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Dynamical convergence of polynomials to
products of power maps and the exponential

Devin Becker, Joanna Furno and Lorelei Koss

ABSTRACT. We study the dynamics of a family of polynomial functions and
the relationship to the dynamics of a related entire transcendental family of func-
tions. As the degree of the polynomial approaches infinity, the polynomial func-
tions converge uniformly on compact sets to a function that is a product of a
power map and the exponential function. The advantage to the approach in the
paper is that we can use the relatively simple, although high degree, polynomial
functions to aid our understanding of the dynamics of the related transcendental
entire function. We study properties both in the dynamical plane as well as in
the parameter plane.
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1. Introduction

The goal of this paper is to understand the dynamics of a family of polynomial
functions and the relationship to the dynamics of a related entire transcendental
family of functions. We study maps in the family

d
Cama(z) = az™ (1 + g) ,a€C*=C\{0},m>2,d>2.
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Each map Cy , g has 0,0, —d, and —md /(m+d) as critical points. For all a € C*,

oo and 0 are fixed points, and C, ,,, 4(—d) = 0. Hence, to study the dynamics of

Cq.m.d> we are interested in the orbit of the free critical point ¢, 4 = —md/(m+d).
As d — oo, the maps C, ,, 4 converge uniformly on compact sets to

Eym(z) =az™e?,a € C*,m > 2.

For E, ,,, the critical points are at 0o, 0, and —m. For all a € C*, 0 and oo are fixed
points for E, ,,. The free critical point of E ,, is —m, which is also the limit of the
free critical points ¢, 4 as d — oo. Niiria Fagella and Antonio Garijo investigate
both the dynamical and parameter planes of E, ,,, [11, 12]. In particular, they study
the topology of the basin of attraction of the superattracting fixed point at 0, as
well as properties of parameters of capture zones in parameter space (parameters
for which the free critical point converges to 0 under iteration).

The advantage to the approach in the paper is that we can use the relatively sim-
ple, although high degree, polynomial functions to aid our understanding of the dy-
namics of the related transcendental entire function. The approach of understand-
ing transcendental entire functions through polynomial or rational approximations
began with the preprint [7], which was eventually published in [5]. The approach
has also been previously used in papers such as [10, 13, 14, 15, 16, 17, 18, 19, 20,
21]. Here, we focus on how the dynamics of the polynomial functions change with
respect to the parameter a as well as when d gets large, and how properties of the
Julia and Fatou sets as well as the parameter spaces of C , 4 compare to those of
Eg . The paper is organized as follows. In Section 2, we relate the family C, , 4
to two other polynomial functions that have previously been studied. This section
provides background and does not contain new results. In Section 3, we focus on
properties of the dynamical plane for both C, ,, 4 and E, ,,. Finally, in Section 4,
we discuss the parameter planes of C, ,, 4 and E, ,,,, primarily by focusing on the
capture zones.

2. Background

In [6], Bodil Branner and Niiria Fagella use C, ,, 4 withm = 1and d > 2 to give
homeomorphisms between limbs of the Mandelbrot set with equal denominator.
For p < q, g > 3, and gcd(p, q) = 1, they construct a homeomorphism between
the p/q limb of the Mandelbrot set and the 0 limb of the connectedness locus for
Cq m,q; that is, the set of parameters such that the Julia set is connected.

To aid in our computations and to relate the family C, ,, 4 to known results, we
add symmetry to the parameter space and then to the dynamical space. For fixed
aeC*, m>2,d > 2, we can choose a branch of the m + d — 1st root and take
a = (d?/a)t/m+4=D Then C,,, 4 is related to the monic map

My 1na(2) = 2"(z + b)°,

by Cyma(az) = aMy,, 4(z) and b = d/a. Eliminating roots and solving for a,
we can also write the relationship between the parameters as

a = bmrd-1/qm-1, 2.1
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Each map My, ,, 4 has 00,0, —b, and —mb/(m + d) as critical points. Similar to
Cy.m 4 the critical points oo and 0 are fixed by My, 4, and My, ,,, 4(—=b) = 0. The
orbit of —mb /(m + d) determines the parameter space for M}, ,,, 4 and is the image
of the orbit of —md/(m + d) under C,, ,, 4 after conjugation. The conjugation and
the parameter relationship in Equation (2.1) shows that the parameter space for
My 4 is am + d — 1 cover of the parameter space for Cg , 4.

To add symmetry to the dynamical space, we use Powy(z) = z¢ to show that
My, ;.4 1s semiconjugate to the family

Spm.d(z) = zm(zd + b).

Specifically, M, b,m,d(zd) = (Sb,m,d(z))d. Since 0 is not in the Julia set, this semi-
conjugacy shows that the Julia set for Sy, 4 is a d-fold cover of the Julia set for
My, 1, 4» Which itself is topologically isomorphic to the Julia set for Cy , 4.

If w is a dth root of unity and z € C, then we have the symmetry Sy, ,,, 4(wz) =
@™Sp m.q(2z). This symmetry implies that the Fatou and Julia sets of S}, ,, 4 have
d-fold rotational symmetry. In particular, if the critical points z; and z; are roots of
z% = —mb/(m + d), then ISy ., 4@l = 1Sy . ;)| for all n € N. This implies
that the nonzero, finite critical pbints have orbits that either all go to oo, all go to
0, or all remain bounded away from oo and 0. Since oo and O are fixed points,
the parameter space for Sy ,, 4 is determined by the orbits of the roots of z4 =
—mb/(m + d). The symmetry and the semiconjugacy between Sy, ,,, ;4 and M}, , 4
imply that the parameter spaces for Sy, ,, 4 and My, ,, 4 are the same. Figures 1 and
2 show examples of these symmetries in the parametric and dynamical planes.

(a) b)

FIGURE 1. For m = 2 and d = 3, Figure la is the parameter
space for C, , 4 for —12.5 < Re(a) < 2.5 and —5 < Im(a) < 5,
and Figure 1b is the parameter space for My, ,, 4 and S, ,,, ¢4 for
—2.5 < Re(b) < 2.5 and —2.5 < Im(b) < 2.5.

In [24], Pascale Roesch studies the case Sy, 4 withd = 1, m > 2 and b =
(m + 1)c/m for a parameter ¢ € C. Roesch proves that the boundary is a Jor-
dan curve for every component of the parameter space for which the orbit of the



444 DEVIN BECKER, JOANNA FURNO AND LORELEI KOSS

(a) (b)

FIGURE 2. For b = r +ri with r = (625/54)/4/A/2, m = 2, and
d = 3, Figure 2a is the Julia set for M}, ,, 4 for =3 < Re(z) < 2
and —3 < Im(z) < 2, and Figure 2b is the Julia set for Sy, ,, 4 for
—2 < Re(z) < 2and -2 < Im(z) < 2.

free critical point (—c in that parametrization) either approaches 0 or another finite
attracting cycle and proves results on local connectedness. Additionally, Roesch
describes the landscape of the parameter space by describing intersections between
homeomorphic copies of the Mandelbrot set and components where the orbit of the
free critical point approaches O.

In [22, 23], Maryam Rabii studies Sy, ,, 4 with b = —c for a parameter ¢ € C,
for the cases m > 2, n > 1and m = 1, n > 2, with a focus on whether the Julia
sets and connectedness locus are connected or locally connected.

Carlos Arteaga and Alexandre Alves have completed a number of investigations
of the functions Sj, , 4 with b = —c: [2] studies Sy, ,,, 4 for m > 2 and d > 1,
[3] studies Sp, 4 for m = 1 and d > 2, and [1] studies Sp , 4 for m > 1 and
d > 2. In these papers, they study the connectedness locus. For example, they
show that the postcritically finite parameters are dense in the boundary of the con-
nectedness locus. They also show that the filled Julia sets for ¢ in the unit disk and
the connectedness loci converge in the Hausdorff metric to the closed unit disk as
d - oo.

3. Results in the dynamical plane

Many of the bounds in this section for the family C, , 4 are sharpened versions
of bounds in [4].
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3.1. Symmetry and Bounds. Although the function C ,, 4 does not have the ro-
tational symmetry of Sp ,,, 4 in the dynamical plane, there is a reflection symmetry
between the Fatou and Julia sets of Cg , 4 and C , 4.

Theorem 3.1. The Fatou and Julia sets of Cypmq and E,,, are the reflections
across the real axis of Cz p, 4 and Eg ,,, respectively.

Proof. We have

_\d
Cama@ =aZ" (1 + g)
= Ca,m,d(z)
and
Ezn@) =az €
= Ea,m(z)-
Since these properties hold under iteration, the symmetries follow. ([

All polynomials have a superattracting fixed point at infinity. We begin by de-
termining an escape radius for functions in the family Cy , 4.

d+m

lal

1/(m-1)
Proposition 3.2. [4] Let r,, = max {2d,2( ) } Then for |z| > 74,

n
a,m,d

(z)‘—>ooasn—>oo

We can use Proposition 3.2 to show that, for any m and d, there are always
parameter values for which the Julia set is disconnected.

Theorem 3.3. Given m,d > 2, if

md \""( d \
|a| >max{2d(m+d> <m+d> )
d(1-m)

m—1 d+m 1-m m
() ()
m+d m+d

then |C2’m,d (cm’d)' — 00 asn — oo, and J(Cy ) is disconnected.

Proof. Given m,d > 2, we have

e )| ) 52 2)
m d
NS P

d
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From Proposition 3.2, suppose that r., = 2d. By hypothesis, we know that |a| >

2d (m—d)_m (i) . Using Equation 3.1, we have

m+d m+d

d

>2d<mmfd>_m<mid>_ <mm+dd>m<mid>

=2d =7.

d

d

Then by Proposition 3.2, 'Cgm d (cm,d)| — oo asn — oo, and J(Cg , 4) is discon-
nected. m-1)
Next, suppose that r, = 2 (dd+m /lal) o from Proposition 3.2. Using our
hypothesis, we have
g pd N g\
al|>2mdm ,
lal (m + d) (m + d)

which can be rewritten as

(md )( d )Z>21 dm
m+d/\m+d lal

Using Equation 3.1, we have

d

ml dim o omd d \n»
>2mdm (m+d><m+d>

d

d+m m—1

m-1 d+m 1 T
> 2w d w2 dlal
1 -1

— 2(dd+m/|a|) /(m=1) =r..

In this case also, using Proposition 3.2, we have |C" (cm d)' — o0 asn — oo,
a,m,d t
and J(Cyg .q) is disconnected. O

All functions under study in this paper have a superattracting fixed point at the
origin. When f is one of the functions Cy ,,, 4, Mp ym.d>Sbm.d> OF Eqm. We use
A(f,0) to denote the basin of attraction of the origin, given by

A(f,0)={z€C : f'(z) — 0asn — co}.

The immediate basin of attraction of z = 0 is the connected component of A(f, 0)
containing z = 0, and we denote it by A*(f,0). Since 0 is a superattracting fixed
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point, there is always a disk containing the origin that iterates to the origin. The
next two results give estimates on the size of this disk for C, ,, 4 and E, ,,.

Fagella and Garijo showed that the immediate basin of attraction of the origin
for E, ,,, contains a disk of radius &,, where J, is defined in the following theorem.
In addition, their paper showed that there is an unbounded region in the left half
plane that maps to the disk of radius &, under E, ,,. We state their result in the
following theorem.

Theorem 3.4. [11]

(1) There exists 8, = 6y(|lal, m) > 0, defined as the unique positive solution
of X" te¥ = 1/|al, such that A*(Eg,,,0) contains the disk Ds, ={z €
C;|z| < 6o}

(2) There exist x, = x¢(Jal,m) < 0 and a function C(x) > 0 such that the
open set

. X € (—00, X
H|a|’m={z=x+yl| ( 0) }

y € (=C(x),C(x))
satisfies Eg , (H|a|’m) C Ds,.

1

The value of & is always larger than or equal to min {1, (1/(|a|e))m}. In par-

1

ticular, if |a| > 1/e then 8, > (1/(|ale))m—1 and if |a| < 1/e then §, > 1.

We show that, in fact, the disk of radius &, from Theorem 3.4 is contained in the
immediate basin of attraction of the origin for all functions Cy , 4.

Theorem 3.5. For any function Cg , 4, we have Dg, C A*(Cg 4, 0).
Proof. Suppose z € Ds,. First, we establish the following inequality:
ICama(2)| = laz™(1 + z/d)*|
= lal|z™[|(1 + z/d)*|

> ()7

k=0

= |al|z™|

41
< lallz"| 3 121"
k=0 """

1
<lallz™| )] FIZI"
k=0 °

= la||z™ e/
= |zllal|z|™"ell.

Since |z| < &,, we have that |z|" tel?l < 56”_1e50. Using the definition of &
from Theorem 3.4, we have that 56"_1e50 =1/|a|. Then

ICama(@l < Izllal|z|™ el < |z].
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Since |Coma(@)| < |2]. z € A*(Cpma 0). 0

Since Cy y, 4 1 a polynomial, it always has a superattracting Fatou component at
infinity. Thus there isn’t an unbounded region of the plane lying in the Fatou set for
Ca.m,q that corresponds with part (2) of Theorem 3.4. However, there is always a
critical point at —d that maps to the origin, so there is always a disk around —d that
maps inside Dg, . In fact, we can say more about the size of this disk. In particular,
as d gets large, the radius of the disk around —d grows with d.

Theorem 3.6. Given a € C — {0}, m > 2, and real number € > 0, there exists an
integer dy such that for all d > d, the image under C, 4 of the disk of radius
d/(1 + ¢€) around —d is contained in Ds,. That is, Cq p q(Dg/14¢)(—d)) C Ds,.

Proof. Fix a, m, and €. Let f(x) = x™/(1 + €)*. Using calculus, for x > 0, f
has one critical point at ¢ = m/log(1 + ¢). Further, f is increasing on (0, c], is
decreasing on [c, ), is always positive, and lim,_, , f(x) = 0.

Let z be a point in the disk of radius d/(1 + €) around —d. We can write
z =—d +ud/(1 + ¢) for a complex u with |u| < 1. Note that

d
1+e¢

2+¢
~ T 14¢

—d+u

We split our proof into two cases depending on the size of |a].
1

First, suppose |a| > 1/e. Using Theorem 3.4, §, > (ﬁ)m1 . Let d be the
alje
least integer larger than ¢ such that

1

dg' << 1 )Ei<1+e>m 32)
(14 €)do lale la|\2+¢€/ ° :

Notice that since f is decreasing, we have that d” /(1 +¢)? < dy'/(1+ €)% for all
integers d > d,.
Then for z € Dy /(14¢)(—a),

4 d
m —Cl'i"l,ll—_|_€
|Ca,m,d(z)|= a<_d+u1+€) 1+T 3.3)
d
m —d+uli+€
= |a| —d+u1+€ 1+ 7
m
§|a|<d2+€> 1
1+€¢/ (1+¢)d
_d"|a| <2+e>m
C(14e)d\1+e
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1

1 m—1
< (—) < &y,
lale

using Equation 3.2 and Theorem 3.4 for the last two inequalities.
Next, suppose |a| < 1/e. Using Theorem 3.4, §, > 1. Let d,, be the least integer
larger than ¢ such that

dar m
() (3.4)
Q+e)d |al\2+e¢
Using the computation from Equation 3.3, we have
d™|a| (2 + e)m
< < 0p.
Ica,m,d(z)l = (1 + E)d 1+¢ <1< 50
(]

We show some dynamical plane pictures in Figure 3 to illustrate Theorem 3.6.
Figure 3 (a), (b), (c) shows a sequence of illustrations of the Julia and Fatou sets
of Cy g fora=—5m =2 and d = 2,3, and 6. The black regions are points
with bounded orbits and thus show the bounded components of the Fatou set. The
colored region is the set of points whose orbits are unbounded and represents the
component of the Fatou set at infinity. The Julia set is the boundary between the
two. In this sequence of figures, a bounded Fatou component on the left, which
contains the critical point at —d, grows as d increases. The final picture shows
the dynamical plane of E_s, with a slightly different coloring scheme where each
point is colored based on how many iterates it takes for the real part of the orbit
to become larger than some bound. A point is colored black if the real part does
not become large after some number of iterates. Some of the black regions contain
numerical error from not taking a large enough number of iterates. Note the large
Fatou component to the left extends to infinity. However, in this figure, the colored
points, whose orbits are unbounded, are points belonging to the Julia set.

Note that the Julia set may change connectivity as d increases. Figure 4 (a) -
(e) illustrates Cy ,,, ¢ When a = —729/64 and m = 2 where the Julia set starts off
disconnected but then becomes connected as d increases. Figure 4 (f) shows the
Julia set for E .

3.2. Common Dynamics for All d. Next, we investigate the dynamics on the pos-
itive real axis when a is real. In contrast to Theorem 3.6, we can show that the
dynamics on the positive real axis does not depend on d.

Theorem 3.7. Letm > 2 and d > 2.

(1) Suppose a > 1. Then every point in real interval [1, ) iterates to oo
under Cg ,, 4 and lies in the unbounded component of the Fatou set. The
real interval [1, ) iterates to co under E, ,, and lies in J(E ).

(2) Suppose 0 < a < 1. Then the real interval [1/a, ) iterates to oo under
Cama and lies in the unbounded component of the Fatou set. The real
interval [1/a, 00) iterates to oo under E, ,, and lies in J(E ;).
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FIGURE 3. Julia sets for Cy , 4 and E, , for a = =5 and m = 2.

Proof. Suppose m,d > 2.
We start with the case a > 1. Observe that 0 = Cq,q(0) = C/  (0) =

C:I’ ma(0) and 0 = E, ,(0) = Ef, ,(0). Using calculus, we have that Cg,, 4 and
E, ,, are both increasing and concave up when x > 0. In addition, we have

9a
=
Thus, when a > 1, the functions C, , 4 and E, ,, have a unique fixed point p on
the positive axis and 0 < p < 1. Since C,,, 4 and E, ,, are both increasing and
concave up, this implies that CZ’m’ 4(X) = oo and Eg ,,(x) — oo when x > 1.

Since Cg 4 is a polynomial, it has an attracting Fatou component containing
infinity, so the interval [1, 00) lies in this Fatou component. Since E, ,, is a crit-
ically finite entire function, the Julia set is the closure of the set of points whose
orbits tend to infinity. Hence the interval [1, co) lies in the Julia set.

When 0 < a < 1, we have that C, ,,, 4(1/a) > 1/a and E, ,,(1/a) > 1/a. Thus
Cqa.m.a and E, ,,, have a unique fixed point p on the positive axis and 0 < p < 1/a.
A similar argument implies that CZ’m’ 4(X) = oo and Eg,,(x) — oo when x >
1/a. O

1< Ca,z,z(l) < Ca,m,d(l) < Ea,m(l) = ae.
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(@) C_729/64,2,2 () C_729/64,2,3

(©) C_729/64,2,4 (d) C_729/64,2,6

(©) C_729/64,2,10 (H) E_729/64,2

FIGURE 4. Julia sets for C, ,,, 4 and E, ,,, when a = —729/64 and
m=2.
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We can use Theorem 3.7 to improve our estimates from Theorem 3.3 when m is
even to obtain parameters for which the Julia set is disconnected.
Theorem 3.8. If m is even and a > 4, then J(C, , 4) is disconnected.

Proof. We begin with the critical value

Coma (72) = a(722) (5r52)
amd i +d)” "\m+d m+d

~o(2L) (L)
T \m+d m+d) ’

since m is even. Note when m = d = 2, we have C,,,(c;,) = a/4. We define a
function

d

d

=2 ()

m+d m+d
Using multivariable calculus, we can see that the minimum of g on the region
2 < m,n < oo occurs at (2,2). Thus Cy 4(Cpa) = Cqan2(cr2). Using our
assumption that a > 4, we have that

a
Ca,m,d(cm,d) > Ca,2,2(02,2) = Z > 1.
Using Theorem 3.7, Cy . 4(Cp.q) = o0 and J(Cy 1y 4) is disconnected. ]
In contrast, we have the following result for E, ,,.

Theorem 3.9. If m = 2 and a > (e/2)? or if m = 2k for an integer k > 2 and
a > (e/m)k, then F(E, ) = A(Eqm,0).

Proof. First, suppose that m = 2 and a > (e/2)?. Using the critical point —m =
—2, we have
Eqm(=2) = a(=2)%¢"% > 1.
Using Theorem 3.7(1), the orbit of —2 tends to infinity.
Second, suppose that m = 2k for an integer k > 2 and a > (e/m)*. Again,
using the critical point —m, we have

k
Eym(—m) = a(—=m)™e ™" > (%) l
Using Theorem 3.7(2), the orbit of —m tends to infinity.

In either case, since E, j, is entire and has a finite number of critical and asymp-
totic values, it does not have Herman rings, Baker domains, or wandering domains
[9]. Since the orbit of z = —m tends to oo, E, ,, cannot have Siegel disks, or
parabolic domains, so the Fatou set must coincide with the basin of 0. O

We show a sample of the dynamics when a = 5 and m = 2 in Figure 5. Note
that Theorems 3.6, 3.8 and 3.9 apply in this case. The Fatou component of Cs , 4
containing —d grows as d gets large, the Julia set of Cs , 4 is disconnected, and the
Fatou set of Es ; is the basin of 0.

Next, we consider the case when all finite critical points lie in the immediate
attracting basin of the origin. We begin by focusing our attention on the real



DYNAMICAL CONVERGENCE 453

(©) Csy

FIGURE 5. Julia sets for Cy ,,, 4y and E,, ,, whena = 5and m = 2.

function C, ,, 4|g When a = 1. Figure 6 shows two examples of the real func-
tion Cy ,, 4lg © R — R, one example of an odd m in green, and one example of
an even m in blue. If m is even, Cy,, 4|r is strictly increasing from y = 0 at
the critical point x = —d to a maximum of y = Cy,, 4(c, 4) at the critical point
X = Cp, 4, and then strictly decreasing from y = Cy ,, 4(¢;g) toy = 0at x = 0. So
Cimdlr © [=d,cmal = [0,Cypma(cm,q)]is one-to-one and Cy pglr © [Cpa,0] =
[0, Cy m.a(Cm.a)] is one-to-one. If m is odd, Cy, 4lr is strictly decreasing from
¥ = 0 at the critical point x = —d to a minimum of y = Cy ,, 4(¢;, 4) < O at the
critical point ¢, 4, and then increases from y = Cy, 4(c;q) toy = O at x = 0.
We use these facts about C, ,, 4 in the following theorem to show the existence of
parameter values for which all finite critical points lie in the immediate basin of 0.

Theorem 3.10. For Cy,, 4, if |a| < 1/m™, then all finite critical points lie in
A* (Ca,m,d’ 0)-
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FIGURE 6. C;;|r shown in blue, C; 3,|g shown in green, and
Yy = X in orange.

Proof. Notice that aCy ,, 4(z) = Cg . 4(2) for any a,z € C. Then C, ,, 4 maps the
real interval [—d, 0] in a two-to-one fashion onto the line segment

V= {tCa,m,d(Cm,d) 10t < 1}

from the origin to the complex number C,, ,,, 4(C; 4)-

Note that since m > 2, we have that |a| < 1/e. By Theorem 3.4, §, = 1.

Next, we show that the critical value C, , 4(cy, 4) lies in the disk of radius &, =
1. Notice that md/(m + d) < m, for all d. Then

—md mn —md 1
’Ca,m,d (cm,d)| = ‘a (m + d) (1 + m+d <E>>

“tal () ()
B m+d m+d

<lalm™ <1 =4,

d

since |a| < 1/m™.

Since Cy,4(Cmq) lies within the zero-attracting radius, the entire ray y lies
within the zero attracting radius. This implies that the real interval [—d, 0] contain-
ing all of the finite critical points lies in A*(Cy .4, 0). O

We note Theorem 3.10 does not depend on d. Also, we observe that parameters
a can satisfy both Theorems 3.6 and 3.10 simultaneously, and we show such ex-
amples in Figure 7 when a = .1 — .2i, so |a| < 1/4. These figures show C1_ ;4
withd = 2,3,6 and E;_ ; ,. All critical points lie in the immediate basin of 0, but
the black region to the left grows as d increases and is unbounded in the limit with
E1_5i,. Theorem 3.8 implies that the interval [1, oo] iterates to infinity.

The following result follows immediately from the fact that C, ,, 4 is a polyno-
mial. We state it as a theorem to compare with results from [11] about E,, ,, stated
in Theorem 3.12.
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@ C1_2i22 ) Ci_2i23

©) Ci_2ine (D) E1_2i2

FIGURE 7. Julia and Fatou sets for Cy , g and E, ,, when a =
0.1 —0.2iand m = 2.

Theorem 3.11. Let Cy,, 4(2) = az™(1 + z/d)%.

(1) All bounded components of the Fatou set of C, ,, 4 are simply connected.
The component of the Fatou set containing oo is simply or infinitely con-
nected.

(2) A(Cym,4,0) has either one or infinitely many simply connected compo-
nents.

(3) All the connected components of A(Cg .4, 0) are bounded.

Theorem 3.12. [11] Let E, ,,(z) = az™e”.

(1) All connected components of the Fatou set of E, p, are simply connected.

(2) A(E,,0) has either one or infinitely many connected components.

(3) All the connected components of A(E, ;,,0) except A*(Egyy,,0) are un-
bounded.
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Next, we adapt a result for S} ,,, 4 from [1] to our family C, ,, 4. We will use
Theorem 3.14 in Section 4.

Theorem 3.13 ([1]). (1) If a finite, nonzero critical point of Sy, ,, 4 belongs to
A*(Sp.m.d,0), then all other finite critical points also belong to A*(Sy p,.4,0).
(2) Let z, # 0 be a finite critical point of Sy 4. If Sp.m.a(2.) belongs to
A*(Spm.d,0), then z. belongs to A*(Sp .4, 0).

Theorem 3.14. The critical point ¢, g = —md/(m + d) belongs to the imme-
diate basin A*(Cg p 4,0) if and only if the critical value C p, 4(cy, q) belongs to
A*(Ca,m,d’ 0)-

Proof. Fixa#0,m > 2,andd > 2. If
Cpg=—md/(im+d) € A*(Cyma,0),

then clearly
Ca,m,d(cm,d) € A*(Ca,m,d: 0),
since A*(Cy 1.4,0) is forward invariant.

For the other direction, assume that Cg , 4(Cp.q) € A*(Cym.4,0). Choose a
parameter b such that prmtd-1 = gdm-1 et Z1, ..., Zq be the finite, nonzero crit-
ical points of Sp ,, 4. Since 0 is fixed by both the conjugacy and the semiconju-
gacy, we have A*(Cy n.g,0) = (d/a)/m*+d=DA*(M,, . 4,0) and A*(M}, , 4,0) =
Powy(A*(Sp m.q,0)). It also follows that if C, , 4(cpy, 4) belongs to A*(Cy .4, 0),
then Sy, 4(z.) belongs to A*(S} , 4,0) for every finite, nonzero critical point z,
of Sy mq- By Theorem 3.13, since Sy, ,,, 4(2.) € A*(Spm.d,0)s 2. € A*(Spm.d,0).
Again, by the conjugacy and semiconjugacy, if z. € A*(Sp,.4,0), then ¢, 4 €
A*(Cyma»0). O

3.3. Absorbing and Superattracting Parameters. In Theorem 3.10, we showed
that, for some parameters a, the free critical point belongs to A*(C , 4,0). In this
section, we generalize to the concept of —d-absorbing parameters. It follows from
the definition that ¢, 4 € A(C, 4, 0) for these parameters a.

Definition 3.15. We say that a parameter a € C* is —d-absorbing if the forward
orbit of the critical point c,, 4 under the corresponding map C ,, 4 contains the
critical point —d.

It is easy to solve for the parameter a such that C, ,, 4(c;, 4) = —d.
Theorem 3.16. For each degree d, m > 2, the parameter
—d
m+d )’” ( m )
a=-d 1+ .
( —md m+d
is a —d-absorbing parameter for C, , 4. Further, for m odd, we have

i m+d\" m \7¢
}L%_d<—md> <1+m+d> =%
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and for m even, we have

m —d
lim—d<m+d> <1+ m ) = —co.
d—oo —md

Proof. Fix m and d. Let

m+d\" m
a__d<—md> <1+m+d>

Then Cy 1 4(¢p.q) = —d. The critical orbit diagram is

—d

CpdgF— —dr— 09,
To evaluate the limit, notice that

) m+d\" m \@
dh—glo_d(—md) <1+m+d>

d m\? "
et
Thus if m is odd, the limit is co, and if m is even, the limit is —oo. O
To illustrate Theorem 3.16, the parameter a = —729/64 is —4-absorbing for

the case m = 2 and d = 4. Figure 4c shows the dynamical plane for this example.
The medium-sized black region in the middle of the picture is the Fatou component
containing the critical point at ¢, 4 = —4/3. This component is mapped to the large
black region on the left part of the figure, which is the Fatou component containing
—4. That component is mapped to the large black Fatou component on the right,
which contains the origin.

For n > 1, it is harder to solve CZ’m’ 4(€m,q) = —d for the parameter a. However,
we can still show that these parameters escape to co as d — 0.

Theorem 3.17. Let m > 2 and n > 1 be integers. For all M > 0, there exists

D € N such that for all integers d 2 D, if C| (¢ q) = —d, then |a| > M.

Proof. Fix an integer m > 2 and a real number M > 0. Aiming for the con-
trapositive, we use induction to first find K,, > 0 such that if |a|] < M, then
|CZ’m’d(cm,d)| < K,,, where K,, only depends on m and M (not on d).

For the base case, suppose |a|] < M and observe that

Camaenal = lal (;24)" (-42)

m+d m+d
<Mm™".

d

Thus, we take K; = Mm'™ > 0.
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For the induction step, suppose that |[a] < M and for some n > 1 we have

K, > 0 (only depending on m and M) such that |C7 = (¢,q)| < K. Then

C d
C |Cn l((' ’d)l
a)”l,d( m,d)’ (l + m’—

< MK!eKn,

1
I (ema)l < lal

Since K,, > 0 only depends on m and M, the bound K,,.; = MK™eX» > 0 also
only depends on m and M.

To finish the proof, fix n € N and take D > K,. Suppose d > D and |a| <
M. Then we have |CZ’m, 4(€ma)l < K, < d, which implies that CZ,m’ JCma) #
—d. (]

In the following theorem, we find parameters a for which the free critical point
is superattracting.

Theorem 3.18. For each d,m > 2, the parameter
)
" \m+d dim+d)

is a superattracting parameter for Cg , 4. The parameter a = (—m)!="e™ is a
superattracting parameter for E, ,,,, and

—d

—md \'"™" —md \ @
li 1+ —— = (—m)I mem,
dirf}o<m+d> ( +d(m+d)) (=m)—"e
Proof. Fix m and d. Let

=(753) (i)

Camd(Cma) = a( — >m< ] )

m+d m+d
d

(7)) () ()
m+d d(m +d) m+d m+d
=<—md>zc

m+d m.d:
lim ( —md )Hn (1+—_'"d >_d
d—o \m+d d(m +d)

—md 1-m m d
= lim [ —— 1+ —
i (m T d) ( " d)
— (_m)l—mem_
Finally, when a = (—m)!=™e™, the equation

Eypm(=m) = (=m)!"e"(—m)"e™™ = —m

—d

Then
d

d

In addition,
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shows that —m is a superattracting fixed point for E, ,,. ([

4. Results in the parameter plane

Next, we move to a discussion of the parameter planes of C, ,,, 4 and E,; ,,,. We
begin by showing that both parameter spaces exhibit symmetry.

Theorem 4.1. The parameter spaces of Cy , g and E, p, are symmetric with respect
to reflection over the real axis.

Proof. The critical point ¢, 4 of the polynomial function is real and does not de-
pend on a. The proof of Theorem 3.1 shows that the dynamical behavior of ¢, 4
under C, ,, 4 is the same as under Cg ,, 4 and the dynamical behavior of —m under
E, , is the same as under Eg ,,. U

For some parameter values, the orbit of the free critical point converges to the
superattracting fixed point at the origin, and we say that the critical point has been
captured. When f is one of the functions Cy ,, 4 Or Eg ,,, and ¢y is the free critical
point, we define the capture zones by

HM(f)={A € C| f*(cy) € A*(f,0) and f"}(cy) & A*(f,0)}
The main capture zone is when the free critical point lies in the immediate basin
of attraction of the origin, so

HO(f) = {2 € C | c; € A*(f,0)}.
The following is an immediate result of Theorem 3.14.
Theorem 4.2. For Cy g, H'(Cyma) = 9.

We begin by proving that the main capture zone contains a disk around the
origin. Note that the radius p of the disk does not change with d and only depends
on m.

Theorem 4.3. For any integers m > 2 and d > 2, there exists p = 1/m™ such
that Dy C HO(Cy . q)-

Proof. Fix m and let p = 1/m™. For a € D,, Theorem 3.10 implies that all finite
critical points lie in A*(Cy 4, 0). Therefore, D, C ¢ Com.a)- O

Next, we show that the capture zones for C, ,, 4 are bounded for all n > 0.

Theorem 4.4. For any integers m > 2 and d > 2, there exists p' such that

H™(Cqm,a) C Dy foralln > 0. Thus all the connected components of H"(Cq . q)
are bounded.

Proof. We fix m and d. Using Theorem 3.3, we define

md \"( d ¢
/= 2
P maxid<m+d> (m+d) ’
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2m_—1dd+_m< md >1—m< d >d(1r;m)
m+d m+d

Then for any a with |a| > o/, Cl .. 4(€ma) = oo. Thus the orbit of ¢,, 4 always
lies outside of A*(Cg .4,0), and H"™(C , 4) is bounded by o’ foralln > 0. O

Theorem 4.5 follows from applications of the maximum principle, as given in
Lemma 1.9 and Lemma 1.12 of [24] for S}, ,,, g with m > 2 and d = 1. These proofs
apply to Cg , 4 With minor substitutions, and we include them here for complete-
ness.

Theorem 4.5. (1) The main capture zone H° is connected.
(2) For integers n = 0 and n > 2, each connected component of H" is simply
connected.

Proof. The proof of both parts is a proof by contradiction, using the maximum
principle.

To prove part 1, suppose that #° is not connected, and hence has a connected
component U that does not contain 0. Take a; € dU. Then the orbit of c,, 4
does not converge to 0. Since 0 is a superattracting fixed point, there exists some
radius 7 > 0 such that |C§1,m’d(cm’d)| > r for all integers k > 0. Take a, € U.
Since ¢, 4 1s in the attracting basin of 0, there exists an integer N such that for all
k>N, |c’;2,m’ Cma)l <r/2.Forany a € U, ¢y g € A*(Cqm4,0). The Boticher
coordinates around O extend to a neighborhood with ¢,, 4 on the boundary. The
critical point —d is contained in the interior of a preimage of this neighborhood
under C, ,, 4. Hence, C’;,m,d(cm,d) # —d for all integers k > 0. Since the only
preimages of 0 are 0 and —d, and since a = 0 is not in U, C’g,m, d(cm,d) # 0 for all
integers k > 0. In particular, this means that a — 1/ CfZ m 1(€m,a) is well-defined
in a neighborhood of the closure of U, and the maximum principle is violated for
this map on U.

To prove part 2, suppose that V' is a connected component of JH", for some
integer n = 0 or n > 2. For the sake of contradiction, suppose V' is not simply
connected, so there exists a bounded component B of C\V. Take a € dV N B. As
before, the orbit of ¢,, 4 does not converge to 0, so there exists some radius r > 0
such that |C§,m’ 4(€m,a)| > r for all integers k > 0. Since V' is path connected, there
exists a simple closed curve y in V that surrounds B. Since every parameter b in
the curve y is in (", the iterates Clzf,m, 4(€m,a) converge to 0. Then, there exists an

integer N such that for all k > N and all parameters b in y, |C’gm JCmal <r/2.

This contradicts the maximum principle for the function a +— Cg m d(Cm,d) on the
bounded open set enclosed by y. U

We can compare Theorems 4.2, 4.3, and 4.4 with Theorem 4.6, noting that we
obtain many similar results for the families C ,,, 4 and E ,,,. The main difference
is that, when n > 2, H("(C, . 4) is bounded and H"(E, ,,) is unbounded.
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Theorem 4.6. [12] The following statements hold:

(1) The critical point —m belongs to A*(E,,,0) if and only if the critical
value E, ,(—m) belongs to A*(Ey ,0). Hence H(E,,,) = 0.
(2) Let p = min(1/e,(e/m)™) and p' = (e/(m — 1))™. Then

D, C HUEy,m) C D,

where D, = {z € C||z |< r}.

(3) The main capture zone H 0(Ea,m) is connected and simply connected.

(4) Let n > 2. All the connected components of H"™(E, ,) are simply con-
nected and unbounded.

In addition, when m is even, capture zones never intersect the ray a > 4 lying
on the positive axis.

Theorem 4.7. For even m and for all n > 0, H"(Cy 1 q) and H"(E, ) never
intersect the ray [4, ).

Proof. Theorems 3.8 and 3.9 imply that when m is even, the real parameters with
a > 4 have free critical orbit heading to infinity. (]

A sequence of parameter spaces for C,, 4 with d = 2,3, and 6 are shown in
Figures 8a, 8b ,and 8c, and Figure 8d shows the parameter space for E,,. The
capture zones are shown in orange, the black regions are parameters for which
the free critical point is bounded but does not approach 0, and the white regions
are parameters for which the free critical point heads to infinity and the Julia set
is disconnected. First, note that Theorems 4.2 and 4.6 show that H°(C, 4) is
bounded and contains the origin for all d. Although we know that H"(C, ,, 4)
is bounded for all d from Theorem 4.4, we can see in the sequence of parameter
spaces in Figure 8 that the regions H"(C,, ,, 4) grow as d increases. From Theorem
3.16, we can locate the regions JH 2(Cq,m,d) in each parameter space as the largest
orange region intersecting the real axis on the left, and this absorbing parameter
heads to —oo as d increases. We also notice that, in all parameter spaces shown
in Figure 8, a ray along the positive axis is always colored white as indicated in
Theorem 4.7.

Next, we discuss the properties of the attracting basins for parameters in the
capture zones. Again, our goal is to compare results of C, ,, 4 with previously
proven results from [11, 12]. Recall that a quasicircle is the image of a circle under
a quasiconformal map.

Theorem 4.8. Let H"(Cyq), HO(Cyma) be the capture zones for Cy g The
following statements hold:
(1) If a € H(Cypma) then A(Cypmg,0) = A*(Cyma,0). However if a &
HOUCym.a) then A(Cypm.q,0) has infinitely many connected components.
(2) Ifa € H"™(Cymq) for any n > 0 the boundary of A*(Cg . 4,0) is a quasi-
circle.
(3) If a € H(Cypmq) then the Julia set is a quasicircle.
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Proof. Suppose a € H(Cymq). Thus, ¢,y g = —md/(m + d) € A*(Cym.a,0),
which implies that Cy , 4(cpyq) € A*(Cqmd,0). Let y be a simple curve in
A*(Cym.a»0) from Cg pp 4(cpy q) to 0. Since Cg py 4(cpyq) and O are the only fi-
nite critical values, the preimage of y under C,, ,, 4 consists of m + d simple curves
that only intersect at endpoints. Since ¢, 4 is a simple critical point, there are two
curves with an endpoint at ¢, 4. If either of these curves has its other endpoint at
—d, then —d € A*(Cy .4, 0).

Suppose neither of the curves has its other endpoint at —d, then both curves
have their other endpoint at 0. Hence, the union of the two curves is a simple closed
curve that encloses an open region R. By the Open Mapping Theorem, C, ,,, 4(R) is
an open set, which implies that it contains no boundary points. Hence, the bound-
ary of Cy ,, 4(R) must be contained in y. However, y is a simple, not closed, curve.
The only open set that has y as its boundary is C\y. The set Cq.m.q(R) cannot con-
tain C\y because R is contained in A*(Cym.d,0), which does not contain co. By
contradiction, the preimage of y under C, ,,, 4 must contain a curve in A*(C , 4,0)
that joins ¢, 4 to —d, so —d is in A*(Cy 15,4, 0). Since —d € A*(Cy .4, 0), the im-
mediate basin is completely invariant, so A(Cg , 4,0) = A*(Cgm.d,0).

Suppose a & H O(Ca,m,d)- Then ¢, 4 and O are in separate components of
A(Cym.4>0). In particular, A*(C,, 4,0) is not completely invariant. Therefore,
A(Cg .4, 0) has infinitely many components.

Part (2) follows immediately from [25] since C, , 4 1S a polynomial and is hy-
perbolic since all critical points lie in superattracting components. For (3), we
note that part (1) implies that F(C,, ,, 4) consists of two completely invariant com-
ponents so J(C, . 4) is the boundary between the two. Then part (2) gives that
J(Cqm.q) is a quasicircle. O

Note that sets that are quasicircles are necessarily locally connected. Theorem
4.8(2) only implies that the boundary of A*(C,,, 4) is locally connected. To dis-
cuss the local connectivity of the Julia set in this case, we begin by stating some
definitions and results regarding renormalizable polynomials. For more informa-
tion on this topic, see [8].

Definition 4.9. A polynomial-like map f : U — V is a map between topological
disks such that U is a compact subset of V and for every compact K C V, f~1(K)
is compact.

If f : U — V is a polynomial-like map, then the filled Julia set of f is K(f) =
ﬂn>0 f7™(U) and the Julia set of f, J(f), is the boundary of K(f). Just as in the

case of polynomials, J(f) is connected if, and only if, all critical points of f are in

K(f).

Definition 4.10. A map f is renormalizable at a distinguished critical point @ if
and only if there exist n > 1 and topological disks U and V around w such that
f" 1 U — Vis a polynomial-like map with connected Julia set and w is the only
critical point of f in U.
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FIGURE 8. Parameter spaces for Cy , 4 and E,; ,,, When m = 2.

Theorem 4.11 ([22]). Let S_pnq(z) = 2™(z% = b), m > 2, d > 1, satisfy the
following conditions:

(1) the Julia set of S_y, , 4 is connected;
(2) S_p,m.q is not renormalizable away from zero.

Then the Julia set of S_p, , q s locally connected.

After using Theorem 4.11 to find parameters b such that S_j, ,,, 4 is locally con-
nected, we can use Theorem 4.12 to find parameters a such that C, ,, 4 is locally
connected.

(_b)m+d—1
— If the Julia set of S_p 1 4

is locally connected, then the Julia set of Cg ,,, 4 is locally connected.

Theorem 4.12. Let a,b € C* such that a =
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(_ b)m+d—1
m—1

is locally connected. Since the Julia set of S_, ,,, 4 is a d-fold cover of the Julia set

of My, ,,, 4 under the map Powy(z) = z% and the Julia set of M b.m.d 18 topologically

isomorphic to the Julia set of C y, 4, the Julia set of C , 4 18 locally connected. [l

Proof. Let a,b € C* such that a = . Suppose the Julia set of S_j, ,,, 4

Finally, we present results on Ej, ,, to compare to Theorem 4.8.

Theorem 4.13. [11, 12] Let H"(E, ), H(E,,) be the capture zones for Eg p,.
The following statements hold:

(D) Ifa e %O(Ea,m), then
A(Ea,ms 0) = A*(Ea,ms 0).

However, if a & H°(E,,,) then A(E, p,0) has infinitely many connected
components.

(2) If a € H"™(E, ) for any n > 2 the boundary of A*(E, ,,0) is a quasicir-
cle.

3) Ifa }CO(Ea’m), then the boundary of A*(E, ,,0) (which is equal to the
Julia set) is a Cantor bouquet and thus is disconnected and not locally
connected.

The primary difference between Theorems 4.8 and 4.13 lie in part (3) of the
statements. We note that Figure 7 (a),(b),(c) illustrates Theorem 4.8 (3). By The-
orem 3.10, all critical values are contained in the immediate attracting basin, so
a =.1-.2i € H%C,_,i24) and the Julia sets of C;_,;,4 are locally con-
nected for all d. Figure 7 (d) illustrates Theorem 4.13 (3). By Theorem 4.6(2),
a=.1-.2i € H°(E_>), so the Julia set of E ;_ 5 , is a Cantor bouquet and not
locally connected.
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