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ABSTRACT. In this paper we consider the problem of classifying quadruples
(K,E,m;, m,) where K is a number field, E is an elliptic curve defined over
K and (m;, m,) is a pair of relatively prime positive integers for which the
intersection K(E[m,]) N K(E[m,]) is a non-abelian extension of K. There is
an infinite set 8 of modular curves whose K-rational points capture all el-
liptic curves over K without complex multiplication that have this property.
Our main theorem explicitly describes the subset S, C S consisting of those
modular curves having genus zero. The subset 8, turns out to consist of four
modular curves, each isomorphic to P! over its field of definition. In the case
K = Q, this has applications to the problem of determining when the Galois
representation on the torsion of E is as large as possible modulo a prescribed
obstruction; we illustrate this application with a specific example.

1. Introduction
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Let K be a field of characteristic zero and E an elliptic curve over K. For a
positive integer m, let E[m] denote the m-torsion of E and

K(E[m]) :=K ({x,y €K :(x,y) € E[m]})

the m-th division field of E over K, obtained by adjoining to K the x and y coor-
dinates of the m-torsion of some (any) Weierstrass model of E. The restriction

Received February 23, 2021.

2010 Mathematics Subject Classification. Primary 11G05, 11F80.

Key words and phrases. Elliptic curve, Galois representation, entanglement, division field,
Serre curve.

ISSN 1076-9803/2022

182


http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2022/Vol28.htm

ELLIPTIC CURVES WITH NON-ABELIAN ENTANGLEMENTS 183

of Gal(K(E[m])/K) to E[m] gives rise to an embedding
Gal(K(E[m])/K) & Aut(E[m]) ~ GL,(Z/mZ),

the latter isomorphism induced by the choice of a Z /mZ-basis for E[m], which
is a free Z/mZ-module of rank 2. It is of interest to understand the image of
this embedding as m varies over all positive integers, for K and E fixed. In the
present paper, we are focused on the case where m has more than one distinct
prime factor. Writing m = m;m, where gcd(m,, m,) = 1 and each m; is greater
than 1, we have

Gal(K(E[m])/K) € Gal(K(E[m,;])/K) X Gal(K(E[m;])/K)
C GL,(Z/m Z) X GL(Z/m,Z).

By Galois theory, the first inclusion is proper if and only if
K(E[m]) nK(E[m;]) # K. In particular, understanding Gal(K(E[m])/K)
amounts to understanding each of the groups Gal(K(E[m,])/K),
Gal(K(E[m,])/K) as well as the entanglement K(E[m;]) N K(E[m,]), and
“how it sits” inside K(E[m,]) and K(E[m,]). In recent years, there has been
significant interest in both the nature of division fields K(E[m]) for composite
level m (see for instance [22], [25] and [20]) and the nature of entanglements
(see [10], [6] and [9]).

Definition 1.1. Let E be an elliptic curve defined over a field K and let m € N
be a positive integer that is divisible by at least two primes. We call a factoriza-
tion m = m;m, of m permissible if the factors m; and m, are co-prime and
each greater than one. Given a permissible factorization m = m;m,, we call
the field extension K(E[m;]) N K(E[m,])/K the entanglement associated to
E/K and (m, m,). We say that E has a non-abelian entanglement over K
at level m if, for some permissible factorization m = m;m,, the entanglement
associated to E/K and (m;, m,) is a non-abelian extension of K. Finally, we
say that E has a non-abelian entanglement over K if it has a non-abelian
entanglement over K at some level m.

Remark 1.2. In case the pair (m;, m,) is uniquely determined by m (i.e. in
case m has exactly 2 distinct prime factors), we call the extension K(E[m;]) N
K(E[m,])/K the entanglement at m associated to E /K.

In the present paper, we are concerned with the following problem.

Problem 1.3. For a given number field K, classify the elliptic curves E over
K that have a non-abelian entanglement over K. (This is a restatement of [5,
Question 1.1].)

Remark 1.4. Mazur’s Program B [19] asks for a classification of elliptic curves
E over a number field K for which pg (Gal(E/K)) C G, where G C GL,(2) is
a given open (or equivalently, finite index) subgroup and

og : Gal(K/K) — GL,(2)
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is the Galois representation defined by letting Gal(K /K) act on the torsion sub-

oo
group Eiys 1= U E[m] of E and fixing a compatible system of Z/mZ-bases.
m=1
(In the above, Z = limZ/mZ ~ [] Z, is the inverse limit of the rings
A ¢ prime
{Z/mZ : m € N}, ordered by divisibility.) The present paper settles a partic-
ular case of this problem, namely the case where G is a non-abelian entangle-
ment group (see Definition 1.5 below) for which the associated modular curve
has genus zero.

It is difficult to address Problem 1.3 completely, since non-abelian entangle-
ments can correspond to K-rational points on modular curves of genus greater
than 1, and could thus occur “sporadically” for large m, a la Faltings’ Theo-
rem. We therefore focus at present on classifying all “one-parameter families”
of non-abelian entanglements, or in other words on the case where the associ-
ated modular curve has genus zero.

To state our main theorem precisely, we need to recall a few fundamen-
tals about modular curves. For an arbitrary level m € N, we let X(m) de-
note the complete modular curve of level m, which parametrizes pairs (E, B),
where E is an elliptic curve and B C E[m] is an ordered Z/mZ-basis of
E[m]. The modular curve X(m) is equipped with a natural “forgetful map,”
jm : X(m) — X(1) ~ P!, whose modular interpretation is j,, ((E, B)) = E.
The group Aut(E[m]) ~ GL,(Z/mZ) acts on X(m), and the kernel of this ac-
tion is {I, —I} C GL,(Z/mZ). For any G(m) C GL,(Z/mZ), we enlarge G(m)
by setting

G(m) :=(G(m),~I)
and define the modular curve X, to be the quotient curve of orbits under the
action of G(m):
Xomy := X(m)/G(m).
Let F = Q(u,,)% G0 be the subfield of Q(u,,) fixed by the subgroup
det(G(m)) = det(G(m)) C (Z/mZ)* ~ Gal(Q(u,,)/Q).

The modular curve X, is defined over F. In particular, X, is defined over
Q if and only if det(G(m)) = (Z/m2Z)*. Furthermore, the forgetful map j,, on
X(m) induces a map

Jem @ Xeem — X(1) = PL.

Note that in the above construction, the modular curves Xg, ) and X¢,(m)
are isomorphic over Q whenever G;(m) and G,(m) are conjugate inside
GL,(Z/mZ). 1t is thus sensible to coarsen the relations of equality and sub-
set inclusion on the set of subgroups of GL,(Z/mZ) to = and C, where

Gy(m) = Gy(m) — g € GL,(Z/mZ) with G,(m) = gG,(m)g"! .
G1(m) € Gy(m) = 3g € GLy(Z/mZ) with Gy(m) C gG,(m)g~L.
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Using this notation, a modular interpretation of rational points on X, can be
phrased as follows: For any number field K with F C K and x € K — {0, 1728},
X € jomXaum(K)) if and only if there is an elliptic curve E defined over K
with j-invariant equal to x and for which Gal(K(E[m])/K) € G(m)'. In partic-
ular, we are choosing to let GL,(Z/mZ) act on X(m) on the left'. For a helpful
discussion about this issue, see [22, Remark 2.2]. For full background details,
see [11].

There is an infinite set of modular curves (see G ** . below) whose
K-rational points capture all elliptic curves over K without complex multipli-
cation that have a non-abelian entanglement. Our main theorem explicitly de-
scribes the (finite) subset consisting of those modular curves having genus zero.
Because the level m will vary, we rephrase our definitions in terms of finite in-
dex (i.e. open) subgroups G C GL,(Z), where

GL,(2) = lim GLy(Z/mZ) =~ | [ GLy(Z,).
p

For any open subgroup G C GL,(Z), we denote by m; its level, i.e. the smallest
m € N for which ker (GL,(Z) — GL,(Z/mZ)) C G, and for any m € N we
define G(m) := G mod m C GL,(Z/mZ). We extend our notation for the
associated modular curve by setting

G :=(G,-I) 2
and setting the notation
X6 1= Xomg)»  J6 = Jomg) + X — X(D).

Definition 1.5. Let G C GL,(Z) be an open subgroup of level m;. We say
that G is a non-abelian entanglement group if there is a number field K and
an elliptic curve E over K having a non-abelian entanglement at level mg and
satisfying G(mg) = Gal(K(E[mg])/K). We call G a maximal non-abelian en-
tanglement group if G is a non-abelian entanglement group that is maximal
with respect to € among all non-abelian entanglement groups.

Remark 1.6. Note that non-abelian entanglement groups may be defined in
terms of fibered products. Indeed, let¢; : G; —» 'and 3, : G, — T be
surjective homomorphisms onto a common quotient group T, let 3 denote the
ordered pair (1;,%,) and let

G1 Xy Gy :={(g1,82) € G1 X G, : P1(g1) = 2(g2)}

denote the corresponding fibered product group. By considering Definition 1.5
and the Galois correspondence, we may see that an open subgroup G C GL,(Z)

TAsis easily verified by direct computation, all subgroups G(m) C GL(Z/mZ) produced in
the present paper satisfy the property that
Gm)' :={g' : g € G(m)}
is GL,(Z /mZ)-conjugate to G(m), and so our results are not affected by the choice of left action
versus right action.
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is a non-abelian entanglement group if and only if there is a level m € N that
admits a permissible factorization m = m;m, and, under the isomorphism
GLy(Z/mZ) ~ GLy(Z /mZ) X GL,(Z/m,Z) of the Chinese Remainder Theo-
rem, we have G(m) ~ G(m;) X, G(m,), where the associated common quotient
I' is a non-abelian group.

Next we elaborate on a technicality that arises from the distinction between
G and G in the case when —I & G. For a given elliptic curve E over K and open
subgroup G C GL,(Z), the property of whether or not Gal(K(E[m])/K) € G(m)
isindependent of twisting in the sense that it is a function just of the j-invariant

of E (i.e. of the E-isomorphism class of E). By contrast, in case —I ¢ G(m), the
finer question of whether or not Gal(K(E[m])/K) € G(m) for E corresponding
to a point of X5(K) may change as we twist E (i.e. as we vary E within a fixed

K-isomorphism class). This motivates the following terminology.

Definition 1.7. We say that a subgroup G C GL,(Z) is twist-independent if
—I € G; otherwise we say that G is twist-dependent.

We now fix notation used in the main theorem. Define the following sub-

groups G,,, € GL,(2):

o 53206 D
(@36 oo M
mod 15 (5 53)-o 1) (i oD}
TR (B NN |

Note that each of the underlying levels is divisible by exactly 2 primes, and thus
we have the unique permissible factorizations

G :=18€GLy(2) : g mod6e<

GlO =18 € GLz(Z) .

oQ

(3)

(
mod 10 € (
<

GlS = g (S GLz(Z) .

oQ

6=2-3, 10=2-5, 15=3-5, 18=2-9. 4

Also, each of these groups is checked to be twist-independent. Next, we define
the rational functions jg, ji9, j15 and j;g by

Jo(t) : =213 (1 — 41%)
3t6 + 1215 + 80t* + 5013 — 201> — 8t + 8
(t—1)2(t2 + 3t +1)?

5-3V-15 (5)

2

Jr0() 1=83,(s3, + 58,0 + 40), S0 =

Jas(£) 1=83.(s2, + 58,5 + 40), S;5 =13 —

=3313(83 = 2)(3t3 — 4)3(3t3 — 2)°
(3 =1y '

Jis(@) =
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For g € Z5, we set
G :={G CGLy(Z) : G open}
9(g) :={G € G : genus(X¢) = g}
Gron—ab -=1{G € G : G anon-abelian entanglement group}

gnon—ab(g) := Gnon—ab N 9(g)
. ={Ge Gnon—ab : AH € Gnon—ab With G QH}

—ab
maxnorl : . _ cmax
gnon—ab(g) * ™ “non—ab N g(g)’

where we are extending the definitions (1) of = and C in the obvious way to
subgroups of GL,(Z), and G ¢ H means that G € H and G # H. Furthermore,
we extend the relations € and = to subsets 8;, 8, C G by declaring that

. def
8,C8, & VG, € 8 3G, € 8, with G; =G,

def . .
8,28, e 8§ C8,and 8, C S,

In particular, note that one could have §; = 8, even though #8; # #8,, since
for any single element G; € 8;, we could have G; = G, for many different
G, €S8,

Theorem 1.8. We have
gmax ab(o) = {G6’ GlOﬂ GlS’ GlS}a (6)

non—

where the groups G,, are asin (3). In otherwords, everyG € G2 (0) is GL,(2)-
conjugate to exactly one of the groups G,, appearing in the right-hand set. Fur-
thermore, each group G, is twist-independent of level m, and there is a parameter

tonXg forwhich

ij (t) = jm(t),
where j,,(t) is as in (5). The modular curves Xg,, Xg,,, and X, are defined over
Q, whereas the modular curve Xg, _ is defined over Q(\/—_IS). Finally, in all cases
the underlying entanglement is an S;-entanglement, i.e. foreach G,, € 9nmoarf_ab(0)
and for each elliptic curve E over a number field K satisfying j(E) € jg, (X, (K))
and Gal(K(E[m])/K) = G,,(m), we have

Gal(K(E[m;]) N K(E[m;])/K) ~ S3,

where m = mym, is the unique permissible factorization of m as in (4) and S;
denotes the symmetric group of order 6.

Remark 1.9. The infinite family of j-invariants js(t) = 21933 3(1 — 4¢3) was
considered in previous work of the first author (see [5]). In that paper, it is
incorrectly stated that, for any elliptic curve E over Q with j-invariant j;, we
have jg = js(to) for some ty € Qifand only if E ~g E " for some elliptic curve
E’ over Q satisfying Q(E’[2]) C Q(E’[3]). Although the “only if” part is correct,
the converse can fail for elliptic curves E/Q satisfying Q(E[2]) = Q. A correct
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biconditional statement is as follows: For each elliptic curve E over Q with j-
invariant jp € Q — {0,1728}, jp = js(t) for some t, € Q if and only if there
exists E' /Q with

E' ~5 E, [Q(E'[2]) : Q] = 6 and Q(E'[2]) C Q(E'[3]).

The first author thanks Maarten Derickx for pointing out this correction. It was
also identified in [20, Theorem 8.6].

Remark 1.10. When K = Q, Theorem 1.8 leads in some cases to precise criteria
for detecting elliptic curves over Q for which every Gal(Q(E[n])/Q) is as large
as possible, relative to a given obstruction. We discuss this in more detail in
Section 4. Another motivation to consider Problem 1.3 is its relationship to
constants decorating the main term in various conjectures attached to elliptic
curves (see [4]).

The proof of Theorem 1.8 breaks up into two main steps. The first is to estab-
lish Proposition 1.12 below, which reduces the problem to a finite search and
hence enables us to verify (6) by explicit computation. The proposition is estab-
lished in Section 2 by a series of technical group-theoretical lemmas, essentially
deriving properties of G that are visible at the lower SL,-level whenever the
GL,-level and SL,-level differ (see Definition 1.11 below). For g > 1, the latter
statement of Proposition 1.12 is false, in that even maximal non-abelian entan-
glement groups can have distinct SL,-level and GL,-level. The proposition also
fails to hold, even for g = 0, if we remove the maximality assumption. To illus-
trate this fact, we have included in Section 5 an infinite family of (non-maximal)
genus 0 non-abelian entanglement groups with unbounded GL,-level. The sec-
ond main step in the proof of Theorem 1.8 is to derive explicit models for the
modular curves, as well as the corresponding maps to the j-line. This work is
done in Section 3.

For any open subgroup G C GL,(Z), we recall and extend the concept of its
level mg in the following definition.

Definition 1.11. For an open subgroup G C GL,(Z), we define the positive
integer
Mgy, (G) 1= min{m € N : ker (GLy(2) — GL,(Z/mZ)) C G}
and call it the GL,-level of G. Furthermore, we define the SL,-level of G by
mg; (G) :=min{m € N : ker (SLy(Z) — SLy(Z/mZ)) C G}.

It is straightforward to see that mg;,(G) always divides mg; (G); they may or
may not be equal. Next, for any level m € N, we define
mSLz =m

mSL2 =m m5L2 =m

gnon—ab :={G € Gnon-ab mSLz(G) = m}’ gnon—ab (g) = gnon—ab n g(g)’
Mg, =m Mg, =m Mgr, =m
G o2 " 1={G € Gnon—ab : Mg, (G)=m}, G 72 () =G " "N G(g).
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Proposition 1.12. With the notation just outlined, we have
m =m
Gnon-ab(©) = | | Gron o (0), 7
mel
where £ = {6,10, 12,15, 18, 20, 24, 30, 36,40, 48, 60, 72, 96}. Furthermore, for ev-
eryG € G~ 1 (0), we have mgy, (G) = mg,(G).

non-—al

As a byproduct of the computations involved in the proof of Proposition 1.12,
mGLz =m

we obtain, for each m € £, an explicit list of the groups G € G, ' . "(0)/ =.

Tables 1-3 list the number of G € QTOGHLi ;;n (0)/ =, sorted according to the Ga-
lois group of the underlying entanglement. More precisely, for any non-abelian
entanglement group G of level m and elliptic curve E over K satisfying

G(m) = Gal(K(E[m])/K), (®)
there exists by definition a permissible factorization m = m;m, so that
I' 1= Gal(K(E[m ]) n K(E[m,])/K) )

is a non-abelian group. By (8) and the Galois correspondence, the group I' in
(9) is uniquely determined by G and the pair (m,, m,); we call T the quotient
associated to G and (m,, m,). In case the level m has only two distinct primes
in its factorization, the co-prime integers m, and m, satisfying m = m;m, are
uniquely determined; in this case we simply call I the quotient associated to
G and define 9?5;:: (g,T) to be the set of all G € QTOGHLZ}:” (g) for which T
is the quotient associated to G. There are exactly three groups I' that arise as
non-abelian quotients associated to G € U gmGLz_m(o), namely the dihedral
mel
groups D; (= S3) and Dy, of orders 6 and 12 respectively, and the dicyclic group?
Dic; of order 12. For levels m € £ that are divisible by just two distinct primes,
our results give the data displayed in Table 1.

For the remaining levels m € {30, 60}, we must refine the definition of
gr’:zifi;n (g,T) to reflect the dependence on the pair (m,, m,) occurring in the
permissible factorization m = m;m,, which is not unique in this case. Hence,
for any finite non-abelian group T, we define 9mGL2=m (g,(my,m,),T) to be the

set of all G € gnmocrfi;l:" (g) for which T is the quotient associated to G and
(my, m,). Regarding m € {30, 60}, the non-abelian group I" above is found to be
either D5 or Dg, and these groups occur with the frequencies indicated in Table
2 and Table 3.

What can we say about groups G € Gyon—ap(0) satistying mg,g) > 96?7 As
mentioned earlier, we will see that the set

{G € Gnon-av(0) : mSLZ(G) =m, mGLz(G) > m}

non—ab

non—ab

’The dicyclic group satisfies Dic; ~ Z/4Z X Z/3Z, where the map Z/4Z — Aut(Z/3Z)
defining the semidirect product structure is the unique non-trivial group homomorphism.
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Mg, =m . mgr, =m . Mg, =m . .
m 9noGnLiab (0’ D3) / =| 9HOGnLiab ©, D6) / =' gnoGr:iab o, D1C3) / =
6 4 0 0
10 1 0 0
12 10 2 0
15 1 0 0
18 10 0 0
20 3 0 1
24 38 16 0
36 24 6 0
40 1 0 1
48 40 16 0
72 6 32 0
96 4 8 0
TABLE 1. Frequencies of genus zero non-abelian entanglement
groups of level € £\{30, 60}
mgr, =30 . mgr, =30 .
(m1,my) || |G on? oy (05 (my,my),D3) / =‘ G o2 7 (0,(my,my),Dg) [ =
(2,15) 22 0
(3,10) 16 4
(5,6) 2 0
TABLE 2. Frequencies of genus zero non-abelian entanglement
groups of level = 30
mgy, =60 mgy, =60
Oy, my) [[[Sny” ©.Gmyma). D) /2| |G (0.0my.my). D) / =
(4,15) 0 14
(3,20) 0 14
(5,12) 0 0

TABLE 3. Frequencies of genus zero non-abelian entanglement
groups of level = 60

is infinite for some m € £ (see Section 5). We emphasize that, according to
Proposition 1.12, this does not happen when we restrict to G.°% | (0), i.e. we
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have
{G e g (0): mg,(G) < mgL,(G)} = 0.

non—ab

1.1. Remarks on computation. All of the computations necessary to justify
the theorems in this paper were performed using the computational software
package MAGMA [2]. The code used to perform these computations can be
found at the following link:

https://github.com/ncjones-uic/NonabelianEntanglements

Additional computations related to the development of the results in Section
3 were performed using SageMath [26]. However, those computations are not
necessary for verifying said results.

Acknowledgements. The authors would like to thank David Zureick-Brown
for insightful conversations and also Jackson Morrow and Harris Daniels, as
well as Andrew Sutherland, for helpful comments on an earlier version of the
paper. Finally, we thank the anonymous referee for a careful reading of the
manuscript and many helpful suggestions for improvement.

2. Reducing to a finite search

In this section we prove Proposition 1.12, which reduces the computation of
G (0)/ = to a finite search. We consider the quotient set

9n0n—ab (0)/ =

of all open subgroups G C GL,(Z) of genus zero that are non-abelian entan-
glement groups in the sense of Definition 1.5, up to conjugation inside GL,(Z).
More generally, we may fix an arbitrary genus g and consider the quotient set
G(g)/ =. In what follows, we will be discussing the corresponding set of mod-
ular curves {Xg : G € G(g)/ =}, so it will be natural to introduce the notation

G:={6:Geg, G :=1{G:Gef@h
and the associated set of modular curves
Xg:6e§/ =}
If we view these modular curves geometrically, i.e. if we regard two such curves
as equivalent if they are isomorphic over K, then the further quotient set

Xe:6Gef(® =}~ (10)

of geometric modular curves is finite, for any fixed g € Z,. This may be re-
stated in terms of the groups G € §(g)/ = as follows. We have

X, ~g Xg, < G1nSLy(2) = G, NSLy(2).

Thus, coarsening the relation = to =g , defined by

- - def  _ N ~ ~
Gi =g, G, < G, NSLy(2) = G,nSLy(2),
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we have that

|§(g)/ iSL2| < oo (g € Zy). (11)
However, within each =g -equivalence class, there are infinitely many
=-equivalence classes, which corresponds in part to the fact that any given

K-isomorphism class in (10) contains infinitely many twists, i.e. infinitely
many K-isomorphism classes. The case g = 0 of (11) is equivalent to a well-
known conjecture of Rademacher that was proven by Dennin (see [12]). More
generally, in [27] and [28], the same is shown for a general g € Z. In addition,
there is a fair amount of literature on the effective resolution of Rademacher’s
conjecture. In particular, Cummins and Pauli [8] have produced the complete
list of the elements of §(g)/ =g, for g < 24; it can be seen in the tables therein
that

~ 1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,
G € 5(0) = mg,(G) e{ }

16, 18,20, 21, 24, 25, 26, 27, 28, 30, 32, 36, 48
(12)

It is possible that mg; (G) > mgy,(G), and the following lemma controls this
difference.

Lemma 2.1. Let G C GL,(Z) be an open subgroup. We then have

mgr. (G)
L (S {]., 2}, (13)

mg,(G)
where G is as in (2).

Lemma 2.1 will be established as a corollary of the Lemmas 2.4 and 2.5 below,
which are in turn aided by the next two lemmas.

Lemma 2.2. There is no proper subgroup S G SL,(Z) satisfying S = SL,(Z).
Proof. See [30, Lemma 2.3]. O

Lemma 2.3. (Goursat’s Lemma) Let G,, G, be groups and for i € {1,2} denote
by pr; : G; X G, — G; the projection map onto the i-th factor. Let G C G, X G,
be a subgroup and assume that

pr,(G) = Gy, pr,(G) = G,.
Then there exists a group I together with a pair of surjective homomorphisms

lpl:Gl—)F
Ipz:Gz—)F

so that
G =G Xy Gy :=1{(g1,82) € G1 X G, : P1(g1) = Pa(g)}-
Proof. See [21, Lemma (5.2.1)]. O
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Lemma 2.4. Suppose that G C GL,(Z) is an open subgroup satisfying
mgy,(G) < mgy,(G)
and that there is a prime p dividing mg;, (G) that does not divide mSLZ(G~). Then
p =2 (so mg;(G) is odd) and mg; (G) = 2mg; (G).
Proof. First, weset S := G N SL,(2), so that S = G N SL,(2) as well; further-
more, we make the abbreviations
mg :=mgy,(S) mg 1= mgy,(S)

=mg,(G) = mg,(G).
Let p be a prime as in the statement of the lemma, let p® be the exact power
of p dividing mg and let us write mg = p*mg, where p t+ m; and mg | mg. By
definition of mg, under the isomorphism of the Chinese Remainder Theorem,
we have

(14)

S(mg) € S(ms) = S(m),) x SLy(Z/ p*2).

In light qf Lemma 2.3, there are three possibilities for the index two subgroup
S(m) C S(mg):

S(ms) = S(ml) x SLy(Z/p*Z) [S(m) : S(ml)] = 2

S(ms) = S(mg) x S(p*) [SLy(Z/p*Z) : S(p)I =2 (15)

S(mg) = S(mg) Xy SLy(Z/p*Z)  |$pe(SLo(Z/p*2))| = 2.
The first possibility in (15) would imply that mg divides m/, a contradic-
tion. The second possibility would imply the existence of a proper subgroup
S i=ng (S(p) & SL,(Z) satisfying S = SL,(Z), contradicting Lemma 2.2.
We thus conclude that only the third possibility can occur:

S(mg) = S(mg) X SLy(Z/p*Z)  |$pe(SLy(Z/p*2))| = 2.
We now consider the map ¥« : SL,(Z/p*Z) — {£1}. Using the well-known
fact that the abelianization map SL,(Z) — Z/12Z factors as

SLy(Z) "X g1, (7/47) x SL,(Z/37) 228 7/47 x7/3Z,  (16)

it follows that p = 2 and ker ¢« = nS‘le(A3), where A; C S; ~ SLy(Z/27) is
the unique subgroup of index 2. Since the SL,-level of S is 2% me and the map
¥,« factors through reduction modulo 2, we must then have o = 1. To finish
the proof, we will show that mg = mg. Suppose for the sake of contradiction
that

mg > mg. 17)
The hypothesis that mg = 2m; implies that kergn,;, € S(my) is an in-
dex 2 subgroup whose image at any lower level my is all of S(my). In
particular, fixing any (necessarily odd) prime p dividing mg, we have that
ker i, (mg/p) = S(m/p), and since ker (SLy(Z/p*Z) - SLy(Z/pZ)) is a
p-group and ker z,bmg(mg) C S~(mg) is an index two subgroup, it follows that
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m’S must be square-free. Thus, by (17) there must be a square-free number m

satisfying mg = mgmy and with

ker i, S(mg) x4 SLy(Z/m3 2), (18)

"
S

where the image of ¢ is a group of order 2. Again by (16), any non-trivial image
of SL,(Z/ m’S’ Z) must have order divisible by 3, and thus the fibered product
(18) is a full cartesian product, so that ker d)mrs = S(mg), a contradiction. This

implies that mg = mg, proving the lemma. (]
We now prove a lemma that handles the “vertical” situation.

Lemma 2.5. Let G C GL,(Z) be an open subgroup. Suppose that

mSLZ(G) < mg,(G)
and that any prime p dividing mg; ,(G) also divides mSLZ(G). We then have that
mgy,(G) is even and mgy (G) = 2mg, (G).

Proof. As before, we set S := G N SL,(Z), so that S = G N SL,(Z), and also
define mg and mg by (14). Since [S : S] = 2 and by definitions of mg and mg,
for any divisor d of mg, we have

mg|d|mgandd < mg = S(d) = S(d). (19)
Let p be any prime for which
mg divides % (20)
Since the kernel
ker (SLy(Z/msZ) — SLy(Z/(ms/p)2))

is an abelian p-group, it follows from (19) that any p satisfying (20) must be
even, and thus mg = 2%mg for some a > 1. We now show that ¢ = 1. Note that
each matrix X in the set

N T Uy e

satisfies X? = 0, and also (recall that 2 | mg) that
ker (SLy(Z/2"mgZ) — SL,(Z /2" 'mgZ)) =
({I+2"'mgX mod 2"ms : X € K}) (n>1). (21
If « > 1 then, by (19), ker (SL,(Z/2mgsZ) — SL,(Z/msZ)) C S(2mg). Fixing
any X € X, we then have
I+ mgX mod 2mg € S(2mg).
Replacing X by an appropriate lift in M,,,(Z,) of X mod 2 (which must still

satisfy X> = 0 mod 2), we may assume that I + msX mod 4mg € S(4my),
and so then

(I +mgX)* =1 +2mgX + mX> =1 +2mgX mod 4mg € S(4my),
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and by (21), we see that ker (SL,(Z/4mgZ) — SL,(Z /2m3Z)) C S(4ms). Con-
tinuing inductively, we would then conclude that

S(2%mg) = 7y (S(mg)) = S2%my),

a contradiction. Thus, we must have S2mgs) ¢ S(2mg), and so mg = 2mg, as
asserted. O

Proof of Lemma 2.1. Lemma 2.1 follows immediately from Lemmas 2.4 and

2.5. O

Applying Lemma 2.1 to (12), we obtain the following corollary.

Corollary 2.6. Let G € G(0). We then have
mg (G) € 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15, 16, 18, 20, 21, 22, 24,
SL, 25,26,27,28, 30, 32,36, 40, 42, 48, 50, 52, 54, 56, 60, 64, 72, 96§
The proof of Proposition 1.12 involves a group theoretical analysis together
with a MAGMA computation. We now develop the group theory part.
2.1. Lemmas on fibered products. Let G; and G, be groups, let
¢i . Gi — F¢
lpi . Gi — sz
be surjective group homomorphisms and let
G1 X4 Gy :=1{(81,82) €G1 X G, & $1(g1) = $2(82)}
G1 Xy Gy 1={(g1,82) € G1 X G, & P1(g1) = ¥2(82)}
be the associated fibered products. We call I'y the common quotient associated
to G; X4 G, and likewise with I'y.
Lemma 2.7. In the above setting, we have
Gl X¢ G2 = Gl X¢, G2 — ker‘(pl X kerl‘bz g Gl X¢ G2 g Gl le Gz. (22)
Proof. Since “=” is trivial, we prove the “«<” direction. The condition
kery; x keryp, C G; X3 G,

implies that ker ¢; C ker ¢; for each i € {1,2}. On the other hand, the contain-
ment G, X4 G, C Gy Xy G, implies that ker ¢, xker ¢, C G; Xy G,, which forces
ker ¢; C kery; for each i. Thus we have

ker ¢; = kery; (ief1,2}).

It follows that there are isomorphisms 7; : T'y — I’y such that, for each i €

{1,2}, we have ¢; = 7;¢;. Now, if there exists y € Ty with 7,(y) # 9,(y), then,

by choosing g; € G; with ¢;(g;) = v, we find that (g,,8,) € G; X¢ G, but

(81,82) & Gy Xy Gy, a contradiction. Thus, 7, =7, =: 7, and it follows that
G1 X G2 = G1 Xy, ) G2 = G1 Xy G,

as asserted, establishing the “<” direction and proving the lemma. O
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The following lemma is key throughout. Let G; and G, be groups, together
with surjective group homomorphisms

'4)1' . Gi — T
onto a common group I, and let G, X, G, be the corresponding fibered product.
Fori € {1,2},let w; : G; » G; be a surjective group homomorphisms (which
we will denote by g; = g;) and consider the induced surjection
TG XGy— G XGy  (81,8) (8,,8)
(in other words, 7 := m; X 7,). The following lemma describes explicitly the
image of G, Xy G, under 7. Define the quotient group I" by

Ti= 2
- a(ker m)py(ker )’
let w : I —> T be the canonical surjection and let Ei := woy;. Note that Ei

induces a well defined surjective homomorphism G; — T (via g~ Ei(gi)),
which we will continue to denote by 3,. Note the functional equation

woh; = ,om;. (23)
We leta denote the pair @1, EZ) and G, XEEZ the corresponding fibered product
group.
Lemma 2.8. Let G, and G, be groups and consider the fibered product G, Xy G,

as described above. Then, with the notation just outlined, we have

7T(G1 X¢ Gz) = 51 Xiaz.
Proof. The containment “C” is immediate, since ,(g;) = ¥,(g,) implies that
w(P1(g1)) = w(P,(g2)), and SO ¢ (8D = ¢2(g2) Furthermore, it follows from
the surjectivity of each 7; that 7(G; Xy G,) C G, xG,isa subgroup that

projects onto G, and onto G2 via the canonical projections. Thus, by Lemma
2.3, 1(Gy Xy G,) is equal to G, X G, for some fibering maps (1, 7,). Further-

more, we claim that _ L _
kery, X keryp, C Gy X, G,. (24)
Indeed, it is sufficient to show that
kera1 x{1} C G, Xy G,
{1} x kera2 CcG, X G,.

Let x; € ker al and let x; € G, be any lift under 7, of x;. By definition of

El, we may adjust x; € 71'1_1@1) so that ¥;(x;) € ¥,(ker ,), and thus there
exists k, € ker , for which (x;,k,) € G; Xy G,. Applying 7, it follows that

(x,1) € Gl Xy Gz, and so ker z,bl x {1} C Gl Xy, Gz, the argument that {1} X
ker 1[)2 CG, X, G, is similar. The containment (24) follows.
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Having established that
keral X keraz Q 51 Xn 62 Q 61 Xaaz,
Lemma 2.7 now finishes the proof. O

Our final lemma has to do with intersecting fibered products with full carte-
sian products, and will later be applied to the situation of intersecting with SL,.
Let G; Xy G, be a fibered product and let S; C G; be subgroups. It is clear that

(Gl sz Gz) N (Sl X Sz) = Sl X¢, Sz,

but the canonical projection maps in the right-hand expression may not be sur-
jective, which can cause confusion. To remedy this, let us say that I is the
common quotient group associated to the fibered product G, X, G, and put

L 1= 9%1(S1) N Py(Sy).
Lemma 2.9. Let G, Xy G, be a fibered product and let S; C G; be subgroups.
Then
(G1 %y G2) N (51X 52) = 151 (Ts) Xy Yo l5 ' (Ts),

and the canonical projection maps in the right-hand expression are surjective.
Moreover,

$1 (1151 (Ts)) = Ts = %2 (%251 (Ts))..

2.2. Pre-twist groups and how we search for them. We will now define
the notion of a pre-twist group, as a means to aid in the search for G € G which
satisty mg; (G) < mgp,(G). Our goal to prove Proposition 1.12 may be stated
more broadly as follows.

Goal 2.10. To find all (maximal) non-abelian entanglement groups of genus 0
(or, more generally, of fixed genus g > 0).

For any given non-abelian entanglement group G, either mg;,(G) is equal to
mgy,(G) or not. If mg,(G) = mg,(G), then G will be found when we search
through all groups with GL,-level appearing in the list from Corollary 2.6. If

mg,(G) # mgy,(G), then we will view G as being a twist cover of some group G
whose GL,-level appears in that list.

Definition 2.11. A subgroup G C GL,(2) is called a pre-twist group if there
exists a non-abelian entanglement group G C G such that

mg,(G) = mGLZ(a) =:m,
mgL,(G) =: m>m, and (25)
G(m) = G(m).

If G is a pre-twist group, then a twist cover of G refers to any non-abelian
entanglement group G ¢ G satisfying (25) .
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If G is a non-abelian entanglement group with mg; (G) > mg (G) =: m,
then we define _
G := ngiZ(G(ﬁ)) C GL,(2).
Clearly Gisa pre-twist group and G is a twist cover of G. Thus, to find all
non-abelian entanglement groups whose GL,-level and SL,-level are different,

it suffices to first find all pre-twist groups G and then describe the process of
constructing twist covers G of G.

Our next lemma will aid in the proof of Proposition 2.14 below, which in
turn implies a somewhat restrictive necessary condition on pre-twist groups
that allows us to deduce Proposition 1.12. First we observe two elementary
lemmas about twist covers. The set-up is as follows: G will be a pre-twist group
of GL,-level m and G G G will be a twist cover of G with GL,-level m > m.
Suppose that m = m;m, with gcd(m,, m,) = 1, that m; : = gcd(m, m;) and that

G(m) = G(my) Xy G(my),
G(m) = G(my) x G(my),

where the fibering maps ¢; : G(m;) » T surject onto a non-abelian group T
and ¥, : G(m;) - T surject onto the corresponding quotient I of T as described

above in Lemma 2.8. Let @ : ' » I denote the canonical surjection. Here
and throughout this section, we let 7; : G(m;) » G(m;) denote the reduction
modulo m; map restricted to G(m;) and

NC(m;) :=kery;, NO(m;) :=kery,. (26)

To view things more globally, we define the open subgroups N¢ C G and NS ¢
G by

NS =gl (NO(my)x NO(my)), NO := gk (NOGr,) x NO(m,))

and the maps

Q
—

b
—

<l e
Ql
ol

by
¥(g) 1= ¥y(g mod my) = h,(g mod m,),
¥(g) := ,(g mod m,) = 3,(g mod m,).

Then N¢ = ker?, NG = kera, and we have a commuting diagram of exact
sequences

1 —3 N6 —3G6 Ly —31
1 l E @7)
1—3 N6 — 3G 3T 3
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in which all unlabeled arrows denote either inclusion maps or trivial
surjections. For any positive integer n, we may now consider the subgroups
NC%(n) C G(n) € GLy(Z/nZ) and N¢(n) C G(n) C GL,(Z/nZ); we note that
N¢(n) C N°(n) and caution the reader that this containment may be proper, es-
peciallywhen n = m. Since we are considering the genus of G, we are interested
in its intersection with SL,(Z). Here and throughout the rest of this section, we
will employ the following notation: for any open subgroup H C GL,(Z), we
define

Hgy, 1= H N SLy(2). (28)
Note that, for any n € N,

Hg,(n) € H(n) NSLy(Z/n2).

We caution the reader that this containment may be proper when n isn’t a mul-
tiple of mg,(H). The analogue of (27) obtained after intersecting with SL,(2)
is

blogy,

11— NSGL2 — Gg, 5 T, > 1

1 Lo e (29)
|

” =~ e
1 — Nng —> Gg, —>» Ty,

~N
—_

where
sy, 1= (Gsp,(my)) N, (Gsy, (my))
Ty, 0= El (ESLZ (mﬂ) N Ez (ESLZ (mz))

are as in Lemma 2.9. (Actually, by the definition (28), we in fact have
s, 1= (Gsr,(my)) = ¥, (Gsy, (my))

and likewise with fSL2~) In what follows, our goal is to understand the image
of Gy, inside ESLZ, which is equivalent to understanding the image of G, (m)
inside ESLZ (m).

Lemma 2.12. Assume the notation outlined above (in particular, assume that G
is a non-abelian entanglement group with SL,-level dividing m). We have

kerw C Z(T) (30)

(where Z(T') denotes the center of T); in particular, p; (N a(ml-)) C Z(T) for each
i € {1,2}. Furthermore, we have
|[6@m), NSGmy)| < NG ),

— _ _ (31)
[G(mi)a G(mi)] g Nng(mi)-
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Proof. Since mg; (G) divides m, we have that, for each i € {1, 2},
Yi(ker; N SLy(Z/m; 7)) = 1r,

and so ¥;|ier 7, factors through the determinant map. It follows that, for each
g € G(m;) and k € ker 7;, we have

Pi(gkg™) = k),

and by surjectivity of 1); we thus see that 3;(ker 7;) is contained in the center of
I. Since ker w = 9, (ker 7, )9, (ker 7,), this establishes (30), and it follows from
woy); = P,or; that P (N G(mi)) C Z(I'). The first containment in (31) follows
from this by further considering the isomorphism G(m;)/N®(m;) ~ I and then
projecting modulo m;. To see why [G(m;), G(m;)] € NS(»;Lz (m;), suppose not, i.e.,
suppose that [G(m;), G(m;)] C NSGLZ(ﬁi). Since Nng(mi) = ﬂngz(Nng (m;)), we
then see that

[G(my), G(my)] € 7! (IG(my), G(my)]) € Ng;_(m;) € NO(my),

contradicting the fact that T' ~ G(m;)/N¢(m;) is non-abelian. This establishes
that [G(m;), G(m;)] € Nng (m;), finishing the proof. 0

Corollary 2.13. Let Gbhea pre-twist group, let G € G,on_ap be a twist cover of G
and let m, m be as in (25). Suppose that m = m;m, is a permissible factorization
Jorwhich G(m) ~ G(m;) Xy, G(m,) has a non-abelian common quotient I'. Then,
defining m; := ged(m, m;) fori € {1,2}, the common quotient T associated to
G(m) ~ G(m,) X3 G(m,) satisfies T # {1}. Consequently we have

6,10,12,14,15,18, 20,21, 22,
G € Gnon_an(0) = mg (G) €1 24,26,28,30,36,40,42,48, |. (32)
50, 52, 54, 56, 60, 64, 72, 96

If we further assume that G € G °= . then T is abelian.

Proof. By Lemma 2.8 and (30), we have that
kerw C Z(T') # T,

since I is non-abelian. This establishes that T’ # {1}. It follows that the factor-
ization m = m;m, must be permissible, and therefore mg; (G) = m must be-
long to the subset of those levels listed in Corollary 2.6 which admit permissible
factorizations, leading to (32). Finally, if T were non-abelian, then G € Gnon—ab
and G ¢ G, contradicting the hypothesis that G € g™ O

non—ab”*

Proposition 2.14. Let G be a pre-twist group, let G be a twist cover of G, and
assume the notation set above. Then there exists a pair of surjective group ho-
momorphisms J; : G(m;) » T; onto non-abelian groups T; with the following
properties:
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(1) There exist surjective group homomorphisms @; : T; » T with

P, = @;oph; and kerw; C Z(T)). (33)

(2) Defining T'sy, to be the common value of ¥, (Gsr,(my), and Tyg, 1=
;i (Gsy,(m;)), there are isomorphisms 6; : Ts —— Tig, satisfying
@ilr,g, 06 = @y and

609 Gsr,(m) = gBi |GSL2 (m)°7i |GSL2 (m;)

Finally, under the isomorphism G(m) =~ G(m;) X, G(m,) we have that

G, (m) = 75! (D115 o @) xerog Bolg] o @) (39)
Proof. We define
[ := G(mi)/Nng(mi)
and let ¢); : G(m;) - T be the canonical surjection. By Lemma 2.12, T} is

non-abelian. By the definition (26), we see that Nng (m) CN E(Wi), so there is
a natural map

@, : ) 1= G(my)/NG,_(m;) — G(m;)/NO(m;) ~T.

We note the commuting diagram

G(m;) — G(mi)/Nng(mi) — G(m;)/N°(m,) r

lﬂi 1 -

G — G /NG, () — GGy /NO(m;) —

which implies that wo); = @;0¢;om;. Using this together with (23), the func-
tional equation (33) is then established. Furthermore, it follows from the first
containment in (31) that ker @; C Z(I).

We now construct the maps 6;. We have

Is, 1= 9%i(Gs,(m)) = Gsp,(m;)/N ng(mi),

and since mg; ,(G) = m and by definition of Nng, we have

Gsr,(m;) = ”s_le (Gs1,(my))

G _ 1 (NG (=
Ng;, (m;) = 7TSL12 <NSLz(mi))'

el

>
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Thus, we see that the reduction modulo m; map induces an isomorphism that
defines 6;:

Gsr,(m;))  Gg,(m) _ .
0; : Iy, = - - = ~ 1, (G, (my)) = Figp,-
SO UNG m) NG (mpy T

Furthermore, the commuting diagram
Yi

Gt (M) — Gy, (m)/NG,_ (m) —= Ty,
I i b
Gy, (M) — Gy, (m)/NS, (1) —= Ty, — T, = Go, (M)/NG, (),
B
illustrates that Zﬁ'ilfl_,SLzoei = w|rSL2 and

BiodilGy,, m) = ¢i|GSL2(mi)°7Ti|GSL2(m,-)- (35)
Finally, Lemma 2.9, together with (35) and Gg (m) = nS‘L12 (Gsy,(m)), imply
that
Gsr,(m) = ¢, |<_3:L2(m1) (Ts,) Xy ¢2|551L2(m2) (Tst,)

= 771|81 dlZ! 61 (TsL,) Xo-1z 7Tz|gle2(m2)¢2|_l 6, (TsL,)

sLp (M) 7 Gy, (1)) Gst, (M)
— 1 (.7 -1 - 1—1
=75 (B3 o @) xeg Balg) o @(Ts1,)).
O

The main point of Proposition 2.14 is that the right-hand side of (34) involves
information just from level m, with the only exceptions being the two subgroups
H; := Gg,(m;) C Ggy,,(m;), which satisfy the condition

Py (Hy) =9, (Hy). (36)

In our search for pre-twist groups, we can thus take H; C ESLZ (m;) to be arbi-
trary subgroups that happen to satisfy (36). Thus, we have derived necessary

conditions for G to be a pre-twist group, which can be checked from G alone
(at level m). We emphasize this point in the following corollary, which is then
used to prove Proposition 1.12.

Corollary 2.15. Let Gbea pre-twist group, let G be a twist cover of G and let
m :=mg (G), m :=mg(G).

Suppose that m = m;m, is a permissible factorization for which the group
G(m) =~ G(m;) Xy G(m,) has a non-abelian common quotient I'. For each i €

(1,2}, define m; := ged(m,m;), write G(m) ~ G(m;) X5 G(m,) and set
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Na(ﬁi) = ker Ei. Then there exist subgroups N; C N a(ﬁi) NSL,(Z/m;Z) (with
N; # N°(m)NSLy(Z/m;Z) incase G € G702 ), with each N; normal in G(m)),
satisfying B

[G(m;), N®(m;)] € N; 2 [G(m;), G(m;)]. (37)
Furthermore, setting ¥; : G(m;) — G(m;)/N,, there exist subgroups
H; C G, (m;) and isomorphisms 6; . B — P; (H,) (for some group B) satisfying

Vb € B, w(6:(D)) = w,(6,(D)) (38)

and such that, if

S 1= Bul! ©2(B)) Xe-1og Bl 7! (©x(B),

then the modular curve X is isomorphic over Q to the modular curve X 5. In
particular, there are embeddings 6; : B < (GSLZ(WZ-)) satisfying (38) and
such that, if

S =iz @B Xeog PalZ (62(B)), (39)

G, (my)
then X is a geometric cover of X, which in turn is a geometric cover of Xz.

Proof. This is essentially a direct translation of Proposition 2.14, taking

N; = Nng(ﬁi)’ B =Tg,, and H; = Gg,(m,).
It is straightforward to verify that N; < G(m;) and that N; is contained
in N°(m;) n SLy(Z/m;Z). The fact that [G(m;),N°(m;)] < N; and

[E(ﬁi),g(ﬁi)] ¢ N; can be seen directly from Lemma 2.12. Finally, in case

G € G  we have
non—ab

[G(m;), G(my)] € NC(m;) N SLy(Z /i, Z),

which by (37) forces N; to be a proper subgroup of N¢(m;) n SLy(Z/m; Z).

Regarding the modular curve X, it is straightforward to see that S C §’,
so it follows immediately from X5 ~g X that X; is a geometric cover of Xg.
Finally, we claim that S’ C ESLZ(E). Indeed, if (s;,s,) € S’, then for each
i € {1,2}, we have §;(s;) = 6(b) for some (fixed) b € B. Now using (33) together
with (38), we find that

¥,(s1) = @1 (P1(51)) = @1 (61(b)) = T, (6,(D)) = T, (Pa(s2)) = P,,(52).

Thus (51, 8,) € ESLZ (m), which establishes that X is a geometric cover of X=,
finishing the proof. O
Remark 2.16. We included the group S’ D S in the statement of Corollary
2.15 since it simplifies our computer search. Indeed, since genus(Xg) is at
least genus(Xy ), if for a given G our search produces no S’ as in (39) with
genus(Xg) = 0, then it follows that there are no twist covers G € G'¥

- non—ab
of G with genus(Xg) = 0.
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2.3. Asearch algorithm for pre-twist groups with maximal twist covers.
We now describe the algorithm used to search for pre-twist groups of genus
zero that have maximal twist covers of genus zero.

Step 1. For a fixed level

e {6, 10,12,14,15,18, 20, 21, 22, 24, 26, 28, 30,}

36,40,42,48, 50, 52, 54, 56, 60, 64, 72,96 (40)

we construct (as a list) the set 9mGL2=m(0) of open subgroups G C GL,(2) of
genus zero and GL,-level m (see Corollary 2.13 and Definition 2.11).

Step 2. For each permissible factorization m = m;m,, we construct the subset

9;’;“2:’" (0,(m;, m,)) of all G € G"e.2="(0) with the property that, under

G(m) C G(m;) x G(m,), the common quotient in the fibered product asso-
ciated to G(m) via Lemma 2.3 is a non-trivial abelian group (see Corollary 2.13).

Step 3. For each G € QZ)GLZZM (0, (my,m,)), denoting by % = (3,,,) the

pair of surjective group homomorphisms implicit in the fibered product
G(m) ~ G(m,) s G(m,) and by N®(m;) := ker P, C G(m;), we search for
normal subgroups N; < G(m;) satisfying N; ¢ NS(m,) N SLy(Z/m;,Z) and the

mGL2 =m

property (37). We create a new list G (0, (m,, m,)) of potential pre-twist

o ab, pot.
groups, consisting of the triples (G(m), N,, N,) found by this search. Note that
a given group G(m) may belong to more than one triple in this list.

Step 4. For each triple (G(m), N;,N,) € 9:;(’}30?"1
I, := G(m;)/N; and by §; : G(m;) - T, the canonical projection, we search
for finite groups B together with embeddings 8; : B < 1; (ESLZ (ﬁﬂ) satisfying
(38). For each such pair (B, 8 = (6;,6,)), we form the fibered product
S =R L @B e Bl (@)
sL, (M

G, (m;

(0, (m;, m,)), denoting by

mGLz =m

and form a new final list G (0, (m,, m,)) consisting of those quadruples

ab, fin.
(G(m),N,,N,,S") for which the genus of X is zero (see Corollary 2.15 and
Remark 2.16).

Remark 2.17. When computing the list of genus zero subgroups G of GL,(Z)
in Step 1, we make use of the following memory-saving measures:

(1) Forany level m that does not appear in the list (12), by Lemma 2.6, any G

of genus zero and GL,-level m must satisfy —I & G and mg;,,(G) = m/2.

We therefore first construct the list of subgroups G, of GL,-level m1/2
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satisfying —I € G, and then, for each such G, search for index two
subgroups G C G, of GL,-level m with —I ¢ G.

(2) Searching directly among all subgroups of GL,-level 48 is memory-
intensive enough to be prohibitively difficult on most machines. To
work around this problem, we instead started with the single unique
subgroup S(48) C SL,(Z/4827) of SL,-level 48 and genus zero and con-
structed all other subgroups G(48) C GL,(Z/48Z7) by initializing G, : =
S(48) and recursively defining G,,; := (g,G,) with g any matrix in
GL,(Z/487) for which G,,,; N SL,(Z/48Z) = S(48). This process gen-
erates all subgroups G(48) C GL,(Z/48Z7) of SL,-level 48 and genus
Zero.

Proof of Proposition 1.12. The above algorithm was implemented on a computer,
using the MAGMA computational algebra system [2] (see Section 1.1). For each
level m from Step 1 and permissible factorization m = m;m,, the search con-

cluded that G2~ " (0,(m,, m,)) = @. By Remark 2.16, we conclude that

ab, fin.

G € G (0 = mg(G) = mg(G).

non-—al
Finally, the assertion (7) follows from (32), together with a straightforward
computer search that we also carried out using MAGMA. This search also
yielded the data in Tables 1, 2 and 3 of Section 1. ]

Remark 2.18. The key takeaway from Proposition 1.12 is that we have a finite
list of GL,-levels to consider when searching for maximal genus 0 non-abelian
entanglement groups G (each necessarily satisfying the condition, mg,(G) =
mg,(G), by the proposition). This second search is then what establishes (6) in
Theorem 1.8.

3. Explicit models for modular curves

In the previous section, we proved the first part of Theorem 1.8, which is that
(up to conjugation) there are exactly four maximal non-abelian entanglement
groups, G € {Gg, G19, G15, G1g}, for which the associated modular curve X has
genus 0. In all four cases the underlying entanglement is S3, and in all four
cases —I € G so that G = G. Three of the curves are defined over Q, while Xg,,

is defined over Q(y/ —15). In this section, we complete the proof of the theorem
by determining explicit equations for the modular curves. More precisely, we
determine a rational parameter ¢ on each X as well as an explicit formula for
Je(t). Work for one of the curves, Xg,, is omitted, as this curve was previously
studied in [5].

Our approach to finding the explicit models is essentially one of “gluing”
along the common non-abelian quotient I', in the decomposition of G = G,
into the fiber product G(m) = G(m,) X, G(m,). This process is described in
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general in Section 3.1, which will also serve as a foundation for future work
(when g > 0). However, for each of the curves being considered here, the spe-
cific underlying entanglement group is I' = S;. Hence, we prove in Section
3.2 alemma that explicitly describes the gluing mechanism in that special case.
Once the computational framework is fully developed in principle, it is then
implemented in each of the three cases using SageMath [26].

Since the groups G(m;) and G(m,) play such a crucial role in our analysis,
this data is collected below in Table 3. Note that B(3) refers to the Borel group at
3, while &g, (5) refers to the unique index 5 subgroup of GL, (Z/5Z) containing
N,(5) (the normalizer of split Cartan). We also include for reference the usual
modular curve data vector (d, c,, c3, c,,) in each case, as well as the Cummins-
Pauli label for the curve.

m G(m,),G(m,) (d, cy,¢3,Cs) | C-P Label

6 | GL,(Z2/227),GLy(Z/37)| (6,0,3,1) 6A°

10 GLy(Z/27),&5,(5) (30,0,6,3) 10E°

15 GL,(Z/32),&5,(5) (15,3,3,1) 15A°

18 | GLy(Z/2Z),7;" (B(3)) | (24,0,3,4) 18C°
TABLE 4. Maximal Genus 0 Non-Abelian Entanglement Curves

Remark 3.1. There are several other methods for obtaining an explicit model
for X when G is an arbitrary open subgroup of GL,(Z). For example, one can
use Siegel functions as was done in [10] and [25]. (See [22] for an alternative
method, or [29] when X is not hyperelliptic.) The method developed here for
entanglement modular curves has the advantage of resulting in a model that
explicitly reflects the entanglement structure. Moreover, it places the modu-
lar curve atop a natural tower, which then breaks down desingularization and
related analysis into smaller steps.

3.1. General Entanglement Curve Yoga. Fix a non-abelian entanglement
scenario, i.e., two subgroups, G(m;) C GL,(Z/m;Z), i € {1,2} (where
(my, m,) = 1), which surject onto a common non-abelian quotient I with ker-
nels N(m,) and N(m,). For simplicity, assume that —I is contained in each
N(m;). We say that an elliptic curve E/K has an entanglement of type

(G(my), N(my), G(my), N(m,))
if bases for E[m, ] and E[m,] may be chosen over K such that
(1) Gal(K(E[m,])/K) = G(m,)

(2) Gal(K(E[m,])/K) = G(m,) and
(3) K(E[m]) n K(E[my]) = K(E[m; DN™) = K(E[m,])N"2).
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The isomorphisms in (1) and (2) are induced by the isomorphisms of
Aut(E[m;]) with GL,(Z/m;Z) that are determined by the choice of bases.
Then the fixed fields in (3) are defined via those isomorphisms. Whenever the
kernels N(m;) and N(m,) are uniquely determined by G(m,), G(m,) and T,
we say that E/K has an entanglement of type (G(m,), G(m,),T’) and simplify
(3) to the following equivalent condition.

(3) Gal(K(E[m;]) N K(E[m,])/K) = T

In this section, we develop a method for determining explicit equa-
tions for a finite set of modular curves whose K-rational points “corre-
spond generically” to elliptic curves E/K that have an entanglement of type
(G(my), N(m;), G(m,), N(m,)), meaning that every such elliptic curve must
correspond to a K-rational point on one of the modular curves. More precisely,
after an appropriate choice of basis for E[m;m,] over K we have

Gal(K(E[mmy])/K) € G(my) xy G(my)

for some ¢; : G(m;) » T with keryp; = N(m;) if and only if j(E) lifts to a
K-rational point on one of the modular curves.

The first step is to find an explicit model for the “full product” curve, the mod-
ular curve X := Xg(m,),6(m,) Whose K-rational points correspond generically to
elliptic curves E /K that satisfy properties (1) and (2) from above. Since —I is
contained in both groups, X can be obtained by crossing the modular curves
X6(my) and Xg(m,) over the j-line. Next, we determine explicit models for the
modular curves, Yr; (i = 1,2), which lie over X and whose K-rational points
correspond generically to elliptic curves E/K for which Gal(K(E[m;])/K) =
N(m;). Then each Yr; is a Galois cover of X, whose Galois group, i.e., the Ga-
lois group of the corresponding extension of function fields, is isomorphic to I".
For each choice of isomorphisms, o; : Gal(Yr;/X) — T, it makes sense to form
the diagonal quotient ;. ,, of the fiber product of Yr; and Y, over X.

Xoyo, 1= Yra Xx Y/ {(Ul_l(g), O'z_l(g))|g € F}

Theorem 3.2. Let P be a K-rational point on Xg(m,)G(m,) corresponding to an
elliptic curve E /K satisfying properties (1) and (2) from above. Then E satisfies
condition (3) if and only if P lifts to a K-rational point on some X, ..

Proof. Firstsuppose that E /K satisfies property (3) from above. Then for some
Galois extension L/K there are injections, «; : L < K(E[m;]) (over K), which
identify L with the fixed field of N(m;). But this fixed field is precisely the
specialization of the function field of Yr; to P. Thus, «; induces an L-valued
point, &; : Spec(L) — Yr;, which restricts to an isomorphism (over K) on the
fiber over P. Identifying Gal(L/K) with T, we define o, and o, as follows. For
7 € Gal(Yr;/X), we set 0,(1) = ocl.‘lroci. Consider the L-valued point of X,
given by P = (&, &,), which clearly lies over P. For any g € Gal(L/K), we have
g(P) = (&8, &,8), where ¢ is the induced automorphism on Spec(L) over K.
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On the other hand, if we act on P geometrically by (o7 (g), o5 (g)), we get
(5‘14‘2&1_15‘17 5‘2§a‘2_1552) = (&18,&8) = g(P),
Thus, P is actually fixed by Gal(L/K) and hence K-rational.
Conversely, suppose P lifts to a K-rational point P on some Xs, o,- The key
observation in this direction is that regardless of the choice of (g;, 0,), no non-
trivial diagonal element (g, g) fixes either Y;. So the three function fields of

Yr1, Yrp and X, o, are all linearly disjoint inside the overall extension, and
the compositum of any two contains the third.

Yra Xx Xg, 0, = Y1 Xx Yro = Yo Xx X, 0,

Specialization to P determines an isomorphism between the fibers of Yr; and
Yr, over P. As noted above, this is equivalent to an isomorphism between the
fixed fields of K(E[m;]) and K(E[m,]) by N(m;) and N(m,). So Condition (3)
holds for E /K. O

While there are clearly (Aut I')? choices for (o, 0,), not all of the correspond-
ing curves (i.e., function fields) of the form X, , are distinct. Moreover, the
elements of the Galois group of Y, Xx Y, over X may restrict to isomorphisms
between some of these (distinct) intermediate fields. Therefore, it is not imme-
diately clear from Theorem 3.2 how many distinct modular curves exist for each
fixed entanglement type. The following theorem answers this question.

Theorem 3.3. There are | AutT'| distinct curves of the form X, , lying over
XG(my),6(my)- However, each isomorphism class (over Xgm,)c(m,)) s acted on
faithfully by Inn T. Hence, there are no more than [AutT' : Inn '] modular curves
for each fixed (G(m,), N(m,), G(m,), N(m,)) entanglement type.

Proof. The group, AutT' X AutT acts transitively on the set of curves, X ;. ,
by post-composition on both sides.

(71172) : xcrl,crz = x‘[lo’l,fzdz

However, the diagonal subgroup acts trivially, since the group of geometric
transformations by which the quotient of Y; Xx Y, is being taken remains
the same. In fact, for any 7,7, € AutI' X AutI' we have

{(67'(8), 07" (@)} = {((1;0) 7! (8), (120) (@} «— 11 = 7.

So, the set {X; ,,} actually only contains | AutT'| distinct curves, i.e, diagonal
quotients of Y13 Xx Y.

Now, fix the pair, (0y,0,), which in turn fixes an isomorphism between
Gal(Yr Xx Y1 ,/X) and I'xI'. With this perspective, we may view the function
field of X, , as the fixed field of the diagonal subgroup, {(g, g)}. Moreover, any
element (g, g,) then defines an isomorphism (via Galois) from this curve onto
the one whose function field is fixed by {(g188; 1 8,88, )L It is easy to check
that this curve is none other than X ;, - o,, Where 7;,7, € AutT are given by

n@=g"'gsr 18 =g, '8
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So, when 71,7, € InnT, the aforementioned action of AutT X AutT actually
corresponds to an isomorphism between the two curves. Clearly, if we fix 7, to
be the identity, the resulting action of Inn T is faithful, which proves the theo-
rem. O

Remark 3.4. Any specific choice of maps, (¥;,1,), determines exactly one of
the above modular curves. We have specified only the kernels in the entangle-
ment type in order to highlight the distinction and facilitate the counting of the
modular curves. In addition, it is often more difficult in practice to nail down
the maps than it is to specify the kernels.

3.2. S; Entanglement Modular Curves.The above construction can be
made completely explicit in the case where I' = S;. Recall that the first step
in the process is to determine the function field L for the full product modular
curve Xg(m,),6(m,) by crossing the modular curves Xg () and X,y over the
j-line. Then, the 1 maps on either side of the fiber product, G(m;) Xy G(m,),
or more precisely their kernels, N(m;) and N(m,), will give rise to two S; ex-
tensions L, and L, of L. Without loss of generality, we may assume that these
extensions are the splitting fields of two irreducible cubic polynomials over L,
x3 4+ Ax? + Bx + C and x> + Dx? + Ex + F, whose roots in L are {s;, 5,, s;} and
{t1, t5, t3} (respectively). Identifying the Galois group of the compositum L, L,
over L with S3 X Ss, the function field for the entanglement modular curve will
then be the subfield fixed by the diagonal subgroup. But this subfield is clearly
generated over L by the element r := s;; +5,t, +53¢3. Hence, an explicit equa-
tion for the S; entanglement modular curve, as an extension of X, ),g(m,), Will
be given by the minimal polynomial for r over L. The following lemma provides
an explicit formula for that minimal polynomial.

Lemma 3.5. Let {sq,5,,53} and {t;,t,,t;} be the roots of the polynomials
x3 + Ax? + Bx + C and x* + Dx? + Ex + F, respectively, in the compositum of
the two splitting fields. In the same field, set

8 = (51— 82)(s1 — 83)(82 — 83)(81 — )81 — t3)(t, — t3)

and r = s1t; + S,t, + S3t5. (So, 8% is the product of the two cubic discriminants.)
Then r is a root of the cubic, x> + Gx? + Hx + I, where

G =-AD
H = A’E + D*B —3BE
I= —% (2CD? + ABDE + 2A3F — 9CDE — 9ABF + 27CF +§6).



210 NATHAN JONES AND KEN MCMURDY

Proof. This is easily verified by interpreting the coefficients as symmetric
functions in the roots.

A B C
—8§1 — 8 — 83 $18, + 5183 + $,83 —818,83

D E F
=t =ty —t3 | Lty + ity + bty | —lilts

G H I
—ry—Fy—F3 | FiFy + 113+ 1af3 | —F17ar3

Take ry=r,rp,= SltZ + S2t3 + S3t1 and r3 = Slt3 + S2t1 + S3t2. O

Remark 3.6. It is irrelevant how we identify with S; on each side, i.e., which
“diagonal quotient” we choose. Once the kernels of 1; and 1, are specified,
there is only one entanglement modular curve up to isomorphism by Theorem
3.3,since [AutT : InnT'] = 1 whenT = S;.

Remark 3.7. A similar technique was applied in [3, pg. 19]. The main differ-
ence in our Lemma 3.5 is that we have not generated the desired S; extension
with an irreducible degree 6 polynomial over the base field, but rather with a
cubic polynomial over the quadratic subextension generated by & (the square
root of the discriminant).

3.3. Level 10. Let G(m,) = GL,(Z/27Z), and let G(m,) C GL,(Z/5Z) be the
unique index 5 subgroup &g, (5) containing NV(5) (the normalizer of split Car-
tan) as an index 3 subgroup. The group PGL,(Z/57) contains as a subgroup an
isomorphic copy of S4, and &g, (5) may also be described as the full pre-image
of that copy of S, under the canonical projection GL,(Z/5Z) » PGL,(Z/5Z)
(it is often referred to as an exceptional subgroup). We may fix an isomorphism

¥, : G(my) — S;3 and a surjection ¥, : G(m,) -» S; whose kernel is contained
in V,(5) with index 2. Moreover, G := ”(_}iz (G(my) %y, G(my)) is conjugate
to the non-abelian entanglement group G, in Theorem 1.8. In this section we
determine a parameter on the genus 0 modular curve X := X, as well as an
explicit formula for the map from XX’ down to the j-line.

Closely following the general yoga of Section 3.1, our first step is to find an
explicit model for the full product modular curve. However, since G(m,) is
“full,” i.e., all of GL,(Z /22), this is simply the curve X = X, ). From [30] we
know that X,y is a genus 0 curve with parameter ¢, such that the map to the
j-line is as follows.

j() = 3(t? + 5t + 40). (41)

The next step is to define a universal family of elliptic curves E; over K(t),
and then find two cubic polynomials over K(t) that generically generate the S;

30ur group G(m,) is referred to as G, in [30].
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subextensions of K(E;[2]) and K(E,[5]), respectively. A convenient family can
be found by substituting j(¢) into the following universal family over the j-line.

1 36 1
yV2=x34xP - ——x—- (42)
4 j-1728"  j-1728

After a linear change of variables over Q, we arrive at the family E, given by
y? = x3 + B(t)x + C(t), where B(t) and C(t) are as follows.

B(t) = =3(t=3)t(t> + 5t +40) C(t) = 2(t —3)*(£*> + 4t +24)(t* + 5t +40) (43)

The cubic polynomial that generically generates the S; subextension of
K(E;[2]),i.e., the full 2-torsion field of E;, is simply the Weierstrass polynomial.
In the next lemma, we determine a cubic polynomial over Q(¢) that generically
generates the S; subextension of K(E,;[5]). Thus we are in position to apply
Lemma 3.5 to determine first a singular equation for the genus 0 entanglement
curve, X, and then a parameter over Q.

Lemma 3.8. The S; subextension of K(E,;[5])/K is (generically) generated by the
roots of the cubic polynomial, x> + E(t)x + F(t), where

E(t) = =3(¢2 + 5t + 40)
F() = =2(t +2) (12 + 5t + 40).

Proof. Recall that kery, C N (5) C G(m,), with indices of 2 and 3, respec-
tively. Therefore, the S; subextension of K(E,[5]) that is determined by ker ¢,
must be generated (generically) by the natural extension from X,,,) up to
X5 =X N (5)- More precisely and in the language of Section 3.1, the function
field of the modular curve, Y, ,, in this case, is just the normal closure of the
function field of X;"(5) in the function field of X(5), once X (5) is viewed as a
degree 3 extension of X, ).

So, essentially, we just need to find an explicit equation for the natural pro-
jection from X (5) to XG(my)- One way to do this is to think of the desired ex-
tension as an irreducible component of X; (5) Xx) X(m,) that lies over Xg(,)
with degree 3 by the canonical map (projection onto the second factor). The
j-map for the genus 0 curve, X; (5), is also given in [30] and copied below for
convenience.

3 3

(s+5)*(s*—5) (s* + 55 + 10)
(s) = : (44)
(s2+5s+5)
Setting j(s) = j(t) to compute the fiber product, we then factor to find two irre-
ducible components, which lie over X, with degrees 3 and 12. The former
is given by

s3> + (=t + 5)s* + (=5t — 5)s — 5t =25 = 0.

The substitution, x = 3s — ¢ + 5, yields the polynomial that is given in the
statement of the lemma. O
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Theorem 3.9. Let X be the modular curve of level 10 whose K-rational points
correspond generically to elliptic curves E /K satisfying:

(1) Gal(K(E[2])/K) = GL,(Z/27)
(2) Gal(K(E[5])/K) = &;,(5) (from above)
(3) Gal(K(E[5]) n K(E[2])/K) = S;.

Then X is isomorphic to P! over Q, and a (degree 1) parameter u may be
chosen on X so that the natural map from X to X ,,,) is described as follows.

. 3u® + 12u° + 80u® + 50u’® — 20u® — 8u + 8
(u—12W2+3u+ 1)2

Proof. When we begin to apply the construction of Lemma 3.5 to the cubic
polynomial from the previous lemma and the Weierstrass polynomial of E;, we
find that

4
62 =128.312.5(t —3)3 (2 + 5t + 40) .

For simplicity, we make the substitution, § = 2* - 35(t — 3) (£ + 5t + 40)2 y.
Then y is a parameter on the genus 0 modular curve (lying over X(,,,)) whose
K-rational points correspond generically to elliptic curves E /K for which E[2]
and E[5] have the desired quadratic entanglement. The map from this curve to
XG(my 1s given by y* = 5(t — 3).

Continuing on with Lemma 3.5, we then compute the coefficients of the cu-
bic equation, x3 + Gx? + Hx + I = 0, over Q(¢, ) = Q(y), which describes the
full S5 entanglement modular curve. After making the simplifying substitution
x =3-573y (y? — 5y + 40) x,, we arrive at the equation, x; + HoXo + I = 0,
where

Ho(y) = =3 (32 +15) (y* + 5y + 40)
I,») = (*+5y+ 40)2 (2y° + 10y* + 1253 + 225y2 + 1125y — 3375).

It is easy to check that the equations given below define a map from P! (with
parameter u) to this singular curve.

—5(4u*+2u—1)
T (w-1DW2+3u+1)
25 (2u? + u +2)° (3u5 + 10u* + 250 + 10u + 2)

y

Xo 3
(u—1R3wW2+3u+1)

The map must be a birational isomorphism, as y defines a degree 3 function on
both curves. Composing with ¢t = % y? + 3 yields the formula for ¢ in terms of u
that is given in the statement of the theorem. O
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Example 3.10. If we substitute u = 0 into Theorem 3.9, we arrive at j = 73728
and the following elliptic curve.

E : y? = x3—120x + 500

Let p(x) be the 5-torsion polynomial of E, which has degree 12. Then p(x) is
irreducible over Q, and its splitting field is a degree 48 extension. Adjoining the
corresponding y coordinate for any particular root of p(x) generates a further
quadratic extension. Since Gal(Q(E[5])/Q) C &g, (5) (up to conjugation), and
the order of &g, (5) is 96, this confirms that Gal(Q(E[5])/Q) = &g,(5). How-
ever, over Q(a) for any root a of the Weierstrass polynomial, p(x) factors into
the product of a degree 4 polynomial and a degree 8 polynomial. Hence, we
must have Q(a) C Q(E[5]). But Q(E[2]) is just the Galois closure of Q(a).
Therefore, since the intersection of Galois extensions must be Galois, it follows
that Q(E[2]) € Q(E[5]), i.e, Gal(Q(E[2]) n Q(E[5])/Q) = S;.

3.4. Level 15. Let G(m;) = GL,(Z/3Z), and let G(m,) C GL,(Z/5Z) be the
same subgroup &g, (5) as in Section 3.3. Each G(m;) surjects via some 3; onto
S;,so0that G := naiz (G(my) x4 G(m,)) is conjugate to the group G5 in The-
orem 1.8. In this section we derive an explicit equation for the modular curve
X := X that corresponds to this scenario. All of the essential information on
the 5-side carries over directly from the previous section. In particular, there is
a genus 0 modular curve, Xg(,,,), whose K-rational points correspond generi-
cally to elliptic curves E /K for which Gal(K(E[5])/K) = G(m,). The map from
XG(m,) (With parameter ¢) to the j-line is given in (41), and we have a universal
family of elliptic curves E; over K(t), which is described by (43). In the lan-
guage of Section 3.1, we may once again view X = Xg(,,,) as the full product
curve, since we have G(m,) = GL,(Z/37).

The cubic polynomial over K(¢) that generically generates the S; subexten-
sion of K(E;[5]) was derived in Lemma 3.8. On the other hand, we have the
classical result that for elliptic curves E /K with Gal(K(E[3])/K) isomorphic to
GL,(Z/37), the S; subextension of K(E[3]) is the splitting field of x*— j. There-
fore, in order to find an explicit model for the entanglement modular curve in
this case, we work over K(¢) and apply Lemma 3.5, using the cubic polynomial
from Lemma 3.8 and the cubic polynomial x> — j(t) (where j(¢) is as given
in (41)). Note that we already know, a priori, when the quadratic subfields of

K(E;[3]) and K(E,[5]) coincide. The two quadratic subfields are K(v/—3) and
K(\/E), respectively. Hence, they will coincide if and only if y/—15 € K.

Theorem 3.11. Let XX be the modular curve of level 15 whose K-rational points
correspond generically to elliptic curves E /K satisfying:

(1) Gal(K(E[3])/K) = GL,(Z/37)
(2) Gal(K(E[5])/K) = &;,(5) (from above)
(3) Gal(K(E[5]) n K(E[3])/K) = S;.
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Then X is isomorphic to P! over its field of definition, Q(\/—15), and a
(degree 1) parameter u may be chosen on X so that the natural map from X to
XG(m,) Is described as follows.
3 5-3/-15

2

t=u
Proof. We begin by computing the discriminants of the two cubic polynomials
over K(t).
Ay = =33 - 15(¢2 + 5t + 40)? A, =35.5.(t2 + 5t + 40)?
Then the first step in applying Lemma 3.5 is to adjoin 6 to Q(t), where
8% = AJA, = —3° - 5 15(¢? + 5t + 40)*.
This clearly implies, as was noted above, that Q(t, §) = Q(t, \/—_15), and so we

may continue by taking § = 3*/—15 - £3(¢2 + 5t + 40)?. Applying Lemma 3.5,
we arrive at the model,

2 3
REPIPI S =) Nt

The model given in the statement of the theorem can be obtained by letting

5—3\2/—15> (t + 5+3\2/—15> ul

x=3-t<t+
O

3.5. Level 18. Let G(m;) = GL,(Z/2Z) and let G(m,) be the full pre-image
of the Borel group B(3) under the canonical projection from GL,(Z/9Z) onto
GL,(Z/37Z). Then G(m,) has an index 6 normal subgroup N(m,) consisting of
all upper triangular invertible matrices for which the diagonal entries are con-
gruent mod 3. Moreover, the quotient is isomorphic to S;. Fixing a surjection
¥, : G(m,) » S;withkery, = N(m,), and an isomorphism ¢, : G(m;) = S3,
we arrive at a group G := ﬂaiz (G(my) Xy, G(m,)) which is conjugate to the
group Gz in the statement of Theorem 1.8. In this section we derive an explicit
equation for the corresponding genus 0 modular curve X := Xg.

Following the yoga, we want to build X as an extension of the full
product curve X = Xg(m,)G(m,), bDut this is once again just Xg(y,) since
G(m;) = GL,(Z/2Z). Hence, X is canonically isomorphic to the well-known
modular curve X(3), for which we may choose the following parameter and
map to the j-line.

(m\" o (427t +243)°
= (a) Jj@) = =
Substituting j(t) into (42) as before, and making a linear change of variables,
we arrive at the family E; of elliptic curves over X given by the Weierstrass poly-
nomial, y*> = x3 + B(t)x + C(t), where

B(t) = =3(t +27)(t +243)  C(t) = 2(t + 27)(t% — 486t — 19683).
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Our next step is to determine the two cubic polynomials with coefficients in
Q(¢) that generically generate the corresponding S; subextensions of K(E;[2])
and K(E,;[9]) over K, respectively, for a given K-rational point of X. The first
is simply the Weierstrass polynomial, while the second is addressed in the fol-
lowing lemma.

Lemma 3.12. The S5 subextension of K(E;[9])/K which is fixed by N(m,)
(as above) is generically generated by the roots of the cubic polynomial,
x* + E(t)x + F(t), where

E(t) = =3t(t + 27)
F(t) = —t(2t + 27)(¢ + 27).

Proof. Note that N(m,), the kernel of the map from G(m,) to Ss, is con-
tained in the Borel group B(9). Hence, the corresponding S; subextension of
Gal(K(E,[9])/K) will be (generically) generated by a certain degree 3 factor in
the fiber product of X,y with X((9) over the j-line. Identifying X(y,,) with
X,(3), it is the factor whose points correspond in moduli-theoretic terms with
triples (E, C, D), where D is cyclic of order 9 and C = 3D. In order to determine
this factor explicitly, we need an explicit parameter on the genus 0 modular
curve X,(9), along with an equation for the map to the j-line. One choice of

parameter is given by the eta product function s = (7, / 779)3, for which the map
is as follows.

3
(s +9)% (s* + 243s% + 21875 + 6561)

J(s) 52 (s2+9s + 27)

Factoring j(s) — j(t), we find a unique factor of degree 3 over K(t).
s3 —ts?> —9ts — 27t

So the roots of this polynomial in s would indeed (generically) generate the
desired S; subextension of K(E,;[9]) over K. The substitution, s = %(x + 1),
yields the equivalent cubic given in the statement of the lemma. O

Theorem 3.13. Let X be the modular curve of level 18 whose K-rational points
correspond (generically) to elliptic curves E /K satisfying:

(1) Gal(K(E[2])/K) = GL,(Z/27)
(2) Gal(K(E[9])/K) = G(m,) (the full pre-image of B(3) in GL,(Z/97))
(3) Gal(K(E[9]) N K(E[2])/K) = S5 (the fixed field of N(m,) as above).

Then X is isomorphic to P! over Q, and a (degree 1) parameter u may be
chosen on X so that the natural map from X to X (,,) is described as follows.

t=—27(u-1)".
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Proof. In order to apply Lemma 3.5, we first set 6° equal to the product of

the discriminants of the cubic polynomial in Lemma 3.12 and the Weierstrass

polynomial of E;. Then & generates the quadratic entanglement curve over X.
62 = =28 .313(t + 27)%°

If we set § = 2% - 37(t + 27)*t%y, this simplifies to y> = —3t, so that y is clearly
a parameter (over Q) for the genus 0 curve.

Now that we have §, we are able to apply Lemma 3.5 to obtain an initial
singular equation for X of the form, x> + H(y)x + I(y) = 0. After mak-

ing the linear substitution, x = —i(y + 9)x,, we arrive at the equation,
xS + Hy(¥)xo + Iy(y) = 0, where Hy(y) and I(y) are as follows.
Hy(y) = =3y*(y = 27)(y + 27)(y — 9)*
Io(») = =y*(y — 9)%(2y° — 18y* + 2997y3 — 32805y% — 177147y + 1594323)

It is easy to check that a birational isomorphism over Q from P! to this singular
curve is given by the following equations.

-9 729u? (3u’ — 3u3 — 4u? + 2)
= Xn =
M 0 w3 —1)°
Composing with ¢t = —% y? results in the formula for the forgetful map from X
to X (m,) that is given in the statement of the theorem. (]

4. An application to counting elliptic curves over Q with
maximal Galois image modulo a prescribed obstruction

In this section we discuss an application of Theorem 1.8 to the problem of
determining which elliptic curves defined over Q have Galois image as large as
possible relative to a given obstruction, and also of counting elliptic curves with

this property. More precisely, as in Remark 1.4, let E,,; := U E[m] denote
m=1

the torsion subgroup of E over Q, let Gg = Gal(Q/Q) denote the absolute

Galois group of Q and let

P : Gg — Aut(Eiyy) GLZ(Z),
PEm - Go — Aut(E[m]) ~ GLy(Z/mZ)

be the Galois representations defined by letting G act on Ej (resp. on E[m])
and fixing Z/mZ-bases compatibly. Furthermore, let G C GL,(Z) be an
open subgroup and suppose that there is an elliptic curve E over Q satisfying
p5(Gg) € G. In fact, this will imply that G is admissible in the sense of the fol-
lowing definition, which is inspired by that found in [25, p. 1209] but is a slight
modification thereof.
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Definition 4.1. An open subgroup G C GL,(Z) is called admissible if
(1) detG = 7%, and

(2) 3g € G that is GL,(Z)-conjugate to either <(1) _01> or ((1) _11)
By considering the Weil pairing and the image under pg of a complex conju-
gation, we may see that

3 an elliptic curve E/Q with pp(Gg) CG => G is admissible.

Remark 4.2. Our restriction to considering only elliptic curves defined over Q
applies only to this section of the paper, and not to other sections. In particular,
the computer search associated to Theorem 1.8 is not restricted to admissible
subgroups of GL,(Z), and indeed the group G5 of (3) is not admissible, failing
each of the conditions in Definition 4.1.

Remark 4.3. As mentioned above, Definition 4.1 differs slightly from the def-
inition of admissible found in [25, p. 1209], wherein it is also demanded that
—I € G and that G be of prime power level. As a consequence of the Hasse-
Minkowski theorem, assuming —I € G and X has genus zero, they prove that

G is admissible and of prime power level = |X(Q)| = 0.

Given an admissible open subgroup G C GL,(Z), it is natural to wonder
whether or not there exists an elliptic curve E over Q satisfying

PE(Ga) =G. (45)
Because we are working over Q, classical class field theory motivates the fol-
lowing definition.

Definition 4.4. We say that a subgroup G C GL,(Z) is commutator-thick if
[G,G] = G N SLy(2).

Note that we clearly have [G, G] C GNSL,(Z) for any subgroup G C GL,(2),
and this containment can be proper (indeed, it is proper even for G = GL,(2))".
Furthermore, it follows from the Kronecker-Weber Theorem that, for any el-
liptic curve E over Q, the subgroup pp(Gg) C GL,(Z) is commutator-thick.
Indeed, identifying pr(Gg) with Gal(Q(E,s)/Q), we have

Qo) = QEgrs P2 OS2
C Q(Byor) [P CP2CD] € @20 = Q(u,,),

and so we must have equality at each inclusion. In particular, (45) can only
happen if G is itself commutator-thick. In case G is not commutator-thick, we
are motivated to consider what it should mean for pp(Gg) C G to be “as large
as possible.” Following [17], we make the following definition.

(46)

“Here we are defining the commutator subgroup [G, G] to be the closure of the subgroup
generated by commutators.
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Definition 4.5. Let G C GL,(Z). Given a subgroup H C G, we say that H is
commutator-maximal in G if

[H,H] = [G,G].

If H € G, we say that H is commutator-maximal in G if gHg~! is commutator-
maximal in G for some (any) g € GL,(Z) for which gHg™! C G.

We will use commutator-maximality of H = pp(Gg) € G to define the con-
cept of pr(Gg) having maximal image inside G. Since we are assuming that
G C GL,(Z) is an open subgroup, it follows that [G,G] C SL,(Z) is open,
which implies that the index of [G, G] in G N SL,(Z) is finite. As discussed in
[17], in case det H = Z*, Definition 4.5 is equivalent to the statement that

[H : G] =[[G,G] : GNnSLy(2)]. (47)

In case G = GL,(Z), the index on the right-hand side of (47) is 2; thus in this
case pg(Gg) is commutator-maximal in GL,(Z) if and only if p5(Gg) has index
two inside GL,(Z). An elliptic curve E for which [pg(Gg) : GLy(2)] = 2 is
typically called a Serre curve, and so this motivates the following nomenclature.

Definition 4.6. Let G C GL,(Z) be an admissible open subgroup and suppose
that E is an elliptic curve over Q that satisfies p(Gg) € G. We call E a G-Serre
curve if pp(Gg) is commutator-maximal in G, in the sense of Definition 4.5.

Remark 4.7. Definition 4.6 is stronger than (and in particular not equivalent
to) the condition that pz(Gg) be maximal among commutator-thick subgroups.
For example, there exist elliptic curves E over (2 for which

Q(WAg) = Q) (48)
and with pp(Gg) € GL,(Z) maximal among commutator-thick subgroups,
but, since the index two subgroup of GL,(2) corresponding to (48) is not
commutator-thick, none of these elliptic curves will be Serre curves. (In this
case, pp(Gg) must be contained in an index four subgroup of GL,(2).)

If E is an elliptic curve over Q with pz(Gg) € G, how can we tell whether or
not E is a G-Serre curve? We define the following two sets of proper subgroups
of G:

&G) :=lHCG : H admissible b.ut nqt
- commutator-maximal in G

(49)
©"M¥X(G) :={H € &(G) : AH, € &(G) for which H € H, ¢ G}.
Since we obviously have
E is not G-Serre < 3H € ©™¥(G) for which pp(Gg) CH,  (50)

it is of natural interest to determine the set ©@™#*(G). The following theorem
does so, for a particular open subgroup G C GL,(Z). As we will see, for each
H € {Gg, G5} (the two non-abelian entanglement groups featured in Theorem
1.8), we have H N G € @™*(G). To begin with, we will observe that this is
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not unexpected, since whenever H C G is a fibered product over a non-abelian
quotient and G is merely a fibered product over a cyclic quotient, then H is not
commutator-maximal in G. In particular, consider the following two lemmas,
where G, and G, are finite groups and ¥; : G; — I’y are surjective group ho-
momorphisms onto a common quotient group I'y, and recall that

G1 Xy Gy 1={(g1,82) € G1 X G, P1(g1) = P2(g2)}

denotes the fibered product group.

Lemma 4.8. With the notation as above, if the group Ty is cyclic, then we have
[Gl X¢ Gz, G]_ Xl,b Gz] = [Gl’ Gl] X [Gz, Gz] .

Proof. This follows from [18, Lemma 1, p. 174]. O

By contrast, we have

Lemma 4.9. With the notation as above, if the group Ty, is non-abelian, then

[G1 Xy G2, Gy Xy G,] € [G1,G1] X [G, Gs].

Proof. Since I'y is non-abelian, we have [I'y, ;] # {1}. Since each ¢; is onto,
we have

{1} # [Ty, Tyl = ¢ ([G;, Gi]) € Ty (ief1,2},
and so the commutator subgroup
[G1 Xy Ga, Gy Xy Gy] C [G1,G1] Xy [Ga, G]
is contained in a fibered product over the non-trivial group [Ty, Ty], and is
therefore a proper subgroup of [G;, G;] X [G,, G,]-

Combining Lemma 4.8 with Lemma 4.9, we obtain the following corollary.

Corollary 4.10. Let G = G, Xy G, be a fibered product over a cyclic group Ty, and,
foreachi € {1,2}, let H; C G; be a subgroup. Suppose that H C G is a subgroup of
the form H = H, X4 H,, where each ¢; : H; — Ty is a surjective homomorphism
onto a non-abelian group I'y. Then H is not commutator-maximal in G.

We now take G, := GL,(Z/2Z)and G, := {(; :)} C GL,(Z/3Z). We let

y = G (1)> € GL,(Z/2Z), and define the maps ¥, and 5 as follows:

can GL,(Z/27) ~
7

¥, 1 GLy(Z/22) ; —> {1},
V)

T e
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We define the index eight subgroup G(6) C GL,(Z/6Z) to be the fibered prod-
uct

G(6) 1= GLy(Z/22) %, {(; :)} (51)

and define G := ﬂaiz(G(6)) C GL,(Z) to be the associated open subgroup.

Let E be an elliptic curve satisfying p5(Gg) € G. Our next theorem determines
precisely the conditions under which E is a G-Serre curve®. First, let us denote
by

B(¢) :={(;") :)} C GL,(Z/t2), (¢ prime),
N oo (€) :={(’y€ —xy>} U {(; _yx>} CGL,(Z/¢Z) (¢ > 3prime)

respectively, the Borel subgroup and the normalizer of a non-split Cartan sub-
group of GL,(Z /¢ Z). Next, we define the following subgroups of GL,(Z).

G2,1 ={g S GLz(Z) . 8 mod 2 € B(Z)},
Gsp :={g€GLy(Z) : g mod 3 € Ny(3)

11
1

——

b

[e]

—_
[e]
W =

[\

G4’1 =18 € GLz(Z) . 8 mod 4 € <<

=
(9)]
N

k\/\/l\/\/\/

w . W
—

Ge1 =18 € GLy(Z) : g mod 6 €

S
w

Gy :=1g€GCLy(Z): g mod9e

(52)

—

N
~
N

’

SN
w O
~ ~——— ~—— - ~————
e e e
S =
N O NN O -

w W
N

)
)
)
)
)

(
(
Gg, = SEGLy)Z) : g mod9€<
<

Gos :=1g€GLy(Z): g mod9 e

o
N

L I
N
—_ S~ N~ ~—— ~—r ~—r

~
]
o

. o 17 3 4 3
Gig1 :=18 €GLy(Z) : g mod 18 € ( ,<3 14>,<3 14)>},
16 3 11 4 >
\9 8/)’\12 11 ’
5 16\ (7 13 >
\6 5/)’\3 10 )
By (50), we see that, when E is not a G-Serre curve, pp(Gg) CH for some

H € @M¥(G). Assuming that such a group H satisfies H(¢) = GL,(Z/¢Z)
foreach ¢ ¢ {2,3},[17, Theorem 2.7 & Remark 2.8] establishes in this case that

N N/~ /—~ —~
S \9}
\§)
=5 o

VVVAGBAAA
w O

Gigs =18 €GLy(Z) : g mod 18 € (

16 9
9 8

G18,3 =18 € GLz(Z) . 8 mod 18 € <<

>We have [G N SL,(Z) : [G,G]] = 2, and thus, E is a G-Serre curve if and only if p;(Gg) is an
index two subgroup of G.
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l Gi; from (52) H Gy, ‘ Gsa ‘ Gyq ‘ Goa ‘ Gy, ‘ Gy, ‘ Gys ‘ Gisa ‘ Gisa ‘ Giss ‘
genus(X@w,) 0 0 0 0 0 0 1 0 1 2
genus(Xgng, ;) 0 1 1 0 0 1 2 0 1 2

TABLE 5. Genera of modular curves associated to G; ; from (52)

[H(216), H(216)] # [G(216),G(216)]. Thus, it becomes a finite search to de-
termine the set ©@™#*(G), and, carrying out this computation, we arrive at the
following theorem.

Theorem 4.11. Let G(6) C GL,(Z/67) be the index two subgroup defined by
(51) and let G = naiz(G(6)) be the associated open subgroup of GL,(Z). For
each elliptic curve E over Q for which pg(Gg) € G, we have that E is not a G-Serre
curve if and only if

(1) there exists a group G; ; appearing in (52) for which pg(Gg) € G; j, or

(2) there exists a prime € > 5 for which pg ,(Gg) # GLy(Z /€ 7).

Remark 4.12. The subgroups G, and Gyg; of (52) are the subgroups G4 and
G5, respectively, that appear in Theorem 1.8. In particular, Theorem 4.11 high-
lights the role played by non-abelian entanglement groups in this problem. The
group G, has appeared in various previous papers (see [16], [13] and [25]); the
groups Gg ; and G , correspond, respectively, to the curves labeled 9C%—9qa and
9B% — 9q in the Table 1 of [25].

Remark 4.13. In the language introduced in (49), we have that

@"(G)={HNG : H=G;asin(52}u | IHNG : H € @ (£)},
€>5

where the set @™ (¢) is defined as follows: we let &(¢) denote the set of all
admissible open subgroups H C GL,(Z) for which H(¢) # GL,(Z/¢Z) and
define @™ (¢) C &(¢) to be the subset of those H € &(¢) that are maximal
with respect to subset inclusion. The genera of the modular curves Xa,, and
X6nGy, associated to each of the groups G; ; in (52) are listed in Table 5.

We now turn to the question: In case pp(Gg) € G, how likely is it that E is a
G-Serre curve? More precisely, assume for simplicity that —I € G, and suppose
that the modular curve X has genus zero and that X;(Q) # @. Projecting from
any rational point then yields a generic point in X; (Q(t)), whose specializations
give rise to all points in X;(Q). Applying the forgetful map to the j-line

Jo 1 Po(t) = Xg — X(1) = Py(j),
we may then construct a Weierstrass model £ defined over Q(t):

E:y>=x3+a()x +b(t) (a(t),b(t) € Q(t)),
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with j-invariant jg(t) = jg(¢). The generic Galois representation
pe : Gou — GLy(2)

satisfies pg(Gg()) € G. One can show independently that in fact, p¢(Gg()) = G,
but this may also be deduced from the following argument.

We are interested in understanding the nature of the specializations of £ and
their associated Galois representations. More precisely, let Ac(t) € Q(t) denote
the discriminant of € and define the finite subset By C Q by

Be :={t, € Q : a(t) or b(t) is not regular at ¢,
Ag(ty) =0, or je(ty) €{0,1728}}. (53)

For each t, € Q — B, we denote by &, the specialized Weierstrass model
y? = x> + a(ty)x + b(ty),

which is an elliptic curve over (). We always have Pe, (Gg) € G, and we would
like to ask how often a specialization &, is a G-Serre curve. More precisely, for

ty € Q, we denote by

Xo .
H(ty) := maxj|xo|,|yo| : to = o in lowest termsg .

0

A standard exercise in analytic number theory (see for instance [1, Theorem
3.9]) shows that

B

[ty € Q : H(t) < T} ~ ﬁﬂ as T — oo. (54)

It is reasonable to ask whether the ratio
|{t0 € Q—Bg : H(t)) < T, &, is a G-Serre curve}|
[{to € Q@ — B¢ : H(ty) < T}

tendsto1las T — oo. As discussed in [17] (see also [7]), this is indeed the case;
in the spirit of [15] and [7], one might want to compute an asymptotic formula
as T — oo for the size of the truncated exceptional set

8(T) :={ty € @ — B¢ : H(ty) < T, &, is not a G-Serre curve}. (55)
By (50), we see that
sm= |J sum, (56)
He@max(G)

where
Su(T) := {to € Q—Bg : H(t) <T, PetO(G@)QH}-

A straightforward commutator calculation shows that, for any subgroup H C G
with H = G, [H,H] = [G,G]. Thus, for any H € &™%(G), we must have
H +# G. This observation shows that the sets 8;;(T) above are (truncations of)
“thin sets” in the sense of [23]. Indeed, for H € &™¥(G), let f; : Xy — X¢
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denote the forgetful map and d; := deg f = [G : H] its degree. We have the
commuting diagram

JH

Xy L xg L3 BL().
For each t, € Q — B¢, we have
PetO(G@)QH = Je, € Jn(Xu(Q)),
and thus
Su(T) :={to € Q= Bg : H(tg) < T, Je, € jur Xp(Q)}.

It follows from this (see [23, p. 133]) that, as T — oo, we have

~ CyT? if genus(Xy) = 0 and |X;(Q)| = o,
|Su(T)] ~ Cy(logT)Pu/2  if genus(Xy) = 1and |X5(Q)| = 0, (57)

where Cy > 0 denotes a constant, dy is the degree of f; in case genus(Xy) = 0,
and py > 1 denotes the Mordell-Weil rank of Xy in case genus(Xy) = 1 and
|X1(Q)| = co. Furthermore, in [7] it is shown that the infinite tail occurring in
(56) may be bounded, so that for any ¢ > 0, we may write

sm=8mMu ] Sum
He@™*(G)
mg, (H)<r

for some r = rg . € N, where

. a b
I e i
( ) B with _]g(t) = P(at+b) ,

ct+d
Og . (T%) otherwise.

Thus, we see that the asymptotic growth in T of the truncated excep-
tional set S(T') is governed by the arithmetic of the curves Xy for subgroups
H € @™*((G); in particular, such growth is governed by those H € @™*(G)
satisfying genus(Xy) = 0, if such subgroups exist; we refine (49) by defining

©(G,g) :={H € &(G) : genus(Xy) = g}.
In case &(G,0) # @, (57) leads us to the definitions
dmin(G,0) :=min{dy : H € &(G,0)},
©Lin(G,0) :={H € &(G,0) and dyy = dpp;n(G,0)}.

In our case of the group G appearing in Theorem 4.11, a computation shows
that, for each prime ¢ > 5 and each H € ©™*(¢) (see Remark 4.13), the
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modular curve Xsn~g has genus at least one. A bit more computation shows
that d,;,(G,0) = 3 and

Gnin(G,0) = {G;1,Gg1,Go 1, G151}

(see Table 5). Finally, by considering the divisor div(j), it is straightforward to
at+b a b

1 d ) for any (c d) € GL,(Q) and any
P(x) € Z|[x]. Thus, the above analysis leads to the following second theorem.
We define the rational functions

verify that jo(t) is not of the form P (

L But+1 ._ .3 . 3 1
tz(u).—m, te(w) :=u’+1, to(u) :=1/u’, tlS(u)'_u3—1’
(58)
and the elliptic curve
108(t2 — 1)(t2 —9)>  432(t> — 1)(t* — 9)°
£ P =xie ( X >, _ B X g (59)

(14 + 1812 — 27)2 (14 + 1812 — 27)2

Theorem 4.14. Let G(6) C GL,(Z/62Z) be the index eight subgroup defined by
(51) and let G = ﬂaiZ(G(@) be the associated open subgroup of GL,(Z). Let &

be the elliptic curve over Q(t) defined by (59) and define the corresponding finite
subset B¢ C Q by (53). We have

(1) Foranyt, € Q — Bg, the specialized curve &, satisfies
Pe,, (Ga) CG.
(2) Forany e > 0, the truncated exceptional set S(T), defined in (55), satisfies
IS(D)I = CT*/ + O(T°),
for some constant C > 0. More precisely, we have

H(ty) <T,ty = ti(uo)}

$(I) = 8T U {to €Q-Bg: for some uy € Q

i€{2,6,9,18}

(60)

where t,(u), ts(u), to(u), t;5(u) € Q(u) are as in (58) and the set 8'(T)
satisfies |8'(T)| = O.(T*).
(3) In particular, we have
‘{to € Q—B; : H(ty) < T and & is a G-Serre curve}|
i
T—o0 |{t0 e Q- Bg : H(to) < T}|

=1,

i.e. almost all specializations of £ are G-Serre curves.

Remark 4.15. Part (3) of Theorem 4.11 follows immediately from part (2) and
(54). It is also is a special case of [17, Theorem 2.11], the relevance to this pa-
per being (60), which highlights the involvement of non-abelian entanglement
modular curves in this problem, since t¢(ut) (resp. t;5(u)) corresponds to the
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forgetful map associated to the curve X g (resp. the curve X ) featured in
Theorem 1.8:

forgetful map

Xopno —— PLw) —=% PL(1) —=5 Xg,

Xo,, —= PLw) —23 PL(H) — X,

forgetful map

In particular, we see that non-abelian entanglement groups arise naturally in
the problem of determining and counting elliptic curves over Q for which
pe(Gg) € G is as large as possible, given the constraints dictated by the
Kronecker-Weber theorem.

5. An infinite family of Ds-entanglements

In this section, we exhibit an infinite family of Dg-entanglements, which in
particular demonstrates that, for fixed Gy € G,on_ap(0), the set

{mGLZ(G) :G € 9non—ab(0)a G iSL2 GO} (61)

is in general unbounded. First, let G; C GL,(Z) be defined by
~ k%
Gs := {g € GLy(2) : m5(g) € {(0 *>}},

where here and in what follows we denote by 7r,,, : GL,(Z) — GL,(Z/mZ) the
canonical projection map. Next, fix an arbitrary fundamental discriminant D €
Z and define

Ao GLy(2) — {£1},  xp(g) = (deitg)

We fix isomorphisms
7T3(G3) >~ S3 X {il}, 7T2(G3) ad S3, (62)
and define the fibering maps 5 and ¥ by

Y3 1 Gy — 2% 73(Gy) —=— Sy x {+1}

¥p 1 Gy 22 7,(Gy) X {1} —=5 Sy x {=1};
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we note that 3, is surjective, provided D # 1. Finally, we define the open
subgroup Ggp C GL,(Z) by

Gep ‘=18 €G3 : ¥3(8) = ¥p(g)}-
It is straightforward to see that, under (62), we have
¥3 (G3 NSLy(2)) = Az x {1},
¥p (G3 NSLy(2)) = S5 x {1},

and it follows from this that

Gep NSLy(2) = 95| (As x{1)nypl !

SLy(2) SL,(2) (A3 X {13).

Thus, the groups Gep all have SL,-level 6. Since the GL,-level of Ggp is
lcm (6, |D|), this example demonstrates that the set (61) is indeed unbounded.
Furthermore, we note that —I ¢ G p, and that the group Gy ;, has level 6. Since
this group does not depend on D, let us denote it by Gg.

Under what conditions do we have pg(Gg) € Gg p? Define the map

nimG)— @ n((§ g))=ae@pzy i,
Assume for simplicity that

s €K, VD¢ K(us). (63)
Then, for an appropriate choice of the isomorphism 75(G) ~ S5 X {1} in (62),
we have that for any elliptic curve E over K, pp(Gg) € G p if and only if E ad-
mits a K-rational isogeny of degree 3 and also satisfies the three conditions

K(us) CK(E[2]), K(E[3]) = K(E[2],VD), K(E[3])" = K\D).

Thus, setting mp := lcm(2,|D|), we have that, under the hypothe-
sis (63), elliptic curves E/K with pg(Gg)C Gsp have the entanglement
K(E[3]) C K(E[mp]). Furthermore, since generically we have

Gal(K(E[3])/K) = m3(G3) ~ S3 X {1} ~ D,

this is an example of a Dg-entanglement.
For each fundamental discriminant D, there is an elliptic curve £, over Q(t)
satisfying pg(Ggr)) = Ge p- To describe it, we first define

A(t) 1= =32(83 = 2)(3 + 2)3(t3 + 4)
B(t) := —2t12(3 + 2)*(t* — 23 + 4t — 2)-
(t3 + 2t7 + 4% + 8t° 4+ 10t* + 8t3 + 1612 + 8t + 4),

and then set
Ep o y?> =x3+D?*A(t)x + D3B(¢t). (64)



ELLIPTIC CURVES WITH NON-ABELIAN ENTANGLEMENTS 227

The discriminant A, (¢) and j-invariant jg () are given by
Ag, (1) = 21233DOr24(r + 1)P(t* — t + 1)°(£ + 2)%,
—2783(83 = 2)3(3 + 2)(t3 + 4)°
(t+1)6(2—t+1)°

By [9, Theorem 1.6], the elliptic curve &€; /Q(t) has the property that pg (Ggq())
belongs to one of the two index two subgroups of the level 6 group G corre-
sponding to elliptic curves E/Q satisfying Q(E[2]) = Q(E[3]); its twist E_;
by Q(v/ —3) has mod 6 image belonging to the other such index two subgroup.
Given this, it is straightforward to verify (e.g. by explicitly computing a Galois-

stable cyclic subgroup ¢ C &p[3]) that &, admits a Q(t)-rational isogeny of
degree three and that the following three conditions hold.

Q0) () € Q) (Ep[2])
Q) (&pl3]) = Q@) (&p[21,VD)
Q) (€p[3D"" = () (VD)

Thus, pg, (Gaw)) € Gy p, and by examining specializations, we may see that in
fact pe,(Gaq)) = Gep-

Je, () =

Remark 5.1. A curious feature of the underlying group Gy in the above exam-
ple is that, given any elliptic curve E over Q for which p5(Gg) C Gg, we have
—I ¢ pp(Gg), in spite of the fact that —I € G,. The reason for this is as follows:
a computation shows that

—I & [G4(6),G4(6)] -

In the language of Section 4, this implies that there are no commutator-thick
subgroups of G4 that contain —I. In particular, since pg(Gg) is commutator-
thick (see (46)), we conclude that —I ¢ pp(Gg). By the same reasoning, the
same conclusion holds for the group G appearing in Theorem 4.11.

Remark 5.2. In the language of Section 4, the collection of groups
{Gep C GL,(2) : D is a fundamental discriminant}

is exactly the set of all commutator-maximal subgroups of G4. Thus, in case K =
Q, any G4-Serre curve E over Q satisfies pp(Gg) = Gg , for some fundamental

discriminant D. In the language of [10], the quadratic entanglement Q(\/B) Cc
Q(E[3])nQ(E[|D]]) is an explained entanglement, in the sense that it is forced
by the Kronecker-Weber Theorem. Thus, this example is similar in nature to
the set of all index two “Serre subgroups” described in [25, Remark 1.3]; the
reason we include it here is to emphasize that the same “unbounded GL,-level
with fixed SL,-level” phenomenon can happen when considering non-abelian
entanglement groups.
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