,} by

[ 3 3

ff =: Z anq", _3 Z b.q", fi:= H(l - qin)’ iez*t. (1.1)

n=0 n=1

The result of Han and Ono may be stated as follows.

Theorem 1.1. (Han and Ono, [12, Theorem 1.4, page 307]) Assuming the no-
tation above, we have that

a,=0 ifandonlyif b, =0. (1.2)

Moreover, we have that a,, = b,, = 0 precisely for those non-negative n for which
ord,(3n + 1) is odd for some prime p = 2 (mod 3).

Their result motivated the work in [17], where experimental investigations
were conducted to determine if a similar situation held for other pairs of eta
quotients. Recall that an eta quotient is a finite product of the form Hj(qj /24 f
for some j € N and some n i € Z, and that ifall n i>0 the product is termed
an eta product.

What was eventually proven in [17] may be summarized as follows.

Theorem 1.2. (Huber, Mc Laughlin, Ye [17, Theorems 3.1, 4.1, 5.2, 6.1 - 11.1])
Let (A(q), B(q)) be any of the pairs

(2B ) e )
1f§ 1f2 1ff 1f2 lff 17 1f2

(1.3)
For any such pair (A(q), B(q)), define the sequences {a,} and {b,;} by

AlQ =: D a,q",  B(@)=: ), byq" (1.4)
n=0 n=0
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Then

a, =0 ifandonlyif b, =0,
with the criteria determining precisely the n for which a,, = b,, = 0 being those of
Serre for a,, = 0. For the pairs

9 16
[ I
1

a,=b,=0

one has that

if 12n + 13 satisfies a criteria of Serre for a,, = 0.

Remark 1.3. For a precise statement of the criteria under which a,, = b, = 0,
see Serre’s paper [29] or Theorem 3.4.

Before discussing this phenomenon further, we introduce some new nota-

tion. For a function A(q) = 3} ., a,q" we write

Agy :={ne€N:a,=0}%L
If A(g) and B(q) are two functions for which Ay = B(g), then for ease of dis-
cussion, we say that the coefficients of A(q) and B(q) vanish identically, or that
A(q) and B(q) have identically vanishing coefficients. If A C B g), we say that
B(q) has vanishing behaviour similar to A(q).
A series Z;ozo ¢,q" satisfying

. {0<n<x]|c,) =0}
lim =

X—00 X

1.

is said to be lacunary, and indeed Serre showed that all the first components of
each pair in (1.3) and (1.5) are lacunary.
Theorem 1.2 implies that all three eta quotients in each of the following

triples
1’f§7 fg b 1’f%’ fg b l ’f17f1 b 1 ’fl’ f?

have identically vanishing coefficients, and thus all 12 of these eta quotients are
lacunary. This observation caused us to wonder if this phenomenon of identi-
cally vanishing coefficients might exist more widely, so we conducted further
experiments.

What we discovered experimentally appeared to suggest that the results in
Theorem 1.2 were, in fact, just “the tip of the iceberg”. For example, our limited
search (see Section 2 for details about the extent of this search) found 42 eta
quotients B(q) for which it appears f f o= B(p). In addition, this search found

130 additional eta quotients with the property that for each such eta quotient
B(q), it seems f f © & B(y). Moreover, it appears that all 172 eta quotients B(q)

may be organized into 28 collections (labelled I - XXVIII in what follows) in a
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directed graph structure by partially ordering the corresponding B ) by proper
inclusion.

Table 1: Eta quotients with vanishing behavior similar to f f

Collection # of eta quotients || Collection # of eta quotients
in Collection in Collection

I 42 II 4
11 4 v 16
A" 2 VI 2
VII 4 VIII 4
IX 4 X 10
XI 2 XII 4
XII1 8 XIv 4
XV 8 XVI 10
XVII 2 XVIII 2
XIX 2 XX 4
XXI 6 XXII 2
XXIII 4 XXIV 4
XXV 4 XXVI 2
XXVII 6 XXVIII 6

For example, all 8 eta quotients in the collection labelled XV appear to have
identically vanishing coefficients (and likewise for any other pair of eta quo-
tients that both lie in any of the other collections). Note that collection I is the
one containing f f The relationships between eta quotients in different collec-
tions is illustrated in Figure 1.

Thus the arrow from XXVII to XVIII indicates that if A(q) is any of the 6 eta
quotients in collection XXVII and B(q) is any of the 6 eta quotients in collection
XVIIIL, then Ay & B(g). A similar meaning for any other arrow, in this figure
or any of the other figures in the paper, is to be understood.

These vanishing coefficient phenomena are more easily understood if a di-
lation g — ¢q¢, where ¢ > 1 is a positive integer, is applied to an eta quotient
A(q) = > a,q" and the result is multiplied by g, where d > 1 is a positive in-
teger to produce a modular form A’(q) = > a,g“**¢. In particular, throughout
the remainder of this work, we call A(q) an eta quotient of weight k whenever
its associated modular form A’(q) is of weight k. The greater structure of the
lacunary modular form A’(q) maybe be used to get precise information about
when a,, = 0 (see Section 3 for more detailed explanation of this).

We stress that at this point we have not proven all of the hundreds of exam-
ples of these “Ay) = B(g)” and “Apy & B(p)” phenomena. We indicate various
procedures whereby a particular example may be proved (with varying degrees
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XXVIII

FIGURE 1. The grouping of eta quotients in Table 9, which have
vanishing coefficient behaviour similar to f ?

of difficulty) in particular cases, if sufficient information (for example, repre-
sentations of the eta quotient in terms of CM forms and theta series) is available.
We prove several examples in later sections by way of illustration.

We briefly preview the method of proof here by way of some examples, but
before getting to that, we recall that n(z) = q'/?*f,, where g = e*™%, is the
Dedekind eta function. If A(q) = f ? = Y a,q" then by considering 7(4z)® =
> a,q*"*!, Serre [29] showed that a, = 0 if and only if 4n + 1 has a prime
factor p = —1 (mod 4) with odd exponent. If B(q) = f2f2 = 3> b,q", then
by considering n(4z)*n(8z)* = Z:ozo b,g*"*1,itwasshownin [18, Theorem 1.1,
part(2)] thatb,, = Oifand only if4n+1 hasa prime factor p = —1 (mod 4) with
odd exponent, and thus A = B(g. Similarly, if Clg) = fifs = Z:;O c,q", by
considering 7(4z)n(20z) = Z:;o c,g*"*!, it was shown in [18, Theorem 1.1,
part (15)] that ¢, = 0 if and only if 4n + 1 has a has a prime factor p # 1,9
(mod 20) with odd exponent, thus showing that Ay & Cg).

These examples provide some insight into the directed graph structure ex-
hibited in Figure 1, and the other figures, as follows. Let A(q) = Y. a,q"
and B(q) = Y. b,q" be two eta quotients, and let A’(g) = > a,g**¢ and
B'(q) = Y b,g“"*“ be the corresponding modular forms. Suppose that a, = 0
if and only if the prime factorization of cn + d satisfies some specified condi-
tion (such as containing a prime factor p = 3 (mod 4) with odd exponent, or
consisting entirely of primes = 11 (mod 12) with even exponents). If b, = 0
under exactly the same conditions, then Ay = By, and hence A(q) and B(q)
lie in the same collection. On the other hand, if b, = 0 under the same con-
ditions but b,, = 0 also if some other condition on the prime factorization of
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cn +d is satisfied, then Ay & B(), and in the figure showing the relationships
between the various collections of eta quotients, there would be an arrow from
the collection containing A(q) to the collection containing B(q).

An obvious question that arises is the following: If A(q) is any lacunary eta
quotient, does a similar situation hold? In other words, do there exist other
lacunary eta quotients B(q) such that A = Bg) or Ay & B(g)? To study this
question we conducted a similar investigation of a lacunary eta quotient in one
of the infinite families of such lacunary eta quotients given by Ono and Robins
[25, page 1027], namely the simplest case of their first infinite family, f f f ;’ LIt
turns out that a similar situation holds (see Table 19 and Figure 8). Moreover,
we also find a criterion for the vanishing of the coefficients of f f f ; in a fashion
of Serre’s (see Theorem 5.44).

In this work, we shall exemplify both relations Ay) = By and Ay & B(g) for
a large number of eta quotients A(q) and B(q) with a directed graph structure
rooted in f7 forr €{1,2,3,4,6,8,10,14} or fff; in order to provide the reader
with some insight into the study of these phenomena. To facilitate the reader
with browsing the examples we shall prove, we summarize all of them in the
following table as a directory for the reader.

Table Number (Group) of A(q) Number (Group) of B(q) Relation Location
3 1-6() 1-6() Ag) = B Theorem 4.2
4 1-4() 1-4(D) Ay =By  Theorem4.6
4 1-4(D) 5-10(11) Ap §&Bg  Theorem 4.7
4 5-10(I1) 5-10(I1) Ag) = B, Theorem 4.7
5 1-6() 1-6(D) Ay =By  Theorem4.9
5 1-6(D) 7-12 (11) Ap & By  Theorem 4.9
5 7 -12 (1) 7 -12(I1) Ag) = B, Theorem 4.9
7 1(D) 139 - 142 (XVII) Ao G By  Theorem 5.3
7 139 - 142 (XVII) 145 - 150 (XIX) Ag GBo  Theorem 5.3
7 139 - 142 (XVII) 139 - 142 (XVII) Ao =Bg  Theorem 5.3
7 145 - 150 (XI1X) 145 - 150 (XIX) A = B Theorem 5.3
7 1(D) 120 (XI) A & Bg  Theorem 5.5
7 1(D) 91, 93, 95 (VII) Aw) & B, Theorem 5.6
7 1(D 131 (XIV) Aw) & By Theorem 5.6
7 74 (1) 75 (1) Ag =By  Theorem 5.7
9 1(D) 22 (D) A =By Equation (5.13)
9 1(D 130 (XVIII) A G Bo Equation (5.13)
9 1D 141 (XXII) Ap & B Equation (5.13)
9 1(D) 153 (XXV) Ap) & B Equation (5.13)
9 1(D 161 (XXVIII) A G Boy Equation (5.14)
9 1D 170 (XXIX) Ap & B Equation (5.14)
9 1(D) 65 (IV) A & B Theorem 5.11
9 1(D) 151 - 154 (XXV) Ao G Bo Theorem 5.12
9 151 - 154 (XXV) 151 - 154 (XXV) A =By Theorem 5.12
9 151 - 154 (XXV) 167 - 172 (XXIX) Ao G Bey Theorem 5.12
9 1(D) 161-162 (XXVIID) Ao G By Theorem 5.12
9 161 - 162 (XXVIII) 167 - 172 (XXIX) Ag G Bo Theorem 5.12
9 161 - 162 (XXVIII) 161 - 162 (XXVIII) Ag =Bg Theorem 5.12
9 167 - 172 (XXIX) 167 - 172 (XXIX) Ag) =By Theorem 5.12
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1(D
1(D
52 (IV)
1(D
1(D
1D
1(D
1(D
1D
1(D
1(D
1D
1(D
1(D
1D
1(D
141 - 144 (XXII)
141 - 144 (XXII)
151 - 156 (XXV)
1(D
147 - 150 (XXIV)
147 - 150 (XXIV)
103, 104 (IX)
121, 122 (XIV)
129, 130 (XVIII)
137, 138 (XX)
149, 150 (XXIV)
7,8(D)
9,10 (1)
15,16 (I)
17,18 (D)
19, 20 (I)
21,22 ()
25, 26 (II)
1(D)
1(D)
1(D)
107 - 110 (XXIV)
107 - 110 (XXIV)
111 - 116 (XXV)
3,4(D)

5,6 (D)
21,22 (1)
43, 44 (111)
49, 50 (V)
51, 52 (V)
61, 62 (VIII)
69, 70 (XI)
71, 72 (XI)
1(D)

1(D)

1(D)

46 (11)
49 (111)
61 (IV)
25,33 (1)
67 (V)

129 (XVIII)
145 (XXIII)
41 (D)

43 (ID)

107 (XIV)
139 (XXII)
59 (IV)
14.(I)

90 (V)

128 (XVII)
141 - 144 (XXII)
151 - 156 (XXV)
141 - 144 (XXII)
151 - 156 (XXV)
147 - 150 (XXIV)
151 - 156 (XXV)
147 - 150 (XXIV)
131, 132 (XIX)
131, 132 (XIX)
141, 142 (XXII)
143, 144 (XXII)
151, 152 (XXV)
75, 76 (IV)
73, 74 (IV)
73,74 (IV)
75, 76 (IV)
71, 72 (IV)
73,74 (IV)
83, 84 (IV)
15 (1)

127 (XVII)
107 - 110 (XXIV)
111 - 116 (XXV)
107 - 110 (XXIV)
111 - 116 (XXV)
86, 89 (XVII)
87, 88 (XVII)
87, 88 (XVII)
83, 84 (XVII)
91, 92 (XVIII)
91, 92 (XVIII)
97, 98 (XX)
99, 100 (XXI)
99, 100 (XXI)
71 (XI)

81 (XVI)

93, 95 (XIX)

Aw & Boy
Aw) & B
A = B
A € B
Aw & B
Aw & B
Aw & By
A € B
Aw & By
Aw & Boy
Ao & B
Aw & By
A = B
Aw) & B
Aw & By
Aw & By
Aw & B

A = B
A = B
Aw & B
Aw) & By
A = B
Aw & B
Aw & By

Aw) & Boy
A & B
Aw & By
Aw & Boy
Aw) & B
Aw & By
Aw & Boy
Aw) & B
Aw & By
Aw & By
A € B
Aw & By
Aw & Boy
Aw) & B
A = B
Ay = B
Aw & B
A & By
Aw & Boy
A & B
Aw) & By
Aw & Boy
Aw & B
Aw & By
Aw & Boy
A & B
Aw & By
Aw & By

1313

Theorem 5.13
Theorem 5.13
Theorem 5.15
Theorem 5.17
Theorem 5.17
Theorem 5.17
Theorem 5.17
Theorem 5.18
Theorem 5.18
Theorem 5.18
Theorem 5.18
Theorem 5.19
Equation (5.33)
Equation (5.33)
Equation (5.33)
Corollary 5.20
Corollary 5.20
Corollary 5.20
Corollary 5.20
Theorem 5.21
Theorem 5.21
Theorem 5.21
Theorem 5.23
Theorem 5.23
Theorem 5.23
Theorem 5.23
Theorem 5.23
Theorem 5.26
Theorem 5.26
Theorem 5.26
Theorem 5.26
Theorem 5.26
Theorem 5.26
Theorem 5.26
Theorem 5.28
Theorem 5.28
Theorem 5.29
Theorem 5.29
Theorem 5.29
Theorem 5.29
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.30
Theorem 5.33
Theorem 5.34
Theorem 5.35
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13 1(D) 101 (XXII) A & B,  Theorem 5.35
15 1(I) 81 - 84 (XIV) Ag G Bo Theorem 5.36
15 81 - 84 (XIV) 86 - 90 (XV) Ag G Bo Theorem 5.36
15 81 - 84 (XIV) 81 - 84 (XIV) A =B Theorem 5.36
15 86 - 90 (XV) 86 - 90 (XV) Ag =B Theorem 5.36
15 3,4(D) 67, 68 (VIII) A & Bg  Theorem 5.37
15 37,38 (I10) 65, 66 (VIII) Ao S Bo Theorem 537
15 39, 40 (111) 65, 66 (VIII) Ao G By Theorem 5.37
15 41,42 (1V) 73,74 (X) Ag G Bo Theorem 5.37
15 43,44 (1V) 73, 74 (X) Ao S Bo Theorem 537
15 45,46 (V) 79, 80 (XI11) Ao G By Theorem 5.37
15 1D 41,43 (1V) A & B  Theorem 5.40
15 1(D) 45 (V) A & B,  Theorem 5.40
19 1(D) 53 (VD) A & Bg  Theorem 5.45
19 1(D) 83 (XI) A & B  Theorem 5.46
19 1(D) 105 - 110 (XVII) A & B,  Theorem 5.47
19 105 - 110 (XVII) 111 - 116 (XVIII) Ao G By Theorem 5.47
19 105 - 110 (XVII) 105 - 110 (XVII) A =By Theorem 5.47
19 111 - 116 (XVIII) 111 - 116 (XVIII) Ao =Bg Theorem 5.47
19 1) 39 (D) A & Bg  Theorem 5.49
19 1(D) 45 (1I1) A & B  Theorem 5.49

What’s more, in Section 7, we shall justify a general inclusive relation indi-
cating that for any A(q) equal to f” for r € {4,6,8,10,14} or f> f3,

Aq) € B

for any eta quotient B(q) in the table associated with A(q) (see Theorem 7.1),
and as an implication, we prove that any such eta quotient B(q) is lacunary (see
Theorem 7.3).

The paper is a road-map of proofs and observations laying the groundwork
for future work that may reveal the larger structures governing identical van-
ishing of collections of eta quotients. Moreover, any subsequent analysis of the
unproven observations in this paper will likely benefit from the toolbox of proof
techniques exhibited here. For instance, we observe that the eta quotientsin the
tables of the last section of the paper appear to satisfy conditions similar to those
Serre derived for the lacunary powers of the eta function in [29]. The conditions
for vanishing summarized below in Conjecture 1.4 are expected to follow from
the approach used in [17] that is further expanded upon in this paper. Prov-
ing the conditions entails writing each eta quotient as a linear combination of
Hecke theta series by using the constructive techniques of Lemma 3.5. The next
step requires finding an appropriate linear combination of newforms from the
database LMFDB that interpolate the eta quotient. Then the multiplicativity
of the coefficients s, of the Hecke theta series reduces the analysis to spe, for
p°r||n. Finally, by combining the binary quadratic form representation for p
and the recursive formula for s,e, one may obtain a characterization for the
vanishing of Spep -
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Conjecture 1.4. Denote by a,(n) the coefficient of q" of any eta quotient in Group
I'in Table t in Appendix II. Then the following hold.
(1) a;(n) = 0ifand only if 6n + 1 has a prime factor p = 2 (mod 3) with
odd exponent.
(2) ag(n) = 0ifand only if 4n + 1 has a prime factor p # 1 (mod 4) with
odd exponent.
(3) a;1 (n) = 0ifand only if 3n + 1 has a prime factor p = 2 (mod 3) with
odd exponent.
(4) a;3(n) =0ifand only if 12n + 5 has a prime factor p = 3 (mod 4) with
odd exponent.
(5) ai5(n) = 0ifand only if 12n + 7 has a prime factor p = 2 (mod 3) with
odd exponent.
(6) a7 (n) = 0 if either of the following holds:
(a) 12n + 13 has a prime factor p; = 2 (mod 3) with odd exponent and
a prime p, = 3 (mod 4) with odd exponent (it may be that p; = p,),
(b) 12n+13isasquare and all prime factors p satisfy p = —1 (mod 12).
(7) ay9(n) = 0ifand only if 8n + 3 has a prime factor p = 5,7 (mod 8) with
odd exponent.

The remainder of this work is organized as follows. In the next section,
we discuss how we search for those eta quotients with vanishing coefficients
similar to f7 forr € {1,2,3,4,6,8,10, 14, 26}, or fff;. Following this, in Sec-
tion 3, we review certain relevant previous work, key notions, and establish
some technical lemmas and preliminary results. In Sections 4 and 5, we study
a number of eta quotients with vanishing coefficients similar to f] for r €
{1,2,3,4,6,8,10,14}, or f f f g attained in our search and prove all the relations
listed in the table above. After this, in Section 6 we make some remarks on the
eta quotients associated with f f6 and discuss the subtlety and difficulty in deal-
ing with these cases. In Section 7, besides proving the aforementioned general
inclusive relations between the eta quotients and the general lacunarity that fol-
lows, we pose a number of conjectures and open problems that are suggested
by our computational experiments. Finally, in the last section, we summarize
the methods that were used in our discussions and proofs in particular exam-
ples. This overview of strategies may provide a foundational blueprint that can
contribute to proofs of every observed instance of inclusion and equality of co-
efficient vanishing in this paper.

Acknowledgement. The authors thank for the anonymous referee for his
or her useful comments, suggestions and corrections.
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2. Search Methodology

When searching for eta quotients with vanishing coefficient behaviour sim-
ilar to A(q) = f1,r € {1,2,3,4,6,8,10, 14, 26}, the search was conducted ini-
tially over eta quotients of the form

B(q) = fffffj.fgfff;o’n, l1<i<j<k<l<m<12, -12<a,b,c,d,e,g <12,
(2.1)
with the parameters in the stated range satisfying

a+bi+cj+dk+el+gm=r. (2.2)

The initial search for eta quotients with vanishing coefficient behaviour sim-
ilarto A(q) = f f f 3 was identical to that just described, except that the r on the
right side of Equation (2.2) was replaced with 3(1) + 3(2) = 9.

We restrict our attention to cases where the associated eta quotients have the
same order at infinity. That is, if B(q) = HJ. f;tj has the property that Ay =
B(g), where A(q) = f71, then Zj jnj = r. For our search space, this is equivalent
to requiring that the associated modular forms have Fourier expansions with
the identical vanishing property. Although this is a natural condition from a
modular forms perspective, there are instances in which this condition is not
satisfied (e.g. A(q) = f f and B(q) = f f /f2)). We do not consider these more
exotic situations in the present paper.

The comments that follow about searches for eta quotients with vanishing
coefficient behaviour similar to f7 also apply to the search for eta quotients with
vanishing coefficient behaviour similar to f° f>.

The initial search compared coefficients up to g°°. For A(q) = f =2 a,q"
an eta quotient B(q) = ), b,q", was added to one of two lists, say L; and L,,
depending on whether

{n <50|a, =0} ={n <50|b, =0} or {n<50|a,=0}&{n<50|b, =0}
(2.3)
Each of these searches took about 10 - 14 days running on a smaller computer
cluster. Extending the range of the parameters beyond the bounds indicated
at (2.1) can thus be seen to be prohibitive in terms of computing time. As an
alternative, new products were added to L; and L, in the following two ways.
Firstly, if B;(q), B,(q) and B;(q) are any three eta quotients in L; U L,, then
the eta quotient

Bl(Q)Bz(CI) n;
“h@ LY

satisfies a condition similar to (2.2), namely
Z jnj=r.
J

A search was run over all such products B;(q)B,(q)/Bs(q) and the product was
added to either L, or L,, depending on which (if either) of the conditions in
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(2.3) it satisfies. This step was repeated until no new eta quotients are added to
either L; or L,.

To describe the second method of adding new eta quotients to L; and L,, we
recall that f; = (q; q), and observe that if g - —g, then elementary g-product
manipulations give that

e L
(G D@90 [1fa

Of course g can be replaced with g™ in (2.4), where m is any positive integer.
Thus if B(q) = Hj f;lj and at least one j is odd, then the coefficients of B(—q)
vanish identically with those of B(q), and (2.4) can be used to write B(—q) as
an eta quotient. A similar situation hold if all the j are even, and their greatest
common divisor is, say, the even positive integer 2m, so that B(q) = C(g*™).
The coefficients of C(—g?™) vanish identically with those of C(g*™), and (2.4)
can again be used to write C(—g?™) as an eta quotient.

It may seem trivial to derive additional “partner” eta quotients with vanish-
ing coefficient behaviour similar to f7 in this way. However, we keep each eta
quotient and its partner in our tables, since if there are patterns to be found that
might assist our understanding of this phenomenon, it is not clear in advance
which of the two eta quotients in a “partner pair” might fit the pattern.

The final step was to check that the patterns found held up to g*°®°. In other
words, that for each eta quotient in L, that the first “=" statement at (2.3) held
with 50 replaced with 3000, and that for each eta quotient in L, that the second
“G” statement at (2.3) held with 50 replaced with 3000.

(4P = (2.4)

Remark 2.1. It seemed that in almost all cases, if one of the statements at (2.3)
held up to g°°, then that was sufficient for it to hold up to g*°°°. This observation
leads to an open problem.

Open Problem 2.2. Given a weight k and a level €. Is it true that there is always
a positive integer N = N(k, ) such that for any holomorphic modular forms
Z:;o a,q" and Z:;o b,.q" of weight k and level Ty(¢), whenever

{nSNlan=0}={n§N|bn=0},

then
{nlan=0}={n|bn=0}?

3. Some Technical Lemmas and Preliminary Results

This section is devoted to reviewing and deriving a number of technical lem-
mas and preliminary results that will be useful for our study of the relations
between (and lacunarity of) the coefficients of the eta quotients obtained from
the search discussed in Section 2.
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3.1. Elementary facts. The following lemmas are elementary but rather use-
ful for our purpose.

Lemma 3.1. The equation x? + y* = n, n > 0 has integral solutions if and only
iford, nis even for every prime p = 3 (mod 4). When that is the case, the number
of solutions is

H (1 + ord, n).

p=1 (mod 4)

Proof. We omit the proof, as this is well known - see for example [20, Corollary
1, page 279]. O

Lemma 3.2. Let m and n be positive integers and let p be a prime with p = 5or 7
(mod 8).

(1) If plm? + 2n?, then p|m and p|n.

(2) If m? /3 +8n? /3 is an integer such that p|(m?/3 +8n?/3), then p|m and p|n.
(3) If p|3m? + 24n?, then p|m and p|n.

(4) If 3m? + 48n? = 8t + 3 for some integer t and p|3m? + 48n?, then p|m and

plm.

Proof. (1) Suppose p + m, so that p } n also. Then m? + 2n? implies that —2
is a quadratic residue modulo p. However this contradicts the fact that —2 isa
quadratic residue only for primes = 1 or 3 (mod 8).

(2) If p|(m?/3 + 8n?/3), then p|m? + 2(2n)?, and the claim follows from (1).
(3) Similarly, if p|3m? + 24n?, then p|m? + 2(2n)?, and once again the claim
follows from (1).

(4) Suppose p + m so that p } n and then p|m? + (4n?) implies —1 is a quadratic
residue modulo p. Thus p = 1 (mod 4) and hence p = 5 (mod 8), from the
statement of the lemma. However, since 3m? + 48n? = 3 (mod 8), 3m? + 48n>
must be divisible by another prime p’ = 7 (mod 8) with odd exponent, and
hence p’ = 3 (mod 4), contradicting the statement in Lemma 3.1. O

Lemma 3.3. Let p be a prime, p = 2 (mod 3), and let a and b be integers such
that p|3a® + b2. Then p|a and p|b.

Proof. Suppose p } a, so that p } b, since p|3a? + b%. Then —3 is a square
in (Z/pZ)*, that is, (?) = 1. By the quadratic reciprocity law, one has that
(f) = 1, which implies that p = 1 (mod 3), a contradiction. O

3.2. The vanishing of the coefficients of f7]. In[29], Serre characterizes the
vanishing of the coefficients of f { forr € {2,4,6,8,10, 14} and establishes suffi-
cient conditions for that of f f6 using the theory of CM newforms. These results
in turn imply that these f7 are all lacunary by Serre’s extension [27] on Landau’s
density theorem and are summarized in the following theorem.

Theorem 3.4 (Serre). Let f; be defined as in Section 1. Then
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(1) writing
oo
2 _ n
2= a.q", (3.1)
n=0

one has that a, = 0 if and only if 12n + 1 has a prime factor p # 1
(mod 12) with odd exponent,
(2) writing

= a.q", (3.2)
n=0

one has that a,) = 0 if and only if 6n + 1 has a prime factor p = —1
(mod 3) with odd exponent,
(3) writing

fe=2 aq", (3.3)
n=0
one has that a, = 0 if and only if 4n + 1 has a prime factor p = —1
(mod 4) with odd exponent,
(4) writing
£} =2 a4 3.4
n=0
one has that a, = 0 if and only if 3n + 1 has a prime factor p = —1
(mod 3) with odd exponent,
(5) writing
%O = Z a,q", (3.5)
n=0
one has that a,, = 0 if and only if 12n + 5 has a prime factor p = —1
(mod 4) with odd exponent,
(6) writing
=" aq", (3.6)
n=0

one has that a,, = 0 if and only if 12n + 7 has a prime factor p = —1
(mod 3) with odd exponent,
(7) writing

(o]
%= a,q", (3.7)
n=0

one has that a,, = 0 if either of the following holds:
(a) 12n + 13 has a prime factor p; = —1 (mod 3) with odd exponent
and a prime p, = —1 (mod 4) with odd exponent (it may be that

P1 = Do),
(b) 12n+13isasquare and all prime factors p satisfy p = —1 (mod 12).
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In the introduction, we mention that we also take the lacunary eta quotient
f f f g’ into account as a starting point towards extending our investigations to
other lacunary eta quotients. Inspired by Serre’s results, it is natural to ask if the
vanishing of the coefficients of f f f ; can also be interpreted in terms of prime
decomposition. The answer is indeed positive and can be stated as follows: if

fif3 =20 anq",
n=0

then a,, = 0 if and only if 8n + 3 has a prime factor p = 5or 7 (mod 8) with odd
exponent. We shall prove this in Theorem 5.44 in Subsection 5.6.

3.3. Review of CM newforms and their basic properties. Asis mentioned
in Subsection 3.2, Serre’s results are closely related to the notion of CM new-
forms which are very useful for studying the vanishing of the coefficients of
certain eta quotients and shall play a key role in the proof of the aforementioned
characterization of the vanishing of the coefficients of f f f ; (see Theorem 5.44).
In this subsection, we briefly review relevant materials on CM newforms, such
as their basic properties and constructions.

Let f(z) = Z:;l a(n)q" be a newform of weight k and level Ty, (N) with
some character y. Then one can first recall that its Fourier coefficients a (n)
satisfy the recursive relation

a(®)a(n) = a(tn) + x(€)*an/¢) (3.8)

for any positive integer n and any prime ¢, where a(x) is set to be 0 if x is
not an integer. The coefficients also possess the multiplicative property that
a(mn) = a(m)a(n) for any positive integers m, n such that gcd (m,n) = 1.
Therefore, investigations on a (n) can be boiled down to analysis of a(p) for p
prime.

For any Dirichlet character ¢ of conductor m, a newform f(z) is said to have
CM by ¢ if a(p)¢(p) = a(p) for all p + Nm. Such an f(z) is also called a CM
newform by ¢. Characterizations of CM newforms of weight k > 2 have been
established by Ribet [26], which are briefly summarized next.

It is known [5, (6.3)] that a CM newform of weight k > 2 exists only if ¢ is a
quadratic character associated to some quadratic field K. In such case, f(z) is
also called a CM newform by K. In his groundbreaking work [26], Ribet gives
a full characterization of such newforms and justifies that any CM newform
of weight k > 2 by a quadratic field K must come from a Hecke character g
associated to K and be of the form

k-1
f@= 2, dx(@N(a)z gV @,
OQOK
integral
where NV (-) denotes the norm of an ideal. In particular, when K is imaginary of
discriminant —d < 0 and class number 1, one has that (see, e.g., [17, Corollary
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2.2]) f(z) must be a linear combination of the generalized theta series

Z a1gN @ over B € (Og/m)”

aef+m

for some integral ideal m with V' (m) = N/d.

In addition, what is remarkable about CM newforms is their connection
with lacunary cusp forms. In [28], Serre proves that a cusp form Z:;O a,q"
of weight k > 2 is lacunary if and only if it lies in some space of CM newforms.
By Ribet’s characterization of a CM newform, we can tell that such a lacunary
cusp form must be a linear combination of generalized theta series. This sug-
gests the following simple implication: a cusp form that is assumed to be lacu-
nary must be a linear combination of generalized theta series. In general, it is
hard to verify the lacunarity of a cusp form by computations alone; however,
proving that a particular cusp form is a linear combination of generalized theta
series is often computationally feasible by Sturm’s theorem. If we can find a
characterization of the coefficients of a cusp form by generalized theta series,
we may use it to go in the other direction and study the vanishing properties of
the coefficients of the cusp form. As discussed in Sections 1 and 2, our compu-
tational experiments together with Theorem 3.4 are made with the hypothesis
that all the eta quotients obtained from our search are lacunary. Moreover, we
can validate that the associated modular forms of weight k > 2 are all cusp
forms. The discussion above leads to the following lemma justifying that all
these cusp forms are expressible in terms of generalized theta series attached to

some integral ideal of Z[i], Z[w] with w = €2*/3, or Z[\/-2].

Lemma 3.5. (1) Let B(q) be any of the eta quotients of weight k > 2 and
level N in Table 7. Then

gB(¢Y = ), Cq ) xgN™
[alez[w]/m x€lal

for some constants C,, where w is the primitive third root of unity, and m
is some integral ideal of Z[w] such that N(m) = N /3.
(2) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 9.

Then
gB(gh= D, Co D X"

[alez[i]/m x€[a]

for some constants C,, where m is some integral ideal of Z[i] such that
N(m)=N/4.
(3) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 11.

Then
@B(g) = ), Cq ) xIgN™

[alez[w]/m x€lal

for some constants C,, where w is the primitive third root of unity, and m
is some integral ideal of Z|w] such that N(m) = N /3.
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(4) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 13.
Then

qSB(q12)= Z Coc Z xk—qu(x)
]

[alez[i]/m x€la

for some constants C,, where m is some integral ideal of Z[i] such that

N(m) =N/4.
(5) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 15.
Then

q7B(q12) — Z C, Z xk—qu(x)

[a]lez[w]/m x€[a]

for some constants C,, where w is the primitive third root of unity, and m
is some integral ideal of Z|w] such that N(m) = N /3.

(6) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 17.
Then

q13B(q12)= Z Ca Z xk—qu(x)_I_ Z CB Z xk—qu(x)
[alez[il/m  x€la] [Blez[w]/n  x€[B]
+ Z Cy Z xk—qu(x)
[vlez[2w]/t  x€ly]

for some constants C,, Cg,C,, where m, n and [ are integral ideals of the
orders Z[i], Z[w] and Z[2w], respectively.

(7) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table 19.
Then

¢B(@)= ), Cq Y, xFlgN®,
[alez[y-2]/m  X€la]

for some constants C,, where m is some integral ideal of Z[\ —2] such
that N(m) = N/8.

In what follows we provide details needed for the construction of the theta
series interpolating the eta quotients referenced in Lemma 3.5.

Construction of the ideals m: Since the ideal norm is multiplicative, it
suffices to look at the prime factors N(m) of the norm of the prospective ideal
m. This norm is determined by the level of the eta quotient as indicated in
Lemma 3.5. An ideal for each case can be constructed as follows:

« For K = Q[i], suppose N(m) = pil o pv. Let

m; +n;i, ifm?+n?=np,, m+ni, n#0,
e(py ="l BIERERE g 4 i) = ’
pj, else, Vm, n=0.

Then

m = ((To)(py)t -+ (Jo€)(P)).
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« ForK = Q[w], let N(m) = p;' --- p;". Define

ewp. it (2)=1,
m;+n;w, ifm?—mn;+n?=p; 3
tp)=1"7""77 J JR T P 9(p) =D 'f<_)=_1,
(py) . clse, (pj)=14/pP; i o
V=3, if (‘—3> =o.
bj
Then
m = (J(p)* -+ I(p)*).
o ForK = Q[v-2],let N(m) = pil ... p. Define
ey, it (2) =1,
m+n\ =2, ifm?+2n%=p; i)
€(p;) = ’ J J P 3(p) ={/p; if(—):—l,
(pj) b, else. (Py) = \\/P; >
V=2, if (‘—2) =0.
\ pj
Then

m = (I(p)* - I(p)*).-
Construction of coset representatives for O, /m:
« For O, = Z[i], le¢t m = a + bi, and define d = gecd(a,b), and ¢ =
N(a+bi)/d. Find an element a = k+1i such thatda = 0 (mod a + bi).
The element a can be constructed as follows. It suffices to find a k such
thata/g + (b/g)ilk + i. Since a/g and b/g are coprime, then there are
s and ¢ such that

s(a/g)+1t(b/g) =1.
So,ax =k +i=(a/g+ (b/g)i)(t + si). Then
Z[i]/(a + bi) = {[j + hal}
asj=0,.,N—landh=0,..,d —1.

+ For O = Z[w] with w the primitive third root of unity,and m = a+bw
with g = gcd(a,b), write ¢ = N(a + bw)/g find s and ¢ such that
(a/g)s — (b/g)t = 1. Then using the fundamental theorem of finite
Abelian groups it can be shown that

Zlw]/(a + bw) = {[j(s + (b/gw) + h(t + (a/gw)}
asj=0,..,g—1land h =0,...,¢ — 1. To find (Z[w]/(a + bw))*.

» For Ox = Z[\/—_Z], and m = a + b\/—_z with g = gcd(a, b), write
¢ = N(a + b\/—_z)/g and find s and ¢ such that (a/g)s + (b/g)t = 1,
then

ZIV=2)/(a + bV=2) = {[j ((a/) + (b/gN=2) + h(~t +sV=2) ]}

asj=0,..,g—land h =0,..,¢ — 1.
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Construction of the generalized theta series: Although the given algo-
rithm produces a large number of coset representatives, a significant proportion
of the representatives can be eliminated by removing associate cosets. Once an
appropriate set of non-associate cosets are produced, for each case K above, the
theta series for each coset of O /m may be constructed as follows:

« For O, = Z[i], define, for each integral ideal m = (M) and coset [c] €

Ok/m,
P,(c,M) =Re(c+ (m+in)M), Py(c, M) =Im(c+ (m + in)M).
The corresponding theta series of weight W for the ideal and coset is
Y (Pile, M) + Py, 0y P00,
m,n=—oo

« For Oy = Z[w], define, for each integral ideal m = (M) and coset

[c] € Or/m,

Im (¢ + (m + nw)M)

V3

The corresponding theta series of weight W for the ideal and coset is

> (Pl(C M) + Py(c, M)‘/_) GEIEAD+IPIED),

m,n=—oo0

« For O = Z[V -2], define, for each integral ideal m = (M) and coset

[c] € O /m,
m (c +(m+ n\/—_Z)M)
\/5 .

The corresponding theta series of Weight W for the ideal and coset is

Pi(c,M) = Re(c + (m + nw)M), Py(c, M) =

Pi(c,M) =Re (c +(m+ n\/—_z)]v[) , Py, M) =

o]

Z (P 1(¢c, M) + Py(c, ]v[)\/_ ) Pz(c M)+2P3(e M)

m,n=—oco

The generalized theta series interpolations for the relevant eta quotients in
Lemma 3.5 are proven by solving the system obtained by equating the respective
Fourier coefficients of the eta quotient and a linear combination of the general-
ized theta series up to the Sturm bound. In some cases, the construction above
does not provide a corresponding linear combination of theta series that rep-
resents the eta quotient up to the Sturm bound. In these exceptional cases the
requisite linear combination of theta series may be obtained by applying a di-
lation g — ¢°, for small values of ¢ dividing the level, or by possibly changing
the construction of the ideal m, for instance, by switching signs in the cases
defining J(p;). The explicit constructions described above work without any
alteration for the cases in which Og = Z[w]. For Table 13, vanishing like f io
with Og = Z[i], the only exceptional case is 7(12z)°n(60z), which is addressed
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through the dilation g — g°. Exceptional cases in Table 19, containing quo-
tients vanishing like f7 f3, with Og = Z[v—2], include
n(162)*n(482)° n(24z)°n(322)* 1(82)*n(162)*n(96z) 1(82)°n(48z)°
n(8z)n(962)? * n(16z)n(482)2 " n(32z)n(48z) ~  1(96z)?

n(8z)*n(16z)*n(48z) n(16z)*n(24z)°

3 3
1n(162)1(24z),1(82)*n(48z), 7(242) T p(482)2

n(82)*n(32z)°n(48z) 1(16z)*n(24z)n(322)"n(96z) n(24z)n(32z)°
n(16z)*n(24z)n(64z)>"  n(8z)*n(48z)2n(64z)>  n(16z)3n(64z)3’

1(32z)°n(48z)* n(16z)n(24z)°n(64z) 1(162)1n(48z)3n(64z)
n(162)31(242)n(642)3n(96z)"  1(32z)n(48z)2 " n(24z)5n(322)n(962)>’

1(24z)°n(322)° 1(322)°n(482)"
n(162)31(482)2n(64z)3 " n(162)31(242)57(642)3n(962)5
These may be expressed as a linear combination of generalized theta series from

the above algorithm by switching the output in the cases <_—2) = #1 in the

'y
definition of J(p;). Other exceptional cases in Table 19 includé
1(82)n(242)*n(32z)* 1(82)°1(48z)° 1(162)°1(242)*n(962)
7(48z2) © p(16z)n(24z)n(96z)%° n(32z)n(48z)> ’

n(8z)*n(24z)n(96z)  n(16z)°n(24z)*n(962z)*>  1(162)*n(24z)°n(962)
n(32z)n(48z) ~  n(8z)2n(32z)*n(48z)*° 1n(32z)n(48z2)3

n(16z)°n(24z)°n(96z)*  n(16z)n(24z)”  n(8z)*n(32z)*n(48z)"
n(8z)2n(32z)*n(48z)* °  n(8z)2n(48z)2"  1(162)51(24z)7n(96z)7

n(82)*n(322)’n(48z)°  n(162)°n(24z)n(48z)°  1(8z)*n(162)*n(48z2)°

n(162)*n(242)*n(962)2"  n(82)*1(322)*n(962) ~  1(242)*1(322)*1(962)
These may be expressed in terms of generalized theta series from the above
algorithm by applying the dilation g — g3 and a corresponding sign alteration
the in definition of 7(p;).

For Table 17, corresponding to f 36, where integral ideals in both Z[i] and
Z|w] are required, some exceptional cases occur when the level N has a prime
factor that inert in either of Z[w] and Z[i] with odd exponent, so that N /4
and N /3 cannot simultaneously be a norm for Z[w] and Z[i]. For instance
n(12z)1n(60z)°, may be expressed in terms of generalized theta series using only

the ideal m = (30) in Z[i[ and the dilation g — g°. This also addresses the
n(24z)3n(120z)3

1(12z)n(48z)n(60z)>n(240z)>

expansion for the exceptional quotient obtained from
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n(122)1(60z)° by mapping g to —q. Similarly, a generalized theta series expan-
7(24z)°n(962)* n(12z)*5(962)*
1(12z)2n(48z)* 7(48z)2
these map to one another under g » —q.

A more computationally intensive strategy involving oldforms is needed to
n(242)%7(362)n(144z)n(2162)°

1(122)?1(482)21(722)3n(108z)31(432z)3 ’
n(12 32)*n(108 3z)3

7(36 3z)
—q. We find ideals m; of Z[i] and m, of Z[w] such that N(m,) = 432-3/4 and

N(m,) = 432-3/3. Then for each divisor d of 432- 3, we compute the associated
Hecke series H;(z) of level 432 - 3/d. For each such d, we obtain ideals from
the algorithm above of norms (432 - 3/d)/4 and (432 - 3/d)/3, respectively,
and sequentially compute their associated Hecke series. This results in a set of

Hecke series {H;(z)} over d dividing 432-3. In particular, whend > 1, H;(z) are
7(12 32)*1(108 3z)3

7(36 32)
a linear combination of H,(kz) over d dividing 432 - 3, and k dividing 432-3/d.

In fact, an expansion in this case may be obtained from the divisors d = 1,2
andk =1,2,3.

sion for addresses that for the exceptional case since

obtain an expansion for the exceptional case

first apply the dilation g — g3 to its level 432 partner under g —

of lower level and serve as oldforms. We obtain the quotient

3.4. Eta quotients as theta series. Lemke Oliver [22] provided another use-
ful tool for our investigation of eta quotients. Oliver justified that the eta quo-
tients in the following list are the only quotients that can be expressed as unary
theta series.

Lemma 3.6 (Lemke Oliver). Let f; be defined as in Section 1. Then the following
identities hold.

5 (&) 0
2 2 fsfs <§> 2
e 20 e i) ¢
2 0 2 f2f f %) 2
16 n n2 6J 9J 36 n n2
q_ — — q S q— = — q , (3.10)
fs ,;(2) f3f12f1s ;(3)
0 3 1o
12) 2 Jis (24) 2
= — ) = — , (3.11)
a2 nZ:)l<n g, a5 n; —)q
. f48f%2 _ i (2)2 q"2 qf24f96ff44 _ - (E)z q”z (3.12)
foafraa  Z\6 ' fi8f§2f§88 o\ ’
[ _4 9 IS _3
qf: = Z (—) ng", q—= = Z (—) ng", (3.13)
E=A fafy maNn
f§ 52_00 h n2 ‘{g _oo —6 n? 3.14
q——Z(g)nq, 973 5“27”‘]’ (3.14)
6 n=1 f24f96 n=1
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2 3]

5 [e3)
qf_? =2 (%) ng", h >, (-1g”, (3.15)
f48 n f2

=1
f1fafe -~ 3 m\2\ n
= 2 (156))e a= X (1-(3) ) 69

fo 2 2 2 5
fjf: - (1‘2(3) —3(3) +3(%) )q", (3.17)
fz ad 2 2 2 s
f_fszn;m<l"2(%) -(3) +2(5) )q"’ (3.18)
1y S 2 . fifls IO A
= 2 (=) a7 =X () - (3))s »
ff f2 > 2 3 2 3 2 2
foiifiZ -2 (1‘(%) -5(3) +3(3) )q : (3.20)

e (- @) o2

2 2
f 36f 144 n=—c

q;]; =3 (22 - (5)) " et =3 () - (5)na

(3.22)

We find that a large portion of the eta quotients we consider are indeed in
the form of B(q™)C(q") for some eta quotients B(q), C(q) in Lemma 3.6 and
some positive integers m, n, and thus, by Lemma 3.6 these eta quotients are all
representable by double theta series attached to some binary quadratic form.
This will aid us with studying the eta quotients of weight 1 that Serre’s theory
of CM newforms may not apply to. We summarize our findings for quotients
of weight 1 in Lemma 3.7.

Lemma 3.7. (1) IfB(q)isany of the eta quotients of weight 1 in the odd num-
bered entries of Table 7 other than Entries 91, 97, 99 and 131, then either
of gB(g®) or gB(—q®) can be expressed as a double theta series of the form
either

> Y ammg T or Y Y atmmgi

m=—00 n=—00 m=—00 n=—00

(2) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries
of Table 9 other than Entries 25, 33, 41, 43, 67, 107, 129, 139, 145 and 151,
then either of gB(q*) or gqB(—q*) can be expressed as a double theta series
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of the form either

o0 (] 1 2 2 (o] (o]
Z Z oc(m,n)qi(m ) Z Z a(m, n)gm +4n’

m=—o0 n=—o m=—oo n=—o0o

or

Z Z a(m, n)qm2+16n2'

m=—o0 n=—o

(3) IfB(q) is any of the eta quotients of weight 1 in the odd numbered entries of
Table 11 other than Entries 15 and 127, then either of gB(g>) or ¢B(—q?)
can be expressed as a double theta series of the form either

[} oo

> oc(m,n)qi(mzﬂnz), i i a(m, n)g™ +3"’

m=—o0 n=—o0 m=—o0 n=—o0

or

Z Z a(m, n)qm2+12n2_

m=—o0 n=—oo

(4) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries
of Table 13 other than Entries 67, 71, 81, 93, 95 and 101, then either of
q@°B(q*?) or ¢°B(—q*?) can be expressed as a double theta series of the
form either

[ oo

SN alm g™, i i a(m, n)g™ 4

m=—o0 n=—o0 m=—o0 n=—o0
or
[ee] o0 5 2 2
-(m“+n
> X ammg ™.
m=—00 N=—00

(5) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries
of Table 15 other than Entries 41, 43 and 45, then either of q’B(g'?) or
q’B(—q'?) can be expressed as a double theta series of the form either

> atmm)@ e or Y a(m,n)g7rm 1,

m=—00 n=—00 m=—oo n=—0oo

(6) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries
of Table 17 other than Entries 79, then either of g**B(q'?) or g**B(—q'?)
can be expressed as a double theta series of the form either

Z Z a(m,n)q4m2+9n2 or Z Z a(m’n)q12m2+n2.

m=—oo n=—oo m=—o0 n=—o0
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(7) IfB(q) is any of the eta quotients of weight 1 in the odd numbered entries of
Table 19 other than Entries 39 and 45, then either of ¢>°B(q®) or ¢*°B(—q®)
can be expressed as a double theta series of the form either

Z Z o((m’n)qm2+2n2, Z Z oc(m’n)q3(m2+8n2)

m=—o0 n=—oo m=—o0 n=—o0

or
d i L(m2+8n?)
Z Z a(m,n)qs .
Mm=—00 N=—00

Proof. These follow from Lemma 3.6; for example,

2 00 2 00
6= (g:13) = —_4> A (—_4>(—_4> S(m2n?)
by (3.13) of Lemma 3.6. O

4. Eta quotients with vanishing coefficient behaviour similar to
J1, fiand fj

Since the number of eta quotients involved in each case is small, and since
it is possible to prove completely what was discovered experimentally, we treat
the cases of f1, f f and f i” together in one section.

4.1. Eta quotients with vanishing coefficient behaviour similar to f;.
Our search found just five other eta quotients with vanishing coefficient be-
haviour similar to f;.

Table 3: Eta quotients with vanishing behaviour similar to f;

Number g-Product Modular Form  Weight Level Group

1 f1 n(24z) % 576 I
3 3
2 E n(482) 1 5304 .
Jf1fs 1(242)n(962) 2
3 fafy nszy (722 Vw1
fife . 1(24z)n(144z) 2
4 Sifafy 7(24z)1n(962)n(144z)° 1 2304 I
f%f% b 7(482)2n(72z)?n(2882)2 2
R s
5 f_12 n(24z) 3 » .
f s 7(48z)2 2
13
6 52 S _ s 2 2304 I
313 1(242)57(962)5 2

That the series coefficients of all the eta quotients in Table 3 vanish identi-
cally is an easy consequence of known g-series identities. We first need alemma
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Lemma 4.1. Let |q| < 1 Then

fi= D) (=1)gnenr+n/2, (4.1)
n=—oo
ff; &
— qn(3n+1)/2’ (4.2)
fifs nzz_:oo
5 o0
== ) (bn+1)g"Cmi2, (4.3)
2 n=—oo

Proof. The first is the very well known special case (g — ¢° followed by z —
1/q) of the Jacobi triple product identity

D (—2)1g"D/2 = (29,1/2,q; Q) oo (4.4)

n=—oo

The second is also a special case of (4.4), this time using g — ¢° followed by
z — —1/q. The third is an identity is due to Fine [8, p.83] and is a limiting case
(z = —1) of the quintuple product identity:

(—2,-9/2, 4 D22, 9/2% 0P = Y, (—1)"q"Cn=D/2231(1 + zg"). (4.5)

n=—oo
O
Theorem 4.2. Let A(q) and B(q) be any two products in the following list:
PR EY i i ws
Y fifa fifs 23 fz’fg’fffi ' '
Then
A(O) = B(O)- (47)

Proof. That the claim holds if A(q) and B(q) are any two of the first, third and
fifth eta quotients at (4.6) follows from Lemma 4.1, and the full claim follows
since the second, fourth and sixth eta quotients at (4.6) are the g — —q partners,
respectively, of these three, after employing (2.4). O

Remark 4.3. If one writes
AlQ) = f1= )] a.q",
n=0

then by the well known fact that

- (12
qfa = Z (7) q”z,
n=1

where (E) denotes the quadratic character of Q[\/E], onecanalsotell thata, = 0
n

whenever 24n + 1 is not a square.
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4.2. Eta quotients with vanishing coefficient behaviour similar to f f
Our search found ten eta quotients with vanishing coefficient behaviour similar

to f2.
Table 4: Eta quotients with vanishing behaviour similar to f f

Number g-Product Modular Form  Weight Level Group

1 fi n(12z)>? 1 144 I
2 2 (G5 1 576 I
ifi 1(122)27(482)2
3 LEL 7(242)n(482) 1 2304 I
fifs 7(122)21(962)
4 Ut 1122)n(482)° 1 2304 I
fifs 1(242)21(962)
5 fafsfiy, — n(4z2)n(962)y(1442)° 1 2304 11
2122, 7(482)21(722)21(288z)2 2
f n(2dz) EO VYR |
12 7(482)2 2
7 fa 1(242) % 576 11
3 fafg n(482)n(722)" 1 144 I
fzjglz 77(242)77(12142) 2
9 Ji s’ L 04 I
Fafs 1(242)7(962) 2
10 /s _ st 2 2304 I
313 17(242)57(962)3 2

We prove two theorems in this subsection, thereby fully verifying what was
suggested by experiment. These proofs also give some insight into how similar
results might be proved for pairs of eta quotients in other tables. Note that the
eta quotients in Group II of Table 4 arise as a result of a ¢ — g2 dilation of the
eta quotients in Table 3.

The first subsequent theorem shows that all the eta quotients in Group I of
Table 3 have series expansions with identically vanishing coefficients. Before
getting to that, we need the following lemma, which shows that the series ex-
pansions of f? and f f4/(f3fs) have quite similar 4-dissections.

Lemma 4.4. Define
Ay = A)(@) = (g% 0¥ e(=0"% 0%, % ¢ (=¢* 0% 6% qPs  (4.8)
A; = A1) = (0% 9% (0" 0%, % )0 (=%, =1, 4% ¢*) o,
Ay = Ay(q) = (0% 4% (0" —0%, % 7)) (—0* =% 6% ¢°) o,
Ay = A3() = (0% 4% (—0" =07, % )00 (0%, =1, 6% ).
Then
f1=A0+qA + A, + ¢A;, (4.9)
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f3fs
—— = Ay~ qA1 — A + P A;
f1f8
Remark 4.5. Note that the functions Ay, A, A, and A5 are all functions of q*,

so that the expressions of the right sides of (4.9) actually give 4-dissections of the
eta quotients on the left sides.

Proof of Lemma 4.4. We will use the following alternative form of the Jacobi
triple product identity,

oo

> (=2)"q" = (24,9/2. 4% ¢Peos (4.10)

n=—oo
or, more precisely, the identity arrived at by splitting the sum on the left into
two sums (n even and n odd) and recombining into infinite products:
(-22q*,-q*/2*, 4% ¢®) o — 2a(-2°q*,-1/2%, 4%, @) = (20, 4/2. 4% ¢*)o- (4.11)
From (4.8) one has that
Ay +qAL + A% + ¢ As
= (0% 4% (=0"% 0%, 0¥ *) s [(—0* —0*. 4% ¢®)o — 2(=¢*, -1, 6% ¢®)0 |
- %0 ¢ e(=0" 0%, ¥ ¢ [(—0* =% 6% ¢ — a(—¢°, -1, 0% ¢ |
=(4,9.9%9)0(@% e [(=0"%, =0, 6% )0 — °(=0*, —07, 0** )0 |

= (20,9, 9% 4o (@* 4 (d%.9°% 8% 0¥ e = (4.9, 4% 490 (0% 40 = (¢, D
(4.12)

The second equality above follows from using (4.11) directly with z = 1, and
the second follows from using (4.11) with g replaced with g* and z = 1/¢>.
In a quite similar fashion,
Ay —qA; — A% + ¢ As
= (0% 0%0(=0"%—0, % e [(=0*, =0, 0% ¢®) o + a(—0%, ~1, 4% 6% |
+6%(q% 0%)eo(=0% —0%%, %% a0 [(=0*, —0* ¢% ¢¥) o + 9(—¢%, ~1, 4% ¢¥)c |
=(-9.-9.9% 0004 0% [(="%, =07, %% )0 + ¢*(=q*, 0%, % ¢ |
ICETRCET RN
(¢ D203 4o
This time, the second equality above follows from (4.11) directly with z = —1,
and the second follows from using (4.11) with q replaced with g* and z =

—1/g¢?. The final step follows from simple g-product manipulations and is left
to the reader. O

=(-4,-99% 0@ 00 (-3% -4% ¢% ¢ (4.13)

Theorem 4.6. Let A(q) and B(q) be any two eta quotients in Group I of Table 4.
Then

Ao) = B(o)- (4.14)
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Proof. That this holds when A(q) and B(q) are the eta quotients numbered 1
and 3 follows from the 4-dissections for these eta quotients at (4.9), and the full
claim at (4.14) follows since the eta quotients numbered 2 and 4 in Group I are
g — —q partners of those numbered 1 and 3. O

Theorem 4.7. Let
A(Q) = Y, a,q", B(q) = ), buq", (4.15)
n=0 n=0

where A(q) is any of the eta quotients in Group I of Table 4, and B(q) is any of
those in Group II. Then
A & By (4.16)

Proof. We prove the result for A(q) = f f and B(q) = f, only, since by Theorem
4.6 all the eta quotients in Group I have identically vanishing coefficients, and
the same holds for group II by Theorem 4.2. After making the dilation g — g2
and then multiplying by g, one gets

77(122)2 — Z anq12n+1’ n(24z) = Z bnq12n+1 — Z (_l)mq(6m+1)2’
n=0 n=0

m=—oo

where the last well-known equality arises from the dilation g — g** in (4.1).
Suppose a,, = 0, so that by Serre’s criterion (3.1), 12n+1 has a prime factor p # 1
(mod 12) with odd exponent. Clearly b,, = 0 under this same circumstance,
since b, = 0if 12n + 1 is not a square. Since a; = —2 and b; = 0, the result
follows. 0

4.3. Eta quotients with vanishing coefficient behaviour similar to f i

In the case of f f, our search found eleven other eta quotients with similar van-
ishing coefficient behaviour.

Table 5: Eta quotients with vanishing behaviour similar to f f

Number g-Product Modular Form  Weight Level Group

1 3 7(82)? : 64 1

2 f _piezy 2 256 1
ﬁfi 77(852)377(322)3 2

3 f22f32f122 77(1622) 77(2422)7;(96z)2 l 2304 I
fifafles 7(82)*1(322)21(48z2) 2

4 fifs n(82)*n(482) 1 144 I
fz{a n(16z)1n(24z) 2

5 5 ptezr Lo
S1 7(82) 2

6 fila n(82)n(322) 1 556 I
1 7(162) %

7 f3 n(24z) > 576 I
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fi 7(482)

1

8 fafi 7(242)7(962) 2 2304 11

9 H n(24z)° 2 44 I
f2 7(48z)2 2

10 . st 3 304 I
i 1(242)57(962)5 2

11 Jols 248z (7227 L VPR
f3f185 7(24z)n(144z2) 2

12 F3f12f3g n(242)n(962)n(144z)° 1 2304 I
FEfaf 7(482)21(722)?1(2882)2 2

In this subsection we give a characterization of the vanishing coefficient be-
haviour of the eta quotients in Table 5. We first need a lemma.

Lemma 4.8. Let |q| < 1. Then

o0

f3 =3 (=1@n + D)2, (4.17)
n=0
f%f6 _ i n(n+1)/2 3 .- (3n+1)(3n+2)/2 4.18
2J3 n=0 n=0
2 0
% — Z gnnt/2, (4.19)
1 n=0

Proof. The first- and third identities above are well-known implications of the
Jacobi triple product identity (4.4). The second identity is a restatement of a
result of Cooper [3, Equation (9.3)], who showed that

2 o o
f1f6 = Z qn(n+1)/2 —3q Z q9n(n+1)/2.
fs & 2

We are now ready to prove the results suggested by Table 5.

Theorem 4.9. (i) If A(q) and B(q) are any two eta quotients that are both either
in Group I or group II of Table 5, then

(i) If A(q) and B(q) are any two eta quotients such that A(q) is in Group I of Table
5 and B(q) is in Group II of Table 5, then
A & By (4.21)

Proof. (i) First observe that the eta quotients in Group II in Table 5 are derived
from the group of eta quotients in Table 3 by a g — g* dilation, so that A, =
B holds if A(q) and B(q) are both in Group II follows from Theorem 4.2.

If A(g) and B(q) are both in Group I and are any two of the eta quotients
listed in Lemma 4.8, then A = Bq) clearly holds from the form of the series
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on each of the three right sides at (4.17) -(4.19). Next, Ay = B holds if
A(q) and B(q) are any two eta quotients in Group I, since the other three eta
quotients in the group are ¢ — —gq partners of the three in Lemma 4.8 after
using the transformation from (4.5).

(ii) We will prove the statement for B(q) = f5 only, as all the other eta quo-
tients in Group II have identical vanishing coefficient behaviour. It may be seen
from (4.1) that after the dilation g — g is applied to f;, one gets that

f3 — Z(_l)nq3n(3n+1)/2 + Z(_l)nq3n(3n—l)/2 = Z btqt.
t=0

n=0 n=1

Thus b, # 0 only if ¢ has the form t = m(m + 1)/2 for either m = 3n or
m = 3n — 1, for some integer n, and A G B easily follows. O

5. Relations between B y)’s

In this section, we shall study relations between the vanishing of coefficients
of various products in the tables for f] for r € {4,6,8,10,14} and f f f ;’ and
as a consequence, illustrate a number of branches of the associated directed
graphs in the appendix. It is worthy of stressing that in the case of f] where
r € {4,6,8,10,14,26} and f f f ;, there are so many eta quotients in each of the
corresponding tables that it is not practical to attempt to prove each equality
Ay = B or inclusion Ay & B suggested by experiment, for each pair of
eta quotients A(q) and B(q). We confine ourselves to providing sample proofs
that exhibit the various methods of proof. In some cases, we provide proofs
that exhibit equality or inclusion for entire groups of eta quotients in the vari-
ous tables, or proofs that give completeness of proof for an entire group of eta
quotients in some table (by giving the proof for some outstanding member of
the group), or proofs that help support the relationships between the various
groups in a table that are suggested by experiment.

This section is divided into six subsections, each of which accounts for the
eta quotients in the table associated with one of f7 for r € {4,6,8,10, 14} and
f f f 3 Before proceeding, we state and prove a technical lemma that will be
frequently adopted throughout this section.

Lemma 5.1. Let A(q) and B(q) be eta quotients and let m > 1 be a positive
integer. Let A’(q) = A(q™) and B'(q) = B(q™). Then the following hold.

A(O) = B(O) — AEO) = BEO)’ (51)
A(O) g B(O) — AEO) g BEO)' (52)

Proof. Suppose

Al@) =: D) a,q", B(q)=: Y, byq",
n=0 n=0
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A(Q=: D ahg"= Y, a,q™, B'(q)=: ), b,q" =D, b,g™.
=0 n=0

n>0 n>0

Then clearly a], = b}, = 0if m } n, and forn > 0, a,,,, = a, and b},,,, = b,,. Both
results clearly follow from these facts. O

Remark 5.2. Some of results proven in the following subsections may seem a bit
arbitrary, but in some cases we prove them because they are exceptional cases not
covered by Lemmas 3.5 and 3.7, and are necessary to complete the proof of the
statements in Theorems 7.1 and 7.2.

5.1. Eta quotients with vanishing coefficient behaviour similar to f‘I‘.
Theorem 4.7 plays a significant role in the proof of the next theorem.

Theorem 5.3. Let
(o] (o] (o]
AlQ) = fi=2 a.9", B(@=),b.q", C(q) =D, caq", (5.3)
n=0 n=0 n=0

where B(q) is any of the eta quotients in Group XVII and C(q) is any of the eta
quotients in Group XIX of Table 7. Then

Ao & Bo) & Coo)- (5.4)

Moreover, if B(q) and B'(q) are any two eta quotients in Group XVII and C(q)
and C'(q) are any two eta quotients in Group XIX, then

By = By, Coy = Clyy: (5.5)
Proof. That B & C(p) and the equalities in (5.5) hold follows from Theorem
4.7 and Lemma 5.1, since the eta quotients in Group XVII and group XIX of
Table 7 are derived from the eta quotients in Groups I and II in Table 4 as a
result of a g — q? dilation.

We prove that Ay & B for B(q) = f g only, since, as noted in the pre-
ceding paragraph, all the eta quotients in the group have identically vanishing
coefficients. Note that this holds by Theorem 7.1, but we give another proof to
illustrate an alternative method of showing inclusion. After making the dila-
tion ¢ — ¢° and then multiplying by g, one gets

n(62)* = D a,g®+, n(12z)? = ) b,g®.
n=0 n=0

Suppose a,, = 0, so that by Serre’s criterion (3.2), 6n + 1 has a prime factor
p = —1 (mod 3) with odd exponent. If n is odd, then clearly b,, = 0 since
B(g) = fg. Ifniseven, n = 2m, then 6n+1 = 12m+1has a prime factor p = —1
(mod 3) with odd exponent, and hence by Serre’s criterion (3.1), b,, = 0. Since
a; = —4 and b; = 0, the result follows. (|
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Before proving the next result related to our study of A(q) = f ‘1‘ in Theorem
5.5, we prove a necessary preliminary result, which is to completely character-
ize the vanishing behaviour of the coefficients of the series defined by

5 0
B(q) := % =: > bq". (5.6)
3 n=0

What makes the proof a little easier is that much of the necessary work was car-
ried out elsewhere in proving an entirely different vanishing coefficient result,
as will be described below. We again note that the result in Theorem 5.5 also
follows from Theorem 7.1, but here also we choose to illustrate an alternative
method of proof.

Lemma 5.4. Let B(q) and the sequence {b,,} be as defined at (5.6). Then b,, = 0
ifand only if 12n + 1 has a prime factor p = —1 (mod 3) with odd exponent.

Proof. After applying the dilation g — g'? and multiplying by g, one gets that

n(12z)° _ i b, g+ = 5@ +5(q)
n36z) =" 2 ’

(5.7)

where

S(q) = q—3iV3q7 —5¢13 = 3i\/3¢1 +5¢% — 6iV3¢3 +11¢37 +6iV/3g** —20¢*
— ¢ +9iV3¢%7 + 773 — 3iV3q7 + 151V3¢% +19¢%7 + -+ (5.8)

is the CM newform of weight 2 for I';(432) with (E) by K = Q[ —3] labelled

432.2.c.a in the LMFDB, and S(q) is its 1 — —t conjugate. Define the sequence
{Sn} by

S(@) = D saq"™. (5.9)
n=0

In[17, Theorem 8.2], it was shown thatif C(q) = f1*and D(q) = f3/f1, then
C) = D(p), and in the course of proving that, the following results where shown
about the sequence s, (the interested reader may find details of the computa-
tions in the aforementioned paper). Firstly, it was shown that s, = s; = 0, and
if p=5or11 (mod 12), thens, = 0. It was also shown thatif p = x2+3y2 =7
(mod 12) where x and y are positive integers, then up to sign,

2yV =3, if 3|y,
Sp =10 +x)vV-=3, if3]y+x,
(y —x)W-3, if3ly—x.

Likewise, if p = x? + 3y? = 1 (mod 12) for positive integers x and y, then it
was shown that, up to sign, S, = X + 3y. The recurrence formula

Spk = SpSpk-1 — X(P)PSpr-2
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gives that if p = 5 or 11 (mod 12), then [s,x| = p¥ and Spa+1 = 0. Likewise, if
p = lor7 (mod 12), then the formulae above give that s, # 0, and since the
recurrence relation gives that s,x = s’; #Z 0 (mod p), and thus s}’§ # 0 for any
positive integer k.

Hence, by multiplicity, $15,41 = 0 if and only if 12n + 1 has a prime factor
p =5or1l (mod 12) with odd exponent, and the result follows since by (5.7),
by = S12n41- U

Theorem 5.5. Let

00 5 00 (3]
A@ = fi=2 ad", B'(q):=Bg)= % =1 2, bug" = 2, bag™,
n=0 6 n=0 n=0
(5.10)

where B(q) and the sequence {b,,} are as defined at (5.6). Then

A(O) ;Ct B(O)- (5.11)

Proof. Suppose a,, = 0, so that by Serre’s criterion (3.2), 6n + 1 has a prime
factor p = —1 (mod 3) with odd exponent. If n is odd, it follows from the fact
that B'(q) = B(q?) that b}, = 0. If n is even, n = 2m say, then 6n +1 = 12m + 1

has a prime factor p = —1 (mod 3) with odd exponent. Hence, by Lemma
5.4, b, = 0,and then b}, = b; = 0. The result follows upon observing that
a; = —4, while b} = 0. O

Theorem 5.6. Let
AlQ = f{ =] a,q"
n=0

and let B(q) = Z:;o b,q" be any of the eta quotients in Entries 91, 97, 99 and
131 of Table 7. Then
A & By

Proof. By [19, Theorem 3.1, Eq. 3.1.8], Entries 91 and 93 of Table 7 have iden-
tically vanishing coefficients, as do entries 97, 99 and 101 by [19, Theorem 3.1,
Eq. 3.1.9]. Letting C(q) be a product in Entries 93 or 101, one can tell that
By = C(g). On the other hand, By Table 8, one finds that gC(g®) can be ex-
pressed as

> Y alm, g,
m=1n=1
So by Theorem 3.4 (2), one can conclude that Ay, & C) = B, where is
inequality can be verified by comparing the first few terms of the coefficients of
the eta quotients.
Moreover, by [19, Theorem 3.2, Eq. 3.1.19], if C(q) is any of the eta quotients
in Entry 101, and B(q) is the eta quotient given by Entry 131, then C(g) & B(g).
All told, Ay & Bo) for any product B(q) = ZZOZO b,q" in Entries 91, 97, 99
and 131 of Table 7.
O
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Theorem 5.7. Let

it

2 £9 £3
B(q) = C(q) = Jol ol

d —_ v27678
Pfofn I

be the eta quotients numbered 74 and 75 in Group II of Table 7, respectively. Then
Bg) = Coo)-

Proof. Write C(q) = Z:ozo ¢,q". Then one can verify that
oo o0
B(g) = Z Z Cion4jq' 2" =3 Z Z Cron+jq 2.
j=0,3,4,7,8,11 n=0 j=1,2,5,6,9,10 =0

Therefore, one can see that

o o
Z bion+;q 2" = Z Cron4jq2" for j=0,3,4,7,8,11,
n=0 n=0

and
Z b12n+jq12n+j =-3 Z ClZn+jq12n+j fOI'j =1,2,5,6,9,10,
n=0 n=0
and deduce that By = Cg). (|

Remark 5.8. The proof of Theorem 5.7 is inspired by Lemma 4.4.

5.2. Eta quotients with vanishing coefficient behaviour similar to f f.
Throughout this section, we let

AlQ) = f0=: ) anq",
n=0

and we recall Serre’s criterion ([29] or Equation (3.3) above) that a,, = 0 if and
only if 4n + 1 has a prime factor p = —1 (mod 4) with odd exponent. We first
contrast some results from [18] about various eta quotients in Table 9 with what
Theorem 7.1 gives us about these.

Let

B(q) = f2f2= Y. b,q", C(@) = f1fs=D,cnq", D(@) = fofs= D, duq",
n=0 n=0

n=0

(5.12)

E(@) =f?=) e, q"
n=0

In [18, Theorem 1.1], exact criteria for the vanishing of the b,, c,, d,, and e,
were developed, from which it immediately follows that

Ao =Bo, Ao ECo» Ao EDo» Ao & Eo): (5.13)

Theorem 7.1 gives the last three inclusions, but only the weaker result Ay C
B(p). Indeed this highlights a shortcoming of Theorem 7.1 in comparison with
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more detailed analyses. While Theorem 7.1 is a very general theorem, it pro-
vides no information about exactly when the coefficients in the series expan-
sions of the eta quotients it applies to vanish.

To further reinforce the utility of diverse methods refining conclusions from
Theorem 7.1, consider

o] [S0]
G@)=f3=2 84"  H@=fs=2, hg" (5.14)
n=0 n=0
Theorem 7.1 gives Aig) & G(o) and Ay & H(g), but once again the alternative
proof we give provides more insight than simply proving an inclusion of the
vanishing sets.
That Ay & G(o) holds may be seen from the fact that

o0 (o]
77(8Z)3 — Z gnq4n+1 — Z (-D)™(2m + 1)q(2m+1)2,
n=0 m=0
and thus that g,, = 0 if and only if 4n + 1 is not an odd square.
Likewise, Ay & H(g) holds since

o] (o]
n(24z) = D hyg*™l = Y (—1ymgemD,
n=0 m=—co
and thus h,, = 0 if and only if 4n + 1 is not an odd square that is not divisible
by 3.

There is one more eta quotient in Table 9, namely that numbered 65, B(q) :
f f f3- Rather than choosing the easy route of using Theorem 7.1 to show A,
By, we choose the more difficult route of determining an exact criterion for the
vanishing of the coefficients of B(q). This latter method may be necessary to
prove some of the finer structure exhibited in Table 9 and Figure 3.

However, determining the exact conditions under which the coefficients in
the series expansion vanish is not so easy in this case. We first need the fol-
lowing lemma. As elsewhere in the paper the results follow upon comparing
coefficients up to the Sturm bound.

HN I

Lemma 5.9. The following identity holds.
(2 - i\/E) (2 + i\/E) ]
N(42n(122) = ~——frussea+ 5 f12ca
=q—3¢° + 49" + 39" —13¢* + 3¢® +2¢*7 + 9¢* + 7¢*¥°
_ 9q53 _ 10q61 _ 12q65 + 16q73 + 18q85 _ 3q89 _ 8q97,

where f1445.c.q IS the CM form of weight 2 and level 144 labelled 144.2.c.a at the
LMFDB and 1444 IS the conjugate form. Moreover,

Fraszca = q — 3IV2¢° + 4g" + 3iV2¢17 — 132 + 3iV2¢% + 2¢%7 + 9iV2¢* + 7g*°
(5.15)


http://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/144/2/c/a/
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—9iV/2¢% — 10¢% — 121729 + 1697 + 18¢5° — 3iV/2¢% — 8¢%7 + ---
= g1 +igs + (1/2~ i(1/2)V2gs + (=1/2~ i(1/2)V 28,

where
g1= 2 (6m + 1+ 6ni)g O, (5.16)
m,n
gs = Y. (6m + 3 + (6n — 2)i)gOm+I+6n=27,
m,n

85 = 2(6’” + 1+ (61 — 2)i)g6m+D*+(6n=2)

m,n

86 = 2(61’}’! +1+(6n+ 2)i)q(6m+1)2+(6n+2)2.

m,n

Remark 5.10. Ifwewrite f1445cq0 =: Sq+ l\/ESb, so that S, and S}, have integer
coefficients and 144200 =: Sq — 1\/§Sb, thenn(4z)°n(12z) = S, + S,.
We are now in a position to prove the following theorem.

Theorem 5.11. Let -

B(q) 1= fifs=: D, buq" (5.17)
Then Ay & Bo).- "
Proof. Apply the dilation ¢ — g* in Equation (5.17) and multiply by q to get

n3(4z)n(12z) = Z b,g*"*!. (5.18)
n=0
Define the sequence {s;} by

o0
Sfra42.ca = Z 5q. (5.19)
=1

From the exponents of the theta series at (5.16) it can be easily deduced that
ift # 1or5 (mod 12), then s, = 0. In particular, if p is a prime such that
p=2or3orp=7orll (mod 12), then s, = 0. The recurrence relation for
Sf144..c.c at powers of a prime p may be stated as follows:

Spki1 = SpSpk — X(p) p Spr-1, where (5.20)

1, p=1,11 (mod 12)
x(p) = _
-1, p=5,7 (mod 12).

Hence if p = 7 or 11 (mod 12) is prime and k > 0 is an integer, |spzx | = p* and
sps1 = 0. Note also that so = 0 (3 divides the level of f144, 4, Namely, 144)
and hence s3 = 0 for all integers k > 1.

Next, if p =1 (mod 4) is a prime, then p = x2 + y? for unique positive inte-
gers x and y with x odd and y even. We consider the cases p =1 (mod 12) and
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p = 5 (mod 12) separately. If p = 1 (mod 12), then p occurs as an exponent
in exactly one of the series g; or g; and not as an exponent in either of the series
gs or ge. In either case(g; or g;) there are exactly two representations ((m, n)
and (m, —n) in the case of g;, (m,n) and (—m — 1, n) in the case of g3). If p is
represented by (6m + 1)? + (6n)? (so g;), then by the last equality at (5.15),

sp, = (6m+1+6n1)+(6m+1—6n) =2(6m+ 1),

so in this case 5, = +2x (the sign depending on whether x = 1 (mod 6) or 5
(mod 6)). By similar reasoning, if p = (6m + 3)? + (6n — 2)? (so g3), again by
the last equality at (5.15),

Sp = l((6m +3+(6n—2n)+ (6(—-m—1)+ 3+ (6n - 2)1)) = —2(6n —2),

so in this case s, = £2y.

Finally, if p = 5 (mod 12), p occurs in the exponent of only the series g5 and
g6, and exactly once in each case. In this case, once again using the last equality
at (5.15),

sp = (1 - i) \/§<6m +1+(6n —2)i> + (—1 - 1) \/5<6m+ 1+ (—6n+ 2)i)

>3 2 2
= _i\/E((6m +1)—(6n — 2)>,

so that in this case s, = ii\/i(x + V).

The reason for working out these explicit formulae for s, is to show that for
any prime p = 1or 5 (mod 12) that s, # 0 (mod p). The recurrence relation
(5.20) then implies s, = (sp)k # 0 (mod p), and thus s, # 0 for any posi-
tive integer k. Upon noting that the primes = 7,11 (mod 12) are precisely the
primes = 3 (mod 4), and using the multiplicativity of the s;, we see that, for
any non-negative integer n,

San+1 = 0 < 3l4n+1orord,(4n+1) is odd for some prime p =3 (mod 4).

By the remark following Lemma 5.9, either s,,,; = b, O S4,41 = l\/ibn, and
hence

b, =0 < 3|4n + 1 or ord,(4n + 1) is odd for some prime p =3 (mod 4).

The strict inclusion Ay & B(g) now follows since b, = 0 if ord;(4n + 1) is non-
zero and even and ord,(4n + 1) is even for all primes p = 3 (mod 4), while
a,, # 0 under the same conditions. O

Theorem 5.12. Let

B(q)=D,buq", C(@ =, c,q". D@ =), dyq", (5.21)
n=0 n=0 n=0
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where B(q) is any of the eta quotients in Group XXV, C(q) is any of the eta quo-
tients in Group XXVIII, and D(q) is any of the eta quotients in Group XXIX of
Table 9. Then

Aw) & Bo) & Do), (5.22)
Aw) & Co) & Do-

Moreover, if B(q) and B'(q) are any two eta quotients in Group XXV, C(q) and
C'(q) are any two eta quotients in Group XXVIII and D(q) and D'(q) are any two
eta quotients in Group XXIX, then

By =B Co=C D) = Dy

!/
oy 0y
Proof. The proof uses Lemma 5.1 and is virtually identical to the proof of The-
orem 5.3. Hence details are omitted. We note that the eta quotients in Group
XXV and group XXIX of Table 9 are derived from the eta quotients in Groups I
and II in Table 4 as a result of a ¢ — g dilation, and likewise the eta quotients
in Group XXVIII and group XXIX of Table 9 are derived from the eta quotients
in Groups I and II in Table 5 as a result of a ¢ — g2 dilation.

The inclusion Ay G B for B(q) = f3 and A, & C(g) for C(q) = f; were
shown above, where these eta quotients were labelled E(q) and G(q)). O

/
oy (5.23)

The results in the next theorem also follow from Theorem 7.1, but once again
we give an alternative proof to illustrate a different method that utilizes other
structure.

Theorem 5.13. Let

ffn & LA 2
B(q) = = Y b,q",  C(q) = =Ygt (524)
D= =2 D= = e
Then

A & By Aoy & Co)- (5.25)

Proof. Apply the dilation g — g* in the eta quotients at (5.24) and multiply by
q to get

n(82)'n(48z)  _ i p g, 1U2MA6D) Q42 i ¢ gt
n(4z)n(16z)n(24z) =" ’ n(8z)n(12z)n(48z) =™ '
Define

E1(2)=§ Z(%) q", Ez(2)=§ Z(%)(%) q".

n=1\d|n n=1\d|n
Then one can check that
n(8z)'n(48z)
n(4z)*n(162)*n(24z)
L B @)+ 1B,22) - 2E,(182) + 2E,(92) + SEy(2) + S Ey(22) + S5(122)?
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n(4z)n(16z)°n(24z)*
n(82)n(122)n(48z)

1 1 9 9 3 3 3 ,
ZEI(Z) - ZEl(ZZ) + ZE1(182) - ZE1(9Z) - ZEz(Z) - ZEz(ZZ) + 577(122) ,
1 4
b=-3 % (F)+

—4) 3 ( -3 )(12) 3
—)+3 2 (7 )F)+ dane.
d|(4n+1) <d 8d|(4n+1) n/dJ\d 4

w1, 2, @)1, 2,505, 2, (7) (7)o

d|(4n+1) d|(4n+1)/9 d|(4n+1)

and thus

| \©

d|(4n+1)/9

where

D, dug" = n(122)%.

n=1
Note that for m = 1_[1751 (mod 4) per qu3 (mod 4) q's,
Z <—4> _ EHPEI (mod 4)(ep +1) if f, are all even,

d 0 if at least one of f g is odd,

dim
and for n = mq**! with ¢ = 3 (mod 4) and gcd(m, q) = 1,

27 (7)= 2 2 (i )

i=0 dlm

-2 2 () E)E)

i=0 dlm

3 3 (wa) () (5) )

i=0 dlm

() B ) 2 G

Recall that a,, = 0 if and only if 4n + 1 has a prime factor ¢ = 3 (mod 4) with
odd exponent, and by [18, Theorem 1.1, part (14)],d,, = O ifand only if n £ 1
(mod 12), or n = 1 (mod 12) and »n has a prime factor p Z 1 (mod 12) with
odd exponent. So clearly, a,, = 0 implies thatd,, = 0.

These altogether indicate that a, = 0 = b,, =0, ¢,, = 0. Finally, one can
check that ag; = 110 and bg; = 0, ag = 11 and ¢4 = 0, and the claimed results
follow. O

Remark 5.14. There are other ways to prove the inclusion results above.
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(1) The eta quotients B(q) and C(q) are those numbered 46 and 49 in Table
9, and hence the inclusion results for B(q) and C(q) proved in Theorem
5.13 also hold for their ¢ — —q partners, the eta quotients numbered 45
and 50 in Table 9.

(2) Theorem 5.13 can also be proved by Lemma 3.5 and has been covered by

Theorem 7.1.
Theorem 5.15. Let B(q) and C(q) be defined by
£33 fif3
and ——,
fif é fafs

respectively, the eta quotients numbered 52 and 61 in Table 6. Then By = C(g).

Proof. Setting g = e?Z, it is easy to verify that both gB(g*) and qC(g*) are
holomorphic modular forms, so are their 12-dissections

(0] o
12n+j 12n+j
Z bionsjq """/ and Z Cronsjq "

n=0 n=0

for j =1, 5, 9. Using Sturm’s theorem, one can verify that

(o] (o]
12n+1 _—_ 12n+1
2 biant19 = Z C12n+19 )
=0

n=0
o0 1 (o8]

12n+5 12n+5
Z bian+sq =73 Z C12n+54 )
n=0 n=0
(] (o0

12n+9 _ 12n+9
Z bian+oq = Z C12n+99 .
n=0 n=0

The assertion follows.
O

Remark 5.16. As in Theorem 5.7, the proof of Theorem 5.15 is motivated by
Lemma 4.4.

We end this subsection with the next two theorems that will be necessary for
a full justification for Theorem 7.1.

Theorem 5.17. Let
Alg) = f? = Z a.q",
n=0

and let B(q) be any of the eta quotients in Entries 25, 33, 67, 129 and 145. Then
Aw) € Bo)-
Proof. Define

o)

e} (e
hy(q;j, k) = Z q(24m+j)2+(24n+k)2, hy(q; j, k) = Z Z q(24m+j)2+4(24n+k)2’

m,n=0 m=0n=—o0
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gl(q;j,k) — Z q(20m+j)2+(20n+k)2, gz(q;j,k) _ Z Z q(20m+j)2+4(20n+k)2‘
m,n=0 m=0n=—oo

Then since B is a holomorphic modular form in 7, with g = e**%, gB(q*) is a
linear combination of h;(q; j, k) fori € {1,2} and 0 < j,k < 23 and g;(q;, j, k)
fori{l,2}and 0 < j,k < 19. Any integer 4n+ 1 having a prime factor congruent
to 3 modulo 4 with odd exponent cannot be represented by either of (24m+j)*+
(24n + k)2, (24m + j)? + 4(24n + k)?, (20m + j)* + (20n + k)? or (20m + j)* +
4(20n + k)?, and this implies that b, = 0. O

Theorem 5.18. Let
o0
A(Q) = f$ =D anq",
n=0

and let B(q) be any of the eta quotients in Entries 41, 43, 107 and 139. Then
Aw) € Bo)-

Proof. Let C(q) be any of the eta quotients in Entries 19, 45, 109 and 143. By
Lemma 3.7, one can tell that C(q) can be expressed as either

Z Z “(m’n)q%(mZMZ)’ Z Z a(m, n)g*m+n,

m=—oo n=—oo m=—o0 n=—o0

or

(o] o
Z Z a(m, n)q16m2+n2
m=—oo n=—0o0
and deduce that A5y C C(g. On the other hand, by [19, Theorem 3.3, Eq. 3.2.5],
Entries 19 and 41 of Table 9 have identically vanishing coefficients, as do entries
43 and 45 by [19, Theorem 3.3, Eq. 3.2.24], entries 107 and 109 by [19, Theorem
3.3, Eq. 3.2.2], and entries 139 and 143 by [19, Theorem 3.3, Eq. 3.2.17]. There-
fore, correspondingly, By) = C(g), and this together with the inference above
yields the desire inclusions.
O

5.3. Eta quotients with vanishing coefficient behaviour similar to f ’1‘.
Before considering some examples of eta quotients with vanishing coefficient
behaviour similar to f f, we consider a connection with eta quotients with van-

ishing coefficient behaviour similar to f ‘1‘. We first prove the following key re-
sult. Once again this result is a special case of Theorem 7.1, but we prefer to
illustrate another method of proof.

Theorem 5.19. Let

AlQ=f3=: > a,q", B@)=fi=:D byg" B(q) :=B(@)=: Y, bq"
n=0 n=0 n—€5.26)
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Then

Aw) & By (5.27)

Throughout the remainder of this section, A(q) and the sequence {a,} will
be as defined at (5.26).

Proof. Suppose a,=0. From Serre’s criterion (3.4), 3n + 1 has a prime factor
p = —1 (mod 3) with odd exponent. If n is odd, then b}, = 0. Now suppose n is
even, n = 2m, so that b}, = b;m = b,,. Since a,, = a,,, = 0,3n+1 =6m+1has
a prime factor p = —1 (mod 3) with odd exponent. By Serre’s criterion (3.2),
b, =b} =b, =0.Sincea; = —8and b =0, then A & Béo)' O

If C(q) and D(q) are any eta quotients in Table 7 or, alternatively, in any of
the groups in Figure 2, such that any of the following hold:

Bo)=Co» Bwo) £Cw» B &Co)=Doyp Bo)&Co EPoy»  (528)

then Lemma 5.1 gives that similar relations hold for the eta quotients derived
from these by a ¢ — g dilation, namely,

B'(g) :=B(g®), C'(@:=C(g*), D'(g :=D(), (5.29)
or more precisely, that

!

! _ ’ !
Ao & By = Cyy; Ao & Bl & Cloy: (5.30)
! N ’ ’ ’
A0 & By & Co) = Doy A & By & Coy) & Doy

The last statement is the reason we term the statement in Theorem 5.19 a “key”
result.
Some comments are in order.

(1) Most of the equality/inclusion results for sets of vanishing coefficients
suggested by experimentation and displayed in Table 7 and in Figure 2
are as yet unproven. However, experimentation strongly suggests they
are true, which in particular would mean that the entire graph in Figure
2 corresponds to a subgraph in Figure 4.

(2) The reason that many of the eta quotients corresponding to g — g2
dilation of eta quotients in Table 7 do not appear in Table 11 is that
the ¢ — g2 dilation puts them outside the search range we used. For
a similar reason, some entire groups of eta quotients corresponding to
the ¢ — g2 dilation of groups of eta quotients in Figure 2 are missing in
Figure 4.

(3) We do not ignore completely eta quotients C’(q) = C(q?) that are de-
rived from an eta quotient C(q) in Table 7. While we may not have
been able to prove By = C(g) or Bgy & C(0), it may be possible to prove

Ao & céo), with A(q) and B(q) as in Theorem 5.19.

The groups of eta quotients in Table 11 that are ¢ — g? dilations of groups
of eta quotients in Table 7 are listed in the following table.
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Table 6: Groups of eta quotients in Table 11 that arise as g — g

dilations of groups of eta quotients in Table 7

f1 Group f% Group || f1 Group f* Group
| v 111 \%
v VI \'% VII
VII XI VIII XII
IX XIII XI XIX
XVI XXI XVII XXII
XVIII XXIII XIX XXV

Corollary 5.20. Let B(q) and C(q) be any two eta quotients in Group XXII, and
D(q) and E(q) be any two eta quotients in Group XXV of Table 11. Then

A0 B0 Do  Bo=Co> Do =Eo- (5.31)

Proof. This follows from the remarks above, the facts that groups XXII and
XXV in Table 11 are, respectively, the g — g dilations of groups XVII and XIX
in Table 7, and Theorem 5.3. O

The next results are for the remaining eta products in Table 11. Let

B(q) = f2f2=: D byq", C@) = fafs=: D, cnq" D(Q) = f1f;=: ), duq"
n=0 n=0 n=0

(5.32)

In [18, Theorem 1.1], exact criteria were also given for the vanishing of the b,,,
¢, and d,, and from these one immediately gets

A =B, Ao & Cop A« & D). (5.33)

Once again, Theorem 7.1 gives the last two inclusions, but just the weaker result
Ao € By

The next results are a consequence of the theta series expansions at (3.10)
and (3.22).

Theorem 5.21. Let A(q) and the sequence {a,} be as defined at (5.26) above, let
C(q) and D(q) be any two of the eta quotients in Group XXIV and let E(q) be any
of the eta quotients in Group XXV of Table 11. Then

Ao & Co) & Ew) C() = D(o)- (5.34)

Proof. This will be shown for E(q) = f only, as all the eta quotients in Group
XXV have coefficients that vanish identically, by Lemma 5.1 and the fact that
group XXV is the g — g* dilation of group II in Table 4. We will also prove
the results for C(gq) and D(q) being the eta quotients defined in (5.35), since the
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other two eta quotients in Group XXIV of Table 11 are the ¢ — —q partners of
these two. Define the sequences {c,}, {d,} and {e,} by

2 s >
f2f3f12 . chqn’ D(q):%: Zdnq, E(q) _f8_ Zenq
1

CO=FEn T A Z
(S 35)

As with other proofs in this section, next apply a ¢ — ¢ dilation and multiply
by q to get

n(6221092M(362) = apey o (AN2 2
n(3z)n(12z)n(18z) Zg SU Z’l (g) q (5.36)

e .
oy = 2= 2 (2(f5) - (5) na

n=0 n=1

n(24z) = Zenq3"+1 Z(lnz)q”z-

n=1

For each of the resulting modular forms, the second series expansion comes
from (3.10), (3.22) and (3.11), respectively.
Serre’s criterion (3.4) gives that a,,=0 if and only if 3n + 1 has a prime factor
= —1 (mod 3) with odd exponent. If a, = 0, then 3n + 1 is thus not a square,
and (5.36) implies ¢, = d,, = e, = 0. The remainder of the statements in the
theorem also follow from the theta expansions in (5.36). O

The next results require the 2-dissections of some of the eta quotients listed
in Lemma 3.6. Although the method and what it provides regarding vanishing
coefficients is entirely elementary, we include it for the sake of completeness.

Lemma 5.22. The following 2-dissections hold.
R
R s

fi_ S5yt

(5.37)

T 22
fa f JSe f 8
Proof. Both of these follow from separating the corresponding series expan-
sion at (3.9) and (3.15), respectively, into sums over odd and even n, and then

using the Jacobi triple product identity (4.10) to convert the resulting sums back
into infinite products. O

Note that the second identity follows from the first by replacing g with —q.
From the point of view of vanishing coefficients, suppose we take the first equa-
tion, for example, and multiply across by any even eta quotient G(g?) to get

B(q) = C(q) + gD(q), (5.38)
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where
B(q) := G(g?) E , C(g) :=G(g?) s , D(q) :=ZG(q2)f—%6, (5.39)
fifs 16 fs

(note that C(g) and D(q) are actually functions of g2) then if D(q) is not identi-
cally zero, one has that

B & Co)- (5.40)
This observation allows us to prove several inclusion results in Table 11/Figure
4,

Theorem 5.23. Let B(q) be either the first or second eta quotient in any of the
following quadruples, and let C(q) be either the third or the fourth:

(fé’fi firy fifs 1 ) ( fifs fify £ fifé)
F2fs Fafs” £ f2 0 U\ PR faf 2 F2fr 1)
( 3fi  F2fis fafs fiff6> (fifs fifs  f§ f2>
Ff2fsfs Fofsfs’ f2fn i) \f2r2 2 f252074)
(fi fir; 3 i ) (5.41)

2’ * 22 0 15 25
1 f2 16 faf%

Then
By & Coy- (5.42)

Proof. In each case we prove the result only for B(q) equal to the first eta quo-
tient in each quadruple and C(q) the third eta quotient. The second quotient
is the g — —q partner of the first, and the fourth is the g* — —q* partner of
the third for the first four quadruples. The fourth quotient is also the g8 — —q8
partner in the case of the fifth quadruple. In the case of each pair, we just list
the function G(g?) so that the pair (B(g), C(q)) at (5.38) and (5.39) are the same
as the pair (B(q), C(q)) from (5.41). These values for G(q) are, respectively,

f_j f_g f%6 f f2

fs ffs’ fsfis s 4
That the resulting D(q) in each case is not identically zero follows from the fact
that the resulting B(q) is clearly not an even function. O

We note also that if B(q) and D(q) are as at (5.38) and (5.39) and E(q) :=
gD(q), then B(g) & E(j). However, none of these functions E(q) fall within our
search parameters. As an example, the E(q) corresponding to the first example
at (5.41)is E(q) = 2qf 1,/ fs, so that with B(q) = f;f2/(f?fs), we conclude
By & Eq)-

Remark 5.24. The quadruples of eta quotients listed at (5.41) are those num-
bered, respectively, (104,103,132,131), (121,122,131,132), (129,130,141, 142),
(138,137, 143, 144) and (150, 149, 152, 151) in Table 11.
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There are a number of other 2-dissection identities that lead to other inclu-
sion results similar to those in Theorem 5.23. We collect those together in the

next lemma.

Lemma 5.25. The following 2-dissections hold:

i f_i_3 £33
fs Ji2 qf4f6’
fy fof3 fifef3,
ST ee 13 7
f1 f2f12 f2
B_AEE
fl - §f12 qf4 ’
f1 foiffz fgffz
rie 7 959
f3 f6 f4f6
_f2f§ 41‘2_ fif6f§4
Ns=5rn 97 e
1 fsfh . fafa
Ffs P2fafify, CfAf2ff
1S 4ﬁﬁ
A Eab >
10 2f4
4 _ 4 —4 2 8‘
h=pp—4p

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

Proof. Identity (5.43) is Equation (1.35) in [15], and (5.44) is derived from
(5.43) upon the replacement g — —gq. Identities (5.45) and (5.46) are stated
in Lemma 2.1 of [16]; identity (5.48) is stated in Lemma 2.4 of [16]; and (5.47)
is derived from the latter identity after replacing q with —q. Finally, (5.49) is
stated in Lemma 2.3 of [16], and (5.50) follows from (5.49), once again, upon

replacing g with —q.

O

We now use some of these dissection results to derive inclusion results for
vanishing coefficients similar to those stated in Theorem 5.23.

Theorem 5.26. Let B(q) be either the first or second eta quotient in any of the
following quadruples, and let C(q) be either the third or the fourth:

( s fifife fife  fa ) (f;fsflz fife fife fifa fz)

£3fe f2fsf2 213 f2f3

Brife’ f2fs f2fn f2f2

fif; hfife fife fa

(f_§ fifafe £ife 15
IV B8 2 e 212

)

b e 122 12
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( 53fe fifafsfn ffsf f4fZ> (f;‘f4f§ Nfafsfs fifsfts fifé)
fifsf2 fafe 2212 oS ) \Nfsfet fe T f212  f2 )
( A e i
FH2 12 A A s

). (5.51)

Then
B(O) ;Ct C(O)' (5.52)

Proof. As with the previous theorem, we prove the result just for B(q) taken
to be the first eta quotient in each quadruple, and C(q) the third eta quotient,
as the second is the g — —q partner of the first, and the fourth is the g> - —g?
partner of the third.

In the case of each pair, we just list the function G(g?) and a 2-dissection
from Lemma 5.25, so that after multiplying the indicated 2-dissection by G(g?),
the resulting eta quotient on the left is equal to B(q), and the first eta quotient
resulting on the right is the same as C(q). The pairs (G(g?), 2-dissection) are,
respectively,

7 7 3
(%, (5.44)) , (%, (5.44)) ,(1,(5.45)), (]%’ (5.45)) ,

452 4r 2 10
(f;{s , (5.48)> , ( 2faf , (5_43)) , (f_22 (5.49)) . (5.53)

2 fi 2

O

Remark 5.27. The quadruples of eta quotients in Theorem 5.26 are, respectively,
(7,8,75,76), (9,10, 73,74), (15,16,73,74), (17,18,75,76), (19,20,72,71),
(21,22,74,73) and (26, 25, 84,83) in Table 11.

The next theorem takes care of some exceptional cases that Lemma 3.7 does
not cover, and will be necessary for the proof of Theorem 7.1.

Theorem 5.28. Let
(o]
AlQ = f3=3 anq",
n=0

and let B(q) be any of the eta quotients in Entries 15 and 127. Then

A € Bo)-
Proof. Define
o0 (o] o0
g1(q;j, k) = Z q(24m+j)2+3(24n+k)2’ 2,(q; j, k) = Z Z q(24m+j)2+12(24n+k)2,
m,n=0 m=0n=—oc0

o0 o0 (o]
g:(q; j, k) = 2 q(84m+j)2+3(84n+k)2’ 2.(q: j. k) = Z Z q(84m+j)2+12(84n+k)2.

m,n=0 m=0n=—oc0
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Then gB(q?) is a linear combination of g;(q; j,k) fori = 1,2and 0 < j, k < 23,
and g;(q;, j, k) fori = 3,4and 0 < j, k < 83. Recall by Item (4) of Theorem 3.4
that a,, = 0 if and only if 3n + 1 has a prime factor congruent to 2 modulo 3.
Clearly, such an integer 3n + 1 cannot written as (84m + j)? + 3(84n + k)? or
(84m + j)? + 12(84n + k)?, and therefore, b, = 0.

]

5.4. Eta quotients with vanishing coefficient behaviour similar to f }0.
Similar to the practice adopted in previous sections, throughout the present
section A(q) will be defined by

AQ) = fl%=: > a,q" (5.54)
n=0

Since r = 2 is the only non-trivial proper divisor of 10 for which f7 is lacunary,
the only eta quotients B(q) in Table 13 that are derived through dilation of eta
products in other tables in the paper arise through the dilation g — ¢° applied
to the eta quotients in Table 4. We have the following theorem.

Theorem 5.29. Let B(q) and C(q) be any two eta quotients in Group XXIV, and
D(q) and E(q) be any two eta quotients in Group XXV of Table 13. Then

Aw) & Bo) & Do) B(o) = C(o), D) = Ep)- (5.55)

Proof. Will just prove that A,y G B for B(q) = fz = B'(¢°) = Z:;o b,.q"
where B'(q) = f1 = Z:;o b;,q", since the other statements will then follow
from Lemma 5.1 and the facts that groups XXIV and XXV in Table 13 are, re-
spectively, the g — g° dilations of groups I and II in Table 4.

Apply the dilation g — g'? to both A(g) and B(q) and then multiply by g° to

7,)(122)10 — Z anq12n+5’ 77(602)2 — Z bnq12n+5’ (556)
n=0

n=0

and suppose a,, = 0, so that by Serre’s criterion (3.5), 12n + 5 has a prime factor
p = —1 (mod 4) with odd exponent. If 5 } n, then clearly b,, = 0, so suppose
5|n, or n = 5m for some integer m. So 12n + 5 = 5(12m + 1) has a prime factor
p = —1 (mod 4), and thus that 12m+1 has a prime factor p = —1 (mod 4). By
Serre’s criterion (3.1), then b}, = 0, so that b, = bs,,, = b}, = 0. Since a; = —10
and b; = 0, then Ay & B follows. O

Theorem 7.1 could have been used to prove the A & B step, but again
we prefer to give an alternative proof.

As was the case with the eta quotients in Table 11, there are pairs of eta quo-
tients in Table 13 such that one of the pair is the even part of the other, so that
some of the 2-dissections at (5.37) and (5.43) - (5.50) may be used to derive re-
sults similar to those in Theorems 5.23 and 5.26.
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Theorem 5.30. Let B(q) be either the first or second eta quotient in any of the
quadruples of eta quotients, with let C(q) be either the third or fourth eta quotient
in the same quadruple:

(f§ iify 17 f§fs) (f;"fsfu [ifafe fafife fify, )
FET PR EO ) A b Fifafe” Jafs” fu 7 faf2fsf?,
(f§f§’ e F2120% fif ) ( FofS fifsfafy Fefafs, fafafis )
Fifa’ £313 T 7 fafifefa ) \fifafs, Fafs,  fafafl FiFRfS,
(f§f3f2 fifie fi g f) ( 2 A 133, fgfgfg)
B Ll 12 P\ fsfE Fafeft  FAF2F2f2, Fafn
(f2f3f12 f1f4f6 f—iff) (f;fé fifafis fzféffz f4f§f8)
fif2 R R\ A fe U 221 fafi
( Alsfh Ll il 1ifefs
Fafafefa Fifafefs fafefafs fafi

) . (5.57)

Then
B(O) C(O) (5.58)

Proof. Aswith proofs in the previous section, we prove the result just for B(q)
being the first eta quotient in each quadruple, and C(q) being the third eta quo-
tient, as the second is the g — —q partner of the first, and the fourth is the
q*> — —q? partner of the third.

As in the proof of Theorem 5.26, we confine the proof, to simply listing, in
the case of each pair B(g) and C(q), the function G(g?) and a 2-dissection from
Lemma 5.25, so that after multiplying the indicated 2-dissection by G(q?), the
resulting eta quotient on the left is equal to B(q), and the first eta quotient re-
sulting on the right is the same as C(g). The pairs (G(g?), 2-dissection) are,
respectively,

f ) (f%oflz ) (f;’ )
,(5.49 5.44 ,(5.45) ),
( ) T (5.44) (5.45)

f4 4J 6 f4
f2f6 ) <f§ ) (f4f6 )
,(5.48) ,(5.44) (5.48)
( f12 fifg f2f3
f2f12 fgfg ) ( f8f12 )
5.45) ,(5.48 5.50 5.59)
(B ) (S o). (7 es0).

0

Remark 5.31. The quadruples of eta quotients listed at (5.57) are those num-
bered, respectively,

(3,4,89,86), (5,6, 88,87), (21, 22, 88, 87), (44, 43, 84, 83), (72, 71, 100, 99),



FURTHER RESULTS ON VANISHING COEFFICIENTS 1355

(52,51,91,92),(70, 69,100, 99), (62, 61,97, 98), (50,49,91,92). (5.60)
in Table 13.

We next consider an different method than those employed previously, where
we showed either that By, = C () or that By & C g for two eta quotients B(q)
and C(q). The idea is to look for eta quotients in Table 13 which may be ex-
pressed as a product of two eta quotients with single-sum theta series expan-
sions, as in Lemma 3.6. This means that any such eta quotient in Table 13 as
a double-sum theta series. We may then employ properties of the theta series.
The list of such eta quotients is displayed in Table 14. The numbers and Roman
numerals are those assigned to the eta quotients in Table 13.

We briefly explain the purpose of developing the double theta series expan-
sions in Table 14. These explanations also apply to the other similar tables re-
lated to f7, r = 4,6,8,14 and 26, and f3 f3. By Serre’s criterion, a, = 0 if and
only 12n + 5 has a prime factor p = —1 (mod 4) with odd exponent. Now
consider another eta quotient B(q) = Z:o:o b,q" in Table 13. Suppose that the
corresponding modular form g°B(g'?) appears in Table 14 and the correspond-
ing double theta series has one of the quadratic forms m? +4n2, 1/2(m? + 9n?),
5/2(m? + n?). Then by Lemma 3.1, if a, = 0 one also has that b,, = 0, implying
that Ay C Bg). See Lemma 3.7 for more details.

Remark 5.32. In the case of all the eta quotients from Group I'in Table 14, ideally,
to get Ay = B(g), one would like to show that if 12t + 5 does not have a prime
factor p = 3 (mod 4) with odd exponent, then b; # 0. However attempting to use
the theta series representations to show this is likely not so straightforward, so we
do not consider that here.

We end this subsection with the following three theorems accounting for the
exceptional cases not covered by the item (4) of Lemma 3.7.

Theorem 5.33. Let A(q) = f1° =: Y a,q" andlet B(q) =: Y b,q" be
the eta quotients in Entry 71 of Table 13. Then

A & B(o)-

Proof. By Item (4) of Lemma 3.7, one can see that A, & C) where C(q) is
the product in Entry 70 of Table 13. On the other hand, by [19, Theorem 3.7,
Eq. 3.4.8] one finds that C (o) = B(g). These yield the desired inclusion. O

Theorem 5.34. Let A(q) = f1° =: Y, a,q" and let B(q) =: Y, " b,q" be
the eta quotients in Entry 81 of Table 13. Then
A & By
Proof. Define
a(q: j k) = i q§(9(24m+ JP+72E))

m,n=0
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Then viewed as holomorphic modular form for g = e?*%,

qSB(_qIZ) — i b;lq12n+5

n=0

is a linear combination of g(—q; j,k) for0 < j < 23and 0 < k < 71. Itis
clear that any 12n + 5 having a prime factor congruent to 3 modulo 4 with odd
exponent cannot be written as 9(24m + j)? + (72n + k)?, and this implies that
b, = 0. Clearly, the coefficients of g°B(—q'?) vanish identically with that of
q°B(q*?). Therefore, b,, = 0, and the desired inclusion follows. O

Theorem 5.35. Let A(q) = f1° =: Y a,q" andlet B(q) =: Y _ b,q" be
any of the eta quotients in Entries 93, 95 and 101 of Table 13. Then

A & B(o)-

Proof. As the treatments are similar, we illustrate these with the case of Entry
95. By Table 14, one finds that

(]

¢°B(g'?) = % Z i (=)™ (%) qlzm2+5n2 - i byq'2N*s,

Mm=—00 N=—00 N=0

One can assume 7 to be odd, and by the quadratic reciprocity law, one has that

for .
(2)-cor% 3.

Let 12N + 5 be a positive integer having a prime factor p = 3 (mod 4) with
n—1

odd exponent e, so that (—1)"(-1) 2 (g) is counted into by. Suppose that

12N + 5 is representable by 12X2 + 5Y2,say, 12N +5= N (p (Zm + 2\/ —15)),

where p is the prime ideal over 3. So by the ideal theory of Z[y —15] and the
assumptions, one can decompose p(2m + 2\/ —15) as

p (Zm + %\/—_15) = (m1 + nl\/—_ls) <m2 + %\/—_15) y

min, + 3m,n
- (<m1m2 — Smyny) + %\/—_15) p,

where exactly one of the ideal factors has norm of p. By assumption, one
must have that N ((m2 + %\/—_15) p) = 3 (mod 4), so m, = 1 (mod 2) and
n, =0 (mod 2). Also, since m;m, —5n,n, =0 (mod 2) and myn,+3myn; =1
(mod 2), one deduces that m,n; =1 (mod 2). One can see each solution

(s + 0V=15) (s + V=15

gives rise to exactly one other solution
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(s +m\=15) (o = 215 p =

myn, + 3myn; — 6myn
((mlmZ +5nyny) — —— ; - 22y —15> p,
so that
mymy+5nyny myny+3myny—6myny —1 m1n2 + 3m2n1 — 6m2n1
O I L )
mymy—5nyny minp+3mm -1 (m-n, + 3m-n
=—(=1)" 2 (=1 2 (M)
3
1 n

— —(—1\Y"(— —

=—(-D"(-D> (3)
isalso counted by by, where the minus sign follows from the facts that myn; =1
(mod 2) and n;n, = 0 (mod 2). Hence, by, = 0. O

5.5. Eta quotients with vanishing coefficient behaviour similar to f }4.
Throughout section 5.5 we follow the practice of previous sections, and define

A(q) by
AlQ) = fl*=: ) a,q (5.61)
n=0

As in the case of f }0, the only eta quotients B(q) in Table 15 that are derived
through dilation of eta products in other tables in the paper arise through the
dilation g — q” applied to the eta quotients in Table 4. From this we derive the
next theorem.

Theorem 5.36. Let B(q) and C(q) be any two eta quotients in Group X1V, and
D(q) and E(q) be any two eta quotients in Group XV of Table 15. Then

Ao & Bo) & Doy B(o) = C(o), D) = Ep)- (5.62)

Proof. The proof is essentially the same as the proof of Theorem 5.29. Will
just prove that A, G B for B(q) = f2 = B'(q") = Z:;O b,q" where B'(q) =
f f = Z:;O bl.q". As in the proof of Theorem 5.29, the other statements will
then follow from Lemma 5.1 and the facts that groups XIV and XV in Table 15
are, respectively, the ¢ — ¢’ dilations of groups I and II in Table 4.

Apply the dilation g — g'? to both A(g) and B(q) and then multiply by g’ to

(o] o0
77(12Z)14 — Z anq12n+7, 77(84Z)2 — Z bnq12n+7a (563)
n=0 n=0
and suppose a,, = 0, so that by Serre’s criterion (3.6), 12n + 7 has a prime factor
= —1 (mod 3) with odd exponent. If 7 } n, then clearly b,, = 0, so suppose
7|n, or n = 7m for some integer m. So 12n + 7 = 7(12m + 1) has a prime factor
= —1 (mod 3), and thus that 12m + 1 has a prime factor p = —1 (mod 3). By
Serre’s criterion (3.1), then b}, = 0, so that b, = b;,,, = b, = 0. Since a; = —14
and b; = 0, then Ay & B follows. O
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As was the case f* and f1°, there are pairs of eta quotients in Table 15 such
that one of the pair is the even part of the other, so that some of the 2-dissections
from (5.37) and (5.43)-(5.50) may be used to derive strict inclusion results for
the index sets of vanishing coefficients.

Theorem 5.37. Let B(q) be either the first or second eta quotient in any of the
quadruples of eta quotients, with C(q) either the third or fourth eta quotient in
the same quadruple:

(f%lfé firy 1 ey ) (f§f4f§’fz4 Fifsf2fo fsf3
£ Fafa’ 22 2 P\ fifafsf?, Fafsfin  fefa
( fgfifm flfifgfm fif6f24 f%folZ)
fifefsfia’ f;fgfgffz’ f%fgffz’ fafs |’

( F1fsfaa Fififefa fifefo fgfgfu)
fff4f§f8’f§f3f8f12,f§f8ffz’ fafs ’

(flfi LTS 9 b9 AR ) A fiff,fsffz)

Fafafsfs, fifafsfa fifefsfa  fafau )’
( Ll A6 fifn fefsfh
F2fsfifslay FifafSfsfy, fafefsfs, —Jafu

,fsfs),

) . (5.64)

Then
B(O) ;Ct C(O)- (5.65)

Proof. Once again, we prove the result just for B(q) being the first eta quotient
in each quadruple and C(q) being the third eta quotient, as the second is the
q — —q partner of the first, and the fourth is the g*> — —q? partner of the third.

As with the similar proof of previous theorems, we confine the proof to sim-
ply listing, in the case of each pair B(q) and C(q), the function G(g?) and a 2-
dissection from Lemma 5.25, so that after multiplying the indicated 2-dissection
by G(g?), the resulting eta quotient on the left is equal to B(g), and the first
eta quotient resulting on the right is the same as C(q). The pairs (G(g?), 2-
dissection) are, respectively,

FIf2 ) <f§f4f§’fz4 ) ( ifas )
,(549)),| ————,(5.48) ], ,(5.45)]),
( (549 ) | L 4) (5.45)

: 7 Fofsln
7 304 06 30279
( fziz“ ,(5.44)) , (% (5.46)) , (% (5.43)) . (5.66)
f4f6f8 f2f8f24 f2f3f6f8f24
O

Remark 5.38. The quadruples of eta quotients listed at (5.64) are those num-
bered, respectively,
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(3,4,68,67),(46,45,79,80), (41,42,73,74),(44,43,73,74),
(40, 39, 66, 65), (38,37,66,65), (5.67)
in Table 15.

As with Table 13, there are a number of eta quotients in Table 15 which may
be expressed as a product of two eta quotients with single-sum theta series ex-
pansions, as in Lemma 3.6. These are collected in Table 16.

Remark 5.39. Aswas the case with Table 14, in the case of all the eta quotients
from Group I'in Table 16, ideally onewould like to show that if 12t +5 does not have
a prime factor p = 2 (mod 3) with odd exponent, then b; # 0, to get Ay = Bg).
Once again, this does not seem straightforward, so we do not apply that approach
here.

Theorem 5.40. Let A(q) = f1* = Y,"" a,q" and let B(q) = Y, b,q" be any
of the eta quotients in Entries 41, 43 and 45 of Table 15. Then

A & Bo)-
Proof. Define
(o]
g(q' j k) = Z q4(24m+j)2+3(24n+k)2_
m,n=0

Then viewed as holomorphic modular forms for q = e?*?, q’B(q'?) is a linear
combination of g(q; j, k) for 0 < j,k < 23. Recall by Item (6) of Theorem 3.4
that a,, = 0 if and only if 12n + 7 has a prime factor congruent to 2 modulo 3
with odd exponent. Clearly, such 12n + 7 cannot be written as 4(24m + j)* +
3(24n + k)?, and thus, b,, = 0. The desired inclusion follows. O

We take this opportunity to give another example of how computer experi-
mentation can generally assist in a proof, and also to exhibit another method
for proving inclusion results. We illustrate this by giving an alternative proof of
Theorem 5.40 in the case of Entry 45 in Table 15, namely,

AP
B ==

Computer experimentation suggests that the linear combination of the
g(q; j, k) that equals g’ B(q'?), as mentioned in the proof of Theorem 5.40, con-
tains 160 terms. Examination of the g(q; j, k) in this sum and some further
experimentation suggests that these 160 terms can be combined into just two
sums, as in the following theorem.

Theorem 5.41. Let B(q) be as at (5.68). Then

(5.68)

q’B(g") =
5 () &g s 5 (B @) o (@)l g

(5.69)
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Remark 5.42. There are alternative approaches.

(1) Note that Ay & B follows by the same argument that was used in the
0) Z 20 8
proof of Theorem 5.40, since the exponents have the same form, namely
M? + 3N
(2) One could also prove (5.69) by checking that coefficients in the series ex-
pansion of each side agree up to the Sturm bound.

Proof of Theorem 5.41. From (3.11), the first sum at (5.69) may be written as

3 (2) (g) gmvor — grlosT s
m,n=0 m n f72f288 .

By the second summation at (3.10) (first replacing g with —g and then making
the dilation ¢ — ¢'°) the sum over m in the second series at (5.69) may be
written as

- m 2 _1ymalém? _ 16f48f288
2 (3) g = g

Splitting the sum over n in the second series at (5.69) into two sums, one with
3|n and the second with 3 } n, one gets

5 (2)(-(0) 0 - 3 (2)micnen 5 @y

n=0 n=0
3in

DEEHEES

MS

0

S
1l

Next

o0 n 00 o

Z (5) P = Z ( 38n+1? q3(8n+7)2) _ Z ( g2 4 g3isn +5)2)
=0 n=0 n=0

©
2 2
Z q3(8n+1) Z q3(8n+3)

n=—oo n=—oo
o0 o0
_ 3 192n2+48n 27 192n2+144n
=¢° 2 q -q7 3 q
n=—oo n=—oo
— 3 144 240 384. 384 27 48 336 ~384. 384
= (=" =q", ¢ 47N — 7 (—q%, —q7°, 07 7)o
_ 3f 24 96
= q _—
f48

The penultimate equality above follows from the Jacobi triple product identity
(4.10), and the last equality is a consequence of an identity of Hirschhorn [13,
Lemma 1] (after a dilation g — g**),

fa .- - = -
fi= f_j (16,16 - qJ2,16) , Where Ja,m = (=9%=9""% 4" ¢
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After treating Z ( )q”” similarly, one gets that (5.69) is true if it can be
shown that

q’B(g"*) =q’

f96ff44 e fasf s <q3 f2afos +3¢7 f216f864>
fr2fass fo6f1a4 fas f w2 )

or after dividing through by q” and applying the contraction g'? — g, if it can
be shown that

B(q) = f1f3fif24 _ fsffz B Qf2f§4 _3 3f4f18f§4f72
V= Ffefe Tl To 0 fefnfw

Nslifa  Fsfly qf2f6f§4
fafsfiz fef2a f%fg f2
So, upon comparing the two expressions and after a little manipulation, the
result will follow if it can be shown that

5
fafs _ f4f6f24 _3q2f18f72
fa f éffz f36
However, this is an easy consequence of combining the following two identities
(the g — —q partners of two identities given by Hirschhorn [14, page 132])

f1f4_f3f12ffs fof36
e s
f§ _ ffg +2‘Jféf9f36
ffff f§f§6 f3fiafis
and then replacing q with g?. O

5.6. Eta quotients with vanishing coefficient behaviour similar to f3 f3.
The lacunary eta product

AlQ) :=f3f3=: Y a,q" (5.70)
n=0

is not one of the eta quotients considered by Serre [29], but as Table 19 and Fig-
ure 8 show, there are over one hundred eta quotients B(q) for which evidence
suggests that either Ay = B, or Ay & B(. For this reason we state and
prove a criterion for when a,, = 0 that appears at the end of Subsection 3.2. Be-
fore getting to that, we have the following lemma that arises from first replacing
q with g® in the expression for A(q) and then multiplying by g3. The proof is
realized by comparing coefficients up to the Sturm bound.

Lemma 5.43. The following identity holds.

(82)3 (162)3 Z a q8”+3 flzg 3.d.b f128.3.d.b

82
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=q° —3q" —3¢" + 149”7 —15¢* - 2¢°' —15¢™ (5.71)
+21¢% + 259" +9¢** — 69¢°° + -+,
and

f1283.4p = 2(47” + 1+ dny/ —2)2qUm+1y+204n)’ (5.72)

m,n

- 2(4’" + 14 @4n+2V-2)7? qUm+1DP+2(4n+2)?

m,n

—1i Z(4m +1+@4n+ 1)\/_2)2q(4m+1)2+2(4n+1)2

m,n

+i 2(4;’” +1+ (4” + 3) V —Z)Zq(4m+1)2+2(4n+3)2

o
= g — 4V2g® + 23¢° + 12V2¢" — 2¢"7 + 12421 + 25¢%
— 56V2g%7 — 96973 — 46q*! + 60V 2g*® + 49¢* + 8v/2¢ — 960
+60V2g% — 84v2¢%7 + 14273 — 100V/2¢7 + 241¢%
— 36v/2¢%3 — 146¢%° + 94¢%7 + 276V 2¢% + ---.

Here f1,53.4p is the CM form of weight 3 and level 128 labelled 128.3.d.b in

the LMFDB, and f,q; 4, 8 its \/5 — —\/2 conjugate. We use this lemma to
derive the following criterion.

Theorem 5.44. Let a,, be the sequence defined at (5.70) above. Then
a, = 0 < ord,(8n + 3) is odd for some prime p = 50r7 (mod 8). (5.73)

Proof. Define the sequence {s;} by

Sf1283db = Z 5q". (5.74)
=1

It is clear from the exponents of the theta series at (5.72) that if t # 1or3
(mod 8), then s; = 0. In particular, if p is a prime such that p =2orp=5or7
(mod 8), then s, = 0. Next consider the recurrence relation for f,534 at
powers of a prime p:

Spkit = SpSpk — X(P)PSpi-1, Where (5.75)

1, p=1,3 (mod38)
x(p) = _
-1, p=5,7 (mod 8).

Hence if p = 50r 7 (mod 8) is prime and k > 0 is an integer, spx = p* and
Sp2k+1 =0.

Next, if p = 1 (mod 8) is a prime, then p = x? + 2y? for unique positive
integers x and y, with x odd and y even. If y = 0 (mod 4), then p occurs
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only in the exponent of the first theta series at (5.72), and there are exactly two
representations (the second coming from replacing n with —n). Hence

sp = (4m + 1+ 4n\=2)2(4m + 1 — 4n\/—2)?
=2((4m + 1)* — 2(4n)?) = 2(x* — 2y?).
A similar analysis of the case y = 2 (mod 4) shows that p occurs only in the
exponent of the second theta series at (5.72), there again being two representa-
tions, and that in this case s, = —2(x* — 2y?).

On the other hand, if p = 3 (mod 8)is a prime, then p = x? +2y? for unique
positive integers x and y, with x and y both odd. In this case p occurs in the
exponent of just the third and fourth theta series at (5.72), and occurs exactly
once in each case. A similar computation in this case shows that, up to sign,
Sp = 4\/Exy.

A key point is that for any prime p = 1 or 3 (mod 8), then the explicit for-
mulae given above imply that s, # 0 (mod p). The recurrence relation (5.75)
then implies s« = (sp)" # 0 (mod p), and thus s« # 0 for any positive integer
k. Upon putting all of these pieces together and using the multiplicativity of
the s;, we see that, for any non-negative integer n,

Sgn+3 = 0 < ord,(8n + 3) is odd for some prime p = 5o0r7 (mod 8).

The result now follows since from (5.71) and (5.74) one has that
S8n+3

-

a, =

O

The next two theorems are inspired by [18, Theorem 1.1, (12)-(18)] in which
the eta quotients of weight 1 lie in some space of CM forms of weight 1, so that
they can be written as a linear combination of theta series associated with a bi-
nary quadratic form (see [21] for details on the notion of CM forms of weight 1).

Theorem 5.45. Let
B(q) = f1fs = ), buq". (5.76)

n=0

Then A(O) ;Cc B(O)-
Proof. It can be checked that

1 2 2 2 2
3 — 3x°42xy+43 11x“+4xy+12
Qf8f64—§ E;q Y y—E;q Mg
m,n

mn
Note that
3x% +2xy +43y% = % (Gx +y)* +28y)%)
and
11x? + 4xy + 122 = % ((1x +2y)* +2(8y)%).
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and the primes 3 and 11 are split in Z[\/—_Z], so any integer n such that 8n + 3
has a prime factor p = 5,7 (mod 8) with odd exponent is not representable by
3x% + 2xy + 43y? or 11x2 + 4xy + 12y%. Therefore, for such integers, b, = 0,
and the assertion follows. (]

Theorem 5.46. Let

NS,
Clg)=77 = Eocnq : (5.77)

Then A(O) ;Ct C(Q).
Proof. One first verifies that
272
e Jafas _ S;4— 83
f16f24 2 7

where

1 2 2 2 2
S; = E Z qx +96y% _ Z q3x +32y

m,n m,n

_ l 4x%+4xy+25y° _ 11x%+10xy+11y?
5|24 q

m,n m,n
1 2 2 2 2
— X“+96 3x°+32
5= 3| S e+ R g
m,n m,n

_ l 4x2+4xy+25y* + 11x2+10xy+11y?
52 a q

m,n m,n

are CM newforms of weight 1. For i = 3, 4, writing

o0

Si= Y. si(n)g",

n=0

it suffices to prove that s4(n) — s3(n) = 0 for n having a prime factor p = 5,7
(mod 8) with odd exponent. Since S; are CM newforms, for n = len p°r,

sim) = [ s:(p).
pln
Now note that
x> +96y2=0,1 (mod 8),
3x2 432y =0,3,4 (mod 8),
4x% +4xy + 25> =0,1,4 (mod 8),
11x2 4+ 10xy + 11y?> =0,3,4 (mod 8).
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So for p = 5,7 (mod 8), 5;(p) = 0, and thus, 5;(p®?) = 0 for e, odd by the
recursive formula for s;(p™). This demonstrates the assertion. (|

Theorem 5.47. Let
B(q) = ), baq", Cq) =D, caq", (5.78)
n=0 n=0

where B(q) is any of the eta quotients in Group XVII, and C(q) is any of the eta
quotients in Group XVIII of Table 19. Then

Ao & Bo) & Coy (5.79)

Further, all of the eta quotients in Group XVII of Table 19 have identically vanish-
ing coefficients, as do all of the eta quotients in Group XVIII.

Proof. It is enough to prove Ay & B for B(q) = f g, since the eta quotients
in group XVII and group XVIII of Table 19 are derived, respectively, from the
eta quotients in Groups I and II in Table 5 as a result of a ¢ — ¢* dilation, and
hence Theorem 5.47 will follow in full from Lemma 5.1.

Apply the dilation g — g® to both A(g) and B(q) and then multiply by g> to
get

PAG®Y) = D a,g® 3 = n(82)*n(162)?,

n=0

q3B(q8) — Z bnq8n+3 — Z(_l)n(zn + 1)q3(2n+l)2’

n=0 n=0

where the last equality follows from (4.17) after the dilation g — g**.

Now suppose a; = 0, so that 8t+3 has a prime factor p = 5or 7 (mod 8)with
odd exponent. Clearly such an integer cannot be represented by 3(2n + 1) and
hence b; = 0, showing that A C B(p). Since a; = —3 and b; = 0, the result
follows. O

As was done in the previous two sections, we examine eta quotients in Ta-
ble 19 that are expressible as products of eta quotients that have expressions as
single sum theta series from Lemma 3.6. These double-sum theta expansions
may be seen in Table 20.

Remark 5.48. Some integers of the form 8t + 3 with an odd prime factor p =
50r7 (mod 8) with odd exponent are representable by the other two forms that
appear as exponents of theta series in Table 20, namely 3m? + 8n? (for example,
35 = 3(3%) 4+ 8(12) = 3(1%) + 8(22)) and 3m? + 16n? (for example, 91 = 3(3%) +
16(22) = 3(5%) + 16(12)). In these cases, it is the sum of the coefficients over the
various representations of 8t + 3 that vanishes.

Finally, the last theorem of this section supplements the cases missed by Item
(7) of Lemma 3.7.
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e

Theorem 5.49. Let A(q) = f3f3 = Y a,q" andlet B(q) = Y°_ b,q" be
any of the eta quotients in Entries 39 and 45 of Table 19. Then Ay C B(g).

Proof. Define
o0 (o]

gl(q;j,k)= Z q(24m+j)2+2(24n+k)2’ gz(q;j,k)= Z q(24m+j)2+8(24n+k)2’

m,n=0 m,n=0

gg(q;j,k)= Z q(54m+j)2+2(54n+k)2’ g4(q;j,k)= Z q(54m+j)2+8(54n+k)2’

m,n=0 m,n=0

Then g>B(q®) is a linear combination of g;(g; j, k) fori € {1,2}and 0 < j, k <23
and g;(q;,j,k) fori € {3,4}and 0 < j,k < 53. By Item (7) of Theorem 5.44,
we know that a,, = 0 whenever 8n + 3 has a prime factor congruent to 5 or 7
modulo 8. Clearly, such positive integers 8n + 3 cannot be written as either
(24m + j)? + 2(24n + k)? or (24m + j)? + 8(24n + k)?, and thus, b,, = 0. The
desired inclusion follows. O

6. Some Remarks on the Eta Quotients associated with f2¢

Define the function A(q) and the sequence {a,} by

A(q) := ff6 =: Z a,q". (6.1)
n=0

Recall that, from (3.7), one has that a,, = 0 if either of two conditions on 12n+13
hold. Thus we do not have an “if and only if” condition determining precisely
when a,, = 0 (in contrast to the situation with the other powers of f; considered
by Serre [29]), so that we do not know exactly the content of A ).

In previous sections, when the evidence suggests conjectures of the form
Ay = B(g) or Ay & By for eta quotients A(q) and B(q) where A is known,
in theory such conjectures are provable by determining B exactly using one
of the methods used elsewhere in the paper, and then comparing B, with
A(p). For the reason mentioned (A not known precisely), it is not possible
to prove similar theorems when A(q) = f f6. In this case, in place of theorems
we have conjectures. In support of some conjecture of the form Ay = B or
Ay & B(o), for some eta quotient B(q) =: Z:’:O a,q", we show that b,, = 0 if
12n + 13 satisfies the same conditions above that imply a,, = 0. Alternatively,
the conjectures made may be based on the conjecture that Serre’s criterion (3.7)
may be extended to the following “if and only if” statement:

Conjecture 6.1. Writing

q13 fg — Z anq12n+13, (6.2)

n=0

one has that a,, = 0 if and only if either of the following holds:
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(1) 12n + 13 has a prime factor p; = —1 (mod 3) with odd exponent and a
prime p, = —1 (mod 4) with odd exponent (it may be that p; = p,),
(2) 12n + 13 is a square and all prime factors p satisfy p = —1 (mod 12).

Conjecture 6.2. Let A(q) beasat (6.1) and let B(q) be any eta quotient in Group
XVII, and D(q) be any eta quotient in Group XVIII of Table 17. Then

A & By & Doo- (6.3)

Remark 6.3.

(1) We note that if the statement A gy G B(g) could be proven for B(q) = f f3 =
B'(gb) = 2:;0 b,q" where B'(q) = f; = Z:;o b, q", then, as in the
proof of Theorems 5.29 and 5.36, the other statements would follow from
Lemma 5.1 and the facts that groups XVII and XVIII in Table 17 are, re-
spectively, the g — q** dilations of groups I and II in Table 4.

(2) The particular case Ay & By mentioned in (1) can be shown to hold if
the “if and only if” statement following (6.2) holds. Suppose that is the
case and apply the dilation ¢ — q'? to both A(q) and B(q) and then
multiply by q*3 to obtain

o0 oo
7')(122)26 — Z anq12n+13, 77(1562)2 — Z bnq12n+13’ (64)
n=0 n=0
and suppose a,, = 0. If 13 } n, then clearly b,, = 0, so suppose 13|n, or
n = 13m for some integer m. So 12n+13 =13(12m+1) and since a,, = 0,
and clearly 12n+13 is not a square with all prime factors= —1 (mod 13),
one has that 12n+13. Hence 12m+1, has a prime factor p = —1 (mod 3).
By Serre’s criterion (3.1), b, = 0, so that b,, = by3,, = b, = 0. Since
a; = =26 and b; = 0, then Ay & B(g) would follow.

Aswith Table 13 and Table 15, there are also several eta quotients in Table 17
which may be expressed as a product of two eta quotients with the single-sum
theta series expansions listed in Lemma 3.6. These are collected in Table 18. To
make use of the theta series representations in the table, we need the following
elementary result.

Lemma 6.4. Suppose 12t + 13 satisfies either condition (1) or condition (2) fol-
lowing (6.2). Then 12t + 13 is not represented by either of the quadratic forms
9m? + 4n? or m? + 12n2.

Proof. Suppose 12¢ + 13 satisfies condition (1), so that 12¢ + 13 has a prime
factor p; = —1 (mod 3) with odd exponent and a prime p, = —1 (mod 4)
with odd exponent (it may be that p; = p,). Then 12t + 13 is not represented
by 9m? + 4n? = (3m)? + (2n)? by Lemma 3.1, and 12t + 13 is not represented
by m? + 12n? = m? + 3(2n)? by Lemma 3.3.

On the other hand, if 12t + 13 satisfies condition (2), so that 12t + 13 is a
square and all prime factors p satisfy p = —1 (mod 12), then all prime factors
p satisfy p =2 (mod 3) and p = 3 (mod 4). Hence, if 12t + 13 = 9m? + 4n® =
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(3m)*+(2n)?, then all primes p divide both 3m and 2n by Lemma 3.1. This leads
to a contradiction after cancelling all prime factors on each side. Likewise, if
12t + 13 = m? + 12n? = m? + 3(2n)?, then all primes p divide both m and 2n
by Lemma 3.3, leading to a contradiction. O

This lemma leads to the result in the following theorem.

Theorem 6.5. Let B(q) = ZZO:() b,.q" be the eta quotient in Entries 79 of Table 17.
Then b,, = 0 when 12n + 13 satisfies either condition (1) or condition (2) following
(6.2).

Proof. Define

(o0
h(q;j,k) — Z q4(52m+j)2+9(52n+k)2
m,n=0

and
o0
g(q‘j k) = Z q(52m+j)2+12(52n+k)2_

m,n=0
Then g3B(q'?) = Z:o:() b,q'?"*13 is a linear combination of h(g; j, k) and
g(q;,j,k) for 0 < j,k < 51. By Lemma 6.4, it is clear that any 12n + 13 satisfy-
ing either of the conditions cannot be expressed as 4(52m + j)? + 9(52n + k)?
or (52m + j)? + 12(52n + k)?. So the conclusion follows. O

Conjecture 6.6. Let A(q) = f2* =: Y a,q" andlet B(q) =: Y, . a,q" be
any of the eta quotients in the second column of Table 18. Then

Ay & Bo)- (6.5)

Remark 6.7. Note once again that this conjecture would be true if Serre’s criterion
(3.7) could be extended to the “if and only if” statement following (6.2), by Lemma
6.4 (for each eta quotient B(q) in Table 18, one can find an integer n such that
b, = 0 but a, # 0).

We note in passing that it is possible to prove unconditionally some inclu-
sion results that do not involve A(g). As in previous sections, if the eta quo-
tient B(q) is not an even function of g, and the eta quotient C(q) is its even
part, then By & C(). However, this time all the eta quotients which are even
parts of eta quotients in Table 17 lie outside the range of our search. We do
not compute these even parts explicitly (using the 2-dissections stated in Lem-
mas 5.22 and 5.25), except as indicated below, as we feel that we have exhibited
this phenomenon sufficiently elsewhere. It is possible that computing these
even part eta quotients and determining experimentally their vanishing coeffi-
cient behaviour may contribute additional structure to the diagram in Figure 7,
in terms of additional groups and additional inclusion connections. We do take
this opportunity to state some further 2-dissections of eta quotients, which may
be applied to produce 2-dissections of eta quotients in Table 17. These may be
used to derive further strict inclusion results for index sets of vanishing coeffi-
cients.
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Lemma 6.8. The following 2-dissections hold:
fi_ faf16f3, 3 fafif1afas

= , (6.6)
f3 f§f8f48 qf4f§f16f24
Dl Jifsuly 7
f3 f6f8f24 f4f6
é:f;lf6f16f§4+qf26f§f48’ 68)
fi f2f8f12f48 f2f16f24
f_% _ ifef%z +2 f4f§f8f24. (6.9)

= q
fi Fifsfa f3fr2
Proof. All four of these 2-dissections may be found in [14, Section 30.10]. [

We give a single example as an illustration. If we consider the eta quotient
numbered 43 (group XI) in Table 17 in conjunction with (6.6) above, one gets
that if

f1fe
B(@) = - C@=—FF—
fafs
then By & C(p). Further, computation of the location of the zero coefficients
up to 3000 terms suggests that C(q) belongs in Group XV of Table 17 and Figure
7. Note that C(q) is not listed in Table 17, since it lies outside the range of the
search parameters.

7. A General Inclusion Ay, C By and Conjectures

In this section, building upon the preceding results, we deduce a general
inclusive relation satisfied by any eta quotients lying in the same table. As an
implication, we prove that all the eta quotients obtained from our search are
lacunary.

In addition, as is noted in the introduction, a large number of conjectural
relations between the coefficients of eta quotients associated with f7 or f f f ;
have been suggested by our computational experiments. After justifying the
aforementioned general inclusive relation, we explicitly state those suggested
conjectures for the interested reader and save them for future investigation.

7.1. A general inclusive relation. The general inclusive relation we have
been striving for can be enunciated in the following theorem. Each statement
relies on Theorem 3.4, Lemma 3.5, Lemma 3.7, and appropriate results from
Section 5.

Theorem 7.1. Let A(q) = [’ forr = 4,6,8,10,14, or 3 f3. For any B(q) in the
table for A(q), one has that A C Byg).
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Proof. For r = 4, by Item (2) of Theorem 3.4, Item (1) of Lemma 3.5 and Item
(1) of Lemma 3.7, it follows that Ay C B for any eta quotients B(gq) in any
entries but Entries 91, 97,99 or 131 of Table 7. Combining this with Theorem 5.6
for those exceptional cases proves the general inclusive relation for f ;‘.

Similarly, the case of r = 6 follows from Item (3) of Theorem 3.4, Item (2) of
Lemma 3.5, Item (2) of Lemma 3.7 and Theorems 5.17 and 5.18.

The case of r = 8 follows from Item (4) of Theorem 3.4, Item (3) of Lemma 3.5,
Item (3) of Lemma 3.7 and Theorem 5.28.

The case of r = 10 follows from Item (5) of Theorem 3.4, Item (4) of Lemma 3.5,
Item (4) of Lemma 3.7 and Theorems 5.33, 5.34 and 5.35.

The case of r = 14 follows from Item (6) of Theorem 3.4, Item (5) of Lemma 3.5,
Item (5) of Lemma 3.7 and Theorem 5.40.

The case of f f f g’ follows from Item (8) of Theorem 3.4, Item (7) of Lemma 3.5,
Item (7) of Lemma 3.7 and Theorem 5.49.

U

The following theorem addresses the vanishing of coefficients of the eta quo-
tients in the table for f f6. It shows that all these eta quotients have coefficients
that vanish similar to those of f 36.

e

Theorem 7.2. Let B(q) = ano

Then if either of
(1) 12n + 13 has a prime factor p; = —1 (mod 3) with odd exponent and a
prime p, = —1 (mod 4) with odd exponent (it may be that p; = p,),
(2) 12n + 13 is a square and all prime factors p satisfy p = —1 (mod 12)
holds, one has that b,, = 0.

b,q" be any of the eta quotients in Table 17.

Proof. This follows from Item (6) of Lemma 3.5, Item (6) of Lemma 3.7 and
Theorem 6.5. O

Theorems 7.1 and 7.2 enable us to certify the lacunarity of the eta quotients
obtained from our search.

Theorem 7.3. Any eta quotient in the tables is lacunary.

Proof. This follows from Theorems 7.1 and 7.2 and an extension of Landau’s
density theorem on quadratic forms by Serre [27, Section 3.1]. O

Remark 7.4. Itis noteworthy that the cases of eta quotients of weight 1 considered
in Theorem 7.3 have been covered by a seminal result of Serre [27, Theorem 4.2]
certifying that any holomorphic modular form of weight 1 is lacunary via Galois
representations.

Looking carefully at the exact double series for the eta quotients of weight 1
considered in Lemma 3.7, one notices that they can be all expressed as a linear
combination of the generalized theta series

oo

Z q(M1m+j)2+(M2n+k)2

m,n=—co
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for some integers M; > O and M, > 0and 0 < j < M;and 0 < k < M,.
This holds for exceptional cases in Theorem 5.34 and others. This observation
prompts us to ask the following question.

Open Problem 7.5. Is it true that any holomorphic modular form of weight 1
can be written as a linear combination of the generalized theta series

o0
Z q(M1m+j)2+(M2n+k)2
m,n=—oo

for some integers My > 0and M, >0and0 < j <M, and0 < k < M,?

7.2. Conjectures. This subsection contains several observations on the coef-
ficients of the eta quotients obtained from our computational experiments in
addition to Conjecture 1.4. As one shall see, while many special cases of these
conjectures have been proved in the present work or [17, 18, 19], or the refer-
ences therein, the uncharted cases remain vast. Therefore, we state these con-
jectures in their general forms but refer the interested reader to those previous
work for proven cases.

Conjecture 7.6. Let X and Y be any two groups connected by an arrow in a
directed graph in this paper. Then for any eta quotient A(q) in the group X and
any eta quotient B(q) in the group Y, Ay & B(o)-

Conjecture 7.7. Let X be any group in any table. Then for any eta quotients
A(q) and B(q) in the group X, one has that Ay = Bg).

Remark 7.8. Theorem 7.1 is a special case of Conjecture 7.6 for X = I and
A(q) = f! forr € {4,6,8,10,14} or f> f>.

8. Concluding Remarks

As is readily apparent, we have been just partially successful in proving all
the results suggested by our experimental investigations regarding equality/inclusion
of the sets of vanishing coefficients in the series expansion of lacunary eta quo-
tients in the various families considered.

Ideally, for any eta quotient in one of the tables one would like to determine
an exact criterion for the vanishing of the coefficients in its series expansion,
as this would immediately let us group eta quotients with identically vanish-
ing coefficients together. Likewise, this knowledge would immediately allow
us to partially order the eta quotients in a table by inclusion of sets of vanishing
coefficients, thus allowing us to affirm the structure of a table as indicated by
its associated graph. However, as is apparent from the examples considered, it
is not a straightforward matter to determine exactly the criterion for the van-
ishing of the coefficients in the series expansion of any particular lacunary eta
quotient.

Instead, the method outlined in the previous paragraph has been supple-
mented by several other methods, which have afforded us some partial success
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in attempting to prove what we would like to prove. The methods used may be
described as follows.

 In some cases, it is possible to determine an exact criterion for the van-
ishing of coefficients (as mentioned above), as in Lemma 5.4, which was
used in the proof of Theorem 5.5.

« Basic hypergeometric series-product identities may be used, such as
those in Lemma 4.1, that were employed in the proof of Theorem 4.2.

« Dissections of eta quotients may demonstrate that two eta quotients
have identically vanishing coefficients, such as the dissections in Lemma
4.4 which were used in the proof of Theorem 4.6.

« Elementary dissections of eta quotients into their odd and even parts
can be used to show strict inclusion of sets of vanishing coefficients,
such as in the proof of Theorem 5.26, for example.

« Insome instances, one can use elementary dilation results such as those
stated in Lemma 5.1 and applied in the proof of Theorem 5.3, for exam-
ple.

« One may be able to write the modular form derived from an eta quotient
as a single sum theta series of the form

> r(X)q2®),
X

where Q(X) is quadratic in X such that integers with a certain property
are not represented by Q(X), leading to results of the type A € By
(see Theorem 5.21, for example).

« The modular form (of weight k = 1) derived from an eta quotient may
sometimes be written as a double theta series of the form

D h(X, Y)qy),
XY

where Q(X,Y) is a binary quadratic form with the property that inte-
gers with a certain property are not represented by Q(X,Y), leading to
results of the type Ay C By (see item (1) in Lemma 3.7 together with
Table 7).

» The modular form (of weight k = 1) derived from an eta quotient may
sometimes be written as a linear combination of double theta series of
the form

> h(X,Y)gRXY)

Xy
described in the previous item, leading to the same type of Ay C By
result, as in Theorem 5.34.

« General inclusion results of the form Ay C By may be applied, where
the modular form derived from B(q) has weight k > 2, as in Lemma
3.5.

« One may use general decomposition theorems for modular forms. For
instance, one may use the decomposition of an eta quotient as the sum
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of Eisenstein series and CM newforms to obtain an explicit formulation
for the coefficients of the eta quotient. From this construction the van-
ishing of the coefficients can be analyzed through properties of divisor
functions and CM newforms, as in Theorem 5.13.

« The use of ideal theory may be used to show inclusion results of the
form Ay C Bg), as in Theorem 5.35.

In a companion paper [19] we use more sophisticated dissection techniques
to prove some of the finer structure of the various tables and graphs, by showing
that all of the eta quotients in some of the various groups do indeed have iden-
tically vanishing coefficients, and likewise that some of the inclusions between
the groups, as indicated by the arrows in Figures 1 - 8 do indeed hold.

9. Appendix I: The Lacunarity of f3 f3

It was shown by Ono and Robins [25, page 1023 and Section 4] that f f f g is
lacunary. In this appendix, using Serre’s density theorem [27, Theorem 2.8] we
give another proof of this fact, showing that the lacunarity of f f f ; = Z:o:() a,q"
follows from the criterion for a,, = 0 given in Theorem 5.44: a,, = 0 if and only

-2

if 8n + 3 has a prime factor p congruent to 5 or 7 modulo 8, i.e., (—) = -1,
p

with odd exponent.
For starters, recall that our aim is to prove that

lim |{n§X;{an=0}| _q
X—00

’

so equivalently, we want
lim {n<X: a, #0} _0
X—00 X ’
On the other hand, by Theorem 5.44, one finds that
. |[In<X: a,#0}
m

1

X—o00 X
. . -2\
; {n <X : any prime p|(8n + 3) and <?) = —1, ord,(8n + 3) even}
T o X
L . -2\
{n<X: n=3 (mod 8), any prime p|n and (;) = —1, ord,(n) even}
= lim ’
X—o0 X

and these amount to proving that

fn<X:n=3 (mod 8),any prime p|n and <_?2> = —1, ord,(n) even}

li =0.
Xl—l;rolo X

Note that the set

{n <X : n=3 (mod 8),any prime p|n and <_?2> = —1, ord,(n) even}
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is a subset of
{n <X : any prime p|n and <_—2> = —1, ord,(n) even},
p
so it suffices to prove that

{n <X : any prime p|n and <_?2> = —1, ord,(n) even}

)}I—{rolo e =0. (9.1)
To this end, we can adopt Serre’s density theorem [27, Theorem 2.8] which is to
be enunciated as follows. Let P be a subset of primes of Frobenius density 0 <
a < 1 (see [27, (1.4)] for definition), and let E be a subset of positive integers.

We say that E is multiplicative if for any coprime positive integers n; and n,,
mn, € E ifandonlyif n, € Eorn, € E.

Then Serre’s density theorem tells that

Theorem 9.1 (Serre). If E is multiplicative containing P, then

X
<X: El}l=0 .
in<X: ngEy ((logx)a)
Now specialize Theorem 9.1 to the case of

E ={n : p|n for some prime p, <_?2> = —1, ord,(n) odd}

- (2)--1

It is not hard to see that E is multiplicative and

and

m<X:n¢E}={n<X: anyprime p|n and (?) = —1, ord,(n) even}.

Also, P is contained in E, and by [27, (1), p. 20-02], P is of Frobenius density %
Therefore, by Theorem 9.1, one finds that

{n <X : any prime p|n and <_;2> = —1, ord,(n) even}

. _ X
=|{n<X:n¢E}= O(—(logX)1/2>’

from which the desired asymptotics (9.1) follows.
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10. Appendix II: Tables and Graphs

Table 7: Eta quotients with vanishing behaviour similar to f ;‘

Number
1

2

3

10

11

12

13

14

15

16

17

18

19

20

21

22

g-Product Modular Form

1‘ n(6z)*

2 _naz
firs n(6z)4n(24z)4
fgf;fu 1(12z2)°n(182)"n(72z)
51f4f6 7(62)°n(24z)31(362)>

6 n(62)°n(24z)*n(362)'
fzfg,fzu n(12z)°7(182)7n(72z)°
7(122)0%(18z2)?
f§f4f6 17(62)%1(242)31(362)
f4f6 n(62)*n(242)n(362)°
21212, n(122)2n(182)2n(722)2
ifg 1(12z)*n(18z2)°
fird n(62)3n(362)*
e 1(62)*n(242)*n(362)%
35555, 1(122)79(182)%9(722)°
fgfsf“ 7(122)°n(182)n(362)*
firafe " 7(62)3n(24z)?1(722)?
fifafe 1(62)*n(242)n(362)’
3313, n(122)3n(182)n(72z)3
f3fe 7(122)39(362)°
Fifsfars, 1n(62)3n(182)n(242)3n(722)?
fifsf? 7(62)*(182)n(362)
f2{12 1(122)n(72z)

; 6 1(12z2)2n(36z)
31 7(62)3n(182)n(24z)5
F3f3fsfi 7(62)°n(122)*n(182)7(72z)
fife 7(242)29(362)

19 7(24z)Y
fifars 7(62)29(122)37(482)8
it 7(62)*n(242)*!
fzfg n(122)°7(482)8
fzf n(12z)n(24z)°
fif 21 . 7(62)?n(48z)*

“ 7(6z)*n(24z)!1

f§ n(122)57n(482)*
12fs 1(62)*7(362)
fffifé 7(62)*1(24z)*n(362)°
31213, n(122)37(182)2n(722)2
&fﬁ 1(122)%7(182)?
fif? 7(62)21(362)2
fififs 1(62)*1(24z)*n(362)*
EV 1(182)2(722)?

Weight Level

2 36
2 144
2 432
2 432
2 576
2 576
2 432
2 432
2 432
2 432
2 1728
2 1728
2 1728
2 1728
3 576
3 576
2 576
2 576
1 36
1 144
2 108
2 432

1375

Group
I

I

I
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fife n(122)"7(36z)°

23 e 144
225212 7(62)2n(182)2n(242)27(722)
24 fifaf? 7(62)*n(122)n(18z) ) 144
f § 77((362))9
n(12z
2 7 Yooy 25
Y4 e,
26 ifs n(62)"n(122)° 2 576
3f 4+ 377(242)
27 f3f4f6 77(182) 77(24Z)77(36Z)5 2 432
flf%fiZl n(62)n(122)1(722)?
2 14
530500 n(12z)*n(182)3n(72z)
29 Jofq 1223627 2 1728
313, n(62)n(182)37(722)5
30 fif3fafe 7(62)n(182)°n(242)n(362)° 5 1728
312 n(122)29(722)2
31 2_f3 W 2 108
f1f218 7(62)n(362)3
Fifaf (62)1(24z)n(362)'8
o e 2 43
F3050 0 1(12z)*n(182)7n(72z)
33 Saf5 12282 2 1728
f1f411;§ n(62)n(24z)n(362)?
13
34 f;f65 7(62)n(36z) 2 1728
f35f]82 n(182)57(72z)>
5f n(122)°n(362)°
33 Y T 2 1728
f1f3f4f12 77(62)77(182) 77(242) 77(722)
36 f1fifs 7(62)n(122)*n(182)> ) 1728
f4[6 ( 7)()34?)77(33622 )
1n(122)'n(18z)°n(72z
37 2 — 2 432
f 1fﬁfg n(62)1(242)3n(362)
4 6
33 f;fzzf26 n(6z)>37(12z) Z(ssz) : ) 432
F3fh 7(182)31(242)*n(72z)
3f§13 77(26Z)2 13
f n(122)°1(362)
40 26 - - 2 432
f1f3f4f12 77(62)77(182) 77(242)77(72Z)
a1 fif3 1(62)*7(122)’ 3 576
f123 77(242)133
7n(12z)
2 e NeaPn(aiey o
3p3f (62)37(122)°7(722)
43 fflj;zsflz 7 N 377 2 432
3fafs n(182)n(24z)3n(362)
44 [ f3f3 7(122)"*n(182)n(722)> ) 432
ffsfiljgg‘ 1(62)3n(242)57(362)*
5 13
45 Sl 762 n(362) 3 1728
F307 n(12z) 17(1382)577(7522)5
46 2J3 7(122)"n(18z) 3 1728

fifafe 7(62)51(242)57(362)2



47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

FURTHER RESULTS ON VANISHING COEFFICIENTS

fife 7(62)°n(362)
f3fsfi n(122)29(182)n(722)
e 7(122)37(18z2)
Z/ﬁ n(62)°7(24z2)>
fifs 7(62)°1(182)
f3 n(12z)?
1 1(122)1*7(362)°
Fif3fifi 1(62)51(182)n(24z)5n(72z)
£ 1(62)°1(182)°
fgfg 7(122)21(362)>
; 63 1(12z)Bn(362)13
VR S n(62)5n(182)57(242)57(72z)3
Iifs 1(62)°7(24z)
fé n(122)3
b n(12z)1
313 n(62)9(24z)5
fifafe 1(62)"1(24z)n(362)°
f1§f§ H 7(122)9(182)57(722)3
°f3f 1(122)'99(182)n(72z)>?
fiferé 1(62)"n(242)57(362)
f1fs 7(62)"9(362)
f3f3 n(12z)37(18z)
¥ fsfi 7(122)¥9(182)n(722)
Zfé . 1(62)"n(242)71(362)?
i n(62)®
f3 n(12z)?
22 n(12z)*?
fz s 7(62)8n(24z)8
1/ 7(62)°n(362)?
rars 7(122)*n(18z)3
P13 1(122)27(182)*(722)}
K 1(62)°7(242)°7(362)7
1 1(62)"°
§ 7(18z)2
1350 17(122)*0n(182)*n(72z)>?
orlre 7(62)109(242)109(362)5
Iif3fifa 1(62)*n(182)n(242)"n(144z)
3 7(122)31(482)3n(722)?
ISfafefaa 7(122)°7(242)*n(362)*n(1442)
a1t 1(62)3n(182)7(482)3n(722)}
f1f3fifef2a  1(62)n(182)*n(242)*1(362)1(144z)
1303 1(122)*n(482)37(722)3
fZ é0f24 7(24z)"1(362)1°%(144z)
ffafafafs,  n(62)n(122)n(182)3n(48z)3n(722)°
ifafsfsfy,  n(62)*n(122)n(182)n(482)n(722)°
fifels 7(242)3n(362)*n(1442)3
1 fsf, 7(122)1%9(482)n(722)’

Fifsfefels

1n(62)37(182)n(242)°1(362)n(144z)3

1377
1728 1
1728 1
432 I
432 I
108 I
432 I
576 I
576 I
432 I
432 I
108 I
432 I
144 I
144 I
432 I
432 I
108 I
432 I
1728 1
1728 1
1728 1
1728 1
1728 1
1728 1
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71 fififsfl, n(62)n(182)*n(482)n(72z)’ 5 1728 I
j;i {g f;‘h 1(242)2n(362)37(144z)3
3 6 4
no LEAL emeer g
o ! 71}29 262 Zs 3
73 Lofefs 22) p(302VIASE) 2 1728 11
f£f3f%fz4 7(62)31(182)1n(24z)°n(144z)
74 fif3f3f12 7(62)3n(182)n(48z)37(72z2) 5 1728 I
Ty e
75 2678 USRS 2 1728 11
f1f3f4 %f24 n(62)n(182)3n(242)*1(722)31(144z)
76 Sififs 7(62)n(182)*n(48z2)° ) 1728 I
fafafoa 1(12z)1n(24z)n(144z)
77 fif3 7(62)n(18z2) 1 108 III
78 _hfe 7(122)'n(362) 1 432 I
f11f3f4f12 7(62)n(18z)n(24z)n(72z)
79 fifn 1(12z2)¥n(18z)*n(72z2) 5 432 v
f6f4 5 n(62)67(242)3n(362)*
80 f6f4f 7(62)%9(24z)31(362)? 5 432 v
4 4 2
W mEne
81 e o 2 432 IV
f5f12 1n(12z)2n(72z
fafaft n(122)*n(24z)n(362)°
82 f%zfi fé 7(62)29(182)2n(722)3 2 432 v
4 4 4 4 9
o M smeewe
2Y 3712
84 A n122)"n(182)" 2 432 IV
4£3 4 3
féf}éfﬁlﬁ (6 1;56f;47]()::6226 16
85 Iilas’ 7(62) 1(242)"n(362) 2 432V
f2f3 1(12z)°7(182)679(72z)7
86 f3f4 77(182)677(242)3 o) 432
67f 12 1(62)?1(362)21(72z)
87 f n(62)n(24z)"n(362)° ) 432 VI
f2f3 n(12z)°n(182)39(72z)3
38 Afi _as2ynaa° 2 432 VI
89 Slas USEZR Ca i/l 2 432 VI
i mmeees
90 Lfsfy USRS 2 432 VI
fl f61;123 n(62)31(362)n(72z)
91 Faf3fafis n(122)1(182)n(24z)*n(722)? 1 1728 VII
flfgf8f24 n(62)n(362)2n(482)n(144z)
9 fifafel3, 1(62)1(242)*n(362)n(722)? 1 1728 VII
f2f3fsfa n(122)?n(18z)n(48z)n(144z)
93 it 262(362)° 1 1728 VI
f3f12 n(18z)n(72z)
94 HE 7(122)'(182) 1 1728 VI
fifa n(6z)n(24z)
3 6 3 6
95 Jilsls 7(62)'n(242)(362) 1 1728 VI

3313 1(122)39(182)37(722)?



96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

FURTHER RESULTS ON VANISHING COEFFICIENTS

fgf;’fu 1(122)°9(182)*n(72z)
fififs 1(62)*n(242)*n(362)3
f3fsfsfs, n(12z)*n(182)n(482)n(72z)°
f1f4fg‘f24 n(62)n(242)3n(362)*n(144z)3
fifsfl, n(62)n(482)n(72z)’
f3f §f o n(182)n(24z)*1(362)n(144z)3
if3fifa 1(62)1(242)8n(362)*n(144z)
3f3f3fts n(122)*n(182)n(482)37(722)3
fafifau n(182)n(24z)"n(144z)
f1ff3fh 1(62)1(122)n(482)3(722)?
f1fafs 7(62)n(122)*n(36z)
5f3f4 7(182)n(24z)
Ffafi2 7(122)°1(182)n(72z)
flfifg 7(62)1(242)*1(362)>
Sifafe n(62)n(24z)n(362)°
£fsh, n(122)n(182)n(722)?
fzfsf 7(122)n(182)n(362)>
flflz8 n(62)n(72z)
fifafs n(62)n(24z)n(36z)°
21313, n(122)2n(182)37(722)3
fz_fg 1(12z)n(18z)3
f1fs 7(62)n(36z)
fifs 7(62)°7(362)
gfzfs 7(12z)n(18z)
5f3f12 17(122)89(182)n(722)
fifar: 1(62)39(242)37(362)?
i 7(62)?1(482)'0
f2f4f&6 77(122)77(242)377(962)4
JaJs n(122)°5(482)1°
f 1f4 15 7(62)?1(242)°1(962)*
Sifafe n(62)n(24z)°n(36z)*
f2f3f1£ 7)(122)77(182)77(722)2
f3fafa n(122)*n(18z)n(24z)*
fifs fl 1(62)n(362)1(722)
Jaf 1(122)n(482)147(72z2)?
f4f6f16f24 7(242)%7(362)1n(962)37(144z)
fofa n(362)n(48z2)'3
Fafifiafis n(122)n(242)3n(722)n(962)>
f3fsf?, n(122)*n(482)n(72z)
T2fo 7(24z)2n(144z)
f ;1 7(48z)1
fzf16 n(12z)*1(962)°
il n(24z)*n(722)
fzfgfu 1(122)29(482)n(144z)
1355 7(122)*n(482)'3
fo13 1(242)67(962)5
i fefa 1(242)0(362)n(144z)
3faf n(122)57(48z)59(722)3
fe 7(36z)

1728

1728

1728

1728

1728

1728

1728

1728

1728
432

432

432
432

576

576

1728

1728

6912

6912

576

2304

144

2304

1728

432

1379

VII

VIII

VIII

VIII

VIII

VIII
VIII

VIII

VIII

IX

IX

IX
IX

XI

XI

XI

XI

XI

XI

XI

XI
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ffi n(122)*n(24z)*

121 e oy 2 576 XI
yA
nre A22n(Az) (7227
122 24l 2 432 XI
f6f78f24 7)(362)77(4§Z)77(144Z)
123 Tals _@42)9(362) 2 1728 XI
fzfg({u n(122)n(482)2n(72z)
7(24z)'0
124 2 — 2 144 XI
f3fs 7(122)27(48z)
125 55380 1(122)*7(482)*(722)"7 ) 1798 XI
fij;gj;;‘ 1(242)5n(36z)7n(144z)7
fafe n(24z)*n(362)’
126 {3433 ey 2 432 XI
F3fsf1s 1(12z)*n(482)*n(72z)3
127 31212, 17(242)37(362)2n(144z)> 2 1728 XII
faft 7(242)°n(362)2
128 A (22722 2 432 XII
129 faf31 n(122)n(482)*n(722)* 1 432 XIII
f2fef3, 1(242)2(362)n(1442)>
130 fafefsf12 1(242)n(362)1(482)1(72z) 1 1728 XIII
Tl (122 Ean(722)
3 12 1n(12z)“n(18z)n(48z)°n(72z
131 fjfif:fm 1n(62)1(242)29(362)n(144z) 1 1728 XV
132 Lfels 7(627(362) n(482)° 1 1728 XIV
f2f3{4£24 1(122)n(182)n(24z)n(144z)
133 EL P 7(122)(482) " (722)° 1 6912 XV
fifefm{u 1(242)21(362)n(96z)n(144z)
3
134 fafefs 7(242)n(362)1(482) 1 6912 XV
Z vA Z
f2f12f216 n(122)n(722)n(96 )2
135 fafshy —’7(”22(‘)‘8(21)227?) 1 1728 XV
136 f—ﬁifzg i) isee) 1 432 XV
faf12 n(12z)n(72z)
137 fifs 7(6279(242) 1 576 XVI
f 2 n(12z)
138 i _nazzy 1 576  XVI
f§f4 1(62)2n(24z)
139 afs 2(242)'n(482) 1 2304 XVII
f3f16 n(122)2n(96z)
140 EEH 70122y n(482)° 1 2304 XVII
f2f16 7(242)*7(96z)
141 fg n(12z)? 1 144  XVII
4 n(24z)°
142 4 = 1 576  XVII
f51% n(12z)*n(48z)?
143 L3fs 20182Y'n(242) 1 576  XVIII
fe s 7(362) X
144 faf s 1@4zm(362)° 1 576  XVIII
I3 fzs n(182)2n(72z)2 .
145 fafief3, 1(242)(962)7(1442) 1 2304 XIX
fafi 7(482)21(722)21(288z2)2 2
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146 fsffz 7(482)n(72z)? 1 144 XIX
f4]f§4 77(242)7}(11‘;42) 2
7(48z) 3
147 = —_— - 2304 XIX
f4)"516 7(242)59(96z) 2
24z)° 3
148 Ls 7(24z) 2 144 XIX
f § 7(482)?2 2
149 Iy s L 2304 XX
fafie n(242)n(962) %
150 fa 7(24z) 3 576 XIX
XIX
X XV XV
IX
Vi
FIGURE 2. The grouping of eta quotients in Table 7, which have
vanishing coefficient behaviour similar to f ‘1‘
Table 8: Eta quotients in Table 7 with expansions as double theta series
Number Modular Form Weight Theta Series
1
1 n(62)* 2 T n(2)(Z) g
oo m\2 [ n Lam24n?
11 n(6z)* 2 Saa(2) (£)qiCre)
n(122)12 © 24\ (8 1(m2+3r12)
21 7)(62)417(21422)4 2 Zm'"=1 n ( m) ( n ) q:
n(12z) o 8\ [—6\ =(3m2+n?
21 n(62)n(242)* 2 Lot 1 (;)2(7) g )
7(122)1°9(182) ) m -8\ _1(m*+3n2)
> w6z n(@az)n362) 2 I (E) (7) 7
7(62)*n(24z)n(362) © 18) (4 ,(m2+3n2)
61 7(122)27(182)27(722)? 2 Zm’"=1 n ( m) \n ) 9+ R
n(122)129(362) o =6 n\" _,(n 1(mz+3nz)
Bl n(62)n(182)(242)° 2 DI— ( m ) (3 (a) 2 (2) )q“
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191
201
231
241
251
261
291
301
311
321
331
341
391
401
411
421
451
461
471
481
491
501
511
511
521
521
531
541
571
591
60 I

77 111
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n(122)3n(182)?

7(62)21(362)
7(122)37(182)25(722)?
7(122)"n(362)°

n(62)27(182)2n(242)n(722)°
n(362)

_ 22
7(62)%7(242)3
n(24z)
1(62)n(182)31(722)3
7(62)n(182)37(242)7(362)3
1(122)2n(72z)?
77(122);7(182)7
n(62)1(362)3
1(122)29(182)79(722)7
7(122)3n(182)°
7(62)1(242)n(362)2
7(182)57(722)5
7(362)2
D(62)(182)5n(242)n(722)5
7(242)3
A
n(62)2n(24z)3
7(122)29(182)579(722)3
_1022)8n(182°
7(62)%1(242)°(362)2
1(122)27(182)7(722)
2022)9(182)
n(62)5n(24z)5
n(12z)2
n(122)137(362)?
0(62)57(182)1(24z)51(72z)
1(122)21(362)2
7(122)2n(362)?
n(122)135(362)13
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77 111
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78 111
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105 IX
106 IX
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114 XI

115 XI
116 XI

117 XI
118 XI
121 XI

122 XI

123 XI

124 XI
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130 XIII
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n(6z)n(18z)

n(62)n(18z)
n(122)3n(362)3

7(62)(182)(242)(722)
7(122)3n(362)3

7(182)n(722)

7(62)n(242)
0(62)>9(242)1(362)°

7(122)37(182)3n(72z)2
n(182)y(242)
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n(122)(182)(362)"
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3 © 2 n 2 5
o ey () - () )
X qm2+12n2
2 o (" 2
135 XV e 1 =5 (2)(1- (;) g
} o0 2 32 2
mexe om0 () e )
% qm2+12n2
137 XVI 62V 9242) 1 iy (2) grren?
137 XVI einaen 1 Zzo: =_1°°((§))<1_£)m )}izmunZ)
138 XVI ’%12222))5 1 m;” " (12n) Zm2+nz
138 XVI n(;?f:z()zfz) 1 Eoo mr<l==_5)2 624; L(3m24n2)
NPT, — —)qg+
139 XVII i 1 m;;_ ’ (ﬁ) gszz
T (e
140 XVII e 1 3w (1) (;) q
141 XVII 7(12z)* 1 Z:Zilw(_l)n (5) g
o o ()
e 3n (5] (e
141 XVII 7(12z)? 1 Z:,n:l (%) 2:) q§(3m2+n2)
242)0 © b -
O~ /s
(AR 2 —)l=)g:2
143 XVIII 777)((112822))22”’7(?25122))2 1 Zr:n:ll (_ml)n n2> q’"z +18n2
143 XVIII & 1 zf:w@ ) (_),5, giCmen)
144 XVIII solEnier 1 m;o " (36) T
77(182)27](722)52 e " q o
144 XVIII % 1 > (%) @) giCmen)

Table 9: Eta quotients with vanishing behaviour similar to f f

Number g-Product Modular Form Weight Level Group

1 f& n(4z)° 3 16 I

2 5 L (COL 3 64 I
f if ¢ 7(42)67(162)

3 LSy w62’ y22y 2 288 I
1ire 1(42)*n(242)*

4 fifire n(42)*n(162)*(242)* 5 576 I

flg‘oﬁ2 %22 17(82)1‘1)77(122)2277(482)22
5 i fih, n(82)"(122)5(482) 1 576 I

fifafe n(4z)*n(162)*n(24z)*
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15
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17

18

19

20

21
22
23

24

25

26

27

28

29

30

FURTHER RESULTS ON VANISHING COEFFICIENTS

2 2 1
£5535 n(8z)*n(12z)?
) 7(82)"! )
f ifi n(4z)4n(162)3
fifs 1(42)*p(162) 2
fa 7(8z)
I n(12z)'2 3
firs 17(42)31(362)3
[ fafefafie  n4z)n6z)’n(242)*1(362)*n(1442)* 3
a2 r5 7(82)°n(122)121(482)121(722)°
53 1(82)*n(122)’ 5
fird 7(42)3n(24z)3
fffi és 7(4z)3n(16z)°n(24z)'8 )
IS, 1n(82)69(122)77(48z)7
fif: n(82)*n(162)" 5
f%fg 1(42)*n(322)3
fifa 1(42)*1(162)° 5
far: 7(82)*n(32z)3
N 7(82)*n(122)*(162)* )
fifefiz 1(42)2(24z)n(48z)
1irife 7(42)*n(162)°7(242)° 5
31213, 1n(82)*n(122)21(482)3
f n(8z)* )
f3 n(4z)?
fif: 7(4z)*1(162)? 1
I3 7(82)2
f5fs 7(82)°n(32z) 1
fifi 1(42)*n(162)3
fifs n(4z)*n(32z) 1
f 4 n(16z)
f2 ﬂ 2
f ; : 7(42)21(162)2
fif3 1n(4z)*n(8z)* 2
ffy 7(122)n(162)° 5
fifafefs n(42)n(82)n(242)n(322)3
10 f2 7(42)n(162)1°n(24z)? )
3fafafr 7(82)*n(122)n(322)37(48z2)
fafs 7n(8z)n(202)° 1
f1f1g 7(42)n(40z)
f1faf3, 7(42)1(162)n(402)° 1
VEVET S 1(82)21(202)37(80z)3
F3f3f12 n(82)*n(122)n(48z2) 1
fifaf? n(4z)n(162)n(24z)?
fifafe n(42)n(82)y(242) 1
e n(12z)
fifs 1(82)°1(122) 5
f%fe R 7(4z)n(24z)
ff5faf 1(42)n(8z)*n(162)n(24z)? 5

faf n(12z)n(48z)

72

128

128

144

576

288

576

256

256

1152

1152

64

256

256

64
32
2304

2304

40

320

576

72

288

576
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31
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39
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43

44

45

46

47

48

49

50

51

52

53

54

55
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f5fs 7(82)%n(24z)

- 2 1152
fifsfs n(42)n(122)n(162)3
fifaf3fi2 7(42)n(82)°n(122)n(48z2) 5 1152
fift n(162)29(24z)2
fifwo 7(42)37(40z) 1 40
2fs 77(882)77(202)
31313 7(42)39(162)37(40z)?
& 77(42)577(242) 2 288
faf3 7(8z)n(12z)
3 faf 7(82)4n(122)n(48z2)
 J3J12 2 576
ifafe 7(42)59(162)5n(24z2)?
fife 1(42)*(242)° 5 288
133 n(8z)*n(12z)2
AT 7(82)%7(122)%7(482)> 5 576
irerd n(4z)8n(162)87(24z)*
f_}: n(4z) 5 g
f n(8z)*
8 38
2 n(8z2) 5 64
e n(4z)14n(162)14
Fifefifaa n(42)n(162)°n(24z)*n(96z) 1 2304
3 2 £3
F3fsfif3, 7(82)39(122)n(322)21(482)3
fafafa n(122)n(162)°7(96z2) 1 2304
il 1(42)n(322)21(482)2
fifafefa 7(42)*1(162)°1(242)n(962) 1 2304
3 £2 £2
3123, 7(82)39(322)2(48z2)?
f3fafefon 7(82)°n(162)*n(242)1(962) 1 2304
2 £2 2
Fifsfis 1(42)?n(322)?1(482)?
fifaf1 7(42)*1(82)n(48z) 1 576
fafs n(162)n(24z)
fif1 7(82)"7(482) 1 144
2 £3
flf%fa n(4z)?1(162)31(24z)
f1fefs n(4z)n(24z)*n(32z2) 1 2304
J;3f12 1(12z)n(48z2)
F3f3fs n(82)3n(122)n(32z) 1 2304
flf%fﬁ n(4z)n(16z)n(24z)
fifafe n(4z)n(162)°n(24z)> 1 144
Y T ama
36300 7(82)2n(122)n(48z)
2
fafsfy 7(82)n(12z)n(162) 1 576
fife 7(4z)n(24z)
fifaf§ n(42)n(162)n(242)" ) 576
s PP YRNPEEvp—
f2f3f12 7)(82)7)(122)577(482)5
VETH 7(82)?n(122)°
23 KA L 2 72
1t 7(42)n(242)?
flfzfé" 7(42)1n(162)n(242)™° 5 1152
f2f3 12 77(82)77(122)377(482)4
f3f3f6 7(82)*n(122)*n(24z) 5 1152
f 1];12 7(42)1(48z)
f1f3fa n(4z)n(12z)°n(16z) 5 1152

faft 7n(8z)n(24z2)?

II

II

II

II

11

11

III

III

v

v

v

v

v



56

57
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62
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64
65
66

67

68

69

70

71

72

73

74

75

76

77

78

79

80
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REr __ 182’24 2
frafs, n(4z)n(122)n(48z2)
fifs n(4z)*n(242)" 5
f2f3f3, 7(8z)n(122)69(482)
3181 7(82)°n(122)%5(48z2) )
fifif‘g‘ 7(42)21(162)2n(24z)*
f3fe 7(42)?1(122)*n(24z)> 5
f25f12 7(82)n(48z)
35 7(82)°n(242)° 5
21313, 7(42)21(122)21(162)21(482)3
fifs n(4z)*n(122)* 5
f;fs 7(8z)n(24z)
él 7(82)>n(24z)1 5
ff3fif 7(42)2n(122)*1(162)2n(482)*
fifs 1(4z)’n(242)° 5
f3gf12 1(122)n(48z)
fafs 1(82)°n(12z) 5
fgfi 7(42)3n(162)3
AE n(4z)*n(12z2) 2
fs 1(82)°n(24z)° 5
F3fsfifin n(42)3(122)n(162)37(48z)
fifsfe 1(42)*n(162)n(242)° 1
f gf gf A 7(82)3n(122)4n(482)3
Ff3f n(82)*n(122)*n(48z) 1
fifafs 7(42)2(162)n(24z)3
fife 1(4z)*n(242)° 5
i 1(122)*7(482)?
330 7(82)°n(122)*7(482) )
N 17(42)31(162)3n(24z)3
fafe n(162)°n(24z)* 5
f3fou 7(122)27(962)
fifafs, 1(122)*9(162)*1(482) 5
f2fou 1(242)21(962)
& n(12z)*n(16z)3 2
fiz 7(482)
fafe n(162)°n(24z)° 5
fif3, n(122)21(48z)3
FHEES 1(82)°n(122)*(482)"! )
fffgfgfg‘4 7(42)21(162)21(242)57(962)*
ﬁ M 2
fafifa 7(82)n(122)9(96z)*
_fifh 1(82)*1(482)° 5
flfzfﬁf%‘6 n(4z)n(122)n(242)n(962)*
fifsfafiy n(42)n(122)n(162)n(482)1° 5
fafefs n(8z)n(242)*n(962)*
fofa 17(242)°n(32z)? 5
fifaf?, n(122)*(162)n(962)>
fgf; ‘1‘2 n(12z)*n(322)*n(48z)* 5

fafifs, 17(162)n(242)37(962)?

1152

1152

1152

1152

1152

72

576

1152

1152
144
576

144

576

576

144

2304

2304

144

576

1152

1152

1152

1152

1152

1152
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v

v

v

v
v

v

v
v
v

VI

VI

VII

VII

VII

VII

VIII

VIII

VIII
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IX
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fife n(162)*n(24z)°

81 . 2 1152 IX
F3fsf12f 24 n(12z)47(322)n(482)n(96z)
32 I35l 7(122)*n(162)*7(482)° 5 1152 X
f gfgf%g n(24z)37(322)n(962)
2 13
33 f2f2f152 7(82) 77(122)677(482) . ) 2304 X
f1f6f24 77(42)77(242) 77(962)
g4 Jifaf s 7(42)1(162)n(48z)!? 5 2304 X
f2f3f?f24 7}(82)7}(122)77(242)377(962)5
85 Safn 7(82)(482)" 2 2304 X
firef ?f 4 n(4z)?1(162)?1(242)51(962)3
36 fifs 7(42)*n(482)"3 5 2304 <
f 2{ 2{ 334 7(82)1(24z)°1(962)°
f 1(82)°n(242)"
87 o —— 3 576 X
VRV ER PN n(42)31(122)57(162)31(482)
88 s 1427227 3 288 X
12 7(24z)2
39 f1faf? n(4z)n(162)n(24z)’ 5 144 X
fafsfs i 7(82)n(122)1(48z2)3
90 2f3f 7(82)*n(12z)n(24z)* 5 576 X
fifi n(4z)n(48z2)?
91 fife 142y 42)° 2 576 X
faf? 12 7(82)n(48z)?
92 A 7(82) (242 2 44 X
f%{4{312 1(42)*(162)21)(482)>
3 13
93 Lle Sl G 3 1152 XI
3 n(122)37(48z)
94 I H 1(82)°n(122)° 3 1152 X1
f3far? n(4z)3n(162)37(242)
95 f1f3fa n(4z)n(12z)n(16z) 1 1152 XII
L2, 7(82)
9 fofs NS4z 1 1152 XII
f1f3f12 n(4z)n(12z)n(48z2)
97 _nu2rn@an) 1 1152 XII
fzf%flz 7(82)n(12z)?1(48z2)
08 f3f3fe n(82)°9(122)*1(48z) 1 1152 XI1
f 2fafe n(4z)?1(162)2n(24z2)?
99 VTRV 1(8z)*n(122)n(48z)° 1 2304 XIII
f1fEfou n(4z)n(24z)*n(962)
100 fifafef? 1(42)1(162)n(242)1(482)? 1 2304 XIII
faf3fa n(82)n(12z)1(96z)
101 De 782 n(@8z)’ 1 2304 XII
f 2f4f oS24 n(4z)*1(162)2n(242)1(96z)
102 Sifh U2l n@sz) 1 2304 XII
fafefo n(82)1n(242)n(96z)
103 f1faf? n(4z)n(162)n(24z)° 1 576 XTI
f sz; 3ff 12 n(SZ()n()lZZZ()nM)SZ)
104 Lals 82y n12z) 1 288 XIII
0 7(42)
105 fife n(4z) n(24z) 1 288 XIII

fa 7(8z)
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f3f6 7(82)°n(24z2)

106 2 1 576  XIII
fifs n(4z)?1(16z)?
107 hiile 7429162y (242) 1 1152 XIV
31313, 1(82)37(122)31(482)3
108 fifs 7(122)n(162) 1 1152 XIV
fife 7(4z)n(24z)
109 fifsls D2y y(162)7(247) 1 1152 XIV
f3f3 7(82)2n(122)
110 f1f3f1 7(82)"n(12z)1(48z) 1 1152 XIV
F312f2 1(42)37(162)29(242)2
111 file 7(162)37(48z) 5 1152 XV
f§f8f24 n(82)31(322)n(96z)
112 f3f 1(82)°7(322)*1(482)° 5 1152 XV
fafefa, n(162)4n(242)31(962)?
13 fi¥fefn 1(162)"47(242)*(962) 5 2304 XV
fgfg . 7(82)6n(322)4n(48z)*
fef2 n(82)*n(322)*1(48z)
114 f2lsi12 USRS RS e 2 2304 XV
fz}];24 77(16?)775262)
12 n®2)”
115 : s 3 128 XV
116 EH i 2 256 XV
f181 n(32z)
117 s _nasat 2 128 XV
f§24;‘ 77(82)377(32242)4
118 3 6™ 3 256 XV
f3f3 7(82)97(322)°
119 Ty 70162)"n(482)7 2 2304 XVI
fofas 1(242)31(962)}
120 fafe 7162 n(242)° 2 1152 XVI
i, 7(48z)?
121 LT 1(122)%7(482)%7(722)"° 1 576 XVIL
M 23 4;‘6 n(24z)4n(agz)4n(1j4z)4
fsfs n(24z)°n(36z)
122 o ey 1 72 XVII
123 f3fs 7(122)'n(242) 2 1152 XVII
Ak ’(’(“8§B3
6 n(24z
124 R T 2 1152 XVII
& 7(12z)°
125 g v 2 288  XVII
126 o @t 2 576  XVII
1378, 17(122)67(482)5
127 i 228 3 72 XVII
226 n(24z)*
26
128 Fio7m p 3 576 XVII
33f ’ 82)37(40z)3
129 Lol n(82)% 320  XVIII
fifafsfo n(4z)1n(162)1(20z)1n(80z)

130 fifs n(4z)n(20z) 1 80 XVIII
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7 7
131 f;fgfizi 1(162)'1(242)1(96z) 1 1152 XIX
ol 7(82)2n(322)31(482)?
132 f5faf1 7(82)*n(162)n(48z2) 1 2304 XIX
f6[8 7(242)n(32z2)
133 fafsfi n(82)n(32z)*n(48z) 1 1152 XX
f2fo 7(162)21(962)
134 fafifr n(162)n(322)*n(482) 1 2304 XX
f%fﬁ 7(82)1(96z)
135 sl 7322 n(@s2)" 2 1152 XXI
Faf2rs, 1(162)1(242)57(962)5
136 oS5 _1@42yn(322)° 2 2304 XXI
f4]§12{324 77(162)77(2482)77(91632)
137 Sl POV as2) 2 1152 XXI
f6f8f24 77(242) 7](322)77(962)
138 fife 7(162)'n(242)° 2 2304 XXI
fsfi, 7(322)n(48z)2
139 [ fef 1(162)°7(242)n(962) 1 2304 XXII
farafs, 7(82)41(322)41(482)?
140 Lo 1(82)"9(482) 1 1152 XXII
fife 17(162)27(24z)
141 fafa n(8z)n(16z) 1 128  XXII
142 Ji _naet 1 256 XXII
!2{82 7(82)n(32z)
143 s/ 12 7(82)*9(322)*1(48z2)? 1 2304 XXII
fi);efm n(16Z)2n(i4Z)n(962)
144 Jals n(62)n(24z) 1 1152 XXII
f3fr 7(82)21(48z2)
145 Lilsfy, 7(82)'n(322)(482) 1 1152 XXII
3133, 1(162)37(242)31(962)3
146 Sife 162 n(4z) 1 2304 XXIII
f2fsfr 1(82)2(322)n(48z)
147 Sl B2y n@sa)t 1 1152 XXIV
fafef2, n(162)n(242)1(962)>
148 fofifn 1Q42)(322)°(482) 1 2304 XXIV
B e
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XXIX
XXV
XVII
FIGURE 3. The grouping of eta quotients in Table 9, which have
vanishing coefficient behaviour similar to f f
Table 10: Eta quotients in Table 9 with expansions as double theta series
Number Modular Form Weight Theta Series
o -4\ [ =4\ L(m24n?
1 n42)" 3 T (52) (55) 27
7(82)'® o =8Y (=8) _1(m24n?)
21 7(42)01(162)° 3 Zm,n:l Tn ( m ) <2n )q2 ) )
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231

241

271
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28 1
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45 11

46 11
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50 III
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57 IV
61 IV
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65 IV

66 IV

83 X

84 X

85X
86 X
87 X

88 X

89 X

90 X

91 X
92 X
93 XI
94 XI
95 XII
96 XII

97 XII

99 XIII

100 XIII

101 XIII
102 XIII

103 XIII

103 XIII

104 XIII

104 XIII
105 XIII
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140 XXII
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141 XXII

141 XXII
141 XXII
142 XXII
142 XXII

142 XXII

143 XXII

143 XXII

144 XXII

147 XXIV

148 XXIV

149 XXIV
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151 XXV
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153 XXV
153 XXV
154 XXV
154 XXV
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Table 11: Eta quotients vanishing behaviour similar to f f

Number
1

2

3

10
11
12

13
14
15

16
17
18
19
20

21
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n(24z)
asz)
n(24z)
asz)

1 Z:ogjlm(_l)n (E) qszr24n2

o
q 2 2

Z:,n:l (

g-Product Modular Form
f i n(3z)8
2 _ =
Iirs n(3z)8n(12z)8
ffifi 1(62)°n(9z)*n(362)
f;‘fifg 1n(3z)*n(122)37(182)3
f1fafe 7(32)*n(122)n(18z)°
31313, n(62)31(9z)*n(362)3
S e 7(62)!1n(182)!
F1fafaft, n(3zy*n(9z)*n(12z)*n(362)*
fif3 1G2)'n(2)"
f;fa 7}(62);)(182)
> fs 7(62)"7(9z)
fifs 7(32)37(182)
fifare 7(32)*n(122)*p(182)
f;folZ 7(62)?1n(9z)n(362)
Ff3f1 1(62)"1(92)n(362)
fifafs n(32)3n(122)37(182)
fifs 1(32)°n(182)*
f gf 3 1(62)?1(9z)
E 7(62)*(92)°
fife 7(32)*(18z)2
Fifafe 7(3z)*n(122)?n(182)!°
131515 7(62)*n(92)°n(362)6
f3fe 7(62)°n(182)°
ififafs, 1n(32)21(9z)21(122)21(362)>
fif3 n(3z)*n(9z)*
f1 7(3z)
Jifafe n(3z)n(122)n(18z)°
3130 7(62)37(92)37(362)3
fifi 1(92)*n(122)°
fifrz 7(3z)n(36z)
fifife 1(32)(122)*n(182)°
VR n(62)3(92)3n(362)*
I3/t 7(62)*n(18z)2
f1fsf; 7(3z)n(9z)n(12z)>
f1faf3f12 1(32)n(62)n(92)n(362)
fafs 7(12z)n(18z)
fafaft n(62)*n(122)n(18z)
fifsfiz n(3z)n(92)n(362z)

12

m

1397

Weight Level Group

4
4

2

9
36

108

108

108

108

108

108

36

36

108

108

108
27

36

108

108

144

144

432

I
I

I
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22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45
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fifafsfa n(32)n(62)n(9z)n(122)?
{ 6, 7(18z)
ife 7(32)°n(18z)?
VB n(62)2n(9z)?
A 7(62)1°7(9z)*1(362)
rererd 7(3z)6n(122)67(18z)*
fifi 1(3z)*n(122)°
12 1(62)2
20 77(62)10
fif: n(3z)*n(12z2)2
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f3f3f1 1(62)*1(92)*1(362)
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F3ffs 7(62)°n(24z)*1(362)1°
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fife 1(32)n(182)>

147 ! 144 XXV
;zfs 7(62)n(9z) 2
148 [t 1(62)*1(92)1(362) 1 36 XXIV
fifafs n(3z)n(12z)n(18z) 2
149 11l 23271227 2 36 XXIV
I 7(62) 2
150 5 G2 2 4 xxIv
f 7(3z)? 2
151 _%g _n@sz)® 3 2304 XXV
I3l 7(242)579(962)5 2
152 i 7242)° 3 144 XXV
2 7(482)2 2
153 Dol 1482 (722)" L1 xxv
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16 7(48z 1 XXV
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156 f3 7(24z) 5 576 XXV

FIGURE 4. The grouping of eta quotients in Table 11, which
have vanishing coefficient behaviour similar to f f
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26 11
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46 IV
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Modular Form
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Table 12: Eta quotients in Table 11 with expansions as double theta series
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Table 13: Eta quotients with vanishing behaviour similar to f

g-Product Modular Form
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flfé 7(122)1(48z)
fifg n(122)n(72z)°
3 7(362)37(1442)3
f‘l‘i n(122)*7(108z)
f3 7(362)
2 f3f12f3 0(242)2(362)y(1442)(2162)
Firarifofss 7(122)4n(482)7(722)37(1082)n(4322)
fife 7(122)%(722)°
fifgi’ffz 7(242)27(362)37(1442)3
f; f§ 7)(242)137)(362)3
fif; 7(122)59(482)
firs 7(122)°9(722)%
1353 1(242)21(362)
Y f3f1 1(242)37(362)n(1442)
I3f3fe 7(122)57(482)57(722)
fifshe 70122y (362)(1442)
féfs 7(242)29(722)
/5 fé 1(24z)135(722)?
13133 7(122)57(362)7(482)3

Weight

5
5

2

\S]

10
1

Level
144

576
1152
1152
1152
1152
2304
2304
2304
2304

288
576
576

72
72

576
288
576

576
144
1152

1152
1296
5184
1152
1152
72
576
1152

1152

Group



31

32
33
34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60
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i 7(122)°9(362)%
£ n(242)?
f?fg 1(242)135(722)°
R, 7(122)5n(362)37(482)57(1442)3
fifs n(122)°5(60z)
f;sf%o 7(242)1°5(120z2)3
F3f3fsf0 1(122)59(482)57(60z)n(240z)
fifé 1(122)79(722)3
1313 7(242)3n(362)3
13535, 0(242)!87(362)°n(1442)3
1135 n(122)75(482)7n(722)0
f3fsfsft 7(242) n(362)(962)y(1442)
Nraree, 0(122)7(482)31(722)31(2882)2
Nisfi 7(122)(962)(1442)°
fsfff%; 1(362)1(482)27(2882)2
131803, 7(242)°7(962)n(1442)
12r2r2p2, 7(122)21)(482)21)(722)21(2882)2
ifsfh n(122)2n(962)n(1442)°
1212, 7(722)2(2882)2
A 7(122)?7(482)39(722)?
f3fi (242)27(1442)
f3fafe 0(24z)*1(482)y(722)?
i 7(122)27(1442)
Dfafafs Mz T22)°
31y 7(242)7(1442)2
fafe 1Qaz)(722)
f1f3f3, n(122)n(362)(1442)3
Safihn n(362)n(482)'2n(1442)
ffifefy 1(122)(242)37(722)(962)5
nIiers n(122)n(482)13(722)?
f6f3f§ 7(242)67(362)n(96z)3
f3f3fe 1(242)71(362)1(144z)
f1f ;f 6 1(122)7(482)35(722)
Nafe n(122)n(242)*n(722)?
f3f2 7(362)7(482)2
LT 7(242)! 1n(962)%7(1442)%
AR 7(122)9(482)5n(722)27(2882)2
G n(122)*(962)*n(1442)°
f2f3fif3, 0(242)0(482)29(722)1(2882)2
1530312 n(122)7(362)n(482)10n(144z)
f;‘fsf;‘ 7(242)*1(722)n(962)*
it sy
fif2f3fg n(122)n(24z)1(362)n(962)*
£fafd 7(122)3n(482)7(722)°
B 7(242)37(362)37(144z)3
IHH (24207 (362)3
fjf 3 7(122)37(482)2
flffx 1(12z)5n(216z)3
f3f9f36 7(242)21(1082)n(432z)
D 7(242)135(108z)
fifz n(122)57(482)5
I2F5 n(242)135(2162)3
F3£35fof36 7(122)57(482)57(1082)n(4322)
fifs 7(122)35(108z)
f g 7(24z2)2
RIS p0222n82)0(722)0n(1082)9(4322)?
P30 15F% 7(242)67(362)107(1442)107(2162)6
i 7(362)'°
fife 7(122)27(1082)2

w

w

288

576
720
2880

288

576

2304

2304

2304

2304

144

576

1152

1152

2304

2304

144

576

1152

1152

1152

1152

144

576

10368

10368

5184

2592

5184

1296

1I

II

I

I

111

III

v

v

v

v

VI

VI

VII

VII

VII

VII

VII

VII
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61

62

63

64

65

66

67

68

69

70

71

72

73

74

75
76
77

78

79

80

81

82

83

84

85
86

87

88

89

90

91
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fifsfi 7(122)n(362)n(144z)
f6 n(72z)
f;fﬁ 7}(242)371(722)2
f1fifa 7(122)n(362)1(48z)
fafsfifi2 N(242)(362)1(482)%1(144z)
f1 fgf§ 7(122)n(722)n(962)
Nfife n(122)(482)>7(722)>
135313 7(242)2n(362)1(962)
ffe n(2z)n(722)*
f3 7(362)
f3f3f12 7(242)*(362)1(1442)
f1fafe 1(122)n(482)(72z)
f1fafefyy 7(122)n(482)(722)*7(1202)
13131253, 7(242)27(362)7(602)27(2402)>
faf3fsf 1(242)n(362)1(602)*n(1442)
flfﬁfly 7(122)n(722)(1202)
J1faf{ n(122)7(482)n(722)"
f%fgffz 7(242)20(362)37(1442)?
f2f3f12 7(242)n(362)3n(144z)
fife n(12z)n(72z)2
e n(122)*n(144z)
sz32 7(242)1(362)
I5f3f3, 1(242)%7(362)1(1442)
131353 7(122)30(482)37(722)3
f1f3 n(122)7(2162)?
fof36 7(1082)7(432z)
s 7(242)39(108z)
f1fa 7(122)7(482)

353 7(24z2)37(2162)
f1fafof3e n(122)1(482)1(1082)n(432z2)
1fo n(12z)n(108z)
f1 f4f§f138 1(122)n(482)n(722)°n(2162)°

F212fof%f3s  1(242)2n(362)21(1082)n(1442)29(4322)
f2f3fo 7(242)1(362)2(1082)
fl[é n(122)1(72z)
21213 1(242)1(362)27(2162)>
f1f6f95f36 n(122)n(722)n(1082)n(432z)
fifafgfo n(122)1(482)1(722)°1(108z2)
f §f§f§2 7(242)27(362)27(1442)2
f3fafig 0(362)1(482)1(2162)3
fef9f36 7(722)1(108z)1(432z)
fafefo 7(482)7(722)27(1082)
f3 13 7(362)1(144z)
f2f3fis 1(242)7(962)(1442) 1
FiFers n(482)4(722)1(2882)6
fefifs 7(722)*5(962)2(1442)°
fafaf3, 7(242)1(482)(2882)>
_; 77(242)7
{ 4 7(482)
f3fs 1(242)°n(962)
f3 7(482)?
135, 7(482)°n(1442)5
f2f3fsf3, 1(242)(722)27(962)(2882)2
126352 7(242)n(482)*n(722)
f B n(144z)
P 7(482)"3
313 7(242)7(962)*
f 30 n(482)2°
;fg n(242)77(962)7
P 7(482)%n(1442)°

A

7(242)37(722)?1(962)21(2882)?

1152

1152

2304

2304

288

576

5760

5760

1152

1152

1152

1152

10368

10368

5184
1296
5184

2592

10368

10368

1296

5184

2304

1152

1152
2304

2304

1152

1152

2304

1152

VIII

VIII

IX

IX

IX
IX

XI

XI

XI

XI

XII

XII

XIIT
XIII
X1V

X1V

XVII

XVII

XVII

XVII

XVII

XVII

XVII

XVIII



FURTHER RESULTS ON VANISHING COEFFICIENTS 1411

92 fafels 1(242)*1(722)*3(962) 2 2304 XVIII
f%f 5 7(482)n(144z)
93 ifw _ 1022y @402)° 1 11520  XIX
f2f10{40 7(242)1(1202)n(480z)
94 L 24z) (2402)° 1 11520 XIX
fffffmfw 7(122)21(482)27(1202)n(480z)
95 ffflo 7(122)*5(120z) 1 360 XIX
; !; ﬂ(§4z)
/10 n(24z)°n(120z)
% 1353 7(122)27(482)2 ! 2880 XX
97 LI n(@azy(962)"n(1442)° 1 1152 XX
fiféf§4 7(482)2n(722)>n(2882)>
08 fafifs 7(482)(722)*1(962) 1 2304 XX
}2]}2 (17(242))7)(1(442) )
99 s 1(24z)n(96z 1 2304  XXI
100 i ns2)? 1 1152 XXI
23 7(24z)
101 f4f20 7)(482)57)(2402)3 1 11520 XXII
f§f§f10f40 1(242)2n(962)21(120z)n(480z)
102 EIA 142y n(1202) 1 5760  XXII
fz‘% 77(482)26
103 lf0 0 a7 3 2880  XXIII
Floglo 7(602)107(2402)10
10 10
104 L 2602)_ 3 360 XXIII
i n(120z)4
105 10 iz’ 2 2880 XXIII
7 02z
106 5 260 2 1440  XXIII
ffo 7(120z2)2
107 fiof2 70202)*y(2402) 1 11520 XXIV
f% fao 7(60z2)27(480z)
108 Liln 60z (2402)° 1 11520 XXIV
flzofm 7(120z)27(480z)
109 o __n0202° 1 2880  XXIV
7 02z
110 é 7(60z)? 1 720 XXV
11 J10f30f5 _1(202)(4802)(7202)° ! 11520 XXV
f%ofgoﬁzo 7(240z)27(360z)27(1440z)2 2
Faf3 7(2402)7(3602) 1
112 fm{S'so 77(1202)7?(712302) 2 720 XV
113 —fsf v % D150 XXV
1f05 40 ! r;(lzgz)5 3
114 % _— - 720 XXV
f%o 7(240z)2 2
3
115 o (L L 11520 XXV
fr0fa0 7(1202)7(480z) %
116 S 7(120z) 3 2880 XXV
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FIGURE 5. The grouping of eta quotients in Table 13, which
have vanishing coefficient behaviour similar to f %O

Table 14: Eta quotients in Table 13 with expansions as double theta series

Number
71

81
91
101
111
121
131
141
151
151
16 1
16 1

171
181
191
201
211

221
251
261

Modular Form
n(48z)13

n(122)2n(%62)°
7(122)%n(482)"°

1(242)07(962)3

1(122)27(962)

7(242)21(962)
7(242)°

n(122)2
n(122)*n(48z)*
n(242)10
n(12z)*n(24z)*

n(12z)

n(12z)

7(242)2n(362)n(144z)
n(24z)29(362)n(144z)
1(242)n(362)°

n(122)n(72z)
n(122)n(48z)n(722)"*
0(242)21(362)51(1442)5
n(242)3n(722)°

1(122)n(362)37(482)n(1442)3

n(12z)n(36z)°
1242)°7(362)°

7(122)1(48z)

7(362)3n(144z)3
n(122)°n(722)°

n(122)57(482)3

Weight
3

3
2
2
2
2
3
3

1

1

Theta Series

Z:fno,n=1 mn (_—6> (2 (i> — (g))qmzﬂnz

ae o (5) () e
Yoent 1 (2—,;‘) @) (%) _ (g))qmzmz
T2 () e
=2 an(2)e(L) - (pger
Z2 (e

Z::,n=1 mn (%) (2 (ﬁ) — (g))qmz+4nz

Zmmn (2)(2) 7
2 2
Zrea () (2) 20

2 2
Z:,n:l(%) (g) q“mz+nz
T (2) (2) 2¢7)

TR Am
.
2

()

5an(2) (el
2nn(2) (F)ei )
2n(3) (3)aH )
nn(3) (3)et )
ran(3)(F)et )
an (G) ()

)

|



271
28 1
291
301
311
321
371
381
39 11
40 II

41 11
42 11
43 III
44 111
451V
46 IV
47 IV
48 IV
55 VII
56 VII
57 VII
58 VII
61 VIII
62 VIII
63 IX
64 IX
65 IX
65 IX
66 IX
66 IX

69 XI
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1(122)59(72z2)?
7(24z)2n(36z)
0(122)57(482)57(72z)
n(122)°n(362)1(144z)
n(24z)2n(72z)
7(242)131(722)?
7(122)57(362)n(48z)5
n(122)°9(362)3

7(24z)2
7(242)'31(722)°

1(122)59(362)37(482)57(1442)3
1(242)37(362)7(962)n(1442)°
7(122)1(482)37(722)31(288z2)2

7(362)1(482)>n(2882)>
0(242)%7(962)1(1442)°

7(122)21(482)21(722)21(2882)2

7(722)27(2882)%
1(242)2n(144z)
n(24z)*n(482)n(722)>
7(122)2n(1442)
7(24z)2n(144z)2
n(122)n(362)n(1442)3
7(362)n(482)12n(144z)
n(122)n(242)3n(722)1(962)%
7(122)n(482)3(722)2
7(242)67(362)n(962)3
7(122)n(482)31(722)
7(362)1(482)?
7(122)°7(2162)°

7(122)57(48z2)3
7(242)137(2162)3

7(122)57(482)57(1082)1(432z)
7(122)°n(108z)

7(24z2)2
7(72z)
7(242)37(722)?
n(122)1(362)1(48z)
N(242)1(362)7(482)%1(144z2)
n(122)(722)1(96z)
1(122)n(482)*n(722)?
7(242)27(362)n(962)
n(122)(722)
7(362)
n(122)y(722)*
7(362)
7(242)37(362)n(144z)
n(122)(482)n(72z)
7(242)°n(362)(1442)
1(122)n(482)n(722)
1(242)21(362)31(1442)2

-
Sl= = |$\z|=
~— ~—
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P
+
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L)) g
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n
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70 XI
73 XII
74 XII
75 XIII
75 XIII
76 XIII
76 XIII
77 XIV
78 XIV
79 XV
80 XV
86 XVII
89 XVII
93XIX
94XIX
95XIX
96XIX
97 XX
98 XX
99 XXI
99 XXI
100 XXI
100 XXI
101 XXII
102 XXII
103 XXIII
104 XXIII
105 XXIII
106 XXIII
107 XXIV
108 XXIV
109 XXIV
109 XXIV
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7(242)n(362)3n(144z)

n(122)n(72z)
r)(lZz)'r)(Zléz)3

1(108z)n(432z)
7(242)379(108z)

1(12z)n(48z)
7)(242)37)(2162)3

1(12z)n(48z)n(108z)n(432z)
1(24z)3n(216z)3

1(12z)n(482)n(108z)n(432z)

7(12z)n(108z)

7(122)n(108z)
n(122)1(482)1(722)°n(2162)3

7(242)21(362)21n(108z)1(144z)21(4322)
7(242)n(362)*n(108z)

n(122)n(72z)
77(242)7](362)2 71(2162)3

1(12z)n(72z)n(108z)n(432z)
1(122)1(482)n(722)7(108z)

7(242)21(362)27(144z)?
7(242)°7(962)

7(48z)2
7(482)13

n(242)5n(962)*
7(122)29(2402)3

1(24z)n(120z)1(480z)
7(242)579(240z)3

7(122)21(482)%7(120z)1(480z)
n(122)*n(120z)

7(24z)
7(242)°7(120z)

1(122)2n(48z)2
n(242)n(962)*n(144z)°

7(482)21(722)21(288z)?
7(482)1(722)%1(962)
n(24z)n(144z)

1n(24z)n(96z)
1(242)n(96z)

7(482)3
7(24z)
7(482)3

n(24z)
7(482)9(240z)3

7(242)21(962)?7(120z)1(480z)
n(242)*n(1202)

7(48z)
7(1202)%°

7(60z)107(2402)10
7(602)°

n(120z)4
n(120z)1®

7(602)67(240z2)0
7(602)°

7(120z)2
1(120z)*(240z)

7(60z2)27(480z)
7(602)27(240z)3

7(120z)27(480z)
7(1202)°

7(60z)27(240z)2
7(1202)°

7(60z)2n(240z)2

w W

3 3838 38 :
Toon 0

3
3
I

—

3
3
I

-

8 3
I IRIICIISIIRIIRIIBRISE I

~— N e N - - - e e —

3
3
Il

—

8 <

MMMMMEHMSMMMM
i

12 (n)? S(omien?)
m,n=1 m 6 q
o (24 (n\? L(onPn?)
m,n=1 \ 6 q
© (1) (18) 3(omn)
m,n=1 m n q
Z‘X’ n 12\ (n\ _am?4n?
ma=t T\ ) 4
£ in(E) G
m,n=1 m n
0 24 2 2
Z - (_1)n< )qu +12n
n=—co

12 sm2+12n2
)a

12m?+5n?

q

"
—~
s
I}
~—
=)
w
3
S
+
0
S
S

Z‘X’ (_“) 60m?+5n%
o q
n

n=1

n



FURTHER RESULTS ON VANISHING COEFFICIENTS

110 XXIV 7(60z)?
110 XXIV 7(60z)?

Table 15: Eta quotients with vanishing behaviour similar to f i“

Number g-Product

1
2

3

10
11

12

13
14
15

16

17

18

19

20

21

22

14
i
2
14 214
?25%
4 £5
Iyfs
1/ 8

f2f4
155
1
A

13
£ty
f1
11
f2
{ﬂ;
fifafs
ffi
f2fafe
fif2fafr

f
I
2 f& 2
IEHE
3

7
Fufafis
T

fafsfaf1z

fif
F2T

f2f3
f3f3f1
1S3/
2J 6

!
e

f3f3f3
fafifu

fifafefs

Modular Form
n(12z)!
7(24z)*
n(122)14n(482)1
1(242)"17(962)>
7(122)*n(48z)>
n(122)*7(96z)*

7(24z)n(48z)
7(24z)*1(48z2)°

7(122)21(96z)3
n(12z)*n(48z)!
7(24z)*n(96z)3
1(24z)*1(48z2)?
7n(12z)2
n(12z)*n(48z)*
7(24z)2
7(24z)7(962)
7(122)?1n(48z)
1(12z)*n(482)1(962)
1(24z)"1(144z)

1(122)2n(482)n(72z)
1(12z)*1(242)n(48z)n(144z)

7(72z)
n(24z)3

n(12z)?
1(122)*n(242)*n(48z)?
1(362)°

n(12z)
n(12z)1(482)n(72z)"

1(24z)37(36z)5n(144z)5
7(24z)n(362)n(48z)n(144z)

n(12z)n(72z)
n(122)n(482)*n(72z)?

7(242)?n(362)
1(24z)°1(362)n(144z)

1n(12z)n(48z)n(72z)
1n(122)1n(24z2)*n(72z)*

7(362)
n(122)n(482)°n(72z)?

7(242)*n(36z)n(96z)3
7(362)1n(482)8n(1442)

1n(12z)n(24z)n(72z)n(96z)3

2 ()

n
2

T

m

Weight
7

7

2

1415

)q%(mzwzz)
) qS(m2+12n2)

Level
144

576

576

576

2304

2304

576

144

2304
2304
1728

432

144
576
432

1728
144
576
576
144

2304

2304

Group
I

I

I
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s f3fa 7(362)n(48z2)
24 f3f3fsf12 n(242)*1(362)1(962)n(144z2) 2304 I
f1f3f6 1(122)1(482)*n(72z2)
25 ff f3 n(122)°n(362)* 4 144 I
>f (242)59(722)°
26 5?563 57} 23}7 ZS 3 576 I
f1f37faf12 7(122)57(362)31(482)°1(1442)
27 L n122)7y(722)" 2 432 1
fafs 1n(24z)*n(36z)3
)3 i3, n(242)'7n(362)°n(144z)° 5 1728 I
VA n(122)7(482)7n(722)5
29 hfs n122)"(062)° 3 5716 1
f2§1f42 1(242)37(482)
f n(24z)*n(96z)?
30 278 o/ 3 576 I
3f§f§ 1(122)87(482)°
Fofafefaa n(242)%1(482)°n(722)1(288z)
31 24 2 6912 I
szf )705 z 7(122)21(962)?1(144z2)?
fifafefaa n(122)?n(482)"n(722)n(288z)
32 D 1(242)31(962)*1(1442)2 2 6912 !
fafifaa n(362)1(482)*n(2882)
33 EELE L 1 6912 II
ffsfn 17(122)n(962)n(144z)
34 Fif3fafo 1(122)1(482)°n(722)*1(288z) 1 6912 I
F3rsfafs, 7(242)319(362)n(962)21(144z2)?
35 31303 7(242)*(362)n(144z)? 1 432 I
f1fif? 1n(122)1(482)27(722)>
36 fifofsfo (122242 (722)(1442) ) 1798 I
,/fzf4m 7(362)1(482)
37 f3f1 7(242)"n(362)n(1442)'° 1728 I
Sifafefsf 1(122)37(482)n(722)61(962)1(2882)3
f 3 g 9 34 3 2 9
fifaf 7(12z)°1n(482)°n(144z)
38 14712 1728 111
f%fgfgfgf; 1(242)29(362)0(722)31(962)1(2882)3
3f5f n(362)%7(482)*n(144z2)°
39 3-4°12 2 1728 111
flfgfif%, 1n(122)1(722)*7(962)n(288z)3
F1fi el n(122)1(482)*n(722)*n(144z2)°
40 fi{i{sf; 1(242)31(362)37(962)n(2882)3 2 1728 i
fifafa n(362)>n(482)?n(288z)
41 —ala s 1 1728 v
flfgfgflz 1(122)1(722)1(962)n(144z2)
4 f;f:fﬁ T 7(122)7(482)*n(722)*n(288z) 1 1728 v
f2f3f8f12 7](242)377(362)377(962)77(1442)4
43 fifafefa 1(122)31(482)*1(722)n(288z) 1 1728 v
f§17’3fsf 12 1(242)29(362)n(962)n(144z)
7
44 f32f3J;24 7(242)"n(362)1(288z) 1 1728 v
fifafsfs n(122)37(482)1(722)*1(962)
45 f1fafifa 7(122)1(362)1(482)*n(2882) 1 1728
J;ZfSJ;lZ 7(242)1(962)n(144z2)
46 ofafsfaa n(242)*1(482)n(722)1(288z) 1 1728
fifsfsfis 7(122)1(362)1(962)7(1442)>
47 fifif3, n(122)*n(48z)*n(144z)> ) 6912 VI

fafefaa 7(242)1n(722)1(288z2)
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49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66
67
68

69

70

71

72
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FH n(24z)5y(144z)3

2
fifsfﬂ 1(122)21(722)n(288z)
5301 17(242)*1(362)n(1442)!* 5
f1f4fgf§4 n(122)n(482)1(722)67(2882)5
f1f1§ n(12z)n(144z)"3 )
fafafif 7(242)n(362)1(722)31(2882)5
fif 1(122)*7(482)%7(1442)"3 3
fzf§f3§4 1(242)1(722)57(2882)5
f; }2 7(24z)°n(144z)13 3
fifefs, n(122)2n(722)57(288z)3
f3fafd 7(24z)*n(362)n(72z)* )
fifaf1z 1(122)n(482)n(144z)
fif? n(122)n(72z)’ )
! zfszg 7(24z)n(362)n(144z)2
ifaf: n(122)?n(482)*n(72z)° 3
fszg n(24z)n(144z)?
fifs n(242)°n(722)° 3
i3, n(122)29(144z)
fifafs 7(122)*1(482)*1(722) 5
f2 7(24z)
f3fs 1(24z)59(722) 5
I3 n(12z)2
2311, n(242)*n(362)n(144z)* 1
fifafefaa n(122)n(482)n(722)*n(288z2)
f1fsf3, n(122)n(722)n(144z)> 1
Saf3f24 7(242)1(362)1(2882)
I35/ 7(242)*1(362)n(144z) 1
fifa 7(122)n(48z2)
fl_fg n(122)1(72z)3 1
f2f3 7(242)1(362)
fifef3, 7(482)14n(722)n(2882)> 5
fgfg . 7(242)*(962)5n(1442)*
I5fifaa 17(242)*n(482)?1(288z2) 5
{6f8f122 1(722)1(962)n(144z)
fifefsfi, 1(242)*9(722)n(962)n(144z)? )
f§f§4 7(482)n(288z2)
fifh 7(48z)°n(144z)°
f%f%fsf; 17(242)21(722)n(962)1(2882)>
I>fs 1n(24z2)*n(96z) 2
I 7(482)° )
fgfg 1(242)39(962)2
5/ 7(24z)°1(482)° 4
fi 17(962)2
2 7(482)20 4
f>fa 1(242)57(962)7
fafts 7(482)°n(1442)8 5
f3fefsfa, 1(242)21(722)31(962)n(2882)3
fafefs 1(242)*(722)*1(96z) )

faf12 7(482)n(144z)

6912

6912

6912

6912

6912

432

1728

432

1728

1728

432

6912

6912

1728

432

6912

1728

1728

6912
2304
576

576

2304

1728

6912

1417

VI

VI

VI

VI

VI

VI

VI

VI

VI

VI

VI

VII

VII

VII

VII

VIII

VIII

VIII

VIII
VIII
VIII

VIII

VIII

IX

IX
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73 fzfﬁf? 1(482)°1(722)1n(288z) 1 1728 X
121862 n(242)27(962)7(1442)2
74 S5fsf12 7(242)*1(962)n(144z2) 1 6912 X
f4f163 77(482)7)(722)13
75 Isf n06z)(144z)" 2 1728 XI
f65f24 r;(72z)5757(2882)5
76 fﬁzfs 1(72z)°n(96z) 5 6912 X1
1, 7(144z)2 ,
77 Lofs T24z)n(962) 1 576 Xl
[ 7(452)
78 Luls 7(482)(%62) 1 2304 XII
fz3 7(24z) ,
79 Tolip n(062)n(1442)° 1 1728 XIII
oS24 7(72z)n(288z)
80 fefs n(72z)1n(96z) 1 6912  XIII
2 £3 2 3
81 e} IE42) 7336), 1 16128 XIV
Fiafs6 7(1682)21(672z)
4
82 Ll n(1682)75(3362) 1 16128 XIV
f7{56 7)(842)277(6222)
83 i L 1 4032 XIV
f5 5% 7(84z)2n(336z)2
84 E 7(84z2)? 1 1008  XIV
35 f214f256f2§4 1(1682)7(6722)7(10082)° 1 16128 XV
Sogfinl1es 7(3362)21(504z)21(20162)2 2
86 Inlg 2(3362)(504z)" L1008 XV
f14,[84 7}(1682)77(103082) 2
87 s _neses) L 16128 XV
f14f356 7}(1682)77(617322) 2
88 S (LI 2 16128 XV
f14{56 7(1682)5n(672z)3 2
5
89 at 71682)° 21008 XV
i 7(336z)? 2
90 fia 7(1682) % 4032 XV
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XV

FIGURE 6. The grouping of eta quotients in Table 15, which
have vanishing coefficient behaviour similar to f 14

Table 16: Eta quotients in Table 15 with expansions as double theta series

Number
51

61
71

81
91
101
111

121

131
141
171

181
191
201

211

Modular Form
17(242)2 17(482)9

7(122)27(962)3
n(12z)%n(48z)1

7(24z)4n(962)3

7(242)*(482)%
n(12z)2

n(122)%n(482)*

7(24z)2
7(242)%7(962)

n(122)2(482)
1(122)*n(482)1(962)
7(242)7n(1442)
7(122)2n(482)n(72z)

0(122)%1(242)1(482)n(1442)

7(72z)
n(24z)

n(122)2
7(12z2)*n(24z)*1(48z)*
1(24z)1(362)n(48z)n(144z)

n(122)n(72z)
n(122)1(482)%1(722)?

7(24z)2n(362)
7(242)°n(362)n(144z)

1(12z)n(48z)n(72z)
1(122)n(242)*n(722)?
7(362)

9(122)n(482)°1(722)?
7(242)*1(362)1(962)3

Weight

3
3

2

[\S]

Theta Series
Z:l),n:l mn (f) (2 (%) — (g))q3m2+4n2
Z:,n:l mn (f) (g) o an?
Sraan(3) @) - (e
0 m 2
T n(3)
5 (et

) 3m?+4n?

n 3m?+4n?
;))q

n
3

~—
|
)

T (2) (3(2) -2(2) ) e
Zf:,n=1 mn (f) (2 (%) — (g))q3m2+4n2
Z:,n:l mn (f) (f) q3m2+4nZ

3m?+4n?

2 () ()
2 ()

38

5

ﬂ‘
—~
NE
SN—

LS

—~
wils
~—

e}

4m?+3n?

) =(3) e
)= (5
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221

231

241

3511

36 11

47 VI
48 VI
49 VI
50 VI
51 VI
52 VI
53 VI
54 VI
55 VI
56 VI
57 VI
58 VI
59 VII
60 VII
61 VII
62 VII

67 VIII
68 VIII

74 X

75 XI
76 XI

77 XII
77 X1II

78 XII

78 XII
79 XIII
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7(362)n(482)8n(1442)
7(122)n(242)n(722)1(962)3

7(362)n(482)
1(242)31(362)7(962)n(144z)

1(122)n(482)21(72z)

7(242)*1(362)n(144z)?
n(12z)n(24z)n(72z)n(144z)
T aGeomGs

7(24z)n(722)1(2882)
7(242)°n(1442)3

212229722 (2882)
7(242)*n(362)n(1442)'*

1(122)n(482)n(722)67(2882)
7(122)n(1442)13

0(242)n(362)1(722)31)(2882)5

1(242)n(722)>n(2882)°
7(242)°n(1442)13

7(122)n(482)n(144z)
1(122)5(722)”

7(242)n(362)n(1442)2
0(122)%7(482)*n(722)°

7](242)2(1442)2
n(242)°n(722)°

n(122)27(1442)°

7(24z)
77(242)57](722)

n(12z)2
7(24z)?n(362)n(1442)*

7(122)1(482)n(722)21)(2882)
7(242)n(362)n(2882)

1(122)(482)
n(122)n(722)

7(24z)n(362)
1(242)*n(962)
7(482)°
7(24z)31(962)2

n(482)n(72z)

77(722)52(2882)5
7(72z)°1(962)
n(144z)2
1(242)n(962)*

7(48z)
1n(242)1(962)

7(48z)
7(482)%1(962)

7(24z)
7(482)27(962)

1(24z)
7(962)n(1442)3

1(72z)n(288z)

[

[

[

[

NN

[

T (?)

T (2(2) —(%)2)

Z::,n:l h (2_4)

m

6

Sn(2)e(s)-

S ()
(

22

)

2
4m?+3n?
) )q
n
6

) -2(%))
) q3m2+4n2

( ))q3m +4n?
q

- (;)2> g

=6\ 4m?+3n?
Gk
n
2

)= (2

3m2+4n?
_) q

-

_> 4m?+3n?

)
Zra () () - () )
?)

4m?+3n?
)a

— (f )2> q3m2+4n2
3

o 2 12
Zm,n:l (_ (:
2
) 12 n
S (B) (22
© 12
Z:m,n 1 h

|55 |

™
8
3
—-
S
ols 3
N\/\/

~—

I
o
P U
S

g8
S
—
—~
-
S
) ~ 1 il
S
w
A~ TN~ N

FIg3ls
N e —
=7 N NN
SIS RIs s

S—
N~

\S]

s |

|
o

4 pamP+3n?
)a

8\ 4m2+3n?
7)a

(5) )ar=

) q4mz+3nZ
) q4m2+3n2
) q6m2+n2

3m?+4n?

q

—~
IR
S~—
Q

=

3

+

3
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80 XIII 7(722)7(962) 1 o (5) (%) gim e
7(84z)29(3362)% o 1y (ﬁ) 7(m?+12n%)
81 X1V 7(168220(6722) 1 Zn!iloo( 1 )4
7(1682)*7(3362) ol 24\ _8am2+7n?
82 XIv r](84z)271(6ZZZ) 1 Zmn_;fo ( n ) q
(168z) o 12 2 2
XTI n 1 © (_) 84m?+7n
83 v 1;(842)27;(33662)2 z n=1 n q ;
T (24,2
83 XIV R 1 S (2)(2) gz
7(84z)2n(3362) » m n
2 2
84 XIV n(84z) 1 Z:o’:"iloo (=1 (f) q'(m*+12n%)
5 © 12 (12\ _Z(m24n?
84 XIV n(84z) 1 S (2)(2) g2
Table 17: Eta quotients with vanishing behaviour similar to f7°
Number  g-Product Modular Form Weight Level Group
1 2 1(122)* 13 144 I
2 A @ 13 576 1
138 fgﬁ 7(122)267(482)26
3 ETH il Gl 3 576 1
1 7(122)?
4 N aazedszf 3 144 I
fs n(24z)*
5 i e 3 2304 I
2. 2. 3
6 fljffzf8 n(12z) n(zl;))n(%Z) 3 2304 I
$ Tl
f 7(362)°
7 2 == 4 144 I
f1 n(12z)
3 f1f4f§7 1(122)n(482)n(722)*7 4 576 I
135500 7(242)31)(362)°7(1442)°
9 HH 122 520 5 576 1
3 7(242)?
10 i nz) 5 144 I
3 7(122)6
115 n(122)!1n(1442)*
11 112 _ 3 144 I
fg §f4 1(242)41(362)37(482)
12 1135 7(242)%n(362)°n(1442)° 3 576 I
11 £12 £9 11 12 9
Vinliral 4 7(122)119)(482)127(72z)
13 VTS 7(242)4n(362)1(1442)* 5 576 I
11858 1(122)39(482)67(722)*
14 i __nazhaszy 2 144 1
f2 3!4!6 7(242)n(362)n(482)1(72z2)
15 N30 n(122)n(242)°p(1442)3 5 576 I
fssfiff 7(362)n(482)30(722)
153630 17(242)89(362)p(1442)*
16 f1f35 n(122)n(482)47(722)* 2 144 1
17 i n(12zn(%62)" 2 288 111
i 7(482)2
18 f;’f‘s‘ 7(242)0n(962)* ) 576 111
jszfj:3 1(122)27(482)*
19 Ut 1a22) 782562 2 2304 I
3 (2422
f“?” n(24nz)4772(962)3
20 28 _— 2 2304 II1
) f3fa , 7(122)27(482)
6 9
21 f3f3f12f7g 7(242)°n(362)1n(1442)n(2162) 2 1728 v

F22r3f3 15 7(122)27(482)21(722)37(1082)37(4322)3
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22 fify A12) (108 2 432 IV
f 3 s 7(362)
23 f1f2f3f7, 1(122)n(242)1(362)37(144z)3 5 144
3 3
7
24 L _remnes 2 576 A4
f1135% 1(122)7(362)37(482)>
25 A 2227722 2 144 VI
2f3 242)27)(362)3
7f23f33 77(7 z) 77(3 Z) \
26 ESESED 7(242)77(362)>n(1442) 5 576 VI
if§f§ n(122)37(482)379(722)3
27 fifefs n(122)2n(722)°n(96z)* 5 1152 VII
F3f3faf3, 7(242)20(362)27(482)n(1442)>
1313fs n(242)*n(362)*n(962)*
28 238 —_— 2 1152 VII
f 51" 3f6 1(122)27)(482)37(722)
29 i 7(242)67(722)87(2162)0 3 5184 VIII
F2I2F25212, 5 n(122)2n(362)20(482)27(1082)27(1442)27(4322)2
30 2 fafs 1(122)*1(362)*1(108z)? 3 1296  VIII
31 F1fafofS 1(122)7(482)n(722)°n(2162)° 5 5184 VIII
fgfifgszfis 7(242)37(362)37(1082)27(1442)37(4322)?
32 Lh 16"y (1082)" 2 1296 VI
33 fif[ i, n(242)5n?;415§§2)n(144Z)2 3 432 X
féfe 7(482)29(72z)
34 Lfs WAz (722 3 1728 IX
133 7(362)27(482)?
f21%5%, 1(242)n(362)*n(144z)?
35 —fé —sz) 2 1728 IX
36 fzf§ 7(242)n(722)° 5 432 IX
f§ n(362)2
37 121312, 7(362)%7(482)3n(144z)? 5 6912 X
fz{6£8 7(242)1(722)1(962)
3 5
38 Jals _ns2ly(2zy 2 6912 IX
éz{zfg 7(242)n(362)29(962)
T 7(362)21(482)131(144z2)%
39 f3fsfs 7(242)57(722)7(962)3 3 6912 X
40 Jie 20 3 6912  IX
f3f3fs 7(242)57(362)2(962)5
41 f §}4;6f§ 12 7(362)*1(482)1(722)n(144z) 5 432
fa 7(24z)
42 f4f§ 7(482)n(72z)7 5 1728
faf3f1 1(242)n(362)2n(1442)
43 e n722) 2 288 X
fzfzs 7(242)n(362)
44 F2f3f2 0(242)29(362)1(722)*n(1442) 5 576 XTI
f1f42 n(122)n(48z)
45 f1fefis n(122)1(72z)n(144z)? 1 576 X1
; ;f;3 n(224z)77(362) R
(24z)*n(362)n(144z)
46 Ll TR e 1 144  XI
f1 f4f2§ 7(122)(482)(722)2
47 121212, n(122)%1(482)*n(144z)? B 144 X1
f;fzs n(242)n(72z)
48 f5F 7(242)7n(1442)? 5 576 X1
f2fe n(122)21(722)
49 121273 1(122)27(482)27(722)? 3 576 XI
2, 7)(§4Z) s
50 Lo P2z 72z 3 288 XI
f1 n(122)2
3 r15 3 15
51 fzfm 1n(24z)°n(120z) 3 2880 XII
f1fafif3 7(122)(482)(602)57(2402)5

52 YE 1n(122)5(60z)° 3 720 XII



53
54

55

56

57

58
59
60

61

62

63

64

65

66

67

68
69
70

71

72

73

74

75

76
77

78

79

80

81
82
83

84
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fif
0f6f24
fifafi
fﬁfsffz

f§f6

L

fi
fafefaa
fafafi
f%f‘tffz

2
1315050
fifeha

Y

i
4
1153
fsfi

fefsf2a

f
fs}?z

fe
5
f35f104
faef52
f3,F108

f36
0%

1(24z)'n(48z)3
7(482)199(722)n(288z2)

n(24z)*1(96z)3n(144z)

9(24z)*1(962)n(1442)?
7(482)21(722)
n(242)3n(962)*

7(482)3
7(482)79(722)n(2882)
7(242)21(96z)27(144z)
7(242)%1(482)n(1442)?
n(72z)

7(24z)n(482)*n(96z)

7(482)7
7(24z)

7(242)?1(962)*n(1442)°

7(482)31(722)37(288z)3
7(482)3n(722)3
7(24z)2
7(482)°7(962)
7(24z)3
7(482)%*
7(24z)71(962)7
7(482)%8
n(242)!(962)13
n(242)111(482)°
7(962)%
7(242)7n(962)?

7(48z2)
7(242)°n(962)3

7(482)2
1(24z)n(962)*

7(242)n(962)*n(1442)°

7(482)21(722)21(288z)2
7(482)n(722)*n(962)3

7(242)n(144z)
7(482)°1(962)?

n(24z)
7(482)13

7(24z)57(962)2
7(482)%°
7(242)71(96z)5
7(962)n(144z)°
7(722)37(288z)3

1(722)*(962)
7(72z)n(962)1(288z)

1(144z)
7(962)n(144z)%

n(72z)

7(3122)27(1248z)
7(3122)*n(6242)
1(1562)27(1248z)
7(3122)°
7(156z)2n(624z)2
7(156z)>
7(6242)13

7(312z)57(1248z2)5
7(3122)°

7(624z)2

RIW RIwW =

1152
1152

2304

1152

2304

1152
2304
1152

2304

1152

2304

2304

2304

576

576

2304
2304
576

2304

576

576

2304

1152

2304
1152

2304

29952

29952

7488
1872
29952

1872

1423

XIII

XIII

XIII

XIII

XIII

XIII
XIIT
XIII

XIII

XIII

XIII

XIII

X1V

X1V

X1V

X1V
X1V
X1V

X1V
X1V
X1V

XIvV

XVII

XVII
XVII
XVIII

XVIII
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86

87
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fa6f104f 356 7(3122)(12482)7(18722)°
fLf %381" E 7(6242)21(9362)27(37442)2
52 7(6242)
fzef1204 n(3122)1(1248z)
fsaf5g 7(6242)n(9362)2
fa6f156 n(3122)n(1872z)
fas 7(312z2)

% 89856  XVIII

% 29952  XVIII

i 1872 XVIII

% 7488  XVIII
Vil

Vil

FIGURE 7. The grouping of eta quotients in Table 17, which
have vanishing coefficient behaviour similar to f7°

Table 18: Eta quotients in Table 17 with expansions as double theta series

Number
33 IX

34 IX
35 IX
36 IX
37 IX
38 IX
39 IX
40 IX
41 X
42X
43 XI

44 XI

Modular Form Weight Theta Series
1(242)°1(362)*(1442)° 3 >  mn (2) (1) glam
7(482)21(72z) m,n=1 3 12
n(242)°n(722)° 3 200 _mn (ﬂ) @ (l) _ (f))qm2+12n2
7(362)27(48z2) m,n=1 12 12 3
7(242)n(362)*7(1442) 5 Z"“ n ( E) (E) qm2+12n2
n(72z) m,n=1 m/ \3
n(24z)(72z) ) ( 12) ( n ) (n ) m2 41202
—_— 2 =2 () =(2
7(362)? Zm’"=1 n m ( 12 3 )q
77(362)277(482)317(1442)2 2 n (ﬁ) (E) m2+12n2
9@ T2210962) : =I\3)4
s 22 2 Zm . n (2_4) @ (l) — (f))qmzﬂzn2
7)(2422)77(3621);77(962) 5 mn=1 m 12 3
n(362)°1(48z) °n(144z) 3 200 _mn (ﬂ) (—_6) q12m2+n2
7(242)°(722)(962)° m,n=1 3 n
7(482) °n(72z) o (16) 5 (l) _ (2) m2+12n2
1(242)°(362)%1(962) 3 EW‘=1 me ( 12 3 )q
7(362)>n(482)(722)n(1442) 5 3 n (E)Z (2) g
n(242) m,n=1 5 6 3
1(482)y(722)" o ( ) (i ) _ (2) 241202
n(242)n(362)2n(1442) 2 Lo @3 JARS )
(122)y(722)° ©
G 2 (
n(242)n(362) Zm"’zl

0(242)2n(362)1(722)?n(144z)
1(12z)n(48z)

4m2+9n?

() - )
(

=|L
~—
Lo}



45 XI
46 XI
47 XI
48 XI
49 XI
50 XI
68 XIV
69 XIV
70 XIV
71 XIV
72 XIV
73 XIV
75 XV
76 XV
77 XVI
78 XVI
81 XVII

82 XVII

FURTHER RESULTS ON VANISHING COEFFICIENTS

1(122)n(722)n(144z)>?
7(242)n(362)
n(242)29(362)n(1442)3
7(122)n(482)n(722)2

n(122)27(482)%1(1442)?

1n(24z)n(72z)
1(24z)59(144z)?

7(122)21(722)
n(122)29(48z)%1(722)?

n(24z)
7(242)°9(722)3

1(122)2
n(242)°7(962)*

7(48z)2

7(24z)n(96z)*

9(242)n(962)*n(144z)°

7(482)21(722)%1(288z)?
7(482)n(722)?n(962)°

n(24z)n(144z)
7(482)37(962)*

7(24z)
n(48z)13

7(242)37(962)2
7(962)n(144z2)°

1(722)3n(288z2)3
7(722)*n(962)
1n(72z)n(962)n(288z)
7(144z)
7(962)n(144z)

n(72z)
n(3122)°

7(1562)27(624z)?
7(156z)*

—

NN

Lo \S TR \S R V]

9m?+4n?

- (3) )ame

S [
2 (2) ()= (e
() (e
2 (2)6() - (o
()
Zavun () (o

Table 19: Eta quotients with vanishing behaviour similar to f7 f3

Number
1

2

3

10

11

q-Product
i
2
féfi
£°fe
f;fsfi
fif3/2
f4fg

Modular Form Weight Level Group
7(8z)3n(16z)? 3 128 I
12
e 3 256 I
7(82)3n(322)
12 2
1(162)"“n(48z) 2 768 I
n(82)*n(242)n(322)3
4
7(82)*n(242)n(962) 2 9 I
1(32z)n(48z)
6 6
7(162)°7(32z2) 3 512 I
7(82)3n(642)
3 9
n(82)°n(322) 3 512 I
7(162)37(64z)3
6 2
7(162)°n(24z) 2 384 I
7(82)37(482)
3 3 5
7(82)°n(322)°n(482) 2 768 I
7(162)37(24z)2n(962)2
3
_na6z)” 2 256 I
7(82)31(322)
3 2
7(82)°n(322) ) 64 I
7(16z)
10.
7(16z)'9n(64z) 2 512 I
7(82)3n(322)*
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12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29
30
31

32

33

34

35

36

37

38

39

40
41
42

TIMOTHY HUBER, JAMES MCLAUGHLIN AND DONGXI YE

f3fa2fs 7(82)*n(162)n(642)
e n(322)
f 2 n(162)117(962)
fjf;‘fe 7(82)37(322)49(482)
firafe 1(82)*n(162)*n(962)
fafs 7(322)n(482)
5f3f12 7(162)31(242)31(962)
fifafg 7(82)29(322)n(482)>
fifafl 7(82)*n(322)n(482)"
f3f§f§2 7(162)39(242)37(962)2
131 7(162)"n(242)1(962)?
121313 7(82)29(322)39(482)3
fif2f12 7(82)*n(162)(96z)
{3]04 n(242)1(32z)
I5f3f12 1(162)%7(242)1(962)
fifgfg 7(82)21(322)27)(482)>
f3f6 n(82)*7(162)*n(482)
f 3 7(24z)
f if%‘f‘g‘ n(82)2n(322)*n(482)*
1518 7(82)°n(162)>7(482)°
13121 7(242)37(322)27(962)
fa 7(322)°
fif2f3 7(82)n(162)n(64z)3
flf};o n(8z)n(322)10
f§f§ 7(162)*n(642)3
jﬁ n(162)n(32z)?
f1 7(8z)
nii n(82)(322)°
% 7(162)2
I3faf3 n(162)37(322)7(482)
NEVELE 2]22 7(82)1(242)2n(962)?
f1/555 1(82)1(24z)*1(322)
[ § 7(482)
I3 7;(162)5
f L 7(8z) 5
f1f2f4 n(8z)n(16z)*n(32z)
13fafe 7(82)°n(322)°n(482)
f3f3fs 7(162)47(242)n(642)3
F2f3f1f12 7(162)*7(242)n(322)"1(962)
115¢rs 7(82)2n(482)27)(642)3
f3f3 7(162)37(24z)
1> f3fe 7(162)157(242)1(962)
1818 s 7(82)67(322)57(482)
n 7(82)" (3222
N 7(162)3
f 28 n(162)18
fzfg 7(82)7n(322)3
1353 n(162)4n(242)3
121353, 7(162)%n(242)*7(962)*
fjffffg 7(82)87(322)87(482)°
f1 f4f2f§f35 17(82)77(322)2;7(482)917(722)217(2882)
LI 7(162)(242)4n(962)3n(1442)°
f3faf12f3g 7(242)*(322)(962)n(144z)3
fifefafse 7(82)n(482)37(722)29(2882)
f1f2f1 7(82)7(162)n(962)
6 7(482)
f3f12 n(162)*n(96z)
f1fafs n(82)1(322)1(48z)

\S]

512

2304

576

96

768

768

96

2304

1152

96

768

512

512

32

256

768

96

128
256
4608

4608

384

768

32

256

384

768

288

2304
2304

288

1I
11



43

45

46

47

48

49

50

51

52
53
54

55

56

57

58

59

60

61

62
63
64
65
66

67

68

69

70

71

72

73

FURTHER RESULTS ON VANISHING COEFFICIENTS

f3f3fs
133
f3f3f12
1152
f‘lilflz
f3f3
;0f3f122
fifife
I3 fs
fifi
117
f2
fffff;9
1
faf}
i

1513 fsf12

VL
fifefs
fafa
f1fs

f1 fé
fifafefs
VERELRT
f2f3fs
fife
f1faf3
f2f3
£
I3
£
fafsf?
Sl
2120
HE
Th
1
312
f%f;iffz
f1f6
fgfi
f2f3
513
f3f
13
by
50
1313/ 1
faf3
it
£31aft,
f208 fs
£31af3,
f2£3fs
faf?
£

F2135%,

7(82)*1(322)*7(482)
7(162)2n(24z)
7(162)*5(242)n(962)
7(82)%1(48z2)
7(82)*n(962)
7(162)21(24z)
7(162)!9(242)1(962)
7(82)41(322)*1(482)3
7(162)'31(642)
7(82)°n(322)
7(82)°7(642)
7(162)2
7(82)*1(322)*n(482)"
1(162)57(242)"9(96z)7
77(162)77(242)7
7(82)%1(482)

7(162)°7(242)1(642)1(962)

7(82)21(322)31(482)?
7(82)*7(482)1(642)
1n(24z)n(32z)

7(8z)n(64z)
1(162)*7(642)

7(82)n(32z)
n(82)n(322)n(482)>7(642)

7(162)2n(242)21(962)2
7(162)n(242)*n(64z)

7(82)n(482)
7(82)n(322)n(482)°

n(162)(962)
7(162)27(48z2)°
7(82)1(962)%
1(82)°1(482)°
7(162)n(242)n(962)?
7(162)°1(242)n(482)3
7(82)21(322)?1(962)
7(82)>9(48z2)°
7(96z)2
7(162)°7(48z2)°
7(82)31(322)37(962)>
1(8z)’n(48z)
7(162)°7(48z)
n(82)31(32z)3
7(162)*n(24z)
n(162)37(48z)3

7(24z)n(96z)
n(162)39(24z)°

7(48z)2

7(162)37(482)13

7(242)57(962)5
7(162)*7(242)°1(962)

7(32z)n(48z)3

7(162)?1(482)12
1(242)5n(32z)n(96z)*
7(162)n(482)131(642)

7(24z)57(322)n(96z)3
7(162)n(242)°n(64z)
7(32z)n(48z)2
7(322)*7(482)"3
1(162)n(242)51(96z)5

288

2304

768

96

512

512

768

384

4608

4608
512
512

1536

1536
2304

288

96

768

576

2304
1152
2304
1152
2304

1152

2304

96

768

4608

4608

2304

I

I

1I

1I

111

111

v

v

VI
VI

VII

VII

VIII

VIII

VIII

VIII

VIII

VIII

VIII

VIII
IX
IX

IX

IX

IX

IX

IX

IX

IX
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74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98
99
100

101

102

103
104
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13 7(24z)°1(322)
faf? n(162)n(482)2
rare 0(322)°7(482)!3
5 7(162)37(242)57(642)37(962)°
g Z 7(242)°9(322)°
fifefs 7(162)37(482)27(642)3
NESEVELATS 7(162)3n(242)7(642)37(962)
fsfg n(242)n(322)°
IHH 7(162)37(642)3
f2£3 13 7(162)(482)>1(64z)
fafaf12 7(242)n(322)1(96z)
f2f3fs n(162)1(24z)n(64z)
/. 7(32z)
fifafs n82m(322)(482)
f2 7(16z)
jﬁ 1(162)%7(482)
f1 7(82)
112 7(82)*n(482)
5f2f3 n(16z)n(24z)
f>f3f12 7(162)°n(24z)n(962)
fifife 1(82)20(322)2n(482)
f3f3f12 n(162)*n(24z)n(962)
f%fg 7(322)1(482)

6 n(162)%1(482)%
faly 7(242)n(32z)
% 77(242)7)(322)2

{ 2, n(16z)
_fifs _1(322)°n@82)°
f3zf3f132 7(162)1(242)1(96z)
[3f2f n(242)*n(962)1(144z2)3
gféfse 7(482)27(722)?7(2882)
feS5S36 7(482)77(722)*n(2882)
VN 7(242)30(962)27(1442)3
f3_fg n(242)n(482)°
2 7(962)2
f]f n(482)°
f3f3, 7(242)(962)3
fgflz 7(242)3n(962)
T, g 7(482)2
fe 7(48z)’
13 1(242)39(962)2
j 7;(242)5
fe 7(48z)
é4 77(482)14
VEE 1(242)57(962)5
f i% 7(962)2
6 7(48z2)18
13, 1(242)39(962)7
f3fs 7(24z)n(48z2)
fé 7(482)*
fsfgz 7(242)1(962)
Hi 7(482)5(144z)3
f3fof2f36 1(242)27(722)n(962)*7(2882)
ﬁ ;7(242)217(722)
e 7(482)
1313 7(242)*n(1442)
fefof36 7(482)n(722)n(288z)
fifo 7(482)°7(722)
13 1(242)27(962)2

288

4608

4608

4608

4608

4608
4608
2304

1152

384

768

192

768

576

2304

288

2304

192

768

768

96

384

768

96

768
384
768

6912

3456

6912
1728

IX

IX

IX

IX

IX

XI
XI
XI
XI

XII

XII

XII

XII

XIII

XIII

XIIT

XIIT

XIIT

XIII

XIIT

XIIT

XIII

XIII
X1V
XIV

XVI



105
106

107

108
109
110

111

112

113
114

115
116

FIGURE 8. The grouping of eta quotients in Table 19, which

FURTHER RESULTS ON VANISHING COEFFICIENTS

f3fiz
f
it

5f3
fefofse
Fifhfi
fifis
fsj;9
13
fs
1313,
il
5156
il
s
f18f%,
f9f54S
fofs6fzy

Ty
fis
fof36
fo

1(24z)n(96z)

7(48z2)
7(48z)%
n(24z)

7(482)57(722)n(288z)
7(242)21(962)27(144z)?

9(24z)*1(144z)
1(48z)n(72z)
7(24z)?
7(48z)°
7(24z)379(962)3
n(1442)13
1(722)57(2882)5
n(722)°
7(144z)2
7(1442)7(2162)?
1(72z)n(432z)

7(722)1(2882)n(4322)°
7(144z)2n(2162)27(864z)2

7(144z)°
7(72z)n(288z)
7(72z)

2\

XVl

XVI

Xl

WRIFENI= RIENIE RDTW RDTITW RDITWRD W = D= D= N =

XV

768
48

6912

432
192
768

6912
432
432

6912

6912
1728

XV

have vanishing coefficient behaviour similar to f f f ;

XVII
XVII
XVII

XVII
XVII
XVII

XVIII

XVIII

XVIII
XVIII

XVIII
XVIII
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Table 20: Eta quotients in Table 19 with expansions as double theta series

Number
11

11
21

21
31
41
51
61
71
81
91
91
101

101

12 1
131
141
151
16 1

181

201
231
24 1
251
261
271

281

Modular Form
n(8z)*n(16z)*
n(82)*n(162)*

n(162)12
7(82)3n(322)3
7(162)1?
7(82)3n(322)3
7(82)4n(24z)n(322)5

7(322)n(48z)
7(162)°n(32z)°

7(82)31n(642)3
7(82)3n(322)°
n(162)31(642)3
7(162)07(242)?
7(82)31(482)

7(162)37(242)21(962)2
1(162)%

7(82)39(322)
n(1 6z)8

7(82)3n(322)
7(82)3n(322)?

n(16z)
7(82)3n(322)*

7(16z)
7(162)'99(64z)

7(8z)3n(32z)4

7(32z)
7(162)115(962)

7(322)n(482)

7(82)29(322)n(482)2

7(82)*n(322)n(482)’

7(162)37(242)379(962)2
7(82)*1(162)1(962)
n(24z)n(32z)

7(82)*n(162)*7(48z)
n(24z)
1(322)°

7(82)n(322)10
7(162)4n(642)%
n(162)n(322)?
7(8z)
7(162)%
7(82)1(242)%1(962)?

7(48z)

Weight
3

w W

w

\S]

Theta Series
Z:,n=1 mn (_;4) (__:) q2m2+n2
Z:,n:l mn (ﬁ) @) (1) _ (g))qg(musnz)
T mn (2 (3) g
(2} (Zaiw
2 2 (f)z)qg(mzHSnz)

E:,n=1 ?) (i) q§(8m2+nz)

T mn () ()

S omn(2) () g
E5n(2) @ (3) - ()
Toaean () (2) a0
S n(3) () g
=2 () @(L) - (E)giee)
ZZ,M”(Z)Z —>1 2m2 4

= n(2)(2)d

T () (5) 0

T () ()
S (2) (3(2) —2(2) ) g
T () () =2 o

20, (2) (3 0

z::,n:l (E)

m



291

291
301
301
311

331

341

351

361

4111

42 11

43 11

47 111

48 111

52V

53 VI
53 VI
54 VI
54 VI
55 VII

56 VII
57 VIII
58 VIII
59 VIII
61 VIII
62 VIII
63 VIII
64 VIII

65 IX
66 1X

67 IX
68 IX
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n(16z)°

n(82)

7(8z)
n(82)n(162)*n(32z)

n(8z)n(162)*n(32z)
7(82)?n(322)°n(48z2)
7(82)°7(48z)
7(162)'57(242)(962)

7(162)3
_naea®

7(82)71(322)
182)(162)n(962)
7(48z)
7(82)n(322)1(48z)
7(82)*1(322)*n(482)
7(162)27(24z)
7(162)'3n(64z)
7(82)5n(322)°
7(82)°n(64z)
7(162)2
7(82)27(482)n(64z)
1(242)n(32z)

1(8z)n(64z)

n(82)n(64z)
7(82)n(322)

7(82)(32z)

(82 (322)n(482)°n(642)
1(162)27(242)27(962)2
7(162)(242)7(642)

n(82)n(48z)

7(162)1(962)?

7(82)n(962)2
7(82)?n(482)°

7(962)2
7(162)°7(482)°

7(8z)*n(48z)
7(162)°n(482)
n(82)9(3227

1(162)*n(24z)

7(24z)n(962)

7(48z)2
7(162)37(482)13

1(242)57(962)5

NN

220 -2 )
Znam () (2() = (5) )i
( ;

o (2] (2)at
Yo (1—; (21—"2) q§(8’:2+n2)
Z:’"=1 (%) (3 g) -2 (g) )q2m2+n2
ZZ.n:l (E) (E) q%(3m2+n2)
Z::,n:l (%) (%) q2m2+n2
Z:: n= 2) (= %(8m2+n2)

= () () o
T () (5) @
1

Z:,n:l mn (i:) (%) qm2+2n2
o Y (L) g
Z££ m(<_) 2(_));
Zgn:l n (E) (é) q2m2+n2
Ezm:l n (ﬁ) (é) qm2+2n2
W m L
o () (5) 4
() (5
Do () () 2
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69 IX

70 IX
71 IX
72 1X

73 IX
74 1IX
75 1IX
76 IX
77 1IX
78 1IX
79 X
80 X
81 XI

81 XI

82 XI

82 XI
83 XI
83 XI
83 XI
84 XI
84 XI
85 XII
85 XII
85 XII
86 XII
86 XII

86 XII

87 XII

87 XII
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7(162)?1(242)°1(962)
1(322)1(482)3

7(242)57(322)n(962)*

7(242)57(322)1(962)5
n162)n(242)°1(642)

7(322)(482)
0(322)27(482)13
n(162)1(242)57(962)5
7(24z)°n(322)*

7(162)n(482)2
n(322)°n(482)13

0(162)37(242)37(642)37(962)3
7(242)°n(322)°

7(322)°7(482)>

1(162)37(242)n(642)31(96z)
n(24z)1(322)°

7(162)727(642)°

24 32, 96.

7(32z)
7(16z)
7(16z)
7(82)

7(82)
7(162)n(24z)
7(162)n(24z)

(162)7(242)
70162 n(242)n(%62)

7(82)29(322)21(482)
7162)°n(242)7(962)

7(82)2n(322)%n(482)
7(162)?1(24z)n(96z)

7(322)(482)
7(162)?(24z)n(96z)

n(322))(482)
n(62)'n(242)n(962)

1(322)n(482)

7(24z)n(32z)
7(162)*n(482)*

7(242)n(322)

7(242)n(322)
n(24z)n(322)
7(16z)

7(16z)

NN

—

S (2) () - () )
X q3m2+8n2
22 (2) ()
2 (2) () -2) )
X (1) (%) g
25 () (2() - (5) )
S () g

Z:,n:] (?)2 (%) q§(8m2+n2)
Znn (D)) -2())am
Z:ogj{”(—l)" (%) g ien’
i (?)2 (2) g3

Tt (2) (3 (g)2 _> (2)2) e
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