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On a twisted Jacquet module of GL(6, F)
over a finite field
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ABSTRACT. Let F be a finite field and G = GL(6, F). In this paper, we give
an explicit description of a certain twisted Jacquet module of an irreducible
cuspidal representation of G.
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1. Introduction

Let F be a finite field and G = GL(n, F). Let P be a parabolic subgroup of G
with Levi decomposition P = MN. Let 7 be any irreducible finite dimensional
complex representation of G and i be an irreducible representation of N. Let
7w ,» be the sum of all irreducible representations of N inside 7z, on which 7 acts
via 9. It is easy to see that 7y 4 is a representation of the subgroup M, of M,
consisting of those elements in M which leave the isomorphism class of ¢ in-
variant under the inner conjugation action of M on N. The space 7y 4 is called
the twisted Jacquet module of the representation 7. It is an interesting ques-
tion to understand for which irreducible representations 7, the twisted Jacquet
module 7y y is non-zero and to understand its structure as a module for M.

In an earlier work of ours [1], inspired by the work of Prasad in [4], we stud-
ied the structure of a certain twisted Jacquet module of a cuspidal represen-
tation of GL(4, F). Recently, we have realised that the structure of the mod-
ule for GL(2n, F) can also be studied using the more sophisticated theory of
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derivatives of the p-adic group GL(n) studied in the classical paper of Bernstein-
Zelevinskii) (see [2]). In this paper, we continue our study of the twisted Jacquet
module for a cuspidal representation of GL(6, F) and use elementary methods
from linear algebra to calculate its structure. The calculations in the GL(6, F)
case are much more involved than in the case of GL(4, F) and we hope that
some of these ideas could be used to give an alternative proof in the GL(2n, F)
case as well, using simple techniques from linear algebra. We refer the reader
to Section 1 in [1] for a more elaborate introduction to the problem.

Before we state our result, we set up some notation. Let G = GL(6, F) and
P be the maximal parabolic subgroup of G with Levi decomposition P = MN,
where M ~ GL(3,F) X GL(3,F) and N ~ M(3, F). We write Fg for the unique
field extension of F of degree 6. Let 1), be a fixed non-trivial additive character
of F. Let

0 01
A=]0 0 O
0 0O
and ¢, : N — C* be the character of N given by
1 X
wa[y )= vocrecaxn L
Let Hy, = M, X M, where M, is the Mirabolic subgroup of GL(3, F) and M, =
0 01
woM lT wy 'wherew, = [0 1 0]. Let U be the subgroup of unipotent matrices
1 00

in GL(6,F) and U4 = U n H,4. Clearly, we have U, ~ U; X U, where U, and
U, are the upper triangular unipotent subgroups of GL(3, F). For k = 1,2, let
Ui : U = C* be the non-degenerate character of U given by

1 X X3
M|l 10 1 X3 || = Polx12 + X23).
0O O 1

Let u : U4, — C* be the character of U, given by
p(u) = py (U (uz)

where u = [ul 0 ]
0 U,

Theorem 1.1. Let O be a regular character of F;( and m = 1y be an irreducible
cuspidal representation of G. Then

. 4H
7TN’¢A [t 6|F>< X lndUz M

as My, modules.
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We establish the above isomorphism by explicitly calculating the characters
of Ty y, and O] px @ indgﬁ (u), and showing that they are equal at any arbitrary
element of My, .

2. Preliminaries

In this section, we mention some preliminary results that we need in our
paper.

2.1. Character of a cuspidal representation. Let F be the finite field of or-
der g and G = GL(m, F). Let F,, be the unique field extension of F of degree
m. A character 6 of F); is called a “regular” character, if under the action of the
Galois group of F,,, over F, 6 gives rise to m distinct characters of F,. It is a well
known fact that the cuspidal representations of GL(m, F) are parametrized by
the regular characters of F};. To avoid introducing more notation, we mention
below only the relevant statements on computing the character values that we
have used. We refer the reader to Section 6 in [3] for more precise statements
on computing character values.

Theorem 2.1. Let 6 be a regular character of F}.. Let & = 7g be an irreducible
cuspidal representation of GL(m, F) associated to 6. Let ®Og4 be its character. If
g € GL(m, F) is such that the characteristic polynomial of g is not a power of a
polynomial irreducible over F. Then, we have

Oy(g) = 0.

Theorem 2.2. Let 6 be a regular character of F,y. Let m = 7y be an irreducible
cuspidal representation of GL(m, F) associated to 6. Let ®g be its character. Sup-
pose that g = s.u is the Jordan decomposition of an element g in GL(m, F). If
Og(g) # 0, then the semisimple element s must come from F,5. Suppose that s
comes from F;. Let z be an eigenvalue of s in F,,, and let t be the dimension of the
kernel of g — z over F,,. Then

d-1
0s(@) = (1" T, 661 - g1 - @)+ (1~ @),
a=0

where q¢ is the cardinality of the field generated by z over F, and the summation
is over the distinct Galois conjugates of z.

See Theorem 2 in [4] for this version.

2.2. Twisted Jacquet module. In this section, we recall the character and
the dimension formula of the twisted Jacquet module of a representation 7.

Let G = GL(k,F) and P = MN be a parabolic subgroup of G. Let i be a
character of N. For m € M, let " be the character of N defined by "(n) =
Y(mnm™1). Let

V(N,9) = Span {n(n)v —p(n)v | n € N,v € V}
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and

My ={m e M | 9" (n) = (n),Vn € N}.
Clearly, My is a subgroup of M and it is easy to see that V(N, ) is an M-
invariant subspace of V. Hence, we get a representation (7y 4, V/V(N, 9)) of
My. We call (zy 4, V /V(N,)) the twisted Jacquet module of 7z with respect to
¥. We write Oy , for the character of 7y .

Proposition 2.3. Let (7,V) be a representation of GL(k, F) and ©,, be the char-
acter of m. We have
1

N D 0. (mn)p(n).

nenN

Ony(m) =

We refer the reader to Proposition 2.3 in [1] for a proof.

Remark 2.4. Taking m = 1, we get the dimension of 7y ;. To be precise, we
have 1
N 2 Ox(mg(m).

neN

dimC (7TN’¢) =

2.3. Character of the induced representation. In thissection, we recall the
character formula for the induced representation of a group G. For a proof, we
refer the reader to Chapter 3, Theorem 12 in [5].

Proposition 2.5. Let G be a finite group and H be a subgroup of G. Let (7r,V)
be a representation of H and y, be the character of 7. Then for each s € G, the

character of indg(n’) is given by

1 -1
Xind,%(n)(s):ﬁ IEZ;; Xz (L7s).

t~lsteH
3. Dimension of the twisted Jacquet module

Let 7 = 7y be an irreducible cuspidal representation of G corresponding to
the regular character 6 of Fg and ®y be its character. Throughout, we write
M(n, m,r, q) for the set of n X m matrices of rank r over the finite field F = F,.
In this section, we calculate the dimension of TN, - Before we continue, we
record some preliminary lemmas that we need.

Lemma 3.1. Letr € {0,1,2,3} and X € M(3,3,r,q). We have
(g —1D(¢* —1)(g® - D(q* —1(g° = 1), if r=0

o <[1 X]) _]-@-1(¢ -1’ - 1(g* - D, if r=1
“\lo 1 (g - 1> - D(g* - D), if =2
~(q—1)(g* - ), if r=3

Proof. The result follows from Theorem 2.2 above. O
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a d g 100
X=|b e h|,a=|0 0 of,Ax =
c f k 000

For a € F and r € {0, 1,2, 3}, consider the subset Y . of M(3, F) given by
Y{, =1{X € M(3,F) | Rank(X) = r, Tr(AX) = a}.

Let

Lemma 3.2. Letr € {1,2,3}and a, B € F*. Then we have
#YS = #Y"
Proof. Consider the map ¢ : Y;’"r - Yf,r given by
$(X) = a™'BX.
Suppose that $(X) = ¢(Y). Since a™'B # 0, it follows that ¢ is injective. For

Y € Yf . let X = af7'Y. Clearly, we have Tr(AX) = « and Rank(X) =
Rank(Y) = r. Thus, ¢ is surjective and hence the result. O

Theorem 3.3. Let O be a regular character of F, g and 7 = 7y be an irreducible
cuspidal representation of GL(6, F). We have

dime(7yy,) = (@ — D*(g* — D2

Proof. It is easy to see that the dimension of 7y 4, is given by

. 1 1 X\
dine(muy) =5 3, e (o 5])#m@n.  en

We calculate the following sums

@ si= ¥ ofly T])wman

XeM(3,3,0,q)

5= 3 e, 7] e
XeM(3,3,1,9)
Tr(AX)=0

v % |y T])secmcany

XeM(3,3,1,9)
Tr(AX)=a#0

© s=_ % o]y 1| wraxy

XeM(3,3,2.9)
Tr(AX)=0

s 3 |y 1|)wraxy

XEM(3,3,.2,9)
Tr(AX)=a#0
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@ si= ¥ ee(lp T])wmcan)

879

XEM(3,3,3,9)
Tr(AX)=0
1 X\
+ N o]y 1| wraxy
XEM(3,3,3,9)
Tr(AX)=a#0

separately to compute the dimension of 7y 4

For a fixed r € {0,1,2,3} and a € {0, 1}, we find a partition of Y“ into cer-

tain subsets, and compute the cardinality of each of these subsets to find the
cardinality of Y7 ,. We record the necessary information in the tables below.

For (a), we clearly have

s=au(s 7)o

= (g - 1)(¢* - 1(¢’
For (b), we have

—1(g* - 1)(g° - 1).

TABLE 1. Rank(X) =1

Partition of Y3, | Cardinality | Partitionof Y}, | Cardinality
0 1 1 B
b Ab ﬁb @-ng | {lp w pb gt
c A c Ac  fc
0 d
0 e (¢° - 1yq
o f
0O 0 g
0 0 h ¢ -1
0 0 k
Thus,
1 X — -—
s=es(lo i) = O + ¥ %@
XeM(3,3,1,9) XeM(3,3,1,9)
Tr(AX)=0

Tr(AX)=a#0
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= 0, ([(1) )1( ]) (#73, —#v1)

=—(q- D@ -1 -D(@q*-D(¢*-Dg*+ (@ -Dg+ (g -1)—q*

=—(q—-D*q* - 1)*(¢®+29" +2¢° + ¢° — 2¢* —3¢> — 4q*> — 29 — 1).

For (d), we have

TABLE 2. Rank(X) =3

Partition of ng Cardinality Partition of Y§,3 Cardinality

1
H ” @ - - -g») “b ” (@ -9 - g%
C

o oo
~ 0 Q.
;S0
~ o Q
& S0

Thus,

seas |55 + 3 w0

X€eM(3,3,3,9) XeM(3,3,3,9)
Tr(AX)=0 Tr(AX)=a#0

1 X
= 0, ([0 h )(#Y;{3 —#Y1,)
= —(q - D(@* - D({(¢* - D(@* — (@’ — ¢*) — ¢*(@® — 9)(@*> — ¢%))
= (¢ - D*(q* - 1)*¢.

For (¢), we let X' =

; Z . For a € {0, 1}, we partition the set Y;"Z accord-
ing to the rank of X’ and count the cardinalities of each of these subsets. For
Rank(X’) € {0,1,2} and a € {0, 1}, we record the cardinality of such subsets of

Y;z in the following tables.
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TABLE 3. Rank(X) = 2,Rank(X’) =0
Partition of Y(s),z Cardinality Partition of Y;,z Cardinality
0 d g 1 d g
By=1[b 0 0f|d®#00r | (®-1* | By=1|b 0 0]|dg#00; | (¢>-17
c 0 O c 0 O
TABLE 4. Rank(X) = 2,Rank(X’) =2
Partition of ngz Cardinality Partition of Y;,z Cardinality
0 0 o 1 d o 1 0 g
Cr=1|2e+pn e h @-D@-9@) |Ci=q|dle+ph e hf|le+g'h e h 2¢* - 1)(q* - g
Af+Bk f Kk dlfp f k| |Af+gk f K
0 d o0 0o 0 g 1 d g
Cy=1|Bh e hf,[Be e h 2¢* - 1(¢* - q)* Cs=1|d'1-Bgle+ph e h (@*> = 1(¢* - ¢*)(g -1
Bk f k| |[Bf f Kk d'1-p)f +Bk [ k
0 d g
C3=1|B(-gdle+h) e h (@* - 1(¢* - 9*g-1D
B-gd™'f+k) [ k

TABLE 5. Rank(X) = 2,Rank(X’) =1

Partition of Y, Cardinality Partition of Y}, Cardinality
o 0 oflfo oo 10 o[t o o
Ey=1lb e 0|, b 0 h 2(¢> - 1)(¢* - q) Fi=1lb 0 hf,/b e 0 2(¢*> - 1)g?
¢ f ofl]|c 0o k c 0 k|l|ec f o
0o d o|lfo o g 1 d of[1 o g
E,={|b e o|,|b 0 h 2q® - 1)2(g 1) Fy=1{|Bh 0 h|,[Be e O 2¢* - 1(¢* - )
c f o]]c o k Bk 0 k| |Bf f O
0 0o g|[o a o 10 g 1.d 0
Ey={[2 e o|,|2h 0 h 2> -1)(q¢*—q) Fy={[b 0 h||(b,c)#@E hgtk)fuilb e 0f[(bc)# (@ e,d7'f) 2(¢* - 1)*(q-1)
Af f of |k o k c 0 k c f o0
0 d g 0 d g 1 d g|l|1 d g
E,={|-d'Bge e of,|-g'pdn 0 h 2g® - q)(g -1 Fy={(gh o n|.,[pe e o 2q(¢* - 1)(g - 1)
—d7'Bgf f Of |-g'Bdk 0 k Bk o k||gr 5 o
0 0 0 10 0
Es=1{|b ah h||A#0 (@ -Dg-1¢ -9 Fs=1lb e Zef|2#0 (¢ -DgXq-1)
c Ak k c f af
o d o|/|lo o g 1 d 0 1 0 g
Eg=1|Bh Ah h|,|Bh Ah h||2#0 2q(¢* - 1)(g — 1) Fe=1{|de+pre e Zef,|e+g'le e Ae||1#0 2q(¢? - 1)(g — 1)*
Bk Ak k| Bk Ak k df+BAf  f Af| |ef+g'Af f Af
0 d g 1 d g
Ey=1{|-d7'Bgah+Bh Ah h||d#2g.a#0} | (@ - 1@- 1% -2q) Fy={|dQ-Bge+ple e le|lg#adazo (¢* - (g - D¢ - 20)
—d'Bgak+ Bk Ak k dl1-Be)f +BAf f Af
0 g g 1 d ad
Eg=1|b Ah h|A#0 (@ -1*qg-1)7 Fg=1{|b e 2Zef|2#0 (@ -1%q-17
c 2k k c foaf
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‘We have,
3 8
0 __
Yy, =8| |a]| |E
i=1 j=1
and
5 8
1
Yi, =B |c| |F
i=4  j=1
Thus,

s-ofl ) 370+ 3 @

X€EM(3,3,2,q) X€EM(3,3,2,q)
Tr(AX)=0 Tr(AX)=a#0

=0, ([(1) )1( ]) (#7Q, —#v1,)

=(@-D(@@-1D)@@ -1 —¢°-2¢*+¢*+q)

=(q—1D*(¢* - D*q®— q* - 3¢°> - 2¢* — ).

From equation (3.1), it follows that

. 1
dlmc(ﬂN,sz) = E{Sl + SZ + Sg, + S4}

= %(q -DX¢* -1’
=(q—Dg* - D%
O

Remark 3.4. Suppose that B = Aw. It is easy to see that Oy y, ([”(’;1 n(a) ]) =
2

WoMm, W 0 . .
ON Y, ([ 0 01 0 sz' Thus, we have that dim(zy ) = dim(7y y,,)-

4. Main theorem

In this section, we prove the main result of this paper. Hereafter, we take

0 01
A=|0 0 O].
0 0O

For the sake of completeness, we recall the statement below.
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Theorem 4.1. Let © be a regular character of F; and m = 7ty be an irreducible
cuspidal representation of G. Then
. H
Ny, = 0lpx ® 1nde u
as My, modules.

The key idea of the proof is to compute the characters of the representations
p =0 ® indg;‘ u and 7y 4 and show that they are equal at any arbitrary
element in M. Dar Before we continue, we set up some notation and record a few
lemmas that we need.

Lemma 4.2. Let My, = {m € M | §"}(n) = (n),Vn € N}. Then we have
ain 4dip 43
Gy Az 43

0 0 a
My, =1 a€eF*;.
Ya a Yiz i3 |
0 Y Y2
U 0 Y32 Vs3] )
Proof. Letg = [301 gO] € M. Then g € My, if and only if Ag, = g,A. It fol-
2
air Gz di3 a Yz Jis
lowsthatg € My, ifandonlyifg, = |ay axn axfandg, =0 yn ¥zl
0 0 a 0 Y3 Y33
O

Lemma 4.3. Let Z = Z(G) be the center of G. Then, we have
My, ~ZxH,.
Proof. Trivial. O

. .M . M
4.1. Character calculation for p. Let p; = 1ndUl1 u and p, = 1ndUz2 Hy. In
this section, we calculate the character of the representation

. H
p =06|px @ind;" =~ 0|px ® (01 ® p2)-
4.1.1. Character computation of p;. Let y; be same as above. Consider the
representation
.My
P11 = 1ndU1 H
of M;. Let y,, be the character of p;. Let

0
S; = O||peF,q,reF*
1

S O Q

0 0
b 0||a,beF*} andS, =
01

o s
O O

Itis easy to see that S = S; U S, is a set of left coset representatives of U; in M;.
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Lemma 4.4. Let

a;; Ay 4z a 0 O
m=\|a, ayp a3|leMyandt=|0 b 0]|€eS;
0 0 1 0 0 1
Then, t~'mt € U, if and only if a;; = a,, = 1 and a,; = 0. In particular, for

m € M, with a;; = a,; = 1 and a,; = 0, we have

Z it~ mt) = Z Polatbay, + b7 ay).

teS,; a,beFX*

Proof. For m € M, and t € S;, we have

ag a_lbalz a_1a13
t_lmt = b_laa21 Cl22 b_1a23
0 0 1

Thus, it follows that t~'mt € U, if and only if a;; = a,, = 1 and a,; = O.
Clearly, we have

Z m(t™tmt) = Z Polabay, + b ay),

tes; a,beFx
hence the result. O
Lemma 4.5. Let

ap;; app a3
m=|a, a ap|€EM;andt=
0 0 1

el T o]
o o
= O O
m
%)
N8}

Suppose that a,; = 0. Then,
t~'mt € U, ifand only if a;; = a,, = 1 and a;, = 0.
In particular, for m € M, with a;; = a5, = 1 and a,; = a;, = 0, we have

Z m(t™tmt) = Z Po(=pq~'rtay + g ay3).
tESZ pEF
r,qeF*

Proof. Letm € M, and t € S,. If a,; = 0, we have,

ar 0 r_1a23
t7'mt = | pg~H(ay; — ap) +rqtag, ai qla;; — pglrtay
0 0 1

Then, t~'mt € U, if and only if ay, = a;; = 1 and a;, = 0. Clearly, we have

Z pa(t~tmt) = Z o(=pq~'rtay + g ags).

tESZ pEF
r,qeF*

Hence the result. (]
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Lemma 4.6. Let

a;; Qi a3 p q o0
m=|dy Qay daxy]|E Ml andt=|r 0 0fe€ Sz.
0 0 1 0 0 1

Suppose that a; # 0.
a) Ifp =0, thent~'mt € U ifand onlyifa;; = ay, = land a;, = 0. In
particular, we have

Z i (t~tmt) = Z Po(qrax + q " ag3).

tes, r,qEFX

—(a1;—1)?

ax

b) If p # 0, then t™'mt € U, ifand only if ay; + ay = 2, a;, =
andr = (&211) In particular, we have
an—

Z m(t~tmt) = — Z Polq (=8 + ar3)),

tes, qEF*
— -1
where § = a5, ay(ay; — 1).

Proof. Let
a;; app g3
m=\|a; ay; a3|€M,;
0 0 1

and suppose that a,; # 0. In case a), since p = 0, we have

-1 -1
a%z qr "a r 1‘123

-1 _ - —

I mt = |rq -ap agy q "as
0 0 1

Thus, it follows that t~'mt € U, if and only if a,, = a;; = 1and a;, = 0. In
particular, we have

D tm) = D) polgrian +q ).

tes, r,qeEF*

In case b), since p # 0, we see that t~!mt is equal to

-1 -1 -1
1 a2 +prl a1 2, —1,.—1 a az% 1 ' a231 1
pq (a1 —ax)+rq a;;—p°q ray a;—prax; q az—pq raxp

0 0 1

Clearly, we have t~'mt € U, ifand onlyif a;; = 1+ prta,, a, = 1—prtay
and pq~(ay; — az) +rq tay, — p*qrtay = 0. Using ayy — ay, = 2prtay,

_ —1)2
ay; +a,, = 2and det(t~'mt) = 1, it follows that a;, = (a;; Y andr = (%)

In particular, taking § = az‘lla23(a11 — 1) we have

Dmtm) = = ) Po(q 7 (—an tag(ar; — 1) + ar3))

tes, qeF*
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=— > Po(q7H (=8 + az3)),

qeEF*
hence the result. O

We summarize the character values of p; in the table below.

TABLE 6. Character of p;

Type of m m Xp, (M) Type of m m Xp, (m)
1 a, a3 1 0 ap
Type-1 0 1 0 ||a,€F* 1-q Type-6 0 1 ap||ays,a;€eFX (1-q
0 0 1 00 1
1 ap ap 1 0 O
Type-2 0 1 ay|lap a;€F” 1 Type-7 an 1 ay||ay € FX a-9
0 0 1 0 0 1
10 0 1 0 ap
Type-3 0 1 ay||ay€F a-q Type-8 ay 1 ay||ay,a;; € FX 1
00 1 0 0 1
100 ap ap ap; @ €F, a3=8 ,
Type-4 010 (1-q)1-¢* | Type-9 Ay Gp axp||ap=—ayHapn -1 [ A-¢q)
001 0 0 1
1 0 ap ap app ap a3 €F, a;3#8 )
Type-5 01 0 |laz€F Q-9 Type-10 Ay ayp Ay ||ap=—ay"an - 1) 1
00 1 0 0 1

If m € M, is not one of the types mentioned in Table 6, then y, (m) = 0.
4.1.2. Character computation of p,. Let u, be same as above. Consider the
representation
.M
P2 = 1ndU22 H2

of M,. Let x,, be the character of p,. Let

1 0 O
S;=4]0 a O0]|]|a,beF*
0 0 b
and
1 0 O
S,=310 p q||lp€F,qreF*
0O r O

Itis easy to see that S = S; U S, is a set of left coset representatives of U, in M,.
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Lemma 4.7. Let
1 yi Y13 1 00
m=|0 Yo Ya3| € Mz,t =]0 a 0]|€e Sg.
0 Y3 Y33 b

Then, t™'mt € U, if and only if y,, = ys3 = 1 and y5, = 0. In particular, for
m € M, with y,, = y33 = 1 and y;, = 0, we have

D tm = ) Po(ayi; + balyy).

teS; a,beF*
Proof. Similar to Lemma 4.4. O

Lemma 4.8. Let

I Yy yi3 1 00
m=10 Y Y| € M2 andt=|0 p q| € S4.
0 Yy Y33 0 r O
Suppose that y3, = 0. Then,
t~imt € U, ifand only if y5, = y33 = 1 and y,;3 = 0.

In particular, for m € M, with y,, = y33 = 1 and y3, = ¥,3 = 0, we have

Z po(t~tmt) = Z Yo(py12 + ry13)-

teS, PEF
r,qEF*

Proof. Similar to Lemma 4.5. O

Lemma 4.9. Let
1 Y2 i3 1 00
m=10 Yoo Va3 €M2andt= 0 D q 654.
0 Yy Y33 0 r O
Suppose that ys, # 0.
a) If p=0,thent™'mt € U, ifandonly if y,, = y33 = land y,; = 0. In
particular, we have
Z Mot~ mt) = Z Po(qr='ys +ry13).
tesS, r,qeF*

_ (y22—1)2
V32

b) If p # 0, then t'mt € U, if and only if yo5 + y33 = 2, Yo3 =

andr = (M> In particular, we have
Y22~

D tm) = = D7 do(p(y + y12)),

teS, pEF*

-1
wherey = y3y13(y2 — 1) .

Proof. Similar to Lemma 4.6. O
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We record the character values of p, in the following table.

TABLE 7. Character of p,

Type of m m Xp,(m) Type of m m Xp,(M)
10 yg;] 1y yis
Type-1 0 1 yy||y3 €FX -9 Type-6 0 1 0 [|yy3€F a-9
00 1] 0 0 1
1 yi2 yi3 1y 0
Type-2 0 1 yuf|yy23 €F* 1 Type-7 0 1 0ffyp€F Q-9
00 1 0y 1
1 yp 0] 1y yi3
Type-3 0 1 0]y, €eF” 1-9 Type-8 0 1 0 [|yzyn€F 1
0 0 1 0y, 1

10
Type-4 01
00

10
Type-5 01
00

0 1y yi3
0 (1-9)(1-g*| Type9 0 yn Yx
1 0y Y

1y yis
Y13 € FX a-9 Type-10 0 yn Y

V2€F%, y==7, 5
Vi ==y e -1 a-9

0 yi i

Yn€FX, yu#-y, ,
Vi ==y 02— 1) 1

If m € M, is not one of the types mentioned above, we have y,,(m) = 0.

For1 <i,j <10, we let

T@,j) =1k = (my,m,) € Hy | my € Type —i,m, € Type —j}.

Theorem 4.10. Let p = O|px ® p1 ® p,. Let x, be the character of p. For
m = (a,my,m,) € Z X M; X M,, we have

Xp(m) = e(a))(pl (ml))(pz (my)

where (my, m,) € T(i, j), i, j € {1, ...,10}. Otherwise, y,(m) = 0.

Proof. We summarize the results from Table (6) and Table (7). O
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TABLE 8. Character of p
Type-1 Type-2 Type-3 Type-4 Type-s Type-6 Type-7 Type-8 Type-9 Type-10
Type-1 8(a)1 - q) 8(a)(1—q) 8(a)1 - q)? 8(a)1 - )*(1 - %) 8(a)1 - q)? 8a)1-q)? (@)1~ q)* 6(a)(1-q) 6(a)1 - q) 6(a)(1-q)
Type-2 81 -q) 6(a) 81 -q) 6(@)(1 - )1 - ¢*) 81 -q) 81 -q) o)1 -q) (a) 6@ -q) 6(a)
Type-3 8(a)1 - g 6@ -q) 8(a)1 - q) 8(a)(1 - )1 - ¢*) 8(a)(1 - q 8(a)(1 - q) 68(a)1-q) 81 -q) 8(a)1 - g 81 -q)

Type-4 | 6(@)1-*(1—¢?) | 6@ - )1 -g?) | 8@ -@?(1-g*) | 8@ -q)*(1-¢* | @)1 -qP1-¢*) | 8a)1 - g1 -¢*) | 8a)1-g*(1-q%) | 6@l -q)N1-g?)

8(@)(1 - (1 -q*)

8(@)(1 - )1 - ¢*)

Type-5 6(a)1 - q) 8(a)(1 - q) 8(a)1-q)? 8(a)1 - g)*(1 - ¢%) 8(a)1 - q)? 8a)1 - q)? (@)1~ q)* 6(a)(1 - q) 6(a)1 - q) 6(a)(1 - q)
Type-6 8(a)1 - q) 6@ -q) 8(a)1 - q) 8(a)1 - )1 -g*) 8(a)1 - q) 8(a)(1 - q) 6(a)1-q) 81 -q) 8(a)1-q? f@1—-gq)
Type-7 8(a)1 - q)? 6a)(1-q) 8(a)1 - g 8(a)(1 - )1 - ¢*) 8(a)(1 - q 8(a)(1 - q) 6(a)1-q)* 8a)1-q) 8(a)1-q) 81 -q)
Type-8 81 -q) é@ e -q) 8(a)(1 - )1 - ¢*) e -q) e -q) e -q) (a) @ -q) &(a)
Type-9 8(a)1~q) 8(a)(1 - q) 8a)1-¢q)? 8(a)1 - (1~ ¢*) 8(a)1 - q)? 8a)1-q)? (@)1~ q)* 6(a)(1-q) 6(@)1 - q)* 6(a)(1-q)
Type-10 8(a)1 - q) 8(a) 8@ - q) 8(a)1 - )1 - ¢*) 8(@)1 - q) 81~ q) 81 - q) 6(a) 8(a)1 - q) 6(a)

4.2. Character calculation for 7y 4, .
Lemma 4.11. Letm = ah € My, wherea € Z and h € H,. Then,
Ony, (M) = 6(a)By y, (h).
Proof. We have
Ony, (M) = Oy y, (ah)

ﬁ > 0s(ahn)pa(n)

neN
. -
= é, Tr(z(ahn))p 4(n)
-1 Z Tr(7w(a)(hn)) 4(n)
|N| neN
= (@)= 3 Tr((hn)Pa(n)

INT jen
= w(a)Oy y,(h)
where w,, is the central character of 7. Explicitly, we have
Bg(a) = Tr(n(a)) = Tr(w,(a)) = w,(a) dim(7).
Using Theorem 2.2, it is easy to see that
Og(a) = 8(a) dim(x).
Thus, we have w,(a) = 6(a) and the result follows.

0 wy

Lemma 4.12. Lett = [
wy, 0

]. For1 < i, j £10, we have

T(j,i) =TT, j) o
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Proof. Trivial. O
Theorem 4.13. Let m’ € T(j,i). Then there exists m € T(i, j) such that

@N,sz(m) = GN,sz(ml)-
m, 0 . .
Proof. Let m' = [ o m’] € T(j,i). Since T(j,i) = tT(i, j)Tt71, it follows
2
that,

T,--1

m =tm't™
m; 0
0 m,

womy 'wy . Since m! € My, clearly 1 ,(X) = P4 ((wom, "w)~1X). We have

for some m = [ ] € T(i, j). Thus we have m/ = wom, w, ™" and m} =

1 WM, ' wy ! X
Ong, (M) =0 D) O 0270 T _1]¢A(X)
4 |N| XeM(3,F) 0 WoMmy Wy

1 wy O01|m," wy ' Xwy|[wy 0]\——

- Ly 69([ 0 ][ 2 Wo T°H 0 ])sz(X)
|N| XeMG,F) 0 Wy 0 my 0 Wy
1 m," wy  Xw,|\———

== 2 @9([ 20 G °D¢A(X).
IN XEM(3,F) 0 m

On the other hand, using Tr(A(w, ' X "w,)) = Tr(AX) we have

1 ['m; X
Ovpm=e ¥ 0| 13,00
! INT xeMG.p) 0 m
1 [m, XT]
=— > 6 Pa(XT)
IN| XEM(B,F) 0 m
1 (m, wy X wy|l———————
= INT Z Op 01 0 m 0] P a(wo 1 X Twy).
XeM@3,F) © 2
1 (m, wy X Twy]——
=N Y, O o %0
XeM(3,F) - 2
Since
Rank m,’ —1 wy ' Xwy |\ _ Rank [ m, —1 0
0 m—1|]" wy'XTwy my; —1

= Rank 0 m, —1

_ 0 17] m, -1 o |0 1
_Rank(_l 0] [w(;lXTwo ml—ll [1 o])

[, — 1 wo_lXTwOl)
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we have,
T -1 -1y T
. my =1 w; Xwy|\ _ .. m—1 w, X wy
dim(ker ([ 0 mT -1~ dim(ker 0 my—1 |/
Hence,
T -1 “1yT
my wyXw| _ m; w; X wy

@9 0 mlT - 66 0 m,

and the result follows. O

Remark 4.14. We have used the fact that Rank(M) = Rank(M ") and Rank(NMP) =
Rank(M) if N and P are invertible matrices.

Letm = (my, m,) € My XM, = H 4. Suppose also that m,, m, are unipotent.
my
0
Theorem 2.2, it suffices to compute dim Ker(h — 1). We note that the following

proposition is valid even when H 4 is a subgroup of GL(2n, F).

To calculate ®y y , (m), we need to compute Og(h), where h = [ n)f ] Using
2

m

0
Suppose that m, and m, are also unipotent. Let W' = Ker(m, — 1). Then, we
have

Proposition 4.15. Let h = [ n)f] € GL(2n,F), where (my,m,) € Hy,.
2

dimKer(h — 1) = dim Ker(m; — 1) + dim Ker(m, — 1)
— dim(XW’) + dim{XW’' n Im(m; — 1)}.

Proof. Let V be an n-dimensional vector space over F and let m;, m,, X be
linear operators on V. Suppose that {e,, ..., e,,} is a basis for Ker(m; — 1) and
{f1,-, fi} is a basis for Ker(m, — 1). Extending the basis of Ker(m; — 1) and
Ker(m, — 1) we get ordered bases 8 = {e;,...,e,} and B’ = {f1,..., fn} of V.
Consider the ordered basis § = {(e;,0), ..., (e,,, 0), (0, f1), ..., (0, f )} of V B V.
We let h to be the linear operator on V @ V defined as follows. For1 <i,j < n,

h((e;, 0)) = (my,0)(e;, 0) = (my(e;), 0)

and
h((0, ) = (X, my)(0, f;) = (X(f ), ma(f;))-
Then, ,
__ |[mlg X1,

[h]ﬁ [ 0 [mz]ﬁﬁfl
where

IXT5, = X1 X, -+ X,].
Let

Wl = Span{(ml - 1a 0)(em+1’ 0)’ see sy (ml - 1s 0)(ens 0)} = Im(ml - 1)s
WZ = Span{(Xa m; — 1)(0’ fl)a () (X’ m; — 1)(0’ fk)} =Xw’
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and
W3 = Span{(X fi41, (M3 — 1) fieg1)s s X, My — 1) )}
Clearly,
It is easy to see that
W20W3 ={0}= Wan3.
Since dim(Ker(m, — 1)) = k, we have that
dim(W;) = dim(Im(m, — 1)).
Therefore,
dim(Im(h — 1)) = dim(Im(m; — 1)) + dim(Im(m, — 1))
+ dim(XW’) — dim(XW’ N Im(m; — 1)),
hence the result. ([

Remark 4.16. Let h be as in Proposition 4.15. We note that

XW' = Span{X,,X,, ..., X} }.
‘We will continue to use this in our character calculations at several instances
to follow.

0

Letm = [”(’1)1 ] € H,, where my € M;, m, € M,. Throughout we write

m

’ mq X

W = Ker(m, — 1). For X € M(3,F), weleth = o ml For 8 € F, we
2
define
S(B) ={X € M(3,F) | Tr(Am;~1X) = Tr(AX) = B8}.
Let
E= U TG, j).
i<j
i,jef1,2,4}

We call E to be the fundamental set. To determine ©y y, (m) for m € T(i, j), it
is enough to compute Oy y , (m) for m € E.

Theorem 4.17. Let m € T(1,1). Then, we have
Ony,(m) = (1 —q)*
Proof. We have

1
®N,¢A(m) =T Z Og [
INI XeM(3,F)

m X

S )

Note that dim Ker(m; — 1) = 2, Im(m; — 1) = Span{e;} and Ker(m, — 1) =
Span {e;, e,}. To calculate the character value, we write

1
Oy y,(m) = E(Al + A,)
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where
m X\|l7——=
A = Z 66[01 mz]EbA(mle)
XeS(0)
and
m X\|7——=
D D T Kl P S)
BEF* XES(B)

For simplicity, we let t = dim(Ker(h — 1)). To compute A;, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the table below.

TABLEO. A,

Partition of S(0) dim(XW") | dim(XW’ A Im(m, — 1)) | ¢ = dim(Ker(h — 1)) | Cardinality

00 e
1)(a) [0 0 .f] 0 0 4 7
00 I
0 0 e
1) 00 f
0 k 1
2)(a) “ ]

2)(b) “ L‘,kepxyad—bc;&ﬂ] 2 0 2 (-1

ke Fx] 1 0 3 (a-Dg*

cac

e
f||ad=be# 0' 2 1 3 (¢* - 1)(q - Dg*
[

ab e
2)(e) 0 d fllkeF<ad#0 2 1 3 (q-17*
0 k I
a ya e
3)a) ¢ ye fl|lceF<yeF 1 0 3 (q-1q°
00 I
a ya e
3)(b) 0 0 f|laeF%yeF 1 1 4 (q-1g*
00 I
a ya e
3)(c) ¢ ye fllekeFyeF 2 0 2 (q-17¢°
0 kI
a ya e
3)(d) [0 0 f] keF*yeF 2 1 3 (qg-13q*
0 k I
0b e
4)(a) [o d f] deF* 1 0 3 (q-1gq*
00 I
0 b e
)(b) 00 f|lber* 1 1 4 (q-Dg*
00 1
0 b e
() [0 d .f] keF* 1 0 3 (¢*-1(g-1Dg*
0 k I

Hence,
Al = Kl + K2 + K3
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where

D Ki= % 0| o ])eatm X = 1 - 90 -0 - )
i

b K= ¥ 0| o |9atm X0 = —g°2a + - 1@ - 1),

XeS(0)
t=3

m X|l0——=
O K= 3 0|y [9alm X = aa -1
X€S(0) 2
=2

It follows that

A= Y ol 2 eamT0=g@-1 @
XeS(0)

Proceeding in a similar way, we find a partition of S(8) to compute A,. We
record the details in the table 10.

Hence, A, = K, + K5, where

D K= 2 3 0| o [9a0mT0 =g -1 - .

BeEF* XeS(B)
t=3
m X|——=
b Ks= % % 0|t o [9atm X0 = —g7q- 12
BEF* XeS(B) 2
t=2
It follows that
m X|—
A=) > 0| ) ba(m71X) = ¢*(q — 1)% (4.2)
0 m,
BeF* XeS(B)

From (4.1) and (4.2), it follows that

Ony,(m) = (1 —q)*
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Partition of S(8) dim(XW") | dim(XW’ nIm(m, — 1)) | t = dim(Ker(h —1)) |  Cardinality
00 e
1)(a) 00 f 1 0 3 ¢
o1
00 e
1)(b) 00 fllkeF* 1 0 3 (9-1¢*
Bkl
ab e
2)(a) c d flldeF<ad—bc#0 2 0 2 (q-1?¢°
B ol
ab e
2)(b) c 0 ff[lbc#o0 2 1 3 (q-1yq*
g ol
ab e
2)(0) 0 d fllkeF<ad#0 2 0 2 (g - D% -9’
B k1
ab e
2)(d) ¢ 0 fllkeFXbc#o 2 0 2 (@ - 1% -9’
B k1
2)(d) ¢,d,k € F*,ad—be#0,d = ﬁ"ck] 2 1 3 (a-1DX¢* - 9)¢’
a
2 | {|e ¢,d,k € F*,ad~bc#0,d #f'ck 2 0 2 (9-1(g-2)q*
8
aya e
3)(a) ¢ ye fllerer 2 0 2 (g-1?q*
B o1
a ya e
3)(b) 0 0 fllayeF® 2 1 3 (-1
g o 1
a 0 e
3)() c 0 fliae#0 1 0 3 (@ -Dg*
B ol
a ya e
3)(d) ye f] yeF<k=yp 1 0 3 (@ =1(g - g’
Bk 1
a0 e
3)(e) ¢ 0 fllkceF* 2 0 2 (q-1Yq*
Bkl
a0 e
3 00 fllker* 2 1 3 (q-17¢
B k1
ya e
3)(@) ve fllekyeF\k#yp 2 0 2 (@-1%g-2q*
ko1
a e
3)(h) 0 fllakyeP<k#yg 2 1 3 (q-1%g-2¢*
1
0b e
#)a) 0d flldeFr* 2 0 2 (g-1g°
Bkl
0b e
4)(b) 00 fllbeF* 2 1 3 (g-1gq*
Bkl

895
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Theorem 4.18. Let m € T(1,2). Then, we have
Ony,(m) =1 -q).
Proof. We have
m X\|\7——=
Z Op [ 01 m ]¢A(m1_1X)-
2
XeM(3,F)

Note that dim Ker(m; — 1) = 2, Im(m; — 1) = Span{e;} and Ker(m, — 1) =
Span {e,}. To calculate the character value, we write

1
Ony,(m) = N

1
@N,ZI)A(m) = E(Bl + Bz)

where
m X\|7——=
B, = Z 99[ 01 m2]¢A(ml_1X)
XeS(0)
and
m X\|\7——=
B, = Z Z CF [ 01 m2] lpA(ml_lX)-
BEFX XES(B)

For simplicity, we let t = dim(Ker(h — 1)). To compute B;, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the table below.

TABLE 11. B,

Partition of S(0) dim(XW’) | dim(XW' nIm(m,; — 1)) | t = dim(Ker(h — 1)) | Cardinality

0 b
1) [Od
0 k

a b e
2)(a) ”c d f] cEeFX 1 0 2 (q-1)q’
0 k I
a b e
2)(b) ”0 d f] a e F* 1 1 3 (g—1)g°
0 k 1
Hence,
Bl = Kl +K2
where
m X|l0—=
D Ki= 3 0|5 2 |9alm X =~ - - ),
Xe5(0) 2
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m X\|l7——=
b) K, = Z g [ 01 - ]I,DA(ml_lX) =q’(1 - q)°.
XeS(0) 2
=2
It follows that
m X|l—=
Bi= ), © [ 01 m ]¢A(m1‘1X) = —q%(q - 1)% (4.3)
XeS(0) 2

Proceeding in a similar way, we find a partition of S(f) to compute B,. We
record the details in the table below.

TABLE 12. B,

Partition of S(B) | dim(XW') | dim(XW' nIm(m; — 1)) | t = dim(Ker(h — 1)) | Cardinality

E L

Hence,
_ m; X I 801 _
B, = 2; 2: Qg 0 m Ya(m~'X) = q¢°(1 — g). (4.4)
2
BeF* XeS(B)
t=2

From (4.3) and (4.4), it follows that
Ony,(m) =1 -q).

™o R
Fac
—_—

Theorem 4.19. Let m € T(4,1). Then, we have
Ony,(m) =1 -1 —g?).
Proof. We have
m X\l
Z Op [ 01 m ]¢A(m1_1X)-
2
XEM(3,F)
Note that dim Ker(m;—1) = 3, Im(m; —1) = {0} and Ker(m,—1) = Span{e;, e,}.
To calculate the character value, we write

1
@N#,A(m) = ?(Cl + Cz)

1
®N,z,b 4 (m) = W

where we have
m X |/
C = Z O [ 01 m ]¢A(m1_1X)
Xes(0) 2
and

m X\|l0——=
G= % % 0| o |[patmT0.
BEF* XeS(B)
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For simplicity, we let t = dim(Ker(h — 1)). To compute C;, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the following table.

TABLE 13. C;

Partition of S(0) dim(XW’) | dim(XW' nIm(m, — 1)) | t = dim(Ker(h — 1)) Cardinality

00 e
1)(a) |:0 0 f] 0 0 5 ¢
00 I

0 0 e
1)(b) [o 0 f] k € Fx 1 0 4 (g-1g?
0k 1
a b e
2)(a) [c d f] ad —bc#0 2 0 3 (> - 1(¢* - g’
0 0 I
a b e
2)(b) [c d f] ke F*,ad—bc#0 2 0 3 (¢ -1(g—-1)*¢*
0k 1
a ya e
3)(a) [c ye f] y€EF 1 0 4 (¢?-1)g*
0o 0 I
a ya e
3)(b) [c ye f] keF<yeF 2 0 3 (¢> =@ -Dg*
0 k 1
0 b e
4)(a) [o d f] 1 0 4 (g*-1g*
00 I
0 b e
4)(b) [0 d f] k € F* 1 0 4 (@®-D(g-Dg’
0k 1
Hence,
Cl = Kl + K2 + K3
where
m X 1 3 2 3
D K= 3 0|5 2 |9almX) = —g*1 -1 - )1 - )1 -
XeS(0) 2
t=5
4
q*).

K= ¥ 0|t 2 |Pam X = P-aPa -0 - g+
X€S(0) 2
=4
2q +1).
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OK= ¥ 0s[g X 19amX) = —¢@ - 170 -1 -
XeS(0)
t=3

It follows that
m X/
= % 0| e = —¢a-ra-a. @)
XeS(0) 2

Proceeding in a similar way, we find a partition of S(3) to compute C,. We
record the details in the table below.

TABLE 14. C,
Partition of S(8) dim(XW’) | dim(XW’ nIm(m, — 1)) | t = dim(Ker(h — 1)) Cardinality
0 0 e
1)(a) 00 f 1 0 4 ¢
B0 1
0 0 e
1)(b) [o 0 f] ke Fx 1 0 4 (g-1¢g’
Bk 1
a b e
2)(@) [c d f] ad—bc#0 2 0 3 (@ =@ - g’
B oI
a b e
2)(b) c d fllkeF*ad—-bc#0 2 0 3 (¢*-1)(q - 1)*q¢*
B k1
a ya e
3)(a) [c e f] yeFx 2 0 3 [CEEBVCESVY
g o 1
a 0 e
3)b) [e 0 f] (a,0)#0 1 0 4 [CEERE
B0 1
a 0 e
3)(c) [c 0 f} (a,c) # 0,k € FX 2 0 3 (¢ - (g —1g*
B k1
a ya e
3)(d) [c ye f} yeEF k=y8 1 0 4 (¢* —1)(g—-1)¢®
Bk I
a ya e
3)(e) [e e f] ky e FX,k#yB 2 0 3 (@ =1(g-1(g-24q*
B k1
0 b e
4)(a) [0 d f] (b,d)#0 2 0 3 (@* - D¢?
g oI
0 b e
4)(b) [o d f} (b,d) # 0,k € F* 2 0 3 (¢ -1)(g-1g*
B k1
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‘We have
Cz = K4 + KS
where
X —_—
a) Ky= 3, ) O [ m ]¢A(m1_1X) =q°(1 -1 - gHA - ).
BEF* XeS(B) 2
t=4
X —_—
b) K5 = Z Z Og [ m ]¢A(m1_1X) =—q°(1 - @)1 —g*)>*.
BEF* XeS(B) 2
t=3

It follows that
X _
G=% ¥ ooy im0 =da-a-a. @
2
BEF* XeS(B)
From (4.5) and (4.6), we have

Ony,(m) =1 -q)(1 - >

Remark 4.20. Let m € T(1,4). Since

Opy, (M) =By y (M)
for some m’ € T(4,1), it is enough to compute Oy , (m’) for m" € T(4,1) to
obtain the character value @y 4 (m).
Theorem 4.21. Let m € T(2,2). Then, we have

Ony,(m) = 1.

Proof. We have

1

Ony,(m) = WXGI\;(?) " Og [ m ]¢A(m1 X).

Note that dim Ker(m; — 1) = 1, Im(m; — 1) = Span{ey, e,} and Ker(m, — 1) =
Span {e;}. To calculate the character value, we write

1
Ony, (M) = E(Dl + D,)

where
D= % 0|5 o |$alm0)
XeS(0)
and
m, X|———
D= % ¥ ee|t 2 [Eam T,
BEFX XES(B)

Let t = dim(Ker(h — 1)). To compute D; we find a partition of S(0) according
to the value of t and compute the respective cardinalities. We record the details
in the table below.
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TABLE 15. Dl
Partition of S(0) dim(XW’) | dim(XW’ NnIm(m; — 1)) | t = dim(Ker(h — 1)) | Cardinality
a b e
D@ |qle d f|lac)#0 1 1 2 (g* - 1)g®
0 k I

c oo
& o
—~ ]

o |

Hence,

|

pi= ¥ el Xl =—ga-a. @
XeS(0)
=2

Proceeding in a similar way, we find a partition of S(8) to compute D,. We
record the details in the following table.

TABLE 16. D,

Partition of S(B) | dim(XW') | dim(XW' nIm(m; — 1)) | t = dim(Ker(h — 1)) | Cardinality

ERERE

Thus, we have

™o Q
o
—_—

m X\|l-——=
D= % T ee|y [ =¢ 48)
BEF* XeS(B) 2
=1
From (4.7) and (4.8), it follows that
®N,¢A (m) =1.
U

Theorem 4.22. Let m € T(4,2). Then, we have
Ony,(m) =1 —q)1 —g?).
Proof. We have

1 m X\|\7——=
Ony,(m) = Nl Z Op [ 01 m ]¢A(m1_1X)-
IN| XeM(3,F) 2
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Note that dim Ker(m; — 1) = 3, Im(m; — 1) = {0} and Ker(m, — 1) = Span{e, }.
To calculate the character value, we write

1
G)N,z,bA(m) = E(Hl + H,)

where
m X\|7——=
m= % 0|t X |8am0)
XeS(0)
and
m X\|\0——=
=3 % 0| o |[patm0.
BEF* XeS(B)

Let t = dim(Ker(h — 1)). To compute H;, we find a partition of S(0) according
to the value of t and compute the respective cardinalities. We record the details
in the table below.

TABLE 17. H;
Partition of S(0) dim(XW’) | dim(XW’ nIm(m, — 1)) | t = dim(Ker(h — 1)) | Cardinality
a b e
1)(a) [C Z {] (a,0)#0 1 0 3 (¢* - g®
0
0 b e
1)(b) [[o Z jl"]] 0 0 4 q°
0
Hence,
Hl = Kl + K2
where
m, X|———
D K= ¥ 0|t X 5a0mTX0 = —¢"1 - 9 - a1 - ¢
XeS(0) 2
t=4
m X\|l-——=
K= ¥ 0|t 2 |vam X =t -0 - gy,
XeS(0) 2
t=3
It follows that
m X\0——=
H= % o) Xm0 =-¢a-Pa-a) 49
Xe5(0) 2

Proceeding in a similar way, we find a partition of S(f) to compute H,. We
record the details in the following table.
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TABLE 18. H,

Partition of S(B) | dim(XW') | dim(XW' nIm(m; — 1)) | t = dim(Ker(h — 1)) | Cardinality

E L

Thus, we have

=2 2 g[rgl n)fz]"’f‘(ml_lx)=q8<1—q)(1—q2)- (4.10)
ﬁGFXXiggﬁ)

From (4.9) and (4.10), it follows that
Ony, =1 =1 —g.

b
d
k

—_—

a
c
B

Remark 4.23. Let m € T(2,4). Since
Opy, (M) = By y, (M)

for some m’ € T(4,2), it is enough to compute @y 4, (m’) for m" € T(4,2) to
obtain @y 4, (m).

Theorem 4.24. Let m € T(4,4). Then, we have
Ony,(m) = (1 - (1 —g**

Proof. Since m € T(4,4), we have m = 1, and the result follows from Theo-
rem 3.3. To be precise, we have

On g, (M) = dime(my y,) = (1 = @)*(1 — g*)*.
O

Theorem 4.25. Let1 < i < 10. Suppose that m = ["(’;1 I’}'(l)] € T(i,5) and
2

! [ml 0

= 1
Om2

] € T(i,1). Then, we have
Ony,(Mm) = By y, (mM").

Proof. Leth = [ml X ] and ' = [m1 X,] for X € M(3,F). Let
0 my 0 m,
My, ={X € S(B) | dim(Ker(h — 1)) = d}
for B € F. Clearly,
Ker(m, — 1) = Ker(m} — 1).
Hence for any X € M(3, F),

X Ker(m, — 1) = X Ker(m), — 1)
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and
X Ker(m, — 1) nIm(m; — 1) = X Ker(m} — 1) N Im(m; — 1).

In particular, for any 8 € F, we have that

dp  _ a8
M, = M," . (4.11)
‘We have,
1
Ony,(m) = ?(Rl +R,)
where
6 —
Ri=Y), D, O(hpaim~'X)
d=1xepmd?
my,myp
6 —
= Y (=D (1 — @)+ (1 — g HME  Po(0)
d=1
and

6 —_—
Ry= Y. D0 D Og(hypa(m,~'X)

BEF* d=1 ycps%P

my,mp

6
= > (DA = @) (1= g DHEMEE (B

peF* d=1
Thus,
1 < s -
Oy, (M) = = D (=D A—q) -+ (L= g ) #EM, + >, #MyL (8.
a5 BEFX
Similarly,

6
no 1 6-1 d-1 d.0 dp
Oy y, (M) = p d§=1: (-1)6"1(1—¢q) - (1—q )(#M’”l”"3+5e§Fx H#M," Po(B)).

Hence, it follows from equation (4.11) that
Ony, (M) = By y, (mM").
O

Proposition 4.26. Let1 < i < 10 and m € T(i,3). Then, there exists some
m’ € T(i, 5) such that

Op g, (M) = Oy 4, (M').
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1 00
Proof. Let m = |1 0 € T(@,3),andw =0 0 1|. Letm! = wmyw™!
0 my 2
01 O
-1
and m' = [ml 0, . Clearly, we have m = [1 O]m’[l O] and m' €
0 m, 0 w 0 w
T(i, 5), hence the result. O

Corollary 4.27. Let1 <i <10and m € T(i, 3). Then,

Op g, (M) = By y, (M')
forsomem’ € T(i, 1).
Proof. Using Proposition 4.26 and Theorem 4.25, the result follows. ]
Proposition 4.28. Let1 < i < 10 and m € T(i,7). Then, there exists some
m' € T(i, 1) such that

Ony, (M) = By y, (mM").

0

] € T(@,7),and w = . Let m) = wmuw™!
my

0

S = O

Proof. Let m = [ml

-1

1
0
0
1 '
0] and m €
w

0
0
1
y _|mp O _ 0 ,|1
and m' = [0 m’]' Clearly, we have m = [0 w]m[

0
2
T(i, 1), hence the result. O

Proposition 4.29. Let1 < i < 10 and m € T(i,8). Then, there exists some
m’ € T(i, 2) such that
Op g, (M) = By 4, (M').

. Let m), = wmyw™

S = O

Proof. Let m = [ml 0 ] e T(i,8),and w =
0 m,

1 0
0 0
01

-1
1 0

and m' = [m1 O,]. Clearly, we have m = [ ]m’[l 0] and m €
0 m, 0 w 0 w
T(i,2), hence the result. O
Theorem 4.30. Let m = [ng)l n('t) ] €T(1,6)orT(1,9). Then, we have
2

Ony,(m) = (1 —q)*
Proof. Note that dim Ker(m; — 1) = 2, Im(m; — 1) = Span{e;}, dim Ker(m, —
1) = 2. From Remark 4.16, it follows that whenever

_m X
h_[o my|’

we have
XW' = Span{X;, X,}.
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Thus, proceeding in a similar fashion as in Theorem 4.17, we get that

Ony,(m) = (1 - ).

Theorem 4.31. Let m = [ml 0
0 m,

Ony,(m) =1 -q).
Proof. Note thatdim Ker(m;—1) = 1, Im(m; —1) = {e;, e,}, dim Ker(m,—1) =
2. From Remark 4.16, it follows that whenever

_|m X
h_[o m,|’

] €T(2,6)orT(2,9). Then, we have

we have

XW' = Span{X;, X,}.
Thus, the computations are similar to the case where m € T(2,1). The result
follows from Theorem 4.13 and Theorem 4.18. O

m 0

Theorem 4.32. Letm = [
0 m,

] €T(4,6)orT(4,9). Then, we have

Ony,(m) = (1 —g*(1 - g?.

Proof. Note that dim Ker(m; —1) = 3, Im(m; —1) = {0}, dim Ker(m, —1) = 2.
From Remark 4.16, it follows that whenever

_m X

h= [ 0 my)’
we have
XW' = Span{X, X,}.

Thus, proceeding in a similar fashion as in Theorem 4.19, we get that

Ong,(m) =1 -1 -g?).

m 0
0 m,
Ony,(m) = (1 —q)*

Proof. Note that dim Ker(m; — 1) = 2, dimKer(m, — 1) = 2, Im(m; — 1) =
Span{ne; + e} for n € F*. From Remark 4.16, it follows that computing
Oy, (m) for m € T(6,6) or m € T(6,9) is the same as computing ®N,¢A(m’ )
for m" € T(6,1). Using Theorem 4.13 and Theorem 4.30, it follows that

Ony,(m) = (1 —q)*

Theorem 4.33. Letm = [ ] € T(6,6) or T(6,9). Then, we have
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m,

Theorem 4.34. Letm = [ 0

0 ] € T(9,9). Then, we have
m,

Ony,(m) = (1 - ).

Proof. The proof is similar to Theorem 4.33. O
Theorem 4.35. Let1 < i < 10. Suppose m = [731 ng ] € T(i,10) and m' =
2
[n(a)l 0,] € T(i,2). Then, we have
m,

Ony,(Mm) = By y, (mM').
Proof. Leth = | X and b’ = |™ X, for X € M(3,F). Let
0 m, 0 m,
M4P
for B € F. Clearly,

m.m, =1X € S(B) | dim(Ker(h — 1)) = d}

Ker(m, — 1) = Ker(m), — 1).
Hence for any X € M(3, F),
X Ker(m, — 1) = X Ker(m), — 1)

and
X Ker(m, — 1) n Im(m; — 1) = X Ker(m} — 1) N Im(m; — 1).
In particular, for any f € F, we have that

dp  _ ardB
Moty = M (4.12)
Therefore,
1
Ony,(m) = ?(Rl +R,)
where
6 —
Ri=D), 2 Oghyps(mX)
d=1 xep@0
my,my
6 —
= D (=11 =) (1= g4 )HME, e(0)
d=1
and

6
R, = Z Z Z Og(M)h4(m;~1X)

BEFX d=1 y cpsbh

miy,myp

6 —_—
= > S (DA - @) (- g HME  b0(B)

BeF* d=1
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Thus,
1 o _ - d,0 df
Ong, (M) = — P (-1 1A —q) -+ (=g )HML, + D5 #Myy 0 ho(B)).
T o BEFX
Similarly,

6
n_ 1 6—1 d-1 d,0 d,p
O, (M) = 5 d§:1;(—1> (1-g)-(1—q )(#Mmbmfﬁ;:x #M,7 9o(B)).

Hence, it follows from equation (4.12) that
Op g, (M) = Oy 4 (M').
O

Remark 4.36. Let1 < i < j < 10. To determine Oy y,(m) for m € T(i, j), it is
enough to compute Oy 4, (m) for m € E. We illustrate this by an example.

Suppose that we want to compute the character value Oy 4, (m) for m €
T(3,7). From Proposition 4.28, it follows that Oy y,(m) = Oy y (k) for some
k € T(3,1). By Theorem 4.13, we have Oy y, (k) = Oy y,(x) for some x €
T(1,3). Using Theorem 4.26, we have, Oy 4. (x) = Oyy, () for some y €
T(1,1). Thus, using Theorem 4.17 we have

Ony,(m) = (1 —q)*

For clarity, we give an example to illustrate the chain of computations used to
determine the character value of an element in T'(i, j) using the character value
of an element in the fundamental set E.

3,7-@B1)~->1,3->>0,1.
We summarize the sequence of computations used to calculate ©y y , (m) for
m e T(,j),1<i<j<5inTable19.

TABLE 19. Sequence of computations for @y y , (m)

Type-1 | Type-2 Type-3 Type-4 Type-5
Type-l | (1,1) | (L,2) 13- @1 1,4 1,5 - 1,1)
Type-2 - 2,2) 2,3) - (2,1) > (1,2) 2,4) 2,5 —-(2,1)—>(@1,2)
Type-3 - - 3,3)-3B1->13)~->(11 | 43)->41->(14 | (3,5 ->31)->(1,3)->(1,1)
Type-4 - - - 4,4) 4,5) - (4,1) - (1,9
Type-5 - - - - (5.5 = (5.1~ (1,5~ (1,1)

Table 20 summarizes the sequence of computations used to calculate @y y , (m)
formeT(i,j),1<i<56<j<10,i<]j.
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TABLE 20. Sequence of computations for @y y , (m)
Type-6 Type-7 Type-8 Type-9 Type-10
Type-1 1,6) - @1,1) @7 -@aQ1 1,8) - 1,2 1,9-@0.1 1,10) » (1,2)
Type-2 @.60)-2n-02) 27-@21-01,2) 2.8)~(2.2) 29-@21n-0,2) (2,10) » (2,2)
Type-3 | (3,6) = (6,3) = (6,1) = (1,6) = (L)) | BN =GV ->(13)->11 | B8)=>B2)-2)N->2D->12) | 3N=>0.H->0O.D-> 1)Y= 1D | (3103223 > 21 - 01,2)

Type-4 (4,6) > (4,1) = (1,4)

4,7) - (4,1) - (1,4

(4,8) = (4,2) » (2,4)

(4,9) = (4,1) - (1,4)

(4,10) - (4,2) = (2,4)

Type-s

(5,6) = (6,5) = (6,1) = (1,6) — (1,1)

5,7 =G61D-01,5-@1,1)

(5,8)=(52) = (2,5 -=021)—(1,2)

(5,9) = (9,5) = (9,1) = (1,9) = (1,1)

(5,10) = (5,2) = (2,5) = (2,1) = (1,2)

Table 21 summarizes the sequence of computations used to calculate @y y , (m)
formeT(,j),6<i<10,6 <j<10,i <.

TABLE 21. Sequence of computations for @y y  (m)

Type-6 Type-7 Type-8 Type-9 Type-10
Type-6 | (6,6) = (6,1) = (1,6) = (1,1) | (6,7) = (6,1) = (1,6) = (1,1) | (6,8) = (6,2) = (2,6) = (2,1) = (1,2) (6,9) = (6,1) = (1,6) = (1,1) (6,10) = (6,2) = (2,6) = (2,1) = (1,2)
Type-7 (7,7 =(7.1) - Q0,7 - 1,1 | (7,8) = (7,2) = (2,7) > (2,1) = (1,2) (7,9 = 9,7 = (9,1) = (1,9) = (1,1) (7,10) = (7,2) = (2,7) = (2,1) = (1,2)
Type-8 (8,8) = (8,2) = (2,8) = (2,2) (8,9) = (9,8) = (9,2) = (2,9) = (2,1) = (1,2) (8,10) = (8,2) = (2,8) = (2,2)
Type-9 9,9 = (9.1) - (1,9 -(@1,1) (9,10) = (9,2) = (2,9) = (2,1) = (1,2)
Type-10 (10,10) = (10,2) = (2,10) - (2,2)
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