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LP regularity of Szego projections on
quotient domains

Abhishek Ghosh and Gargi Ghosh

ABSTRACT. We introduce a family of Hardy spaces {J{ },c5, on the distin-
guished boundary of the quotient domain D" /G, where G is a finite pseu-
doreflection group acting on D" and G, is the set of equivalence classes of
one-dimensional representations of G. We establish a uniform platform to
study LP regularity properties of the generalized Szeg6 projections associated
to Hardy spaces J(, for every ¢ € G,.
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1. Introduction

The boundedness of projection operators on analytic function spaces such as
Hardy space and Bergman space has a rich history and has been studied over
several domains. The primary goal of this article is twofold:

« Let D" denote the unit polydisc in C" and G be a finite pseudoreflec-
tion group acting on D". We first define an appropriate notion of Hardy
space on a quotient domain D" /G. The notion of Hardy space over a
quotient domain is not canonical in nature. We prescribe a unified ap-
proach to define a family of Hardy spaces on D" /G indexed by the equiv-
alence classes of one-dimensional representations of G. These spaces
can be realized as subspaces of some weighted L? spaces on the distin-
guished boundary of the quotient domain where the weights are dic-
tated by the associated representations.
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 Secondly, corresponding to each one-dimensional representation ¢ of
G, one can naturally consider the orthogonal projection operator from
the associated weighted L? space to the Hardy space on D" /G associated
to ¢. These projection operators are analogues of the classical Szego pro-
jections and without loss of generality we call them generalized Szego
projections. Finally, employing representation theoretic information,
we obtain a range (a,, b,) with 1 < a, < 2 < b, < oo such that these
projection operators are L regular for p € (a,, b,). Moreover, the inter-
val (a,, b,) is Holder symmetric, that s, if r € (a,, b,) then ' € (a,, b,)

where 1’ 1= Ll is the Holder conjugate of r.
—

The study of LP regularity for singular integral operators is of immense interest
in harmonic analysis and operator theory. Since its inception, the Szego projec-
tion reflects crucially the geometry of the domain under study and is studied in
various contexts. More precisely, the regularity of the Szeg6 projection depends
on the smoothness of the boundary of the domain. To start with, we recall the
fundamental result by Kerzman-Stein [13] where the authors exhibit a close
connection between the Cauchy integral and the Szeg6 projection on bounded
smooth domains in the complex plane C, needless to mention that the two co-
incide when the domain is a disc in C. Therefore, when the domain under con-
sideration is a disc, the Szegd projection maps LP to itself for 1 < p < oo and
is of weak-type (1, 1). More generally, the same result is true if the domain is in
C'. For more results in this direction, we refer to [10, 18] and others.

However, while working on C", the scenario is much more complicated and
the main difficulty lies in the fact that the kernel for the Szegd projection is not
known explicitly in most of the cases. A recent breakthrough in this direction
was made by Lanzani and Stein [16] where the authors studied the L? regular-
ity of the Szegd projection on strongly pseudo-convex domains on C" with C?
boundary. Currently, there is a renewed interest in studying the Szegd projec-
tion on specialized domains due to the influential works [16, 18, 24], see also
[28, 30] for some significant developments. Also, in a fundamental work [30]
Wagner and Wick introduced an appropriate notion of Muckenhoupt weights
suitable to the intrinsic quasi-metric of the boundary of a strongly pseudocon-
vex domain with C2? boundary and proved weighted LP regularity results for
the Szegd projection (see Theorem 1.1 in [30]). In this direction, interesting
end-point estimates for the Szego projection are obtained in [28].

Hardy spaces are also considered on the distinguished boundary of domains
and an early influential work in this direction is by Bekollé and Bonami [1]
where they considered Hardy spaces on the distinguished boundary of tube do-
mains over spherical cones. In [21], the authors have studied the Szego pro-
jection on the unbounded model worm domain in this setting and obtained its
sharp LP regularity; subsequently, the analogous question was addressed on
the Hartogs triangle in [20]. Both the works mentioned above reduce the study
of the Szegd projection to some suitable Fourier multiplier operators and an
application of Mihlin-H6rmander multiplier theorem concludes their proof.
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We also refer to the article [23] where sharp LP regularity is achieved for some
weighted Szegd projection operators and the proof relies on the characteriza-
tion of power weights belonging to Muckenhoupt A, classes which is also a
key ingredient in our proof.

When it comes to the quotient domains we have a very limited literature at
hand. In [19], authors have defined a suitable notion of Hardy space on the
symmetrized polydisc and very recently in [11], LP regularity of the associated
Szeg0 projection is studied. We are also motivated by the results in [2, 4] where
Bergman projections on various quotient domains are studied. These can be
thought of as our point of departure and in this work we explicitly prove the fol-
lowing regularity results for the Szeg6 projection on quotient domains D" /G,
whenever G is a finite pseudoreflection group. A pseudoreflection on C" is a
linear homomorphism o : C" — C" such that ¢ has finite order in GL(n, C)
and the rank of (I,, — o) is 1. A group generated by pseudoreflections is called a
pseudoreflection group. For example, any finite cyclic group, the permutation
group ©,, on n symbols, and the dihedral groups are all finite pseudoreflec-
tion groups [17]. Suppose that G acts on D" as in Equation (2) then D" /G is
not necessarily a domain. However, if G is a finite pseudoreflection group then
D" /G is biholomorphically equivalent to 6(D"), where & : C" — C" is a ba-
sic polynomial map associated to the group G [3, Subsection 3.1]. Therefore,
we restrict our attention to finite pseudoreflection groups for the rest of the ar-
ticle. Note that if Q is a domain such that there exists a proper holomorphic
map f : D" —» Q with G as the group of deck transformations, then Q is bi-
holomorphic to D" /G and 6 is a representative of f, thatis, f = 8oh for some
biholomorphism h : 6(D") — Q [9, Proposition 2.2]. Therefore, we work with
the domain 6(D") instead of D" /G and without loss of generality call them quo-
tient domains. Also, the choice of a basic polynomial is not unique for the group
G and our result is independent of the choice of basic polynomial 8. We now
state our main result.

Leto € Gy and1 < P < 0. In Definition 2.7, we provide a notion of Hardy
space on 6(D") associated to the representation ¢ and denote it by H 5 (e(b")).
We show that each H?(Q([D")) (for simplicity, denoted by J(, in the abstract)
can be thought as a closed subspace of some weighted L;(G(T”)) (cf. Lemma
2.8). Let g, : L3(6(T")) — H,(6(D™)) denote the corresponding orthogo-
nal projection, which we call the generalized Szeg6 projection associated to the
representation ¢. Then the following holds:

Theorem 1.1. Suppose that G is a finite pseudoreflection group acting on the unit
polydisc D" and 0 is a basic polynomial associated to G.

(1) For the trivial representation of G,

S trivial * Liyyyi(@(T™) = Hp 1 (6(D™))

trivial

is bounded for p € (1, ).
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(2) Fora one-dimensional representation ¢ of G which is not equivalent to the
trivial representation of G, there exists an interval (ag,, b,), 1< a, <2<
b, < oo, such that the generalized Szego projection Sq , is bounded from

L2(O(T™) to H(8(D™) if p € (ag, by).

Let us highlight some key features of Theorem 1.1.

« Let &' be another basic polynomial associated to the group G. Then for
every ¢ € G, the generalized Szeg0 projection S, P is bounded from

LE(©'(T™) to HY(6'(DM)) if p € (ay, by). Therefore, the value of a, and
b, is independent of the choice of basic polynomial of the group G

« Weensure not only the existence of a, and b, but also provide an explicit
expression of the range (a,, b,) depending solely on the representation
¢, see Theorem 3.5 and Equation (20).

« Since we only need minimal knowledge about the representation ¢ to
determine the values of a, and b, we can avoid difficulties arising from
the complexity of the boundary of the quotient domains. For exam-
ple, the symmetrized polydisc (biholomorphic to D"/&,) is a nons-
moothly bounded pseudoconvex domain without any strongly pseudo-
convex boundary point and Theorem 1.1 is applicable for it also, see
Subsection 3.3.

We close this section by demonstrating our result for the one-dimensional rep-
resentations of finite reflection groups. Pseudoreflections of order two are called
as reflections. A finite group generated by reflections is called a reflection group.
The permutation group on n symbols and dihedral group are examples of re-
flection groups. As an application of Theorem 1.1, we have the following result.

Corollary 1.2. Let G be a finite reflection group acting on D". Let ¢ € G, be
any representation which is not equivalent to the trivial representation. Then
there exists a natural number M, such that the generalized Szego projection Sg,

p , 2M,+1 2M,+1
is bounded from Ly (6(T")) to itself if p € ( M1 —M? ) .

The quantity M, can be completely determined from the representation ¢
(cf. Corollary 3.7). For instance, when one considers the sign representation

(sgn) for the permutation group and the dihedral group, we obtain the following
results:

(1) For the permutation group: The symmetrization map s : D" — s(D")
is a basic polynomial associated to the permutation group ©,,, see Equa-
tion (21). The domain G,, = s(D") is known as the symmetrized poly—
disc. In this case, Mgz, = n—1and thus ag, =2—- " and bsgn = 2+ —1
for the domain G,, (cf. Proposition 3.9). This is the main result of [11].

(2) Forthedihedral group: The polynomial map ¢(z;, z,) = (z1 +z2 ,Z12,)
D? — ¢(D?) is a basic polynomial map associated to the dihedral group
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D, Denote 2,, = ¢(D?). Here, Mggn = k and thus ag, =2 — k%l and
bsgn =2+ % for the domain %,;, (cf. Proposition 3.10).

The article is organized as follows. In the next section, we define Hardy spaces
on the distinguished boundary of quotient domains and prove several essential
properties. The notion of generalized Szeg6 projections is defined in Subsec-
tion 2.3. In Section 3, we prove our main results on L? regularity estimates.
Throughout the article, C denotes an all purpose constant which may change
from line to line.

2. Hardy space

A holomorphic function f on D" is in the Hardy space H*(D") on the unit
polydisc D" if and only if

SUPy o | 1 (re™®)|?dO < o, (1)
Tn
where dO is the normalized Lebesgue measure on T". Let G be a finite pseu-
doreflection group which acts (right action) on D" by

c-z=0!g, foroc € Gandze D" (2)

The group action extends to the set of all complex-valued functions on D" by
o(f)(z) = f(o~! - z) and a function f is said to be G-invariant if o(f) = f for
all o € G. There is a system of G-invariant algebraically independent homo-
geneous polynomials {0;}"_ associated to a pseudoreflection group G, called a
homogeneous system of parameters (hsop) or basic polynomials associated to
G. In fact, the Chevalley-Shephard-Todd theorem provides a characterization
of finite pseudoreflection groups in terms of hsop. It states that a finite group
G is generated by pseudoreflections if and only if G-invariant polynomials in n
variables form a polynomial ring C[64, ..., 6,] [25, p.282]. The polynomial map

6=(6,..,6,) : D" - 6(D")

isa proper holomorphic map and the domain 6(D") is biholomorphically equiv-
alent to the quotient D" /G [29, 3]. So we refer to the domains of the form 6(D")
by quotient domains.

We define a family of weighted Hardy spaces on the domain 6(D") indexed
by the one-dimensional representations of the group G. As mentioned earlier
there are several notions of Hardy spaces depending on the boundary, however,
in this article, we define the Hardy space on the Shilov boundary of 6(D").

Definition 2.1. [7] The Shilov boundary dQ of a bounded domain Q is given by
the closure of the set of its peak points and a point w € Q is said to be a peak
point of Q if there exists a function f € A(Q) such that | f(w)| > |f(z)| for all
z€Q \ {w}, where A(Q) denotes the algebra of all functions holomorphic on Q
and continuous on Q.
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Since the distinguished boundary of Q in C" is the Shilov boundary of Q,
these two notions will be frequently used without any confusion. The proper
holomorphic map 6 : D" — 6(D") can be extended to a proper holomorphic
map of the same multiplicity from D’ to 6(D)’, where the open sets D" and 6(D)’

contain D" and 6(D"), respectively. Then [14, p. 100, Corollary 3.2] states that
6~(36(D")) = AD" = T". Thus
a6(D") = 6(T"). (3)

2.1. One-dimensional representations. Since the one-dimensional repre-
sentations of G play an important role in our discussion, we elaborate on some
relevant results for the same. We denote the one-dimensional representations
of G by G,.

A hyperplane H in C" is called reflecting if there exists a pseudoreflection in
G acting trivially on H. For a pseudoreflection o € G, define H, := ker(id—o).
By definition, the subspace H, has dimension n — 1. Clearly, o fixes the hyper-
plane H, pointwise. Hence each H, is a reflecting hyperplane. By definition,
H_ is the zero set of a non-zero homogeneous linear polynomial L, on C", deter-
mined up to a non-zero constant multiple, that is, H, = {z € C" : L,(z) = 0}.
Moreover, the elements of G acting trivially on a reflecting hyperplane form a
cyclic subgroup of G.

Let Hy,...,H, denote the distinct reflecting hyperplanes associated to the
group G and the corresponding cyclic subgroups are G, ..., G;, respectively.
Suppose G; = {qa;) and the order of each q; is m; fori = 1, ..., t. For every one-
dimensional representation ¢ of G, there exists a unique ¢-tuple of non-negative
integers (cy, ..., ¢;), Where ¢;’s are the least non-negative integers that satisfy the
following:

G,

o(a) = (det(qy)) ', i =1,..,t. 4)
The ¢t-tuple (cy, ..., ¢;) solely depends on the representation ¢. The character of
the one-dimensional representation ¢, y, : G — C* coincides with the rep-
resentation ¢. The set of elements of H2(D") relative to the one-dimensional

representation ¢ is given by
R?(HZ(ID")) ={f e H*(D") : o(f) = x,(0)f, forallo € G}. 5)
The elements of the subspace RS(H 2(D™")) are said to be g-invariant functions.

Lemma 2.2. [9] Suppose that the linear polynomial ¢; is a defining function
of Hy fori = 1,..,tand ¢, = H;zl €f" is a homogeneous polynomial where
¢;’s are unique non-negative integers as described in Equation (4). Any element
fe R?(Hz([D”)) can bewritten as f = ¢, fo8 for a holomorphic function f on

o(D").

The sign representation of a finite pseudoreflection group G, sgn : G — C*,
is defined by [26, p. 139, Remark (1)]

sgn(o) = (det(o))™!, o €G. (6)
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Additionally, we note that sgn(a;) = (det(q;))™! = (det(ai))mi_l, i=1,..,t,
which invokes the following result from Lemma 2.2.

Corollary 2.3. [27, p. 616, Lemma] Let Hy, ..., H; denote the distinct reflecting
hyperplanes associated to the group G and let my, ..., m; be the orders of the cor-
responding cyclic subgroups Gy, ..., G, respectively. Then

t
(@) =To@ =c[[ €7 (2,
i=1
where Jg is the determinant of the complex Jacobian matrix of the basic polyno-
mial map 6 and c is a non-zero constant.

2.2. Hardy spaces associated to the representations. For the symmetrized
polydisc, the notion of Hardy space was defined in [19] and our definition is
partly motivated by that. Recall that dO is the normalized Lebesgue measure
on T".

Definition 2.4. Let g € @1. The function space consisting of holomorphic func-
tions f on 6(D") which satisfy

sup | foB(re’®)|?|€,(re’®)|* dO < o

0<r<1 Jn

is said to be the Hardy space associated to the representation ¢ and is denoted by
H2(6(D")).

We list the following facts:
« Each H 5(6([[])")) is a Hilbert space with the norm

1 . .
Ifll; == sup [ |fo0@re’®)?|¢,(re’®)|?dO, (7)

d 0<r<1 J7n
where d is the order of the group G. Moreover, we will also show that
Hg(G(D”)) is a reproducing kernel Hilbert space.

« The Hardy space associated to the sign representation of G is said to be
the Hardy space on 6(D") and we denote it by H?(6(D")). In particular,
H?(G,) coincides with the definition of the Hardy space on the sym-
metrized polydisc G,, defined in [19].

Proposition 2.5. Foreach ¢ € G,, the Hilbert space H g(e(um")) is a reproducing
kernel Hilbert space.

Before proving Proposition 2.5, we state some relevant results. Each ¢ € G
induces an orthogonal projection P, : L*(T") — L*(T") such that

d
Pap= =23 207 goo!, ¢ € LT, ®)

oceG
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where deg g is the degree of the representation ¢, d is the order of the group
G and y, is the character of ¢. However, since we are only dealing with one-
dimensional representations, deg ¢ = 1 throughout this article. Each P is well-
defined because ¢poo~! is in L>(T") whenever ¢ € L*(T"). An application of
Schur’s Lemma implies that IP’; = [P’Q [15, p. 24, Theorem 4.1]. We now show
that P, is self-adjoint. Performing change of variables, we get that for all ¢, 9 €
L*(T") and o € G,

(0-¢,0-9)=(. ), )

where (-, -) denotes the inner product in L*(T"). For ¢,9 € L*(T"), we have

CR DIPACITER

oeG

= 23 x@X, oo™

oceG

= 2 T 10X oo )

oceG

= (Pg(ﬁ’ ¥),

where the penultimate equality follows from Equation (9). Itis known that P, :
H?(D") — H?(D") is the orthogonal projection onto the subspace Rg(H 2(D"))
[9, Lemma 2.10]. Therefore,

(Pip, ) = (6, P )

Po(H*(D™) = RS (H*(D™)).
We use this identification in the following proof.

Proof of Proposition 2.5. Fix¢ € G, and consider the operator
T, : H3(6(D")) — P,(H*(D"))
defined by
1
I.f = —¢C,f06. (10)
o o
Vd

From Equation (7) it follows that the operator I', is an isometry. From the above
argument and Lemma 2.2, we know that any element fin [P’Q(H 2(D")) can be
written as f = t, fo6 and from Equation (7), it follows that f € H, éf(@([l])”)).

Thus I‘g(\/a f) = f and hence [, is unitary.
Let Sp» denotes the reproducing kernel of H2(D"). The expression

1 Z,w)

1
——— ), (67 )Spn(o”
fe(z)t’g,(w)aezé; o



LP REGULARITY OF SZEGO PROJECTIONS ON QUOTIENT DOMAINS 919

is G-invariant in both variables, separately. Using analytic version of Chevalley-
Shephard-Todd theorem [3], we write

S6.,(6(2), 0W)) = ———— " 3, (6™ )Spu(e™! - z,Ww). (11)

€ o(2)f (W) oec

We now show that Sy ,(6(z), O(w)) is the reproducing kernel of H Sf(e([IZD”)).
For a fixed w € D", €,(-)Sg,(6(-), O(w)) € PQ(HZ(ID")) since we have the
following,

€¢(2)Se ¢(6(2), 6(w))

1

Xo(e™)Sp(c™! - z, w)
fe(w)a%:c: ? ?

d
= ——P,Spu(z, w).

to(w)
Note that T, is unitary and T,(Sg (-, 6(w)))(z) = %6’ 0(2)S9,,(6(2), 6(w)) for
fixed w € D". Therefore, for every w € D", Sg (-, 6(w)) is in H;(G([D")).
Also, let f € H;(6(D")). Then

(fSoe(-,0(w))) = (T f, TS (-, 6(w)))

= (e, £06.£,56,(6(), 6(w))

d
1 d

= —<€ foe,—lp S n('a w))
d° o(w) P

(€ foB,Spa(-, w)) = f(6(w)).

__1
£o(w)
O

Remark 2.6. For¢ € @1, IP’Q(HZ(ID”)) is a closed subspace of H>(D") and the
reproducing kernel S, of P,(H 2(D")) is given by

S,(z, w) = é 3 2@ S0 - 2, w).

ceG

For a fixed w,
£ (WIT,(So 4, OWN)(2) = éfe(zwe(w)se,g,(e(z), o(w)) = VdS,(z, w).

Let us define the notion of Hardy spaces for 1 < p < 0.
Definition 2.7. Let1 < p < oo. The Hardy space H 5 (6(D")) is the holomorphic
function space on 6(D") defined as following:

HE(O(D") =

{f : 6(D") = C holomorphic : sup / | foB(re’®)|P|¢,(re'®)|2d® < oo}

0<r<1
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From the definition, it follows that the operator
T, : Hy(6(D") — HP(D", |£,]|*7P),
defined by I', f = fo0 ¢, is an isometry.

2.3. Szegd Projections. Let d©, ¢ be the measure supported on the Shilov
boundary 6(T") of 6(D") obtained from the following:

f fd@,e = f foB |¢,12d®, (12)
6(Tn) Tn

where ¢, is as defined in Lemma 2.2. For1 < p < o0,and ¢ € G, the Lebesgue
spaces on 6(T") with respect to the measure d©, ¢ are defined by

L7(6(T™) ={f : 6(T") - C| |f1P dBg e < oo}
o(Tn)
The operator T, : L?(G(T")) — LP(T", |€9|2_P) defined by I',f = fo0 ¢, is an
isometry. In particular, we observe that I'; maps LS(G(TT")) onto the closed sub-

space P,(L*(T™)) of L*(T"). We use two elementary properties such as 6og ™!
6 for every o € G and P (¢,) = ¢, to prove that

PLS) = 2 2 40 [Tf)oo™

oceG
= (fo@)(% > )(9(0'_1)5900'_1>
oeG
= fo0t,=T,f.

Lemma 2.8. Forg € G, H 2(8(D™M)) is isometrically embedded in Ly(6(T™)).

Proof. Note that T, : LS(G(T")) - [P’Q(LZ(T”)), defined by I, f = fob ¢, is
an isometry. Sois T, : H(6(D") — P,(H*(D™). Let i, : P,(H*(D") —
[P’Q(LZ(T")) be the canonical isometric embedding. Observe that the following
diagram commutes:

I‘;loi?oFg
H2(O(D™) 5 [2(6(T™)

] In

Po(HA(D") ——% P (L*(T™)
Thus, H;(6(D")) is embedded into L;(6(T")) by the isometry I'; ' oigol,. [

Therefore, one can realize H S(O(D”)) as a closed subspace of L;(G(T”)). Now
we define generalized Szego projections.
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Definition 2.9. Letg € @1. The Szegd projection associated to the representation
¢ is defined to be the orthogonal projection

Spp L;(G(T”)) - H;(G(ID”)). (13)

When ¢ is the sign representation, we simply denote the Szeg0 projection Sg s, as
Se.

In this article, our primary goal will be to obtain LP boundedness of the gen-
eralized Szegd projections Sg .. The following result connects Sg , with the clas-
sical Szeg0 projection Sp» on the polydisc.

Lemma 2.10. The following diagram commutes:
2 n 8o 2 n
L2(6(T") —2% H2(6(D™)

] Ir

Spn

Po(LX(T™) —> P,(H*(D™).

Proof. Note that for f € L7(6(T")), we have

(T,800)(2) = %(Se,gfoe)(z)fg(z) = %fg(z)m Se( 02)
= L@, Ty(So (- 6))) = —=(T, f,VdS,(2)
\/E e @ e 1Y \/’E @ %
= (SpTe)2) (14)
where the penultimate equality follows from Remark 2.6. O

As a consequence of Lemma 2.10 along with previous discussion, we con-
clude the following which is crucial to prove our main result.

Lemma 2.11. Under the assumption that Sp,_is bounded on LP(T", |€ |27P), the
following diagram commutes:

L2O(T™) A L2(O(T™) ——3 LP(T", |£,2-P) n LX(T")

SQ,Q\L lcgu)n

HE(6(D™) N H2O(D™) —= HP(D",|¢,1>P) n HX(D").

3. L? regularity of Szego projections

3.1. Muckenhoupt weights. In this section, we recall the preliminaries re-
lated to the theory of Muckenhoupt weights on the circle, denoted by Ap(T).
A weight w is a locally integrable function and w(x) > 0 almost everywhere.
In 1972, Muckenhoupt [22] characterized the class of weights for which the
Hardy-Littlewood maximal operator maps weighted L? spaces to itself. Subse-
quently, Coifman and Fefferman [5] studied these weights in connection with
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Calderon-Zygmund operators. Since in this article we confine ourselves to the
Szegd projection, let us recall the definition of A,(T) weights.

Definition 3.1. Let 1 < p < oco. Wesay w € A,(T) if there exists a constant
C > 0 such that

p—1
1 1 -—
= — — -1 <C < o0, 15
[w]a,m) ?211?(|I| .[w)<|1| [w P ) < S (15)

where the supremum is over all intervals I in T and |I| denotes its arc-length mea-
sure.

The following result characterizes A,(T) weights in terms of the Szeg6 pro-
jection and it will be heavily used in our proof of LP regularity.

Theorem 3.2 ([8]). Let 1 < p < oo. The Szego projection S maps LP(w, T) to
itself if and only if w € Ap(T).

We also need the following characterization of power weights. It is well
known, however, to make the exposition complete, we supply a simple proof.

Lemma 3.3. Leta,f,y > 0,1 < p < oo and x € R. Then the weight w(z) :
B-rp
z—e*| = €A (D ifandonly if p € (ﬁw ﬁw) with [w ]A,,(T) independent
+r oy
of x.

B+a B+a

a+y V4
and [w] 4,(T) dependsona, 8,7, and p. Also, note that using change of variables,

Proof. We first prove thatif p € ( ) then w satisfies the condition (15)

we may simply assume that x = 0. Let I(9,7) = {€’5 : |e®® — eS| < r}be any
interval on T. Depending on the position of the interval I, we need to handle
the following cases:

Case 1: |¢"® — 1| > 5r. Observe that in this case we have

. . . . 4 .
|elg -1 > |el~9 -1| - |e19 _elgl > g|e119 -1,

for all €5 € I(9,r). Similarly, |’ — 1| < glei‘g — 1|. Therefore, in this case, we

obtain
p—
_ L ol 1 Lo
|I(’9, V)| 1(9,r) |I(19,7’)| 1(9,r)
p—1
. B-yp) _B-rp)
~Cle® —1| « (le —1| a(p—n) ~C,

where C is a fixed dimensional constant.

1
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Case 2: |e”¥ — 1| < 5r. Without loss of generality we may assume r is small since
1

the weight w (and w »1)is only singular near 1. In this case I(3,r) C I(0, 7r).
Therefore,

p—1
SR B R s
|I(79,V)| 19,1 |I(19,7’)| 1(9,r)
p
. B=rp) . _B-rp)
s(l f jefs = 1] = dg)(l f o' — 1| w—nds)
" Jro,m) " Jroan
1 & Byp 1 7)) p-1
<C —f ¢ « dg —f g b dg
r 0 r 0

_ - p-1
B g 1_E=rp)
r « r a1

-1

< Cﬁ,%p,a < Cﬁ,y,p,w

r r

d (ﬁ—yp) (/i it ; > 0. Rewriting the above inequalities,
a(p-1
B+a

we obtain the specified range < p < —. The necessary part is easy to see
Y

since for p & (ﬁm ﬁ+a>
aty’ v

provide +1>0and1 -

1
either w or  »-' is not even locally integrable. [

The following is a simple consequence of Hdolder’s inequality and can be
found in [8].

Lemma 3.4. Let wy,w,, ..., @, € Ap(T). For any collection of scalars {a;} with
k
> a; =1, wehavew = Hk

a;
Z o @ € Ap(T.

3.2. LP regularity. The following is our main result regarding the L? regular-
ity of generalized Szegd projections on quotient domains. Recall the linear form
o H] o fj’ where ¢ and the ¢;’s are described in Lemma 2.2. Observe that
if ¢ is the trivial representation tr : G — C*, defined by tr(c) = 1 and 0 € G,
then ¢y, = 1, and in this case the generalized Szegd projection S, is trivially
bounded from Lg(G(T”)) - Hf;(@([D”)) for 1 < p < oo since Sy maps LP(T")
to itself for 1 < p < oo (see Equation (18)). Therefore, from here onwards we
only consider representations which are not equivalent to the triVial represen-

tation. Without loss of generality, we may assume that ¢ H f . Let us set
j=1
¢;j#0

fj(z) = ZZ=1 Az forall1 < j < t.In the sequel, Z;, 1 <i < n, denotes the
following set

={j:1<j<tandaj # 0} (16)
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Theorem 3.5. Let G be a finite pseudoreflection group that acts on D" and 6 be a
basic polynomial associated to G. For ¢ € G, there exists an interval (ae, bg), 1<
a, <2 < b, < oo, such that the generalized Szego projection Sg , is bounded from

Lg(e(T”)) to Hg(e([[])")) if p € (a,, by), where
2c;+al 2¢;+ ocj.

(agby) =) ! : (17)

. i C;
i=1 jez;\ 6 T4 J

and foreach1 <i <n, {oc;.}jezi are positive numbers such that ZjeZi oc;. =1

Proof. LP regularity follows from the following chain of arguments. Note that

1860 2oy S I lezcocrny)
= / 86,0 1PdO, 5 < Cf |f1PdO, 6
6(Tn) o(Tn)

= | I8, foBIP |£,2d0 < C | |fobIP |£,1?d®
Tn Tn

= | 1Sp(t,fod)P 6,7 PdO < C [ |£, foBIP |£,1>PdO.  (18)
Tn Tn

Therefore, the exponents p for which Sy , maps Lg (06(D")) to itself will be dic-
tated by the weighted boundedness of Sp.. Since we are only concerned with
the distinguished boundary, we have Sp» = ®in=1 8p. This allows us to consider

the weight |, |2=P coordinatewise and it is enough to assure the boundedness
in each coordinate uniformly. More precisely,

|Spn(€of0O)IP |€,|>7PdO
Tn

n
= f | X) Sp(tofoO)IP |£,>PdE
™ =1

n—1 n
- [ 1@ sutero0nr ] dz
Tn-l i=2

i=1

/|SD(€9f09)|P H |fj|cj(2—p)dzl H |€j|CJ~(2—p)
T

JEZy JEZy

n—1 n
sf | Q) Sp(tofod)P [] dzi
Tn-1 i=2

i=1
C.j(Z*P)al
al j (72—
fISD(€9f09)|p H |aj1|cj(2_p)|z1 + (23, -, 20| ] H |fj|c’(2 Pdz,
T

JEZ JEZ,
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1 1 _ . _ n ) .
where {ocj }jez, aresuch that Zjezl a; = landsinceeach ¢ ; = Zk:l ajkZi, j €
. . . . n Ak
Zy, wewriteitast; = aj1(z,+¢;(z5, -+, 2,)) With ¢;(z, -+, 2,) 1= 25, _, a#zk.
i1

At this point, invoking Theorem 3.2, Lemma 3.3 and Lemma 3.4, if

1 1
2cj+ocj 20j+ocj
re() - :

. Ci
jez, CJ+0£j J

we have

/ |Spn(Cof00)IP |€,|>7PdO
Tn

n—1
<c f | &) Sp(tsf00)IP f 1tofo0)P T laul®P  (19)
Tn-1 T

i=1 JEZy
¢jC-p) 4

a_la' n
|z + ¢i(z0 20l T Tdzy [ 1€;19%P ] d..
J€Z, i=2

Now recursively applying the above procedure for each coordinate, we ensure
the following

/T |Spn(€ofeO)P [€,1°7PdO <4 CfT [€¢ foOBIP |€,|>7PdO

holds true for

n 2cj+oc;. ch+ocj.

s 9 b
4ol c;
i=1 jez;\ ¢ T4 J

where foreach1 <i < n, {ocj.} jez, are positive numbers such that Zj ez ocj. =1.
Note that we can use (19) recursively since at the i-th iteration the constants
only depend on oc;., Cjs Ds where 1 < i < t. Moreover, as each of the intervals

((2c; + oc;'.)/(cj + cx;), (2c; + ocj.)/cj), 1 <i<n,j € Z; is Holder symmetric, it is
easy to see that (a,, b,) is also Holder symmetric. O
Remark 3.6. We specialize Theorem 3.5 for some particular representations.

« Sign representation: Recall that for the sign representation we have the
following

t
fsgn(z) =c H Lp:ni_l(z)s
i=1

where m; is the order of the cyclic subgroup G; for1 < i < t (see Corol-
lary 2.3). Therefore, c; = m; — 1, hence invoking Theorem 3.5, we obtain
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that the Szego projection Sg maps Lfgn(G(T")) to itself if

n 2(mj—1)+oc;. 2(mj—1)+oc§.

L i’ m; —1
m; 1+ocj j

« Another very interesting case appears when c;’s are equal, that is, ¢; =
x # 0foralll < i < t. In that case, using homogeneity of ¢,, we can
conclude that |Z;| = |Z;| forall1 < i,j < n. Let |Z;| = M. Then an

easy computation reveals that we can obtain the maximum range for LP
1 1

regularity provided we choose |ocj.| =T u foralll <i < nand
J € Z;, which in turn implies the LP reguiarity for the range
<2KM +1 2xkM + 1)

xM+1" xM

A more intrinsic description of the interval (a,, b,) can be given for one-
dimensional representations of a reflection group. Recall that a reflection is a
pseudoreflection of order 2 and a finite group generated by reflections is called
areflection group. The permutation group on n symbols and the dihedral group
are examples of reflection groups. For a reflection group G, m; = 2, for every

(20)

1< j<t.ThusJy = H§=1 ¢;. Recall that for a one-dimensional representation

¢ of G, the generating polynomial ¢, = H§=1 ff" divides the complex Jacobian
Jo, hence the corresponding c;’s are either 1 or 0. Let

Zl’gz{]lcj?f()}ﬂzl, i:l’.“,n’

where Z; is as described in Equation (16). Using homogeneity of ¢, we con-
clude that there exists a natural number M, such that |Z; | = M, for every
i = 1,...,n. We specialize to the following corollary for the one-dimensional
representations of reflection groups.

Corollary 3.7. Let G be a finite reflection group that acts on D" and @ be a ba-
sic polynomial associated to G. Let ¢ € G, be a one-dimensional representation
which is not equivalent to the trivial representation. Then there exists a natu-
ral number M, such that the generalized Szegd projection Sy, is bounded from
p n : ; 2M,+1 2M,+1
L, (6(T™)) to itselfif p € <—M9+1 , —M9 )
In particular, the Szego projection Sy is bounded from Lfgn(e(T")) to itself if
(2M+1 2M+1
M+1’ M
Equation (16).

),whereM = |Zj|for all j=1,..,nand Zjisas described in

Remark 3.8. The reader should note that different choices of positive numbers
{oc;}jezi with ZjeZi oc; = 1,1 < i < n, lead to different intervals (a,, b,) of the
form (17) for which LP regularity holds in Theorem 3.5. Therefore, it is an inter-
esting problem to optimize the choice of oc;. so that one obtains the sharp range of
L? regularity for the Szego projection. Very recently, the sharp range for LP regu-
larity for the Bergman projection on the symmetrized polydisc is obtained in [12],



LP REGULARITY OF SZEGO PROJECTIONS ON QUOTIENT DOMAINS 927

however, here we are more concerned with providing a framework which works
for general quotient domains and we will take up issues regarding sharpness in
future work.

Now we are at a position to describe our applications of Theorem 3.5.

3.3. Symmetrized polydisc. As an application of the last Corollary, we ob-
tain regularity properties of the Szeg6 projection on the symmetrized polydisc.
The permutation group on n symbols is denoted by &,,. The group ©,, acts on
C" by permuting its coordinates, that is,

0 (21, s Zp) = (Zg-11) -+ Zo-1(n) )

foroc € @, and (zy, ..., z,) € C". Clearly, the open unit polydisc D" is invariant
under the action of the group &,,.

Let s, denote the elementary symmetric polynomials of degree k in n vari-
ables, for k = 1, ..., n. The symmetrization map

s :=(8,..,8,) : C" > C" (21)

is a basic polynomial map associated to the pseudoreflection group &,,. The
domain G,, := s(D") is known as the symmetrized polydisc. It is well-known
that the symmetric group &,, has only two one-dimensional representations in

©,,, the sign representation and the trivial representation of &©,,. For the triv-
ial representation, we have already seen that the Szeg6 projection 8. maps
LP(s(T™) to HY(G,) forall 1 < p < co.

+ Sign representation: In [6, p. 370, Lemma 10] the generating polyno-
mial for the sign representation is computed and is given by the follow-
ing:

fsgn(z) = H(Zi - Zj)-
i<j
The following is our result in this setting. Recall that 8y is the shorthand
for 8 gon-

Proposition 3.9. Let p € (2 — l, 2+ Ll) then the Szego projection Sg
n n—
maps Lfgn(s(T”)) to Hggn(Gn).

Proof. The proof trivially follows from Corollary 3.7 since in this case
M=mn-1). O

Finally, as a consequence of Theorem 3.5, we show LP regularity of generalized
Szegd projections on the quotient group D2 /Dy

3.4. Thedomain %,;. Consider the polynomial map ¢(z;, z,) = (z’l‘+z’2‘, Z12,)
on D?. It is a proper holomorphic map of multiplicity 2k and let us denote the
domain ¢(D?) by %,,. The domain %, is biholomorphically equivalent to the
quotient domain D2 /D, where D, is the dihedral group of order 2k, that is,

Dy =(5,0 : 6 =0? =id,0607t =671).
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See subsection 3.1.11in [3] and page 19 in [9] for more details. Clearly, J4(z;, z,) =
k(z’f - z’z‘). The number of one-dimensional representations of the dihedral
group D, in D, is 2 if k is odd and 4 if k is even. Clearly, for every k € N
the trivial representation of D,, and the sign representation of D, are in D,
Since for the trivial representation ¢, = 1, we automatically obtain that the
Szegd projection Sz, maps L (¢(T™)) to Hi(Zy) for all 1 < p < oo.

« Sign representation: For the sign representation we have the follow-

ing:
fsgn(z) = k(zlf - lec) (22)
Now we state the LP regularity in this setting.

Proposition 3.10. Let p € (2kkT+11’ ZkTH) then the Szeg0 projection Sy

maps Ly, ($(TM) to HE,(Z).

Proof. Inview of (22), we obtain that ¢y, can be factored into k many

Lo . 1Tk
degree one polynomials in z;, that is Hi:l ¢;, thus ¢; = 1 and the car-

dinality of the set Z; and Z, is k. Now a direct application of Corol-

lary 3.7 implies that for p € (2kk_:11, £k+1), the Szegd projection S4 maps

L ($(TM) t0 Hign(Z1)- O

We now elaborate the LP regularity for the Szegd projection associ-
ated to the additional two representations in the case when k is even.
Let k = 2j for some j € N.

(1) Let us consider the representation ¢, defined as

01(8)=—1 and ¢,(r) =1fort € (6% 0).

It is known that (see [9]) €, (z) = z{ + zé and therefore as a conse-
quence of Theorem 3.5 and Remark 3.6, the Szegd projection Sy o,

2j+1 2j+1
maps L ($(T")) to HE (Zy) for p € (j%, %).
(2) The representation g, is defined as following:

0,(8) =—1 and g,(r) =1fort € (52 d0).

In this case ¢,,,(z) = z{ - zé, therefore, arguing similarly we obtain
that the Szegd projection Sy ., maps L§2(¢('I]'")) to H 52(.@2,() forp €
(2EL 27
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