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On the global homotopy theory of symmetric
monoidal categories

Tobias Lenz

ABSTRACT. Parsummable categories were introduced by Schwede as input
for his global algebraic K-theory construction. We prove that their whole
homotopy theory with respect to the so-called global equivalences can already
be modelled by the more mundane symmetric monoidal categories.

In another direction, we show that the resulting homotopy theory is also
equivalent to the homotopy theory of a certain simplicial analogue of par-
summable categories, that we call parsummable simplicial sets. These form a
bridge to several concepts of ‘globally coherently commutative monoids’ like
ultra-commutative monoids and global I'-spaces, that we explore in [3].
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Introduction

The algebraic K-theory of rings encodes information about a wide range of
phenomena in number theory, geometry, and other areas of pure mathematics.
While historically the roots of the subject lie in algebra, Quillen’s construction
[12] of the K-groups of a ring R is decidedly homotopy theoretic in nature: he
first assigns to R an infinite loop space (or, in modern interpretation, a connec-
tive spectrum) K(R), and the K-groups are then only obtained in a second step
as the homotopy groups of it.
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Quillen’s second construction [13] made it clear that algebraic K-theory does
not really depend on the ring R itself, but only on its module category. Build-
ing on this observation, algebraic K-theory was soon extended to more general
categorical inputs. In particular, May [8] constructed the algebraic K-theory of
small symmetric monoidal categories, and an equivalent construction was later
given by Shimada and Shimakawa [20]; more precisely, they show how sym-
metric monoidal categories yield special I'-spaces in the sense of Segal, which
we can think of as ‘commutative monoids up to coherent systems of homo-
topies.” Segal’s delooping machinery [19] then associates to each (special) I'-
space a connective spectrum, and together this yields the K-theory K(%) of a
symmetric monoidal category €. If R is a ring, then applying K to a skeleton
of the symmetric monoidal category of finitely generated projective R-modules
and R-linear isomorphisms under direct sum recovers the usual K-theory of R.

K-theory as group completion. A particularly striking structural insight on
the K-theory of symmetric monoidal categories is Thomason’s result [23, Theo-
rem 5.1 and Lemma 1.9.2] that K exhibits the homotopy category of connective
spectra as localization of the category of small symmetric monoidal categories.

This result was later refined by Mandell [7, Theorem 1.4], who showed that
already the intermediate passage to the homotopy category of special I'-spaces
is a localization, i.e. symmetric monoidal categories model all ‘coherently com-
mutative monoids in spaces.” Thomason’s original result then follows from this
via Segal’s comparison between the homotopy theories of (special) I'-spaces and
connective spectra [19, Proposition 3.4].

More precisely, Segal shows (in modern language) that the passage from spe-
cial I'-spaces to connective spectra is a Bousfield localization and that it identi-
fies the homotopy category of connective spectra with the one of the very spe-
cial (or grouplike) I'-spaces. Together with Mandell’s result we can view this as
a precise formulation of the slogan that K-theory is ‘higher group completion,
just like K, can be defined as an ordinary group completion.

Equivariant and global algebraic K-theory. The study of G-equivariant al-
gebraic K-theory for a fixed finite group G already began in the 80’s, but recent
years have seen a renewed interest in it, for example through the work of Mer-
ling [10] and her coauthors [6, 9].

One possible approach to the subject goes back to Shimakawa [21], who de-
veloped I'-G-spaces as a G-equivariant generalization of Segal’s I'-spaces, and
used this machinery to construct the equivariant K-theory K;(6) of a small
symmetric monoidal category € with a suitable G-action. Here K;(€) is a G-
spectrum in the sense of G-equivariant stable homotopy theory; we empha-
size that this theory is richer than the naive homotopy theory of G-objects in
spectra, and similarly for I'-G-spaces. In particular, Shimakawa’s result is not
simply a consequence of functoriality of the usual non-equivariant K-theory
constructions—for example, we can extract from K;(€) not only a single N-
graded K-group, but in fact one for each subgroup H C G, and these graded
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abelian groups are connected by additional structure maps providing them with
the structure of a so-called G-Mackey functor.

In this sense, it turns out that the G-equivariant algebraic K-theory of a sym-
metric monoidal category € with trivial G-action already contains interesting
additional information. If we fix € and vary G, this yields a family of equivari-
ant K-theory spectra associated to ‘6, which are related by suitable change-of-
group maps. A rigorous framework meant to capture the notion of such fami-
lies is global stable homotopy theory in the sense of [15], and it is therefore nat-
ural to ask whether we can collect all this equivariant information in a single
global spectrum.

A candidate for this has been recently proposed by Schwede [18], who intro-
duced global algebraic K-theory. His approach differs from the other construc-
tions discussed above in that it is not based on symmetric monoidal categories,
but on so-called parsummable categories. However, there is a specific way to as-
sign a parsummable category to a small symmetric monoidal category, which
can then be used to define its global algebraic K-theory.

New results. The present article studies the global homotopy theory of sym-
metric monoidal and parsummable categories, in particular laying the ground-
work for refinements of Thomason’s and Mandell’s results to equivariant and
global algebraic K-theory.

More precisely, there is a notion of global weak equivalences of parsummable
categories, and global algebraic K-theory is invariant under them [18, Theo-
rem 4.16]. On the other hand, Schwede introduced a global model structure on
the category of small categories (modelling unstable global homotopy theory)
in [16], and we call a strong symmetric monoidal functor a global weak equiva-
lence if its underlying functor is a weak equivalence in this model structure. As
our first main result, we compare these two homotopy theories, thereby bring-
ing Schwede’s construction on an equal footing with the other approaches con-
sidered above:

Theorem A (see Theorem 6.9). The passage from small symmetric monoidal
categories to parsummable categories defines an equivalence of homotopy theories
with respect to the global weak equivalences (i.e. it induces an equivalence on the
corresponding co-categorical localizations).

In particular, symmetric monoidal categories are just as good from the per-
spective of global algebraic K-theory as general parsummable categories. This
also follows the general pattern that on the pointset level global objects can often
be modelled by ordinary non-equivariant objects, and that it is only through the
notion of weak equivalence that their equivariant behavior emerges.

As our second contribution, we introduce parsummable simplicial sets as a
simplicial analogue of parsummable categories. There is again a suitable notion
of global weak equivalences, and with respect to these we prove:
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Theorem B (see Theorem 5.8). The nerve defines an equivalence of homotopy
theories between the categories of parsummable categories and of parsummable
simplicial sets.

We are particularly interested in parsummable simplicial sets because they
form a bridge to several concepts of ‘globally coherently commutative monoids’
that we study in [3]. In particular, we show in op. cit. that their homotopy the-
ory is equivalent to a suitable global version of I'-spaces and to Schwede’s ultra-
commutative monoids [15] (viewed through the eyes of finite groups). These
further comparisons use techniques from homotopical algebra, and in particu-
lar they use that the global weak equivalences of parsummable simplicial sets
are part of a model structure. It is not clear whether such model structures also
exist on the other categories discussed in this article.

While interesting in their own right, Theorems A and B above are crucial in-
gredients to the proof we give in [3] that symmetric monoidal categories model
all ‘globally coherently commutative monoids, which can be viewed as a global
refinement of Mandell’s theorem and as an ‘additive’ version of Schwede’s re-
sult that categories model all unstable global homotopy types [16, Theorem 3.3].
Together with a global version of Segal’s delooping theory that we also develop
in [3], thisin particular allows us to refine Thomason’s original result to a global
comparison.

G-global homotopy theory. In this article we will actually prove Theorems A
and B in greater generality: namely, we allow an additional discrete, but pos-
sibly infinite group G to act everywhere, and we consider the resulting cate-
gories of G-objects with respect to so-called G-global weak equivalences, which
for G = 1 recovers the previous definitions.

However, for general G, the G-global weak equivalences are typically finer
than the underlying global weak equivalences, and they are in particular fine
enough to recover the usual G-equivariant information when G is finite. More
precisely, Shimakawa’s equivariant K-theory is invariant under G-global weak
equivalences, so that the G-global versions of Theorems A and B provide
structural information about the equivariant algebraic K-theory of symmetric
monoidal categories with suitable G-actions. We study G-global homotopy the-
ory systematically in [3], where we in particular use these generalizations to
prove G-equivariant versions of Thomason’s and Mandell’s results.

Outline. In Section 1, we review the basic theory of tame EM-categories and
parsummable categories, and we define the G-global homotopy theory of EM-
G-categories and G-parsummable categories. Their simplicial counterparts are
then introduced and studied in Section 2.

Section 3 is devoted to the construction of the tame EM-G-category Cx asso-
ciated to a tame EM-G-simplicial set X. We prove in Section 4 that the resulting
functor is homotopy inverse to the nerve, and that the EM-G-categories aris-
ing this way satisfy a certain technical condition that we call weak saturated-
ness. Section 5 is then devoted to lifting the results of the previous two sections
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to G-parsummable categories and G-parsummable simplicial sets, in particular
proving Theorem B.

Finally, we prove Theorem A in Section 6 by using the weak saturatedness
established in Section 4 to reduce it to the categorical comparison result of [4].
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1. A reminder on parsummable categories

1.1. M-sets and tameness. We begin by recalling the monoid M as well as
some basic results about the combinatorics of M-actions from [14].

Definition 1.1. If A, B are sets, then we write Inj(A, B) for the set of injective
maps A — B. We write w for the countably infinite set {1, 2, ... }, and we write
M for Inj(w, w) considered as a monoid under composition.

Warning 1.2. In [14, 18], the symbol M is used for the above monoid, while
[18] uses M for what we call EM below. The reason for this change in notation
is consistency with [3], where actions of the above monoid are studied in their
own right. In particular, we prove in [3] that simplicial sets with an action of
Inj(w, w) (When equipped with a slightly subtle notion of weak equivalence) al-
ready model global homotopy theory, so we think it deserves to be notationally
distinguished from a generic monoid.

Next, we come to the notions of support and tameness for M-sets, whose
categorical and simplicial counterparts will later be central for defining par-
summable categories and parsummable simplicial sets, respectively.

Definition 1.3. Let X be an M-set, let x € X, and let A C w be finite. We say
that x is supported on A if u.x = x for all u € M fixing A pointwise. We say
that x is finitely supported if it is supported on some finite set. The M-set X is
called tame if all its elements are finitely supported.
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Definition 1.4. Let X be an M-set and let x € X be finitely supported. Then
the support supp(x) of x is the intersection of all finite sets on which it is sup-
ported.

Lemma 1.5. In the above situation, x is supported on supp(x).
Put differently, a finitely supported x is supported on a unique minimal set.

Proof. This is immediate from [14, Proposition 2.3], also see the discussion
after Proposition 2.4 of op. cit. O

Example 1.6. If A is any finite set, then we can consider Inj(A, w) with M-
action given by M X Inj(A, w), (u, i) — uoi. Thisis tame: an injectioni: A - w
is obviously supported on i(A). In fact, supp(i) = i(A): namely, if B 2 i(A),
then we can pick an a € i(A) \ B and an injection u fixing B pointwise with
a ¢ imu. Then u.i = uoi does not hit a, so u.i # i, i.e. i is not supported on B.

Non-example 1.7. If A is countably infinite, then Inj(A, w) is not tame, in par-
ticular M with its left regular action is not tame. In fact, no element is finitely
supported: ifi: A — w is any injection, and B C w is any finite set, then
B 2 i(A) as the right hand side is infinite. The same argument as in the previ-
ous example then shows that i is not supported on B.

We close this discussion by collecting some basic facts about the support for
easy reference.

Lemma 1.8. (D) If f: X — Y is an M-equivariant map of M-sets and
x € X is finitely supported, then also f(x) is finitely supported. More-
over, supp(f(x)) C supp(x).

(2) If X is an M-set and x € X is finitely supported, then u.x is finitely sup-
ported for all u € M. Moreover, supp(u.x) = u(supp(x)).

Proof. The first statement is immediate from the definition and it also appears
without proof in [14, discussion after Proposition 2.5]. The second statement is
[14, Proposition 2.5-(ii)]. O

Lemma 1.9. Let X be an M-set, let x € X be supported on the finite set A C w,
and let u,v € M with u(a) = v(a) foralla € A. Then u.x = v.x.

Proof. This is [14, Proposition 2.5-(i)]. O

1.2. EM-categories and parsummable categories. We recall the so-called
‘chaotic categories’:

Construction 1.10. Let X be a set. We write EX for the (small) category with
set of objects Ob(EX) = X and precisely one morphism x — y forany x,y € X,
which we denote by (y, x). The composition is then uniquely determined by
this; explicitly, (z, y)(y,x) = (z,x) for all x, y,z € X.

For any map of sets f : X — Y, there is a unique functor Ef : EX — EY
that is given on objects by f, and this way E becomes a functor Set — Cat. Itis
easy to check that E is right adjoint to Ob with counit Ob EX — X the identity.
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In particular, E preserves products and terminal objects, so it sends ordinary
monoids to monoids in the 1-category Cat (i.e. strict monoidal categories). Cen-
tral to Schwede’s construction of global algebraic K-theory is the categorical
monoid EM obtained this way:.

Definition 1.11. An EM-category is a category C together with a strict action
of EM. A map of EM-categories is a functor f: ¢ — D strictly commuting
with the action, i.e. such that the diagram

EMxC 2 ¢

Efol lf

EMXD —— D
act

commutes. We write EM-Cat for the category of small EM-categories.

We will denote EM-categories by the calligraphic letters €, D, and so on (dis-
tinguishing them from ordinary categories denoted by €, 9, etc.).

If € is an EM-category, then we have in particular an action of the discrete
monoid M on €, which then restricts to an M-action on the (large) set Ob C. In
addition, we are given for each u, v € M a natural isomorphism [u, v] : (v.-) =
(u.-) givenon x € Cby (u,v).id, : v.x — u.x. Specializing to v = 1, this yields
in particular for each x € € an isomorphism u} : x — u.x. From functoriality
and associativity of the action, one easily concludes that

(uv)¥ = ul*v? (1.1)

forallu,v € M and x € €. The following useful lemma shows that EM-actions
on categories can conversely be described by the above data, considerably sim-
plifying their construction:

Lemma 1.12. Let C be a category, and assume we are given an M-action on Ob C
together with for each u € M, x € C an isomorphism u} : x — u.x such that
these data satisfy the relation (1.1).

Then there exists a unique EM-action on C extending the M-action on Ob C
and such that u? = [u, 1], forall x € € and u € M.

Proof. See [18, Proposition 2.6]. O

There is also a relative version of the lemma, that allows us to check EM-
equivariance of functors in terms of the above data:

Lemma 1.13. Let C, D be EM-categories and let f : C — D be a functor of their
underlying categories. Then f is EM-equivariant if and only if Ob f : ObC —
Ob D is M-equivariant and f(ul) = uf(x) D f(x) - u.(f(x)) = f(u.x) forall
xeCueM.

Proof. This is [4, Corollary 1.3]. O

We can now define the categorical counterpart of the support:
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Definition 1.14. Let C € EM-Cat, let x € €, and let A C w be a finite set.
Then we say that x is supported on A if x is supported on A as an element of
the M-set Ob(C). We write Cp4) C C for the full subcategory spanned by the
objects supported on A.

We morever say that x is finitely supported if it is supported on some finite
set, and we write C* for the full subcategory of those.

Finally, we call C tame if all its objects are finitely supported (i.e. if Ob(C)
is tame), and we denote the full subcategory of EM-Cat spanned by the tame
EM-categories by EM-Cat’.

Lemma 1.8-(1) shows that any EM-equivariant functor f : ¢ — D restricts
to Cja] = Dy, for all finite A C w, and hence in particular to €* — D°.

Definition 1.15. Let C € EM-Cat, and let x € C be finitely supported. Then
the support supp(x) of x is the intersection of all (finite) sets A C w on which x
is supported, i.e. its support as an element of the M-set Ob(C).

Lemma 1.5 shows that x is indeed supported on supp(x), also see [18, Propo-
sition 2.13-(1)].

Example 1.16. If A is any finite set, then the M-action on Inj(A, ) from Ex-
ample 1.6 induces an EM-action on EInj(A, w) recovering the original action
on objects. In particular, this EM-category is tame and the support of an object
i: A— wisprecisely i(A).

At first sight, the definition of support might seem a bit to weak (or ‘un-
categorical’) as for u € M fixing supp(x) pointwise we only explicitly require
that x = u.x and not that the canonical comparison isomorphism uy : x — u.x
be the identity. However, it turns out that this seemingly stronger condition is
in fact automatically satisfied:

Lemmal.17. Let C € EM-Cat, let x € C befinitely supported, and letu,v € M
agree on supp(x). Then u.x = v.x. If moreoveru’,v’ € M agree on supp(x), then
[u,u], =[V,v]y: ux=v.x > u.x=v.x

In particular, u} = id, if u restricts to the identity on supp(x).

Proof. This follows from [18, Proposition 2.13-(ii)]. O

Warning 1.18. The above lemma should not be misunderstood as saying that
u.x = x foru € M, x € Cif and only if u} is the identity. In particular, if H C
M is a subgroup (i.e. a submonoid that at the same time is a group), then for
x € CH the structure isomorphisms h, : x — h.x are usually non-trivial, and
instead they define a potentially interesting H-action on x. In fact, for so-called
saturated EM-categories C, that we will recall below, and ‘nicely’ embedded
subgroups H, all H-objects in € arise this way, cf. [18, Construction 7.4].

We are now ready to introduce the box product of tame EM-categories [18,
Definition 2.32]:
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Definition 1.19. Let @, D € EM-Cat’. Their box product C ® D is the full
subcategory of C X D spanned by the pairs (c, d) of disjointly supported objects,
i.e. pairs such that supp(c) n supp(d) = @.

By [18, Proposition 2.13-(iii)] the diagonal EM-action on X X Y restricts to
an EM-action on X X Y, which is again tame by [18, Corollary 2.34]. The box
product then becomes a subfunctor of the cartesian product, and it is not hard
to check that the usual unitality, associativity, and symmetry isomorphisms of
the cartesian product restrict to corresponding isomorphisms for X, making it
the tensor product of a preferred symmetric monoidal structure on EM-Cat’
with unit the terminal EM-category [18, Proposition 2.35].

Definition 1.20. A parsummable category is a commutative monoid for the box
product on EM-Cat’. We write ParSumCat for the corresponding category of
commutative monoids (whose morphisms are the monoid homomorphisms).

Explicitly, this means that the data of a parsummable category consist of a
tame EM-category C equipped with an object 0 of empty support as well as a
suitably functorial ‘addition’ defined for any pair of disjointly supported objects
X,y € € and for any pair of morphisms f: x - x’, g: y — y/ such that x, y
and x’,y’ are disjointly supported. The addition has to be strictly associative,
unital, and commutative whenever this makes sense. In general, two given
objects x,y € € might not be summable (i.e. supp(x) N supp(y) # @), but [18,
proof of Theorem 2.33] shows that we can always replace x, y by an isomorphic
pair of summable objects.

Example 1.21. Any abelian monoid A becomes a parsummable category when
viewed as a discrete category with trivial EM-action.

Example 1.22. Associated to any tame EM-category C we have a free par-
summable category PC = [] _, CEn /3, (where %, denotes the symmetric

group); here the additive unit is the unique object 0 € €*°/%, and the sum
is given by concatenation. This defines a left adjoint to the forgetful functor
ParSumCat — EM-Cat’, see [18, Example 4.6].

Example 1.23. Let € be a permutative category, i.e. a symmetric monoidal
category in which the associativity and unitality isomorphisms are the respec-
tive identities. Then [18, Construction 11.1] associates a parsummable category
®(6) to € as follows: an object of ®(6€) is an infinite family (X;, X5, ... ) of ob-
jects in 6 such that X; = 1 (the unit of the tensor product) for almost all i. If
(Y;,Y,,...) isanother such object, then a morphism (X3, ... ) = (Yy,...) in ®(6)
is a morphism ®[21 X; - ®:1 Y; in 6; note that these infinite tensor prod-
ucts indeed make sense as @ is assumed to be strictly associative and unital.
The M-action on Ob(P(€)) is given by ‘permuting and extending by 1, i.e. if

u € M, then u.(Xy, ... ) = (Y, ...) with
_ X; ifu(j)=i
"l ifi ¢ im(u);
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the comparison map u, : (Xi,...) = (Yy,...) is obtained as a suitable composi-
tion of symmetry isomorphisms, see loc. cit. for details.

The sum on objects is given by ‘interlacing’: if (X, ...) and (Y7, ...) are dis-
jointly supported, then we have X; = 1 or Y; = 1 (or both) for every i, and we
define (X1,...) + (Y4, ...) = (Z;,...) with

Xi lle =1

Z = .
Y; otherwise.

The sum on morphisms is given by tensoring and conjugating with suitable
composites of symmetry isomorphisms; we again refer to the aforementioned
reference for details.

1.3. G-global homotopy theory of G-parsummable categories. For therest
of this article, let us fix a discrete (not necessarily finite) group G. We will be in-
terested in the category EM-G-Cat of G-objects in EM-Cat, whose objects we
call small EM-G-categories. They can also be alternatively described as small
categories with an EM-action and a G-action such that the two actions com-
mute, or as small categories with an action of the categorical monoid EM X G.

Any C € EM-G-Cat has in particular an underlying EM-action, from which

it inherits the notions of support and tameness. The full subcategory
EM-G-Cat’ C EM-G-Cat

of the tame EM-G-categories is then canonically identified with G-objects in

EM-Cat’.

In particular, the box product of tame EM-categories together with its unital-
ity, associativity, and symmetry isomorphisms automatically lifts to a symmet-
ric monoidal structure on EM-G-Cat’. We write G-ParSumCat for the corre-
sponding category of commutative monoids and call its objects G-parsummable
categories. The category G-ParSumCat is then again canonically identified
with the category of G-objects in ParSumcCat.

We now want to study EM-G-categories and G-parsummable categories from
an equivariant point of view. The crucial observation for this is that any group
embeds into M in a particularly nice way; in order to describe these embeddings
we need the following two notions:

Definition 1.24. Let H be a finite group. A countable H-set X is called a com-
plete H-set universe if every finite H-set embeds into X equivariantly.

Definition 1.25. A finite subgroup H C M is called universal if w equipped
with the restriction of the tautological M-action to H is a complete H-set uni-
verse.

Remark 1.26. The above notion of universality is analogous to [17, Defini-
tions 1.3 and 1.4] which studies global homotopy theory with respect to com-
pact Lie groups.

Lemma 1.27. Any finite group H admits an injective homomorphism i: H —
M with universal image. If j: H — M is another such homomorphism, then
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there exists a (non-canonical) invertible element ¢ € M with j(h) = @i(h)p~!
forallh € H.

This lemma appeared in a preliminary version of [18]. It tells us in particu-
lar that we can associate to an EM-category C for any abstract finite group H
an underlying H-category Cy well-defined up to (a priori non-canonical) iso-
morphism by picking an injective homomorphism i : H — M with universal
image and setting C;; = i*C, which explains the global equivariant behaviour
of EM-categories.

‘Proof’ This is completely analogous to [17, proof of Proposition 1.5], and we
leave the details to the interested reader. O

In order to define the ‘G-global homotopy theory’ of small EM-G-categories,
we introduce some notation: if H C M is a subgroup and ¢: H — G is
a homomorphism, then we write ', := {(h,¢(h)) : h € H} for the corre-
sponding graph subgroup of EM X G. If ¢ € EM-G-Cat, then we abbreviate
C% := C'% for the category of [ -fixed points, and if f : € — D is a morphism
in EM-G-Cat, then we write f® := f's: @® — D. This yields a functor
(-)? : EM-G-Cat — Cat.

Definition 1.28. A morphism f: € — D in EM-G-Cat is called a G-global
weak equivalence if f? : €% — D? is a weak homotopy equivalence (i.e. a weak
homotopy equivalence on nerves) for each universal subgroup H C M and
each homomorphism ¢ : H — G.

A morphism of G-parsummable categories is called a G-global weak equiva-
lence if it so as a morphism in EM-G-Cat.

For G = 1, Schwede [18, Definition 2.26] considered these under the name
‘global equivalence.” Here we use the term ‘G-global weak equivalence’ instead,
in order to emphasize that these are a refinement of the weak homotopy equiv-
alences instead of the categorical equivalences, i.e. those (EM X G)-equivariant
functors that are equivalences of underlying categories.

In fact, the G-global weak equivalences and the categorical equivalences are
in general incomparable, i.e. neither notion implies the other. However, there
is at least a particular class of interesting EM-G-categories for which the G-
global weak equivalences are indeed weaker than the categorical equivalences,
which we will now introduce.

Construction 1.29. Let C be a (small) EM-G-category, let H C M be univer-
sal, and let ¢ : H — G be any group homomorphism. Then H acts on EH via
its left regular action, and it acts on C via the diagonal of its actions via M and ¢.
We write €"? := Fun(EH, @) for the fixed points of the induced conjugation
action. In other words, Fun(EH, €)? is the subcategory of those ®: EH — C
such that ®o(h.-) = ((h, go(h)).—)o<I> together with those natural transforma-
tions 7 : ® = Wsuch that 7;, = (h, p(h)).7;.

Restricting along EH — * produces a fully faithful functor € - Fun(EH, C)
that is equivariant with respect to the above action on the target and H acting on
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€ as before. In particular, we get an induced functor €# — Fun(EH, @)% = ¢"¢
that is again fully faithful as a limit of fully faithful functors.

Here we use the notation €% as we want to stress that the above are ho-
motopy fixed points (commonly denoted C"%), but with respect to the categor-
ical equivalences and not with respect to the weak homotopy equivalences or
G-global weak equivalences. In particular, if f is any categorical equivalence,
then f ¢ will be an equivalence of categories by [10, Proposition 2.16], but if f
is a G-global weak equivalence, then f”'% need not be a weak homotopy equiv-
alence, as the following example for G = 1 shows:

Example 1.30. Let C be the groupoid B(Z/2) and let f : D — € be a weak ho-
motopy equivalence from a category 2D without non-trivial isomorphisms; this
exists for example by taking a cofibrant replacement in the Thomason model
structure on Cat [22, Proposition 5.7], or via Proposition 3.3 below.

If we equip € and D with the trivial EM-action, then f becomes a global
weak equivalence in EM-Cat’. However, if H C M is a universal subgroup
isomorphic to Z/2, then f " isa map from D" ~ D (here we used that D has
no non-trivial isomorphisms, so that any map from EH is constant) to C"H ~
Fun(B(Z/2),B(Z/2)), and this can’t be a weak homotopy equivalence as the
nerve of the latter has two path components (corresponding to the identity of
Z /2 and the zero homomorphism).

Definition 1.31. A small EM-G-category C is called saturated if for all univer-
sal H c M and all p: H — G the above functor €# < €"% is an equivalence
of categories. It is called weakly saturated if ¥ < €% is a weak homotopy
equivalence.

We write EM-G-Cat™ C EM-G-Cat™"”® ¢ EM-G-Cat’ for the full subcate-
gories of saturated and weakly saturated tame EM-G-categories, respectively.

IfG = 1, the above definition of saturatedness agrees with [18, Definition 7.3].
However, for the present article the weak notion will be more important.

T,Ws

Lemma 1.32. Let f: C — D be a categorical equivalence in EM-G-Cat ",
Then f is a G-global weak equivalence.

Proof. Let H C M be a universal subgroup, and let ¢ : H — G be any group
homomorphism. Then we have a commutative diagram

f¢
ey —L_, o

[ [

@‘h’go @‘h@
fhe
with the vertical maps as above. The bottom map is an equivalence of categories
because f is, hence in particular a weak homotopy equivalence. Moreover, the
vertical maps are weak homotopy equivalences by assumption, so that the top
arrow is also a weak homotopy equivalence by 2-out-of-3 as desired. O
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Remark 1.33. The same argument shows that if ¢ and D are actually satu-
rated, then any categorical equivalence f : ¢ — D even induces equivalences
of categories on all the relevant fixed points.

We also recall our saturation construction that first appeared for G = 1 as [18,
Construction 7.20]:

Construction 1.34. Let C be a small EM-category. Then Fun(EM, €) carries
two commuting EM-actions: one via the given action on € and one via the
right EM-action on itself via precomposition. We equip Fun(EM, C) with the
diagonal of these two actions.

Now assume that € is tame. We write €' := Fun(EM,C)*. If f: C — Dis
an EM-equivariant functor, then we write %' := Fun(EM, f)?; we omit the
easy verification that £ is well-defined and EM-equivariant, and that this way
(-)% becomes an endofunctor of EM-Cat’.

Finally, we consider the EM-equivariant functor € — Fun(EM, €) induced
by EM — x, which restricts to an EM-equivariant functors : € — €%, see [18,
Theorem 7.24-(iv)]. We omit the easy verification that s is natural.

Pulling through the G-actions everywhere, we can upgrade (-)% to an endo-
functor of EM-G-Cat’, and s automatically defines a natural transformation
from the identity to this lift.

Theorem 1.35. Let C be a tame EM-G-category.
(1) et is saturated, so that ()% restricts to a functor

EM-G-Cat’ —» EM-G-Cat™”.

(2) s: € — C%isa categorical equivalence.

In particular, the inclusion EM-G-Cat™ < EM-G-Cat’ is a homotopy equiv-
alence with respect to the categorical equivalences on both sides, and (-)%" is
homotopy inverse to it.

Here we call a homotopical functor F: € — & between categories with
weak equivalences a homotopy equivalence if there exists a homotopical functor
G: 9@ — € that is homotopy inverse to it, i.e. such that both FG and GF are
connected by zig-zags of natural levelwise weak equivalences to the respective
identities.

Proof. This is similar to the usual global situation, where this argument ap-
peared in slightly different form as [18, Theorem 7.24].

We will show that Fun(EM, ©) is saturated, and that the inclusion €% =
Fun(EM, C)" < Fun(EM, ©) induces an equivalence of categories on ¢-fixed
points for all universal H C M and allp : H — G. Applying the latterto H = 1
in particular shows that €% < Fun(EM, C) is a categorical equivalence, and
since so is € — Fun(EM, €) (as EM =~ %), also s: C — C%'is a categorical
equivalence by 2-out-of-3, proving (2). On the other hand, it shows that for
any ¢ as above the top horizontal and right hand vertical map in the evident
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commutative diagram

(G ——— Fun(EM, C)?

[ [

(es2tyre —, Fun(EM, C)H?

are equivalences of categories. Moreover, we can also deduce that the lower
horizontal map is an equivalence of categories (as a homotopy limit of equiva-
lences), hence so is the left hand vertical map by 2-out-of-3, which will precisely
prove (1).

It remains to prove the two claims. For the first one, we have to show that for
all H, ¢ as above the canonical map Fun(EM, C)? — Fun(EH, Fun(EM, ©))? is
an equivalence. Under the identification Fun(EH, Fun(EM, €)) = Fun(EH X
EM, ©) = Fun(E(H XM ), C) given by the adjunction isomorphism and the fact
that E preserves products, the right hand side of the above map corresponds to
the fixed points with respect to the same H-action on € as before and the H-
action on E(H X M) induced by the left regular H-action and the H-action on
M via h.u = uh~!. Under this identification, the canonical map is induced
by E(pr) : E(H X M) — EM, and it will be enough to show that this is an H-
equivariant equivalence of categories, i.e. an equivalence in the 2-category of H-
categories, H-equivariant functors, and H-equivariant natural transformations.

For this we observe that both H XM and M are free H-sets. Thus, there exists
an H-equivariant mapr : M — H XM. It is then easy to check that for varying
u € M the unique maps pr(r(u)) — u in EM assemble into an H-equivariant
isomorphism E(pr)E(r) = E(pror) = idgy, and similarly E(r)E(pr) & idgrxan
equivariantly. This completes the proof of the first claim.

For the second claim we observe that (€%')? — Fun(EM, C)? is always fully
faithful as a limit of fully faithful functors, so that it is enough to show that
it is also essentially surjective. Moreover, [18, Proposition 7.22] shows that
®: EM — Cissupported on some finite set A if (and only if) all ®(u) are sup-
ported on A and ® factors through the restriction E(resy) : EM — EInj(A, w).

As H is a complete H-set universe, w contains a finite faithful H-subset S
(for example, we could take any free H-orbit). By faithfulness, Inj(S,w) is a
free H-set, hence there exists an H-equivariant map y : Inj(S,w) — H. As
above one then argues that E(yoresg)* : Fun(EH, C)? — Fun(EM, C)? is an
equivalence of categories. Moreover, the above characterization shows that
E(yoresg)* lands in Fun(EM, )" = €%%; more precisely, E(yoresg)*(¥) =
E(resg)*E(x)*(¥) is supported on S U | J ney SUpp(W(h)) for any W: EH — C.
We conclude that (C52)? & Fun(EM, €)? is essentially surjective, completing
the proof of the second claim and hence of the theorem. O

Corollary 1.36. The inclusion EM-G-Cat™ < EM-G-Cat™"”’ is a homotopy
equivalence with respect to the G-global weak equivalences on both sides.
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Proof. We claim that (-)%! restricts to the desired homotopy inverse, for which
itsuffices toshow thats : € — €%'is a G-global weak equivalence for all weakly
saturated €. This is in turn an immediate consequence of the previous theorem
together with Lemma 1.32. O

Next, we turn to parsummable structures. Schwede shows in [18, Construc-
tion 7.25] (as an application of [ 18, Proposition 7.22] mentioned above) that the
canonical isomorphism Fun(EM, €) X Fun(EM, D) — Fun(EM, C X D) re-
stricts for any tame EM-categories G, D to a morphism G X D%t — (CR D)t
and that this together with the unique map * — % makes (-)% into a lax sym-
metric monoidal functor with respect to X. In particular, if € is a parsummable
category, then €% again admits a natural parsummable structure: explicitly,
the addition in %! is given pointwise, and the unit for the addition is the func-
tor constant at zero. The EM-equivariant functor s : € — €% is then in fact
a morphism of parsummable categories by [18, Theorem 7.27]. We therefore
immediately conclude from the above:

Corollary1.37. Theinclusion G-ParSumCat’ < G-ParSumCat of the full sub-
category of saturated parsummable categories is a homotopy equivalence with re-
spect to the categorical equivalences on both sides. A homotopy inverse is given
by the above saturation construction. ([l

Corollary 1.38. The inclusion G-ParSumCat’ < G-ParSumCat"” is a homo-
topy equivalence with respect to the G-global weak equivalences on both sides. [

We will prove in Theorem 5.9 below that also the inclusion
G-ParSumCat"’ < G-ParSumCat

is a homotopy equivalence with respect to the G-global weak equivalences, or in
other words, that G-ParSumCat’ < G-ParSumCat is a homotopy equivalence
not only with respect to the categorical equivalences, but also with respect to the
G-global weak equivalences. We emphasize again that € — €% is usually not a
G-global weak equivalence, so that this is not a consequence of Corollary 1.37.

2. EM-simplicial sets and parsummable simplicial sets

The functor (=), : SSet — Set admits a right adjoint, that we again denote
by E. Explicitly, (EX),, = H?:o X with the evident functoriality in the two vari-
ables. By uniqueness of adjoints we can then conclude that the simplicial set
EX is canonically isomorphic to the nerve of the category EX; more precisely,
there is a unique simplicial map that is the identity on vertices, and this map is
an isomorphism.

As before, we see that E . Set — SSet preserves products, and hence sends
monoids to simplicial monoids; in particular, we get a monoid EM, which by
the above is identified with N(EM) with monoid structure induced by the cat-
egorical monoid EM.
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Definition 2.1. An EM-simplicial set is a simplicial set X together with an
action of the simplicial monoid EM, i.e. a simplicial map EM X X — X that
is associative and unital. We write EM-SSet for the category of EM-simplicial
sets and EM-equivariant simplicial maps.

If C is a small EM-category, then N(€) inherits an EM-action via

EM X N(C) = N(EM) X N(C) 2 N(EM X ©) w N(C)

where the first isomorphism is the one discussed above and the second one
comes from the fact that N preserves finite products. This way, the nerve obvi-
ously lifts to a functor EM-Cat — EM-SSet.

Remark 2.2. Let C be a small EM-category. We will now make the above EM-
action on N(C) explicit, for which we calculate forallu,v e Mand f: x > y
in C:

(,w).f = ((v,u)oid,).(idy o f) = ((v,u).idy)o(id,.f) = [v, u],ou.f;

asu.f = u) f(uX)~! we conclude from this that the diagram

X ! y
|k

—_—
ux ——— vy

(.u).f
commutes. Since the vertical maps are isomorphisms, this in fact completely
determines (v, u).f. We can therefore immediately conclude that the action
[e4
of (ug, ..., u;) € (EM); on a k-simplex x, — x; — -+ — X is uniquely
characterized by demanding that inserting it as the lower row in

a

xo xl e xk
(uo)if‘)l l(ul)i‘l l(uwifk
uo.xO e 4 ul.xl eee uk.Xk

makes all the squares commute.

Example 2.3. Let A be a (finite) set. Analogously to Example 1.16, the canon-
cial M-action on Inj(A, w) makes EInj(A, w) into an EM-simplicial set. It is
then canonically isomorphic to the nerve of the category of the same name con-
sidered in the aforementioned example.

2.1. Supports and tameness. Next, we want to introduce analogues of the
notions of support and tameness for EM-simplicial sets.

Construction 2.4. Let 0 < k < n. We write ij : M — M"*! for the homo-
morphism sending u € M to (1,...,1,u,1...,1) where u is in the (k + 1)-th
spot.

If X is an EM-simplicial set, we therefore get (n + 1) commuting M-actions
on X,, by pulling back the action of M"**! = (EM), along the injections i, ..., i,,.
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Definition 2.5. Let X be an EM-simplicial set,let 0 < k < n, and let x € X,,.
Then we say that x is k-supported on the finite set A C w if it is supported on
A as an element of the M-set i, X,,. We say that x is k-finitely supported if it is
k-supported on some finite set, in which case we write supp, (x) for its support
in i Xp,.

We say that x is supported on A if it is k-supported on A forall 0 < k < n,
and we call it finitely supported if it is supported on some finite set, i.e. if it is
k-finitely supported for all 0 < k < n. In this case its support supp(x) is defined
as UZ:o supp, (x).

The EM-simplicial set X is called tame if all its simplices are finitely sup-
ported. We write EM-SSet” C EM-SSet for the full subcategory spanned by
the tame EM-simplicial sets.

Remark 2.6. Any EM-simplicial set X in particular forgets to an M-simplicial
set, and it is natural to ask whether we can characterize the support of x € X,
in terms of the resulting M-action (i.e. the diagonal action) on X,,, analogously
to Lemma 1.17.

We prove in [3] that this is indeed the case: x is supported on the finite set A
in the above sense if and only if it supported on A as an element of the M-set
X,,. However, the combinatorial argument for this is somewhat lengthy, and as
we will not need this result for the present article, we have decided to omit it.
Example 2.7. Let C be a tame EM-category. We claim that an n-simplex a, :=

(x &, X, = -+ = Xx,) of N(C) is k-supported on the finite set A C w if and

only if A D supp(xy), i.e. if x; is supported on A. In particular this shows that
a. is finitely supported and supp, (a.) = supp(x;), supp(a.) = UZ:o supp(x).

To prove the claim let us first assume that A contains supp(x;); we will show
that ii (u).a, = «a, for all u fixing A pointwise. Indeed, by the description of
(g, ..., Uy ).ct, from Remark 2.2 applied to (uy, ... , u,) = ix (1) it suffices that 2"
is the identity, which is immediate from Lemma 1.17.

Conversely, assume «, is k-supported on A, and let u be any injection fixing
A pointwise, so that in particular i;(u).c, = a.. Comparing the k-th vertices of
these n-simplices then shows that u.x;, = x;, and letting u vary we see that x;,
is supported on A as desired.

In particular, we conclude from the above example that the nerve restricts to
EM-Cat” — EM-SSet’.

Example 2.8. Let A be a finite set. Then the above together with Example 1.16
shows that the EM-simplicial set EInj(A, w) from Example 2.3 is tame and that

Suppk(iOs ey ln) = lk(A)'

Warning 2.9. Example 2.7 shows that if X is isomorphic to the nerve of a tame
EM-category, then the k-th support of an n-simplex x agrees with the support
of its k-th vertex. This is not true for general tame EM-simplicial sets. Even
worse, the support of an n-simplex can be strictly larger than the union of the
supports of its vertices, for which we will give an example now:
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Let A be a non-empty finite set, and let X be obtained from EInj(A, w) X Al
by collapsing both copies of EInj(A, w) to a single point. This is still tame since
any n-simplex of X can be represented by some n-simplex of EInj(A, ) X Al,
on whose support it is then obviously supported. Moreover, the unique vertex
of X has empty support for trivial reasons.

However, the quotient does not identify any two edges {i} x Al, {j} x Al for
distinct injections i, j : A — w. In particular, supp[{i} x Al] = i(A) # @.

Lemma 2.10. Let f : X — Y be an EM-equivariant map of EM-simplicial sets,
let0 < k < n, and let x € X,, be k-supported on some finite set A C w. Then also
f(x) is k-supported on A.

In particular, if x is supported on A, then so is f(x).

Proof. The first statement is an instance of Lemma 1.8-(1), and the second one
follows immediately from this. O

Lemma 2.11. Let X be an EM-simplicial set, and let x € X,, be k-finitely sup-
ported for some 0 < k < n. Then (uy, ..., U,).x is k-finitely supported for all
U, ..., Uy, € M, and supp, ((uo, ... , U,).X) C ur(supp,(x)).

Proof. The set map (uy, ..., u,).—: X, — X, factors as

((Ugy e s Up—15 1, Uggqs oo s Up)—) 0 (i (U ).—).

As a self map of the M-set i, X, the former is M-equivariant, so the claim fol-
lows from the two parts of Lemma 1.8. (|

Lemma 2.12. Let X be a tame EM-simplicial set, let x € X,,, and letp : [m] —
[n] be any map in A. Then supp, (p*x) C supp(P(k)(x)for all0 <k <m.

Proof. Letb € w~ supp(p(k)(x) and let u be an injection fixing supp (P(k)(x)
pointwise with b & im(u). Then iy (u).x = x, hence
(k) W0y +++ » T (i) Wem))- @™ X = @* (i) (W)-9*x = @™ (i) (). x) = ¢*(X).

As ¢*x is k-finitely supported, we conclude from the previous lemma that

supp, (¢*x) = supp; (i) (WWg(0)s -+ » Ig(ic) Wp(m))- @™ X)
C lp()(Wok)(SUPpy ¢*x) = u(supp, *x),
hence in particular b ¢ supp, (¢*x). The claim follows by letting b vary. ([

Warning 2.13. The above argument presupposes that ¢p*x is k-finitely sup-
ported, so it does not show that the finitely supported simplices of a general
EM-simplicial set form a subcomplex. While this does indeed hold (see for ex-
ample Remark 2.6 above), the proof is harder, and as we will only be interested
in tame EM-simplicial sets below, we have decided to only consider the slightly
weaker version above.

We can now prove the following analogue of Lemma 1.17:
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Lemma 2.14. Let X be a tame EM-simplicial set, let x € X, be supported on the
finite set A C w, and let ¢ : [m] — [n] be a map in A. Then (uy, ..., u,).¢*x =
(Vs e » Up)-@*x for all uy, ... ,u,, vy, ..., U, € M such that u;(a) = v;(a) for all
i=0,..,nanda € A.

Proof. The previous lemma immediately implies that ¢*x is supported on A,
so we may assume without loss of generality that m = n and ¢ = id. Using
Lemma 1.9 together with Lemma 2.11, one then easily shows by descending
induction that (1, ..., 1, 4y, ..., u,).x = (1,..., 1,0, ..., U,).x forall0 < k < n+1,
which for k = 0 is precisely what we wanted to prove. O

Proposition 2.15. Let A C w be finite, and let X be a tame EM-simplicial
set. Then the simplices of X supported on A form a subcomplex X[, C X, and
ONE EM-SSet’ — SSet is a subfunctor of the forgetful functor.

Moreover, it is corepresentable in the enriched sense by the EM-simplicial set
EInj(A, w) from Example 2.3 via evaluation at the inclusion 1, : A < w.

Proof. We first observe that EInj(A, w) is tame and that ¢, is supported on A
by Example 2.8. We will show that the simplicial map
ev: maps,, (EInj(4,w),X) - X

given by evaluation at ¢4 is injective with image precisely X, for each EM-
simplicial set X. All the remaining claims will then easily follow from this.
Let us show that the evaluation is injective. Indeed, by definition a k-simplex
of maps, (EInj(A, w), X) is given by an EM-equivariant simplicial map
EInj(A, w) X A" - X
and we have to show that any two such maps f, g whose restrictions to {t4} X A"
agree, are already equal. For this, we consider an arbitrary k-simplex
((ugy ... , ug), ) of EInj(A, w) X A", and we pick an extension #; of u; : A — wto
an injection w — w (i.e. an element of M) for every i = 0, ..., k. If we moreover
write s for the unique map [k] — [0] in A, then

((uO’ seey uk)’ gO) = (a07 seey ak)'(([A’ ceey [A)7 §0) = (ao, st ﬁk)'(S*[A’ gO)
by definition of the action, and hence
f((an ey uk)a (0) = (ﬁo’ s ak)-f(S*[A’ ¢)
= (ﬁO’ weey ﬁk)'g(S*LA’ gD) = g((uO’ weey u’k)’ go)

by EM-equivariance and the assumption. This proves injectivity.

Lemma 2.10 shows that ev(f) is supported on A for all f : EInj(A, w)xXA" —
X. Conversely, let x be an n-simplex supported on A. Then Lemma 2.14 shows
that the assignment

[y EInj(A,w) X A" - X
((uo, -, ), @) = (Ao, .., Wi)-P*x

isindependent of the chosen extensions &i; € M. From this it easily follows that
[ is simplicial, EM-equivariant, and that evf, = x, proving surjectivity. [
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In particular, we see that any map a: K — X, admits a unique EM-
equivariant extension EInj(A, w)XK — X; we will usually denote this extension
by é.

2.2. Parsummable simplicial sets. We are now ready to introduce the box
product of tame EM-simplicial sets:

Construction 2.16. Let X,Y be tame EM-simplicial sets, and let n > 0. We
define (XX Y), C (X XY), to consist of precisely those pairs (x, y) such that
supp, (x) Nnsupp,(y) = g forall0 <k < n.

Proposition 2.17. Let X,Y be tame EM-simplicial sets. Then the above defines
an EM-simplicial subset X KXY C X XY, which we call the box product of X and
Y. Both X ®Y and X X Y are tame, and - K - is a subfunctor

EM-SSet" X EM-SSet” — EM-SSet”
of the cartesian product.

Proof. Lemma 2.12 shows that XY is a subcomplex, and it is closed under the
(diagonal) EM-action by Lemma 2.11. Moreover, if f : X — X'andg: Y - Y’
are EM-equivariant, then (f X ) (X ®Y) ¢ X’ XY’ by Lemma 2.10.

It only remains to show that X XY (and hence X XY') is tame, for which it suf-
fices to observe that (x, y) is by definition k-supported on supp, (x) U supp, (y)
(in fact, supp,(x,y) = supp,(x) U supp,(y)) for all x € X,,, y € Y,, and
0 < k < n, and hence in particular supported on supp(x) U supp(y) (in fact,
supp(x, y) = supp(x) U supp(y)). a

Proposition 2.18. The unitality, associativity, and symmetry isomorphisms of
the cartesian product on EM-SSet’ restrict to corresponding isomorphisms for X.
This makes EM-SSet’ into a symmetric monoidal category with tensor product
X and unit the terminal EM-simplicial set.

Proof. We will show that the associativity isomorphism (X X Y) X Z — X X
(Y X Z) restricts to an isomorphism (XXY)XZ - XK(YXZ) forall X,Y,Z €
EM-SSet".

Indeed, we have to show thatifx € X,y € Y,z € Z, then ((x,y),z) e X X
Y)XZ if and onlyif (x, (y, z)) € XK(YXZ). But the first condition is equivalent
to demanding that supp, (x) N supp,(y) = @ and supp,(x,y) N supp,(z) =
@. We have seen in the proof of the previous proposition that supp, (x,y) =
supp, (x) U supp, (), so these two together are equivalent to demanding that
supp, (x), supp, (»), supp,(z) be pairwise disjoint. By a symmetric argument
this is then in turn equivalent to (x, (y,z)) € X X (Y X Z) as desired.

The arguments for the symmetry and unitality isomorphisms are similar, and
we omit them. All the necessary coherence conditions of the resulting isomor-
phisms then follow automatically from the corresponding results for the carte-
sian symmetric monoidal structure. O

Definition 2.19. A parsummable simplicial set is a commutative monoid for X
in EM-SSet’. We write ParSumSSet for the corresponding category.
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Proposition 2.20. The canonical isomorphism N(C)XN(D) — N(CXD) restricts
to an isomorphism N(C) ®IN(D) — N(CR D) for all @, D € EM-Cat’. Together
with the unique map * — N(x) this makes N : EM-Cat’ — EM-SSet’ into a
strong symmetric monoidal functor with respect to the box products on both sides.

Proof. Let us prove the first statement, which amounts to saying that if

a B
Xo—> X1 = = Xy and Yo—= 1= Vn

are n-simplices of N(€) and N(D), respectively, then

(1,81)

(X0, ¥o) — (X1, ¥1) = +++ = (X, ¥0) (2.1)
lies in the image of N(CX D) — N(€ x D) if and only if (a., 8.) € N(C)KN(D).
But indeed, the latter condition is equivalent to supp, (a.) N supp,(B.) = &
for all 0 < k < n, which by Example 2.7 is further equivalent to supp(x;) N
supp(yy) = @ forall 0 < k < n. But this is by definition equivalent to (xi, yi) €
CX D forall 0 < k < n, which is in turn equivalent to (a, 8i) : (Xk—1, Yik—1) —
(xk, ) being a morphismin CKDfor1 <k <nasCXRD cC Cx Disa full
subcategory. Finally, by definition of the nerve this is further equivalent to (2.1)
lying in the image of N(€ X D) — N(C x D), which completes the proof of the
first statement.

It is clear that also * — N(x) is an isomorphism. As all the structure iso-
morphisms on both EM-Cat’ and EM-SSet" are defined as restrictions of the
structure isomorphisms of the cartesian symmetric monoidal structures, all the
necessary coherence conditions hold automatically, which completes the proof
of the proposition. ]

In particular, we see that the nerve lifts to ParSumCat — ParSumSSet.
Explicitly, this sends a parsummable category € to N(C) with EM-action as
above. The additive unit is given by the vertex 0 € C, and if

ay B
Xo— X ==X, and  yy— YooYy,

are summable n-simplices, then supp(x;) Nnsupp(yy) for0 < k < n,and a, +p.
is the n-simplex

a+B
(x0+)’o);’ (X1 +y1) = - = (X +y0)

2.3. G-global homotopy theory of G-parsummable simplicial sets. Recall
that we fixed a discrete group G. As before, we can extend the box product
formally to the category EM-G-SSet” of G-objects in EM-SSet’, i.e. tame EM-
simplicial sets with a G-action through EM-equivariant morphisms, which we
can further identify with simplicial sets with an action of the simplicial monoid
EM X% G, so that the underlying EM-simplicial set is tame.

The category G-ParSumSSet of commutative monoids in EM-G-SSet" is
then canonically identified with the G-objects in ParSumSSet. Moreover, the
nerve lifts to a strong symmetric monoidal functor EM-G-Cat" — EM-G-SSet”
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inducing N : G-ParSumCat — G-ParSumSSet. We now want to consider
these from a G-global perspective; again using the notation (-)? for the fixed
points with respect to the graph subgroup I'y; ., we define for this:

Definition 2.21. A morphism f: X — Y in EM-G-SSet is called a G-global
weak equivalence if f¢ . X% — Y? is a weak homotopy equivalence for all uni-
versal subgroups H C M and all homomorphisms ¢ : H — G.

Definition 2.22. A morphism f: X — Y in G-ParSumSSet is called a G-
global weak equivalence if its underlying morphism of EM-G-simplicial sets is.

Remark 2.23. As the nerve is a right adjoint, it commutes with taking ¢-fixed
points (up to canonical isomorphism). Thus N: EM-G-Cat — EM-G-SSet
preserves and reflects weak equvialences, and so does N : G-ParSumCat —
G-ParSumsSSet.

3. The EM-category associated to an EM-simplicial set

While N : Cat — SSet is a homotopy equivalence, its left adjoint h (sending
a simplicial set to its homotopy category) is not homotopically meaningful. In-
stead, a possible homotopy inverse (going back to Quillen) of the nerve is the
following:

Definition 3.1. Let X be a simplicial set. Its category of simplices A | X is
the small category with objects the simplicial maps f: A" — X (n > 0) and
morphisms a : f — g those simplicial maps «a satisfying f = goa.

If S C [m], let us write A’ for the unique (|S| — 1)-simplex of A™ with set of
vertices S.

Construction 3.2. Let X be simplicial set. A general k-simplex a, of N(A | X)
then corresponds to a diagram

a ar A

Ao A™M

There is a unique k-simplex o, of A™ with ¢-th vertex (0 < ¢ < k) given by
ay -+ apy1(AH) as A is the nerve of a poset and since Al*+1} > (A} in
A+ forall¢ =0,...,k — 1.

We now define the ‘last vertex map’ e : N(A | X) - X viae(a.) := fi(o,,).

A,

One can show that ¢ is indeed a simplicial map, and that it is natural with
respect to the functoriality of A | — via postcomposition. If X is the nerve of a
category, the above construction appears in [2, V1.3], while the general version
seems to originate with Thomason [23, Proposition 4.2].

Proposition 3.3. Forany simplicial set X the ‘lastvertexmap’e : N(A | X) - X
is a weak homotopy equivalence.
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Proof. Thomason proves a topological analogue of this as [23, Proposition 4.2];
unfortunately, this does not immediately imply the above simplicial version be-
cause it is not clear a priori that N(A | -) preserves weak homotopy equiva-
lences.

Instead, we will use that the last vertex map is an co-categorical localization,
see e.g.[1, Proposition 7.3.15]. As any co-categorical localization is in particular
a weak homotopy equivalence, this immediately implies the proposition. [

One crucial step [23, Proposition 4.5] in Thomason’s comparison between
symmetric monoidal categories and connective spectra is a variant of the above
construction yielding a functor from E, spaces to lax symmetric monoidal cat-
egories. Similarly, our proofs of Theorems A and B will rely on a parsummable
refinement C, of it. The rest of this section is devoted to constructing the un-
derlying EM-category of this together with an analogue of the ‘last vertex map.’

Construction 3.4. Let X be an EM-simplicial set. We define a small category
Cyx as follows: an object of Cx is a quadruple (A, S, m,, f) consisting of two
finite subsets A,S C w, a family (m,),cs of non-negative integers m, > 0,
and an EM-equivariant map f : EInj(S,w) X ][], ca A = X, where EM acts
on EInj(S,w) as in Example 2.3. A morphism (A, S,m,, f) —» (B,T,n.,g) is
an EM-equivariant map o : EInj(S,w) X [[ ., A™ — EInj(T,w) X [ [, 5 A™
such that ga = f. Composition is inherited from the composition in EM-SSet;
in particular, the identity of (A, S, m., f) is given by the identity of EInj(S, w) X
HaeA A,

We now define for each u € M and each object (A, S, m,, f) of Cx the ob-
ject u.(A,S,m,, f) as the quadruple (u(A), u(S), my-1(.y, fo(u™ X u*)) where
(My-1()p = My~ for each b € u(A), u*: EInj(u(S),w) — ElInj(S,w) is
restriction along u : S — u(S), and u* : Hbeu( n A" — [, 4 A™e is the
unique map with pr_ ou* = T 0)-

(ASm..f) .

Finally, we define u, (A S,m,, f) > u(A,S,m,, f)as
' xu*)™!: Ej(S,w)x [ [ A™ — Enjw(s),w)x [] a™ .
acA beu(A)

Warning 3.5. We have to be slightly careful as two different morphisms in Cx
might be given by the same morphism of EM-simplicial sets. Asa consequence,
whenever we want to prove two morphisms in Cx to be equal, we first have to
show that their sources and targets agree.

Lemma 3.6. The above defines an EM-action on Cy.
Proof. Itis clear that u* x u* is EM-equivariant, so that
(u(A), u(S), my-1(.), fo(u* X u*))

is again an object of Cx. Moreover, it is clearly an isomorphism, so that (u* X

u*)~! is well-defined and again EM-equivariant; as it tautologically commutes

with the reference maps to X, we see that uE,A’S”"-’f ) is indeed an isomorphism

(A,S,m.,, f) - u.(A,S,m, f).
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To finish the proof, it suffices that the above defines an M-action on Ob(Cy)
and that

ul;.(A,S,m. ,f)ng,S,m. ) _ (MU)E,A’S’m"f) (3'1)

forall u,v € M and (A, S, m., f) € Cy.
It is clear from the definition that 1.(A, S, m., f) = (A, S, m., ). Moreover,

one easily checks that the diagram

(uv)*x(uv)*

Elnj((uv)(S),w)x [ ATw e EInj(S, w) x J] A™a
ce(uv)(A) a€eA

“ TU*XU*

EInju@(S)),w)x JI A" 00 —— EInj(u(S),w)x [] A™'®
ceu(v(A)) wxu bev(A)

commutes, which immediately implies the associativity of the M-action. More-
over, it shows that the identity (3.1) holds as morphisms in EM-SSet; as both
sides are morphisms (A4, S, m,, f) — (uv).(4,S,m., f) = u.(v.(A,S,m,, f)),
they then also agree as morphisms in Cy, which completes the proof of the
lemma. O

Lemma 3.7. The EM-category Cx is tame. Moreover, supp(A, S,m., f) = AUS
for any object (A, S, m., f) € Cyx.

Proof. Let us first show that (A4, S, m,, f) is supported on A U S, which will
in particular imply tameness of Cy. If u fixes A and S pointwise, then obvi-
ously u(4) = A,u(S) = S and my-1.y = m,. Moreover, it is clear from the
definition that both u* : EInj(u(S),w) — EInj(S,w) and u*: HaeA AMa —
11, cula) A™1®) are the respective identities, so fo(u* x u*) = f, and hence
altogether u.(A, S, m., f) = (A, S, m., f) as desired.

Conversely, let (A, S, m,, ) be supported on some finite set B; we have to
show that A € B and S C B. We will only prove the first statement (the ar-
gument for the second one being analogous), for which we argue by contra-
diction: if A ¢ B, then we choose any a € A \ B and an injection u fixing
B pointwise such that a ¢ imu. But then a ¢ u(A), hence u(A) # A and
u.(A,S,m,, f) # (A,S,m,, f) contradicting the assumption that (A, S, m,, f)
be supported on B. (]

Construction 3.8. Let p: X — Y be an EM-equivariant map. We define
Cy: Cx = Cyas follows: an object (A, S, m., f)issent to (A, S, m.,pof)and a
morphism (A, S, m,, f) = (B,T,n,,g) given by o : EInj(S,w) X HaeA A —

EInj(T, cu)beeB A™ is sent to the morphism (A, S, m.,pof) — (B, T, n., pog)
given by the same «.

Lemma 3.9. In the above situation, C, is an EM-equivariant functor. This de-
fines a functor C, : EM-SSet — EM-Cat’.
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Proof. It is clear that C,, is a well-defined functor and that it commutes with
the M-action on objects. To show that it is EM-equivariant, it is then enough to
show that C¢(ugA’S’m"f )) = u(oA’S’m"q’of ). Aswe already know that both sides are
maps between the same objects, it suffices to prove this as maps in EM-SSet,
where it is indeed immediate from the definition that both sides are given by
(u* xu*)™!: EInj(S, ) X [, A" = EInj(u(S), ») x Hbeu(A) A1),
Finally, it is obvious from the definition that C;4 = id, and that CyCy = Cyy
for any further EM-equivariant map ¥ : Y — Z, which then completes the
proof of the lemma. O

In order to construct the EM-equivariant refinement of the ‘last vertex map,’
we need the following easy structural insight on the EM-simplicial sets appear-
ing in the definition of C.:

Remark 3.10. If A is any set and (m,),c4 is an A-tuple of non-negative inte-
gers, then [ ca A™e is isomorphic to the nerve of the poset 11, calmal. The
latter has a unique terminal object (i.e. maximum element) given by (m,),c4,
and we write x for the corresponding vertex of [T, A™e,i.e.x =[] _, Almal,

If S is any further set, then EInj(S, w) is by construction the nerve of a cat-
egory in which there is precisely one morphism u — v for any two objects
u,v. It follows, that there exists for any u € Inj(S,w) and any vertex x of
EInj(S, w) X [[ ,, A™ a unique edge x — (u, *).

Finally, again using that in EInj(S, w) and [m,] there is at most one mor-
phism x — y for any two objects x, y, we see that any n-simplex of EInj(S, w) X
Ha o4 A™a is completely determined by its (n +1)-tuple of vertices. Conversely,
such an (n + 1)-tuple (x, ..., X,) comes from an n-simplex if and only if there
exists for each 1 <i < n a (necessarily unique) edge x;_; — x;.

Construction 3.11. Let X be an EM-simplicial set. We definee: N(Cx) - X
as follows: if

a [e48 k
(AO’SO’mEO)’fo) —> (A1, 81, mfl),fl) = - —> (A, Sk, mE ),fk)

is a k-simplex of N(Cy), then we denote by o, the unique k-simplex of

Enj(Si, ) x [ ame’,
a€Ay,
whose ¢'-th vertex (where ¢ = 0, ..., k) is given by ay. -+~ otz 41 (s, , *), Where (g, €
Inj(S,, w) denotes the inclusion. This is indeed well-defined as there exists an
edge as(ts,_,,*) = (t5,,*) in EInj(S¢, w) X A" forall1 < ¢ < n.
We then sete(a,) = fr(oy) € Xy

Proposition 3.12. The above defines a natural transformation € : NoC, = id
of endofunctors of EM-SSet.

Proof. Let us first show that ey is indeed a simplicial map; this is completely

analogous to the argument for the usual last vertex map, but we neverthe-
a [e4
less include it for completeness. For this we let (A4, Sy, mEO), fo) = 5
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(Ax, Sk, msk),fk) be any k-simplex of NCy, and we let ¢ : [¢] — [k] be any
map in A. Then ¢*(o,) is the unique ¢-simplex of EInj(Sy, @) x [ ] . A Ama’

with i-th vertex o -+ ag) H(st W’ ). On the other hand, 0. is by definition
@(6)
the unique ¢-simplex of EInj(Syzy, @) X [T, 4 o A™d" with i-th vertex given
14
by
e (at)p -+ §0*(05.)i+1(ls¢(i)a *) = Ap(e) *° 0‘go(i)+1(ls¢(i), *).

Thus, ay -+ Aur)+1(0ge(a.)) = 904, and hence

e(@*(@.)) = foe)(Ogr(a) = frok -+ Ape)1(Tpr(a.))
= fil@*0q) = 9" fi(0a,) = p*e(a.),
i.e. € is indeed a simplicial map.

Next, we have to show that € is EM-equivariant, for which we let (uy, ..., u;) €
M*+1 arbitrary. Then we have a commutative diagram

0 a 1 a o k
(Ao,So’mE ),fo) - (AI’SI,mE )’fl) = 5 (Ak,Sk,mE )’fk)

<u0>ol l(ul)o l(uk)o

0 k
Up-(Ag, Sy MY, fo) — up.(A, S, mY, f1) — - — we (A, S m, £

.....

unique k-simplex with i-th vertex given by

(U)ot -+ i1 (U5 (tuapy» %) (3.2)
By definition, (ui)gl(tu(Al_), %) = (U] 4, %) = U;.(14, *); EM-equivariance of a, ...,
a;41 therefore implies that (3.2) equals (uy )o (u;.(a -+ @j41(t4, *))). Comparing

.....

= (o, - » Upe)- f1c(Te) = (Uo, ..., Uge).€(@),

i.e. € is EM-equivariant.
Finally, let us show that € is natural. If ¢ : X — Y is any EM-equivariant

_ (0) % %k k)
map, then N(C(p)(aO) - (AO’SOs m, 5¢°f0) —_> > (Ak’Skam ,¢°fk)'

Thus, on(c,)@) = a and e(N(Cp)(@.)) = ofilone,)@) = ¢fk(0a.) =
@(e(ct.)). This completes the proof of the proposition. O

Remark 3.13. Let € be a small EM-category. Then applying Construction 3.11
to the EM-simplicial set N(C) yields an EM-equivariant map N(Cye) = N(C).
As the nerve is fully faithful, this is induced by a unique functor € : Cye — G,
which is then automatically EM-equivariant again. This way, we get a (unique)
natural transformation € : C,oN = id of endofunctors of EM-Cat with N(&¢) =
ENeE-

Explicitly, & is the functor sending an object (A, S, m., f) to the object cor-
responding to the image of (ig, *) under f, and a morphisma : (A, S, m., f) —
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(B, T,n., g) to the morphism corresponding to the image under g of the unique
edge a(ts, *) = (i, *) of EInj(T, w) X [ [, 5 A™.

So far we have only considered C, as a functor EM-SSet — EM-Cat’.
However, we can formally lift this to EM-G-SSet — EM-G-Cat’ by pulling
through the G-action via functoriality. Explicitly, if X is an EM-G-simplicial
set, then g € G acts on (A,S,m,, f) via g.(A,S,m., f) = (A,S,m,,(g.-)of),
and if a: (A,S,m.,f) — (4',S",ml, f"), then g.a is the same morphism of
EM-simplicial sets, but this time considered as a map (4, S, m.,(g.-)of) —
(A',S",m,(g.-)of"). It follows formally that ¢ and & are G-equivariant, and
that they define natural transformations of endofunctors of EM-G-SSet and
EM-G-Cat, respectively.

4. An unstable comparison
In this section we will prove the following predecessor to Theorem B:

Theorem 4.1. The nerve and the functor C, from Lemma 3.9 restrict to mutually
inverse homotopy equivalences

C.: EM-G-SSet’ 2 EM-G-Cat’ : N

with respect to the G-global weak equivalences on both sides. More precisely, the
natural transformations € from Construction 3.11 and € from Remark 3.13 restrict
to natural levelwise G-global weak equivalences between the composites NoC, and
C.oN and the respective identities.

The proof will be given later in this section after some preparations.

Construction 4.2. Let H C M be any subgroup, let A,S C w be H-subsets,
and let m, : A — N be constant on H-orbits (i.e. my, = m, foralla € A
and h € H). Then we have an H-action on EInj(S, ) x [] ., A™ given by
h— = (h* x h*)71, i.e. H acts by the diagonal of the H-action on S and the
‘shuffling’ action on [ _, A™s; we call this the preaction as it is essentially
given by precomposition.

The EM-action on EInj(S, w) X Ha 4 A™e commutes with the preaction,
and in particular restricting it to H gives another H-action commuting with
the preaction, and that we denote by ‘+’ instead of the usual *” in order to avoid
confusion. We will refer to this action as the postaction as it is given by post-
composition. The pre- and postaction together make EInj(S, w) X Ha ca A
into an (H X H)-simplicial set.

Let now X be an EM-G-simplicial set and ¢ : H — G a homomorphism.
For reasons that will become apparent below, we also refer to the H-action on
X given by restricting the G-action along ¢ as preaction. The EM-action on X
then gives rise to another H-action (again denoted by * and again called the
postaction) commuting with the preaction, making it into another (H X H)-
simplicial set.
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Lemma 4.3. Let H C M be a subgroup, let ¢ ©: H — G be a homomorphism, let
X € EM-G-SSet, and let (A, S, m., ) € Cx. Then the following are equivalent:

(1) (A,S,m., f) is p-fixed.

(2) A and S are H-subsets of w, m, is constant on H-orbits, and the map
f EInj(S,w) x HaeA A"s — X is H-equivariant with respect to the
preactions.

(3) A and S are H-subsets of w, m, is constant on H-orbits, and f is H-
equivariant with respect to the diagonal of the preaction and the postac-
tion.

Moreover, ifa : (A,S,m., f) = (A’,S',m., f") isa map to another ¢-fixed object,
then the following are equivalent:
(1) ais p-fixed.
(2) a: EInj(S, @)X ][ ,c 4 A™ = EInj(S’, w)x ][
with respect to the preactions.
(3) a is equivariant with respect to the diagonal H-actions.

!/ . . .
aear A" is H-equivariant

Proof. For the statement about objects we first observe that f is by construc-
tion of Cy always EM-equivariant, hence H-equivariant with respect to the
postactions. Thus, (2) < (3) follows immediately. For (1) < (2), we compute
foranyh € H

(h,(M).(A,S, m., f) = (h(A), h(S), mp-1(.), (@(h).~)o fo(h* X h™)).

In particular, the first three components are fixed if and only if A,S C w are
H-subsets, and m, is constant on H-orbits. On the other hand, the condition
(p(h).-)ofo(h* x h*) = f for all h € H by construction precisely means that f
is an H-equivariant map with respect to the preactions.

For the characterization of g-fixed morphisms, we note that (h, ¢(h)).a is
again amap (A,S,m,, f) — (A',S",m!l, f') forall h € H, so a = (h, p(h)).a as
morphisms of Cx if and only if both sides agree in EM-SSet. But acting with
@(h) does not affect o as a morphism of EM-SSet, and the action of 4 is given
by conjugating with (h* X h*). Thus, « is a ¢-fixed point if and only if it is H-
equivariant with respect to the preactions constructed above. As before, this
is equivalent to a being equivariant with respect to the diagonal action as « is
EM-equivariant. O

The following technical lemma provides the necessary equivariant informa-
tion about the above H-objects:

Lemma 4.4. Let S C w be finite, let Y € SSet be isomorphic to the nerve of a
poset P with a maximum element, and let * denote the corresponding vertex of Y.
Write X := EInj(S,w) X Y and let H be any group.

(1) Any H-action on X restricts to an H-action on EInj(S, w) X {*}.
(2) Ifthe H-action on X is through EM-equivariant maps, then its restriction
to EInj(S, w) X {*} is induced by a unique H-action on S.
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(3) Assume again that H acts on X through EM-equivariant maps, so that X
is an (EM x H)-simplicial set, but assume moreover that H is a subgroup
of M. Let A be the diagonal subgroup of M X H, let T be any H-subset
of w, and consider EInj(S,T) X Y with the restriction of the A-action on
EInj(S,w) X Y.

A
Then (EInj(S,T)XY) is contractible provided that there exists an H-
equivariant injection S — T with respect to the H-action on S from (2).

Proof. For the first statement we observe that X is canonically identified with
the nerve of € : = EInj(S, w)XP, and as N is fully faithful, it suffices to prove the
analogous statement for €. For this, it is then enough to observe that any iso-
morphism of categories preserves the full subcategory spanned by the terminal
objects, and that this is precisely given by EInj(S, ) X {*} in our case.

For the second statement, we observe that evaluation at tg provides a bijec-
tion Homgy,(EInj(S, w), EInj(S, w)) — (EInj(S, @)s1)o = Inj(S, w);s1 by Propo-
sition 2.15. On the other hand, we have a map

Y — Homg)(EInj(S, w), EInj(S, w)) 4.1)

from the symmetric group on the set S sending a permutation o to the map
given by precomposition with o~*. The composition £5 — Inj(S, w)[s) is then
given by ¢ — 15071, which is obviously bijective. We conclude that also (4.1)
is bijective. In particular, there exists for each h € H a unique o(h) such that
h.—: EInj(S,w) — EInj(S, w) agrees with —og(h)~!. It only remains to show
that this defines an action on S, i.e. that o is a group homomorphism, for which
it is enough to observe that (4.1) is a monoid homomorphism.

For the final statement, we again switch to the categorical perspective. As the
nerve is continuous, it then suffices to show that G2 is contractible, for which
it is enough that it has a terminal object. For this, we observe that there is at
most one map x — y for any x,y € € = EInj(S,w) X P. Thus, a morphism in
C is fixed by A if and only if its two endpoints are, i.e. C* is a full subcategory
of C. It is therefore enough to show that one of the terminal objects of C is
fixed by A. But by the previous steps, the A-action restricts to a A-action on
EInj(S,T) x {*}, where (h,h) for h € H acts by (f,*) = (hofo(h™1.-),%).
Obviously, a terminal object (f, ) is fixed under this action if and only if the
injection f is H-equivariant, and such an f exists by assumption. O

Proof of Theorem 4.1. We will show that ey is a G-global weak equivalence
for each tame EM-G-simplicial set X. If € is any tame EM-G-category, then
applying this to N(€) will also show that N(ée) = ene is a G-global weak equiv-
alence, and as the nerve creates the G-global weak equivalences in EM -G-Cat’,
this will then imply that also € is a levelwise G-global weak equivalence. More-
over, we can conclude from this by 2-out-of-3 that NoC, is homotopical, and
hence so is C,, which then altogether implies the theorem.

Therefore, let us fix a tame EM-G-simplicial set X, a universal subgroup H C
M, and a homomorphism ¢ : H — G. We claim that the restriction of ¢ to
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N(Cx)ir; — Xjr; induces a weak equivalence on ¢-fixed points for each finite
H-subset T C w containing an H-fixed point. For varying T, these exhaust
NCyx and X, as both are tame by assumption and since any finite set T’ C w is
contained in a finite H-subset containing an H-fixed point (the latter uses that
wf # @ by universality). Now (-)? = (-)'#¢ is given by a finite limit in SSet (as
e & H is a finite group), and in SSet filtered colimits commute with finite
limits. Thus, the claim implies the theorem by passing to the filtered colimit of
the weak equivalences N(Cx)? .. — X? over all such T as filtered colimits in

[T] [T]
SSet are homotopical.

To prove the claim, we fixt € TH and we consider the functori: A | X, EPT] -
(Cx)[r) sending an object k : A" — X to ({t},T,n, k), where k is the unique
EM-equivariant map EInj(T,w) x A" — X with k(i,-) = k, and a morphism
a: k — ¢ to EInj(T,w)x . We omit the easy verification that i is well-defined.

We now claim that i actually lands in the ¢-fixed points. Let us first check
this on objects: if k : A" — X is any object of A | X EDT], then we have to show
that ({t}, T, n, k) is p-fixed. But indeed, T C w is an H-subset by assumption,
{t} C wisan H-subset as t € TH, and any family on {t} is constant on orbits for
trivial reasons, so it only remains to show by Lemma 4.3 that k is equivariant
with respect to the preactions. But since for any h € H both ko(h.-) and (h.-)ok
are EM-equivariant, it suffices to show that they agree on {7} X A", for which
we let o denote any simplex of A”. Then

k(h.ar, o) = k(tpoh™ |7, 0) = k(h™ % 17,0) = h™! % (k(i7, 0)) = p(h).(k(ir, o))

as desired, where the last equation uses that k(iy, o) = k(o) is p-fixed.

Now let £ : A" — X[g"T] be another object of A | XEDT] andleta: k - ¢

be any morphism. Then EInj(T,w) X a : EInj(T,w) X A" — EInj(T,w) X A"
is obviously equivariant in the preactions, hence g-fixed by Lemma 4.3. This
completes the proof that i lands in (CX)([PT].
Next, we consider the composite
¢
N 1L X%~ N((Cp)? ) = (NG~ X 4.2)
(7] Xr)) = VXA [Ty '

where the unlabelled isomorphism comes from Example 2.7 together with the
fact that N is a right adjoint.

If gy a, g - A g is a k-simplex of the left hand side (where each
ge isamap A — X EPT]), then the above composite sends this to the image of
o under &, where o is the unique ¢-simplex of EInj(T, w) X A™ whose ¢-th
vertex is

i(ag) -~ i(ap)(ir, %) = (EInj(T, w) X o) -+ (EInj(T, ) X ap11)(tr, %)
= (i, g -+ Ap 1 (%)) = (o, @ -+ g1 (A1)
Thus, if 7 is the unique k-simplex of A™ with ¢-th vertex o --- oty (A?¢}), then
o = (t7,7), and hence g, (o) = & (ir, T) = gk (1) = e(a.). We therefore conclude
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2

that the composite (4.2) agrees with the last vertex map N(A | X (7]

that it is a weak homotopy equivalence by Proposition 3.3.

It is therefore enough to show that i is a weak homotopy equivalence. By
Quillen’s Theorem A [13, §1], it suffices for this that the slice i | (A, S, m., f)
has weakly contractible nerve for each (4, S, m., f) € (CX)EPT]'

So, let (A, S, m,, f) be any ¢-fixed point supported on T. Then

)—>XEDT],SO

K :=Enj(S,T)x [ [ a™

acA

is canonically identified with the subcomplex of EInj(S, ) x ], A™ con-
sisting of the simplices supported on T, and from this it inherits the two com-
muting H-actions considered before: the postaction given by restriction of the
EM-action on EInj(S, ) (i.e. induced by the H-action on T) and the preac-
tion given by the H-actions on A and S. We will be interested in the fixed
points K2 for the diagonal of these two actions. Namely, let us define a functor
c:il A Sm,f)->A| K2 as follows: an object of the left hand side con-
sists by definition of amap g: A" — X EDT] together with a ¢-fixed morphism
a:i(g) - (A,S,m., [),ie. an (EM X H)-equivariant map « : EInj(T,w) X
A" — Enj(S,w) X [, A™ such that § = fa. We now claim that the com-
position
A" 2, BIni(T, w) x A" % Enj(S, w) X I am
acA

actually lands in KA. Indeed, it is clear that it lands in K, so we only have to
show that a(ir, o) is A-fixed for each simplex o of A". But indeed, as « is A-
equivariant, it suffices that ¢y is a A-fixed point of EInj(T, w), which is immedi-
ate from the definition. With this established, we now define c(g, @) as a(ir, -)
considered as a map A" — K2.

If

(g : A" —>X[<'}],oc’: i(g") - (A,S,m., f))

is another object of i | (A, S, m., f), then a morphism (g, ) — (g’,a’) is given
byamapa: A" - A" such thatg = g’oa (i.e.aisamapg — g inA | XEPT])
and o = i(a)oa’. Asi(a) = EInj(T,w) X a, restricting to {i;} X A" shows that
a(tp,-) = &' (7, -)oa, i.e. a also defines a morphism c¢(g,a) — c(g’,a’)in A |
KA, which we take as the definition of c(a). It is clear that c is a functor.

Claim. c is an equivalence of categoriesi | (A,S,m.,f) ~A ] KA,

Proof. We will show that c is fully faithful and surjective on objects; in fact, it
is not hard to show that c is also injective on objects, hence an isomorphism of
categories, but we will not need this.

It is clear from the definition that c is faithful. To see that it is full, we let

(g: A" > XF’T], a),(g': A" — X[@T], ') be objects of the left hand side, and we
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leta: A" — A" be a morphism c(g, @) — c(g’,a’), i.e.

a(tp,-) = a'(tp, -)oa. (4.3)
We want to show that a also defines a morphism (g, ) — (g’,a’), i.e. that the
two triangles

EInj(T, . ’
A0 AW EInj(T, @) X A" NLOXE | BIni(T, w) x A"

NS and S 7

EInj(S,w) x [] A™a

acA

[T]

commute. For the second one, we observe that both paths through the diagram
are EM-equivariant, so that it suffices to show this after restricting to {i;} x A",
where this is precisely the identity (4.3). On the other hand, the commutativity
of the first diagram follows once we observe that § = foa as a is a morphism
i(g) = (A,S,m., f), hence g = foa(ir,-) and analogously g’ = fod'(ir,-).
Thus, a also defines a morphism (g, @) — (g, a’) which is then obviously the
desired preimage.

Finally, let us show that c is surjective on objects. We let & : A" — K” be
any map; then the composition

A
an S g = (EInJ(S Tx[] N"a) < EInj(S,w) x [ [ a™
acA acA

by construction lands in the subcomplex of those simplices that are supported
on T, so it extends to a unique EM-equivariant map « : EInj(T,w) X A" —
ETnj(S,w) X [T 4, A™.

We claim that (f&, a) defines an element of i | (A, S, m., f), which amounts
to saying that f& : A" — X factors through X7, ()’ that a is H-equivariant with

respect to the preactions, and that the diagram

EInj(T,w) X A" —*— EInj(S,w) x [] A™a

acA
(ﬁ)\) (/f

commutes. For the first statement, we observe that f& lands in X7} as & lands

in (EInj(S, w) X Ha e A7) and because f is EM-equivariant. To see that it

also lands in the ¢-fixed points, it suffices to observe that f restricts to
(EInj(S, @) x [ [ Ame)® — x¢

aceA

X

by Lemma 4.3.

For the second statement, it is again enough that h.(&(0)) = a(h.iy, o) for
all simplices o of A" and all h € H. But indeed, h.t; = h™! * 1 as before, so
a(h.tp,0) = h™! % (&(0)), and this in turn agrees with h.(&(c)) because &(o) is
A-fixed.
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Finally, for the third statement it suffices again to check this on {t;} x A",
where it holds tautologically. Altogether, we have shown that (f&, o) defines
an element of i | (A, S, m,, f). It is then immediate from the definition that
c(fa,a) = &, which completes the proof of the claim. A

We conclude that in particular N(i | (A,S,m., f)) ~ N(A | K*). By Propo-
sition 3.3 we further see that N(A | K?) is weakly equivalent to K2, so it only
remains to prove that the latter is (weakly) contractible. This is a direct appli-
cation of Lemma 4.4: the restriction of the preaction on EInj(S, @)X [, , A™
to EInj(S, w) X {*} is by construction induced by the H-action on S coming from
the H-action on w. On the other hand, S is a subset of supp(A4,S,m,, f) C T
by Lemma 3.7, so the inclusion S < T is the desired H-equivariant injection.

Altogether, this completes the proof of the theorem. O

So far we have only used the third part of Lemma 4.4. However, we will now
need its full strength for the proof of the following result:

Proposition 4.5. Let X be a tame EM-G-simplicial set. Then Cyx is weakly sat-
urated.

Remark 4.6. Since the above proposition will have non-trivial consequences
later, let us give some intuition why one should expect this to be true: as the
inclusion €® < @"? is fully faithful for any EM-G-category €, we can heuris-
tically interpret the failure of C to be saturated either as € not having enough
fixed points or as € having too many (categorical) homotopy fixed points. While
our previous saturation construction solves this issue by potentially introduc-
ing additional fixed points, we will see below that the categories of the form
Cy instead have very few homotopy fixed points. This is in turn to be expected
as Cy contains only few non-trivial isomorphisms; more specifically, all auto-
morphisms of objects in Cx come from automorphisms of the EM-equivariant
simplicial sets EInj(S, w) X Ha cA A™a  over which we have good control by
Lemma 4.4. In particular, if X = N, then the isomorphisms in Cye are de-
tached from the isomorphisms in €.

(In fact, Cx has so few isomorphisms, that usually not every homotopy fixed
point will be isomorphic to an honest fixed point, i.e. C; S C;?’qo won’t be an
equivalence, see Remark 4.10. What we will see below, however, is that for
each homotopy fixed point the space of maps from honest fixed points to it is
contractible, which is enough to imply that the inclusion is a weak homotopy
equivalence.)

In order to turn the above intuition into a rigorous proof, we need to under-
stand the categories C}? ? better:

Construction 4.7. Let us first assume that X = %, and let ® € C‘*h’q’ arbitrary.
As there are no non-trivial actions on *, this means that ®: EH — C, is H-
equivariant with respect to the restriction of the M-action on C,, to H.
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Let us write (A, S, m,,*) := ®(1) (where * will always denote the unique
map from an implicitly understood object to the fixed terminal simplicial set ).
Then we have for each h € H an EM-equivariant self-map h.— of EInj(S, w) X
I1,.4 A™ given by the composition

ho=(h*xh*)! @(1,h)
(1) —— > h.®(1) = ®(h) —— P(1);
it is not hard to check that this defines an H-action, also cf. [18, Construc-

tion 7.4]. In analogy with Construction 4.2, we call this the preaction induced
by .

Remark 4.8. More generally, if ® € C;?’q’, (A,S,m,, f) := ®(1), then we getan
H-preaction on EInj(S,w) x [, 4 A™e by pushing @ forward along the unique
map X — . In explicit terms, this action is given by the composites
(h* ]’ly —1
h-: EInj(S, @) x [ A" ——— Enj(h(S),0)x [ a™o
a€eA beh(A)

®(1,h)
—— EInj(S,w) x [ [ A™.

acA

Beware however, that this will typically not be an H-action on ®(1) € Cy; in-
stead, the identities fo®(1,h) = (p(h).-)ofo(h* X h*) coming from the re-
quirement that ®(1, h) be a map (h, p(h)).®(1) = ®(h) — P(1) translate to the
condition that f : EInj(S,w)x]], e A > ¢*X is H-equivariant with respect
to the above H-action on the source, i.e. f is equivariant in the preactions. As
before, this is equivalent for the EM-equivariant map f to being equivariant
with respect to the diagonal actions.

Lemma4.9. Let®d, ¥ e C;?,qo arbitrary, andwrite®(1) =: (A, S, m,, ), ¥(1) =:
(B, T,n.,g). Thenthe following are equivalent fora map t; : ®(1) —» ¥(1)in Cyx:

(1) a; extendstoamap o : ® — ¥in C;?’qo.

(2) a;: EInj(S, @)X [ [ ca éma — EInj(T,w) X [ [, .5 A™ is H-equivariant
with respect to the preactions coming from ® and ¥.

(3) a is H-equivariant with respect to the diagonal of the preaction and the
postaction (coming from the EM-action).

Moreover, we have a bijection

Hom e (®, ¥) - Homp sset) x(f> 8)
X 4.4)
a =
whereweview f : EInj(S,w)x]],., A" — X andg: EInj(T,w)x]], A" —
X as maps in H-SSet either by equipping all objects with the preactions or by
equipping all objects with the diagonal H-action.

Proof. We begin by proving the equivalence of (1)-(3). As before, (2) < (3)
is clear. For the proof of (1) = (2), we may assume that X = =, and we let
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a: ® — ¥be any map in C;h,go extending a;. Then in the diagram

®(1) —2 ho(1) =—— o(h) 2 a(1)
0f1l h.all lah lal (4.5)
V(1) —— AY(1) = ¥(h) 5 YD

the left hand square commutes by naturality of i, the middle square commutes
by equivariance of «, and the right hand square commutes by naturality of «.
Thus, the total rectangle commutes, i.e. a; is equivariant in the preactions as
claimed.

To prove (2) = (1), we first consider the special case X = . We set aj, :=
h.a; = (h* x h*) loajo(h* x h*) and observe that the outer rectangle in (4.5)
commutes by assumption on «;, and so do the left hand and middle square by
the same arguments as above. As all horizontal morphisms are isomorphisms,
we conclude that also the right hand square commutes, i.e. a is compatible with
the edges (1, h) in EH. Since these generate EH as a groupoid, we conclude that
a is natural. As it is H-equivariant by construction, it is therefore a morphism
® - WinC'?.

In the case of a general EM-G-simplicial set X, we apply the above to the
pushforwards of ® and ¥ to C,; it then only remains to show that each «; =
h.ot; is a map ®(h) - ¥(h) in Cy;, i.e. that

((qo(h).—)ogo(h* X h*))ooch = (¢p(h).-)ofo(h* X h*).

This is however immediate from the explicit description of «;, and the fact that
a; isamap in Cy.

With this at hand, we can easily show that (4.4) is bijective. Namely, we
first observe that it is indeed well-defined by the implications (1) = (2) and
(1) = (3), and that it is injective as any o : ® — W is determined by a; by
H-equivariance. Finally, surjectivity precisely amounts to the converse impli-
cations (2) = (1) and (3) = (1). O

Proof of Proposition 4.5. Let H C M be auniversal subgroupandg¢ : H - G
be a group homomorphism. We have to show that the canonical map c : C;'; -
C)?(P is a weak homotopy equivalence. To this end, we consider for each (fi-
nite) H-subset T C w the following full subcategory (C)?qo)m C C;(”P: ifd e
C)? ® (A,S, m., f) := ®(1), then Remark 4.8 describes a canonical H-action
on EInj(S, w) X Ha e A, whose restriction to EInj(S, @) X {*} is induced by a
unique H-action on S according to Lemma 4.4; we now declare that ® should
belong to (C}? <0)<T> if and only if the H-set S admits an H-equivariant injection
into T.

If (A,S,m,, f) is ¢-fixed, then A,S C w are H-subsets, and the above H-
action on EInj(S,w)x ][, <4 A is simply the preaction from Construction 4.2.



670 TOBIAS LENZ

In particular, its restriction to EInj(S, w) X {x} is induced by the tautological H-
action on S C w. Thus, if (A, S, m,, f) is supported on T, then the inclusion

S < T is H-equivariant with respect to the above action, so thatc : Cg'; - C;?,(p

restricts to (CX)([pT] - (C;?’q))m-

Next, we observe that the (C;? ¢>)<T> exhaust C;?’Q when we let T run through
all finite H-subsets of w with TH # @: indeed, if ® is arbitrary, (4, S,m., f) :=
®(1), then we consider the finite H-set S L1 {*} where H acts on S as above and
trivially on *. As w is a complete H-set universe, there exists an H-equivariant
injection S LI {*} » w, whose image is then the desired T. Thus, the inclusions

express C;?,qo as a filtered colimit along the inclusions of the (C;ig”)(T) over all
finite H-subsets T C w with T # @.
Altogether, we are reduced to showing that (CX)[¢T] - (C)?qo)m is a weak

homotopy equivalence for all such T, for which it is enough by 2-out-of-3 that
the composition

: o 1 o £ he
is a weak homotopy equivalence, where i is the weak homotopy equivalence

from the proof of Theorem 4.1.
For this, it is again enough by Quillen’s Theorem A that the slice j | ® has

weakly contractible nerve for each ® € (C;l’(p)(T). To prove this, let (1) =:
(A,S,m,, f) and define K := EInj(S,T) X HaeA A™a with H-action via the
H-action on T and the restriction of the preaction on EInj(S, ) X Ha ca AMa
induced by ®. Using Lemma 4.9, one can show precisely as in the proof of
Theorem 4.1 that we have an equivalence of categoriesd: j | ® — A | K#

sending «: j(g: A" — XE"T]) — @ to oy(t7,-) and a map (g,a) — (g',a’)

given by a : A" — A" to the map d(g,a) — d(g’,a’) given by the same a. In
particular, we conclude together with Proposition 3.3 that N(j | ®) ~ N(A |
K?) ~ KA. By definition of (C;,¢)<T>, there exists an H-equivariant injection
S — T with respect to the H-action on S induced by ®. Thus, Lemma 4.4
implies that K2 is contractible, which completes the proof of the proposition.

O

Remark 4.10. Let X # @ be a tame EM-G-simplicial set. Then Cy is not
saturated:

Indeed, let x € X, be arbitrary and write S := supp(x). Then there exists a
(unique) EM-equivariant map X : EInj(S,w) — X sending ¢ to x. We pick a
finiteset T C w~S with at least two elements and we define f as the composition

EInj(SUT,w) x Al 2 EInj(S U T, ») —> EInj(S) — X.

We moreover choose a universal subgroup H of M together with an isomor-
phism ¢ : H — X7, and we write ¢ : H — 1 for the unique homomorphism.
Forany h € H, we define its action on EInj(SUT, w)xA! as the unique self-map
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75, sending (u, 0) to (u,0) and (u, 1) to (uo(S U P(h™1)), 1) for each u € M. We
omit the easy verification that this is a well-defined H-action.

Let now a € w be any H-fixed point. It is then not hard to check that
®: EH — Cx with ®(h) = ({a},h(SUT),1, fo(h* X h*)) and structure maps
D(hy, hy) = (hy)oTyziy, (hy)3' defines an element of C "¢ The induced H-
action on EInj(S U T w) X Al is then simply the one given above. By the de-
scription of the morphisms in C ? given in Lemma 4.9, it is then enough to
show that this is not H- equ1var1ant1y isomorphic to a simplicial set of the form
ETnj(U, w) X HbeB A™ for some finite H-subsets B, U C w, with H acting via
its tautological actions on B and U.

Indeed, if there were such an isomorphism «, then it would restrict to H-
equivariant isomorphisms EInj(U, w) x [], A% ~ ETnj(S U T, w) x A% and
EInj(U,w) x [T, .5 A}~ ETnj(S U T,w) x AL, In particular, the two H-
simplicial sets EInj(S U T,w) x A% and EInj(S U T,w) x A would be H-
equivariantly isomorphic. But, this is obviously not the case as precisely one
of them has trivial H-action, yielding the desired contradiction.

With Proposition 4.5 at hand, we can now prove:
Corollary 4.11. All the inclusions in
EM-G-Cat™ - EM-G-Cat”"” & EM-G-Cat’

are homotopy equivalences with respect to the G-global weak equivalences.
Proof. We already know this for the left hand inclusion by Corollary 1.36, so
it suffices to consider the right hand inclusion. We claim that C,oN defines
a homotopy inverse. Indeed, this lands in EM-G-Cat™"* by Proposition 4.5;
moreover, the natural map €: Cye — C is a G-global weak equivalence for

every tame EM-G-category C by Theorem 4.1. As EM-G-Cat™"” is a full sub-
category of EM-G-Cat’, this immediately implies the claim. O

5. Lifting the parsummable structure

In this section, we will prove the parsummable analogues of Theorem 4.1 and
Corollary 4.11 by lifting C, to a functor G-ParSumSSet — G-ParSumCat and
showing that the natural transformations ¢, € are compatible with the resulting
structure.

Construction 5.1. Let A’, S’ befinite setsand let A c A’, S c S’. Let moreover
(My)aea bea family of non-negative integers. Then we define

: EInj(S’, w) x H A™e — EInj(S, w) X H AMa

acA’ acA

'OAS

as the product of the restriction EInj(S’,w) — EInj(S, ) and the projection
1_‘[aeA’ A — HaeA A,

Lemma 5.2. Throughout, let m, be an appropriately indexed family of non-
negative integers.
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(1) pﬁl’ssl is EM-equivariant forall Ac A’, S c S'.
@ IfACA cA”,Scs S thenphy o =phg -
3) ,oj’t; =idforall A,S

@4 IfANB =@ =SnNT, then (pﬁLéB ST ng;B SYTY vestricts to an isomor-
phism

EInj(SUT,w)x ] am = (EInj(S, o)x [ Ama) b (EInj(T, o)x ] A’”b) :

i€AUB acA beB
Al AN u(S’
(5) IfA’,S' C w, and u € M, then Pys oW Xu*) = (u* X u*)opZEA)’)uLé))

foralAc A',ScS'.

Proof. The first three statements are obvious. For the fourth statement, let us

first show that (pﬁ"gB’SUT, pg%B’SUT) lands in the box product. Indeed, it sends

an n-simplex (uy, ..., Uy, (0;)icaup) to ((uo|s: s Unls3 01 a)s (ol T, oo s Un |73 OB)-
Obviously, supp, (upls., ..., Unls; ol4) = ux(S) and supp, (uolr, ..., uyl7;0lp) =
u,(T); as uy is injective and S N T = @, these are disjoint, i.e. this is indeed an
n-simplex of the box product.

Conversely, given any n-simplex ((ug, ... , ,; ), (Vg, .. , U,; T)) of the box prod-
uct, (ug U vy, ..., U, U Uy,; 0 U T) with
u(x) ifxes o, ifieA

and (cur); =

U =
(e U 00)(x) ve(x) ifxeT 7; ifieB

is well-defined because SN T = @ and A N B = @, respectively. Moreover, this
is an n-simplex of the left hand side: u; U vy is injective, since its restrictions to
S and T are, and since (u; U, )(S) = u,(S) is disjoint from (u, U v )(T) = v (T)
by the same support calculation as above. It is then trivial to check that this is
inverse to the restriction of (0, %>, pg}f SUTy which completes the proof of
the fourth statement. ’

For the final statement, it suffices to observe that the diagram

EInj(u(s"), w) —~— EInj(s’,w)

resl lres

ETnj(u(S), w) — ETnj(S, w)

commutes as both paths through it are given by restricting along S — u(S’),s —
u(s), and that

U ORI m
l_Ibeu(A’)A “ l_[aeA’A ¢

prl lpr

m—lb m
Hbeu(A)A e [T,cqd™
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commutes because after postcomposition with pr_, a € A, both paths agree
with the projection [ [ beu(A’) A" — A™a onto the u(a)-th factor. O
Construction 5.3. Let X,Y € EM-SSet’. We define

V: CX|ZCY - CXEIY

as follows: an object ((4,S,m., f),(B,T,n.,g)) issent to (AUB,SU T, (m U
n)., f Ug) where

““|n; ifieB
and f U g — (f X g)o(pAUB SUT’ngj{B SUT) — (f pAUB SUT’g p?Lj{B SUT) More-

over, amorphism ((4, S, m., f), (B, T,n.,g)) — ((A’,S’, m., f),(B',T',n’,g")
given by a pair

o : EInj(S, @) x [[ A™ — Emnj(s’,@)x [ A™

a€eA a’eA’
B: EInj(T,w) x [] A™ — Elj(T",w)x [ A"
beB b’'eB’

is sent to the morphism (AUB,SUT,(mun)., fug) - (A’UB,S"UT’,(m'u
n’)., f' U g’) given by the composition
A’uB’ S'ur’ _A'uB’.S'UT’ )_ o(a ® ﬁ)o(pAUB ,SuUT AUB SUT)

A’ S/ ’ PB/,T/ ) B T
A'UB’,S'uT’  _A'UB',S"UT'\—1 AUB,SUT AUB, SuT
=Py s P17 Yo(apy o B )

Finally, we define:: % — C, asthe functor sendmg the unique object of the left
hand side to (&, &, &, 0), where 0 denotes the unique map EInj(@, w) X ]| 2
*.

Proposition 5.4. The above functors are well-defined and EM-equivariant.

Proof. Let us first show that V is well-defined. For this, we observe that A U
S = supp(4,S,m,, f) and BUT = supp(B,T,n.,g) by Lemma 3.7, so (A U
S)N (BUT) = @ by definition of the box product, and in particular AN B =

@. Thus, m U n is well-defined. Moreover, pAUB SUT and pAUB SUT are EM-

equivariant by Lemma 5.2-(1),s0 fug = (f X g)o(pAUB SUT pgk%B STy is again

EM-equivariant. This shows that V is well-defined on objects. To prove that
it is well-defined on morphisms, we observe that as above A’ N B’ = @,5' n
= ¢, so that (p;‘:?l’slur, ?,”L%?”S’UT’) is indeed invertible by Lemma 5.2-
(4). By another application of Lemma 5.2-(1) we then see that V(«, 3) is EM-
equivariant. Finally,

(f' ugHV(a,B) = (f' g )a @By >, ppa ™)
= ((f'oREB)EL > o)
= ()L epr ) = fug,
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i.e. V(a, ) is indeed a morphism in Cxgy from V((A, S, m., f),(B,T,n., g)) to
v, S, ml, f1,(B',T',n.,g")).

It is trivial to check that V is a functor. Let us now prove that it is EM-
equivariant, for which we let u € M be arbitrary. Then

Vu.(A,S,m,, f),u.(B,T,n.,g))
= V(((A), u(S), my-1(.y, fo(u* X u*)), u(B), u(T), ny-1(.), go(u* X u*)))
= (u(AUB),u(S UT),(My-10) U Ry, (fo(u* X u*)) U (go(u* X u*))).

It is clear that (m,-1(.) U ny-1.)). = (m U 1)y, so for M-equivariance on
objects it only remains to show that (fo(u*xXu*))u(go(u*xu*)) = (fug)o(u* x
u*). But indeed, Lemma 5.2-(5) implies that

AUB,SUT _AUB,SUT
(Pyus ~ sppr Jo(u* Xu*)

(pAUB SuT AUB SuT

o(u* X u*), oy o(u* x u*)) (5.1)

_ w u(AUB),u(SUT) # %\~ AU(AUB),u(SUT)
— ((u XU )opu(A),u(S) ) (u Xu )Opu(B),u(T) )
hence
(fo(u* x u*)) U (go(u* x u*))

AUB),u(SUT AUB),u(SuT
= (folu” xu)opy S ™, golu” x u)opy i)

AUB),u(SUT AUB),u(SUT
= (FB(" X u)opy ™" X uopyi ™)

(f X g)o(pAUB SUT’ ngj{B SUT)O(u* X u*)

= (fUgo(u” xu").

Next, we have to show that V(u(AS oS ) (B L.n. g>) Z (AS.m../)B.T.n.8)

As we already know that both sides are maps between the same two objects
in Cxgy, it suffices to show this as maps in EM-SSet, for which it is in turn
enough that their inverses agree. But indeed,

V( (A,S,m, f) (BTn g))_

— v((u(A,S,m.,f))_l (u(B,T,n,,g))_l)

AUB,SUT _AUB,SUT\—1 % s\ U(AUB),u(SUT) % wy\ U(AUB),u(SUT)
= (5 »Ppr )"ro((w* xu )pu(A) u(s) ,(* X ut)p u(B),u(T) )
ABST AUB,SUT AUB,SUT _AUB,SUT % %
= (ois "oy ool o e (u” X u)

—wtxut = (VASmD BT
where we used (5.1). This completes the argument for V.

Finally, EM-equivariance of t amounts to saying that ((x) = (@, @, @, 0) has
empty support, which is immediate from Lemma 3.7. O

Proposition 5.5. The functorstand V define a lax symmetric monoidal structure
onC,: EM-SSet” —» EM-Cat".
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Proof. It is trivial to check that V is natural; it remains to show the compati-
bility of V and ¢ with the unitality, symmetry, and associativity isomorphisms.

Unitality. We will only prove left unitality, the argument for right unitality
being analogous (in fact, right unitality will also follow from left unitality to-
gether with symmetry). For this, we have to show that the composition

IXCx \ A

agrees with the left unitality isomorphism of (EM-Cat’, ), i.e. projection to
the second factor.

Let us first check this on objects: if (4, S, m,, f) € Cx is arbitrary, then the
above sends (x, (A, S, m,, f)) by definition to (GUA, U A, (@um),,1o(0U f)),
so the only non-trivial statement is that 10(0 U f) = f. Indeed, by definition

ouf = (Oopgz”;, f opﬁ’g). As1: %KX — X is given by projection to the second

factor, we conclude Ao(OU f) = f opﬁ’g , so the claim follows from Lemma 5.2-
(3).

Next, let a: (A,S,m., f) — (B,T,n.,g); we have to show that the above
composite sends (id,,a) to a. As we already know that this has the correct
source and target, it suffices to show this as morphism in EM-SSet. Butindeed,
plugging in the definition we see that « is sent to

AS  _ASN-1/; AS AS
(PG Pia's) ™ (idopg g, ctoply ). (5.2)

As pﬁjg = id by Lemma 5.2-(3), we see that projecting onto the second factor is

left inverse to (pg";, pﬁ’g); as the latter is an isomorphism by Lemma 5.2-(4) (or

alternatively using that the projection is an isomorphism for obvious reasons),
it is then also right inverse, and (5.2) equals oz,oﬁ’t; = o as desired.
Associativity. We have to show that the diagram

(CXIZCY)IECZ —L> CX &(CY |ZCZ)

o~

vac, | Jexa

Cxry X Cy Cx X Cygyz

v| |v

C(XIXY)&Z %ﬂ" CX&(YEZ)
commutes for all X,Y,Z € EM-SSet’; here we denote the associativity iso-
morphism by ‘a’ instead of the usual ‘a’ in order to avoid confusion with our
notation for a generic morphism in C,.

To check this on objects we let (((4, S, m., f),(B,T,n.,g)),(C,U,o.,h)) be
any object of the top left corner. Then the upper right path through the diagram
sends thisto (AU(BUC),SU(TUU),(mu(nuo))., f U(guh))while the lower
left path sends it to (AUB)UC,(SUT)U U,((muU n) U o).,ao((f Ug) U h).
It is clear that the first three components agree, so it only remains to show that
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fU(guh) = ao((fUg)Uh) as maps EInj(SUTUU, @)X [T, , p,c AV —
XX (Y X Z). But indeed,

f U (g Uh) = (prUBUC ,SUTUU (g U h)pgsg%%guTuU)

(f AUBUC SUTUU BuUC,TUU hpBUC ,TUU AUBUC,SUTUU)
B,T BuC,TuU
(f AUBUC SUTUU ( AUBUC SUTUU ]’l AUBUC, SUTUU))
C U

where the final equahty follows from Lemma 5.2-(2). Analogously, one shows
that

ao((f ug)u h) = ao((pruBuC ,SUTUU gpg,L%BuC,SUTUU) hp AUBUC' SUTUU)

and this is obviously equal to the above.

Next, we let (((A',S", m!, f),(B',T',n.,g")),(C’",U’,0., ")) be another such
object, and we let ((«, §), ¥) be a morphism. We have to show that both paths
through the diagram send this to the same morphism in Cxgygz), for which it
is then enough to show equality as morphisms in EM-SSet’. For this, we first
observe that on the one hand by Lemma 5.2-(2)

A'UB'uC’,S'uT' VU’ A'uB'uC’,S'uT'VU’ _A'uB’uC’,S'UT'UU’
pA/,S/ b Bl,T/ 9 C/,U/ ))

: B'uc’,T'uU’ _B'uC’,T'UU’ A'uB'uC’ S'UT’VU’  _A’uB'UC! S'UT'UU’

= (ldg(chT' Peorur )) ( ALS! ' Pprucr,rrour )

(in particular this is an isomorphism), and on the other hand obviously
ﬁ,’ul,s’uc’ S’UT’UU’ ;’;1’3’UC’,S’UT’UU’, 2:$’UC',S'UT'UU'))
— ao((pﬁig};?/uc’,s’uT’uU’, g”’L%J,B’UC’,S’UT’uU’ i ?:L[Jﬁ’uc’ S’UT/UU’)
We now calculate
(Par,s> (Ppr 15 peru))V(a, V(B, 7))

= ({d X (pp/,17, Pcr,u ) @pa,ss VB, ¥)PBuc,ruu)

= (apas: (Pp .15 Pcr,u )V (B, ¥)PBuc.Tuu)

= (apas, Bppr:vPcU))
where we omitted the superscripts for legibility. Analogously,

(ear s> (o 15 Peru)V(V(a, B),¥) = ao((par s Par.11)s Per )V (V(a, B),7)
= a°((“PA,s, ;BPB,T)a VPC,U)

which equals (5.3). We conclude that V(a, V(8,7)) = V(V(a,B),y) as mor-
phisms in EM-SSet" as they agree after postcomposing with an isomorphism.
This completes the proof of associtativity.

Symmetry. Finally, we have to show that the diagram

(5.3)

~

CxHCy — CyRCx

v |v

o~

CXIXY C, > CYIZX
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commutes for all tame EM-simplicial sets X, Y, where 7 denotes the symmetry
isomorphism of ® on EM-Cat" and EM-SSet’, respectively; in both cases it is
given by restriction of the flip map K X L = L X K.

Again, let us first check this on objects. If ((4,S,m., f),(B,T,n.,g)) is an
object of the top left corner, then the upper right path through this diagram
sends thisto (BUA,TUS,(nUm),,gU f), while the lower left path sends it to
(AUB,SUT,(muUn),,to(f Ug)). The first three components agree trivially,
while for the fourth components we simply calculate

to(f U g) =10o(fpas,8P1) = (€PBT> fPAsS) =8U [.

This proves commutativity on objects. If now ((A’,S’, m., f"),(B', T, n’, g")) is
another such object and («, §) is a morphism, then in order to show that both
paths through the diagram send (¢, 8) to the same morphism of Cygy it is again
enough to check this as morphisms in EM-SSet. But indeed, the top right path
through the diagram sends (a, 8) to (op 17, Par.sr) ' (Bps 1> ApAs)- Using that
(Pwi1Paris’) = T0(Par,51 Py, 1v). this equals

(Parsspp ) toto(Bppr,apas) = (Par s ppr ) (@pas, BopT)

which is by definition the image of («, 8) under the lower left composition. This
completes the proof of symmetry and hence of the proposition. (|

As before, the corresponding result for C, : EM-G-SSet” — EM-G-Cat’ fol-
lows formally. In particular, C, canonically lifts to a functor G-ParSumSSet —
G-ParSumCat. Explicitly, if X is a parsummable simplicial set, then Cx has
the same underlying EM-G-category as before. The sum of two disjointly sup-
ported objects (A, S, m., f),(B,T,n.,g2)is(AUB,SUT,(muUn)., f + g), with
f + g given by the composition

+
EInj(SUT,w)x J] At M xmx S x

i€EAUB

where + denotes the sum operation of the G-parsummable simplicial set X.
Moreover, the sum of two morphisms «, 3 having disjointly supported sources
and disjointly supported targets agrees as a map of EM-simplicial sets with
V(a, 8) as defined above. Finally, the unit is given by (&, @, &, 0) where 0 de-
notes the map EInj(@, w) X || o — X with image the zero vertex of X.

Next, we will show that the natural maps € and € also define natural trans-
formations between these lifts.

Proposition 5.6. The natural transformation € : NoC, = idgyr.gser” iS (Sym-
metric) monoidal.

Proof. We have to show that the diagrams

(NCx)B(NCy) =55 XRY . — %

| 1 A

NCxamy NC.
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commute, where V and ¢ denote the compositions of the structure maps of N
and C, of the same name.

The commutativity of the right hand triangle is trivial as the target is termi-
nal. For the left hand triangle, we consider any k-simplex of (NCx) X (NCy).
This is by definition and Example 2.7 given by a pair of a k-simplex

(A, Sos M7, fo) = - = (Ag S, 1)
of N(Cx) and a k-simplex

B B k
(BO,TO,nEO),gO) R (Bk,Tk,nE >,gk)

of N(Cy ) such that supp(A4;, S;, mfi),fi)nsupp(Bi, T;, nfi),gi) =gfori=0,..,k.

If 0, og, are defined as before, then the top arrow in this diagram sends
(a.,B.) to (fr(og, ), 8k(og ). On the other hand, the lower path sends (., 8.)
to (fx U 8k)(0v(q. 5.))- Here oy, g, is uniquely characterized by demanding
that its £-th vertex be given by

V(o Be) -+ Vet Bes1)s,ur,» %) € EINj(Sp U T, w)x [ Ao,
i€AUBy

By functoriality of V and its definition, this is equal to
(PaspPBeT ) (k- A1) B B+ Be1))(Pa, 5,5 P81, s, 0T, )5
and as obviously (o4, 5, 5,1, )(ts,ur,» *) = ((ts,» %), (t,, %)), we conclude that
ov@.p.) = (Pagse P17 (0a,»08,)- Thus,
e(V(a.,8.)) = ([ YV 8)0v(a. 8.) = (fk ®g)(0q,,0p.) = (fr(oa,), 8k(og.))

as claimed. O

Proposition 5.7. The natural transformation € : C,oN = idgyr.car is (Sym-
metric) monoidal.

Proof. We have to prove commutativity of the diagrams

CNC’ X CND ﬁ‘) G X D k —;) ES
vl / [l /
Cn(emp) Crew

which in the case of the right hand triangle is trivial again. For the left hand
diagram, it suffices to prove this after applying N as the latter is fully faithful.
The resulting diagram is

N(Cye B Crp) ~) N R D)
N(V)l / (5.4)

N(Cnemm))
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where we have applied the definition of €&. We now consider the 3-dimensional
diagram

N(Cne ® Cyop) N(C R D)

o~

= =

(NCe) B (NCyp) — l (NQ) K (ND)

NCn(emp) —

NCnemND)

where the back face is (5.4), the front face is the coherence diagram for the sym-
metric monoidal transformation € : NoC, = id, and the front-to-back maps are
induced by the structure isomorphisms of the strong symmetric monoidal func-
tor N as indicated. Then the front face commutes by the previous proposition,
the left face commutes by the definition of the structure maps of a composition
of lax symmetric monoidal functors, the top face commutes by naturality of V,
and the lower right face commutes by naturality of €. As all the front-to-back
maps are isomorphisms, it follows that also the back face commutes, which
then completes the proof of the proposition. (|

As before, we automatically get the corresponding statements for the lifts of €
and & to EM-G-SSet’ and EM-G-Cat’, respectively. We can now immediately
prove the following precise form of Theorem B from the introduction:

Theorem 5.8. The lifts of N and C, constructed above define mutually inverse
homotopy equivalences

C. : G-ParSumsSSet 2 G-ParSumCat : N

with respect to the G-global weak equivalences on both sides. More precisely, the
natural maps e : N(Cx) —» X and €: Cye — C define levelwise G-global weak
equivalences between the two composites and the respective identities.

Proof. First observe that these indeed assemble into natural transformations
NoC, = idg.parsumsset and C.oN = idg_parsumcat by Propositions 5.6 and 5.7,
respectively. As the weak equivalences of G-ParSumSSet and G-ParSumCat
are created in EM-G-SSet’ and EM-G-Cat’, respectively, the claim now fol-
lows from Theorem 4.1. O

Moreover, we can NOw prove:
Theorem 5.9. All the inclusions in
G-ParSumCat’ & G-ParSumCat"’ & G-ParSumcCat

are homotopy equivalences with respect to the G-global weak equivalences.
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Proof. For the left hand inclusion, we have already shown this as Corollary 1.38.
For the right hand inclusion, it suffices to observe again that C,oN is homotopy
inverse, which follows from Theorem 5.8 by the same arguments as in Corol-
lary 4.11. (]

6. G-global homotopy theory of symmetric monoidal
G-categories

We will write SymMoncCat for the 1-category of small symmetric monoidal
categories and strong symmetric monoidal functors, and we will denote by
G-SymMonCat the corresponding category of G-objects. Explicitly, an object
of G-SymMonCat is a small symmetric monoidal category equipped with a
strict G-action through strong symmetric monoidal functors (a small symmetric
monoidal G-category, for short), and the morphisms are given by strong sym-
metric monoidal functors that strictly preserve the actions.

We want to study G-SymMonCat from a G-global perspective, for which we
introduce the following notion of weak equivalence:

Definition 6.1. A G-equivariant functor f : € — 9 of small G-categories is a
G-global weak equivalence if

Fun(EH, ¢* f)" : Fun(EH, ¢*€)" — Fun(EH, ¢*9)"

is a weak homotopy equivalence for every finite group H and every homomor-
phism ¢ : H — G. A morphism in G-SymMoncCat is called a G-global weak
equivalence if and only if its underlying G-equivariant functor is.

By Lemma 1.27, we may restrict ourselves to those H that are universal sub-
groups of M in the above definition without changing the notion of G-global
weak equivalence.

Example 6.2. If G = 1, then the 1-global weak equivalences of small categories
are precisely the global equivalences in the sense of [16, Definition 3.2].

Example 6.3. Any underlying equivalence of categories induces equivalences
on categorical homotopy fixed points, so it is in particular a G-global weak
equivalence.

In what follows, we will again abbreviate Fun(EH, ¢*(-))? =: (-)"%, corre-
sponding to the fact that the above agrees with the previous definition of (-)"¢
for the case of a trivial EM-action. As this creates potential ambiguity for EM-
G-categories, we will always distinguish between an EM-G-category and its
underlying G-category below; homotopically, however, this ambiguity is incon-
sequential anyhow by the following easy observation:

Lemma 6.4. Let C be an EM-G-category, and let forget : EM-G-Cat — G-Cat
be the forgetful functor. Then there is a natural zig-zag of equivalences between
C"¢ and (forget €)% for any subgroup H c M and any ¢ : H — G.
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Proof. While the claim could be proven analogously to [18, Proposition 7.6],
we will give a slightly different argument: let us consider the zig-zag

action . pr .

C —— EM X C"V — v, (6.1)
where €™V denotes € with trivial EM-action. There is an evident way to make
the middle term functorial in €, and with respect to this the above two maps
are clearly natural. Moreover, one easily checks that they are both (EM X G)-
equivariant.

We claim that they are also underlying equivalences of categories. Indeed,
this is obvious for the projection as EM is contractible. The non-equivariant
functor (1,-) : € - EM X C is right-inverse to it, hence again an equivalence
of categories. But it is also right inverse to the action map EM X € — ©, hence
also the latter is an equivalence of categories as desired.

The claim now simply follows by applying ()% to (6.1). a

Remark 6.5. The G-global weak equivalences might look a bit counterintuitive
at first, so let us explain the connection to classical equivariant K-theory, for
which we assume that G is finite.

If 6 is a small symmetric monoidal category, then the Shimada-Shimakawa
construction [20, Definition 2.1] associates to this a special I'-space I'(6). If
we now let G act suitably on €, then I'(6) acquires a G-action through func-
toriality, making it into a I'-G-space; more precisely, I is functorial in the cat-
egory SymMonCat0 of small symmetric monoidal categories and strictly unital
strong symmetric monoidal functors, so it induces a functor G-SymMonCat’ —
I'-G-SSet where the left hand side again denotes the category of G-objects in
SymMonCatO; in particular, its objects have G-actions through strictly unital
strong symmetric monoidal functors.

Unfortunately (or interestingly), I'(€) is usually not special in the correct G-
equivariant sense. However, it is an observation going back to Shimakawa [21,
discussion before Theorem A’] and later extensively used by [10] that this defect
can be cured by replacing € with Fun(EG, 6) equipped with the conjugation
action.

Thus, the natural way to obtain a special I'-G-space is via the composition

o Fun(EG,-) o T
G-SymMonCat' ————— G-SymMonCat — I'-G-SSet, (6.2)
and this is also the basis for the usual definition of the equivariant algebraic
K-theory of 6.

There are several useful notions of G-equivariant weak equivalences on the
right hand side, the simplest (and strongest) of which are the level equivalences,
see e.g. [11, 4.2.1]. It is then not hard to check from the definitions that a map
f:16—>Din G-SymMonCat0 induces a level equivalence under (6.2) if and
only if the induced functor Fun(EG, f) : Fun(EG,6)" — Fun(EG,2)" isa
weak homotopy equivalence for every subgroup H C G. Using that the inclu-
sion H < G induces an H-equivariant equivalence EH — EG, we conclude



682 TOBIAS LENZ

in particular that any G-global weak equivalence induces a level equivalence
under (6.2).

Finally, we will compare the G-global homotopy theory of G-SymMonCat
(and G-SymMonCatO) to the models considered so far, for which it will be use-
ful to introduce an intermediate step. We therefore recall:

Definition 6.6. A permutative category is a symmetric monoidal category in
which the associativity and unitality isomorphisms are the respective identities.
We write PermCat for the category of small permutative categories and strict
symmetric monoidal functors.

Proposition 6.7. The inclusions
G-PermCat < G-SymMonCatO S G-SymMonCat

are homotopy equivalences with respect to the underlying equivalences of cate-
gories (and hence also with respect to the G-global weak equivalences).

Proof. It suffices to prove the first statement, for which it is in turn enough to
consider the case G = 1.

The composition PermCat < SymMonCat is a homotopy equivalence as
a consequence of MacLane’s strictification construction [5, Section XI.3], see
e.g. [4, Theorem 1.19] for an elaboration on this argument.

We are therefore reduced to showing that SymMonCat0 < SymMonCat
is a homotopy equivalence; this is again well-known, but I do not know of an
explicit reference, so let me sketch the construction of a homotopy inverse:

For a small symmetric monoidal category €, consider the map 7 : Ob(€) L
{1’} — Ob(®) that is given by the identity on Ob(®) and that sends 1’ to 1.
We then define 6€° as the category with set of objects Ob(®) LI {1’} and hom
sets Homgo(X,Y) := Homg(n(X), 7(Y)); then 7 tautologically extends to a
functor €° — €, and this is clearly an equivalence of categories.

We extend the tensor product from Ob(®€) to Ob(€°) by demanding that 1’
be a strict unit. Then 7 commutes with the tensor products on objects, so there
is by full faithfulness a unique way to extend the tensor product on Ob(€°) to
morphisms in such a way that 7 strictly preserves the tensor products. By the
same argument, we can uniquely lift the associativity, unitality, and symme-
try isomorphism from € to €° through 7, making €° a symmetric monoidal
category with unit 1/, and 7 a strict symmetric monoidal functor.

On the other hand, the inclusionn: € < ®Y is right inverse to 7, so there
is a unique strong symmetric monoidal structure on 7 such that the composi-
tion 77 agrees as a strong symmetric monoidal functor with the identity. We
now claim that 7: € — 6° has the following universal property: for any
strong symmetric monoidal f: € — 9 there exists a unique strictly unital
strong monoidal functor f: ¥° — @ with f = fox. With this established,
it will then follow formally that the assignment € — 6° extends to a functor

(-)°: SymMonCat — SymMonCat0 left adjoint to the inclusion and with
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unit 7. As 7 is an underlying equivalence and the inclusion SymMonCat0 <
SymMonCat creates underlying equivalences, it follows by 2-out-of-3 that also
(-)° is homotopical. Together with the triangle identity, we moreover see that
also the counit € is an underlying equivalence, finishing the proof (in fact, one
can also easily check that the counit is simply the functor 7 considered above).

It remains to prove the claim. Let us first show that the underlying functor
of f is unique. Indeed, as f is strictly unital, f(1’) = 1; together with fon = f,
this means that f is uniquely prescribed on objects. On the other hand, this also
prescribes f on all morphisms between objects of €, whereas the equality of the
unitisomorphisms for foz and f prescribes f on the unit isomorphism:: 1’ —
1 of 5 (i.e. the map corresponding to the identity of 1). The claim follows as
any morphism in 6° can be expressed as a composition of a morphism in 6
and (possibly) ¢ and (~!. To see that f is also unique as a strictly unital strong
symmetric monoidal functor, it suffices to show that there is at most one choice
of the multiplicativity isomorphisms Vyy : f(X) ® f(Y) - f(X ® Y). But
indeed, as V is natural, it suffices to show this after precomposing with the
equivalence 7 X 7, where this follows from the equality fon = f of strong
symmetric monoidal functors.

Finally, we construct a strictly unital strong symmetric monoidal f : €° —
P as follows: we define f(X) = f(X) forany X € € and f(1’) = 1. We
now consider the isomorphisms 6y = idsx): fX) - f(r(X)) for X € 6,
6y =1:1 = f(1) = f(x(1")). There is then a unique way to extend f to a
functor such that 6 becomes a natural transformation f = forx, and this then
acquires a unique strong symmetric monoidal structure such that 6 is (symmet-
ric) monoidal. It is easy to check that f is strictly unital and satifies fon = f,
finishing the proof. O

Thus, roughly speaking, PermCat is just as good as SymMonCat from a
purely formal point of view. In practice, however, working with permutative
categories is often easier than working with general symmetric monoidal cate-
gories as there are less coherence data to keep track of.

As a concrete manifestation of this, Schwede constructs in [18, Construc-
tion 11.1] an explicit functor ® : PermCat — ParSumCat (partially recalled
in Example 1.23 above), and while it is plausible that his construction could
be extended to all small symmetric monoidal categories, working out the de-
tails would probably become quite technical and cumbersome. Accordingly,
the parsummable categories associated to general small symmetric monoidal
categories are only defined indirectly by applying ® to a permutative replace-
ment.

If we look at parsummable categories from a categorical angle, then @ is very
well-behaved. Namely, we proved as the main result of [4]:

Theorem 6.8. The functor ® : PermCat — ParSumcCat is a homotopy equiv-
alence with respect to the underlying equivalences of categories on both sides.

Proof. This is [4, Theorem 3.1]. O
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However, from a global perspective ®(€) is not yet the ‘correct’ parsummable
category associated to €. For example, [18, Proposition 11.9] implies that if €
is any small permutative replacement of the symmetric monoidal category of
finite dimensional C-vector spaces and C-linear isomorphisms under @, then
the global K-theory of ®(6) is different from the usual definition of the global
algebraic K-theory K (C) of the complex numbers. In order to avoid this issue,
one applies the saturation construction first, so that the global K-theory of € is
obtained by feeding ®(6)* into Schwede’s machinery.

Thus, if we write G-PermCat for the category of G-objects in PermCat, then
it is actually the composition

sat

@ —
G-PermCat — G-ParSumCat L G-ParSumCat (6.3)

that is the natural way to associate a G-parsummable category to a small G-
permutative category, at least from a G-global point of view. We therefore want
to prove:

Theorem 6.9. The composition (6.3) is a homotopy equivalence with respect to
the G-global weak equivalences on both sides.

Remark 6.10. Since the inclusion defines a homotopy equivalence between
PermCat and SymMoncCat, the above theorem is the appropriate G-global
generalization of Theorem A from the introduction. We can moreover con-
clude from it that if ® : G-SymMonCat — G-ParSumCat is any (hypotheti-
cal) extension of ® respecting underlying equivalences of categories, then the
homotopical functor (-)*to® : G-SymMonCat — G-ParSumCat is a homo-
topy equivalence with respect to the G-global weak equivalences on both sides,
and analogously for G-SymMonCatO.

Remark 6.11. Elaborating on Schwede’s argument cited above, we showed in
[4, Proposition 4.4] that there is no small permutative category 6 at all such that
the global algebraic K-theory of ®(€) is equivalent to Ky (C), which in particu-
lar implies that there is no notion of weak equivalence on PermCat such that ®
becomes an equivalence of homotopy theories with respect to the global weak
equivalences on ParSumcCat, and this even remains impossible when we pass
to the larger class of those morphisms that induce global weak equivalences on
K-theory. Thus, the passage to saturations is not a mere artifact of our proof
(or our prejudices against the parsummable categories (%) and their global
K-theory), but actually necessary.

For the proof of the theorem, we need the following lemma:

Lemma 6.12. The functor (-)**'o® : G-PermCat — G-ParSumCat preserves
and reflects G-global weak equivalences.

Proof. We fix a universal subgroup H C M together with a homomorphism
p: H— G. Ifnow f: € — 9D is a G-equivariant strict symmetric monoidal
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functor, then Theorem 1.35 implies that ®( ) induces a weak homotopy equiv-
alence on @-fixed points if and only if ®(€)"? — &(D)"? is a weak homotopy

equivalence, which is in turn equivalent by Lemma 6.4 to (forget ®(f))"# be-

ing a weak equivalence. Finally, we have natural equivalences of categories

forget ®(6) ~ 6, forget ®(D) ~ D by [18, Remark 11.4], and these are auto-

matically G-equivariant as the G-actions on the left hand sides are induced by

functoriality of ®.

Thus, we altogether see that ®(f)%" induces a weak homotopy equivalence
on @-fixed points if and only if f ¢ is a weak homotopy equivalence. Letting
@ vary, this precisely yields the definitions of the G-global weak equivalences
on G-ParSumcCat and G-PermCat, respectively, which completes the proof of
the theorem. O

Proof of Theorem 6.9. By Theorem 1.35, the functor (6.3) factors through the
inclusion of the full subcategory G-ParSumCat’; as the latter is a homotopy
equivalence with respect to the G-global weak equivalences by Theorem 5.9,
it is then enough to show that (6.3) is a homotopy equivalence when viewed
as a functor into G-ParSumCat’. This is true with respect to the categorical
equivalences by Theorem 6.8 together with Corollary 1.37; moreover, the G-
global weak equivalences on G-PermcCat are coarser than the categorical ones
by Example 6.3, and so are the G-global weak equivalences on G-ParSumCat’
by Lemma 1.32. The claim follows as (-)*'o® preserves and reflects G-global
weak equivalences by the previous lemma. O
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