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Boundary behaviour of Neumann harmonic
functions with Lebesuge, Hardy and BMO
traces in the upper half-space

Jiahe Chen, Bo Li, Bolin Ma, Yinhuizi Wu
and Chao Zhang

ABSTRACT. This paper is concerned with the boundary value problem for
the elliptic equation of Neumann type on the upper half-space R" x R,

—0tu(x,t) — divAVu(x,t) = 0, xeR t>0,
9, u(x’,0,t) =0, x' e R™, t>0,
u(x,0) = uy(x), x € R",

where the matrix A = (a”/(x)),x, is even with respect to the n-th variable
and satisfies the ellipticity condition. By using the reflection method from
Strauss’s book [PDEs. An introduction, 2ed, 2008], we derive that the solu-
tion u to the above equation can be represented as the Poisson integral (with
an additional perturbation) of the initial value u,. As applications, the real-
variable characterizations of Neumann harmonic functions with Lebesuge,
Hardy and BMO traces are established, respectively, via the gluing technol-
ogy. Finally, the boundary value problem for the parabolic equation is also

considered.
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1. Introduction

In mathematics, mathematical physics and the theory of stochastic processes,
a harmonic function is a twice continuously differentiable function f : Q - R
(Q is an open subset of R") which satisfies Laplace’s equation, i.e.,
92 92 92
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Harmonic functions that arise in physics are determined by their singularities
and boundary conditions (such as Dirichlet/Neumann boundary condition).

The Dirichlet problem for Laplace’s equation consists of finding a harmonic
function f on some domain Q such that it takes prescribed values on the bound-
ary of Q. Whereas, the Neumann boundary condition specifies not the function
f itself on the boundary of Q (not like the Dirichlet case), but its normal deriv-
ative. Physically, this corresponds to the construction of a potential for a vector
field whose effect is known at the boundary of Q alone.

In his book [38], Strauss handled the boundary value problem for the heat
equation of Neumann type on the half-line (0, c0)

d,w(x,t) —d2(x,t) =0, 0<x,t< oo,
o, w(0,t) =0, 0<t< oo,
w(x,0) = ¢p(x), 0<x < oo.

By using the reflection method, he end up this problem with an explicit formula
for w(x, t). Itis

" |x -yl |x +yI?
w(x,t) = ./0‘ = [exp <_4—t) + exp (—T)l o(y)dy.

For the n-dimension case, we refer the readers to [1, 4, 6, 13, 29] for more details
about this subject.

Inspired by [38], we consider the similar problem for the elliptic equation
on R" X R, . We derive that a Neumann harmonic function u(x, t) defined on
R" x R, can be represented as the Poisson integral (with an additional pertur-
bation) of the initial value u(x, 0); see Section 2 for more details. This is sim-
ilar to the classical case. As applications, the real-variable characterizations
of Neumann harmonic functions with the Lebesgue, Hardy and BMO traces
are considered, respectively. Precisely, when 1 < p < oo, we prove that, the
initial value is in LP(R") if and only if the solution to the elliptic equation of
Neumann type is in LP(R") uniformly in the time variable; see Theorem 4.1
below. When the Neumann boundary condition is removed, this result can re-
duce to the classical one; see [37, Theorems 2.1 & 2.5] or Appendix A below.
However, our method is totally different from the that used in [37]. With the
help of some new observations from [40], we split an LP-function into two even
function and glue them together in a sense. Then the Neumann problem can
reduce to the classical case; see the proof of Theorem 4.1 for more details. For
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the endpoint case p = 1 or p = oo, it is well known that the Hardy space
H'(R"™) or BMO space BMO(R") shares similar properties with the Lebesgue
space LY(R") or L®(R"), and it often serves as a substitute for it. For example,
the classical singular integrals do not map L}(R") to L'(R") and do not map
L®(R™) to L*®(R"), but HY(R") to L'(R") and L®(R") to BMO(R"); see [16].
And, in many instances, interpolation H!-LP or LP-BMO works just as well L!-
LP or LP-L*. For the left endpoint case p = 1, we prove that, the initial value
is in the Hardy space related to the Neumann problem if and only if the maxi-
mal function of the solution to the elliptic equation of Neumann type is in the
Lebesgue space; see Theorem 5.1 below. For the other endpoint case p = oo,
there exists a natural and deep connection between the Carleson measure and
the BMO function; indeed, certain types of measures defined in terms of func-
tions are Carleson if and only if the underlying functions satisfy the BMO con-
dition. Inspired by this and [11, 14, 18, 40], we prove that, the initial value is in
the BMO space related to the Neumann problem if and only if the solution to
the elliptic equation of Neumann type satisfies a certain Carleson condition; see
Theorem 6.1 below. In fact, we consider the more general Morrey-Campanato
space related to the Neumann problem as the initial value space. It is worth
mentioning that Zhang-Yang [40] solved the Neumann problem for the heat
equation on R" x R, with the BMO initial value. For more conclusions about
the Dirichlet problem for the heat/Laplace equation, we refer the readers to
[10, 12,17, 18, 26, 31, 33, 34, 39] and references therein.

The present paper is built up as follows. In the next section, we first find the
solution formula for the elliptic equation of Neumann type, and then provide
some properties for the Poisson kernel related to the Neumann problem. In
Section 3, we make use of the classical function classes to describe the function
classes related to the Neumann problem. With the help of the conclusions in
Section 3, we study the Neumann harmonic functions with Lebesgue, Hardy
and BMO traces, respectively, in Sections 4-6. Some remarks are then presented
in the final section.

Finally, we make some conventions on notation. For a function f defined on
R", we denote by f, the restriction of f to R". For every x = (X', x,,) € R", set
% = (x',—x,). Let Q = Q(xq, rq) be the open cube centered at x, of sidelength
2rq. Denote the reflection of Q across IR’} by Q={(',x,) eR": (x',—x,) €
Q}. Let Q1 = QN R% and Q_ = Q N RZ. If both Q, and Q_ are not empty, we
then define

Q, ={(x',x,) ER" : ¥ € QNR" 1,0 < x,, < 2ro}
and
Q. ={(x,x)eR" : X' €Qn R"1, —2rg < x, < O}

The letter C (or ¢) will stand for a positive constant that may vary from line to
line but will remain independent of the main variables.
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2. Neumann harmonic function & Poisson semigroup
2.1. Solution formula for the elliptic equation of Neumann type. Let
A=A(x) = (aij(x))nxn

be an n X n matrix of real symmetric, bounded measurable coefficients, defined
on R", and satisfy the ellipticity (or “accretivity”) condition, namely, there exist
a constant A > 1 such that

ATHER < adVEE < A€
forall & = (§;,---,¢&,) € R". We define a second order elliptic operator
Lf = —div(AVf) = —3,,(a3, f),

which we interpret in the usual weak sense via a sesquilinear form.
Consider the elliptic equation of the form

—82u(x,t) + Lu(x,t) = 0, xeR" t>0,
a9, u(x’,0,t) =0, x'eR"™, t>0, (2.1)
u(x’, x,,0) = f(x', x,), x',x,) € R",

with mixed boundary value on R” x R as in the following Picture 1.

Picture 1

A solution u(x, t) to (2.1) is called a harmonic function on R" X R, with Dirich-
let condition at R" x {0} and Neumann condition at R"*~! x {0} x R,. If the
Dirichlet boundary condition is removed, we shall call this solution u as the
Neumann harmonic function on R” X R,. Due to the Neumann condition, the
matrix A is always assumed to be even with respect to the n-th variable. !

1n the case of the Dirichlet condition at R"~! x{0}xR,, the matrix A is also even; see Section
7 for more details.
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We are looking for a solution formula for (2.1). In fact, we shall reduce this
problem to the classical initial problem for the elliptic PDE. Our method re-
lies on the idea of an even extension from [38, Chapter 3]. Any function 3(s)
that satisfies ((—s) = (s) is called an even function. This just means that its
graph y = ¥(s) is symmetric with respect to the y-axis. Thus, the left and right
halves of the graph are mirror images of each other. Moreover, since the Neu-
mann boundary condition is imposed on the n-th variable x,,, the last row of
the matrix

all a12 aln

21 22 2n

a a a
A= . .

g g g

is very important to us, and hence denote it by 8 = (a™ a™* --- a™).
Now we split the elliptic equation (2.1) into the positive part

r—6tzu+(x, t)+ Lu,(x,t) =0, xeRL, >0,
10y, U (x',0,1) =0, x' eR"L t>0, (2.2)
u,(x',x,,0) = f (x',x,), x' e R"1, x, >0,

and the negative part

—82u_(x,t) + Lu_(x,t) =0, x€ER", t>0,
105, u_(x',0,1) =0, x'eR"™, t>0, (2.3)
u_(x',x,,0) = f_(x', x,), x' e R"1, x, <0.

Since initial datum f, of our problem (2.2) is defined only for R}, let f, , be
its unique even extension to the whole space R", i,e.,

f(x), x € RY,

Faelx) = E f.(®), xeRn

We shall call the following elliptic equation as the even extension of (2.2)

i—afw(x, t)+ Lw(x,t) =0, xeR™ t>0, 2.4)

w(x,0) = f (x), x € R".

Due to the elliptic PDE theory, the solution to (2.4) is given via the Poisson
formula

w0, 1) = exp(—VI)f 4 o(x) = f Pt ey, (25)

Rn

where exp(—t\/f) denotes the Poisson semigroup and p; (¢, x, y) is its integral
kernel. To solve the elliptic equation (2.2), we should introduce the following
additional hypothesis on matrix A.
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Definition 2.1. A matrix A on R” is said to satisfy the admissible harmonic
condition if, for each harmonic function w(x, t) on R" X R, it holds

f B(Vwd, ¢ + Ved, w)dxdt = 2/ a"™d, wd, epdxdt,
RAXR, R

xR,

for any ¢ € CP(R" X R,,).

Example 2.2. Evidently, if a™ = ---a™! = 0, then
gl a1 o
A= an.—ll . an—.ln—l 0
0 . 0 aq™

is an admissible harmonic matrix.

For some technical reasons, the matrix A is always assumed to satisfy the
admissible harmonic condition.
We claim the “restriction”

u, (x', x,,t) = wx’, x,,t), x,>0, (2.6)

will be the unique solution of our problem (2.2). There is no difference at all
between u, and w except that negative values of x,, are not considered when
discussing u,.. Note first that the solution w(x, t) to (2.4) must also be an even
function with respect to x,,, i.e., one has

w(x,t) =wx,t) = wx',—x,,t) = wlx', x,,t) = wx,t).
Indeed, on the one hand, it holds
W(x,0) = w(%,0) = f,.(%,0) = fi.(x,0) =w(x,0).

One the other hand, the admissible harmonic matrix tells us that, for each
smooth function ¢ on R” x R, with compact support,

f a'19,, o, pdxdt + f 3,03, pdxdt
RXR, RXR,

n—1
= f D allé,, W, pdxdt + f a™d, o, pdxdt
R RAXR,

an+ l,_]=1
n—1 n—1
+ f > ai"d, W0, pdxdt + f Y, a"a, o, pdxdt
ReXR, =1 RexR, j=1
+ f 8, d,pdxdt
RAXR
n—1

= D al/d,wd, dxdt + f a"™d, wd, pdxdt
RexRy i,j=1 RAXR
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n—1 n—1
- > ai"d, wd, Fdxdt — Y, a"a, wi, Fdxdt
R"XR+ i=1 R”XR+ j=1
+ f 0,wd;pdxdt
ReXR
= f a'/a, wd, gdxdt + f 0,wd,pdxdt
RAXR RAXR
n—1 n—1
-2 > al"d, wd,, dxdt — 2 D, a"d, wa, Fdxdt
RHXR+ i=1 RHXR+ ]:1

= —2f [B(Vwd,, @ + Vpd, w) —2a™8, wd, ¢|dxdt =0,
RexR

which yields w(X, t) = w(x, t). Then, differentiation shows that its derivative is
an odd function. So automatically, its slope at the origin is zero: 6xn u,(x',0,t) =
Oy, w(x’,0,t) = 0, i.e., the Neumann boundary condition is satisfied. Moreover,
u, solves the PDE as well as the initial condition for x,, > 0, simply because it
is equal to w for x,, > 0, and w satisfies the same PDE for all x,, and the same
initial condition for x, > 0.

The explicit formula for u, (x, t) is easily deduced from (2.5) and (2.6). On
the one hand, by the Poisson formula we have

w(x,t) =f
R

=l/'[pLa,x,y>+—pLa;x,ynf;<y>dy.
R

n
+

pmwwh®®+prWWh®®

n n
“ R

pmmwﬁww+fpmmwhww
R

n
+

On the other hand, the fact w(x, t) = w(x, t) yields

pr(t, %, ) + pi(t, X, 9) = pr(t, x,y) + pr(t, x,9) (2.7)
which further implies

pr(t, ¥, %) + pr(t, 5, %) = pr(t, ¥, x) + pr(t, y, %).

From this identity and the symmetry of the Poisson kernel (which is guaranteed
by the self-adjoint of L), it follows

pL(t’ x’j;) + pL(t’ xa j}) = pL(t’ X, y) + pL(t’ )’Z, Y)- (28)
By comparing (2.7) and (2.8), we arrive at

pL(t’x’j}) = pL(t’xa y)
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Therefore, for all x € R’} it holds

u(x, 1) = f [po(t,x,¥) + prt, x, 9 f+(¥)dy
RY
= [ [x )+ it 00,
RY
which is the complete solution formula for (2.2).

For the negative part, we can use the similar arguments above to obtain that,
for any x € R”,

uxno=f[mmmw+mmmwuxw@
R™

= f [pL(t’ X, y) + pL(t’ )'Z, J’)]f—()’)dy,
R2

which is the complete solution formula for (2.3).
Finally, the solution to (2.1) can be reads as

ue) = [ [t x0) + 2O
via the gluing the positive part and the negative part.

2.2. Poisson semigroup of Neumann type. Recall the Neumann boundary
problem (2.2) and then denote this corresponding Neumann elliptic operator
by Ly, . Similarly we can define the Neumann elliptic operator Ly_on RZ.
The Neumann elliptic operators Ly are positive-definite and self-adjoint
operators. From the spectral theorem one can define the Poisson semigroups

{exp(—t, /LNi)}t>0 generated by these operators Ly . Denote by Pry, (t,x,y)
the corresponding integral kernels. Based on the arguments above, we see that

pLNi(tsx,y) =p(t,x,y) +p(t,%,y), x,y€ Ri
Note that, for each function f on [Rﬁ_ﬁ, we have

exp(—ty /Ly )f(x), xeRL, t>0,

exp(—VL) fo(x) = * (2.9)
exp(—ty /Ly, ) f (%), xeRL, t>0.

Now let Ly be the uniquely determined unbounded operator acting on L2(R")
such that

Infe=Ln,f+
forall f : R" — Rsatisfying f, € Wl’z([R{Z). Then Ly is a positive self-adjoint
operator and there holds

(exp(—t\Ly)f)s = exp(—t1 /Ly )f -
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The Poisson kernel of exp(—t+/Ly), denoted by p; (f, x,y), is then given as

pry (6, x,¥) = [pr(t,x,y) + pr(t, %, ¥)1X[0,00)(XnVn)-

On the other hand, the Poisson kernel p; (f,x,y) can be obtain through
Bochner’s subordination formula

1o ()" t2 ds
pLN(t’xsy)z\/_;‘/O (5) exp(_g) hLN(S,x,}’)?,

where hLN(s, X, y) is the heat kernel associated to Ly as

hy, (s, x,y) = [hr(s, x,¥) + hi (s, X, )] X[0,00) (XnYn)-

Indeed, one has

t2

-~ 1/2
1 t? ds
PLN(I,X:Y) = \/_E—/o. (&) exXp <_E) hL(S7x:y)TX[O,oo)(xnyn)

-~ 1/2
+ 1 ﬁ ex —ﬁ hy(s, % )é (x,¥,.)
\/; A 4s p 4s (S, X,y S X[0,00)\XnYn

= [pr(t, x,y) + pr(t, X, Y)1 X10,00)(XnYn)-
Let us note that:
(i) Alltheoperators Ly and Ly are self-adjoint and they generate bounded
analytic positive semigroups acting on all LP-spaces for 1 < p < 0.
(ii) Suppose that p.(t, x,y) is the Poisson kernel corresponding to the semi-
group generated by one of the operators £ listed in (i). If the matrix A
satisfies ellipticity condition, then the kernel p (¢, x, y) and its time de-
rivative admit the Poisson upper bound
t
(t + |x =yt
forall x,y € Q, where Q = R" for Ly, and Q = R} for Ly,.
(iii) If £ is one of the operators Ly and Ly, , then £ conserves probability,
that is :

|tk6¥ p(t, x, y)| < C(k) k=012,

exp(—t\/Z)l =1.

3. Some function classes of Neumann type

In this section, we first introduce some function classes related to the Neu-
mann problem, and then describe them by the classical spaces.

3.1. Morrey space. The Morrey space was first introduced by Morrey [32] to
show that certain systems of PDEs had Holder continuous solutions. We shall
establish an equivalent characterization of Morrey space (Lebesgue as a special
case), which can reduce our Neumann boundary problem to the classical one.
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Definition 3.1. For0 < p < oo and —1/p < a < 0, a function f € Lf;c(lR”) is
said to be in LP*(R"), the Morrey space, if

| fllLpe@ny = su

1 1 1/p
i pd .
P Tor (IQI fQ'f(x)' x) <o

For the endpoint case &« = —1/p, the Morrey space L?~/P(R") coincides
with the classical Lebesgue space LP(R").

Proposition 3.2. For0 < p < coand —1/p < a < 0, the Morrey space LP*(R")
can be described in the following way

LPA(R™Y) = {f € L’ (R") : f., € LP*(RM)}.

Proof. Pick a function f € LP*(R"). For each Q C R", we have

f Fre(0)IPdx + f Fu(0)IPdx
Q Q

= [ 1ewacs [ wras [
Q- Q

+

F@)IPdx + f FOolPdx
Q_

+

= [1scorar+ [ 1P < APy
Q Q

which yields f. , € LP¥(R").
Conversely, assume f, , € LP*(R"). For each Q C R", it follows

[1rieax < [ 1feeoedss [ 15l
Q Q4 Q_

~N p A p
<NQ P el parny Qe PN — el gy
p p
= |Q|1+pa||f+,€||Lp,oc(Rn) + |Q|1+po{||f—,e||Lp,a([Rn)’

which implies f € LP*(R"). The proof is completed. O

3.2. Hardy space. The real-variable theory of Hardy space on the Euclidean
space R" was initiated by Stein-Weiss [36], and then systematically developed
by Fefferman-Stein [14]. However, to solve the Neumann problem, we shall
recall the Hardy space associated with operator; see [3, 2, 6, 8, 19, 29, 30] for
examples.

Definition 3.3. A function f € L}(Q) is said to be in HZ(Q), the Hardy space
associated with £, if

o = [ suplexp-VE)rColdx < o
Q >0

where Q = R" for £ = Ly, and Q = Rf for £ = Ly .
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Proposition 3.4. The Neumann Hardy space H iN([R”) can be described in the
Sfollowing way

H RM)={fe€L'®R"): f.€ HiNi(Rl)}
={f€L'®R") : f., € H'R")}
where H'(R™) denotes the classical Hardy space defined by the maximal function.
Proof. For each x € R}, note that
sup | exp(—tv/ Ly)f(x)| = sup [ exp(—ty /Ly, )f +(x)]
£>0 £>0
= sup | exp(~1VL)f o (¥)].

t>0

Therefore, we have

j sup | exp(~E)f (ldx
Rn >

= f sup | exp(—t4/ Ly, ) f+(x)|dx + f sup | exp(—ty/Ly_)f-(x)|dx
R R

n >0 n >0
4

f sup | exp(—tVL)f.(x)|dx + f sup | exp(—tVL)f_ o(x)|dx
Rﬁ t>0 R™ t>0

%/ sup|exp(—t\/f)f+,e(x)|dx+%/ sup|exp(—t\/f)f_,e(x)|dx,
R R

n t>0 n t>0

which completes the proof. O

3.3. BMO space. The space of functions of bounded mean oscillation (BMO)
naturally arises as the class of functions whose deviation from their means over
cubes is bounded. In [8, 9], Duong and Yan first introduce the BMO space as-
sociated with operator. We say that a locally integrable function f is in the class
M(Q), if there exists § > 0 such that

|f (o)

———ax <o
o (L+ [x])r+h

Definition 3.5. For —1/2 < a < 8/n, ? a function f € M(Q) is said to be in
BMOY(Q), the Morrey-Campanato space associated with £, if

1/2
1f lsarocay = Sup ——  — f £ — exp(—rVOf()PPdx ) < oo,
“ oca [QI* \ 1Rl Jo

where Q = R" for £ = L/Ly, and Q = R} for £ = Ly .

2Here 6 denotes the Hélder index of the Poisson kernel pr(t, x,y).
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Note that (BMO%(Q), || - llBMo% (rn)) is @ semi-normed vector space, with the
semi-norm vanishing on the kernel space X, defined by

Ke =1f € M(Q) : exp(—tV.L)f = f, ¥t > OL.

In this paper, the Morrey-Campanato space BMO7 (Q) is understood to be mod-
ulo kernel space K ; see [5, 4, 9, 20, 29, 33] for more detials about this subject.

In order to analyze these Morrey-Campanato spaces, let us introduce the fol-
lowing classical Campanato space. For —1/2 < a < 6/n, the classical Cam-
panato space BMO®“(R") is defined as the class of all locally square integrable
functions f endowed with the norm

1/2

1 1

1 llswosry = sup —— ( —=- f £ = foltdx) < oo,
acrn 1Q \ Q] Jg

where f stands for the mean (or average) of f over Q. In fact, when a = 0,

the Campanato space BMO° reduces to the BMO space BMO(R") of John and
Nirenberg (see [22]), and when 0 < a < 6/n, it coincides with the Lipschitz
space A,(R™) (see [14]). Moreover, when —1/2 < a < 0, the norm of a Cam-
panato function is equivalent to the following Morrey norm

1/2
1 (1 )
2a(Rn) — — | — d )
I f llL2a () ng[gn |Q|a<|Q|_/(;|f(x)| x)
see [32].

Therefore, the Campanato norm || - ||gpo# sy unifies the Morrey norm || -
||r22(mny, the BMO norm || - [|gmorn) @and the Lipschitz norm || - ||5_rn) by as-
signing different values to a.

The following proposition reveals the connection between the Neumann
Morrey-Campanato space and the classical one.

Proposition 3.6. Let —1/2 < a < 6/n. The Neumann Morrey-Campanato
space BMOZ‘N([R{") can be described in the following way

BMO; (R") = {f € M[R") : f, € BMO;_ (R})}
= {f € MR™ : f,, € BMOI(R")}
={f e Llloc(IR”) . f+. € BMO“(R™)}.

Proof. We divide our proof in following four steps
BMO7, (R") — BMO7 (R})
N a
BMO;(R") «— BMO“(R")
Step 1. From BMO; _(R") to BMO%M (RY).
Pick a function f € BMOf (R"), then we have

1/ £llBmosz, @z
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1/2
= 2
_QSCR" |Q|“(|Q|_/|f+(x) (exp(=roVLn)f)=(x)| dx)
1/2
- — 2
= b IQI“(IQI/ 1£G0) = exp(=roVIn)f (o) dx)

< ”fHBMOL (R7)>
which yields f, € BMOL (IR ).

Step 2. From BMO; (R") to BMO7(R").
Assume f, € BMOL (R ). For every Q C R", it is sufficient to show that
f 5409 = exp(roVDI 0P < 2AQP ISl
If Q, # @ and Q_ # @, then there holds by (2.9) that

f |f+,e(x) - eXp(_rQ\/z)f+,e(x)|2dx
Q

- / 1+ () = exp(—ron Iy )+ (0)2kx
Q

+

|f+(X) —exp(—rq LN+)f+()?)|2dx
Q-

<2 f 1£40) = exp(—ron /Iy )f s (0 Pdx
14+2a
< 2|Q+| ||f+||BMOOt (Rﬁ)
— 142
2|Q| a||f+||BMoa (Ri)'
IfQ, =@ or Q_ = @, then we can deduce from a similar argument above that
fQ 1) = exproVD P < 1N o

Therefore, one has f, , € BMO; (R") with desired norm control.
Step 3. From BMO;(R") to BMO; _(R").
Assuming f, , € BMO7 (R"), for each Q C R", we arrive at

f | f(x) — exp(=r\/Ly) f(x)2dx
Q

| f+(x) —exp(—rq LN+)f+(x)|2dx
Q4+

+f | f-(x) — exp(—rgy/ Ly ) f-(x)|*dx
Q_
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|f1.0(0) — exp(=rVL) £ () 2dx
Q4

N f () — exp(=rVI)f _(x)Pdx

< |Q|1+2a||f+€||BMOiX (R") + |Q|1+2a||f €||BM0“ R")

which implies f € BMOLN(IR”).

Step 4. BMO7(R") vs BMO*(R").

When —1/2 < a <0,a =00r0 < a < 6/n, the space BMO“(R") reduces to
the Morrey space, the BMO space and the Lipschitz space, respectively. These
spaces can be characterized by the Morrey-Campanato space BMO7 (R") asso-
ciated with L; see [5, 7, 8, 9] for more details.

Based on the above arguments, we obtain the desired conclusion. O

3.4. HMO space. To introduce the HMO space related to the Neumann prob-
lem, we shall recall the classical HMO space; see [11, 17, 18, 33, 34] for exam-
ples. For —1/2 < a < 6/n, a harmonic function u(x, t) defined on R" X R, is
said to be in HMO7 (R" x R, ), the harmonic mean oscillation space associated
with L, if

1/2

1 o) 1 / dt
u ] |tV u(x, OPdx— | < co.
[ullivogRaxr,) = QcRn 1Ql« (/0 1Ql !

Definition 3.7. For —1/2 < a < 6/n, a Neumann harmonic function u(x, t)
defined on Q X R, is said to be in HMO%(Q X R,), the Neumann harmonic
mean oscillation space associated with £, if

, 1/2
1 | f dt
u — | 1tV u(x, D)]Pdx=— < 0,
|| ||HMOL(QXR+) Q |Q|“ (l |Q| 0 X,t t

where Q = R" for £ = Ly, and Q = Rf for £ = Ly .

Proposition 3.8. For—1/2 < o < 6/n, the Neumann HMO space HMO%N (R"x
R, ) can be described in the following way

HMO; (R"xR,) ={u € WH[R"xXR,) : u, € HMOZM(Rl x R}
= {ue W'AR"XR,) : u,, € HMOX(R" x R,)}.
Proof. We divide our proof in following three steps
HMO; (R" X R,) — HMOZ‘M(Ri xR,)
N /
HMO[(R" X R,)
Step 1. From HMO; (R" x R,) to HMOZ‘M(Ri X R.).
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Pick a function u € HMOE‘N(IR”). Evidently, its restriction u, is also a Neu-
mann harmonic function on [R’i‘ X R,. Moreover, it holds that

1/2
rQ
1 dt
) ) [tV u(x, t)|?dx—
I +||HMOL (R IXRy) T QCR" |Q|« (/O |Q| f ! t

1 e ar\’’
< sup —— — | |tV u(x, )]?dx—
acin 1QI (fo |Q|/Q :

= ||“||HM0§N(W><R+)’

which yields u, € HMO; (R%} x R,).
Step 2. From HMO} ([P_Ri x R,) to HMOJ (R" X R,,).
Assume u, € HMO%Ni (R} x R}). Since u,. is Neumann harmonic in R} x

R, the even extension of u, is harmonic in R" X R, . For each Q C R", there
holds

U
[ 9t opaxst
0o JQ t
rQ rQ
t t
=f / |th,tu+(x,t)|2dxdT+f f |th,tu+(32,t)|2dxdT
o Jo_

+

_2|Q|1+2a||”+||HMoa (RﬁxRJr)’

which implies u, , € HMO;(R" X R, ) and u_, € HMO(R" X R, similarly.
Step 3. From HMO7 (R" X R,) to HMO] (R" X R,).
Assume u, , € HMO7(R" x R,). Noticing that u, , is an even function
with respect to x,,, we obtain that its derivative is an odd function, and hence

u = u, + u_ satisfies the Neumann boundary condition automatically. For
every Q C R", it follows

rQ
t
/ f|th’tu(x,t)|2dxd—
0o JQ t
rQ Q
sf f |th,tu+,e(x,t)|2dx%+f / |th,tu_,e(x,t)|2dx%
Q Q-

<1t ey + 1@ el

= Q" |Juy |17 +1Q

HMO{ (R"XR, )

HMOf{ (R"XR, ) HMo“(Ran )

which yields u € HMOZN([R” x R,).
Based on the above arguments, we obtain the desired conclusion. O
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4. Neumann harmonic function with Lebesgue trace

This section is devoted to solving the elliptic equation of Neumann type with
the Lebesgue initial value.

Theorem 4.1. Let1 < p < o0. A function u(x,t) is Neumann harmonic in
R"™ x R, with

sup |[u(-, O||Lewny < C
t>0

if and only ifu(x,t) = exp(—t\/E)f(x)for some f € LP(R").

Proof. Step 1. Necessity: from solution to trace.
If u(-,t) € LP(R"), then u, (-,t) € LP(R") by Proposition 3.2. Noticing
U, o(x,t) is harmonic in R” x R, and

sup |t o (-, )l|pony < C,
t>0

we deduce from the characterization of the Poisson integral with Lebesgue trace
(see Appendix A) that

Uy o (x,1) = exp(—tVL)g(x)

for some g € LP(R"). Moreover, it holds
glx!,—x,) = h%}_ eXP(—t\/Z)g(x’a —Xy) = h%l u+,e(x’a —Xp, 1)
t— t—

= lil’él Uy (X, x,,t) = lil’él exp(—t\/f)g(x’,xn) =g(x’, x,),
t—0+ ’ t—0+

which yields g is an even function with respect to x,,. Therefore, for all x € R},
we have

U (6, 1) = 1y o (x, 1) = exp(—tVL)g(x)
= exp(—tVL)g, o(x) = exp(—t/ Ly, )g, (x).

Similarly, for u_,(-,t) € LP(R"), there exists an even function h € LP(R")
such that

u_,(x, 1) = exp(~tVL)h(x)

and, for each x € R”, it holds
u_(x,t) = exp(—ty/ Ly Yh_(x).

Finally, by letting f = g, + h_, we see that f, , = g, , = g € LP(R")
and f_, = h_, = h € LP(R"), which together with Proposition 3.2 implies
f € LP(R"). It can been easily seen that, for all x € R",

u(x, t) = exp(—ty/ Ly, g, (x) + exp(~ty/Ly_)h_(x)
= exp(—t1 /Ly, ) f+(x) + exp(=t1/ Ly )f_(x)
= (exp(—t\/Ly) )4+ (x) + (exp(—t\Ly) f)_(x)
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= exp(—ty/Ly)f(x).

Therefore, the necessity of Theorem 4.1 follows.
Step 2. Sufficiency: from trace to solution.
If f € LP(R"), then f, , € LP(R") by Proposition 3.2. Note that

UL (x, 1) = (exp(—t\Ly)f)(x)
= exp(—ty / Ly, )f(x) = exp(—tVL) f 1o () g (),

which tells us that u is Neumann harmonic in R” X R, . By the Poisson upper
bound on p; (¢, x,y), and Minkowski’s inequality, we arrive at
sup [[u(:, )||zprn) = sSup (f
0 Rn

p 1/p
dx
t> t>0 )
p 1/p
t
<Csu —|f(x—=y)|d dx
[>€UR"(/Rn(t+|y|>n+lf g y) }

1/p
t
<Csu [f(x—yp)Pdx | ————d
[>0p \/Rln (Ln f Y (t + |)’|)”+1 Y
< Cllf llzrwnys

which completes the proof of the sufficiency and hence Theorem 4.1. O

f pLN(t’x’ Y)f(J’)dy
RV[

5. Neumann harmonic function with Hardy trace

In this section, we consider the Neumann harmonic function with Hardy
trace. For a harmonic function u in R" XR ., let u* denote its maximal function
defined by

u*(x) = sup |u(x, t)|.
>0

Theorem 5.1. A function u(x, t) is Neumann harmonic in R" X R, with

[y < C
if and only if u(x, t) = exp(—ty/Ly) f(x) for some f € H%N([R{”).

Remark 5.2. When A = identity matrix, Stein [35, page 119, Proposition 1]
characterized the harmonic function with HP trace for all0 < p < . He
proved that, for 0 < p < o0, a function u(x, t) is harmonic in R" x R, with
lu*||Lprny < C if and only if u(x, ) = exp(—t\/Z)f(x) for some f € HP(R"),
where A is the negative Laplacian on R”. When 0 < p < 1, the Hardy space
HP(R") is a proper subset of LP(R"), and when p > 1, HP(R") = LP(R"). In
order to emphasize the difference between Hardy space and Lebesgue space, we
only consider the left endpoint case p = 1. In fact, our Theorem 5.1 also holds
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for p > 1. It is worth pointing out that HI{’N(IR”) = LP(R") provided p > 1, and
hence

1/p 1/p
(f sup |u(x,t)|de) <Cs sup( |u(x,t)|de> <C
R R"

n t>0 t>0

for arbitrary Neumann harmonic function u.

Proof of Theorem 5.1. Step 1. Necessity: from solution to trace.
Ifu* € LY(R"), then (u,.)* = (u*),, € L'(R") by Proposition 3.2. Noticing
u, o(x,t) is harmonic in R” X R and

Iy o)l @y < C,

we deduce from the characterization of the Poisson integral with Hardy trace
(see Appendix A) that

Uy o (x,1) = exp(—tVL)g(x)

for some g € Hi(IR”). Moreover, it holds
g(x',—x,) = [lir(% exp(—t\/f)g(x’ ,—X,) = tlirg}r Uy (X', =Xy, t)
= 11%1 Uy (X, x,,t) = lilgl exp(—t\/f)g(x’,xn) =g(x’, x,),
t—>0t ’ t—0+

which yields g is an even function with respect to x,,. Therefore, for all x € R},
we have

U, (6, 1) = Uy o (x, 1) = exp(—tVL)g(x)
= exp(—1VL)g, o(x) = exp(~t1/ Ly, )g+ (x).

Similarly, for (u_,)* € LY(R"), there exists an even function h € Hi(IR”)
such that

u_,(x,t) = exp(~tVL)h(x)

and, for each x € R”, it holds
u_(x,t) = exp(—ty/ Ly Yh_(x).

Finally, by letting f = g, + h_, we see that f,, = g, , = g € H;(R")
and f_, =h_, =h € H;(IR"), which together with Proposition 3.4 implies
fe H}JN([R"). It can been easily seen that, for all x € R",

u(x, t) = exp(—ty /Ly, )g+(x) + exp(—ty/Ly_)h_(x)

= exp(—ty/ Ly, )f+(x) + exp(=ty /Ly ) f_(x)
= (exp(—t\/Ly) )4+ (x) + (exp(—t\/Ly) f)_(x)
= exp(—1y/Ly)f(x).
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Therefore, the necessity of Theorem 4.1 follows.
Step 2. Sufficiency: from trace to solution.
IffeH %N(R”), then f. , € H; (R") by Proposition 3.4. Note that

u, (x,1) = (exp(—ty/Ly) )+ (x)
= exp(—ty/ Ly, )f + (%) = exp(—tVL)f 1o (¥)xrz (X),

which tells us that u is Neumann harmonic in R" X R,.
Moreover, it holds that

vy = | sup | exp(—ty IR = Il oy
R

n >

which completes the proof. (]

6. Neumann harmonic function with BMO trace
The following theorem is the main result in this section.

Theorem 6.1. Let —1/2 < a < 6/n. A function u(x, t) is Neumann harmonic
in R" x R, with

lullamo (rexr,) < €
if and only if u(x, t) = exp(—ty/Ly) f(x) for some f € BMOZN(IR”).

Remark 6.2. In Theorem 6.1, when the Neumann boundary condition is re-
moved, the Laplace version of this result can reduce to the classical one of
Fabes-Johnson-Neri [11, Theorem 1.0] and Jiang-Xiao-Yang [18, Theorem 1.1];
see [23] for the fractional case. They proved that, for —-1/2 < a < 1/n, a func-

tion u € HMOR(R" x R,) if and only if u(x,t) = exp(—t\/Z)f(x) for some
f € BMO3Z(R"). Moreover there exists a constant C > 0 such that

C_1||f||BMoi(Rn) < lullamos ®exr,) < ClIf llBmos (wn)-

Proof of Theorem 6.1. Step 1. Necessity: from solution to trace.
Ifu € HMO; (R" x R,), then u, , € HMOF(R" X R) by Proposition 3.8.

From Appendix A, we know that u, ,(x,t) = exp(—t\/f)g(x) for some g €
BMO; (R") with
llgllBmos wny < Clluy ellmor®exr,,)-
It can been easily seen

g(x',—x,) = tlir(% exp(—t\/z)g(x’, —X,) = tlir(r)}r Uy (X!, =Xy, t)
= ngl Uy (X, x,,t) = ngl exp(—t\/f)g(x’,xn) =g(x’, x,),
t—0t+ ’ t—0+
which yields g is an even function with respect to x,,, and hence

I8 +.ellBMOz ) = [18lIBMOZ(R7) < CllUs ellEMOT(RAXR,)-
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Moreover, for every x € Rﬁ, one has
Uy (X, 1) = Uy (x, 1) = exp(—tVL)g(x)
= exp(~tVL)gs o(x) = exp(—t,/ Ly, )g+(x).
Similarly, foru_, € HMO%(IR” X R,), there exists an even function h €
BMO; (R") such that u_,(x,t) = exp(—t\/L)h(x) with
1h— ellBmoz Ry < Cllu—ellumosmrxr )

and, for every x € R", it holds

u_(x,t) = exp(—ty/ Ly Yh_(x).

Finally, by letting f = g, + h_, we see that f,, = g, , = g € BMO.(R")
and f_, = h_, = h € BMOj(R"), which together with Propositions 3.6 and
3.8 yields f € BMO; (R") with

||f||BM0ZN(Rn) < ||f+,e||BMof(Rn) + ||f—,e||BMo‘L’(Rn)
= [18+.ellBmMoz(®r) T [|h— ellBMOZ R
< Clluy ellamos @axr,) + Cllu—ellamos @exr,)
< Cllullamog ®exw,)-

Moreover, it can been easily seen that, for all x € R",
u(x, t) = exp(—ty/ Ly, )84+ (x) + exp(—t4 /Ly )h_(x)
= exp(—ty/ Ly, )f+(x) + exp(—ty /Ly ) f_(x)

= (exp(—t\/Ly) )4+ (x) + (exp(—t\Ly) f)_(x)
= exp(—t/Ly)f(x).

Therefore, the necessity of Theorem 6.1 follows.

Step 2. Sufficiency: from trace to solution.
If f € BMO (R"), then f,. . € BMO;(R") by Proposition 3.6. Note that

u(x, 1) = (exp(—ty/Ly) f)4(x) + (exp(—/Ly) f)-(x)
= exp(—t1/ Ly, )f +(x) + exp(=ty/ Ly )f _(x)
= exp(—tVL) 4. (X)xmn (%) + exp(—tVL) f_o(x) xgn (x),
and hence
Uy o (x, 1) = exp(—tVL) [ . o(x).

This implies u is Neumann harmonic in R” X R, . From Appendix A, Proposi-
tions 3.6 and 3.8, we deduce

[ullamor, mexm,) < Ut ellamor@exm,) + 11U—ellamos @exw,)
LN L L
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< Cllf tellemoz @y + ClIf - ellBmoz@n)
< Cllfllemog,, @n)>

which completes the proof of the sufficiency and hence Theorem 6.1. O

7. Final remarks

This paper will end by pointing out some further results. Since it is intended
solely as a brief review and not as a rigorous development, the pertinent results
are stated without proof.

7.1. Theelliptic equation of Dirichlet type. Letusfirstsubstitute the Dirich-
let boundary condition for the Neumann one, and then consider the following
problem

—37u(x,t) + Lu(x,t) = 0, xeR" t>0,
u(x’,0,t) =0, x'eR"L t>0,
u(x) = f(x), x € R",

In this case, the reflection method is to use the odd extension rather than the
even one.

Denote by Lp the corresponding Dirichlet elliptic operator on R", and let
{exp(—tx/g)}bo be the the Poisson semigroups associated with Ap. Note that
the conservative property

exp(—t\/Z)l =1
does not hold for £ = L or Ly, .

Similar to the Neumann case, we can define some function classes related
to the Dirichlet problem; for example H iD([R{”), BMOj _(R") and HMO; (R" x
R, ). Therefore, we can derive the following result by means of these function
classes.

Theorem 7.1. For different Lebesgue, Hardy and BMO traces, the following state-
ments are valid.
(i) Let1 < p < o0. A function u(x, t) is Dirichlet harmonic in R" X R with

sup ”u(', t)”LP([Rn) S C
t>0

ifand only if u(x, t) = exp(—tr/Lp) f(x) for some f € LP(R").
(ii) A function u(x,t) is Dirichlet harmonic in R" X R with
lu* |y < C
ifand only if u(x,t) = exp(—ty/Lp) f(x) for some f € HiD([R”).
(iii) Let—1/2 < a < 8/n. A function u(x, t) is Dirichlet harmonicin R" xR,
with
||“||HM0§D([Ran+) <C

ifand only ifu(x,t) = eXp(—t\/E)f(x)for some f € BMO%D(IR").
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7.2. The parabolic equation of Neumann/Dirichlet type. In paper [40],
Zhang and Yang consider the following boundary value problem for the heat
equation

d,u(x,t) + Au(x,t) =0, xeR" t>0,

0, u(x’,0,t) =0, x eR"L t>0,

u(x,0) = f(x), x € R,
where A is the negative Laplacian on R". They proved that a caloric function
(the solution to the heat equation) defined on R” x R, with the Neumann
boundary condition satisfies the parabolic Carleson measure condition if and

only if it can be represented as the Gaussian integral of a BMO function associ-
ated with Ay. They define the solution space TMO, (R" X R, ) as follows.

Definition 7.2. A Neumann caloric function u(x, t) defined on R"” xR is said
to be in TMO, (R" X R,), the temperature mean oscillation space associated

lulltmo,, (Reaxr,) = max ||“¢||TM0ANi(|R;xR+)
1/2

rZ

Q1

= max sup f —fleui(x,t)Fdxdt < oo.
QcRY | Jo |Q| Q

However, in the classical case, for a caloric function u(x, t) without the Neu-
mann boundary condition, its TMO norm is related to the parabolic Carleson
measure on the whole space R" X R, rather than its restriction u_(x, t) on the
half-space R/} x R.. In fact, by repeating the arguments in the proof of Propo-
sition 3.8, the Neumann TMO space can be described in the following way

TMO,, (R") = {u € WH*(R") : u,, is a caloric function
and |V u,, |2dxdt is a parabolic Carleson measure}
= {u € W?(R") : u is a Neumann caloric function

and |V, u|?dxdt is a parabolic Carleson measure}.

Analogously, we can consider the following parabolic equation of Neumann
or Dirichlet type

o;u(x,t) —divAVu(x,t) = 0, xeR" t>0,
0y, u(x’,0,t)/u(x’,0,t) = 0, xX'eR" L >0,
u(x,0) = f(x), x € R",
where the matrix A is even with respect to the n-th variable and satisfies the

admissible caloric condition, namely, for each caloric function w(x, t) on R" X
R, it holds

f B(Vwd, ¢ + Ved, w)dxdt = 2/ a"™d, wd, pdxdt,
RAXR RAxR
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forany ¢ € CP(R" X R,).
To state the main result, let us introduce some function classes related to the
Neumann/Dirichlet heat equation.

Definition 7.3. A function f € L'(Q) is said to be in HZ(Q), the Hardy space
associated with £, if

I ) = / sup | exp(—t£L)f(x)[dx < oo,
Rnr t>0
where £ = Ly /Lp for the Neumann/Dirichlet problem.

Definition 7.4. For —1/2 < a < 6/n,* a function f € M(R") is said to be in
BMO%(R"), the Morrey-Campanato space associated with £, if

1/2
1 1
£ 1lBmoz () = Sgﬂ% o (@L lf(x) - eXP(—VéL)f(X)|2dX) < 00,

where £ = Ly /Lp for the Neumann/Dirichlet problem.
Theorem 7.5. For different Lebesgue, Hardy and BMO traces, the following state-
ments are valid.
(i) Let1 < p < o. A function u(x, t) is Neumann/Dirichlet caloric in R" x
R, with

sup [u(-, || ewny < C
t>0

if and only if u(x,t) = exp(—tLy)f(x)/exp(—tLp)f(x) for some f €
LP(R™).
(ii) A function u(x,t)is Neumann/Dirichlet caloric in R" x R with
lu*|lp@ny < C

if and only if u(x,t) = exp(—tLy)f(x)/exp(—tLp)f(x) for some f €
HiN(R”)/HiD(R”).
(iii) Let —1/2 < a < 6/n. A function u(x, t) is Neumann/Dirichlet caloric in
R" x R, with
[ullivog mexm,)/EMOF, xRy < C

if and only if u(x,t) = exp(—tLy)f(x)/ exp(—tLp)f(x) for some f €
BMO; (R")/BMO; (R™).

Appendix A: Some classical conclusions

In this appendix, we provide some classical results about the boundary value
problem for the elliptic/parabolic equation.

3Here 6 denotes the Holder index of the heat kernel h(t,x,y).
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Theorem A.1 Let1 < p < oo. A function u(x, t) is harmonic/caloric in
R"™ x R, with
sup [u(-, || ewny < C

t>0
ifand only ifu(x,t) = exp(—t\/f)f(x)/ exp(—tL)f(x) for some f € LP(R").
Proof. For this conclusion, see [25, 27] for more details. O

Theorem A.2 A function u(x, t) is harmonic/caloric in R" X R with

lu*|| L1y < C

ifand only ifu(x,t) = exp(—t\/f)f(x)/ exp(—tL)f(x) for some f € Hi([R”).
Proof. We only consider the elliptic case since the proof of the parabolic case
is similar.*

Step 1. Necessity: from solution to trace.

Suppose that u(x, t) is harmonic in R" X R, with |[u*|| 1@ < C. We first
claim that

u(x, t +s) = exp(—tVL)uC-, $))(x). (7.1)
To this end, define
H(x,t) = u(x, t +s) — exp(—tVL)(uC:, $))(x).

It follows from the mean value property of the harmonic function that

3t/2

el <C 4 ju.sldyds
/2 JB(x1/2)
3t/2 c
scf f wodds < ol
t/2 JIB(x,t/2)

and from the conservative property of exp(—t\/f) that

exp(-VDuC N < [ pult 2 ) 9ldy < 10 ey
Rn

By these estimates, we see that

HDI S G

c c. .
[ |z @y + Gl ll@ey < Gl e
with
H(x,0) = lim H(x, 1) = limu(x, ¢ +5) ~ lim exp(—VL)(u(-, $))(x) = 0.
t— t— t—

“For the proof of the parabolic case, we refer the readers to the book [15, Chapter 8] for
example.
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This means H(x, t) is a bounded harmonic function on R" xR, with zero trace.
Therefore, one can employ the reflection method to define a bounded harmonic
function on the whole space R” X R as follows

H(x,t), t >0,
H(x,t) = (x, 1)
—H(x,—t), t<O0.
However, the Liouville theorem tells us that there is no bounded harmonic
function on R" x R other than constant, which indicates

u(x, t +s) — exp(—tVL)u(, )(x) = H(x,t) = 0

by noting #(x,0) = 0. The claims follows.

With (7.1) in hand, the remainder of the arguments is analogous to that in
[28, Theorem 1.2] and is left to the reader.

Step 2. Sufficiency: from trace to solution.

Iff eH %(R”), then u(x,t) = exp(—t\/f) f(x) is well-defined harmonic
function on R" x R, with

oy = [ sup | expC-tVDI I = ey
R

n t>0

which completes the proof. O

Theorem A.3 Let —1/2 < a < 8/n. A function u(x, t) is harmonic/caloric in
R" x R, with

||ullmos mexr , )/ T™MOE (RAxR,) < €

ifand only ifu(x,t) = exp(—t\/f)f(x)/ exp(—tL)f(x) for some
f € BMO7(R™).

Proof. See [21, 24] for the elliptic case and [26] for the parabolic case. O
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