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An obstruction of Gordian distance one and
cosmetic crossings for genus one knots
Tetsuya Ito
Abstract. We give an obstruction for genus one knots 𝐾, 𝐾 ′ to have Gordian distance one by using the 0th coefficient of the HOMFLY polynomials.
As an application, we give a new constraint for a genus one knot to admit
a (generalized) cosmetic crossing. Combining known results, we prove the
(generalized) cosmetic crossing conjecture for genus one pretzel knots.
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1. Introduction
For oriented knots 𝐾, 𝐾 ′ in 𝑆 3 , the Gordian distance 𝑑𝐺 (𝐾, 𝐾 ′ ) of 𝐾 and 𝐾 ′
is the minimum number of crossing change needed to transform 𝐾 into 𝐾 ′ . In
particular, when 𝐾 ′ is the unknot 𝑈, 𝑑𝐺 (𝐾, 𝑈) is nothing but the unknotting
number.
Let 𝑃𝐾 (𝑣, 𝑧) be the HOMFLY polynomial of a knot or link 𝐾 in 𝑆 3 , defined
by the skein relation
𝑣 −1 𝑃𝐾+ (𝑣, 𝑧) − 𝑣𝑃𝐾− (𝑣, 𝑧) = 𝑧𝑃𝐾0 (𝑣, 𝑧),

𝑃𝖴𝗇𝗄𝗇𝗈𝗍 (𝑣, 𝑧) = 1.

It is known that the HOMFLY polynomials are written in the form
∑
𝑃𝐾 (𝑣, 𝑧) = (𝑣−1 𝑧)−𝑟𝐾 +1 𝑝𝐾𝑖 (𝑣)𝑧2𝑖 ,
𝑝𝐾𝑖 (𝑣) ∈ ℤ[𝑣 2 , 𝑣−2 ].
𝑖=0

Here 𝑟𝐾 denotes the number of components of 𝐾. We call the polynomial 𝑝𝐾𝑖 (𝑣)
the 𝑖-th coefficient (HOMFLY) polynomial of 𝐾.
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The aim of this paper is to point out the following obstruction for Gordian
distance one for genus one knots. For a knot 𝐾, we denote by 𝑎2 (𝐾) the coefficient of 𝑧2 for the Conway polynomial ∇𝐾 (𝑧) of 𝐾.
Theorem 1.1. Let 𝐾 and 𝐾 ′ be genus one knots. Assume that 𝐾 ′ is obtained from
𝐾 by the crossing change at a non-nugatory crossing with sign 𝜀 = ±1. Then
′

𝑣 −𝜀 𝑝𝐾0 (𝑣) − 𝑣 𝜀 𝑝𝐾0 ′ (𝑣) = 𝜀(𝑣 −1 − 𝑣)𝑣2𝜀(𝑎2 (𝐾)−𝑎2 (𝐾 )) 𝑓(𝑣)2
for some 𝑓(𝑣) ∈ ℤ[𝑣2 , 𝑣−2 ] such that 𝑓(1) = 1, 𝑓 ′ (1) = 0.
Here a crossing 𝑐 of a diagram 𝐷 is nugatory if the crossing 𝑐 is equivalent
to a reducible crossing; after suitable Reidemeister moves fixing the crossing 𝑐
there is a circle 𝐶 on the projection plane that is transverse to the diagram only
at 𝑐.
Obviously, the crossing change at a nugatory crossing does not change the
isotopy class of the knot. A cosmetic crossing is a non-nugatory crossing 𝑐 such
that the crossing change at 𝑐 does not change the isotopy class of the knot. The
cosmetic crossing conjecture [Ki97, Problem 1.58] asserts such a crossing never
exists.
The cosmetic crossing conjecture for genus 1 knots was studied in [BFKP12]
where they proved the conjecture under several assumptions, such as 𝐾 is algebraically non-slice. In [It22] we extended the result for the case the Alexander
polynomial of 𝐾 is non-trivial, and gave some criteria that can be applied for
the case the Alexander polynomial is trivial.
However, even for the genus one pretzel knots, the simplest family of genus
one knots, there are infinitely many cases where all the known criteria fail to
rule out cosmetic crossings.
By putting 𝐾 = 𝐾 ′ , Theorem 1.1 immediately yields a constraint for a genus
one knot to admit a cosmetic crossing; when a genus one knot 𝐾 admits a
cosmetic crossing, then 𝑝𝐾0 (𝑣) = 𝑓(𝑣)2 for some 𝑓(𝑣) ∈ ℤ[𝑣2 , 𝑣−2 ] satisfying
𝑓(1) = 1, 𝑓 ′ (1) = 0.
As we will discuss in Section 3, it turns out that this criterion actually applies
to generalized cosmetic crossings (see Section 3 for a definition of generalized
cosmetic crossing).
Theorem 1.2. Let 𝐾 be a knot of genus one. If 𝐾 admits a generalized cosmetic crossing then 𝑝𝐾0 (𝑣) = 𝑓(𝑣)2 for some 𝑓(𝑣) ∈ ℤ[𝑣2 , 𝑣−2 ] satisfying 𝑓(1) =
1, 𝑓 ′ (1) = 0.
By using this obstruction we finally confirm the (generalized) cosmetic crossing conjecture for genus one pretzel knots.
Theorem 1.3. A genus one pretzel knot does not admit a generalized cosmetic
crossing.
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2. Gordian distance one obstruction
2.1. Crossing change between two genus one knots. First we review the
geometric content of crossing changes, following [ST89, KL06].
A crossing disk 𝐷 for an oriented knot 𝐾 is an embedded disk whose interior
intersects 𝐾 at exactly two points with opposite signs. We call the boundary
𝜕𝐷 a crossing circle. By suitably taking a crossing disk 𝐷, a crossing change at
a crossing 𝑐 can be seen as 𝜀 = ±1 Dehn surgery on the crossing circle 𝜕𝐷.
Moreover, the crossing 𝑐 is nugatory if and only if the crossing circle 𝜕𝐷 bounds
a disk in the knot complement 𝑆 3 ⧵ 𝐾.
Let 𝐾+ , 𝐾− , 𝐾0 be the knots (or, diagrams) which are the same outside a small
3-ball, and in the small ball 𝐾+ , 𝐾− , 𝐾0 are +1, −1, 0-tangle oriented as follows.
I 
@
@

@ 
I
@
@

I 

𝐾+
𝐾−
𝐾0
We call (𝐾+ , 𝐾− , 𝐾0 ) a skein triple and we say that a skein triple is non-trivial if
the crossing in the 3-ball is non-nugatory.
For a link 𝐿, let 𝜒(𝐿) be the maximum euler characteristic of a Seifert surface
of 𝐿. Here we allow a non-connected Seifert surface, but we do not allow closed
components.
A key geometric ingredient of the proof of Theorem 1.1 is the following proposition, which is a reformulation of [ST89, Theorem 1.4], [KL06, Theorem 2.1]
(see also [BFKP12, Proposition 2.2])
Proposition 2.1. Let (𝐾+ , 𝐾− , 𝐾0 ) be a non-trivial skein triple and assume that
𝐾+ and 𝐾− are genus one knots. Then 𝐾0 bounds an annulus.
Proof. Let (𝐾+ , 𝐾− , 𝐾0 ) be a non-trivial skein triple, and let 𝐷 be the crossing
disk for 𝐾+ . Since the linking number of 𝜕𝐷 and 𝐾+ is zero, 𝐾+ bounds a surface
𝑆 in the complement 𝑆 3 ⧵ 𝜕𝐷. We take such a surface so that its genus is minimum. By [KL06, Theorem 2.1], 𝑔(𝐾0 ) ≤ 𝑔(𝑆) = max{𝑔(𝐾+ ), 𝑔(𝐾− )}. Therefore
𝑔(𝑆) = 1.
We put 𝐷 so that the intersection 𝛼 ∶= 𝐷∩𝑆 is a single arc. Since 𝑐 is assumed
to be non-nugatory, 𝛼 is essential in 𝑆. Thus by resolving the crossing 𝑐, we get
a connected Seifert surface 𝑆0 of 𝐾0 such that 𝜒(𝑆0 ) = 𝜒(𝑆) + 1 = 0. Hence 𝐾0
bounds an annulus 𝑆0 .

1

2.2. Zeroth coefficient of the HOMFLY polynomial. Let 𝛿 = (𝑟𝐾+ −𝑟𝐾0 +
2
1) ∈ {0, 1}. Namely, we define 𝛿 = 0 if two strands in the skein triple belong
to the same component, and 𝛿 = 1 otherwise. From the skein relation, the zeroth coefficient polynomial 𝑝𝐾0 (𝑣) satisfies the following simple but remarkable
skein relations.
𝑝0 (𝑣)
𝑣 −2 𝑝𝐾0 (𝑣) − 𝑝𝐾0 (𝑣) = { 𝐾0
+
−
0

if 𝛿 = 0,
otherwise.
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Consequently, the zeroth coefficient polynomial 𝑝𝐿0 (𝑣) of a link 𝐿 is determined by the zeroth coefficient polynomial 𝑝𝐾0 (𝑣) of each component 𝐾𝑖 and
𝑖
∑
the total linking number 𝑙𝑘(𝐿) = 𝑖<𝑗 𝑙𝑘(𝐾𝑖 , 𝐾𝑗 ).
Proposition 2.2. Let 𝐿 = 𝐾1 ∪ ⋯ ∪ 𝐾𝑛 be an 𝑛-component link. Then
𝑝𝐿0 (𝑣) = (𝑣 −2 − 1)𝑛−1 𝑣2𝑙𝑘(𝐿) 𝑝𝐾0 (𝑣)𝑝𝐾0 (𝑣) ⋯ 𝑝𝐾0 (𝑣)
1

2

𝑛

The zeroth coefficient polynomial 𝑝𝐾0 (𝑣) of a knot 𝐾 satisfies 𝑝𝐾0 (1) = 1
and (𝑝𝐾0 )′ (1) = 0. Conversely, every 𝑓(𝑣) ∈ ℤ[𝑣2 , 𝑣−2 ] satisfying 𝑓(1) = 1
and 𝑓 ′ (1) = 0 is realized as the zeroth coefficient polynomial of some knots
[Kaw94].
Summarizing, when a two-component link 𝐾 bounds an annulus, the zeroth
coefficient polynomial 𝑝𝐾0 (𝑣) takes a special form.
Corollary 2.3. Let 𝐿 be a two-component link that bounds an annulus. Then
𝑝𝐾0 (𝑣) = (𝑣 −2 − 1)𝑣 2𝑙𝑘(𝐿) 𝑓(𝑣)2 for some 𝑓(𝑣) ∈ ℤ[𝑣 2 , 𝑣−2 ] satisfying 𝑓(1) = 1
and 𝑓 ′ (1) = 0.
2.3. Proof of Theorem 1.1. Theorem 1.1 is obtained by combining the arguments in Section 2.1 and 2.2.
Proof of Theorem 1.1. We prove the theorem for the case 𝜀 = +1. The case
𝜀 = −1 is similar. Let (𝐾+ = 𝐾, 𝐾− = 𝐾 ′ , 𝐾0 ) be the non-trivial skein triple. By
Proposition 2.1, 𝐾0 bounds an annulus hence by Corollary 2.3, 𝑝𝐾0 (𝑣) = (𝑣 −2 −
0

1)𝑣 2𝑙𝑘(𝐾0 ) 𝑓(𝑣)2 for some 𝑓(𝑣) ∈ ℤ[𝑣2 , 𝑣−2 ] satisfying 𝑓(1) = 1 and 𝑓 ′ (1) = 0.
By the skein relation of the Conway polynomial, 𝑙𝑘(𝐾0 ) = 𝑎2 (𝐾+ ) − 𝑎2 (𝐾− ).
Hence by the skein relation of the 0-th coefficient polynomial we conclude that
𝑣−2 𝑝𝐾0 (𝑣) − 𝑝𝐾0 (𝑣) = (𝑣−2 − 1)𝑣 2(𝑎2 (𝐾+ )−𝑎2 (𝐾− )) 𝑓(𝑣)2 .
+

−



3. Generalized cosmetic crossings
A generalized crossing change (of degree 𝑞) is the

1
𝑞

surgery (𝑞 ∈ ℤ ⧵ {0}) on

a crossing circle (note that 𝑞 = ±1 is the usual crossing change). A generalized
cosmetic crossing is a non-nugatory crossing such that a generalized crossing
change at the crossing yields the same knot.
As a natural generalization of the cosmetic crossing conjecture, it is conjectured that no knot admits a generalized cosmetic crossing. Indeed, in most
literature on cosmetic crossings including early ones [To99, Kal12] and recent
ones [BK16, LM17, Ro20, Wa20], generalized cosmetic crossings are actually
discussed and studied and ‘cosmetic surgery conjecture’ is often used to represent this stronger version.
As far as the author knows, all the assertions concerning cosmetic crossings
actually can be applied for generalized cosmetic crossings, with some modifications or additional arguments, if necessary.
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For example, in the author’s previous paper [It22], or in [BFKP12] on genus
one knots, they only explicitly stated and discussed usual cosmetic crossings.
But one can check that a similar argument actually shows the non-existence of
generalized cosmetic crossings. In particular, it is actually proved that a genus
one knot with non-trivial Alexander polynomial does not admit generalized
cosmetic crossings.
The same is true for the condition 𝑝𝐾0 (𝑣) = 𝑓(𝑣)2 , even though it appeared
as a special case of the Gordian distance one obstruction.
Proof of Theorem 1.2. Assume that a generalized crossing change of degree
𝑞 at a non-nugatory crossing 𝑐 produces the same knot. We treat the case 𝑞 > 0.
For each 𝑖 = 0, 1, … , 𝑞−1, let 𝐾𝑖 be the knot obtained by the generalized crossing
change of degree 𝑖 at the crossing 𝑐 (here 𝐾0 = 𝐾), and let (𝐾𝑖 , 𝐾𝑖+1 , 𝐾𝑖,0 ) be the
corresponding skein triple. By definition, 𝐾0,0 = 𝐾1,0 = ⋯ = 𝐾𝑞−1,0 , so we
call this link 𝐿. The same argument as Proposition 2.1 shows that 𝐿 bounds an
annulus so 𝑝𝐿0 (𝑣) = (𝑣−2 − 1)𝑣 2𝑙𝑘(𝐿) 𝑓(𝑣)2 for some 𝑓(𝑣) ∈ ℤ[𝑣 2 , 𝑣−2 ] satisfying
𝑓(1) = 1 and 𝑓 ′ (1) = 0. Since
𝑞−1

0 = 𝑎2 (𝐾0 ) − 𝑎2 (𝐾𝑞 ) =

∑

𝑞−1

∑

(𝑎2 (𝐾𝑖 ) − 𝑎2 (𝐾𝑖+1 )) =

𝑙𝑘(𝐾𝐿 ) = 𝑞𝑙𝑘(𝐿)

𝑖=0

𝑖=0

𝑙𝑘(𝐿) = 0. Then
(𝑣−2 − 𝑣2𝑞−2 )𝑝𝐾0 (𝑣) = 𝑣−2 𝑝𝐾0 (𝑣) − 𝑣2𝑞−2 𝑝𝐾0 (𝑣)
0

𝑞

𝑞−1

=

∑

𝑣 2𝑖 (𝑣 −2 𝑝𝐾0 (𝑣) − 𝑝𝐾0 (𝑣))

𝑞−1

=
=
hence

𝑝𝐾0 (𝑣)

=

∑

𝑖+1

𝑖

𝑖=0

𝑞−1

𝑣 2𝑖 𝑝𝐿0 (𝑣)

𝑖=0
(𝑣 −2

−

=

∑

𝑣 2𝑖 (𝑣−2 − 1)𝑓(𝑣)2

𝑖=0
2𝑞−2
𝑣
)𝑓(𝑣)2

𝑓(𝑣)2 .



Proof of Theorem 1.3. Let 𝐾 = 𝑃(𝑝, 𝑞, 𝑟) be a genus one pretzel knot where
𝑝, 𝑞, 𝑟 are odd integers. Here we use the convention that 𝑃(1, 1, 1) is a positive
𝑝𝑞+𝑞𝑟+𝑝𝑟+1
diagram. Then 𝑎2 (𝐾) =
.
4
As we have mentioned, since we have proven the generalized cosmetic crossing conjecture when the Alexander polynomial of 𝐾 is non-trivial [It22], we assume that 𝑎2 (𝐾) = 0. By taking the mirror image if necessary, it is sufficient
to treat the case 𝑝 ≥ 𝑞 > 0 > 𝑟. Note that 𝑟 ≠ −1 because, when 𝑟 = −1,
𝑝𝑞+𝑞𝑟+𝑝𝑟+1
𝑎2 (𝐾) =
= 0 implies 𝑞 = 1 so 𝐾 is the trivial knot. For a similar
4
reason, 𝑞 ≠ 1 as well.
The zeroth coefficient polynomial of 𝐾 = 𝑃(𝑝, 𝑞, 𝑟) is computed from the
skein relation, and given by
𝑝𝐾0 (𝑣) = 𝑣𝑝+𝑞 − 𝑣𝑝+𝑞+𝑟+1 − 𝑣𝑝+𝑞+𝑟−1 + 𝑣𝑝+𝑟 + 𝑣𝑞+𝑟
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(see [Ta17, Proposition 2.2 (i)] or [GJ13, Theorem 3.7], for example). Since 𝑝 ≥
𝑞 > 1 > −1 > 𝑟,
𝑝 + 𝑞 > 𝑝 + 𝑞 + 𝑟 + 1 > 𝑝 + 𝑞 + 𝑟 − 1 > 𝑝 + 𝑟 ≥ 𝑞 + 𝑟.
𝑝𝐾0 (𝑣)

If
= 𝑓(𝑣)2 , then the coefficient of 𝑣𝑝+𝑞+𝑟+1 should be even so 𝑝𝐾0 (𝑣) is
not the square of other polynomials. Therefore by Theorem 1.2 𝐾 = 𝑃(𝑝, 𝑞, 𝑟)
does not admit a generalized cosmetic crossing.
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