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ABSTRACT. We study surfaces of bidegree (1, d) contained in the flag three-
fold in relation to the twistor projection. In particular, we focus on the num-
ber and the arrangement of twistor fibers contained in such surfaces. First,
we prove that there is no irreducible surface of bidegree (1, d) containing d +2
twistor fibers in general position. On the other hand, given any collection of
(d + 1) twistor fibers satisfying a mild natural constraint, we prove the ex-
istence of a surface of bidegree (1, d) that contains them. We improve our
results for d = 2 or d = 3, by removing all the generality hypotheses.
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1. Introduction

The study of the twistor geometry of the flag threefold is motivated by the
search for Riemannian 4-manifolds admitting several integrable complex struc-
tures compatible with the prescribed metric (see e.g. [8, 12, 13]). In this context,
a recent trend is the investigation of specific cases in order to find explicit ex-
amples [1, 2, 5, 7, 9].

The flag threefold [F can be seen as the twistor space of the complex projective
plane P? endowed with all its standard structures [6, 11],
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The threefold F embeds in P?x P2, hence it is possible to define a natural notion
of bidegree (d;, d,) for curves and surfaces in [F.

In [4] we have started a detailed analysis of the geometry of the algebraic
curves and surfaces contained in the flag threefold F, in relation to the twistor
projection. In particular, twistor fibers are smooth irreducible curves of bide-
gree (1,1). In [3] we gave a first bound on the maximum number of smooth
irreducible curves of bidegree (1, 1) contained in a smooth surface S C F. Here,
by focussing our attention on a particular family of surfaces, we obtain stronger
and more significant results. In fact, we analyse the case of bidegree (1, d) sur-
faces in F and study the number and the arrangements of twistor fibers con-
tained in them.

A surface S of bidegree (1, d) can be realised asa d : 1 branched cover of P?,
or alternatively as a blow up of P2in n = 1 + d + d? points. If d = 1 then S is
a (toric) del Pezzo surface of degree 6, and this case was studied in [4]. In the
present paper we give results for arbitrary d, as well as focussing on d = 2 and
d = 3. In general, if S has bidegree (d;, d,), the twistor projection 7 restricted to
S isabranched cover of degree d; +d, of P2, s0if (d;,d,) = (1,d), itisnatural to
compare our results with those obtained for degree d + 1 surfaces in P3 viewed
as the twistor space of the 4-sphere [11]. In the latter case, surfaces of degree 2
and 3 have been studied in some detail. In particular, surfaces of degree 2 in p3
might contain 0, 1 or 2 twistor fibers and if a surface of degree 2 contains more
than 2 twistor fibers, then it contains infinitely many of them [13]. This is com-
pletely analogous to what we found in [4] for surfaces of bidegree (1,1) in F. On
the contrary, for d = 2 we observe a difference between the two cases. Indeed,
for degree 3 surfaces in P3, the maximum number of twistor fibers contained
in a smooth surface is 5 [5], while we prove here that this number reduces to 4
for smooth surfaces of bidegree (1,2) in F.

In order to present our results, we need to introduce some definitions. The
flag threefold can be explicitly defined as

F:={(p,t) e P>xP?| pt =0},

where p = [pg : p1, P2, € =[€g @ €1 : €,] € P?and pt = pylo+pi€1+Dprts.
The notation (p, ), would recall a couple (point,line), and the condition p£ = 0
translates as p belongs to ¢. In order to simplify the notation, we identify the
second factor P2V with P2.

We have three projection maps: 71, 75, 7 : F — P2, defined as

ﬂl(p,f)zp’ 7T2(p’€)=€,

7T(p, t)= 5 Xt = [?162 - 527/01’52€0 - 50€2’ 5061 + 51€0],
where the third one is the twistor map. The fibers of such three maps are
the object of our investigation. In particular, for any g € P2, the three fibers
ﬂl_l(q), 71’2_1((]) and 771(q) are curves of bidegree (0, 1), (1,0) and (1, 1), respec-
tively. While the fibers of ; and 7, exhaust the family of bidegrees (1,0) and
(0,1) curves, twistor fibers are a (non-open Zariski dense) subset of those of
bidegree (1,1). It was shown in [4, Section 3.1] that any bidegree (1, 1) curve
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has Hilbert polynomial equal to 2t + 1 with respect to the standard Segre em-
bedding of P? x P2; for this reason we will call them conics. There are only two
types of bidegree (1, 1) curves: the reducible ones (union of a bidegree (1, 0) and
of a bidegree (0, 1) curves intersecting at a point), and the smooth ones. All of
them can be described as

Ly :=1(p,t) €F|pm =0, gt =0},

where g, m € P? and, the reducible and smooth cases are obtained for gm = 0
or gm # 0, respectively.

In twistor theory, an important role is played by an antiholomorphic invo-
lution without fixed points, which identifies twistor fibers [6, 11]. In our case,
this map can be defined as j : F? — 2, where

Jj(p,€) = (¢, D).

A smooth conic L ,, is a twistor fiber if and only if j(L,,,) = Lgp, if and only
if m = q. Moreover, it is natural to classify objects in F up to projective au-
tomorphisms coming from the lift via 7z of a unitary automorphism of P2, i.e.
a holomorphic isometry with respect to the Fubini-Study metric. Such trans-
formations of [F are exactly those which commute with j (see [4, Lemma 5.4]
for the flag manifold case). Thus, in particular, the number of twistor fibers
contained in a given surface and their arrangement are unitary invariants.

In order to state our main results we need some more notation. We denote by
C(1) = € the set of smooth conics in F and by C(n), n > 2, the set of n pairwise
disjoint smooth conics. In an analogous way we define 7 (1) = J C C as the
set of twistor fibers and 7 (n) C C(n), n > 2, as the set of n pairwise disjoint
twistor fibers.

We will see in Remark 2.5 that for any couple of different smooth conics,
there is a unique bidegree (1,0) curve L = 7, 1(g,) and a unique bidegree (0, 1)
curve R = 7 1(q,) such that L and R intersect both smooth conics. In the
case of a couple of twistor fibers we also have R = j(L). We say that three or
more smooth conics are collinear if there is a (1, 0) curve L which intersects all
of them. To be collinear, for three or more smooth conics, is a Zariski closed
condition.

To be more precise, in Definition 2.7, we define the set €*(n) which parame-
trizes all A € C(n) such that #(L N A) < 2 for all curves L of bidegree (1,0).
Clearly €*(1) = €(1), and C*(2) = €(2), while for n > 3 the open set C*(n)
is given by the set of disjoint smooth conics such that no three of them are
collinear. Moreover, we set 7*(n) := J(n) N €*(n). In Theorem 2.19 we
characterize the elements A € €*(d + 1) to be those which do not obstruct the
linear system |74(1,d)|.

We now summarize the main results of the paper. In Section 3, we study sur-
faces of bidegree (1, d) containing a certain number of smooth conics or twistor
fibers, and we prove the following two theorems.
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Theorem 1.1. Foranyd € Nand A € T*(d + 2), there is no irreducible surface
of bidegree (1, d) containing A.

Theorem 1.2. Fixintegerd > 1and 0 < n < d + 2. There is an irreducible
S € |Op(1, d)| containing exactly n twistor fibers.

We also show, in Theorem 3.4, that the first result is sharp. Indeed, for any
A € JT*(n), with 0 < n < d + 1, we are able to prove the existence of an
irreducible surface of bidegree (1, d) containing A and no other twistor fibers.
This last issue requires some effort and the proofis divided in a detailed analysis
of several cases.

Theorem 1.2 is a consequence of Theorem 3.4 and Theorem 3.8. More pre-
cisely, in Theorem 3.4, for 0 < n < d + 1, we prove that, fixed any union A
of 0 < n < d + 1 non-three-by-three collinear twistor fibers, there is an irre-
ducible (1, d)-surface containing A and no other twistor fibers. The extremal
case n = d + 2 is considered in Theorem 3.8, where we prove that, given d + 2
general collinear twistor fibers, there is an irreducible surface of bidegree (1, d)
containing them.

In Section 4, we focus on surfaces of bidegree (1,2) and (1,3). The main
results are summarized by the following statements:

Theorem 1.3. Fix0 < n < 3. Thereis a smooth S € |Op(1,2)| containing
exactly n twistor fibers. Moreover, there exists a bidegree (1, 2) irreducible surface
containing exactly 4 twistor fibers.

Theorem 1.4. Thereis no irreducible S € |Op(1, 2)| containing at least 5 twistor
fibers.

Theorem 1.5. There is no irreducible S € |Or(1, 3)| containing at least 6 twistor
fibers.

The first existence result (Theorem 1.3) follows from Theorem 4.6, for 0 <
n < 3, and Theorem 4.10, for the case n = 4. In the extremal case n = 4, we
will also show that the surfaces are singular along a line.

The two non-existence results (Theorems 1.4 and 1.5) are proved in the last
Section 4.2. An essential tool is Lemma 4.11 which states that if a surface of
bidegree (1, d) contains d + 3 or more collinear twistor fibers, then this surface
is reducible and one of its components is a surface of bidegree (1, 1) containing
4 of the prescribed twistor fibers.

The proofs of our results are based on cohomological methods and on a care-
ful description of the linear systems of surfaces in the flag threefold.

2. Preliminaries and first results

In this section we collect some known results about algebraic curves and
surfaces in the flag threefold. Then we give first results on the space of bide-
gree (0, d) and (1, d)-surfaces containing a certain number of twisted fibers. In
particular, we introduce the concept of collinear smooth conics and give a topo-
logical characterization in terms of the cohomology of certain ideal sheaves.



TWISTOR FIBERS IN HYPERSURFACES OF THE FLAG THREEFOLD 1121

For most of the known material on [ we refer to [4] and to [3, Section 2].
However, in order to be as self-contained as possible, we will recall some basic
ideas and results here.

Consider the multi projective space P? x[P?; an element (p, £) € P2 x[P? will
be a pair written in the following form p = [py : p; : pol, € = [€o : €1 : €3],
so that p¢ = py€y + pi1€, + p,€,. Even though it is classically embedded in
P? x P2V, we can see F := {(p,¢) € P? x P?| pf = 0} as a hypersurface of
bidegree (1, 1) of P2 x P2. We denote by I1; and IT, the two standard projections
of P2 x P? and use lower case for their restrictions, i.e. 77; = ITjr, i = 1,2. Thus,
the two natural projections define a natural notion of bidegree for algebraic
surfaces in [F. Furthermore, for all (a,b) € Z? we have the following natural
exact sequence

0—- OPszz(a -1, b-— 1) d Opzxpz(a, b) d O[F(Cl, b) - 0, (1)
and, for any (a, b) € N2, we get (see e.g. [4, Lemma 2.3])

(a+1)(b+1)a+b+2)
2

It will be useful to recall from [4, Proposition 3.11] the multiplication rules
in the Chow ring:

O[F(l,O) . 0[;:(1,0) . Oﬂ:(l,O) = O, Oﬂ:(l,O) . O[F(O, 1) . 0[;:(1,0) = 1,
O[F(O, 1) . (9[[:(1,0) . O[F(O, 1) = 1, (9":(0, 1) N O[F(O, 1) . (9”:(0, 1) = 0.

h(Op(a, b)) = and  h'(Op(a,b)) =0. (2)

(3)

2.1. Curves in [ and smooth conics. Let us recall the notion of bidegree for
the family of algebraic curves in [F already given in [4, 3].

Definition 2.1. Let C C F be an irreducible and reduced algebraic curve. We
define the bidegree of C as the couple of positive integers (d;, d,), where d; = 0
if 7;(C) = {x}, otherwise d; = deg(7;(C)) deg(nilc).

If a curve D has irreducible components Cy, ..., C, then the bidegree of D is
the sum of the bidegrees of Cy, ..., C;.

Recall from [3, Remark 2.4] that if a curve C is such that C - Op(1,0) = d,
and C - Op(0,1) = d,, then it has bidegree (d,, d,).
From the multiplication table (3) we can easily derive the following formula.

Lemma 2.2. Forany choice of non-negative integers a, b, c, d, the one-dimensional
cycle Og(a, b) - Op(c, d) has bidegree

(ad + b(c + d),a(c + d) + bc).

Proof. We have O(a,b)- Op(c,d) = acOp(1,0) - Op(1,0) + (ad + bc)Op(1,0) -
Op(0,1) + bdO¢(0,1) - Og(0,1). So the thesis is easily obtained by recalling
that Op(1,0) - Op(1,0) (resp. Op(1,0) - Op(0,1), resp. Op(0,1) - Op(0,1)) is a
one-dimensional cycle of bidegree (0, 1) (resp. bidegree (1, 1), resp. bidegree
(1,0)). O
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FIGURE 1. Any two smooth conics are connected by a curve of
bidegree (1, 0) and by a curve of (0, 1).

Remark 2.3. Note that the fibers of 77; are algebraic curves of bidegree (0, 1),
while those of 7, have bidegree (1,0) (see, e.g. [4, Section 3]). Moreover, all
bidegree (0, 1) curves can be seen as complete intersections of two different
(1, 0)-surfaces (and analogously for bidegree (1, 0) curves).

Among all the algebraic curves in [, we focus our attention on the family of
bidegree (1, 1) curves. These are described geometrically in [4, Section 3.1] and
are parameterized by (q, m) € P? x P2. In fact, as anticipated in the introduc-
tion, each of these curves can be written as

Lym :={p,0)€F|lpem, ¢ >qt={(p,¢) €F|qt =0, pm =0}

There are two types of these curves: the smooth and irreducible ones (when
gm # 0) and the union of a (1,0) and of a (0, 1) intersecting at one point (when
gm = 0,i.e. (q,m) € F). In any case, any curve of bidegree (1, 1) can be seen
as the complete intersection of a surface of bidegree (1, 0) with one of bidegree
(0,1). As already mentioned in the introduction, the 4-dimensional family of
smooth irreducible (1, 1) curves is denoted by €. The elements of € are called
smooth conics.

Remark 2.4. From the definition of smooth conics, it is clear that, for any C €
C we have that 7;(C) is a line in P2.

Remark 2.5. Note that for any two different elements L, ,,, Ly ,» € C there
exists a unique curve L of bidegree (1,0) and a unique curve R of bidegree (0, 1)
such that L and R meets both L, ,, and Ly ,,» at one point (see Figure 1). From
the analysis made in [4, Section 3.1] it is easy to see that L = 7;'(q X ¢’) and
R = 7T1_1(m x m'), where X stands for the standard (formal) cross product.
Equivalently, L = ;" (Sing(7,(A)) and R = 7 '(Sing(7;(A)). We say that
three or more disjoint smooth conics are collinear if they intersect the same
(1,0) curve L.
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The fibers of the twistor projection 7 : F — P2 (see [4, Section 5]) form a
subset 7 of the family of conics €. The twistor fibers are also characterized to be
the irreducible elements in € that are fixed by the anti-holomorphic involution
j : F - F defined as

j(p. €)= (€, p).
Being the set of fixed points of j, a curve L, ,, belongs to 7" if and only if m = g.
Furthermore, the set J is Zariski dense in C (see, e.g. [3, Section 4]).

Remark 2.6. If L is the bidegree curve (1,0) connecting two different twistor
fibers (see Remark 2.5), then the curve of bidegree (0,1) connecting them is
exactly R = j(L). Thus, if three twistor fibers are collinear, then they intersect
the same (1, 0) curve and the same (0, 1) curve.

Recall from the introduction that, for any positive integer n, C(n) denotes
the 4n-dimensional set of n pairwise disjoint elements of € and J(n) denotes
the set of n pairwise disjoint elements of 7. As before, 7°(n) is Zariski dense in
C(n) (see again [3, Section 4]).

We now introduce the following crucial definition.

Definition 2.7. For any n > 1 let C*(n) be the set of all A € €(n) such that for
any curve L of bidegree (1, 0), it holds #(L n D) < 2.
Set 7*(n) := T (n) N C*(n).

Obviously we have C*(n) = C(n) and T7*(n) = T (n), forn = 1,2. Forn > 3
the set C(n) \ C*(n) parameterizes unions of n disjoint smooth conics such that
at least three of them are collinear, hence C*(n) is open and Zariski dense in
C(n), as well as 7*(n) in I (n). Therefore for any n > 1, all of the following
inclusions are Zariski dense: 7*(n) C J(n) C C(n), 7*(n) C €*(n) C C(n).

2.2. Surfaces of bidegree (1,0) and (0,1). Now we turn our attention back
to surfaces. We recall from [4, Section 3.2] and [3, Section 2] that (1,0) and
(0, 1)-surfaces are Hirzebruch surfaces of the first type. In particular, a surface
X of bidegree (1, 0) can be seen as the lift, via 77;, of a line (and analogously for a
surface Y of bidegree (0, 1)). Using this description, it is easy to see that each of
these surfaces represents the blow up of P? at one point. Let F; be a Hirzebruch
surface of type 1; we now describe the relation between the generators of the
Picard group of F; and the family of curves in [F described earlier. We recall that
Pic(F,) = Zh @ Zf, where

h? = -1, f2=0, hf =1.

Notation 2.8. For the following analysis and the rest of the paper, X will denote
a surface of bidegree (1, 0), while Y a surface of bidegree (0, 1).

If we identify a surface X with F;, we get that Ox(1,0) =~ O (f), which
again corresponds to the set of curves in [ of bidegree (0,1) contained in X. On
the other hand, we have that Ox(0,1) ~ O (h + f), which corresponds to the
elements of C.
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Thus, for any a,b € Z and for any a, 8 € Z, we obtain the following two
relations

Ox(a,b) = O (bh +(a+Db)f), and Op(ah+Bf)=0x(f—a,a). (4)
For a surface Y of bidegree (0, 1) we can derive similar formulze:

Oy(a,b) = O (ah+(a+b)f), and Op(ah+pf)=Oy(a,f—a) (5
forany a,b € Z and forany a, 8 € Z.

Remark 2.9. Let X be a surface of bidegree (1, 0). Then X contains no element
of C(2). In fact, every element of € in X corresponds to an element of O, (h+ f)
and any two elements of type h + f meet. The same holds for surfaces Y of
bidegree (0, 1). In particular, for every surface of bidegree (1, 0) or (0, 1) there
is exactly one twistor fiber contained in it.

We now recall from [3, Lemma 2.5] that, for any a, b > 0, by using the exact
sequence

0— O[F(a - 17 b) g O[F(asb) - OX(a’b) - 0,
and its analog for Y, we have that

b+2

: a+2),

hO(Ox(a,b)) = a(b +1) + ( )

), h%Oy(a,b)) = bla+1)+(

while
h'(Ox(a,b)) = h'(Oy(a,b)) = 0.

Furthermore, if a > 0,b > 0, the line bundles Ox(a, b) and Oy(a, b) are very
ample.

2.3. Surfaces of bidegree (0,d) and (1, d). We now move on to studying
higher bidegree surfaces. We start with some considerations about bidegree
(0, d) surfaces.

Remark 2.10. As described in [4, Section 3.3], every irreducible and reduced
surface S of bidegree (0, d) is equal to 77} L(C) for some irreducible and reduced
curve C of degree d. Therefore, for d > 2, no irreducible and reduced S &
|Op(0,d)| contains a smooth conic. Otherwise, thanks to Remark 2.4, 7;(S)
would contain a line, but 7;(S) is an irreducible and reduced curve of degree d.

For n > 2 we now compute how many bidegree (0, d)-surfaces contain a
fixed element of C(n). First we set up the following notation.

Notation 2.11. We will denote by J;;  the ideal sheaf of a scheme U contained
in a projective variety V; whenever V. = F we will omit it. In particular, if
A € C(n) we will write 74 1= Ty .

Lemma 2.12. Fixd > 0,n > 1, and A € C(n). We have

d—-n+2)(d—n+1)

R(I0,d)) = ;
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and
n(n—-1)

h'(94(0,d)) = 2
(74(0,d)) n(d + 1) — 2D

ifn<d+1
ifn>d+1.

Proof. Recall that Op(0,d) = 77(Op2(d)), and T4(0,d) = 7} (Ir p2(d)) where
T = m,(A) is a union of n distinct lines in P2. In general, we have that:
d+2 d+2—-n
0 — 0 —
ROp©.d) = ("1 7). KEa©an=(""7"")
hO(OA(()’ d)) = n(d + 1)’
hence, using the exact sequence
0 — J4(0,d) — Op(0,d) - 04(0,d) - 0,
since h'(Og(0,d)) = 0 and (d+§_") =0ifn > d + 1, we get the result. O
Remark 2.13. As a direct consequence of the previous lemma, we can state

that, for any C € C, there is only one surface Y in |J-(0, 1)| and, analogously,
only one surface X in |J-(1,0)|.

Remark 2.14. If A € C(n), we consider the following exact sequence:
0 - J4(a,b) - Op(a,b) » Oy(a,b) — 0.
Since the conics in A are all disjoint, for each (a, b) € N? we have that
h°(O4(a,b)) = n(a+b+1), (6)

(see, e.g. [3, Sequence (7) and proof of Theorem 4.4]). Recall from Formula (2)
that

(O (a, b)) = (a+1)(b+ ;)(a +b+ 2).

Therefore, as h'(O4(a, b)) = h'(Op(a, b)) = 0, forany A € C(n) and d > 0, we
have
x(T41,d) = h°(T,(1,d)) — h'(T4(1,d)) = (d + 1)(d +3) —n(d +2). (7)
Hence, if n = d + 2, we have h°(04(1,d)) = (d + 2)? and so
h(Op(1,d) =(d+1)(d+3)=(d+2)*—1=h%0,01,d) -1 (8)
and,ifn =d + 1:
h°(0(1,d)) = h°(0,(1,d)) +d + 1.

In what follows, we are going to implicitly use the following simple observa-
tion.

Remark 2.15. Since the elements of 77(1) are the fibers of the twistor map, each
p € F is contained in a unique element, C, of 7. Since j(C) = C, j(p) € C.
Analogously, note that p is contained in a unique curve of bidegree (1,0) and a
unique curve of bidegree (0, 1), 7, (7,(p)) and 77" (711 (p)).

The following remark will be used several times in the next pages.
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Remark 2.16. Fix a positive integer d and an irreducible S € |Og(1,d)|. Since
715 is birational onto its image, S is rational. By the Bézout Theorem, for any
p € P2, the bidegree (1,0) curve Ty (p) is either contained in S or intersects S
in a single point (scheme-theoretically).

We conclude this subsection with a technical result that will be used in the
next pages. In [3, Proposition 4.1] we proved that there exists at most one sur-
face of bidegree (a, b) containing a number equal to or greater than a? + ab + b?
of smooth conics. We will now generalize this result to a more general context.

Proposition 2.17. Fix(a,b,c,d) € N*so that (a,b) # (0,0), ¢ > 0, d > 0. Take
A € C(n). Assume the existence of an irreducible and reduced S € |Og(a, b)|
containing A and assume one of the following conditions:

(1) ad + b(c+d) < n;
(2) a(c+d)+ bc < n;
(3) ad+b(c+d)=a(c+d)+bc=n.

Then every element of |7 4(c, d)| contains S and in particularc > aand d > b.

Proof. Assume by contradiction the existence of S’ € |74(c, d)| such that S’ 2
S. We have

Op(a,b) - Op(c,d) =acOp(1,0) - Op(1,0) + (ad + bc)Op(1,0) - Op(0,1)
+ bdOp(0,1) - Op(0,1).

Since S’ 2 S, the intersection SNS’ is a curve of bidegree (ad +b(c+d), a(c+
d) + bc) (see Lemma 2.2). Since ¢ > 0 and d > 0, then Of(c, d) is ample.
Moreover, since S is irreducible, A has bidegree (n, n), and A is not connected,
then the intersection contains some more components in addition to A. So
either ad + bc + bd > nand ac + ad + bc > norad + bc + bd > n and
ac+ ad + bc > n. O

2.4. Non-collinear smooth conics. We now want to characterize the conics
in C*(n) in terms of cohomology. We start by showing that the vanishing of
certain cohomology groups implies that an element A € C(n) lies in C*(n).

Lemma 2.18. Fixd >0,3<n<d+1and A € C(n). Ifh'(9,(1,d)) = 0 then
A € C*(n).

Proof. Suppose, by contradiction, that there exists a curve L of bidegree (1, 0)
such that #(L N A) > 3 and consider the exact sequence that defines 7 ,:

We will prove that the restriction map H°(Op(1,d)) — H°(O4(1, d)) is not sur-
jective, which implies that h'(J,(1,d)) > 0. Let us assume that it is surjective.
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Then consider the following diagram
Op(1,d) — 04(1,d)

| l

0.(1,d) — 010a(1,d) .
Since the vertical maps are surjective, the induced map
H(Op(1,d)) = H(O4n(1,d))

is also surjective and thus of rank at least 3 (since L N A has cardinality at least 3
and the irreducible components of A are pairwise disjoint). On the other hand,
the restriction map H°(Op(1,d)) — H°(O.(1,d)) has rank 2, and this leads to
a contradiction. O

Before completing the characterization of conics in €*(d + 1), we will intro-
duce a general construction that will be used in several subsequent discussions.
Let A € C(n) and let C be any connected component of A. Set B := A\ C.
Then, for any a,b > 0,if Y € |O.(0, 1)|, we have the following residual exact
sequence

0 = JResy(a)(@, b —1) = J4(a,b) = Jsqyy(a,b) =0,
but since Resy(A) =Band ANY =(BNY)UC, we have
0 — Jg(a,b —1) = J4(a,b) = Ipnyyuc,y(a,b) = 0. (10)
Obviously, an analogous sequence can be written for X € |Oc(1,0)].

Theorem 2.19. Fixd > 0and A € C(d+1). We have A € C*(d + 1) if and only
ifh'(3,(1,d)) =0.

Proof. Thanks to the previous lemma we only need to prove that A € €*(d+1)
satisfies h'(94(1,d)) = 0. We use induction on d > 0. The case d = 0 is true
by Lemma 2.12. So we can assume d > 0 and use induction on d. Let C be a
connected component of A, set B := A \ C and call Y the unique element of
|7-(0,1)]. Consider the residual exact sequence (10), witha = 1 and b = d.
Since A € @(d +1),CnNnB =@ and BNY is aset of d different points, up to the
identification of D with F; we have

Ieayvyve,y (L, d) = Ipayyuer, (L (A + (d + 1)f) = Tgry p,(df).
Using (10) and induction, we are left to prove that h*(Jpny r,(df)) = 0ifand
onlyif A € ¢*(d + 1).
Consider now the following exact sequence
0 = Ipny,r,(df) = Op (df) = Opny(df) — 0. (11
Since h°(O,(df)) = d + 1 and h°(Opny(df)) = d, we have the following
inequality h'(Jpny ,(df)) > 0 if and only if h°(Igny F,(df)) > 2. The last
inequality means that there are at least two different sets of d fibers containing
the set of d points B N Y. This is equivalent to the fact that there exists a fiber



1128 AMEDEO ALTAVILLA, EDOARDO BALLICO AND MARIA CHIARA BRAMBILLA

L € |f]| such that #(B N L) > 2. Since L is a curve of bidegree (1,0) in F, then
L -Y = 0in the intersection ring of F, so L C Y, and we get L N C # (J. Thus
#(L N A) > 3, which means that A & C¢*(d + 1). O

Corollary 2.20. Fixd > 0,0 < n < d+1and A € C*(n). Then h*(9,(1,d)) = 0.
In particular, forn = 0,1,2 and for any A € C(n), we have

h'(7,(1,1)) =0 and h°I,(1,1))=8—3n.

Proof. By using [3, Remark 4.3], we easily get the first part of the statement.
The second part follows from Formula (7). O

We note that since J'(n) is Zariski dense in C(n), then the characterization
given by Theorem 2.19 also holds for the set 7*(n).

Lemma 2.21. Fixan integerd > 0and A € C*(d + 2). Then h'(9,(1,d)) < 1.

Proof. The lemma is true for d = 0, because h°(7,4(1,0)) = 0 (see Remark 2.9).
We assume d > 0 and use induction on d. Let C be a connected component of
A,set B := A\ C and call Y the unique element of |7-(0,1)|. Consider the
residual exact sequence (10), witha = 1 and b = d. Since A € C(d + 2),
CnNB =@and BNY is formed by d + 1 different points, up to the identification
of D with F; we have

Jeavye,y(Ld) = Ipayyue,r, (1L, A(h + (d + 1)) = Tgay p,(df).

Using (10) and induction, we are left to prove that hl(ﬂBﬁy,F1 df) = oif
AeC*(d+2).
Consider now the following exact sequence

0 = Jpay,r,(df) = Op,(df) = Opay(df) — 0. (12)
Since
h(Op,(df) =d +1, ho(Opny(df)) =d +1,

we have that h'(Jpny r,) > 0 if and only if h°(Igny F, (df)) > 0. This is equiv-
alent to the fact that there exists a fiber L € |f| such that #(Bn L) > 2. Since
L is a curve of bidegree (1,0) in F, then L - Y = 0 in the intersection ring of [,
therefore L C Y, and so we get L N C # @. Thus #(L N A) > 3, which means
that A € €*(d + 2). O

Assaid in Remark 2.5, for any element A € C(2) there exists a unique curve L
of bidegree (1, 0) and a unique curve R of bidegree (0, 1) such that both intersect
the elements of A at a point. As described in the following result, it turns out
that A U L U R is the base locus of |7,4(1,1)].

Proposition 2.22. Forany A € C(2), we have that

(1) the general element in |7 4(1,1)| is irreducible;
(2) the base locus B of |74(1,1)| is AU L U R, where L and R are the curves
described in Remark 2.5.
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Proof. Since A € €(2), we have h'(9,(1,1)) = 0 and h°(J,(1,1)) = 2 by
Corollary 2.20 . Let C; and C, be the connected components of A. Denote by
X; the only element of |Op(1,0)| containing C; and by Y; the only element of
|Op(0, 1)| containing C;. The surfaces X; UY, and X,UY are the only reducible
elements of |74(1, 1)| and hence, the general element in |7,(1, 1)| is irreducible
and (1) is proved.

To prove (2) we analyze the base locus B of |7,(1,1)|. If S, S” € |74(1,1)] are
irreducible and S # S’, then the one-dimensional cycle SNS’ has bidegree (3, 3)
and it contains A, which has bidegree (2,2). LetR := X;nX,and L :=Y;NY,,
where X; and Y; are the surfaces defined in the first part of this proof. The
curves L and R are exactly those given in Remark 2.5. In particular, #(LN A) =
#(RnN A) = 2 and hence, by Bézout and Remark 2.16, LUR C B. Furthermore,
recall that the reducible surfaces, X; U Y, and X, U Y, belong to |7,4(1,1)| and
their intersection (X; UY,)N(X,UY;)is AULUR. So the base locus of |74(1, 1)|
isexactly B=AULUR. (]

Remark 2.23. By generalizing the proof of Proposition 2.22, we can say some-
thing about the base locus of 74(1,d), for A € C(n). Fix the integers d > 0 and
n > 2 and take any A € C(n). Then, the base locus B of 7,4(1, d) contains all
curves L of bidegree (1,0) such that #(L n A) > 2. If A € C*(n), then there
are exactly (;‘) such curves L (the number of lines connecting two points in a

set of n general points). If A € T (n), then #(j(L) n A) > 2 for all L such that
#(L N A) > 2,since j(A) = A.

3. Surfaces of bidegree (1,d)

In this section we prove Theorems 1.1 and 1.2. In particular, we give some
results for the case of a surface of bidegree (1, d). Later, in the following section,
we will specialize to the casesd = 2 and d = 3. The case d = 1 has been studied
in great detail in [4], and here we add a simple lemma useful for what follows.

Lemma 3.1. Forany A € J*(3), there is no irreducible surface of bidegree (1, 1)
containing A.

Proof. Suppose there exists an irreducible surface M of bidegree (1, 1) contain-
ing A € 7%(3). First of all, thanks to [4, Corollary 8.4], we have that M = j(M).
Then, as explained at the beginning of Section 7.1 in [4], either M is smooth or
reducible. But if M is a smooth j-invariant surface of bidegree (1, 1) containing
3 twistor fibers, then it contains infinitely many of them, and these are param-
eterized by a circle (see [4, Theorem 7.2]). However, smooth surfaces of bide-
gree (1,1) can be seen as the blow up of P2 at three points both via 7r; and 7.
In particular, up to unitary transformations, it is possible to write M as the set
{Upo : p1: P2l [€o : €1 : €5]) € F| pi€1+Ap,E,}, withAd € R\{0, 1}. In these
coordinates, M contains 7z, '([1 : 0 : 0]), 7, "([0 : 1 : 0]),7z;;"([0 : O : 1]), for
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u = 1,2 and, the family of twistor fibers 77%([q, : ¢; : q,]) defined by:

qo =0and |q;]?2 + |q]> =0 if1<o0,
g =0and |g|* — @A -1) =0 ifA>1,
g, =0and |q;|?A + |g]?(A—-1)=0 ifo<A<1.

Take for instance 4 < 0, then every twistor fiber in M intersects the line L =
vy 1([1 : 0 : 0]) of bidegree (1,0). An analogous consideration holdsif 0 < 1 <
1or A > 1. So we get a contradiction. O

In the previous lemma we showed that an irreducible (1, 1)-surface cannot
contain three twistor fibers in general position. On the other hand if M is a
(1, 1)-surface containing a given A € J(3) \ 7*(3), then by [4, Corollary 8.3]
we have that M is j-invariant, so it is either smooth or reducible. Moreover, if
M contains infinitely many twistor fibers, then all of them intersect a bidegree
(1,0) curve L and its associated (0, 1) curve R = j(L).

Remark 3.2. In [4, Section 8.1] we gave examples of bidegree (1,1) smooth
surfaces containing exactly 0, 1 or 2 twistor fibers.

Remark 3.3. Since a smooth surface of bidegree (1, 1) is a Del Pezzo surface of
degree 6, it is characterized either by the three curves of bidegree (1, 0) that it
contains, or by the three curves of bidegree (0, 1) that it contains. In fact, recall
that these surfaces represent the blow up of P? at three points with respect to
either 77, or ,. Note that if a smooth surface of bidegree (1, 1) is j-invariant,
then it is uniquely determined by three twistor fibers contained in it, and not
by the curves L and R = j(L) (of bidegree (1, 0) and (0, 1), respectively) which
intersect all the twistor fibers.

Now we are ready to give the proof of our first main theorem.

Proof of Theorem 1.1: Thanks to Remark 2.9 and Lemma 3.1, the result is
true ford =0andd = 1.

Suppose now that d > 2 and, by contradiction, that S is an irreducible (1, d)-
surface containing A € J*(d + 2). Call C a connected component of A and
set B := A\ C. Let Y be the unique (by Lemma 3.2) element of |7-(0, 1)]
and consider the following exact sequence (which is a special case of the one in
formula (10)):

00— gB(l,d - 1) i gA(l, d) i g(BﬂY)UC,Y(l’d) — 0. (13)

From Formula (6) and (8), we have h°(O4(1,d)) = (d+2)? = h°(Op(1,d)) +
1. Obviously we have that BNY is formed by d + 1 points, and up to the identi-
fication of Y with F; given in Formula (5), since the curve C corresponds to an
element of type h + f in F;, we can write

Jeavye,y(Ld) = Ipayyucr, (h + (d + 1)f) 2Ipny p, (df).

Since A € 7*(d + 2) and every element of | f| meets C (indeed (h + f)f = 1),
the restriction to B N Y of the ruling morphism D — P! associated with |f|
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is injective. Thus, h}(Y,J any,y(1,d)) = 0 and the exact sequence (13) gives
hl'(J5(1,d—1)) > h'(94(1,d)) > 2, where the latter is greater than or equal to 2
because y(74(1,d)) = —1 (see Formula (7)), and we assume that h°(7,(1, d)) >
1. So we also have h°(75(1,d — 1)) > 0.

Recall that B € 7*(d+1) and thus, by the inductive assumption, B is not con-
tained in any irreducible E € |Op(1,d — 1)|. Therefore, thanks to Remarks 2.9
and 2.10, there must be an irreducible M € |Og(1,1)| containing at least 3
connected components of B, say B’ C M with B’ of bidegree (3, 3). Hence, by
Lemma 3.1, there exists a curve L of bidegree (1, 0) such that #(L n B’) = 3. So
A & JT*(d + 2), a contradiction. O

Having proved that an irreducible bidegree (1, d)-surface cannot contain d +
2 (or more) non-collinear twistor fibers, we now prove that all the other cases
can indeed occur. In particular, in the following result we prove a stronger
version of Theorem 1.2 in the case of n < d + 1.

Theorem 3.4. Fixintegersd > 1and0 < n <d + 1. Then, forany A € T*(n)
there exists an irreducible S € |Op(1,d)| containing A. Moreover, the general
S € |74(1, d)| contains no other twistor fibers.

Proof. We use induction on the integer d. If d = 1, the statement is true by
Remark 3.2.

Now assume d > 2 and take an element A € J*(n). Since J*(n) is Zariski
dense in C(n), A has the bigraded Hilbert function of a general element of C(n).
Thus, thanks to Corollary 2.20, we have that h'(7,(1,d)) = 0 and, by For-
mula (7)

ROI,(L,d)=d+1)d+3)—n(d+2)=: N, + 1.

Fix a connected component C of A and set B := A \ C. If Y denotes the only
(0, 1)-surface containing C, Corollary 2.20 implies that h'(J5(1,d—1)) = 0 and,
again by Formula 7

KOI5(1,d — 1)) = d(d +2) — (n — 1)(d + 1).

By the inductive assumption, we know that |73(1,d — 1)| # @ and a general
W € |95(1,d — 1)| is irreducible. ThusY U W € |74(1,d)| and Y U W has 2
irreducible components, one of which has bidegree (1,d — 1).

Let Cy, ..., C,, be the connected components of A, B; := A\ C; and Y; be the
unique element in |J,(0,1)[. The set of all the reducible surfaces W U Y; €
|74(1, d)|, where W € |Tp (1,d —1)|, is the union of e projective spaces (one for
each choice of C;), each of them of codimension h°(74(1,d))—h°(Jz(1,d-1)) =
d+2—-n>0in|7,(1,d)|= PN (of codimension 1 if n = d + 1). Therefore,
they do not cover all |74(1, d)]|.

Now we want to exclude other possible splittings. In particular, we consider
reducible surfaces of the form W, U D; with W irreducible, D, possibly re-
ducible of bidegree (0, x) for some x > 2 and hence W; of bidegree (1,d — x).
Remark 2.10 shows that only irreducible components of D, of bidegree (0, 1)
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may contain some component of A. We get that the surface is of the form
W1 U D, U D3 with W, U D, of bidegree (1,d — 1), but, as shown before, these
kind of surfaces do not cover all |74(1, d)|, hence we have the thesis.

Now we prove thata general S € |7,4(1, d)| does not contain any other twistor
fibers. We start by analyzing the case d = 2 and discussing the casesn = 1, 2,3
separately.

Assume n = 1. Fix C € J(1). Let C-(1) denote the set of all B € (1) such
that BN C = @. Note that 7(1) \ {C} = C-(1) n T (1). For any B € C(1), we
have h!'(Jq p(1,2)) = 0 and hence h°(J-5(1,2)) = h°(J-(1,2)) — 4. Let X be
the set of all smooth and irreducible surfaces of bidegree (1, 2) containing C. It
is a non-empty Zariski open subset of |J-(1, 2)|. For any B € C(1) the set of all
S € X containing B has complex codimension 4 and hence real codimension
8 as real manifolds. Since J7(1) has real dimension 4, a general S € X contains
no other twistor fiber.

Now letn = 2. Fix A € J(2) and let C4(1) denote the set of all B € C(1) such
that BN A = and BU A € C*(3). Note that h'(J4,5(1,2)) = 0. So, as in the
previous step, we get that a sufficiently general S € |74(1, 2)| does not contain
an element of 774 (1). Assume S contains B € J°(1) such that there exists a curve
of bidegree (1, 0) that intersects every connected component of AU B. Note that
L is uniquely determined by A. Let C(A, L) denote the set of all B € €(1) such
that BN A = @ and L meets B and set 7(A,L) := C(A,L) n 7 (1). For any
o€ L\ (LNC),thesetofall Be€ C(A,L) containing o is a non-empty family
of complex dimension 1, while there exists a unique twistor fiber containing o.
The set (A, L) is a complex manifold of dimension 2, while h'(J 4 5(1,2)) = 1
and hence h°(J,,5(1,2)) = h°(J4(1,2)) — 3. Since dim C(A, L) = 2, a general
S € 194(1, 2)| does not contain an element of C(A, L). Hence, there is no twistor
fiber B such that A U B € 77*(3).

Assume now that n = 3. First, consider a general A € 7*(3). Then we have
h'(9,(1,2)) = 0 and h°(94(1,2)) = 3. Forany x € {0,1, 2, 3}, let C(A, x) denote
the set of all C € €(1) such that An C = @ and h°(J,,c(1,2)) = x and set
T(A,x) := C(A,x) N T(1). For a general D € C(4) we have h°(Ip(1,1)) = 0
(but h'(9p(1,1)) = 1). FixC € C(1)so that CNA = 4, call Y the only element of
|7-(0,1)]. Since CNA = @, no connected component of A is contained in Y, and
Y N A is formed by 3 points, all of them in Y \ C. We can easily handle the case
x = 0, since any curve C € C(A4, 0) is not contained in any element of |74(1, 2)|.
We have Oy (1, 2)(—C) = Op,(2f) and hence C € C(A, 0) if no curve of bidegree
(1,0) L € |f| intersects 2 of the components of A (since h'(7,(1,1)) = 1 the last
statement is only an “if” and not an “if and only if”). A necessary condition for
being C € C(A,2) is that L intersects all connected components of A, but this
is excluded because A € J*(3). Since A € J7*(3), there are exactly 3 curves
L,,L,,L; of bidegree (1, 0) intersecting 2 of the connected components of A.
We claim that a general S € |J4(1,2)| does not contain C € €(1) such that
C N A = (. The family of smooth conics intersecting L; has complex dimension
2, while the family of twistor fibers intersecting L; has real dimension 2. As the
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general S € |74(1,2)| has only finitely many conics, it has only a finite number
of elements in C(A, 1) and, for the general, none of them is a twistor fiber.

We now proceed to analyze the case d > 3. Suppose the general surface of
|74(1,d)| contains the twistor fiber C € A. SoAnC =@. Set A’ := AuUC.
Take Y € |0y (0,1)| containing C and consider the residual exact sequence

0—- gA(l, d— 1) - 7A/(1,d) - j(YﬂA)UC,Y(ls d) — 0. (14)

‘We have jc’y(]., d) = OFI (df)

Assume first n < d. If A’ € 7*(n + 1), then hl(ﬂi‘(l,d)) = 0 and hence
h°(7',(1,d)) = h°(I4(1,d)) — d — 2. Since dim C(1) = 4, we have for d > 3 that
the general S € |74(1,d)| does not contain C,so AUC € T*(n + 1).

Now suppose A" ¢ T*(n + 1). Then there are connected components C’
and C”" of A such that CuC’ uC” ¢ 7*(3), i.e. C intersects the unique line
L which meets C’ and C”. Since dim L = 1, to exclude this case it is sufficient
to prove that h°(95(1,d)) < h(J9,4(1,d)) — 2, i.e. h°(F;,T4ny(df)) < d. But
since h(Op, (df)) = d + 1, then O (df) is globally generated and ANY # @,
therefore h(Fy, I4ny(df)) < d.

Now let us assume n = d + 1 and that A’ € €*(d + 2). By Lemma 2.21 we
have h'(J4/(1,d)) < 1 and hence h°(J,(1,d)) < h°(I,(1,d)) —d — 1. Now
suppose A’ & €*(d + 2). We need h°(Fy, T yny(df)) <d —1. Letw : F; — P!
denote the ruling of F;. Since Op:(d) is very ample, h°(F;, I4qy(df)) < d —1
ifand only if #7(A NY) > 2, which is true because #ANY) =d + 1 > 3 and
(since A € €*(d + 1) no fiber F of 7 contains at least 3 points of A). The only
remaining case is d = 3 and n = 4, which can be handled by simply adapting
the previous argument ford = 2and n = 3. |

Having proved Theorem 1.2 in the case n < d + 1 for non collinear twistor
fibers, we now focus on the case of n = d + 2. In this case we need some further
preliminary results.

Lemma 3.5. Fixd > 0, n < d + 2 and consider a general A € T (n). Then
h'(79,(1,d)) =o.

Proof. Since J°(n)is Zariski dense in C(n), it is sufficient to prove the statement
for a general A € G(n). Obviously, it is sufficient to prove the case n = d + 2.
Take a connected component C of Aandset B := A\ CandY € |7-(0,1)|.
Consider the residual exact sequence of Y, as in Formula (13). Recall the cor-
respondence Y & F, given in Formula (5)and let p : Y — P! denote its ruling.
Since A is general #0(A N'Y) = d + 1 and hence h'(Fy, Igy(df)) = 0, for
i €{0,1}. Hence h'(74(1,d)) = 0. O

From Theorem 1.1, we already know that an irreducible (1, d) surface can
contain a union of d + 2 twistor fibers only if it belongs to 7(d + 2) \ 7*(d +
2). Therefore, we introduce the following notation for sets of disjoint smooth
conics that are collinear. Given a curve L of bidegree (1, 0) and an integer n > 0,
let €(n, L) denote the set of all A € C(n) such that every connected component
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of A meets L. The set C(n, L) is isomorphic (as real algebraic variety) to the set
S(L, n) of all subsets of L with cardinality n and is therefore irreducible. An
analogous definition and observation can be made for a curve R of bidegree
(0,1), and of course, for the family J instead of C.

Lemma 3.6. Fixintegersn > 3 andd > 1 and take any A € T (n,L). Then,
h'(J,(1,d)) > n—2+ max{0,n — (d + 1)}.

Proof. Let Cy,...,C, be the connected components of A. Let S; C C; be an
arbitrary union of d + 2 distinct points on each conicand S := S;U---US,,. Since
C; is a smooth rational curve, the restriction map H°(Oc(1,d)) — H°(0s (1,d))
is bijective. So the restriction map

H%(04(1,d)) — H%(0s(1,d))

is bijective and y(04(1,d)) = ¥(O5(1,d)). Thus y(J4(1,d)) = x(Is(1, d)).
Since A € J(n, L), we know that there exists L of bidegree (1,0) which in-
tersects every conic in A (and the (0, 1) curve j(L) does the same). So we can
choose S such that n points are on L and n points are on j(L). In other words
we assume (AN L) U (AN j(L)) C S. Using Bézout and the fact that the bide-
gree is (1,d), we get that (n — 2) + max{0,n — (d + 1)} of these points can be
omitted without changing the set |J5(1, d)|, and hence H°(Js(1, d)). It follows
that W' (7,4(1,d)) > n — 2 + max{0,n — (d + 1)}. O

Remark 3.7. Thanks to the previous lemma, if A € J(3, L), for some bide-
gree (1,0) curve L, then h'(J4(1,1)) > 2, and hence h°(J,(1,1)) > 1. How-
ever, since no surface of bidegree (1,0) or (0, 1) contains an element of J7(2),
then every S € |J4(1,1)| is irreducible. Hence, Proposition 2.17 gives that
|94(1,1)| = {S} and so, thanks to Formula (7), h}(74(1,1)) = 2.

Finally, the following result completes the proof of Theorem 1.2, in the case
of d + 2 twistor fibers.

Theorem 3.8. Fix an integer d > 2 and take a general A € J(d + 2,L). Then
h°(J,(1,d)) > d and the general S € |7,4(1,d)| is irreducible.

Proof. Applying Lemma 3.6 with n = d +2, we get h'(J4(1,d)) > d + 1. Since
x(,(1,d)) = (d+1)(d+3)—(d+2)* = —1, we get h°(T4(1,d)) > d and hence,
1941, d)| # 0.

Now we prove that a general element in |74(1, d)| is irreducible. Take S €
|74(1,d)|. Every surface of bidegree (1,0) or (0,1) contains at most one con-
nected component of A. Therefore, S cannot be the union of a surface of bide-
gree (1,0) and d of bidegree (0, 1). No irreducible and reduced surface of bide-
gree (0, x), for x > 2, contains a twistor fiber. If d = 2, then h°(J4(1,2)) > 2.
However, thanks to Remark 3.7, for any choice of C € A there is only one
M € |Ja\cy(1,1)|. Since we have considered all the possible reducible ele-
ments of |74(1,2)|, we get the thesis.
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Now suppose d > 2. Since A has finitely many components, it suffices to
prove that for any x € {3, ...,d — 1}, any union E of x connected components of
A, and any connected component C of A \ E we have

ho(Ip(1, x = 2)) < K°(Ipyce(l, x — 1), 15)

and then proceed as in the proof of Theorem 3.4.

Let Y be the only element of |Or(0, 1)| that contains C. The exact sequence
in Formula (10) gives h°(95(1, x — 2)) < h°(Ip (1, x — 1)) and equality holds
if and only if Y is in the base locus B of |Jg,c(1,x — 1)|. Call Cy,...,C, the
components of E and Y; the only surface of bidegree (0, 1) containing C;. By
Remark 2.13 the irreducible surfaces Y,Y,...,Y, are all different from each
other. For a general A we get that every integer h°(Jg(1, x — 2)) is the same
for every union of x connected components of A. So if the inequality is false,
then B contains the surface Y UY; U --- U Y, of bidegree (0, x + 1), which is a
contradiction. O

4. Surfaces of bidegree (1,2) and (1, 3)

In this section we specialize our study to the case of surfaces of bidegree (1, 2)
and (1, 3). In particular, we will prove Theorems 1.3, 1.4 and 1.5.

Recall, from Formula (7), that for each A € C(n), we have y(J4(1,2)) =
15 — 4n, and hence, if n < 3, we get h°(7,(1,2)) > 0. We also recall that a
general S € |Op(1,2)| contains a finite number of smooth conics and, thanks
to Theorem 2.19, for every B € C(2) we have h'(J5(1,1)) = 0.

4.1. Surfaces of bidegree (1,2) containing 0 < n < 4 twistor fibers. In
this section, we show the existence of a smooth surface of bidegree (1, 2) con-
taining exactly 0, 1, 2, 3 or 4 twistor fibers. In order to analyze the space |74(1, 2)|
when A isin €(n) (or in J'(n)), for 0 < n < 4, we need some preliminary results.
Note that the extremal case, when n = 4, is treated differently.

We start by considering (1, 2)-surfaces containing three disjoint smooth con-
ics.

Proposition 4.1. Take A € C(3) such that h°(94(1,1)) > 0. Then

(1) there exists a curve L of bidegree (1, 0) and a curve R of bidegree (0, 1) such
that A € C(3,L)and A € C(3,R)

(2) there is an irreducible element in |J4(1,2)|;

(3) K1 (94(1,2)) = 1;

(4) the base locus B of |74(1,2)| is AU L U R, where L and R are the curves
defined in (1).

Proof. We start arguing as in Remark 3.7. Thanks to Remark 2.9, every surface
of bidegree (1,0) or (0, 1) does not contain an element of €(2), so as A € C(3),
every element in |74(1,1)] is irreducible. Proposition 2.17 (witha = b = ¢ =
d = 1) gives that h°(J4(1,1)) = 1 and hence we set |74(1,1)| = {M} and by
Formula (7) we compute h'(7,(1,1)) = 2.
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We now prove the first statement. Let C be a connected component of A, set
B := A\ C and denote by X the only element of |J-(1,0)|. Performing the
same construction that leads to Formula (10), we have

00— gB(O, 1) g gA(l, 1) g gAﬂX,X(l’l) - 0.

Since h°(J5(0,1)) = 0 and h°(J4(1,1)) = 1, the previous residual exact se-
quence gives

h°(Janx x(1,1)) > 1. (16)
Thanks to Formula (4), we have that Ox(1,1) ~ O, (h + 2f); moreover, recall
from Remark 2.9 that C is identified with an element of |Op, (h + f)|. Since
A N X is the union of C and the two points B N X, there exists a fiber L € |f]|
of the ruling of F; containing B N X. Since f(h + f) = 1, we have that L meets
C. So L hits every connected component of A. If we take instead of X the only
element of |J-(0, 1), we get the existence of R.

We now prove (2). We will show that there is an irreducible element in
|74(1,2)| by showing that the possible reducible cases do not cover the entire
family. Remark 2.10 shows that A is not contained in a surface of bidegree (1, 2)
with an irreducible component of bidegree (0,2). By Remark 2.9, a bidegree
(0,1) or (0, 1)-surface does not contain any element of C(n), with n > 2. Thus,
there are only finitely many elements of |Op(1, 2)| with at least 3 irreducible
components.

Since h°(Op(0,1)) = 3, the set of all reducible elements of |Og(1,2)| with
an irreducible component of bidegree (1, 1) containing A is isomorphic to P2.
Thus, in order to prove the existence of an irreducible element in |J4(1, 2)], it is
sufficient to show that h°(J,4(1,2)) > 4. But, using the exact sequence (9), this
is equivalent to proving that h'(J4(1,2)) > 1, and the last inequality is true, by
Theorem 2.19 because #(L N A) = 3.

To prove (3), i.e. h'(94(1,2)) = 1, it is sufficient to prove that we have
h'(94(1,2)) < 1. As before, take a connected component C of A and set B =
A\C. Let Y be the only element of |7-(0, 1)|. In the identification (5) of Y with
F, we have

Jeavye,y(L2) & Ipayyue,r, (h +3f) =2 Opay),r, (21)-

Since #(BNY) = 2 and O, (2f) is globally generated, h'(Fy, Jgny r,(2f)) < 1.
We have Resy (A) = B. Thanks to Theorem 2.19, we have h!(J5(1,1)) = 0, and
the residual exact sequence of Y,

00— gB(l, 1) e gA(l, 2) - j(BﬁY)UC,Y(l’ 2) = 0,

gives h'(9,(1,2)) < 1.

Finally, we discuss the base locus of |74(1,2)| in order to prove (4). First
of all, for any surface S € |J4(1,2)|, we clearly have A C S. Moreover, since
#(LNA) =3and #(RN A) = 3, then by Bézout, both curves are contained in S:
in fact, thanks to Remark 2.3 and Formula (3), the general intersection between
a curve of bidegree (1,0) and S consists of one point while the intersection of
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a curve of bidegree (0,1) and S consists of two points (see also Remark 2.16).
Therefore, LUR Cc Sand AULUR C B.

We now prove that B C AULUR. Fix p € B\ (AULUR). Take a connected
component C;,i = 1,2,3,0f Aand set B; := A \ C;. Let Y; be the only element
of |Op(0,1)| containing C;. By Proposition 2.22 B; U L U R is the base locus of
|75,(1,1)|. So there exists S; € |Jp(1,1)| such that p & S;. If p & Y}, then
p € B. Since S; NS, NS; = LUR, we can take i € {1, 2,3} such that p ¢ Y;. So
B=AULUR. U

The following remark shows that if A € €(3) satisfies condition (1) of The-
orem 4.1, then the existence of a (1, 1)-surface containing A is guaranteed. In
particular there exists a (1, 1)-surface containing arbitrary triplets of collinear
twistor fibers.

Remark 4.2. Take A € ©(3) and assume the existence of curves L of bidegree
(1,0) and R of bidegree (0, 1) intersecting every connected component of A. By
adapting the proof of Lemma 3.6, since #(LNA) = 3and #(RNA) = 3, we have
that h'(74(1,1)) > 2. Thus h°(J4(1,1)) > 1 and A satisfies the assumptions of
Proposition 4.1.

We can be even more specific and say that if A € ¢(3) (with no assumption
about L or R), then h®(J,4(1,1)) < 1 and if |7,(1,1)| # ¥, then the only element
of |74(1,1)]| is irreducible. This is true because, thanks to Remark 2.9, every
reducible element of |Op(1, 1)| contains at most 2 disjoint smooth conics.

Note that if A € 7°(3) and L exists, then we can take R := j(L). Soif A €
T(3) to get h°(94(1,1)) > 0, it is sufficient to assume that A & 77*(3).

The following lemma is a sort of inverse of the previous remark.
Lemma 4.3. Take A € C*(3). Then h°(9,4(1,1)) = 0 and h*(94(1,1)) = 1.

Proof. If A € €(3), thanks to Formula (7), y(J4(1,1)) = —1. So we have
h°(9,4(1,1)) = 0ifand only if h'(J,(1,1)) = 1. We assume that h°(7,4(1,1)) # 0
and will prove that A ¢ €*(3). Let B C A be the union of 2 connected compo-
nents of A and set C := A\ B. Let L and R be the curves defined in Remark 2.5
for B € C(2). Take any element D € |J5(1,1)|. Since # BN(LUR)) =2,B C D,
and D has bidegree (1, 1), then the Bézout theorem implies L UR C D.
By Theorem 2.19 and Proposition 2.22, we have that
W51 1) =0,  h(Ip1,1) =2,

and the general element M in |J5(1,1)] is irreducible. Since h°(J5(1,1)) = 2
and M is general, C ¢ M. Consider the following residual exact sequence:

0— Jo— T4(1,1) = Tgumncym(1,1) = 0 17)
Since M € |J5(1,1)| and h'(Of) = 0, the exact sequence
00— (9[]: g jB(l, 1) g jB,M(]"]‘) -0

gives h°(M, Jp 3,(1,1)) = 1. Moreover, h°(Jc) = 0, and so the sequence (17)
and the assumption h°(J4(1,1)) > 1 imply h°(M, Igyncym(1,1)) > 1. By
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Proposition 2.22, the curve A U L U R is the base locus of |75(1, 1)| and thus the
base locus of H'(M, 7 ,(1,1)) is the curve BU L U R. Since BN C = @, the
degree 2 scheme C N M is contained in L U R. To get A ¢ C*(3), we must to
prove that CNL # . Itis sufficient to observe that deg(CNT) < 1 for any curve
T of bidegree (0, 1). This is true because of Remark 2.3 and the fact that C is the
intersection of a surface of bidegree (1, 0) and a surface of bidegree (0,1). O

We now discuss the case of A € @(2) contained in a smooth surface of bide-
gree (1,1). In this case we will also prove smoothness for the general element
in [J4(1,2)|.

Proposition 4.4. Take any A € C(2) that is contained in a smooth element of
|Op(1,1)|. Then we have
(1) h'(94(1,2)) = 0and h°(9,(1,2)) = 7;
(2) the set A U L is contained in the base locus B of |T4(1,2)|, where L is the
bidegree (1,0) curve described in Remark 2.5;
(3) ageneral S € |7,(1, 2)| is smooth.

Proof. To prove part (1) it is sufficient to apply Corollary 2.20, which gives
h'(9,4(1,2)) = 0 and Formula (7), which entails h°(7,(1,2)) = 7.

We now pass to point (2). Take L and R as in Remark 2.5. Since Og(0,1) is
globally generated, B C A U L U R; moreover, thanks to Remark 2.16, we also
have AUL C B.

We are left to prove (3). By Bertini’s theorem Sing(S) C AULUR for a general
S € 174(1,2)|. Fix a smooth M € |J4(1,1)|. Take a general Y/ € |Og(0,1)|.
Since Y’ is general L N Y’ = @ (and hence it is not singular at any p € L).
Thus, up to small deformation, we can say that S (which is general) is smooth
in a neighborhood of L. We are left to exclude the case Sing(S) € A U R. Fix
P € AUR and let 2p be the 0-dimensional scheme of F defined by the ideal
7}2)}. S is singular at p ifand only if S € |7,,4(1,2)|. To complete our proof we

need to prove that
h0(Tapua(1,2)) = R°(I4(1,2) - 2,

forall p € (AUR)\ AnRand that, for p € ANR, h°(J,y4(1,2)) < h°(T4(1,2)).
These two statements give the thesis because (AUR) \ ANRand ANR are 1-
dimensional and 0-dimensional, respectively, and we are saying that the set of
bidegree (1, 2)-surfaces containing A and a singular point has codimension 2 in
the first case and positive codimension in the second one.

Let us start by taking p € (AUR) \ ANR. Since p is a smooth point of AUR,
deg(2p N (A UR)) = 2. Consider the exact sequence

0 = Jiauryuzp(1,2) = Taur(1,2) = Taur @ 05,(1,2) — 0. (18)

Since deg(2p) = 4 and A is smooth, we have h®(J, z ® 0,,(1,2)) = 2ifp €
AURand h°(9, ® 0,,(1,2)) = 4if p € R. Hence it is sufficient to prove that

hl(j(AUR)UZp(l’ 2)) = 0
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First of all, assume that p € A \ R. Let C be the connected component of
A containing p. Set the following notation E := A \ C. Since R is in the base
locus of 7,(1,1) we have that h°(9,(1,1)) = h°(J4x(1,1)) (see [3, proof of
Theorem 1.1]). Moreover, thanks to part (1) and to [3, Remark 4.3], we have
h°(J,402(1,1)) = h°(T,(1,1)) = h°(Ig(1,1)) — 3. Thus p is not in the base
locus of |J5(1,1)|. Fix M € |Jx(1,1)] such that p ¢ S. Let Y be the surface of
|Op(0, 1)| containing C and consider the residual exact sequence with respect
toY:

0 = Jgup(1, 1) = T442p(1,2) = TEnyyucuepay),y(1,2) = 0. (19)
We now prove that
h'(Ipyp(1,1)) = 0. (20)
Recall that A = E U C and p € C, hence we have the exact sequence
0—-79,(1,1) = Jpyp(1,1) = T, (2) — 0.

Thanks to Theorem 2.19 we have that h'(79,(1,1)) = 0; on the other hand,
since C is a smooth rational curve, we have h'(J,(2)) = h’(Oc(1)) = 0, and
this proves (20).

To conclude, it is now sufficient to prove that

h' (I Eavyucuepar).y (1,2)) = 0. (21)

Note that J¢y(1,2) = OF (2f) = 0y(0,1), hence, by [3, Remark 2.11] we
know that J- y(1,2) is very ample. Therefore we get hl(HCU(zpny),Y(l, 2)) = 0.
Since E N'Y consists of one point, we conclude that (21) holds.

Thus the exact sequence (19) gives h'(J auzpF(1,2)) = 0, completing the
proof in the case p € A \ R.

Fix p € R\ (A NR) and ecall that we need to prove that h®(J au2p(1,2)) = 5.
Fix a general Y’ € |7,,(0,1)|. Since Y’ is general, R ¢ Y’ (and also L ¢ Y”).
Since Y’ is smooth, Y/ Nn2p = (2p, Y’) is a scheme of degree 3 and Resy,(2p) =
{p}. As p € R, we have that h°(J,,;(1,1)) = h°(J,(1,1)) = 2. Thus, by the
residual exact sequence of Y’ it is sufficient to prove that

RO, Janyryuepyy(1,2) < 3.

Since Oy-(1,2) is very ample, we have h°(Y’, JapyH(1,2)) = ho(Y’, 0y/(1,2))—
3 = 4. So it is enough to prove that ANY” is not contained in the base locus, B’,
of |O(zp,y(1,2)|. In the identification between Y’ and F; we have Oy/(1,2) =
Op,(h+3f). Let N be the only element of | f| that contains p. We have N = P!
and h'(N, J5,nn(1,2)) = 0, but N C B’. Since Of (h + 2f) is very ample,
Jp(h +2f) has only p in its base locus. Thus B" = N and so, since R ¢ Y’ (and
also L ¢ Y’), B’ cannot contain both points of ANY’.

The last case is p € A N R. To prove our claim, i.e. that ho(ﬂzpuA(l, 2)) <
h°(94(1,2)), it suffices to use (18). Hence, a general S is smooth. O

The following result is analogous to Proposition 4.1, if we choose the conics
to be twistor fibers.
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Proposition 4.5. Take A € T (3) such that h°(J4(1,1)) = 0. Then we have the
following:
(1) h'(94(1,2)) = 0 and hence h°(74(1,2)) = 3;
(2) thereis anirreducible S € |74(1,2)|;
(3) the base locus of |7 4(1, 2)| is contained in the union of A and 3 different
curves of bidegree (1, 0);
(4) for a sufficiently general A (contained in a dense euclidean open subset of
T(3)), we can take a smooth S € |J4(1,2)|.

In the previous statement we assume A € J°(3) such that h°(7,(1,1)) = 0.
Note that, thanks to Lemma 3.1, this implies that the conics in A do not belong
to any infinite family of twistor fibers contained in a smooth j-invariant surface
of bidegree (1, 1).

Proof. We start with the proof of (1). Fix a connected component C of A and
call D the only element of |7-(0,1)|. Set B := A\ C. To get h'(J4(1,2)) = 0,
mimicking the proof of Proposition 4.1 it is sufficient to prove h'(F;, I5,p(2f))
= 0. Suppose h!(Fy, Ig,p(2f)) > 0, i.e. assume the existence of T € |OF, ()
containing the 2 points BND. Since C € |0, (h+ f)|,CNT # @. So T hits every
connected component of A. Remark 4.2 gives h®(7,4(1,1)) > 0, a contradiction.

To prove (2), it is sufficient to show that the reducible cases do not cover the
whole |74(1,2)|. In fact, reasoning as in the proof of Proposition 4.1, the only
possible splittings are of the form (1, 0)+(0, 1)+(0, 1), which are in a finite num-
ber, or (1, 1) + (0, 1), where the bidegree (1, 1) component contains 2 connected
components of A and the remaining bidegree (0, 1) part is uniquely determined.
Now, h°(J5(1,1)) = 2, so, the set of all reducible elements of |7,(1,2)| with an
irreducible component of bidegree (1, 1) does not cover |74(1, 2)|.

We now prove (3) and (4). Since h°(7,(1,1)) = 0 and A is j-invariant, neither
71(A) nor ,(A) has a triple point (both have 3 double points). Set L;UL,UL; :=
;' (Sing(75(A))) and R; U R, U R; := 77 '(Sing(m;(A))). Since #(L; N A) =
#(R;nA) = 2,L, UL, U Ls are in the base locus of |74(1, 2)| and each L; and
each R; meets exactly 2 connected components of A.

To prove the existence of a smooth element, it is sufficient to reason as in the
proof of Proposition 4.4 case (3). O

We are now ready to prove the first part of Theorem 1.3.

Theorem 4.6. Fixn € {0,1,2,3}. Thereis asmooth S € |Op(1,2)| which con-
tains exactly n twistor fibers.

Proof. A general S € |Og(1,2)| contains only finitely many smooth conics.
Since the set of all twistor fibers has real codimension 4 in the space of all
smooth conics, a general S € |Op(1,2)| contains no twistor fiber.

Now we prove the case n = 1. Fix a twistor fiber C and take a general
S € |9-(1,2)]. Assume that S contains another twistor fiber, E. We have
h'(9-(1,2)) = h'(Ioup(1,2)) = 0 (Theorem 2.19 and Remark 2.14). Thus
|TcuE(1, 2)] is a 4-codimensional complex projective subspace of |J-(1, 2)| (this
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is explained by the equality h°(Io g(1,2)) = h°(I-(1,2)) — 4 contained in [3,
proof of Theorem 1.1]). However J°(1) is a real 4-dimensional space. So a gen-
eral S € |J-(1,2)| does not contain any other twistor fiber.

Note that C is the base locus of |7-(1,2)|. By Bertini’s theorem a general
S € 19-(1,2)| is smooth outside C. Fix p € C and let 2p be the closed sub-
scheme of F with (7,)* as its ideal sheaf. Recall that 2p C S if and only if
p € Sing(S). Since dim C = 1, to get that S is smooth, it is sufficient to prove
that h°(J,pyc(1,2)) < h°(Jc(1,2)) — 2 = 9. This follows from the proof of
Proposition 4.4 case (3).

The case n = 2 is true by Proposition 4.4 with 7°(2) instead of C(2).

The case n = 3 is true by Proposition 4.5. O

In the remainder of this section, we will construct a smooth (1, 2)-surface
containing 4 twistor fibers. The following lemma, in the case d = 2, says that if
an irreducible (1, 2)-surface contains 4 disjoint smooth conics, then these con-
ics are not general, because three of them must be collinear.

Lemmad.7. Letd > 2and A € C(d+2). Ifthereisanirreducible S € |O(1,d)|,
then A & C*(d + 2).

Proof. We prove the lemma by induction on d. We start with the case d = 2.
Suppose that A € €*(4), i.e. there is no union B of 3 of the connected com-
ponents of A such that #(L N B) = 3 for some curve L of bidegree (1,0). Fix
a connected component C of A andset B := A\ C. Call Y the only element
of |J-(0,1)|. Remark 2.9 gives Resy(A) = B. By assumption and Lemma 4.3,
h°(J5(1,1)) = 0. Since h°(J4(1,2)) # 0, the residual exact sequence

0 e .73(1, 1) g ‘7A(1’ 2) g gAﬂY,Y(]" 2) g 0,

gives h°(Y, 7 any.y(1,2)) > 0 (otherwise |J4(1,2)| = @). The scheme ANY is
the union of C and the 3 points BNY. In the identification of Y with F; the line
bundle Oy (1, 2) goes to the line bundle O, (h+3f) and C goes to an element of
|h+ f|. Thus h°(F,, Igny,F,(2f)) > 0. Thus at least 2 of the 3 points BNY are in
the same fiber L of the ruling | f| of F;. Since LN C # @, L is a curve of bidegree
(1,0) that meets at least 3 connected components of A. Let B’ be the union of 3
components of A that intersect L. The curves B’ and L give a contradiction.

Now assume that the result is true for d + 1. Note that as a by-product of the
previous part, if B € €*(d + 1), then h°(Jz(1,d — 1)) = 0.

Assume A € €*(d + 2) and that there is an irreducible S € |Og(1, d)|. Fix a
connected component C of A and set B := A\ C. Take a surface Y of bidegree
(0,1) containing C. By means of the sequence in Formula (10), we either have
h°(Ip(1,d — 1)) > 0 or h%(Y,J4qy y(1,d)) > 0. Since A € €*(d +2), B €
C*(d + 1) and hence, thanks to the inductive assumption, we have h°(J5(1,d —
1)) = 0. The scheme A NY is the union of C and the scheme B N Y with
ANBNY = @. Up to the identification of Y and F; we have Oy(1,d)(—C) =
Op,(df). Since Y has bidegree (0, 1), every connected component of B is either
contained in Y or it intersects transversely Y at a unique point. By Remark 2.9,
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the set BNY is formed by d + 1 points. Thus T4,y y(1,d) = Tpny(df). We saw
that h°(Y, I 4y y(1,d)) > 0, and this is true if and only if there are u;, ... ugy, €
BnY and F € |f]| such that that u; # u;, fori # j and {u,, ... ,ug4 1} C F. The
set F N C is a unique point, o, and o & {uy, ..., ug,,}, because BN C = @. The
curve F has bidegree (0, 1) and therefore A ¢ C*(d + 2), a contradiction. O

Thanks to the previous result, if an irreducible (1, 2)-surface contains 4 dis-
joint smooth conics, then they are in special position. We now show that if
these 4 conics are twistor fibers, then their position is very special. We start
by introducing the following notation. For n > 4, we denote by C(n)~ the set
of the elements A € C(n) for which there exists a bidegree (1,0) curve L such
that A € C(n, L). The set C(n)~ parametrizes the families of n collinear disjoint
smooth conics. For n > 4 we also write 7(n)” := 7 (n) N €(n)~. The families
C(n)~ and J(n)~ are Zariski closed in C(n) and 7 (n), respectively.

The following lemma shows that if an irreducible (1, 2)-surface contains 4
twistor fibers, then they are all collinear.

Lemma 4.8. Take an irreducible S € |Og(1,2)| containing A € J(4). Then
AeT4).

Proof. Suppose there exists an irreducible S € |Og(1, 2)| containing A € 7 (4).
By Lemma 4.7 there exists a union B of 3 of the connected components of A
such that B € 7(3) \ 7*(3), i.e., there exists a bidegree (1, 0) curve L, such that
B € 7(3,L) and thus, thanks to Remark 3.7 h°(J5(1,1)) > 0. However, the
same remark tells us that h°(J5(1,1)) = 1, h'(J5(1,1)) = 2, and that the only
element M of |J5(1,1)]| is irreducible.

Asusual, set C := A\ B. As in Remark 4.2 since L of bidegree (1,0) meets
every connected component of B, then R := j(L), of bidegree (0, 1), do the
same.

Thanks to Remark 2.16 we get BULUR C M. Since S and M are irreducible,
thanks to Lemma 2.2, the one-dimensional scheme S N M has bidegree (5, 4).
Since B U L U R has bidegree (4,4), then C ¢ M. Let Y be only element of
|7-(0,1)]. SinceB Cc MUY, then MUY € |74(1,2)|. Moreover, since S is
irreducible, then S # M U Y, and hence h°(7,(1,2)) > 2,i.e. h'(T4(1,2)) > 3.
Since h'(J5(1,1)) = 2, the residual exact sequence

0— Jp(1,1) = J4(1,2) = Tpny y(1,2) = 0,

gives h!(Y, 44y y(1,2)) > 0. As in the proof of Lemma 4.7 we obtain the fol-
lowing inequality h'(F;, I,y (2f)) > 0, i.e. there exists a curve L € |f]| of
bidegree (1, 0) which intersects at least 2 of the connected components of B.
Call B’ the union of 2 of the connected components of B intersecting L. Since
L NnC # ¢and B’ U C is j-invariant, every connected component of B’ U C
meets j(L). Remark 4.2, Proposition 4.1 and Bézout imply the existence of an
irreducible surface M’ of bidegree (1,1) containing B’ U C U L U j(L). Since
B’ ¢ M, L and j(L) contain at least 2 points of M’, then B’ UL U j(L) c M.
But by Remark 2.5 there is a unique curve of bidegree (1, 0) intersecting two
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different smooth conics, so L. = L and both L and j(L) intersect every connected
component of B. Thus L intersects each connected component of A, i.e. A €
CHA)~. O

Asabyproduct of the proof of the previous result, we get the following lemma,
which says that there are infinitely many irreducible (1, 2)-surfaces containing
4 collinear twistor fibers.

Lemma4.9. Take A € J(4)” and assume that A is not contained in a surface of
bidegree (1,1). Thendim |74(1,2)| = 1and |T4(1, 2)| contains exactly 4 reducible
elements of |Op(1, 2)|.

Proof. Let L be the curve of bidegree (1, 0) that intersects every connected com-
ponent of A. Since every connected component of A is j-invariant, j(L) inter-
sects every connected component of A. In the proof of Lemma 4.8 we showed
that h°(J,(1,2)) > 2. From the lines of that proof, it can be deduced that only
4 elements in |74(1,2)| are reducible and they are all obtained by fixing a con-
nected component C of A and taking the union of the unique surface M of
bidegree (1, 1) containing A\ C and the unique surface Y of bidegree (0, 1) con-
taining C. To complete the proof, it is sufficient to show that h°(7,(1,2)) < 2.
Take a connected component C of A and consider the residual exact sequence

00— jc(o, 1) - gA(l,Z) - gMCﬂA,MC(l’z) - 0. (22)

We have h°(9-(0,1)) = 1, because the intersection of 2 different elements of
|Oy(0,1)] is a curve of bidegree (1,0). Thus by (22) to conclude the proof it is
sufficient to prove that the image V of H(J4(1, 2)) in H*(Mc¢, Ty.nam.(1,2))
has dimension at most 1. Bezout gives that A U L U j(L) is contained in the
base locus of |Jp »;.(1, 2)|. Every D € | V| has bidegree (5,4) as a curve of [F and
thus a general D € |V| is the union (counting multiplicities as divisors of the
smooth surface M) of AU L U j(L) and a curve E of bidegree (1,0)) as a curve
of F. Recall that M is the blow up of P? at 3 non collinear points and that these
3 exceptional divisors are the only curves of M with bidegree (1,0). Since M.
has only finitely many curves of bidegree (1, 0), D is the same for all non-zero
elements of V and hence dim V = 1. O

The following result completes the proof of Theorem 1.3.

Theorem 4.10. There existirreducible S € |Op(1, 2)| containing exactly 4 twistor
fibers and for any such S and A € J°(4) with A C S, there exists a curve L of bide-
gree (1, 0) intersecting each connected component of A. Furthermore, h°(J,(1,2))
=2andeach S € |74(1,2)| is singular along L.

Proof. By Theorem 1.4 no irreducible surface of bidegree (1, 2) contains at least
5 twistor fiber. The curve L exists by Lemma 4.8. Now we reverse the con-
struction. We start with A € J(4,L)~. Let 2L be the closed subscheme of the
“double line”. To prove that every S € |74(1,2)| is singular at every point of
L, it is suffices to prove that h°(94(1,2)) = h%(JT42.(1,2)). Lemma 4.9 gives
h%(J4(1,2)) = 2. Hence, it is sufficient to prove that h°(J 4 ,;(1,2)) > 1. For



1144 AMEDEO ALTAVILLA, EDOARDO BALLICO AND MARIA CHIARA BRAMBILLA

any connected component C of A, let M be the only surface of bidegree (1,1)
containing A\ C and let Y be the only surface of bidegree (0, 1). Since CNL # @,
LNYc #@. Since Y, has bidegree (0, 1) and L bidegree (1,0), we get L C Y.
Thus L C My N Y and hence |J4.,,;(1,2)| contains at least the 4 reducible
elements of |74(1,2)|. Hence h°(J,4,.(1,2)) > 1. O

4.2. Non existence results for surfaces of bidegree (1,2) and (1, 3). In this
last section, we prove our last two main results, i.e. Theorems 1.4 and 1.5.

Forany A € J(n)~,n > 4,letuscall L and R := j(L) the curves of bidegree
(1,0) e (0, 1) respectively, intersecting all the connected components of A.

In view of our goal, we need to discuss the reducibility of some surfaces con-
taining a certain number of twistor fibers. First of all, fix an integer n > 2, take
B € 7(4) such that h°(J5(1,1)) > 0and call M the unique (see e.g. Remark 4.2)
surface of bidegree (1, 1) containing B. Since every element of C(1) is contained
in an element of |Op(0, 1)| for each E € J(n — 1) there exists a reducible ele-
ment W € |Og(1, k)|, union of M and n — 1 surfaces of bidegree (0, 1) such that
BUE C W. The following lemma is a kind of inverse of this remark. Moreover,
it will also be a key tool in the last two proofs.

Lemma 4.11. Ifd > 2and A € 7(d + 3)~ are such that h°(9,4(1,d)) > 0,
then every element of |9 4(1, d)| has an irreducible component M of bidegree (1, 1)
containing at least 4 connected components of A. In particular, foranyn > d +3,
there is no irreducible S € |Or(1, d)| containing A € T (n)~.

Proof. In order to prove the last statement, it is sufficient to do the case n =
d + 3, and thus it is sufficient to prove the first assertion.

We use induction on d > 2. Let us first assume d = 2. Take A € J(5)~
and let L and j(L) be the curves of bidegree (1,0) and (0, 1) intersecting all the
connected components of A. Fix a connected component C of A and set B :=
A\ C. Since C N L # @, the curve C U L is a connected and nodal curve of
bidegree (2, 1) with arithmetic genus 0. Hence h°(O¢ (0, 1)) = 2. Thus there
isY € |Jcy(0,1)] and such a Y is unique. Since any two smooth conics of Y’
meet, no component of B is contained in Y. Therefore, BN Y is formed by 4
points of L\(LNC). Recall that Oy (1, 2) & Op,(h+3f)and thatC € |Op (h+f)|
and thus Jynyy = Jpary(2f). Since every element of |f| contains a unique
point of L we have that h%(D, 7y y(1,2)) = 0. The residual exact sequence of
Y

0— Jp(1,1) = J4(1,2) = Tpny y(1,2) = 0,

gives an isomorphism ¢ : H°(J5(1,1)) — H°(J,(1,2)). If h°(J5(1,1)) = 0,
then h°(J,(1,2)) = 0. Now suppose h°(J5(1,1)) # 0. The isomorphism ¢ says
thatevery W € |74(1,2)| has Y as an irreducible component, say W =Y U W,
with W, € |J5(1,1)|, and hence we have the thesis.

Now assume d > 3 and use induction on d. By reasoning as in the base case,
take A € 7(d + 3)~ and use the exact sequence

00— gB(l,d - 1) = gA(l,d) I gAﬂY,Y(l’d) i 0,
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to prove that h°(Y, 74,y y(1,d)) = 0 and thus that there is an isomorphism
@ : H°(J5(1,d — 1)) - H°(J4(1,d)). Now, again, if h°(I5(1,d — 1)) = 0, then
h%(J4(1,d)) = 0. So we assume h®(J5(1,d — 1)) # 0. The isomorphism ¢ says
thateach S € |74(1,d)| has Y as an irreducible component, i.e. S = DUS; with
S; € |93(1,d — 1)|. The inductive assumption says that S; has an irreducible
component M of bidegree (1, 1) containing at least 4 components of B. O

We now have all the ingredients to prove Theorems 1.4 and 1.5. First, we
prove that no irreducible surface of bidegree (1, 2) contains 5 twistor fibers.

Proof of Theorem 1.4. Suppose there exists an irreducible S € |Og(1, 2)| con-
taining A € 7°(5). Lemma 4.8 shows that for any union A’ C A of 4 components
of A, there existsaunion A" C A’ of 3 connected components intersecting some
L of bidegree (1,0). Let L be a curve of bidegree (1, 0) intersecting the maximal
number, z, of components of A. Obviously z > 3. By Lemma 4.11 to get a
contradiction, it is sufficient to prove that z > 5.

Assume z € {3,4}. Take any order Cj, ..., C5 of the connected components
of A and set B; := m,(C;), 1 < i < 5. Each B; is a line of P2. Since any two
conics contained in an element of | Op(1, 0)| meet, By, ..., Bs are 5 different lines
of P2. Forany i < j < h there exists a curve T of bidegree (1,0) intersecting
C;, Cj and Cy, if and only if By, contains the point B; N B; and in this case L =
Ty c;nc ;)-Without loss of generality, we can assume that L meets Cy, ..., C;.

(a) Assume z = 3 and hence B; N B, € B;. Applying Lemma 4.8 to C; U
C, U C4 U C5 we have one of the following mutually exclusive relations:

BiNB,NB,#@, B NB,NBs#,
BiNByNBs#®, B,NB,NBs#0.

Since B; N B, € B; and z = 3, we can exclude the first two cases, i.e. we have
Bl nBZ nB4 =B1 nBz OBS = ﬂ

Thus, either ByNB4NBs # @ or B,NB,NBs # (. Exchanging if necessary C; and
C, we may assume B;NB,NB; # @,i.e. ByNB; € By, and hence B,NB,NB;5 = @.
Since B, N B, N Bs = @3, applying Lemma 4.8 to C, U C3 U C4 U Cs we have one
of the following mutually exclusive relations

B,NB;NBy#W, B,NB;NBs+#0,
B3N B4 NBs # 0.

Since ByNBs € By and z = 3, B3N B, N B; = {. Since BN B; € B, and z = 3,
B, NB3;NBs = B, N B3N B, =@, acontradiction.

(b) Assume z = 4. Since C; N L # @, the curve C; U L is a connected and
nodal curve of arithmetic genus 0 and bidegree (2, 1). Thus hO(OcluL(O, 1) =2.
Thus there is Y € |J¢, (0, 1)]. Since S is irreducible, Y is not an irreducible
component of S. So the residual exact sequence of Y

0— jB(L 1) d gA(l’z) - gAﬂY,Y(laz) - 05
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gives h°(Y, T 40y y(1,2)) # 0. Up to the isomorphism of Y and F; we have
L=h,Cy €|0p(h+ f)|and Oy(1,2) = Op,(h + 3f). Since (A\ C;) N C; = 0,
Jany,y(1,3) = Jia\c)np,p(2f)- Since L meets Cy, ..., Cy, (A\ C1) N D contains a
set F C L such that #F = 3. Since every element of | f| contains a unique point
of L, h°(Y, I q\cyny,v(2f)) = 0, a contradiction. O

We now conclude with the proof of Theorem 1.5, which concerns surfaces of
bidegree (1, 3).

Proof of Theorem 1.5: Assume the existence of A € 7(6) and of an irre-
ducible S € |O(1,3)| containing A. By Lemma 4.11 to get a contradiction
it is sufficient to prove the existence of a curve L of bidegree (1, 0) such that
all the components of A intersect L. By Lemma 4.7 for any union A’ C A of 5
components of A there is a union A” C A’ of 3 connected components inter-
secting some L of bidegree (1, 0). Let L be a curve of bidegree (1, 0) intersecting
the maximal number, z, of components of A. We have that z > 3. Therefore,
by Lemma 4.11 it is sufficient to prove that z > 6. Assume then that z < 5. We
will now exclude all the cases z = 3,4, 5.

For any connected component C of A, Lemma 4.7 tells us that there exists a
curve L of bidegree (1,0) which intersects at least 3 connected components of
A\ C. In particular there is an irreducible M € |O¢(1, 1)| containing at least 3
components of A (see Remark 4.2). Note that j(M) = M. We can take M with
the additional condition that it contains the maximal number e of components
of A. Let E be the union of the components of A contained in M. So 3 < e <
z < 5.

Since each twistor fiber is j-invariant, j(L) hits every connected component
of E. Bézout gives LU j(L) C M and L C S. Ife > 4, Bézout gives j(L) C S.
However, the one-dimensional cycle M N S has bidegree (7, 5) and thus e < 4.
SetX := SNM (as a scheme-theoretic intersection). Since the one-dimensional
scheme X is the complete intersection of F with 2 very ample divisors, h°(Os) =
1.SetF := A\ E.

(a) Assume e = 4. SOEULU j(L) C X. Since E U L U j(L) has bidegree
(5,5) and h°(O5) = 1, T is the union of E U L U j(L) and a multiple structure
on L. Note that £ € |Og(1,3)| and that X contains E U j(L) with multiplicity
1 and L with multiplicity 3 (as divisors of the smooth surface M). Since X has
multidegree (7,5), £ = 3L U j(L) U E. Note that X contains the degree 4 zero-
dimensional scheme F N M. Since FNE = @, Fn (j(L) U L) # @#. Thus
at least one irreducible component, T, of F meets L U j(L). Since j(T) = T,
TNL#@. Thusz = 5. Let C be a component of E. Since CNL # @, CULis
a connected and nodal curve of bidegree (2, 1) with arithmetic genus 0. Thus
h%(Oc(0,1)) = 2. So thereis Y € |J-(0,1)] # 0. Since S is irreducible,
Y is not an irreducible component of S. Thus the residual exact sequence of
Y gives h(Y, J4ny.y(1,3)) # 0. Up to the isomorphism of Y and F; we have
L=nh,C € |0ph+ f)and Oy(1,3) = Op (h + 4f). Since (A\ C)NC =0,
Jany,y(1,3) = Ja\c)ny,y(3f)- Since z = 5,(A\ C)NY contains aset H C L
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such that #H = 4. Since every element of | f| contains a unique point of L,
h(Y, I 1\c)ny,y(3f)) = 0, a contradiction.

(b) Assume e = 3. Fix a connected component C of E andset B := A\ C.
Set {Y} := |7-(0,1)|. As in step (a), we have that L C Y. The following exact
sequence

0 — Jp(1,2) = J4(1,3) = Jeymny),y(1,3) = 0 (23)

is the residual exact sequence of Y. Since Y is not an irreducible component of
S, we have h°(Y, Joymay).y(1,3)) > 0. Asin step (a), we have Jeypay)y(1,3) =
Iy F, (3f). We now have two possibilities: h°(Jp(1,2)) = 0or h°(Jp(1,2)) > 0.

(b1) Let us assume for the moment that h°(J5(1,2)) = 0. Then we have
ho(Y, Ieumavyy(1,3)) > 2 and h'(Y, Icypay)y) = 3. Up to the identification
of Y and F; we have J¢ y(1,3) = Op (3f). So the 5 points B N'Y give at most
one condition to the linear system |Op, (3f)|. Thus there is J € |Op, (f)| such
that BN'Y C J. Note that J is a curve of bidegree (1, 0). The maximality of the
integer e gives a contradiction.

(b2) Assume that h°(J5(1,2)) > 0. By Theorem 1.4 every surface contain-
ing B is reducible, say M; U Y with M, irreducible of bidegree (1, 1) containing
at least 4 components of B. Thus e > 4, a contradiction. O
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