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Factorization of Toeplitz operators

Samir Panja

ABSTRACT. In thisarticle, by considering T = (T, ..., T,), an n-tuple of com-
muting contractions on a Hilbert space J, we study T-Toeplitz operators
which consists of bounded operators X on J such that

TiXT, =X

foralli = 1,..,n. We show that any positive T-Toeplitz operator can be
factorized in terms of an isometric pseudo-extension of T. A similar factor-
ization result in terms of a BCL type of co-isometric pseudo-extension is also
obtained for positive pure lower T-Toeplitz operators. However, a certain dif-
ference has been observed between the case n = 2 and n > 2. In a more
general context, by considering n-tuples of commuting contractions S and T,
we also study (S, T)-Toeplitz operators.
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Notation

Z, Set of all positive integer numbers including 0.

VAl fa =(ay,.,0tp) to; €2Z,,i=1,...,n}

C Set of all complex numbers.

T n-tuple of commuting bounded operators (T4, ..., Tj,).

T T ... T%

1 n -
D Open unitdisc{z € C : |z| < 1}

For two Hilbert spaces (separable) H and X, we shall denote the space of all
bounded operators from H into K by B(J, X), and we abbreviate B(H, F() to
B(H). For a closed subspace 8 of J(, we denote by Pg the orthogonal projection
from J onto 8, and the restriction of an operator A € B(H) to Swill be denoted
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by Als. We consider Z! with the usual partial order, that is, for two multi-
indexes a = (a3, ...,a,) € Z, and § = (B4, ...,8,) € Z!}, wesay a < f if and
onlyifa; < §;foralli =1,...,n.

1. Introduction

Toeplitz operators on the Hardy space are one of the most important and
widely studied objects in operator theory as well as in function theory, and it
was first introduced by O. Toeplitz in 1911 ([25]). Toeplitz operator with a sym-
bol 3 € L®(T) on the Hardy space H*(D) is denoted by Ty and defined as

Tyf = Pipydpf (f € H*(D)).
Here, L*(T) denotes the C*-algebra of C-valued essentially bounded Lebesgue

measurable functions on the unitcircle T, L?(T) is the Hilbert space of all square-
integrable functions on T, and the Hardy space H2(D) over D is defined as

HXD)={f :D->C: f@)= ), a,z5,a €C,z€D, D, |ax|> < oo}.

kez, kez,
On H?(D), one of the distinguished isometries is the unilateral shift M, defined
by M, f(w) = wf(w) (f € H*(D)). The Brown and Halmos characterization
of Toeplitz operators ([8]) says that an operator X € B(H?*(D)) is a Toeplitz
operator if and only if M; XM, = X, thatis, X = T, for some ¢ € L*(T) if and
only if M;XM, = X. In an abstract setting, replacing the unilateral shift M, by
a Hilbert space contraction T € B(J), several authors have studied T-Toeplitz
operators which consists of X € B(¥() satisfying the identity T*XT = X. We
refer the reader to [15, 16, 18, 19] and references therein. In the multi-variable
setting, for an n-tuple of commuting contractions T = (T4, ...,T,) € B(¥)",
an operator X € B(HK) is a T-Toeplitz operator if

T:XT; =X (i=1,..,n).

Such operators have been considered in [7, 22, 20]. In particular, if we take
T =(M,,,..,M, ), the n-tuple of multi-shifts on the Hardy space H 2(D") over
the polydisc D", then T-Toeplitz operators are precisely the Toeplitz operators
on H?(D™) ([17]). It has been shown in [7] that the existence of non-zero T-
Toeplitz operators is related to isometric pseudo-extensions of T

Definition 1.1. Let T = (T}, ..., T,,) be an n-tuple of commuting contractions on
H. An n-tuple of commuting contractions V. = (V,...,V,) on X is said to be a
pseudo-extension of T if

(1) there is a non-zero contraction J : 7€ — X, and

2)JdT; =V;J foralli =1, ...,n.

A pseudo-extension of T is denoted by a triple (J, K, V). A pseudo-extension
(d,X,V)of T is said to be minimal if X is the smallest joint reducing space for V/
containing J. A minimal pseudo-extension (J, X, V') of T is called canonical
if

J*g = SOT — lim P*kpk,
k—oo
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where P = T, --- T}, is the product contraction of T and the limit is in the strong
operator topology (SOT). A pseudo-extension (J, %, V) of T is said to be iso-
metric (co-isometric or unitary) pseudo-extension if V = (V4,...,V,,) is an n-
tuple of commuting isometries (co-isometries or unitaries, respectively). In the
case when V' is an n-tuple of non-commuting operators, we say that the triple
(d,X,V) is a non-commuting pseudo-extension of T. In [7], it is proved that
a non-zero T-Toeplitz operator exists if and only if T has a canonical isomet-
ric pseudo-extension (J, X, V). In fact, if (J,%,V) is any isometric pseudo-
extension of T, then it is easy to see that J*J is a non-zero contractive positive
T-Toeplitz operator. This leads us to ask a natural question whether all positive
contractive T-Toeplitz operators are of the form J*J for some isometric pseudo-
extension (J, X, V) of T. We answer this question in affirmative. The answer
was known to be positive for the case n = 1 (see [15]).

Theorem 1.2. Let T = (T4,...,T,) € B(F)" be an n-tuple of commuting con-
tractions. Then R is a positive T-Toeplitz operator if and only if there exist a Hilbert
space X, a bounded operator J : H — XK, and an n-tuple of commuting isome-
triesV = (V4,...,V,) € B(X)" such that

J*d=R and JT;=V,d (i=1,..,n).
In particular, if R is a positive contractive T-Toeplitz operator, then (J,X,V)isan
isometric pseudo-extension of T.

Along this line, for an n-tuple of commuting contractions T = (T4, ..., T,,) €
B(F)", we also study solutions of systems of operator inequalities

TIXT;2X (i=1,..,n), (1)
and
Tl.*XTi <X (i=1,..,n), )

where X € B(XH) is a self-adjoint operator. We say that a self-adjoint operator
X € B(H) is an upper (lower) T-Toeplitz operator if X satisfies (1) ((2), respec-
tively). For n = 1, solutions of such inequalities have been studied in [14](see
also [9]). Similar to the case of n = 1, the upper and lower T-Toeplitz operators
are related in the following way. For a € Z'}, by a — oo we mean that each
a; — 0.

Theorem 1.3. Let T = (T4,...,T,) € B(JF()" be an n-tuple of commuting con-
tractions. Then X is an upper (lower) T-Toeplitz operator if and only if X can be
uniquely writtenas X = U — N (X = U + N), where U is a self-adjoint T-Toeplitz
operator and N is a positive lower T-Toeplitz operator such that T**NT* — 0in
SOT as a = oo.

Motivated by the above theorem, we define

PL(T)={N € B(K) :
N20,T/NT; <N,i=1..,n,T**NT* - 0in SOT asa — oo}
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and we call elements of L (T positive pure lower T-Toeplitz operators. It can
be shown that, in the above definition of £ . (T), the convergence T**NT%* — 0
in SOT as a — oo is equivalent to P;kNPi — 0in SOT as k —» oo, where
Py =T;---T,. From the point of view of the above theorem, 2L (T) plays a
major role in the study of upper or lower T-Toeplitz operators and it is impor-
tant to find a characterization of 2£ _(T). In many contexts in operator theory,
the difference between the case n = 2and n > 2is prominent. For instance, any
pair of commuting contractions always possesses an isometric dilation ([1]) but
any n-tuples (n > 2) of commuting contractions does not possess an isometric
dilation in general ([21]). Such a distinction also arises in our characteriza-
tion of positive pure lower T-Toeplitz operators and which is why we separate
the case n = 2 from the rest. Before further details, recall that due to Berger,
Coburn and Lebow ([4]), any n-tuple of commuting isometries with product
isometry being pure is unitarily equivalent to n-tuple of commuting isometries
(Mg, , ..., Mg, )on the Hardy space H é(ID), where & is a coefficient Hilbert space
and foralli =1,...,n,

®,(z) = U;(P; + zP)), (z € D)
for some unitary U; € B(J() and orthogonal projection P; € B(E) such that
@,(2)®(z) = @;(2)@;(z) and (z) --- P, (2) =zl (z € D).
Here, the multiplication operator Mg corresponding to @ is defined as
M : HX(D) - HXD), fwof (f €HXD)).

Such an n-tuple (Mg . ,M.I,n) is commonly known as a BCL tuple (see [4, 10,
3] for more details). For n = 2, if T = (T, T,) is a pair of commuting contrac-
tions, then we prove that any contractive positive pure lower T-Toeplitz opera-
tors can be factorized in terms of a BCL pair of co-isometric pseudo-extension
of T. This is one of the main results of this paper and it is motivated from its
one variable counterpart (see [14, Theorem 5]). A more detailed statement of
the result is the following.

Theorem 1.4. Let T = (T,,T,) € B(¥)? be a pair of commuting contractions.
Then N € PL_(T) if and only if there exist a Hilbert space £, a bounded operator
Im: H - Hé([[])), and a pair of commuting isometries M = (Mg,,Mg,) €
B(H(D))?* such that
N =1I*T1, and TIIT; = Mj';)il'[ (i=1,2),

where ®1(z) = (P + zPH)U* and ®,(z) = U(P* + zP) are so that ®,(z)®,(z) =
D,(2)P,(z) = z (z € D) for some unitary U € B(E) and orthogonal projection
P e B(E).

In particular, if N € PL_(T) is a contraction, then (H,H;([D), (M*I,M;Ik)z)) is
a co-isometric pseudo-extension of T.

We prove this theorem in Section 3 as Theorem 3.3. The above theorem is
related to isometric dilations of pairs of commuting contractions. Recall that a
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commuting n-tuple of isometries V = (V, ..., V) on X is an isometric dilation
of an n-tuple of commuting contractions T = (T4,...,T,) on J if there is an
isometry IT : H{ — X such that

07} = Vi

foralli = 1, ..., n. Here we say that an operator A € B(¥) is pure if A** — 0in
SOT ask — o. Let T = (T4, T,) be a pair of commuting contractions such that
the product contraction Py = T,T, is pure. Then it can be easily verified that
I € L (T*). Therefore, by applying the above theorem for N = I, we see that
(T;,T,) dilates to a BCL pair of isometries (Mg, , Mg,). Such a dilation result is
known (see [12]). In fact, the explicit construction of ®; and &, obtained in the
above theorem uses techniques found in [12].

For an n (n > 2)-tuples of commuting contractions 7, we lose commutativ-
ity in the characterization of £ (T). We prove that any contractive positive
pure lower T-Toeplitz operator can be factorized in terms of a BCL type of non-
commuting co-isometric pseudo-extension of T'.

Theorem 1.5. Let T = (T4, ...,T,) € B(H)" be an n-tuple of commuting con-
tractions with n > 2. Then N € PL (T) if and only if there exist a Hilbert
space &, a bounded operator 11 : H — Hé(D), and an n-tuple of isometries

M = (Mg,, ..., Mg,) on H;(D) such that

N =II"lland TIT; = M{IT (i = 1,...,n),

where foreach i = 1,...,n, ©,(z) = (P; + zPl.l)Ul.* for some unitary U; € B(E)
and orthogonal projection P; € B(E). Moreover,

ML = My My, ... M} TL.

In particular, if N € PL (T) is a contraction, then (11, Hg([D), (M R Mg )
is a non-commuting co-isometric pseudo-extension of T.

This theorem is proved in Section 3 as Theorem 3.4. The main difference
with Theorem 1.4 is that the n-tuple of BCL type of isometries (Mg, , ..., Mg )
onH f:([D) are not commuting, in general. As before, if we assume that the prod-
uct contraction Py = T, --- T, is pure, then I € PL_(T*) and the n-tuple of
isometries (M@l, ,M@n) on H é([D) gives a Halmos dilation of T, that is, for
eachi=1,...,n, Mo, is an isometric dilation of T;.

To generalize the abstract notion of Toeplitz operators in a more general set-
ting, R. G. Douglas ([14]) considered the following operator identity

S*XT =X (X € B(H, X)),

for two contractions S € B(X) and T € B(H). A lot of research is devoted to
studying solutions of such an operator identity, see [9, 14, 23] and references
therein. In the multi-variable setting, considering two n-tuples of commuting
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contractions S = (S, ...,S,) € B(X)*and T = (T4, ...,T,) € B(H)", we have
also studied the following system of operator equations

SIXT; =X (i=1,..,n),

where X € B(J(, X). The space of all solutions of the above operator equations
is denoted by J(S, T) and we call elements in (S, T) as (S, T)-Toeplitz opera-
tors. In Section 4, a general construction of (S, T)-Toeplitz operators in terms
of Banach limits is given (see Theorem 4.1). In this context, it is a natural ques-
tion to ask when the space J°(S, T) is non-trivial? Satisfactory answer to this
question is not known. However, we find some necessary conditions in terms
of canonical isometric pseudo-extension of S and T for the space J(S, T) to be
non-trivial. In particular, we show that if 7°(S, T) is non-trivial then S and T
have canonical isometric pseudo-extensions. One could then ask the following
immediate question: If (S, T) is non-trivial and if (I, Qr, V) and (Jg, Qg, W)
are canonical isometric pseudo-extensions of T and S, respectively, then how
J(S,T) and I (W, V) are related? The answer to this question is rather neat as
we show that
TS, T) = J:T W, V)Jr.

This is proved in Theorem 4.2.

The paper has four sections and the plan of the paper is as follows. In Section
2, we study T-Toeplitz operators. The study of upper and lower T-Toeplitz op-
erators is contained in Section 3. In the last section we consider (S, T)-Toeplitz
operators.

2. T-Toeplitz operators

Let T = (Ty,...,T,) be an n-tuple of commuting contractions on J(. Recall

that an operator X € B(F() is a T-Toeplitz operator if
TIXT; =X

foralli = 1,...,n. The aim of this section is to study various properties of T-
Toeplitz operators. We begin with the equivalent criteria for the space of all
T-Toeplitz operators J(T) to be non-trivial. This result is proved in Theorem
1.3 of [7] and can also be proved using results in [20]. A similar kind of result
is also proved in an another context in [6]. We include a proof here as we shall
use the construction in the proof of (2) = (3) in the latter section.

Theorem 2.1 (cf. [7]). LetT = (T4, ..., T,,) be an n-tuple of commuting contrac-
tions on . Then the following are equivalent.

(1) J(T) is non-trivial.

(2) The adjoint of P is not pure, where P =Ty --- T,,.

(3) There exists a canonical isometric pseudo-extension of T.

Proof. We prove (1) = (2) by the contradictory method. Let us assume that
the adjoint of P is pure. If X is a non-zero element in J°(T), then

Pkxpk=x (kez,). (3)
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Now, for h € I,
IXh| = |[P**XP*R|| < ||P**|||IX||||P¥A]| < [IX|[IP¥R]| - 0 ask — c.

Therefore, X = 0, which contradicts that X is a non zero operator.
To prove (2) = (3), let us assume that P¥ » 0 in SOT. Then the positive
operator Qr, defined by

Q7 =SOT — klim prkpk, 4)
is non-zero and satisfies
* M2 — N2
P*Q2P = Q2.

By the above identity, we have an isometry V : Qp — Qr, defined by
Qrh — QrPh (h € %),
where O = Ran Qr. Since for each i = 1, ..., n, T; is a contraction, we have
(TFQ3T;h, h) = kh—H)lo (P*(T*T;)P*h, h) < kll_)nolo (P**Pkh, h) = (Qzh, h).
Therefore,
T:QT; <Q7 (i=1,..,n).

By virtue of the Douglas’ factorization lemma ([13]), we obtain a contraction
Vi Or — QOr satisfying the following relation for h € 7,

ViQrh=0QrTih (i=1,..,n).
Using the commutativity of the tuple T, we have fori, j = 1,...,nand h € ¥,
ViViQrh =V,QrTjh = Q;T;Tjh = V;Q;Tih = V;VQrh.

Therefore, (V4,...,V,,) is an n-tuple of commuting contractions. Also, since
P=T,---T,, asimilar computation as above yields

V=V, V,.

The above identity together with the fact that V is an isometry implies each V;
is an isometry. Finally, consider the map Jr : H — QOr, defined by Jrh = Qrh
for h € K. It is now clear that J is a contraction,

J:dr = SOT — klim Pkpk and Vg =g;T; (i=1,..,n). (5)
—> 00
Thus, (I7,9r, (V4,..., V) is a canonical isometric pseudo-extension of T.

For 3) = (1), let(J, X, W = (Wy,...,W,)) be an isometric pseudo-
extension of T. Now, fori =1, ..., n,

T:3*dT; = F*W;W;d = 3*J.
Hence, 7*J is a non-zero T-Toeplitz operator. (|

From the above theorem, one observes the following.
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Remarks 2.2. (i) If R is a contractive positive T-Toeplitz operator, then for k €
Z+,
R = P**RPk < p*kpk,
Therefore, R < Z];JT. And, if R is a T-Toeplitz operator such that R > I, then
Jrdr <R.
(ii) The existence of a non-zero T-Toeplitz operator is equivalent to the existence

of a positive T-Toeplitz operator of the form J;Jr, where (g1, Qr,(V1,...,V},)) is
a canonical isometric pseudo-extension of T.

We now proceed to prove Theorem 1.2 which says that any contractive posi-
tive T-Toeplitz operator is of the form J*J for some isometric pseudo-extension
J,X,V)ofT.

Proof of Theorem 1.2. Since R is a positive T-Toeplitz operator. Therefore, for
i =1,..,n, T/RY?RV2T; = R/2R'/2, and thus,

IRY>T;h|| = |RV?h|| - (h € 50).

We set R := Ran RY/2 and consider for each i = 1, ..., n, the isometry V; : R —
R, defined by R'/2h +— R'/2T;h (h € H). The commutativity of the tuple T
reveals that the tuple V' := (Vy,...,V,) € B(R)" is a commuting n-tuple of
isometries. Then the bounded operator J : H — R, defined by h — RY/2p
(h € H), satisfies

J*d = Rand gT;h = RV?T,h = ViRY?h = V,gh  (h € K),

foralli = 1, ..., n. Conversely, if there is abounded operator J : H — K and an
n-tuple of isometries V' = (V1, ..., V,) on X satisfying JT; = V;J (i = 1, ...,n)
and J*J = R, thenfori=1,...,n,

TiRT; =T;3*JT; = J*V;V:J = 3*J = R.

Hence, R = J*J is a T-Toeplitz operator. Moreover, if R is a contraction, then g
will be a contraction. This completes the proof. (]

We illustrate the above theorem by considering a simple example.

Example 2.3. Forn = 2 and 5 = C! (1 > 3). We consider a pair of commuting
contractions T = (T;,T,) on C., defined by

e, i=1,..,k 0 i=1,.,m—-1
Ti(e) = Ol i=k+1,..,1 and  Ty(e;) = e i=m,..,lI
- 5 eee sy i - RN

wherel < m < k < land {ei}le is the standard orthonormal basis for C', that
is, fori = 1,...,1, ¢, = (0,...,0, 1 ,0,..,0). Then it is easy to check that for
N——

ith place
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a=(ay,..,a)and a; > 0 (i = m,..., k), the operator X ;, defined by

0 i=1,..m-—1
Xa(ei) = 41Q;é; i=m,...k
0 i=k+1,..,1

is a positive T-Toeplitz operator. Then the map J : C' — CK=™+1 defined by

1/2
2 A Zm
1/2
Z a,’ zg
and foreachi =1, ...,1, the isometry V; = Ick-mn1 on C¥=™1 satisfy

J*d =X, and JT; =V;J (i=1,2).

In the rest of the section, we study compact T-Toeplitz operators. Before
proceeding further, for a contraction S € B(H), let us consider a subspace of
J, denoted by Ug and defined as follows

Us =Spanfh € H : Sh=ah : |a| =1}

Proposition 2.4. Let T = (T4,...,T,) € B(H)" be an n-tuple of commuting
contractions with P = Ty --- T,,. If a compact operator X belongs to I (T), then
(a) X and X* commute with each T; and P, and

(b) Each Uy, and Up is reducing subspace for X and X |u¢_ =0,X |uf+ =0.

Proof. Let X € J(T) be a compact operator. Then X € J(P) and also X €
J(T;) for alli = 1,...,n. The proof now follows by applying [14, Theorem 8]
for the compact operator X viewed as P-Toeplitz operator as well as T;-Toeplitz
operator for alli =1, ..., n. O

The following corollary is an easy consequence of the above proposition.

Corollary 2.5. LetT = (Ty,...,T,) € B(J()" be an n-tuple of commuting con-
tractions with P = Ty ---T,, and let X € J(T) be a compact operator. If one of
Ur, ={0}(i=1,...,n) or Up = {0}, then X = 0.

We end the section with the couple of immediate consequences of the above
proposition and the corollary. These might be known to the experts in the area.
However, due to lack of references, we include them as corollaries. Recall the
Brown-Halmos type characterization of Toeplitz operators on the Hardy space
over the polydisc H?>(D") which says that an operator X € B(H?(D")) is a
Toeplitz operator if

M;XM, =X, (i=1,..,n)

where (M, , ..., M, ) is the d-tuple of multi-shifts on H?*(D").

Corollary 2.6. A compact Toeplitz operator on the Hardy space over the polydisc
is zero.
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Corollary 2.7. LetT = (Ty,...,T,,) € B(H)" be an n-tuple of commuting con-
tractions with P = T, --- T,,. Let the positive operator Qp be as in (4). If Qr is a
compact operator, then Qr is a finite dimensional orthogonal projection and T;| o,
(i=1..,n)and P|g_ areunitary, where Qr = Ran Qr.

Proof. From the definition of Qr, we have P*Q%P = Q%. Also, it follows from
the inequalities

prle+Dpk+l < prkT,pk < prkpk (1 < i <n)

that T*Q2T; = Q7 for all i = 1,...,n. Then by part (a) of Proposition 2.4, we
get T,Q7 = Q2T; (i = 1,..,n) and PQ}. = Q7P. Therefore, using functional
calculus, we have T;T;Qr = Qr and P*PQr = Qr. This in particular shows
that P*QrP = Qr and forall h €

lim (PEPQrh, h) = (P**QrP*h, k) = (Qrh, h).
Thus, Q% = Qr, and hence, the compactness of Qr completes the proof. O

3. Lower and upper T-Toeplitz operators

For an n-tuple of commuting contractions T = (Ty,...,T,) € B(H)", we
deal with the following systems of operator inequalities:

T*XT; > X and T'XT; <X (i = 1,...,n),

where X € B(¥() is a self-adjoint operator. Recall that a self-adjoint operator
X € B(H)is an upper T-Toeplitz operator if X satisfies the system of inequal-
ities of first kind as above and is a lower T-Toeplitz operator if it satisfies the
system of inequalities of second kind. First, we consider the cone of positive
upper T-Toeplitz operators and we set

U(T)={Q € B(IH) : Q2 0,T/QT; 2 Qi = 1,...,n}.

We find a necessary and sufficient condition for the existence of a non-trivial
element in U, (T) next.

Proposition 3.1. Let T = (T4,...,T,) € B(H)" be an n-tuple of commuting
contractions with P = T; --- T,,. Then U(T) = {0} if and only if the adjoint of P
is pure.

Proof. Let the adjoint of P is pure, and X € U, (T). Then, fori = 1,...,n,
X < T;“X T; and this implies that X < P*kxX Pk fork Z,. Now, for h € H,

IPXPER|| < [|PF|[IXIIIIP¥RI] < [IXIIIP“R]l > 0 ask — oo.

Thus, X < 0, and so X = 0. Hence, U, (T) = {0}. Conversely, let U (T) = {0}.
Suppose that the adjoint of P is not pure. Then by Theorem 2.1, 7(T) is non-
trivial. In fact, by part(ii) of Remark 2.2, we have a positive non-zero element
in J(T), namely H;ZT for some canonical pseudo-extension (J, X, V) of T. In
particular, J7Jy € U, (T) which contradicts the fact that U, (T) = {0}. This
completes the proof. O



858 SAMIR PANJA

Unlike upper T-Toeplitz operators, the cone of positive lower T-Toeplitz op-
erators is always non-trivial as the identity operator is a lower T-Toeplitz oper-
ator. We now prove Theorem 1.3 which establishes the relation between upper
and lower T-Toeplitz operators.

Proof of Theorem 1.3. We only prove the theorem for upper T-Toeplitz oper-
ator as the argument for the case of lower T-Toeplitz operator is similar. Let us
assume that X is an upper T-Toeplitz operator. Then, for any o = (ay, ..., a,) €
ZL, T*XT* > X. Set Uy, :=T*"*XT* fora € Z. For§ € Z" and 8 > «a,

Ug — Uy = T*XTF — T*XT% = T**(T*F-0XTHE-%) — X)T* > 0

Thus {U,}4ezn is an increasing net of self-adjoint operators. Since ||Ug|| < [IX]|

for all a € Z, {Uy}4>0 converges in the strong operator topology to U, say.

Clearly, X < U, < Uforalla € Z}. Weset N := U — X. Then N is

a positive operator. Now, for ¢; = (0,...,0, 1 ,0,..,0) € Z%, TlTkUaTi =
N——

ith place
T*@+e) xT(ate) Therefore, foralli = 1, ..., n,

T*UT; = U, and T'NT; = T;UT; = T!XT; = U = T:XT; <U - X = N,
Also, for a € Z1,
T**NT* = T**UT* — T**XT* = U — T**XT* — 0in SOT as ¢ — oo.

Hence, we have a self-adjoint operator U and a positive operator N such that
X=U-Nandfori=1,..,n, T;“UTi = U and Ti*NTl- < N with T**NT* = 0
in SOT. Converse implication is easy to check.

For the uniqueness of such a decomposition, we assume that X has an an-
other decomposition, that is, X = U; — Ny, such thatfori =1,...,n, Tl?“ UT; =
Uy and TN, T; £ N; with T**N,T% — 0in SOT as &« — co. Since U — U; =
N — N;, we have

U-U; =T"*(N-N)T* >0 inSOTasa — co.
Thus, U = Uy, and therefore N = N; as asserted. O

By the above theorem it is important to study positive lower T-Toeplitz op-
erator N such that T**NT% — 0 in SOT. For such an operator N, T**NT* — 0
in SOT is equivalent to P;*NPX — 0in SOT as k — co, where Py = T} - T.
Indeed, if N is a positive lower T-Toeplitz operator then the equivalence can be
obtain from the following inequalities

k k
PI*NPK < T**NT® < PX"NP,

where fora € 7"}, m = min{e; : i =1,..,n}and k = max{a; : i =1,..,n}k
The above observation leads us to make the following equivalent definition of
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the cone of pure positive lower T-Toeplitz operators

PL(T)={N € B(K) :
N >0,TiNT; <N,i=1,..,n,P;*NPk - 0in SOT as k — oo}.

The rest of this section is devoted to characterize the set £ (T), which is our
main result in this section. To this end, we need to first introduce some termi-
nologies.

For two Hilbert spaces £; and &,, an operator-valued analytic function © :
D — B(&,, &,) is said to be multiplier from Hgl([D) to ng([D) ifef e Héz(ID)

for feH é([D). Here, for a Hilbert space &,

HXD)={f:D->&:f2)= D, qz,aqr €&2z€D, ), |lagl* < oo}
kez, kez,

is the &-valued Hardy space over D. The multiplier © is said to be inner multi-
plier if the associated multiplication operator Mg : H él([[l)) - Héz([D), defined

by Mg(f) = ©f for f € Hgl(D), is a isometry. Let

A B

W:[c D

]:816982*81@82

be a unitary. Then the B(&;)-valued analytic function 7y, on D, defined by
Tw(z) := A+ zB(I—-zD)"'C (z€eD),

is called the transfer function corresponding to W. However, in this article,

we will only deal with transfer functions corresponding to unitary operators of
A

the form W = [C 0]

function ([24]). In other words, 7y, is an inner multiplier on Hgl(ID).

We now prove a crucial lemma which does the heavy lifting of our main
result. Similar type of result is also proved in a slightly different setup in [12, 5]
and has its root in [11]. Since we prove the lemma in a more general setting, it
may appear to be abstract to the reader. Roughly speaking, the lemma finds a
sufficient condition on a unitary so that the transfer function of its adjoint gives
a co-extension of certain operator.

, and in such cases 7y, is always a B(&;)-valued inner

Lemma 3.2. Let Q,R,S, T € B(H) be such that R = RanR, 8§ = RanS and
QT =TQ, andletV : R — & be an isometry for some Hilbert space £. Suppose
that 7w : H — HZ(D), defined by h — Y, ZRQ¥h, is a bounded operator and

A B

wile &

]:e@(é@s)eeea@%)

is a unitary for some Hilbert space € such that

W(VRA, 0¢, SQh) = (VRTh,04,Sh) (h € K).
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Then the transfer function corresponding to the unitary W*, ®(z) = A*4+zC*B* (z €
D), is an B(E)-valued inner function which satisfies
T = MA1I,
where I1 = (I2py @ V).

Proof. Since

A B][ VRh ] _[ VRTh

C 0]1(0g,SQn)| ~ [(0g,Sh)]’
we have

VRTh = AVRK + B(0g,SQh) and (0g, Sh) = CVRh.
Consequently,
VRT = AVR + BCVRQ.
Now,forhe H,npe & andl e Z,,
(MIh, z'n) =(ITh, Me(z'n))

=Ty ® V) Y, (RQ¥R)ZK, (A* + zC*B*)(2!n))

kez,
=(VRQ'h, A*n) + (VRQ*'h, C*B*n)
=((AVRQ! + BCVQ"*Hh, )

=(VRTQ'h, 7),
and
(TITh, z'n) =((T1p@py) ® V) ), (RQ*Th)zZK, z'7)
kez,
=(VRQ!Th, n)
=(VRTQ'h, n).
Hence, IIT = M1 as asserted. O

We are now ready to prove Theorem 1.4. For the convenience of the reader,
we again state the theorem here.

Theorem 3.3. Let T = (T,,T,) € B(J()? be a pair of commuting contractions.
Then N € 2L (T) if and only if there exist a Hilbert space £, a bounded operator
II: x5 - Hé([D), and a pair of commuting isometries M = (Mg ,My,) €
B(H(D))* such that
N =1, and IT;=M:I (i=1,2),

where ®,(z) = (P + zPH)U* and ®,(z) = U(P* + zP) are so that ®,(z)®,(z) =
D,(2)P,(2) = z (z € D) for some unitary U € B(E) and projection P € B(E).

In particular, if N € PL_(T) is a contraction, then (H,Hg(D), (M*I,M;‘)Z)) is
a co-isometric pseudo-extension of T.
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Proof. Let N € PL,(T). Set Py := T;T,. Since P;NPr < N, we set R* :=
N — P7NPrand R = RanR. Also, since T/NT; < N fori = 1,2, we set Rl.2 1=
N —T/NT;and R; := RanR, fori = 1,2. Consider the map 7 : H — Hi(lD),
defined by h = 3, ez, szP;fh. A simple calculation using P;"NPi — 0in
SOT reveals that

kp2pk _ k k _
> PikR2PE = 3 prk(N - PENPr)PE =N,
kez, kez,

where the above sum converges in SOT. This in particular shows that 7 is a
well-defined bounded operator and 7*7 = N. We now proceed to find several
unitaries which are needed to construct ®; and ®,. First, using the operator
identity
R* =R} +TiRT, = T;RT, + R}, (6)
we get an isometry
U : {Rszh @th . h (S .7{} - {th @Rleh . h (S .7{},

defined by

U(R,Th,Ryh) = (Rih,R,T1h)  (h € X). (7)

Then, by adding a Hilbert space 2D if necessary, we extend the isometry U to a
unitary, again denoted by U, acting on (D @ R;) @ R, such that

U((0p, R T7h), Ryh) = ((0p, Ry h), R, T h)  (h € F).

Weset & := D P R, ® R, and again using (6), we get an isometryV : R — &,
defined by

V(Rh) = ((0p, R h),R,T1h) (h € J().
Finally, with the help of the embedding; : D@ R, —» &, and, : R, — €,
defined by

n(d,hy) =(d,h,0) and h, =(0,0,h,) (d € D,h; € Ry, hy €Ry),
and the orthogonal projection P : £ — &, defined by
P(d,hy,hy) =(0,0,h,), (d€ D,h €Ryi,hy €Ry),

we define

Wi : EQDBAR)—-EDDBR),
defined by

_|U Of[P ¢
Wi=1o I”q o]'

Then W is a unitary and by a straightforward computation, we have

Wi (g eprin) = (0piy) €70
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Thus, W, satisfies the hypothesis of Lemma 3.2withQ = P;,R =R,S=R;, T =
T:,€ = D,and V = V, and therefore,

7, = M, 11,
where IT = Iy @ V) and @,(z) = (P + zPHU* (z € D) is the transfer
function of W;‘ . Similarly, if we consider

W2 . 8@.7%2—)6‘@‘732,

Pt ,|[U* 0O
W2‘lz* 0“0 I]’
then W, is a unitary so that

w. ( VRR\ _ (VRTh
2\R,Prh) ~ \ R,h

Then W, also satisfies the hypothesis of Lemma 3.2 with Q = Pr,R = R,S =
R,,T=T,, £ =0andV = V. Therefore, we have

defined by

) (h e H).

1T, = M T,

where ®,(z) = U(P* + zP) (z € D) is the transfer function corresponding to
W?. Now, it easy to check that (Mg, , Mg,) € B(H é(I]ZD))2 is a pair of commuting
isometries, N = IT*II, and ®,(z)®,(z) = ®,(z)®,(z) = z (z € D). This proves
the ‘only if’ part of the theorem.

On the other hand, since Mg Mo, = M,, then I[Py = M;TI, and therefore,

P*NPE = PHFIT*TIPE = II*MEM;*IT - 0 in SOT as k — oo.

The converse part now follows. Finally, if N € £ (T) is a contraction, then 7
is a contraction, and thus, IT is a contraction. This completes the proof. O

Next we prove Theorem 1.5, and for the convenience of the reader we state
the theorem again here. The following set of notations will be used in the proof.
For an n-tuple of commuting contractions T = (T4, ..., T,)on ¥ andi = 1, ..., n,
we denote by T; the (n — 1)-tuple obtained from T by deleting T;. That is,

Ti = (Tl’ cee y Ti—l’ Ti+1, seey Tn,)
Also, we use the notation Py, :=Ty - T;_1Tjyy -+ Tp.

Theorem 3.4. Let T = (Ty,...,T,) € B(H)" be an n-tuple of commuting con-
tractions with n > 2. Then N € PL (T) if and only if there exist a Hilbert
space &, a bounded operator 11 : H — H?:(D), and an n-tuple of isometries

M = (Mg,, ..., Mg,) on H;(D) such that
N =1T*Iland IIT; = MZ)H (i=1,..,n),
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where foreach i = 1,...,n, ©,(z) = (P; + zPl.l)Ul.* for some unitary U; € B(E)
and orthogonal projection P; € B(E). Moreover,
M = Mg My, ... Mg, TL.
In particular, if N € PL (T) is a contraction, then (11, Hg([D), (M: s Mg )
is a non-commuting co-isometric pseudo-extension of T.

Proof. Let N € PL (T). Set Py := Ty---T,. Consider the map 7 : H —
Hi(lD), defined by h Zk€Z+ szPih, where R* := N — P;NPr and R =

Ran R. Then by the same argument as given in the proof of Theorem 3.3, 7 is a
bounded operator and 7*7r = N. Since Tl?kN T; <N fori=1,..n,weset

R :=N-T/NT, R, :=RanR, R’:=N- P} NPy, and R; :=Rang,.
Using the operator identity
PLR?Pr, + R} = R} + T/RYT; = R, (8)
foreachi =1,..., n, we obtain an isometry
U; : {RPrh@®Rh : he H} - {Rh®RT:h : h € H},
defined by
Ui(R;Pr,h,R;h) = (Rih, R;T;h) (h € H). 9)

Then, fori = 1, ..., n, by adding a Hilbert space 2; if necessary, we extend the
isometry U; to a unitary, again denoted by U;, acting on D; @ R; @ R; satisfying

U(0p,, RiPs.h, R;h) = (0p,, R;h, R T;h)  (h € ).

Again, for ea~ch i =1,...,n,using the identity (8), we get an isometry V; : R —
Di (45) .73i (43) ‘%i’ defined by

Vl(Rh-) = (OﬂiaRihwRiTih) (h (S f]{)
Now, given the isometries V;’s, it is always possible to find Hilbert spaces D and
&1, ..., €y such thateach V; extends to a unitary Vi:ROD —» D,DEDRDR;.
Set8; := D; ® & ® R; ® R;. Finally, we extend each U; to a unitary on §;,
again denoted by U;, such that
Ui(OD,-’ Ogi, RiPTl-h" th) = (ODi’ Ogi,Rl‘h, RlTlh) (l’l S .(]'C, i = 1,..., n).
We now have all the ingredients necessary to construct the lifting of T; as we
have done in the proof of Theorem 3.3. Fori = 1,...,n, with the help of the
embedding (; : D; @ &; B R; — §;, defined by
li(d,h,k) = (d,h,k, 0) (d S ﬂi,h S Ei,k S Rl‘),
and the orthogonal projection P; : 8; — §;, defined by
pi(d,l’l,k,}’) = (0,0,0,}’) (d S Dl‘,h S (c:l',k S ﬂi,r S ﬁi),
we define a unitray

Wi :S®DDEDR)—>SDBD,DE DR,
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such that its block matrix representation with respect to the above decomposi-
tion is given by

Py
0

1

_[0; o
Yi=lo I]
Now, by identifying R with R{0} C

Wl-< V,Rh >= U.P, ﬁilil< ViRh )

RPD,wehaveforh € Handi=1,...,n,

Opee,RiPrh)) | & 0 |\(Opge,;RiPrh)
_ UP; Uy | [(Op e, Rih, RT;h)

(0p,@¢,, Rih)

(Ui(opi@gi’ RiTiTih-, R~1Tlh.)>

(ﬁi(OZDiGBEi’RiPTh’RiTih))

(0p,@e,» Rih)
_ [Op,ge, RTih, R T H)
(Op,@e,» Rih)
_( V,RT;h )
" \(Op,ge,RiM))°

Thus each W; satisfies the hypothesis of Lemma 3.2 with Q = P;,R = R,S =
R, T=T;,E =D, ® &, and V = V;| 4, and thus, we have

Or, =M, (i=1,..,n), (10)
where ®,(z) = (P; + zP)U? for z € D and T = (Iipy ® V)zr. For each
i=1,..,nwesetP; := VP,V;and U; := V/U;V,;. Then P; and U; are the
orthogonal projection and unitary on &, where £ := R @ D. Again, by the
identification of R with R @ {0} C &, we can view the map 7 (=: II) from K to
Hg([D) satisfying IT*II = N, and letting, fori = 1,...,n, ©,(z) := V/®;(2)V; =
(P; + zPil)Ulfk, we see that the intertwining identity (10) now becomes

IIT; = ME’;,H (i=1,..,n).
Moreover,
M1 =11Pr =0T T,..T, = M;f)1 ...Mg II.

This proves one direction of the theorem. The other direction follows from the
following: fori =1, ..., n,

T*NT; = T*II*IIT; = IT*Mg M I1 < IT*IT = N,
i i it 0;
and for h € ¥,
|P:NPER|| = ||PFIT*TIPE h|| = |IT*MEM*TIR|| - 0 ask — oo.
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In the case, if N € PL_(T) is a contraction, then IT is a contraction. This
completes the proof. O

It should be noted that the tuple of isometries (Mg, ..., Mg ) do not com-
mute, in general and which is the main difference with Theorem 3.3. How-
ever, as stated in the introduction, if we assume that P;" — 0 in SOT, then
I € L£,(T*) and in this case the above theorem gives an explicit construction
of Halmos dilation of T. Such a dilation result also obtained earlier in [2] using
so called fundamental operators.

We illustrate Theorem 3.3 by the following example.

Example 3.5. Forn = 2, we consider a pair of commuting matrices T = (T, T,)
such that for0 < a < 1,

a 0 O 0 00
T,=10 a 0|land T,=]0 1 O0].
0 0 0 0 01
r 00
Thenitis easy toverify that forr,s,t > 0, thematrixN = |0 s O0|isinPL_ (T).
0 0 ¢t

Consider the bounded operator 1 : C* — Hé([[])), defined by
(ITh)(z2) = (Vr(l = a®hy, Vs — @)y, Vths, avrh, )

+ > ZK(0,a*Vs(1 — a?)h,,0,0)

ic>1
forz € Dand h = (hy, hy, h3) € C3, any unitary U : C* — C* satisfying

U(0,Vs(1 — a?)hy, \ths,\[rhy) = (r(1 = a®hy, Vs = a)hy,\ths, avrhy),

and the projection P : C* — C#, defined by P(hy, h,, h3,hy) = (0,0,0, hy) for
(hy, hy, hy, hy) € C*. Then, it is straight forward to check that

N=II"l, and OT;=M;I (i=12),

where ®1(z) = (P + zPH)U* and ®,(z) = U(P* + zP).

4. (S, T)-Toeplitz operators

For n-tuples of commuting contractions T = (T4, ...,T,) € B(H )" and S =
(S, -, Sy) € B(IO)*, we study solutions of the following operator equations in
this section:

SXT;=X (i=1,..,n), (11)

where X € B(J(, X). The solution space of the above operator equations (11) is
denoted by 7°(S, T) and an element X in J°(S, T) is called an (S, T)-Toeplitz op-
erator. We first describe the canonical construction of (S, T)-Toeplitz operator
corresponding to each elements in B(J(, KX) using Banach limits. Let us recall
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few elementary facts about Banach limits. Consider the Banach space [*(Z"}),
defined by

loo(Z ) {x = {xoc}oceZ’jr D xq €C, ||x|| = sup |xoc| < 00}
aeZl

For x = {Xg}uezn € 1°(Z}), wesetfor eachi = 1,...,n, xO 1= {Xo1 ¢ }aezn,
where ¢; = (0,...,0, 1 ,0,..,0) € Z} and define a closed subspace M; of

N——

ith place
1°(Z"}) as

M; 1= {x —xO 1 x = {Xg}aezn € 1°(ZD}
Banach limits in our context will be a subset of the unit ball of the dual space
(I*(Z"}))* denoted by M(Z'} ) and consists of ¢ € (I*°(Z}))* such that $(M) =
and ¢(1) =1,where M = n”M and1 :={1,1,...,}. Note that M is a non- tr1v1a1
subspace of [*(Z}) as {1,0,...,} € M, and it is easy to see that 1 € I1*(Z}) \ M.
LetT = (T4,...,T,) € B(}C)” and S = (Sy,...,S,) € B(X)" be n- tuples

of commuting contractions. For X € B(H,X) and for each (h, k) € H X X,
the net {(S**XT%h, k>}oceZ" € 1°(Z%}). Now, for each ¢ € M(Z'}), we define a
sesquilinear form BX TH XK - Cby

B;f (h,k) = pA(S** XT*h, k)}yezn) (h € H,k € X).

X
¢

1B < 11X < [1X1]-

A simple estimate shows that B is a bounded sesquilinear form and

Hence, by the Riesz representation theorem, there exists Y4(X) € B(I(,X)
such that for h € 7(,k € X, B;f(h,k) = (Y4(X)h, k). Also note that, for h €
H,keX,andi=1,..,n,
(S¥Y4(X)T;h, k) = B;f (T;h, S;k)

= $US™XTT;h, Sik)}ee )

= p({(SHHIXTC* R, k) e )

= S XT*h, K)lezr), as $(M) =0

= (Y4(Xh, k).
Hence, Y4(X) € 7(S,T). By the above analysis, corresponding to each ¢ €
M(Z"}), the map

defines a bounded linear operator. Also since any bounded linear functional of
norm one is completely contractive and the map X € B(H,XK) — S™XT* €
B(3,X) is completely contractive for any a € Z7, it follows that Yy is in fact
a completely contractive map. By the construction it also follows that for X €
T(S,T), Ye(X) = X.
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Thus we have proved the following theorem. For the base case n = 1, the
result is obtained in [9].

Theorem 4.1. Let T = (T4, ...,T,) € B(F)* and S = (S, ...,S,) € B(K)" be
n-tuples of commuting contractions. Then for X € B(J,X) and ¢ € M(Z"}),
Y4(X) € T(S,T). For each ¢ € M(Z"}), the map

is a surjective completely contractive map. Moreover, if X € T (S, T), thenY (X) =
X forall ¢ € M(Z"}).

By the above theorem, one concludes that 7°(S, T) is non-trivial if and only
if the range of the map Y, is not {0} for any ¢ € M(Z'}). However, it is difficult
to check whether Yy is {0} or not, in general. Below, we provide two necessary
conditions in terms of isometric and unitary pseudo-extensions for 7°(S, T') to be
non-trivial. Here, we use the terminology that two pseudo-extensions (J, X, U)
and (4, X, U) of T are unitarily equivalent if there exists a unitary W : X — X
such that

WU, =UW,i=1,..,n,and Wg = 4.

Proposition 4.2. LetS = (S;,...,S,) € B(KX)*and T = (T4, ...,T,) € B(H)"
be n-tuples of commuting contractions. If 7(S, T) # {0}, then

(a) Adjoint of the product contractions Py and Pg are not pure, where Py = T, --- T,
and Pg = S;---S,.

(b) S and T have canonical isometry pseudo-extensions.

(c) S and T have unique (up to unitary equivalence) canonical unitary pseudo-
extensions.

Proof. We prove part (a) by the contradictory method. Let us assume that the
adjoint of the product contraction Py is pure. Let X be a non-zero operator such
that X € (S, T). Since fori =1, ..., n, Sl.*XTl- = X, we also have

PIXPE =X (kez,). (12)
Then for h € 7,
IXh|| = |PFXPLRI < [IPENIXIIPERI < IX]IIPER] - 0 ask — oo.

Therefore, X = 0, which contradicts that X is a non zero operator. Taking
adjoint of the equation (12), we can similarly prove that the adjoint of Pg is not
a pure contraction.

Since the adjoint of product contractions Py and Pg are not pure, part (b)
then follows from Theorem 2.1.

For part (c), we only need to show that T has a canonical unitary pseudo-
extension as the arguments for S is identical. Since the adjoint of Pt is not pure,
let (J7,Qr, V) be a canonical isometric pseudo-extension of T as constructed in
the proof of Theorem 2.1, where V = (V4,...,V,,) on Q; is a n-tuple of com-
muting isometries. Suppose that U = (Uy, ..., U,) on Xt is a minimal unitary
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extension of V. Since Oy C K7, we view Jr : H — K7 and note that for
i=1,..,nand h € I,

Ul-HTh == ViHTh - HTT,-/’I,

and
_ . k pk
H;HT = SOT — kh_)mo0 P; Py.

Therefore, (J, K, U) is a canonical unitary pseudo-extension of T. For unique-
ness, let us assume that (J, X, U = (U, ...,U,)) and (,X,U = (Uy,...U,)) be
canonical unitary pseudo-extension of T. Since canonical pseudo-extensions
are minimal, using minimality we define an operator W : X — X, by

fU,0NFh ~ f(O,097h

for h € J and polynomial f in z and 2 (z = (zy,...,2,) € C"). If f =
> aa,ﬁz"‘fﬁ, then for h € 7,

If (0. OFRIP =2, aq gd* U UG h, h)
= ag (T J*IT%h, h)
=SOT — lim > ag (T Pk PET R, h).

Since the last term only depends on T, W is a unitary. It is evident from the
definition W that WUl- =U;W (i = 1,..,n)and WJ = 4. This completes the
proof. O

It turns out that none of the assertions in Proposition 4.2 is sufficient for the
non-triviality of 7°(S, T). The following example demonstrates it.

Example 4.3. Forn = 1and 7€ = KX = H*(D), we consider S as a unilateral
shift (M) on H*(D) and T as an identity operator on H*(D). It is clear that adjoint
of M, and I are not pure. However, in this case J(S,T) = {0} as any operator
which intertwines a unitary and a pure contraction has to be zero.

We have seen in Proposition 4.2 that the existence of a non-zero element in
J(S,T)implies S and T have canonical isometric pseudo-extensions (Jg, Qg, W)
and (Jr, Qr, V), respectively. In such a situation, it is natural to ask how J°(S, T')
and J(W,V) are related? The following result answer it immaculately.

Theorem 4.4. Let T = (T4,...,T,) € B(H)" and S = (S1,...,S,) € B(X)"
be n-tuples of commuting contractions, and let (Jr,9Qr,V) and (Js, Qg, W) be
canonical isometric pseudo-extensions of T and S, respectively. Then

Moreover, foreach A € 7 (S,T), thereexistsa B € T(W, V) such that A = J¢BJr
and ||A]| = [[Bl-
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Proof. Let us assume that A € J(W,V). By the hypothesis, fori = 1,...,n,
WI*AVZ = A, VIHT = 3TTi and Wigs = HSSi. Then fori = 1,..,n,

Thus, 3§A3T € J(S,T), and therefore 3§T(W, V)dr € T(S,T). For the other
containment, let A € J(S,T) be such that ||A|| < 1. If Pg = S;---S,, and
Py =T,---T,, then
PFAPE =A (k€ zZ,).
Consequently, fork € Z,
% _ pxk 4 pk pxk 4% pk k 4 1% Dk «k pk
AA* = P’Sk APTP;i A PS < P; AA PS < PS PS.

Since (Jg, Qg, W) is a canonical isometric pseudo-extension of S, passing to
the SOT limit in the above inequality we get AA* < J¢Js. Therefore, by the
Douglas’ factorization theorem, we get a contraction C : H — Qg such that
A = g;c. Since the isometric pseudo-extension (Jg, Qg, W) of S is minimal,

then Ran Jg = Qg and J is one-to-one map on Qg. So the identity
JsC=A=SAT; = S/JCT; = JW/CT;

implies that WlkaT,- = Cfori =1,...,n. Furthermore, fork € Z+,P;‘{£‘CP§E =C,
where Py, = W, ---W,. Again by a similar argument as before, we have for
kez,,

C*C = Pikc*Pk prkcpk < prkc*cpPk < prpE.

Therefore, C*C < J;.Jr as (Jr, Qr, V) is a canonical pseudo-extension of T'. Ap-
plying the Douglas’ factorization theorem, we obtain a contraction B : Qp —
Qg such that C = BJy. Consequently, foreachi =1,...,n,

BHT =C= Wl*CTl = Wl*BgTTl = Wi*BVl'gT,

and this implies that W;“BVi = Bfori =1,..,n. Thus, A = H;C = H;‘BHT
for some B € 7(W,V) and ||B|| < 1. Hence, 7(S,T) = JgT(W,V)Jr. Fur-
thermore, the above construction shows that if A is a contraction, then we can
choose B to be a contraction as well. This proves that for A € (S, T), we can
find B € (W, V) such that A = JgBJr and ||A|| = ||B|. This completes the
proof. O

It is well known that a tuple of commuting isometries on a Hilbert space al-
ways extends to a tuple of commuting unitaries. As a consequence any canon-
ical isometric pseudo-extension also can be extended to a canonical unitary
pseudo-extension. Then next result describes the effects on Toeplitz operators if
one passes to unitary extensions. This result can be obtained by considering the
abelian semigroup generated by the tuple of isometries and the semigroup of
their unitary extensions and then invoking the result of P. Muhly ([20]). How-
ever, we provide a direct proof as the set of arguments are quite standard.
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Theorem 4.5. Let

V=(,.,V)EBU)" and W =Wy..,W,) e BXK)"
be n-tuples of commuting isometries with minimal unitary extensions

V=WV,.,V,)EB@F)" and W =W,,..,W,)e€ BK)",
respectively. Then

TW,V)=PyT (W, V).
Moreover, foreach A € T(W,V), thereisa B € T (W, V) such that A = Py B| 4
with [|Al| = ||B]|.
Proof. LetA € 7 (W,V). Thenfori = 1,..., n, the following chain of identities
WPy APy V; = PuW Py AV | = PoWFAV |50 = PycAl g

shows that 7(W,V) D P«J(W,V)|s. For the other containment, let C €
TJ(W,V). Then for a = (ay, ..., a,) € Z7,

W*Cve = C.

Now, we use a somewhat standard technique to ‘enlarge’ C and get hold of an
operator B € 7 (W, V). For a = (a4, ...,a,) € Z", we set

BOC = W*OCP:K'CP:]{V“,PLOC .= V*“P%V“, and PZ,C( = W*“PKW“.

Itis easy to perceive that P, , and P, , are projections onto V**(#) and W**(X),
respectively and {Pl,a}aezﬁ and {Pz,a}aezﬁ are increasing net of projections.
Moreover, Py, 1 I and P, 1 Iy in SOT, which follows from the minimality
of the extensions, that is,

= \/ V*a(J¢) and K = \/ W (%0).

n n
aEZl a€Zl

Also, it is easy to observe that the net{Ba}aezﬁ is uniformly bounded and it is
bounded by ||C||. Now, for a > § > 0, observe that

P, 3B,Py g = WPy WPW**Py.CPy VEV*P Py VP
= WP W*@Bp,CP, V@Pp, VB
= Wp,wa-Bcyl-~p, 7B
= W*FPyCPy VF
= B.
Therefore, P, gB. P, g is independent of « for « > . Consequently, for x =
Py p(x1) € P1,ﬁ~7Z andy = P,3(y;) € Pz,ﬁje,
o}ggowax,y) = ;L%(PLﬁBoch,ﬁbe’D = (Bﬁxl’J’1>~
Since the net {Bg }ﬁezﬁ isuniformly bounded, then it follows that lim,,_, .. (B X, y)
exists for all x € VﬁeZi PigH =Handy € \/ﬁ,eZi PysK = K. In other
words, B, converges in the weak operator topology to B € B(J(, K), say. Now,
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we do a routine computation to show that PyB|4 = C and fori = 1,...,n,
Wl.*BV,- = B. To thisend, for x € H and y € X,

(PgBlgrx,y) = im (PgW**PyCP4V%x,y) = lim (W**CV%x,y) = (Cx, y).
a—>oo aA—>o0

Fora = (ay,...,a,) € Z} and ¢; = (0,...,0, 1 ,0,..,0) € Z!, note that
N—_——
ith place

W,-*BaVi =Byte, (i=1,..,n),

and therefore, foreachi = 1,...,n, Wi*BV,- = B. This completes the proof of
TW,V) = PxT(W,V)|4. Moreover, since B is the weak operator limit of
{Ba}aczr and the net is uniformly bounded by [|C||, it follows that ||B|| = ||C]|.
This proves the moreover part of the theorem. O

We conclude the article with a necessary and sufficient condition for (U, V)
to be non-trivial, where U and V are n-tuples of commuting unitaries.

Corollary 4.6. LetU = (Uy,...,U,) € B(H)"andV = (V4,...,V,) € B(K)"
be two n-tuples of commuting unitaries. Then J(U,V') # {0} if and only if there
exist two joint reducing subspaces M and N of U and V, respectively, such that

WUilaes s Unlae) = (Vilvs oo Vialv)-

Proof. Let us assume that 7°(V,U) # {0}. Then there is a non zero operator B
such that

BUi = VlB (l =1,.. ,n).

So, if we consider M = (Ker B)* and ' = Ran B, then by [14, Lemma 4.1], we
have

Wilaes - Unlae) = (Vilves oo, Vinlv)-
The other implication is easy. This completes the proof. O
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