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On the chromatic localization of the
homotopy completion tower for 𝒪-algebras
Crichton Ogle and Nikolas Schonsheck
Abstract. The completion tower of a nonunital commutative ring is a classical construction in commutative algebra. In the setting of structured ring
spectra as modeled by algebras over a spectral operad, the analogous construction is the homotopy completion tower. The purpose of this brief note
is to show that smashing localizations, such as that given by the JohnsonWilson spectrum 𝐸(𝑛), commute with the terms of this tower.

Contents
1. Introduction
2. Proof of Theorem 1.5
3. Constructing 𝑆𝐸 and the proof of Theorem 1.1
4. Identification of the Taylor tower
References

1042
1045
1047
1051
1054

1. Introduction
We work in the context of symmetric spectra [14], and consider any algebraic structure described by algebras over a reduced operad 𝒪; that is, 𝒪[0] =∗
and hence 𝒪-algebras are nonunital . (See [5] and [18] for other well-behaved
categories of spectra.) To any 𝒪-algebra 𝑋, there is an associated homotopy
completion tower [12], analogous to the 𝑅-adic completion tower of a nonunital commutative ring 𝑅. The aim of this short paper is to show that the terms
of this tower commute with smashing localizations.
To keep this paper appropriately concise, we freely use the notation of [12]
in discussing homotopy completion in 𝖠𝗅𝗀𝒪 . The basic idea of the construction
is that the map of operads 𝒪 → 𝜏𝑘 𝒪 induces a Quillen adjunction
𝜏𝑘 𝒪◦𝒪 −

𝖠𝗅𝗀𝒪 o

/

𝐹

𝖠𝗅𝗀𝜏

𝑘𝒪

(1)
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where 𝜏𝑘 𝒪 is the degree 𝑘 truncation of 𝒪, i.e., 𝜏𝑘 𝒪 is equal to 𝒪 in degrees less
than or equal to 𝑘 and is trivial above. For any 𝒪-algebra 𝑋, this construction
gives rise to a tower 𝑋 → {𝜏𝑘 𝒪◦𝒪 (𝑋)}𝑘 . If 𝑋 is cofibrant, this construction is homotopical and is known as the homotopy completion tower of 𝑋. In fact, as we
elaborate in Section 4, this tower can be identified with the Taylor tower [8] of
the identity functor on 𝖠𝗅𝗀𝒪 . Our discussion of this identification supplements
[17, 2.21] and [20, 4.3].
Throughout the paper, we let 𝐸 be a symmetric spectrum with the following
Σ
ℕ
property. For 𝒰 ∶ 𝖲𝗉 → 𝖲𝗉 the forgetful functor from symmetric to ordinary
(or, sequential) spectra, assume that the localization functor associated to 𝒰𝐸,
as defined in [2], is smashing. We will denote this localization by 𝐿𝐸 . Much
of our technical work involves constructing a well-behaved model 𝑆𝐸 of the
𝐸-local sphere spectrum (see Theorem 1.6). Using this model, we obtain our
main result, proven in Section 3. Note that, below, the superscript “𝗁” is added
to denote a suitably derived version of 𝜏𝑛 𝒪◦𝒪 (−), as in [12, 3.3]; in particular,
𝜏𝑛 𝒪◦𝗁𝒪 (𝑋) is fibrant for all 𝑋. We also remind the reader that equivalences in
ℕ
Σ
𝖲𝗉 are strictly stronger than equivalences in 𝖲𝗉 , since the latter need not induce isomorphisms on stable homotopy groups.
Σ

Σ

ℕ

Theorem 1.1. Let 𝒪 be a Σ-cofibrant operad in 𝖲𝗉 and 𝒰 ∶ 𝖲𝗉 → 𝖲𝗉 the
forgetful functor from symmetric to ordinary spectra. If 𝑋 is a fibrant 𝒪-algebra,
then there is a weak equivalence
(
)
𝐿𝐸 𝒰𝜏𝑛 𝒪◦𝗁𝒪 (𝑋) ≃ 𝒰𝜏𝑛 𝒪◦𝗁𝒪 (𝑆𝐸 ∧ 𝑋)
(2)
with 𝒰(𝑆𝐸 ∧ 𝑋) ≃ 𝐿𝐸 (𝒰𝑋).
Remark 1.2. The particular case of Theorem 1.1 that originally motivated this
paper is obtained when one takes 𝐸 to be the Johnson-Wilson spectrum 𝐸(𝑛)
for a fixed prime 𝑝; see, for instance, [15]. A construction of 𝐸(𝑛) in symmetric spectra is given in [25, I.6.63] and it is a classical result [21] that the corresponding 𝐸(𝑛)-localization is smashing. It is also worth noting that the first
layer 𝜏1 𝒪◦𝗁𝒪 (𝑋) of the homotopy completion tower of an 𝒪-algebra 𝑋 is the
𝖳𝖰-homology of 𝑋 (see, e.g., [3], [10], [22], and [23]). Thus, under appropriate fibrancy conditions, Theorem 1.1 shows that 𝖳𝖰-homology commutes with
chromatic (or, more generally, smashing) localizations.
Remark 1.3. Although we have assumed Σ-cofibrancy in Theorem 1.1, any operad can be replaced by a weakly equivalent Σ-cofibrant operad, and the induced map of homotopy completion towers is a weak equivalence; see, for instance, [12, 3.26, 5.48].
In Section 4, we show an equivalence between the homotopy completion
tower of an 𝒪-algebra 𝑋 and the Taylor tower of the identity functor evaluated
on 𝑋, with no connectivity assumptions on 𝑋. Specifically, Theorem 4.1 establishes a zigzag of weak equivalences
𝜏𝑛 𝒪◦𝒪 (𝑋) ≃ 𝑃𝑛 (id)𝑋

(3)
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for all cofibrant 𝒪-algebras 𝑋. This result, combined with Theorem 1.1, implies
the following.
Theorem 1.4. Under the assumptions of Theorem 1.1, if 𝑋 is furthermore cofibrant, then there is a zigzag of weak equivalences
𝐿𝐸 (𝒰𝑃𝑛 (id)𝑋) ≃ 𝒰𝑃𝑛 (id)(𝑆𝐸 ∧ 𝑋)

(4)

with 𝒰(𝑆𝐸 ∧ 𝑋) ≃ 𝐿𝐸 (𝒰𝑋).
Our main result, Theorem 1.1, follows without too much difficulty from Theorems 1.5 and 1.6, which we turn to now.
Theorem 1.5. Let 𝑅 be a commutative ring spectrum, i.e., a commutative monoid
∼
Σ
in 𝖲𝗉 , for which the pairing map 𝑅 ∧ 𝑅 ⟶ 𝑅 is a weak equivalence and suppose
Σ
that 𝑅 is cofibrant as a symmetric spectrum. If 𝒪 is a Σ-cofibrant operad in 𝖲𝗉 ,
then for any 𝒪-algebra 𝑋, there is a zigzag of weak equivalences
𝑅 ∧ (𝜏𝑛 𝒪◦𝗁𝒪 𝑋) ≃ 𝜏𝑛 𝒪◦𝗁𝒪 (𝑅 ∧ 𝑋)

(5)

Σ

in the underlying category 𝖲𝗉 .
The proof of Theorem 1.5 is the content of Section 2. In Section 3, we construct 𝑆𝐸 and prove the following, along with Theorem 1.1.
∼

Theorem 1.6. There exists a commutative ring spectrum 𝑆𝐸 with 𝑆𝐸 ∧ 𝑆𝐸 ⟶ 𝑆𝐸
a weak equivalence, and which is cofibrant as a symmetric spectrum, with the
Σ
following property: for any 𝑋 ∈ 𝖲𝗉 , there is a natural isomorphism
ℛ𝒰(𝑆𝐸 ∧ 𝑋) ≅ ℛ𝒰(𝑆𝐸 ) ∧𝒮ℋ𝒞 ℛ𝒰(𝑋) ≅ 𝐿𝐸 (ℛ𝒰𝑋)

(6)

in the stable homotopy category, where ℛ𝒰 denotes the right-derived functor of 𝒰.
Remark 1.7. In order to leverage certain compatibility results in [18], notably
Σ
ℕ
relating the smash product in 𝖲𝗉 and 𝖲𝗉 , we have phrased Theorem 1.6, its
proof, and the proof of 1.1 in terms of “the” stable homotopy category. In orℕ
der to be explicit, we take 𝖧𝗈(𝖲𝗉 ), the homotopy category of the Bousfieldℕ
Friedlander model category structure on sequential spectra 𝖲𝗉 , as our model
ℕ
of the stable homotopy category. More concisely, we define 𝒮ℋ𝒞 = 𝖧𝗈(𝖲𝗉 )
ℕ
ℕ
and note that, in particular, this means the objects of 𝖲𝗉 and 𝖧𝗈(𝖲𝗉 ) are the
Σ
ℕ
same [4, 5.6]. Consequently, if 𝑋 ∈ 𝖲𝗉 then 𝒰𝑋 lives, as an object, both in 𝖲𝗉
and 𝒮ℋ𝒞. Similarly, since ℛ𝒰𝑋 is 𝒰 applied to a fibrant replacement of 𝑋, the
ℕ
object ℛ𝒰𝑋 also lives both in 𝖲𝗉 and 𝒮ℋ𝒞. For these same reasons, it is also
ℕ
appropriate to apply 𝐿𝐸 to any object in 𝖲𝗉 . To distinguish between the smash
Σ
product of 𝖲𝗉 and that of 𝒮ℋ𝒞, we denote the latter by ∧𝒮ℋ𝒞 and the former
by simply ∧.
It is worth pointing out that, throughout this paper, we are considering the
homotopy completion of 𝑅 ∧ 𝑋 as an 𝒪-algebra. It is known (see, e.g., [17,
2.1]) that the objectwise smash of an operad with a commutative ring spectrum

CHROMATIC LOCALIZATION AND HOMOTOPY COMPLETION

1045

is again an operad. Thus, one could also consider the homotopy completion of
𝑅∧𝑋 as an algebra over the operad 𝑅∧𝒪 which has values in 𝑅-modules (where
the symmetric monoidal product is ∧𝑅 ). In this case, the result analogous to
Theorem 1.5 follows from [12, 4.10] and [17, 2.11(d)].
Σ

Assumption 1.8. Throughout this paper, 𝒪 will denote a reduced operad in 𝖲𝗉 .
We assume, for all 𝑛 ≥ 0, that 𝒪[𝑛] is (−1)-connected and that each map 𝐼[𝑛] →
𝒪[𝑛] of the unit morphism 𝐼 → 𝒪 is a flat stable cofibration between flat stable
Σ
cofibrant objects in 𝖲𝗉 . (Weaker than the Σ-cofibrancy condition needed for some
Σ
of our results, this assumption guarantees that the forgetful functor 𝖠𝗅𝗀𝒪 → 𝖲𝗉
Σ
preserves cofibrant objects [12, 4.11].) Unless otherwise stated, we consider 𝖲𝗉
and 𝖠𝗅𝗀𝒪 with their positive flat stable model structures [12, Section 7].
Remark 1.9. Above, we have followed Schwede’s terminology [25] for what
Shipley refers to [27] as the “positive 𝑆-model structure.” Relatedly, we make
frequent use of the following fact to show that certain weak equivalences in
ℕ
𝖠𝗅𝗀𝒪 forget to weak equivalences in 𝖲𝗉 , i.e., induce isomorphisms on all (underived) stable homotopy groups. Suppose 𝑋 is an 𝒪-algebra that is fibrant
in the positive flat stable model structure on 𝖠𝗅𝗀𝒪 . Then the underlying symΣ
metric spectrum 𝑋 is fibrant in the positive flat stable model structure on 𝖲𝗉 ,
Σ
and hence is also fibrant in the positive stable model structure on 𝖲𝗉 (see
[12, Section 7]). It follows from [26, 4.3] that 𝑋 is a positive Ω-spectrum, i.e.,
𝑋𝑛 → Ω𝑋𝑛+1 is a weak equivalence for all 𝑛 > 0 (see also [18, 14.2]). Hence, by
𝑓

[24, 4.2], 𝑋 is semistable. Therefore, if 𝑋 ,
→ 𝑌 is a weak equivalence of fibrant
𝒪-algebras in the positive flat stable model structure, then 𝑓 in fact induces
isomorphisms on all (underived) stable homotopy groups, and so descends to
𝒰𝑓

ℕ

a weak equivalence 𝒰𝑋 ,,,→ 𝒰𝑌 in 𝖲𝗉 .
Acknowledgements. The authors would like to thank John E. Harper, Duncan Clark, David White, and Yu Zhang for many useful conversations, and
Mark Behrens and Doug Ravenel for several helpful correspondences. We are
indebted to Nick Kuhn for alerting us to the comparison between the homotopy
completion tower and the Taylor tower of the identity functor in the absence of
connectivity assumptions, as well as an enlightening discussion of this point.
The authors are also grateful to an anonymous referee who provided thorough
and thoughtful feedback on an earlier version of this paper, which led to improved clarity of both our exposition and arguments.

2. Proof of Theorem 1.5
The purpose of this section is to prove the first technical result of the paper,
Theorem 1.5. However, there are a few points that we need to address first.
To begin, note that the statement of Theorem 1.5 implicitly uses the following
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fact. We suspect this is known to experts in the field (see, e.g., [17, 2.1]) but
have included the statement and proof for the sake of completeness.
Proposition 2.1. If 𝑋 is an 𝒪-algebra and 𝑅 is a commutative ring spectrum,
then 𝑅∧𝑋 inherits an 𝒪-algebra structure and the natural map 𝑋 ≅ 𝑆∧𝑋 → 𝑅∧𝑋
induced by the unit map of 𝑅 is a map of 𝒪-algebras.
𝛼

Proof. Let 𝜇 be the multiplication map of 𝑅 and 𝒪◦(𝑋) ,
→ 𝑋 the algebra structure map of 𝑋. The maps 𝜇 and 𝛼 induce the following.
∐
∐
𝜇∗
𝒪[𝑛] ∧ (𝑅 ∧ 𝑋)∧𝑛 ≅
𝒪[𝑛] ∧ (𝑅∧𝑛 ∧ 𝑋 ∧𝑛 ) ,,→
𝑛≥0

𝑛≥0

(7)
𝜇∗

,,→

∐

𝒪[𝑛] ∧ (𝑅 ∧ 𝑋 ∧𝑛 ) ≅ 𝑅 ∧

∐

𝛼∗

𝒪[𝑛] ∧ 𝑋 ∧𝑛 ,,→ 𝑅 ∧ 𝑋

𝑛≥0

𝑛≥0

The fact that 𝑅 is (strictly) commutative implies that this composite is Σ𝑛 -equivariant
and hence induces a map
∐
𝒪◦(𝑅 ∧ 𝑋) =
𝒪[𝑛] ∧Σ𝑛 (𝑅 ∧ 𝑋)∧𝑛 → 𝑅 ∧ 𝑋
(8)
𝑛≥0

One then checks that this map is associative, unital, and compatible with the
𝒪-algebra structure on 𝑋.

Corollary 2.2. Given a commutative ring spectrum 𝑅, there is a natural map
(
)
𝒪◦(𝑅 ∧ 𝑋) → 𝑅 ∧ 𝒪◦(𝑋)
(9)
Proof. The composite of the first three (Σ𝑛 -equivariant) maps of (7) induces
the desired map.

Though discovered independently, a result similar to the following appears
in unpublished work by John E. Harper in collaboration with the first author
and Yu Zhang.
Lemma 2.3. Suppose 𝒪 and 𝑅 are as in Theorem 1.5. Let 𝑌 be a cofibrant 𝒪∼
algebra and 𝑅 a commutative ring spectrum for which the pairing map 𝑅 ∧ 𝑅 ⟶
Σ
𝑅 is a weak equivalence and which is cofibrant in 𝖲𝗉 . Then the map in Corollary
2.2 is a weak equivalence.
Proof. It follows from our assumptions and [12, 7.12] that the multiplication
∼
map 𝑅∧𝑛 ⟶ 𝑅 is a weak equivalence for any 𝑛 ≥ 0. Similarly, since 𝑌 was as∼
sumed to be cofibrant, we know that 𝑌 ∧𝑛 is as well and so the map 𝑅∧𝑛 ∧𝑌 ∧𝑛 ⟶
𝑅∧𝑌 ∧𝑛 is a weak equivalence. The assumption that 𝒪 is Σ-cofibrant implies that
𝒪[𝑛] is projectively cofibrant and so the functor 𝒪[𝑛] ∧Σ𝑛 (−) preserves weak
equivalences. By considering the injective stable model structure (see [14, 5.3]
Σ
and [25, III.4.13]) on 𝖲𝗉 , in which every object is cofibrant, it follows that the
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map
∐

𝜇∗

𝒪[𝑛] ∧Σ𝑛 (𝑅∧𝑛 ∧ 𝑌 ∧𝑛 ) ,,→

𝑛≥0

∐

𝒪[𝑛] ∧Σ𝑛 (𝑅 ∧ 𝑌 ∧𝑛 )

(10)

𝑛≥0



is a weak equivalence.

Remark 2.4. Above, the Σ-cofibrancy assumption on 𝒪 was used only to conclude that the functor 𝒪[𝑘] ∧Σ𝑘 (−) preserves weak equivalences for all 𝑘 ≥ 0.
For a fixed 𝑛, since 𝜏𝑛 𝒪[𝑘] is either 𝒪[𝑘] or trivial, it follows that 𝜏𝑛 𝒪[𝑘] ∧Σ𝑘 (−)
also preserves weak equivalences for all 𝑘 ≥ 0. The previous proof therefore remains valid if 𝒪 is replaced by 𝜏𝑛 𝒪.
We can now give the proof of Theorem 1.5.
Proof of Theorem 1.5. By replacing if necessary, it suffices to consider the
case of a cofibrant 𝑋 ∈ 𝖠𝗅𝗀𝒪 . We construct a weak equivalence
||Bar(𝜏 𝒪, 𝒪, 𝑅 ∧ 𝑋)|| ≃ 𝑅 ∧ ||Bar(𝜏 𝒪, 𝒪, 𝑋)||
(11)
𝑛
𝑛
|
|
|
|
The proof is completed by appealing to [12, 4.10].
Our cofibrancy assumption on 𝒪 ensures that the forgetful functor 𝖠𝗅𝗀𝒪 →
Σ
𝖲𝗉 preserves cofibrant objects (see, e.g., [12, 4.11]). Hence, the fact that 𝑋 is
cofibrant implies that 𝒪◦𝑘 ◦(𝑋) is cofibrant for any 𝑘 ≥ 0 by [10, 1.2]. Inductive application of Lemma 2.3, with 𝑌 = 𝒪◦𝑘 ◦(𝑋), then shows that there is a
levelwise weak equivalence
∼

Bar(𝜏𝑛 𝒪, 𝒪, 𝑅 ∧ 𝑋) ⟶ 𝑅 ∧ Bar(𝜏𝑛 𝒪, 𝒪, 𝑋)

(12)

Applying geometric realization and commuting with 𝑅∧− completes the proof.


3. Constructing 𝑺𝑬 and the proof of Theorem 1.1
The purpose of this section is to construct a convenient model for the 𝐸local sphere spectrum and prove the main result of the paper. In particular, we
use [27] and [29] to find a symmetric spectrum 𝑆𝐸 that satisfies the desirable
properties listed in Propositions 3.5. With this model in hand, we then prove
Theorem 1.6 and conclude with the proof of Theorem 1.1.
Remark 3.1. There is a subtlety in this section that we wish to highlight. In
his original work [2], Bousfield did not have the luxury of a highly structured
category of spectra in which to construct his localization functor 𝐿𝐸 . His construction (see also [25, II.9]) is therefore slightly different than the localization
in the sense of [13], which we implicitly use in constructing 𝑆𝐸 . We denote
Σ
by 𝐿 the localization functor of [13] in 𝖲𝗉 at the 𝐸-equivalences, i.e., 𝐿 is the
composite of a fibrant replacement in the localized model structure composed
with the identity “back to” the non-localized model structure. Using the comparisons established in [18], one can show that 𝒰𝐿(𝑆) is a model for 𝐿𝐸 (𝒰𝑆),
ℕ
and hence the two are canonically weakly equivalent in 𝖲𝗉 .
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To construct 𝑆𝐸 , first let 𝑆 𝑐 ⟶ 𝑆 be a functorial cofibrant replacement of the
symmetric sphere spectrum 𝑆 in the model structure on commutative symmetric ring spectra established by [27, 3.2]. The following two lemmas are needed
to apply the relevant result of [29] ultimately used to construct 𝑆𝐸 .
Lemma 3.2. 𝐿 is a monoidal Bousfield localization in the sense of [29, 4.4]
Proof. We appeal to [29, 4.6], noting that, when endowed with the positive flat
Σ
stable model structure, the category 𝖲𝗉 is a cofibrantly generated monoidal
model category in which cofibrant objects are flat; see [27, 3.1] and [12, 7.12],
respectively.
Let 𝑓 ∶ 𝐴 → 𝐵 be an 𝐸-equivalence and 𝐾 a cofibrant symmetric spectrum.
Cofibrantly replacing 𝐴 and 𝐵, we have that the map
∼

𝐸 ∧ 𝐴𝑐 ⟶ 𝐸 ∧ 𝐵 𝑐

(13)

is a weak equivalence. Smashing with the cofibrant spectrum 𝐾 preserves this
weak equivalence and it follows that the map
∼

𝐸 ∧𝐿 (𝐴 ∧ 𝐾) ⟶ 𝐸 ∧𝐿 (𝐵 ∧ 𝐾)

(14)

is a weak equivalence, i.e., that 𝐴 ∧ 𝐾 → 𝐵 ∧ 𝐾 is an 𝐸-equivalence.



Lemma 3.3. The category of symmetric spectra with the positive flat stable model
structure satisfies the rectification axiom of [28, 4.5].
Proof. This follows from [27, 3.3] by taking “𝑌” to be the sphere spectrum.
Alternatively, by considering symmetric sequences concentrated at 0, the result
follows from [11, 4.29*(b)].

Lemmas 3.2 and 3.3 now show that the conditions of [29, 7.2] are satisfied;
hence, there is a commutative diagram
(∗)

𝑆𝑐

/ 𝑆˜𝑐
=

(15)

∼



𝐿(𝑆 𝑐 )
Σ

in 𝖲𝗉 , where (∗) is a map of commutative monoids. (Note that the existence of
such a diagram is what it means for 𝐿 to preserve commutative monoids in the
language of [29]; see, for instance, the proof of [29, 3.2].) Replacing if necessary,
we may also assume that 𝑆˜𝑐 is fibrant.
Definition 3.4 (Construction of 𝑆𝐸 ). We define 𝑆𝐸 by factoring the map (∗)
𝑆𝑐

/𝑆
𝐸

∼

/ 𝑆˜𝑐

(16)

as a cofibration followed by an acyclic fibration in the model structure of [27,
3.2], namely the positive flat stable model structure on commutative ring spectra.
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The following Proposition details the advantageous properties of this construction.
Proposition 3.5. As defined, 𝑆𝐸 is
Σ

(i) a strictly commutative monoid in 𝖲𝗉 ;
(ii) positive flat stable cofibrant and fibrant;
(iii) weakly equivalent to the 𝐸-local sphere 𝐿(𝑆); in fact, this equivalence is
compatible with the localization map 𝑆 → 𝐿(𝑆) and the unit map 𝑆 → 𝑆𝐸
and furthermore induces an isomorphism on stable homotopy groups.
Proof. That 𝑆𝐸 is a strictly commutative monoid and fibrant is immediate from
its construction. It follows from [27, 4.1] that 𝑆 𝑐 is positive flat stable cofibrant
and so 𝑆𝐸 is as well. It is worth noting that, by [12, 7.12], the functor 𝑆𝐸 ∧ −
preserves weak equivalences.
To see that 𝑆𝐸 is naturally weakly equivalent to 𝐿(𝑆), consider the following
commutative diagram
𝑆
𝑆o

∼



𝐿(𝑆) o

(#)

𝑆

𝑆




/𝑆
𝐸



∼

𝑆𝑐

𝑆
∼

(17)


/6 𝑆˜𝑐

𝐿(𝑆 𝑐 )

Σ

in 𝖲𝗉 , where the upper vertical maps are the unit maps associated to each com∼
mutative monoid comprising the second row. The fact that 𝑆 𝑐 ⟶ 𝑆 is a weak
equivalence implies that (#) is a weak equivalence as well, and this gives the
zigzag of weak equivalences 𝑆𝐸 ≃ 𝐿(𝑆). Furthermore, note that in the (bottom)
zigzag of weak equivalences
𝑆

𝑆𝐸

x

∼


/ 𝑆˜𝑐 o

∼

(18)


𝐿(𝑆 𝑐 )

∼

(
/ 𝐿(𝑆)

each object is fibrant, and so the weak equivalences in fact induce isomorphisms on stable homotopy groups (see Remark 1.9). Lastly, note that the leftmost downward arrow in (18) is the unit map 𝑆 → 𝑆𝐸 , while the rightmost
downward arrow is the localization map 𝑆 → 𝐿(𝑆).

Proof of Theorem 1.6. To begin, note that 𝑆𝐸 is cofibrant by Proposition 3.5.
We now show the equivalence (6) claimed in Theorem 1.6. As shown in Proposition 3.5, the weak equivalence 𝑆𝐸 ≃ 𝐿(𝑆) induces an isomorphism on stable
ℕ
homotopy groups and so remains a weak equivalence after forgetting to 𝖲𝗉 .
Together with Remark 3.1 and the fact that both 𝑆𝐸 and 𝐿(𝑆) are fibrant, this
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shows that the we have isomorphisms
𝒰𝑆𝐸 ≅ ℛ𝒰𝑆𝐸 ≅ ℛ𝒰𝐿(𝑆) ≅ 𝒰𝐿(𝑆) ≅ 𝐿𝐸 (𝑆)

(19)

in the stable homotopy category. Using the comparisons of [18, 0.3], the fact
that 𝐿𝐸 is smashing, and the naturality shown in (18), we then obtain a commutative diagram
𝜂∧id

ℛ𝒰𝑋


v

/ ℛ𝒰𝑆 ∧
𝐸 𝒮ℋ𝒞 ℛ𝒰𝑋

(20)

≅

𝐿𝐸 (ℛ𝒰𝑋)
in the stable homotopy category, where 𝜂 is induced by the unit map 𝑆 → 𝑆𝐸
and the vertical map is the natural localization map [2] of ℛ𝒰𝑋. This establishes (6).
∼
Lastly, we show that the pairing map 𝑆𝐸 ∧ 𝑆𝐸 ⟶ 𝑆𝐸 is a weak equivalence.
Indeed, by taking 𝑋 = 𝑆𝐸 in (20), the “two-out-of-three” property implies that
ℕ
the unit map ℛ𝒰𝑆𝐸 → ℛ𝒰𝑆𝐸 ∧𝒮ℋ𝒞 ℛ𝒰𝑆𝐸 is an isomorphism in 𝖧𝗈(𝖲𝗉 ). It
∼
follows from [18, 0.3] that the corresponding map 𝑆𝐸 ⟶ 𝑆𝐸 ∧ 𝑆𝐸 is a weak
Σ
equivalence in 𝖲𝗉 , and the fact that there is a retract
/ 𝑆 ∧𝑆
𝐸
𝐸

𝑆𝐸
id

(21)

# 

𝑆𝐸

Σ

in 𝖲𝗉 from the commutative monoid structure of 𝑆𝐸 then completes the proof.

Proof of Theorem 1.1. It follows from Theorem 1.5 that there is a weak equivalence
(
)
(
)
ℛ𝒰 𝑆𝐸 ∧ (𝜏𝑛 𝒪◦𝗁𝒪 (𝑋)) ≃ ℛ𝒰 𝜏𝑛 𝒪◦𝗁𝒪 (𝑆𝐸 ∧ 𝑋)
(22)
ℕ

in 𝖲𝗉 . By [18, 0.3] and Theorem 1.6, the left hand side of (22) is weakly equiv(
)
ℕ
alent in 𝖲𝗉 to 𝐿𝐸 ℛ𝒰(𝜏𝑛 𝒪◦𝗁𝒪 (𝑋)) which, since 𝜏𝑛 𝒪◦𝗁𝒪 (𝑋) is fibrant, is weakly
ℕ

equivalent in 𝖲𝗉 to 𝐿𝐸 (𝒰𝜏𝑛 𝒪◦𝗁𝒪 (𝑋)). For the same fibrancy reason, the right
ℕ
hand side of (22) is weakly equivalent in 𝖲𝗉 to 𝒰𝜏𝑛 𝒪◦𝗁𝒪 (𝑆𝐸 ∧ 𝑋). This establishes the first weak equivalence of Theorem 1.1.
To see that 𝒰(𝑆𝐸 ∧ 𝑋) ≃ 𝐿𝐸 (𝒰𝑋), recall that both 𝑆𝐸 and 𝑋 are fibrant, and
that the former is also cofibrant. By [24, 4.10], 𝑆𝐸 ∧ 𝑋 is semistable (see [14,
ℕ
5.6.1]). It follows that 𝒰(𝑆𝐸 ∧ 𝑋) is weakly equivalent in 𝖲𝗉 to ℛ𝒰(𝑆𝐸 ∧ 𝑋),
ℕ
the latter of which is weakly equivalent in 𝖲𝗉 to 𝐿𝐸 (ℛ𝒰𝑋). Since 𝑋 is fibrant,
ℕ
𝐿𝐸 (ℛ𝒰𝑋) ≃ 𝐿𝐸 (𝒰𝑋) in 𝖲𝗉 , and this completes the proof.
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4. Identification of the Taylor tower
The purpose of this section is to show the following, which identifies the
homotopy completion tower with the Taylor tower of the identity functor on
𝒪-algebras and, along with Theorem 1.1, proves Theorem 1.4. Note that, in
this section, we continue to assume 𝒪 is Σ-cofibrant.
Theorem 4.1. For any cofibrant 𝒪-algebra 𝑋, there is a weak equivalence
𝑃𝑛 (id)(𝑋) ≃ 𝜏𝑛 𝒪◦𝒪 (𝑋)

(23)

in 𝖠𝗅𝗀𝒪 .
A proof of this result appears in [17, 2.21], and is based on an argument given
by Pereira in [20, 4.3]. As [20] has not yet been published, we have included an
alternative proof for the sake of completeness. The authors would like to thank
Nick Kuhn for outlining this different strategy [16].
Remark 4.2. It is worth noting that, if 𝑋 is 0-connected, Theorem 4.1 can be
obtained as a consequence of the connectivity estimates used to prove [12, 1.12].
We emphasize that Theorem 4.1 makes no connectivity assumptions.
To keep this section appropriately brief, we assume the reader is familiar with
standard constructions in Goodwillie calculus, both in the context of spaces
and 𝒪-algebras (see, for instance, [6], [7], [8], [19], and [20]). In particular,
when working in 𝒪-algebras, one often implicitly (pre)composes with functorial (co)fibrant replacements to keep things homotopically meaningful.
The strategy of our proof is as follows. To begin, because 𝑃𝑛 behaves particularly well when applied to spectrum-valued functors, it is advantageous to
reduce Theorem 4.1 to proving the result when we consider the functors id and
Σ
𝜏𝑛 𝒪◦𝒪 (−) as landing in 𝖲𝗉 , which is accomplished by Lemma 4.4. Next, we
consider the free-forgetful adjunction
Σ
𝖲𝗉 o

𝒪◦(−)
𝑈

/

𝖠𝗅𝗀𝒪

(24)

and analyze the 𝑛𝑡ℎ degree Taylor approximation to the free 𝒪-algebra functor
in Lemma 4.5. Lastly, to prove Theorem 4.1, we use the fact [10, 1.8] that the
identity functor on 𝖠𝗅𝗀𝒪 can be resolved as the homotopy colimit of iterates of
the free 𝒪-algebra functor.
Remark 4.3. It is common to apply 𝒪◦(−) to an 𝒪-algebra, in which case one is
implicitly precomposing with the forgetful functor 𝑈.
Lemma 4.4. Suppose 𝐹 and 𝐺 are homotopy functors defined on, and with values
∼
in, 𝒪-algebras. If a map 𝐹 → 𝐺 induces an equivalence 𝑃𝑛 (𝑈𝐹) ⟶ 𝑃𝑛 (𝑈𝐺),
∼
then it also induces an equivalence 𝑃𝑛 𝐹 ⟶ 𝑃𝑛 𝐺.
Proof. Since the positive flat stable model structure on 𝖠𝗅𝗀𝒪 is induced by the
forgetful functor 𝑈, we know that homotopy limits in 𝖠𝗅𝗀𝒪 are calculated in
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Σ

the underlying category 𝖲𝗉 , and that 𝑈 reflects weak equivalences. It follows
from [9, 3.27] and [12, 4.11] that filtered homotopy colimits in 𝖠𝗅𝗀𝒪 are also
calculated in the underlying category of spectra. In particular, this means that
the objects of homotopy limits and filtered homotopy colimits in 𝖠𝗅𝗀𝒪 are calΣ
culated in 𝖲𝗉 , and the 𝒪-algebra structure on that object is then induced by the
naturality of the homotopy (co)limit construction. Hence, the forgetful functor 𝑈 commutes naturally with the construction of 𝑃𝑛 , i.e., we have a natural
equivalence 𝑈𝑃𝑛 ≃ 𝑃𝑛 𝑈.

Lemma 4.5. Consider the map of operads 𝒪 → 𝜏𝑛 𝒪. Applying 𝑃𝑛 to the inΣ
duced map 𝑈𝒪◦(−)
→)𝑈𝜏𝑛 𝒪◦(−)
of endofunctors
on 𝖲𝗉 yeilds an equivalence
(
(
)
∼
of functors 𝑃𝑛 𝑈𝒪◦(−) ⟶ 𝑃𝑛 𝑈𝜏𝑛 𝒪◦(−) .
Σ

Proof. For any 𝑋 in 𝖲𝗉 , note that the following diagram
∐𝑛
𝑘=0

𝒪[𝑘] ∧Σ𝑘 𝑋 ∧𝑘

(∗)

id

/ ∐∞ 𝒪[𝑘] ∧ 𝑋 ∧𝑘
Σ𝑘
𝑘=0


)

∐𝑛
𝑘=0

(25)

(#)

𝒪[𝑘] ∧Σ𝑘 𝑋 ∧𝑘

Σ

in 𝖲𝗉 commutes, where (∗) is the canonical inclusion and (#) is induced by
mapping 𝒪[𝑘] to a point for 𝑘 > 𝑛, i.e., (#) is the map induced by 𝑈𝒪◦(−) →
𝑈𝜏𝑛 𝒪◦(−). By the “two-out-of-three” property, it will therefore suffice to show
that applying 𝑃𝑛 to (∗) yields a weak equivalence. Towards that end, note that
since 𝑃𝑛 naturally commutes with sequential homotopy colimits, we have weak
equivalences of functors as below.
𝑃𝑛 (

∞
∐

𝒪[𝑘] ∧Σ𝑘

(−)∧𝑘 )

(

≃ 𝑃𝑛 hocolim(
𝑚

𝑘=0

≃ hocolim 𝑃𝑛 (
𝑚

𝑚
∐

𝑚
∐

)
𝒪[𝑘] ∧Σ𝑘 (−)𝑘 )

𝑘=0

(26)

𝒪[𝑘] ∧Σ𝑘 (−)𝑘 )

𝑘=0

(In fact, for spectrum-valued functors, 𝑃𝑛 commutes with all homotopy colimits; see [8, 1.7].)
To analyze (26), let us fix 𝑚 ≥ 𝑛. It follows from [8, 3.1] (or [19, 5.24]) that
the functor
𝑋 ↦ 𝒪[𝑘] ∧Σ𝑘 𝑋 ∧𝑘

(27)

Σ

in 𝖲𝗉 is 𝑘-homogeneous. Together with the facts that (i) 𝑃𝑛 commutes with
Σ
homotopy limits and (ii) finite coproducts and products agree in 𝖲𝗉 , this shows
that
𝑚
𝑚
𝑛
∐
∏
∐
𝑘
𝑘
𝑃𝑛 (
𝒪[𝑘] ∧Σ𝑘 (−) ) ≃ 𝑃𝑛 (
𝒪[𝑘] ∧Σ𝑘 (−) ) ≃ 𝑃𝑛 (
𝒪[𝑘] ∧Σ𝑘 (−)𝑘 ) (28)
𝑘=0

𝑘=0

𝑘=0
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Hence, all of the structure maps in the homotopy colimit in (26) are weak equivalences after the 𝑚 = 𝑛 term. It follows that the map of functors
𝑛
∐

𝒪[𝑘] ∧Σ𝑘 (−)𝑘 ⟶

𝑘=0

∞
∐

𝒪[𝑘] ∧Σ𝑘 (−)𝑘

(29)

𝑘=0

Σ

on 𝖲𝗉 induced by the canonical inclusion yields an equivalence after applying
𝑃𝑛 , which suffices to complete the proof.

Proof of 4.1. It is explicitly shown in [17, 2.21] that 𝜏𝑛 𝒪◦𝒪 (−) is 𝑛-excisive.
The desired identification 𝑃𝑛 (id) ≃ 𝜏𝑛 𝒪◦𝒪 (−) will therefore follow by showing
an equivalence
(
)
𝑃𝑛 (id) ≃ 𝑃𝑛 𝜏𝑛 𝒪◦𝒪 (−)
(30)
of functors 𝖠𝗅𝗀𝒪 → 𝖠𝗅𝗀𝒪 .
The strategy now is to resolve the identity functor by iterates of the free 𝒪algebra functor 𝒪◦(−). Crucial to the following argument are three of the main
results of [10]. Indeed, it follows from [10, 1.8] that we have a weak equivalence
of functors
id ≃ hocolim Bar(𝒪, 𝒪, −) ∶ 𝖠𝗅𝗀𝒪 → 𝖠𝗅𝗀𝒪

(31)

This equivalence holds after composing with the forgetful functor and applying
𝑃𝑛 , i.e.,
(
)
𝑃𝑛 (𝑈) ≃ 𝑃𝑛 𝑈 hocolim Bar(𝒪, 𝒪, −)
(32)
We then have the following weak equivalences of functors, where the constructions in simplicial 𝒪-algebras are done levelwise.
(
) (1) (
)
𝑃𝑛 (𝑈) ≃ 𝑃𝑛 𝑈 hocolim Bar(𝒪, 𝒪, −) ≃ 𝑃𝑛 hocolim 𝑈 Bar(𝒪, 𝒪, −)
(2)

(3)

≃ hocolim 𝑃𝑛 𝑈 Bar(𝒪, 𝒪, −) ≃ hocolim 𝑃𝑛 𝑈 Bar(𝜏𝑛 𝒪, 𝒪, −)
(
)
(4)
(5)
≃ 𝑃𝑛 hocolim 𝑈 Bar(𝜏𝑛 𝒪, 𝒪, −) ≃ 𝑃𝑛 𝑈 hocolim Bar(𝜏𝑛 𝒪, 𝒪, −)
(
)
(6)
≃ 𝑃𝑛 𝑈𝜏𝑛 𝒪◦𝒪 (−)

(33)

Equivalences (1) and (5) follow from the fact [10, 1.6] that homotopy colimits
of simplicial diagrams in 𝖠𝗅𝗀𝒪 can be calculated in the underlying category of
spectra, and hence naturally commute with the forgetful functor 𝑈.
Next, equivalences (2) and (4) follow from the fact [8, 1.7] that 𝑃𝑛 commutes with homotopy colimits of spectrum-valued functors, essentially because
hocolim’s of spectra preserve cartesian cubes. Equivalence (6) follows from the
identification
hocolim Bar(𝜏𝑛 𝒪, 𝒪, −) ≃ 𝜏𝑛 𝒪◦𝒪 (−)
(34)
given by [10, 1.10]. Lastly, equivalence (3) is derived as follows.

1054

CRICHTON OGLE AND NIKOLAS SCHONSHECK

Consider the map 𝑈 Bar(𝒪, 𝒪, 0) → 𝑈 Bar(𝜏𝑛 𝒪, 𝒪, −) induced by 𝒪 → 𝜏𝑛 𝒪.
Applying 𝑃𝑛 at simplicial degree one, for instance, gives the top row of the following diagram.
𝑃𝑛 (𝑈𝒪◦𝒪◦−)

/ 𝑃 (𝑈𝜏 𝒪◦𝒪◦−)
𝑛
𝑛


(
)
𝑃𝑛 𝑃𝑛 (𝑈𝒪◦−)◦𝒪◦ −


(
)
/ 𝑃 𝑃 (𝑈𝜏 𝒪◦−)◦𝒪◦ −
𝑛 𝑛
𝑛

(35)

Lemma 4.5 shows that the bottom row of the diagram above is a weak equivalence, while a straightforward generalization of [1, 3.1] to 𝒪-algebras (as detailed in [20, 4.9]) shows that the vertical arrows are weak equivalences. Hence,
the top row is a weak equivalence. Performing a similar analysis at each simplicial degree gives equivalence (3).
To complete the proof, it is a straightforward check that the zigzag of (33)
is compatible with the natural map id ≅ 𝒪◦𝒪 (−) → 𝜏𝑛 𝒪◦𝒪 (−) induced by the
map of operads 𝒪 → 𝜏𝑛 𝒪. Lemma 4.4 then gives the desired equivalence of
(30), completing the proof.
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