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Segre quartic surfaces and
minitwistor spaces
Nobuhiro Honda
Abstract. The Segre surfaces of the title are by definition those quartic surfaces in ℂℙ4 that arise as images of weak del Pezzo surfaces of degree four
under the anti-canonical map. We first show that under some minimality
condition, minitwistor spaces of genus one are exactly Segre quartic surfaces.
By a kind of Penrose correspondence, Zariski open subsets of the projective
dual varieties of these surfaces admit Einstein-Weyl structure. We investigate structures of these dual varieties in detail. In particular, we determine
the degrees of these varieties (namely the classes of the Segre surfaces), as
well as structure of several components of the divisors at infinity, which are
the complements of the Einstein-Weyl spaces in the projective dual varieties.
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1. Introduction
In a classical terminology, a non-degenerate irreducible quartic surface in
ℂℙ4 which is neither a cone over a quartic curve in ℂℙ3 nor a projection of a
quartic surface in ℂℙ5 is called a Segre quartic surface. In a modern language,
these are exactly the images of weak del Pezzo surfaces of degree four under
the anti-canonical maps, and are realized in ℂℙ4 as complete intersections of
pairs of quadrics. Segre quartic surfaces are classified into 16 kinds in terms of
normalized quadratic equations of the complete intersections. Aside from the
smooth examples, all these surfaces have isolated singularities, all of which are
rational double points.
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The notion of minitwistor space was originally introduced by Hitchin [4]
and Jones-Tod [9] as an analogue of Penrose’s twistor space for a self-dual 4manifold, and is a complex surface which has a smooth rational curve whose
self-intersection number is two. Such a rational curve is called a minitwistor
line, and they are parameterized by a 3-dimensional complex manifold. This
complex manifold carries a natural geometric structure called an Einstein-Weyl
structure, which is a pair consisting of a conformal structure and a compatible torsion free connection for which the symmetric-trace-free part of the Ricci
tensor vanishes. A smooth quadric and a quadratic cone in ℂℙ3 are compact
minitwistor spaces, and minitwistor lines are irreducible hyperplane sections
of them. These two examples are essentially the only ones that arise from compact minitwistor spaces, as understood in Hitchin’s original sense.
Generalizing Hitchin’s framework, we then showed in [8] that, if we allow
the rational curves to have nodes and at the same time increase their selfintersection numbers in such a way that the parameter space of the maximial
family of nodal curves is 3-dimensional, then their parameter space still admits an Einstein-Weyl structure. We then generalized the meaning of the term
minitwistor space by also applying it to surfaces that contain nodal curves of
this kind. Confining our attention henceforth to compact complex surfaces, it
then follows that these nodal curves, which we will persist in calling minitwistor
lines, are mutually linearly equivalent. If we write 𝑔 for the number of nodes
of minitwistor lines, then the linear system generated by minitwistor lines on a
compact minitwistor space is (3 + 𝑔)-dimensional, and the map induced by this
linear system is always a birational morphism over the image. We call a compact minitwistor space essential if this birational morphism is an embedding.
Hence, compact essential minitwistor spaces are naturally projective surfaces
in ℂℙ3+𝑔 , and minitwistor lines on them are obtained as hyperplane sections
of the surfaces. So the situation is quite similar to the classical case of 𝑔 = 0,
but when 𝑔 > 0 a generic member of the linear system is not a minitwistor line
because such a member is a smooth curve whose genus is exactly 𝑔. For this
reason we call the number of nodes the genus of a minitwistor space.
In this article we shall investigate compact essential minitwistor spaces of
genus one, and their associated Einstein-Weyl spaces. Our first main result
means that such minitwistor spaces are exactly the Segre quartic surfaces (Theorem 2.7). This implies that, in contrast to the classical case of 𝑔 = 0, there
are a variety of compact minitwistor spaces with 𝑔 = 1, but they can still be
concretely classified. Minitwistor lines on a Segre quartic surface 𝑆 ⊂ ℂℙ4
are obtained as hyperplane sections of the surface, where the hyperplanes are
tangent to 𝑆 at exactly one point. A completion of the space of such hyperplanes is nothing but the projective dual variety of the Segre surface. Hence,
the Einstein-Weyl spaces associated to the Segre quartic surfaces are realized as
Zariski-open subsets of the dual varieties of the surfaces. From a reflexibility
for the operation of taking the projective dual, a Penrose type correspondence
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between compact essential minitwistor spaces of genus one and the associated
Einstein-Weyl spaces can be understood as a projective duality.
By this reason, a large part of this article is devoted to investigate the dual
varieties of Segre quartic surfaces. We show that all these dual varieties are rational threefolds (Proposition 2.8). Next in Section 2.3, we give a formula which
expresses the degrees of the dual varieties of any Segre surfaces in terms of the
types of singularities of the surfaces (Theorem 2.11). The degree of the dual
variety will be smaller as the singularities of the surface become complicated.
The complements of the Einstein-Weyl spaces in the dual varieties of Segre
surfaces are of special interest, because in the case of the smooth quadric 𝑄 in
∗
ℂℙ3 , the complement is exactly the dual quadric 𝑄∗ ⊂ ℂℙ3 of 𝑄, and this can
be regarded as a complexification of the ideal boundary of the hyperbolic space,
∗
which is the real form of the complex Einstein-Weyl space ℂℙ3 ∖𝑄∗ . We call 2dimensional components of the Einstein-Weyl space in the dual variety divisors
at infinity.
In order to study these divisors at infinity, in Section 3.1, we recall Segre symbol by which all Segre quartic surfaces can be classified in a systematic way, and
complete a classification of Segre surfaces (Proposition 3.1). In Section 3.2, we
investigate double covering structure on many kinds of Segre surfaces, which
can be detected from the Segre symbols. The base space of the double covering is either a smooth quadric or a quadratic cone in ℂℙ3 (Propositions 3.2 and
3.3). In Section 3.3 we investigate divisors at infinity on the dual varieties of
Segre surfaces. We will find two kinds of such divisors. A first kind arises from
straight lines lying on Segre surfaces, and the divisors are 2-planes (Proposition
3.4). The second kind comes from smooth conics lying on Segre surfaces, or
equivalently, the double covering structure over a smooth quadric given in Section 3.2, and they are smooth quadric surfaces which are dual to the last smooth
quadrics (Proposition 3.10). We determine the numbers of these divisors at infinity, for each type of Segre quartic surface (Tables 1, 2 and 3). Furthermore,
by using deformation theoretic argument, we show that the dual varieties of
Segre surfaces have ordinary double points along these two kinds of divisors at
infinity (Proposition 3.12). In other words, the dual varieties of Segre quartic
surfaces have self-intersection along the 2-planes and the smooth quadrics. We
have to remark that these divisors do not exhaust all divisors at infinity in the
dual varieties, because there can exist a divisor at infinity whose generic points
correspond to rational curves having a cusp as their only singularity. These ‘cuspidal locus’ of the dual varieties of Segre surfaces is studied in detail in another
article [7].
As mentioned at the beginning, Segre surfaces are classified into 16 types.
In Section 4.1, we discuss several typical transitions between different types
of Segre quartic surfaces. Finally, in Section 4.2, we give a remark about null
surfaces in some of the present Einstein-Weyl spaces, and also pose a question
about present minitwistor spaces, in connection with twistor spaces associated
to self-dual 4-manifolds.
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2. Minitwistor spaces of genus one and Segre quartic surfaces
2.1. Minitwistor spaces and 3-dimensional Einstein-Weyl manifolds.
We begin with the definition of minitwistor spaces in the sense of [8]. This
naturally includes minitwistor spaces in the original sense given in [4] as the
simplest case. Let 𝑔 ≥ 0 be an integer. By a 𝑔-nodal rational curve, we mean
a rational curve which has exactly 𝑔 nodes (i.e. ordinary double points) as its
only singularities. In particular, when 𝑔 = 0, it is just a smooth rational curve.
Definition 2.1. Let 𝑔 ≥ 0 be an integer and 𝑆 a normal, compact and irreducible complex surface. A 𝑔-nodal rational curve 𝐶 on 𝑆 is called a minitwistor
line if it is contained in 𝑆reg , the smooth locus of 𝑆, and the self-intersection
number satisfies 𝐶 2 = 2 + 2𝑔. A normal compact complex surface having a
minitwistor line with 𝑔 nodes as above is called a minitwistor space of genus 𝑔.
By [8, Proposition 2.6], any minitwistor space in this sense is a rational surface. Furthermore, by [8, Proposition 2.8], the linear system |𝐶| generated by
minitwitor lines on a minitwistor space 𝑆 as above is (3 + 𝑔)-dimensional and
base point free. Moreover, we have:
Proposition 2.2. In the situation of the above definition, a generic member of the
system |𝐶| is smooth and it is a curve of genus 𝑔.
Proof. The smoothness of a generic member of |𝐶| follows from Bertini’s theorem. Let 𝐶 ⊂ 𝑆 be a minitwistor line, 𝜈 ∶ 𝑆̃ → 𝑆 the blowup of 𝑆 at the 𝑔 nodes
̃ Evidently the curve 𝐶̃ is a smooth
of 𝐶, and 𝐶̃ the strict transform of 𝐶 into 𝑆.
rational curve. If 𝐸1 , … , 𝐸𝑔 are the exceptional curves of 𝜈, we have
𝑔
𝑔
(
) (
)
∑
∑
𝐾𝑆̃ ⋅ 𝐶̃ = 𝜈 ∗ 𝐾𝑆 +
𝐸𝑖 ⋅ 𝜈 ∗ 𝐶 − 2 𝐸𝑖 = 𝐾𝑆 ⋅ 𝐶 + 2𝑔
𝑖=1

(1)

𝑖=1

and
𝑔
(
)2
∑
𝐶̃ 2 = 𝜈∗ 𝐶 − 2 𝐸𝑖 = 𝐶 2 − 4𝑔 = 2 − 2𝑔.

(2)

𝑖=1

Further, since 𝐶̃ is a smooth rational curve, we have by adjunction
𝐾𝑆̃ ⋅ 𝐶̃ + 𝐶̃ 2 = −2.
Substituting (1) and (2) to this equality, we obtain 𝐾𝑆 ⋅ 𝐶 = −4. Hence, if 𝐶 ′ is
a smooth member of |𝐶|, we have 𝐾𝑆 ⋅ 𝐶 ′ = −4. Again by adjunction and using
(𝐶 ′ )2 = 𝐶 2 = 2 + 2𝑔, we obtain that the genus of the curve 𝐶 ′ is exactly 𝑔. 
This is why we call 𝑔 the genus of a minitwistor space. Thus minitwistor
lines are obtained as a degeneration of smooth members of the linear system |𝐶|
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into irreducible curves which have exactly 𝑔 nodes. We denote the morphism
associated to the (3 + 𝑔)-dimensional system |𝐶| by
𝜙 ∶ 𝑆 ⟶ ℂℙ3+𝑔 .

(3)

By [8, Proposition 2.8], this morphism is always birational over the image. However, the morphism 𝜙 can contract curves on 𝑆. Indeed, any blow-up of a minitwistor space of genus 𝑔 is again a minitwistor space of genus 𝑔, but the map
associated to the system generated by minitwistor lines contracts the exceptional curve of the blow-up. In order to ignore these redundant spaces, we call
a minitwistor space 𝑆 essential if the birational morphism 𝜙 in (3) is an embedding, so that it does not contract any curves. This is a kind of minimality
condition, but note that it is little stronger than the minimality introduced in
[8] to the effect that in [8] minimality means that the curves contracted by 𝜙
were (−1)-curves only, while in the present paper we are allowing other curves
(e.g. a (−2)-curve) to be contracted. The present notion seems more natural.
Since the system |𝐶| is base point free and the associated morphism 𝜙 is birational over the image as above, for the degree of the image surface 𝜙(𝑆) ⊂
ℂℙ3+𝑔 , we always have
deg 𝜙(𝑆) = 𝐶 2 = 2 + 2𝑔.

(4)

When 𝑔 = 0, the conditions in Definition 2.1 mean that 𝐶 is a smooth rational curve satisfying 𝐶 2 = 2, and this agrees with the original definition of
a minitwistor space given in [4]. In this case, the image surface 𝜙(𝑆) ⊂ ℂℙ4
is either a smooth quadric or the cone over an irreducible conic. These are all
examples of minitwistor spaces classically known, and essential minitwistor
spaces of genus zero are exactly these two surfaces [8, Proposition 2.14].
Next we define a Severi variety of rational curves associated to a minitwistor
space in the present sense.
Definition 2.3. Let 𝑆 ⊂ ℂℙ3+𝑔 be a essential minitwistor space of genus 𝑔 > 0.
∗
Let 𝑊0 be the subset of the dual projective space ℂℙ3+𝑔 consisting of hyperplanes 𝐻 ⊂ ℂℙ3+𝑔 such that the hyperplane sections 𝑆 ∩ 𝐻 are minitwistor
∗
lines (with 𝑔 nodes). We write 𝑊 for the closure of 𝑊0 , taken in ℂℙ3+𝑔 . This is
∗
a subvariety in ℂℙ3+𝑔 , and we call it the Severi variety of 𝑔-nodal rational curves
on 𝑆.
The space 𝑊0 is a Zariski-open subset of the closure 𝑊. In other words, the
Severi variety 𝑊 is a compactification of 𝑊0 . We note that in the above definition of the space 𝑊0 , since we are requiring that a minitwistor line is included
in 𝑆reg as in Definition 2.1, we are requiring that the hyperplane sections 𝑆 ∩ 𝐻
do not pass through any singularity of 𝑆. If a hyperplane 𝐻 passes through a
singularity of 𝑆, say 𝑝, then the section 𝑆 ∩ 𝐻 is always singular at 𝑝, and the
section 𝑆 ∩ 𝐻 can be a nodal rational curve with a correct number of nodes. But
in general such a section does not admit an equisingular displacement in the
linear system |𝐶| which avoids the singularity of 𝑆, and in that case 𝐻 ∉ 𝑆 ∗ .
See Remark 2.6 for concrete examples of this kind.
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Remark 2.4. Although it seems quite likely, we do not know whether the
Zariski open subset 𝑊0 in 𝑊 is precisely the smooth locus of the Severi variety
𝑊.
Now from [8, Proposition 2.6 and Theorem 2.10], as a natural generalization
of a well-known result in the case of genus zero given in [4], we have
∗

Proposition 2.5. The subset 𝑊0 ⊂ ℂℙ3+𝑔 is a 3-dimensional complex manifold,
and it admits a torsion-free Einstein-Weyl structure.
2.2. Compact minitwistor spaces of genus one. In the rest of this article,
we are mainly interested in essential minitwistor spaces of genus one. In this
case the Severi variety 𝑊 is a classical object that will be familiar to many readers. To explain this object precisely, let 𝑆 be an irreducible, non-denenerate
∗
2-dimensional subvariety in ℂℙ4 . We write 𝑆 ∗ ⊂ ℂℙ4 for the dual variety of 𝑆.
∗
This is by definition [12, Def. 1.1] the closure in the dual projective space ℂℙ4
of the locus of hyperplanes which contain tangent planes of 𝑆 at some smooth
points of 𝑆. (If 𝑆 is smooth, we do not need to take the closure.) Let 𝐼(𝑆) be the
incidence variety for 𝑆 and 𝑆 ∗ . Namely 𝐼(𝑆) is the closure of the set
{
}
∗
(𝑝, 𝐻) ∈ ℂℙ4 × ℂℙ4 | 𝑝 ∈ 𝑆reg , 𝑇𝑝 𝑆 ⊂ 𝐻 ,
∗

∗

taken in ℂℙ4 × ℂℙ4 . This is a subvariety in ℂℙ4 × ℂℙ4 , and the dual variety 𝑆 ∗
∗
is the image of 𝐼(𝑆) under the the projection to the second factor ℂℙ4 . Hence,
there is a double fibration
𝐼(𝑆)
@
@
R
@

𝑆

(5)
𝑆∗

Over the smooth locus 𝑆reg of 𝑆, the incidence variety 𝐼(𝑆) is a fiber bundle
whose fibers are projective lines. In particular, 𝐼(𝑆) is 3-dimensional. Also,
since 𝑆 is supposed to be irreducible, 𝐼(𝑆) is always an irreducible variety. Therefore, so is the dual variety 𝑆 ∗ .
Now suppose that 𝑆 is a essential minitwistor space of genus one. So the
morphism (3) provides a projective embedding 𝑆 ⊂ ℂℙ4 . If 𝐻 ⊂ ℂℙ4 is a hyperplane which belongs to the subset 𝑊0 , the intersection 𝑆 ∩𝐻 is a minitwistor
line from Definition 2.3. If 𝑝 is the node of this minitwistor line then we have
𝑇𝑝 𝑆 ⊂ 𝐻 because otherwise 𝑆 ∩ 𝐻 would be smooth at the point 𝑝. Thus
𝐻 ∈ 𝑊0 implies 𝐻 ∈ 𝑆 ∗ . Namely 𝑊0 ⊂ 𝑆 ∗ . Therefore, since 𝑆 ∗ is closed, we
obtain 𝑊 ⊂ 𝑆 ∗ for the closure 𝑊 of 𝑊0 . Since 𝑆 ∗ is irreducible as above and at
most 3-dimensional, this means that 𝑊 = 𝑆 ∗ . Thus in the case of a minitwistor
space of genus one, the Severi variety 𝑊 in Definition 2.3 is nothing but the dual
variety 𝑆 ∗ , and it is always irreducible.
Remark 2.6. From this we can easily obtain an example of a 1-nodal rational
curve on a minitwistor space of genus one, which does not belong to the Zariskiopen subset 𝑊0 (namely which is not a minitwistor line) as follows. Take any
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essential minitwistor space 𝑆 ⊂ ℂℙ4 of genus one which has at least one ordinary double point 𝑝. (See Section 3.2 for examples such minitwistor spaces.)
∗
Let 𝑝∗ ⊂ ℂℙ4 be the hyperplane which is dual to 𝑝. So a hyperplane 𝐻 ⊂ ℂℙ4
∗
belongs to 𝑝 iff 𝑝 ∈ 𝐻. By the irreducibility of 𝑆 ∗ , we have 𝑝∗ ⊄ 𝑆 ∗ . Therefore,
the hyperplane section 𝑆 ∗ ∩ 𝑝∗ is a divisor on 𝑝∗ = ℂℙ3 . If we take a generic
𝐻 ∈ 𝑝∗ which does not belong to 𝑆 ∗ , the section 𝑆 ∩ 𝐻 is a 1-nodal rational
curve whose node is exactly 𝑝, and it cannot be deformed into a minitwistor
line by any small displacement in 𝑆 since 𝐻 ∉ 𝑆 ∗ . This implies that 𝑆 ∩ 𝐻 is
not a minitwistor line.
As is already mentioned, the structure of essential minitwistor spaces of genus
zero is strongly constrained. Next we would like to see that a constraint for the
structure of essential minitwistor spaces of genus one is somewhat moderate,
and they are exactly particular surfaces that are classically known. In order to
explain what are these surfaces and put them in a broader context, we discuss
classical results on del Pezzo surfaces of arbitrary degrees.
Suppose 𝑛 ≥ 3. All surfaces in ℂℙ𝑛 appearing below are assumed to be
irreducible and non-degenerate, but smoothness and even normality are not
assumed. It is classically known [3, p. 174] that the degree of any surface 𝑆 in
ℂℙ𝑛 is bounded from below as
deg 𝑆 ≥ 𝑛 − 1.
Surfaces which attain the minimal degree (𝑛 − 1) are classically classified [3,
p. 525]. Surfaces with the second smallest degree, namely surfaces with degree
𝑛 in ℂℙ𝑛 are also classified, and they belong to one of the following three kinds
of surfaces [2, Section 8.1]:
(a) the images of surfaces of degree 𝑛 in ℂℙ𝑛+1 under projections from
points,
(b) the cones over irreducible curves of degree 𝑛 in ℂℙ𝑛−1 ,
(c) surfaces not included in (a) nor (b).
A difference between these surfaces is that generic hyperplane sections of surfaces in (a) have arithmetic genus zero, while they are one for surfaces in (b)
and (c). See [2, Section 8.1]. So an irreducible non-degenerate surface of degree
𝑛 in ℂℙ𝑛 belongs to (c) iff a generic hyperplane section has arithmetic genus
one and the surface is not the cone over a curve of degree 𝑛 in ℂℙ𝑛−1 .
According to [2, Definition 8.1.5], in a classical terminology, an irreducible
non-degenerate surface in ℂℙ𝑛 belonging to the case (c) is called a del Pezzo
surface of degree 𝑛. The degree of a del Pezzo surface is at most 9 [2, Propositions 8.1.7 and 8.1.8]. Any del Pezzo surface is normal and has at worst rational
double points. For smooth ones, these surfaces are exactly del Pezzo surfaces
in modern definition. For singular ones, the minimal resolutions of del Pezzo
surfaces in this classical sense have (−2)-curves, and in modern language they
are often called weak del Pezzo surfaces.
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Classically del Pezzo surfaces of degree four are called Segre quartic surfaces
([2, Section 8.6]). By [2, Theorem 8.6.2], any Segre quartic surface is a complete intersection of two quadrics in ℂℙ4 . From this we readily obtain that the
anti-canonical class of a Segre quartic surface is the class of hyperplane sections. Any Segre quartic surface has at most finite number of lines on it (see
[2, Section 8.6.3]). Note that a complete intersection of two quadrics in ℂℙ4 is
not necessarily a Segre surface because the cone over a quartic curve in ℂℙ3 is
typically a complete intersection of two quadrics in ℂℙ4 .
With these preliminaries, we have
Theorem 2.7. Any essential minitwistor space of genus one is a Segre quartic
surface. Conversely, any Segre quartic surface is a essential minitwistor space of
genus one.
Proof. Let 𝑆 be a essential minitwistor space of genus one. If 𝐶 is a minitwistor
line on 𝑆, as is already remarked, the surface 𝑆 is embedded in ℂℙ4 by the complete linear system |𝐶|, and in particular 𝑆 is non-degenerate in ℂℙ4 . Since
𝐶 2 = 2 + 2𝑔 = 4, we have deg 𝑆 = 4. Thus, 𝑆 is a non-degenerate irreducible
quartic surface in ℂℙ4 . Hence, by letting 𝑛 = 4 in the above classification of surfaces in ℂℙ𝑛 of degree 𝑛, in order to show that 𝑆 is a Segre surface, it is enough
to show that the surface 𝑆 does not belong to the above classes (a) nor (b). The
class (a) is immediately rejected since the arithmetic genus of a generic hyperplane section of surfaces in (a) is zero, while it is one for minitwistor spaces of
genus one by Proposition 2.2. Next, we show that the cones as in the class (b)
cannot be a minitwistor space. Recall that we are supposing normality for a
minitwistor space (see Definition 2.1). Therefore, because the cone over a singular curve is non-normal, the cone can be a minitwistor space of genus one
only when the base curve is smooth. But even in that case the cone cannot be a
minitwistor space of genus one because a hyperplane section of the cone is singular only when it passes through the vertex of the cone, and a section of the
cone by such a hyperplane consists of generating lines of the cone and therefore
it cannot be a minitwistor line. Hence the surface 𝑆 belongs to the class (c), and
this means that 𝑆 has to be a Segre quartic surface.
To prove the converse, let 𝑆 ⊂ ℂℙ4 be a Segre quartic surface. We first show
4
that the dual variety 𝑆 ∗ of 𝑆 is 3-dimensional. Recall that a surface in ℂℙ is
said to be ruled if any point of the surface is passed through by a line lying on
the surface. By [12, Theorem 1.18], the strict inequality dim 𝑆 ∗ < 3 happens
only for ruled surfaces But any Segre quartic surface is not ruled because it has
only a finite number of lines on it. Therefore, dim 𝑆 ∗ = 3. As in [13, Section
2.1], if the dimension of the dual variety is maximal (i.e. it is a hypersurface in
the dual projective space), then a hyperplane section of 𝑆 which corresponds
to a generic element of the dual variety 𝑆 ∗ has precisely one node as its only
singularity. From genericity such a hyperplane section can be assumed not to
pass through any singularity of 𝑆, and if 𝐶 is such a hyperplane section, we
have 𝐶 2 = 𝐻.𝐻.𝑆 = 4. Moreover, the curve 𝐶 is rational since it has exactly
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one node as its only singularity and its arithmetic genus is one. Therefore,
𝐶 is a minitwistor line with one node, and hence the surface 𝑆 is a essential
minitwistor space of genus one.

Thus, essential minitwistor spaces of genus one are exactly Segre quartic surfaces. Hence from Proposition 2.5, the open subset 𝑊0 of the dual variety (or
equivalently of Severi variety) in Definition 2.3 of any Segre surface admits a
torsion-free Einstein-Weyl structure. For a birational property of the dual varieties of Segre quartic surfaces, we have the following
Proposition 2.8. The dual variety of any Segre quartic surface is rational.
Proof. Let 𝑆 ⊂ ℂℙ4 be a Segre quartic surface. Recall that, writing 𝐼(𝑆) for the
incidence variety as before, we have the diagram
𝐼(𝑆)
@
@
R
@

𝑆

(6)
𝑆∗

Take and fix a point 𝑞 of ℂℙ4 in which 𝑆 is embedded. Then for a generic point
𝑝 ∈ 𝑆reg , we have 𝑞 ∉ 𝑇𝑝 𝑆. Hence the linear subspace 𝐻(𝑝) spanned by a
2-plane 𝑇𝑝 𝑆 and the point 𝑞 is a hyperplane, and it contains 𝑇𝑝 𝑆. Hence the
∗
pair (𝑝, 𝐻(𝑝)) ∈ ℂℙ4 × ℂℙ4 belongs to 𝐼(𝑆). So the assignment 𝑝 ↦ (𝑝, 𝐻(𝑝))
defines a rational section of the projection 𝐼(𝑆) → 𝑆. Generic fibers of this projection are projective lines, and therefore, the presence of the rational section
implies [1, Lemma 3.4] that 𝐼(𝑆) is birational to the product 𝑆 × ℂℙ1 . Moreover,
as mentioned right after Definition 2.1, any minitwistor space is a rational surface. Hence the variety 𝐼(𝑆) is rational. Since the variety 𝑆 ∗ is the image of 𝐼(𝑆)
∗
under the projection to ℂℙ4 , this means that 𝑆 ∗ is unirational. For the rationality, it is enough to show that the projection 𝐼(𝑆) → 𝑆 ∗ is of degree-one. If
the degree is greater than one, a hyperplane 𝐻 ∈ 𝑆 ∗ which is generic in 𝑆 ∗ contains at least two distinct tangent spaces of 𝑆. This means that 𝐻 ∩ 𝑆 has at least
two singularities. But as mentioned in the last part of the proof of Theorem 2.7,
the intersection 𝐻 ∩ 𝑆 has exactly one node as its only singularity for generic
𝐻 ∈ 𝑆 ∗ . Hence the projection 𝐼(𝑆) → 𝑆 ∗ is of degree-one.

Note that the proof works for any rational variety 𝑋 ⊂ ℂℙ𝑁 which is not
ruled.
2.3. The class formula for Segre quartic surfaces. In this subsection we
determine the degrees of the dual varieties of Segre quartic surfaces, namely
the classes of the surfaces, by blowing up the surfaces at the intersection with
a generic 2-plane in ℂℙ4 and then investigating singular fibers of the resulting elliptic fibrations induced on the blowups. This idea was used in [10] to
calculate the classes for Segre surfaces which have at most two nodes as their
only singularity, but the argument there for proving non-existence of reducible
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fibers of the elliptic fibration seems to require a clarification as we will provide
in Lemma 2.9 below in full generality.
First, we explain how one can obtain an elliptic fibration. Let 𝑆 ⊂ ℂℙ4 be
any Segre quartic surface, and 𝑃 ⊂ ℂℙ4 a 2-plane which is sufficiently general
so that 𝑃 intersects 𝑆 transversally at any point of 𝑆∩𝑃. This in particular means
that 𝑆 ∩ 𝑃 consists of four points as deg 𝑆 = 4, and 𝑆 is smooth at these four
points. If 𝑝 is any one of these points, from the transversality we have 𝑇𝑝 𝑆 ∩
𝑇𝑝 𝑃 = 0 for the intersection of tangent spaces. Therefore, for any hyperplane
𝐻 containing 𝑃, we have 𝑇𝑝 𝑆 ⊄ 𝐻, and hence the hyperplane section
𝑆𝐻 ∶= 𝑆 ∩ 𝐻
is smooth at any of the four points 𝑆 ∩ 𝑃. These hyperplane sections are quartic
curves in 𝐻 = ℂℙ3 , and belong to the anti-canonical class of 𝑆. Further for
any two distinct hyperplanes containing 𝑃, the anti-canonical curves intersect
transversally at the four points 𝑆 ∩ 𝑃. Let ℂℙ4 → ℂℙ1 be the generic projection
from the 2-plane 𝑃. Fibers of this projection are hyperplanes that contain 𝑃, and
by intersecting with 𝑆, we obtain a pencil of anti-canonical curves on 𝑆. This
pencil has the four points 𝑆 ∩ 𝑃 as the base locus. Let 𝑆 ′ → 𝑆 be the blowing-up
at the four points 𝑆 ∩ 𝑃. Equivalently the surface 𝑆 ′ is the strict transform of
𝑆 under the blowing-up of ℂℙ4 along the 2-plane 𝑃. By the transversality the
base points of the above pencil on 𝑆 are eliminated through the blowup, and
we obtain a morphism. We write it as
𝑓 ′ ∶ 𝑆 ′ → ℂℙ1 .

(7)

All fibers of 𝑓 ′ are isomorphic to the corresponding members of the original
pencil on 𝑆. By Bertini’s theorem fibers of 𝑓 ′ are smooth except for finite ones.
Obviously all fibers of 𝑓 ′ are anti-canonical curves on 𝑆 ′ . In particular it is an
elliptic curve as long as it is smooth. Thus the morphism 𝑓 ′ ∶ 𝑆 ′ → ℂℙ1 is
an elliptic fibration. Since all blown-up points on 𝑆 are smooth points of 𝑆, the
surface 𝑆 ′ has the same singularities as 𝑆 has.
Let 𝑆̃′ → 𝑆 ′ be the minimal resolution of all singularities of 𝑆 ′ . If 𝑆 is smooth
we promise 𝑆̃′ = 𝑆 ′ . Since all singularities of 𝑆 ′ are rational double points, all
components of the exceptional divisors of the resolution are (−2)-curves. We
write
𝑓̃′ ∶ 𝑆̃′ → ℂℙ1
𝑓′

(8)

for the composition 𝑆̃′ → 𝑆 ′ → ℂℙ1 . This is also an elliptic fibration, but this
time 𝑆̃′ is smooth. Since all singularities of 𝑆 ′ are rational double points, fibers
of 𝑓̃′ are still anti-canonical curves on 𝑆̃′ , and therefore we have 𝐾 2 = 0 for
the surface 𝑆̃′ . By Hartogs theorem this readily means that any fiber of 𝑓̃′ does
not contain a (−1)-curve. Namely the elliptic fibration 𝑓̃′ in (8) is relatively
minimal.
Obviously, these constructions depend only on the choice of the 2-plane 𝑃 ⊂
ℂℙ4 , where the 2-plane has to satisfy the transversality for intersection with 𝑆.
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But for the purpose of calculating the degrees of the dual varieties of the Segre
surfaces, we need to choose the plane 𝑃 more carefully to make singular fibers
of the elliptic fibration (7) or equivalently (8) in most generic forms. For this
purpose, we show
Lemma 2.9. There exists a plane 𝑃 ⊂ ℂℙ4 such that the (singular) elliptic fibration 𝑓 ′ ∶ 𝑆 ′ → ℂℙ1 induced by 𝑃 as in (7) satisfies the following properties.
(i) Two singularities of the surface 𝑆 ′ do not belong to the same fiber of 𝑓 ′ .
(ii) Any singular fiber of 𝑓 ′ on which a singularity of 𝑆 ′ belongs has no singularity other than that singularity of 𝑆 ′ .
(iii) If a singular fiber of 𝑓 ′ has no singularity of 𝑆 ′ on it, the fiber is of type I1 .
∗

Proof. This is a problem of the existence of a line in the dual space ℂℙ4 which
defines a pencil on 𝑆 whose associated morphism 𝑓 ′ ∶ 𝑆 ′ → ℂℙ1 satisfies the
three genericity conditions in the lemma.
First let S be the set of hyperplanes in ℂℙ4 such that the sections of 𝑆 by
the hyperplanes are singular. By Bertini’s theorem S is a strict subvariety of
∗
the dual space ℂℙ4 . Obviously the dual variety 𝑆 ∗ is an irreducible component
of the subvariety S . Also if 𝑝1 , … , 𝑝𝑘 are all singularities of 𝑆, the dual hy∗
perplanes 𝑝1∗ , … , 𝑝𝑘∗ ⊂ ℂℙ4 , which are the sets of hyperplanes in ℂℙ4 which
pass through the singular points 𝑝1 , … , 𝑝𝑘 respectively, are components of S .
To show that these are all components of S , let 𝐻 ⊂ ℂℙ4 be any hyperplane
such that 𝑆𝐻 ∶= 𝑆 ∩ 𝐻 is singular, and suppose that 𝐻 does not belong to
𝑆 ∗ ∪ (𝑝1∗ ∪ ⋯ ∪ 𝑝𝑘∗ ). If there is a singularity, say 𝑝, of 𝑆𝐻 which is a smooth
point of 𝑆, we have 𝑇𝑝 𝑆 ⊂ 𝐻 and from the definition of the dual variety 𝑆 ∗ , this
means 𝐻 ∈ 𝑆 ∗ which contradicts our choice of 𝐻. Hence, all singularities of
𝑆𝐻 have to be singular points of 𝑆. This implies 𝐻 ∈ 𝑝𝑖∗ for some 𝑖, and again
this cannot happen from our choice of 𝐻. Hence we have
(
)
S = 𝑆 ∗ ∪ 𝑝1∗ ∪ ⋯ ∪ 𝑝𝑘∗ .
(9)
∗

For a portion of the locus in the dual space ℂℙ4 which should be avoided
from a line to pass, for any different indices 𝑖, 𝑗 ≤ 𝑘, we put 𝑃𝑖𝑗 ∶= 𝑝𝑖∗ ∩ 𝑝𝑗∗ .
∗

This is a 2-plane in ℂℙ4 and is the space of hyperplanes which pass through 𝑝𝑖
and 𝑝𝑗 . When the surface 𝑆 has at most one singularity, we do not need these
in the following argument. In particular, for any 𝐻 ∈ 𝑃𝑖𝑗 , the section 𝑆𝐻 has
singularities at least at 𝑝𝑖 and 𝑝𝑗 . For each index 𝑖 ≤ 𝑘, let 𝐷𝑖 be the subset of
the dual hyperplane 𝑝𝑖∗ such that if 𝐻 ∈ 𝐷𝑖 , the section 𝑆𝐻 has a singularity
other than 𝑝𝑖 . We show that for each 𝑖 = 1, … , 𝑘,
(⋃ )
𝐷 𝑖 = (𝑆 ∗ ∩ 𝑝𝑖∗ ) ∪
𝑃𝑖𝑗
(10)
𝑗≠𝑖
∗

holds, where 𝐷 𝑖 is the closure of 𝐷𝑖 in ℂℙ4 . The inclusion ‘⊃’ is obvious. For the
reverse inclusion, take any 𝐻 ∈ 𝐷𝑖 which does not belong to 𝑃𝑖𝑗 for any 𝑗 ≠ 𝑖.
Then the section 𝑆𝐻 has a singularity which is necessarily a smooth point of 𝑆.
This means 𝐻 ∈ 𝑆 ∗ and hence, 𝐻 ∈ 𝑆 ∗ ∩ 𝑝𝑖∗ . Therefore, 𝐷𝑖 is included in RHS
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∗

of (10). Since 𝐷 𝑖 is obviously a subvariety of ℂℙ4 and in particular closed, this
implies the inclusion ‘⊂’ in (10). Thus, the equality (10) holds.
Next, as in Definition 2.1, let 𝑊0 be the subset of 𝑆 ∗ formed by hyperplanes
𝐻 ⊂ ℂℙ4 such that 𝑆 ∩ 𝐻 is a minitwistor line (with one node in the present situation). From the definition of a minitwistor line, the node is not a singularity
of 𝑆. We denote 𝐴 ∶= 𝑆 ∗ ∖𝑊0 . Since 𝑊0 is Zariski-open in 𝑊 = 𝑆 ∗ and nonempty, 𝐴 is a strict subvariety of 𝑆 ∗ . In particular any irreducible component
of 𝐴 is at most 2-dimensional.
Finally, we consider the set of 2-planes in ℂℙ4 which do not intersect transversally with 𝑆. This is a strict subvariety of the Grassmanian of 2-planes in ℂℙ4 .
Let 𝑇 be the complement of this subvariety in the Grassmanian, and 𝑇 ∗ the sub∗
set of Grassmanian of lines in ℂℙ4 whose elements are lines which are dual to
2-planes belonging to 𝑇. This is a Zariski-open subset of the last Grassmanian.
This finishes preliminary considerations.
Since any irreducible component of the subvarieties 𝐴 and 𝐷 1 , … , 𝐷 𝑘 are at
∗
most 2-dimensional, by a dimensional reason, there exists a line 𝑙 ⊂ ℂℙ4 which
does not intersect any of these subvarieties. Moreover, the line 𝑙 can be taken
∗
from the subset 𝑇 ∗ since 𝑇 ∗ is Zariski-open in the Grassmanian of lines in ℂℙ4 .
Let 𝑃 ⊂ ℂℙ4 be the 2-plane which is dual to 𝑙, and 𝑓 ′ ∶ 𝑆 ′ → ℂℙ1 ≃ 𝑙 the elliptic
fibration determined by the 2-plane 𝑃 as in (7). Since 𝑙 ∈ 𝑇 ∗ , the intersection
𝑆 ∩ 𝑃 is transversal, and in particular we have 𝑝𝑖 ∉ 𝑃 for any 𝑖 = 1, … , 𝑘. For
𝑖 = 1, … , 𝑘, we put 𝐻𝑖 ∶= 𝑙 ∩ 𝑝𝑖∗ . In other words, 𝐻𝑖 is a hyperplane in ℂℙ4
spanned by 𝑃 and the point 𝑝𝑖 . Since 𝑙 ∩ 𝐷 𝑖 = ∅, from (10) we have 𝑙 ∩ 𝑃𝑖𝑗 = ∅
for any 𝑗 ≠ 𝑖. This means 𝑝𝑗 ∉ 𝐻𝑖 for any 𝑗 ≠ 𝑖. Hence, for any 𝑖 = 1, … , 𝑘, on
the section 𝑆 ∩ 𝐻𝑖 there is no singular point of 𝑆 other than the point 𝑝𝑖 ∈ 𝑆.
This means the property (i) in the lemma. Moreover, the assumption 𝑙 ∩ 𝐷 𝑖 = ∅
means that the section 𝑆 ∩ 𝐻𝑖 does not have a singularity other than the point
𝑝𝑖 . This means that the fibration 𝑓 ′ satisfies the property (ii) in the lemma.
Next, let 𝐻 ∈ 𝑙 be a hyperplane on which no singularity of 𝑆 belongs. Because
a hyperplane section 𝑆𝐻 is singular only when 𝐻 belongs to the subvariety S ,
by (9) the fiber (𝑓 ′ )−1 (𝐻) ≃ 𝑆𝐻 is singular only when 𝐻 ∈ 𝑆 ∗ or 𝐻 = 𝐻𝑖 for
some 𝑖 = 1, … , 𝑘. From the choice of 𝐻, the latter cannot occur. Moreover, since
we have chosen a line 𝑙 which satisfies 𝑙 ∩ 𝐴 = ∅, we have 𝐻 ∉ 𝐴 = 𝑆 ∗ ∖𝑊0
and therefore if 𝐻 ∈ 𝑆 ∗ then 𝐻 ∈ 𝑊0 . Therefore, the section 𝑆𝐻 has a unique
node as its only singularity and it is a smooth point of 𝑆. In particular the fiber
(𝑓 ′ )−1 (𝐻) is of type I1 and no singularity of 𝑆 ′ belongs to the same fiber. This
means that the fibration 𝑓 ′ satisfies the property (iii) in the lemma.


By taking the minimal resolutions of all singularities for the elliptic surface
𝑆 ′ which satisfies the three properties in the lemma, we immediately obtain the
following
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Corollary 2.10. Let 𝑆 ⊂ ℂℙ4 be any Segre quartic surface and 𝑝1 , … , 𝑝𝑘 the singularities of 𝑆. Then there exists a 2-plane 𝑃 ⊂ ℂℙ4 which intersects 𝑆 transversally at four points and for which the induced elliptic fibration 𝑓̃′ ∶ 𝑆̃′ → ℂℙ1 in
(8) satsisfies the following properties.
(i) If 𝑋𝑖 is the dual graph of the exceptional curves of the singularity 𝑝𝑖 , then
the dual graph of the singular fiber which includes the exceptional curves
of that singularity is the extended Dynkin diagram 𝑋̃ 𝑖 .
(ii) All other singular fibers of 𝑓̃′ are of type 𝐼1 .
Now we are able to prove the class formula for Segre surfaces.
Theorem 2.11. Let 𝑆 ⊂ ℂℙ4 and 𝑋1 , … , 𝑋𝑘 be as in the previous corollary, and
𝑒1 , … , 𝑒𝑘 the topological Euler characteristics of the singular fibers of the elliptic
fibration (8), so that the dual graphs of the fibers are of type 𝑋̃ 1 , … , 𝑋̃ 𝑘 respectively.
Then we have the formula
deg 𝑆 ∗ = 12 − (𝑒1 + ⋯ + 𝑒𝑘 ).

(11)

In particular we have deg 𝑆 ∗ = 12 if the Segre surface 𝑆 is smooth.
Proof. We take a 2-plane 𝑃 ⊂ ℂℙ4 as in the previous corollary and let 𝑓̃′ ∶ 𝑆̃′ →
ℂℙ1 be the associated elliptic fibration. Then the set of critical values of 𝑓̃′ consists of hyperplanes 𝐻𝑖 = 𝑙∩𝑝𝑖∗ , 1 ≤ 𝑖 ≤ 𝑘, as well as the points corresponding to
the singular fibers of type I1 . The singular fibers over the former kind of critical
values are reducible since each of them includes the exceptional curves of the
minimal resolution of the singularity as components. Hence the two kinds of
critical values do not have a common point. Moreover, we have 𝐻𝑖 ∉ 𝑆 ∗ since
if not, we have 𝐻𝑖 ∈ 𝑆 ∗ but from our choice we have 𝑙 ∩ 𝐴 = ∅ and therefore
the hyperplane 𝐻𝑖 would belong to 𝑊0 , which contradicts 𝑝𝑖∗ ∩ 𝑊0 = ∅. On the
other hand, if 𝐻 ⊂ ℂℙ4 is a hyperplane for which 𝑆 ∩ 𝐻 corresponds to a singular fiber of type I1 , the node of this singular fiber is a smooth point of 𝑆. This
means that 𝐻 ∈ 𝑊0 . These imply 𝑙 ∩ 𝑆 ∗ = 𝑙 ∩ 𝑊0 , and that points belonging
to the intersection 𝑙 ∩ 𝑊0 are in one-to-one correspondence with the singular
fibers of type I1 of 𝑓̃′ .
Since the elliptic surface 𝑆̃′ is rational and relatively minimal as seen before,
the topological Euler characteristic of 𝑆̃′ is 12. Hence, from the additivity of
the topological Euler characteristic to the elliptic fibration 𝑓̃′ ∶ 𝑆̃′ → ℂℙ1 , we
obtain that the number of singular fibers which are of type I1 is exactly 12 −
(𝑒1 + ⋯ + 𝑒𝑘 ). From the conclusion in the first paragraph, this directly implies
the desired equality (11).


3. The divisors at infinity in the dual varieties of Segre surfaces
3.1. The Segre symbol. As is already mentioned, any Segre quartic surface is
a complete intersection of two quadrics in ℂℙ4 . In general, complete intersections of two quadrics in ℂℙ𝑛 for arbitrary 𝑛 can be systematically investigated
by using so called the Segre symbol. In this section, following [5, Chapter XIII,
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Section 10] and [2, Section 8.6], We first recall Segre symbol and next present a
classification of Segre surfaces in terms of the Segre symbol.
Let 𝑋0 , … , 𝑋𝑛 be homogeneous coordinates on ℂℙ𝑛 . Any quadric in ℂℙ𝑛 is
defined as the zero locus of a quadratic form in 𝑋0 , … , 𝑋𝑛 , and quadratic forms
are in one-to-one correspondence with symmetric matrices of size (𝑛 + 1) ×
(𝑛 + 1) in a standard way. Let 𝑌 be a complete intersection of two quadrics in
ℂℙ𝑛 . We write Q for the pencil of quadrics generated by equations of 𝑌. Let
𝑈 and 𝑉 be symmetric matrices which correspond to distinct two elements of
Q. Assume that some member (and hence a generic member) of Q is smooth.
Then we may suppose |𝑉| ≠ 0. If 𝜆 is an indeterminate, the determinant |𝑈 −
𝜆𝑉| is a polynomial in 𝜆 whose degree is precisely 𝑛 + 1. Let
(𝜆 − 𝛼1 )𝑒1 , (𝜆 − 𝛼2 )𝑒2 , … , (𝜆 − 𝛼𝑠 )𝑒𝑠
be all elementary divisors of the matrix 𝑈 − 𝜆𝑉, so that 𝛼1 , … , 𝛼𝑠 are roots of
the equation |𝑈 − 𝜆𝑉| = 0. Unlike the presentation in [2] we do not assume
𝛼𝑖 ≠ 𝛼𝑗 for 𝑖 ≠ 𝑗, but we put indices for the roots 𝛼𝑖 in such a way that the same
roots are adjacent in the sense that 𝛼𝑖 = 𝛼𝑗 for some 𝑖 < 𝑗 implies 𝛼𝑖 = 𝛼𝑖+1 =
𝛼𝑖+2 = ⋯ = 𝛼𝑗 . From |𝑉| ≠ 0, we have
0 < 𝑠 ≤ 𝑛 + 1 and

𝑠
∑

𝑒𝑖 = 𝑛 + 1.

𝑖=1

For a positive integer 𝑒, we define two 𝑒 × 𝑒 matrices by
⎛ 0 0 … 0 0 𝛼⎞
⎛0 0 … 0 0 1⎞
⎜0 0 … 0 𝛼 1⎟
⎜0 0 … 0 1 0⎟
⎜0 0 … 𝛼 1 0⎟
⎜0 0 … 1 0 0⎟
𝑃𝑒 (𝛼) = ⎜
, 𝑄𝑒 = ⎜
,
⎟
⋮ ⋮ ⋱ ⋮ ⋮ ⋮
⋮ ⋮ ⋱ ⋮ ⋮ ⋮⎟
⎜0 𝛼 ⋯ 0 0 0⎟
⎜0 1 … 0 0 0⎟
⎜
⎟
⎜
⎟
𝛼 1 … 0 0 0
1 0 … 0 0 0
⎝
⎠
⎝
⎠
where 𝛼 is any complex number. Note that the elementary divisor of 𝑃𝑒 (𝛼)−𝜆𝑄𝑒
is (𝜆−𝛼)𝑒 . The matrices 𝑈 and 𝑉 can be simultaneously normalized in the sense
of the theory of quadratic forms respectively into the matrices
0
…
0 ⎞
0 ⎞
⎛𝑃𝑒1 (𝛼1 )
⎛𝑄𝑒1 0 …
0 𝑄𝑒2 …
0 ⎟
0 ⎟
𝑃𝑒2 (𝛼2 ) …
⎜ 0
, ⎜
.
⋮
⋮
⋱
⋮
⋮
⋮
⋱
⋮
⎜
⎟
⎜
⎟
0
… 𝑃𝑒𝑠 (𝛼𝑠 )⎠
0 … 𝑄𝑒𝑠 ⎠
⎝ 0
⎝ 0
Under this situation, the Segre symbol for the complete intersection 𝑌 is given
by
[𝑒1 𝑒2 … 𝑒𝑠 ],
with the exception that if some of the roots 𝛼𝑖 are equal, namely if 𝛼𝑖 = 𝛼𝑖+1 =
𝛼𝑖+2 = ⋯ = 𝛼𝑗 for some 𝑖 < 𝑗 and if all other roots are different from this
common number, then the sequence of the entries 𝑒𝑖 𝑒𝑖+1 𝑒𝑖+2 … 𝑒𝑗 is enclosed by
round brackets.
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For example, if 𝑛 = 4 and the Segre symbol is [2111], the elementary divisors
of the matrix 𝑈 − 𝜆𝑉 are (𝜆 − 𝛼1 )2 , 𝜆 − 𝛼2 , 𝜆 − 𝛼3 and 𝜆 − 𝛼4 for some distinct
numbers 𝛼1 , … , 𝛼4 , and we have 𝑒1 = 2, 𝑒2 = 𝑒3 = 𝑒4 = 1. Hence the symmetric
matrices 𝑈 and 𝑉 are simultaneously normalized respectively into the matrices
⎛ 0 𝛼1 0 0 0 ⎞
⎜𝛼1 1 0 0 0 ⎟
⎜ 0 0 𝛼2 0 0 ⎟ ,
⎜ 0 0 0 𝛼3 0 ⎟
⎝ 0 0 0 0 𝛼4 ⎠

⎛0
⎜1
⎜0
⎜0
⎝0

1
0
0
0
0

0
0
1
0
0

0
0
0
1
0

0⎞
0⎟
0⎟ .
0⎟
1⎠

Therefore, the complete intersection 𝑌 is defined by the equations
2𝛼1 𝑋0 𝑋1 + 𝑋12 + 𝛼2 𝑋22 + 𝛼3 𝑋32 + 𝛼4 𝑋42 = 2𝑋0 𝑋1 + 𝑋22 + 𝑋32 + 𝑋42 = 0.
As the second example, if 𝑛 = 4 and the Segre symbol is [32], all elementary
divisors of the matrix 𝑈 − 𝜆𝑉 are (𝜆 − 𝛼1 )3 and (𝜆 − 𝛼2 )2 for some distinct
numbers 𝛼1 and 𝛼2 , and we have 𝑒1 = 3, 𝑒2 = 2. The symmetric matrices 𝑈 and
𝑉 are simultaneously normalized respectively into the matrices
⎛ 0 0 𝛼1 0 0 ⎞
⎜ 0 𝛼1 1 0 0 ⎟
⎜𝛼1 1 0 0 0 ⎟ ,
⎜ 0 0 0 0 𝛼2 ⎟
⎝ 0 0 0 𝛼2 1 ⎠

⎛0
⎜0
⎜1
⎜0
⎝0

0
1
0
0
0

1
0
0
0
0

0
0
0
0
1

0⎞
0⎟
0⎟ .
1⎟
0⎠

Therefore, the complete intersection 𝑌 is defined by
2𝛼1 𝑋0 𝑋2 + 𝛼1 𝑋12 + 2𝑋1 𝑋2 + 2𝛼2 𝑋3 𝑋4 + 𝑋42 = 2𝑋0 𝑋2 + 𝑋12 + 2𝑋3 𝑋4 = 0.
Instead, if the Segre symbol of 𝑌 is [(32)], we just need to let 𝛼1 = 𝛼2 in this
argument. But the case [(32)] does not give a Segre surface since it turns out
from the normalized equations that it is a cone over a quartic curve.
A complete intersection of two quadrics in ℂℙ4 is smooth iff its Segre symbol
is [11111]. A list of Segre symbols for complete intersections of two quadrics
in ℂℙ4 which define Segre quartic surfaces and whose pencil Q of quadrics
contains a smooth member is given in Dolgachev’s book [2, p. 398], and they
consist of 16 kinds as in the following list in terms of the number of distinct
roots of the equation |𝑈 − 𝜆𝑉| = 0, or equivalently the number of singular
members of the pencil Q.
∙
∙
∙
∙
∙

[11111]
[2111] [(11)111]
[(11)(11)1] [(11)21] [311] [221] [(12)11]
[41] [(31)1] [3(11)] [32] [(12)2] [(12)(11)]
[5] [(41)]

The above assumption on smoothness for members of the pencil Q is in effect not necessary (i.e. the above list covers all Segre quartic surfaces) by the
following

SEGRE QUARTIC SURFACES AND MINITWISTOR SPACES

687

Proposition 3.1. If the pencil Q of quadrics in ℂℙ4 does not have a smooth member, the complete intersection defined by Q is not a Segre quartic surface.
Proof. We use the notations and results in [5, Chap. XIII, Sect. 10 & 11]. Under
the hypothesis on Q, we have |𝑉| = 0. We again let (𝜆 − 𝛼1 )𝑒1 , … , (𝜆 − 𝛼𝑠 )𝑒𝑠 be
the elementary divisors of the matrix 𝑈 − 𝜆𝑉, where in the present situation
𝑠 = 0 if |𝑈 − 𝜆𝑉| = 0. There exist integers 𝑘 > 0 and 𝑟0 ≥ 0 as well as a
collection of integers 𝑟1 , … , 𝑟𝑘 > 0 which are determined from 𝑈 and 𝑉, such
that the relation
𝑠
∑

𝑒𝑖 = 𝑛 + 1 − 2

𝑖=1

𝑘
∑

𝑟𝑖 − 𝑘 − 𝑟0

(12)

𝑖=1

holds ([5, p.290]). The integer 𝑟0 is the number of variables among 𝑋0 , … , 𝑋𝑛
which do not appear in any equations of quadrics in Q, and since Segre surfaces are not a cone we have 𝑟0 = 0. Even so, since we have 𝑛 = 4 (as we are
considering complete intersections in ℂℙ4 ), if 𝑘 > 1 would hold, RHS of (12)
would be negative which is a contradiction. So we have 𝑘 = 1, and the relation
(12) becomes
𝑠
∑

𝑒𝑖 = 4 − 2𝑟1 .

(13)

𝑖=1

Since LHS of this equation is non-negative, we have 𝑟1 = 1, 2.
∑𝑠
If 𝑟1 = 1, we have 𝑖=1 𝑒𝑖 = 2 and the possibilities for all elementary divisors
of 𝑈 − 𝜆𝑉 are
𝑠=1
(∴𝑒1 = 2)
⇒
(𝜆 − 𝛼1 )2 ,
𝑠 = 2 (∴𝑒1 = 𝑒2 = 1) ⇒ (𝜆 − 𝛼1 ), (𝜆 − 𝛼2 ).
Segre symbols of these cases are respectively [2; 1] if 𝑠 = 1, and [11; 1] or [(11); 1]
if 𝑠 = 2 according as 𝛼1 ≠ 𝛼2 or 𝛼1 = 𝛼2 respectively. (The numbers put
after the semicolon are 𝑟1 , … , 𝑟𝑘 in general.) The normalized equations for these
complete intersections are (see [5, p.294])
[2; 1] ⇒ 2𝑋0 𝑋1 + 2𝛼1 𝑋3 𝑋4 + 𝑋42 = 2𝑋1 𝑋2 + 2𝑋3 𝑋4 = 0,
[11; 1] ⇒ 2𝑋0 𝑋1 + 𝛼1 𝑋32 + 𝛼2 𝑋42 = 2𝑋1 𝑋2 + 𝑋32 + 𝑋42 = 0,
[(11); 1] ⇒ 2𝑋0 𝑋1 + 𝛼1 𝑋32 + 𝛼1 𝑋42 = 2𝑋1 𝑋2 + 𝑋32 + 𝑋42 = 0,
where 𝛼1 ≠ 𝛼2 for the middle one. The first one is reducible since it contains
the 2-plane 𝑋1 = 𝑋4 = 0. The last one is also reducible since it contains the
2-plane 𝑋1 = 𝑋3 + 𝑖𝑋4 = 0 (and also the plane 𝑋1 = 𝑋3 − 𝑖𝑋4 = 0). So these are
not Segre surfaces. For the middle one it can be readily seen that the surface has
singularities along the line 𝑋1 = 𝑋3 = 𝑋4 = 0. Since any singularity of a Segre
surface is isolated, this means that the surface is not a Segre quartic surface.
Finally, if 𝑟1 = 2, the Segre symbol of the complete intersection is [; 2], and
the normalized equations are
2𝑋0 𝑋1 + 2𝑋2 𝑋3 = 2𝑋1 𝑋2 + 2𝑋3 𝑋4 = 0.
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This is again reducible since it contains the plane 𝑋1 = 𝑋3 = 0, and hence does
not give a Segre surface. Therefore, |𝑉| ≠ 0.

3.2. Double covering structures on Segre quartic surfaces. As explained
in the previous subsection, the Segre symbol is useful for a systematic study
of complete intersections of two quadrics. Especially, it provides us a pair of
normalized forms for quadratic polynomials which define the surface. In this
subsection by using the normalized equations, we see that most Segre quartic
surfaces have a structure of a double covering over an irreducible quadric in
ℂℙ3 . This structure can be used to determine the types of singularities for most
Segre surfaces. We note that in [2, p.401] the types of all singularities of any
Segre surfaces are presented without a proof. The double covering structure
will also be used in the next subsection to investigate the divisors at infinity for
the Einstein-Weyl spaces associated to Segre surfaces.
We begin with an easy observation which is useful for our purpose.
Proposition 3.2. Suppose that the symbol of a Segre quartic surface 𝑆 has at least
one ‘1’ not living in a pair of round brackets. Then by a generating projection from
a point not lying on the surface, 𝑆 has a structure of a finite double covering over
a smooth quadric in ℂℙ3 , whose branch curve 𝐵 is a complete intersection of the
smooth quadric and another quadric. Further, the Segre symbol of the curve 𝐵 is
obtained from that of 𝑆 by just removing the ‘1’.
For example, if the Segre symbol of a Segre surface 𝑆 is [1112], since this contains (indeed three) ‘1’ and each of them do not live in a pair of round brackets,
𝑆 is a double cover over a smooth quadric surface whose branch is a complete
intersection with another quadric, and the Segre symbol of the branch curve is
[112]. On the contrary, if the Segre symbol of a Segre surface 𝑆 is [(11)(12)] for
instance, then since all ‘1’ in the symbol are living in a pair of round brackets,
we cannot apply the proposition to such an 𝑆.
Proof of Proposition 3.2. The effect of changes of the order of the entry numbers in Segre symbol is just the exchanges for the variables in homogeneous coordinates on a projective space. Hence, we may suppose that the ‘1’ corresponds
to the first variable 𝑋0 . Since the ‘1’ is not living in a pair of round brackets, the
corresponding elementary divisor is of the form 𝜆 − 𝛼1 for some 𝛼1 ∈ ℂ. Let 𝐹
and 𝐺 be a pair of normalized quadratic polynomials of 𝑆 in these coordinates.
From the above elementary divisor, monomials in 𝐹 and 𝐺 which contain the
variable 𝑋0 are (a constant multiple of) 𝑋02 only, and we have
𝐹 = 𝛼1 𝑋02 + 𝑓, 𝐺 = 𝑋02 + 𝑔,

(14)

where the residual quadratic polynomials 𝑓 and 𝑔 do not contain 𝑋0 . Let 𝜋 ∶
ℂℙ4 → ℂℙ3 be the generic projection from the point (1, 0, 0, 0, 0). Namely 𝜋
is the map which drops the coordinate 𝑋0 . Eliminating 𝑋02 from the equations
𝐹 = 𝐺 = 0, we obtain
𝑓 − 𝛼1 𝑔 = 0.

(15)
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This is a quadratic equation in 𝑋1 , 𝑋2 , 𝑋3 , 𝑋4 , and the corresponding symmetric 4 × 4 matrix is readily seen to be of full rank (i.e. rank 4) by using that 𝛼1 is
different from other roots appearing in the polynomial 𝑓. Hence if 𝑄 ⊂ ℂℙ3
is the quadric which is defined by (15), it is smooth. From (14), the generating
point of the projection 𝜋 is not on 𝑆, and the restriction 𝜋|𝑆 provides 𝑆 a structure of finite double cover over 𝑄, with the branch divisor 𝐵 being defined by
𝑓 − 𝛼1 𝑔 = 𝑔 = 0. Hence the branch divisor is a complete intersection of two
quadrics in ℂℙ3 . The last equations are equivalent to 𝑓 = 𝑔 = 0, so we have
𝐵 = {𝑓 = 𝑔 = 0}. Moreover, obviously the two polynomials 𝑓 and 𝑔 are already
in normalized forms, and the Segre symbol of the complete intersection 𝐵 is
exactly the one given in the proposition.


When the symbol of a Segre surface is as in the proposition, principal structure of the surface may be read off from the structure of the branch curve 𝐵 in
the smooth quadric 𝑄. In turn structure of the curve 𝐵 is known from the Segre
symbol of 𝐵, because the symbol provides normalized forms of the quadratic
equations of 𝐵, and it is not difficult to obtain concrete structure from the equations, by projecting 𝐵 to ℂℙ2 from a point. Below we present a list of structure
of 𝐵 which actually arise from Segre surfaces as in Proposition 3.2. These can
also be found in [5, pp. 305–8] where arbitrary complete intersections of two
quadrics in ℂℙ3 are treated. See also Figure 1 for these curves.
[1111] ⇒ smooth elliptic curve, [112] ⇒ 1-nodal rational curve, [13] ⇒ 1cuspidal rational curve, [11(11)] ⇒ two conics intersecting transversally at
two points, [1(12)] ⇒ two conics touching at one point, [22] ⇒ one line and
one rational normal curve intersecting transversally at two points, [4] ⇒ one
line and one rational normal curve touching at one point, [2(11)] ⇒ two lines
and one conic, forming a ‘triangle’, [(13)] ⇒ two lines and one conic, sharing
one point, [(11)(11)] ⇒ a ‘square’ of four lines.
From these, the types of all singularities of Segre surfaces whose symbols satisfy the property in Proposition 3.2 are obtained. We present them in the second
column of Table 1. Then by using Theorem 2.11, the classes of these Segre surfaces are obtained, and they are listed in the third column in Table 1. The forth
column of the table presents the numbers of ‘1’ in the symbols which are not
living in a pair of round brackets. These are in one-to-one correspondence with
generating projections from a point which induces the double covering map to
the smooth quadric surface as in Proposition 3.2. We will show in Section 3.3
that the dual quadric 𝑄∗ of the smooth quadric 𝑄 is always contained in the
dual variety 𝑆 ∗ , and this is why we are writing 𝑄∗ in the table. The numbers
of lines on 𝑆 are listed in the fifth column, and they are taken from [2, p. 401].
Among them the number of lines on 𝑆 which do not pass through any singularity of 𝑆 are listed in the sixth column. In Section 3.3 we will also show that
∗
the 2-plane in ℂℙ4 which is formed by hyperplanes in ℂℙ4 that contain such a
line is always contained in 𝑆 ∗ .
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[13]

[112]

[22]

[4]

[11(11)]

[2(11)]

[1(12)]

[(13)]

[(11)(11)]

Figure 1. The branch curves 𝐵
Segre symbol Sing 𝑆 deg 𝑆 ∗ #{𝑄∗ ⊂ 𝑆 ∗ } #{lines ⊂ 𝑆} #{ℂℙ2 ⊂ 𝑆 ∗ }
Aut𝑒 𝑆
[11111]
none
12
5
16
16
{id}
[1112]
A1
10
3
12
8
{id}
[111(11)]
2A1
8
3
8
0
ℂ∗
[12(11)]
3A1
6
1
6
0
ℂ∗
[1(11)(11)]
4A1
4
1
4
0
ℂ∗ × ℂ∗
[113]
A2
8
2
8
4
{id}
[122]
2A1
9
1
9
4
{id}
[11(12)]
A3
8
2
4
0
{id}
[14]
A3
8
1
5
2
ℂ∗
∗
[1(13)]
D4
6
1
2
0
ℂ or {id}
Table 1. Segre quartic surfaces which are realizable as a double cover over a smooth quadric surface

Next, we discuss the case where the Segre symbol contains ‘1’ but where it
lives in a pair of round brackets. Then the situation is little different from that
in the previous proposition, but it happens to be still simple.
Proposition 3.3. Suppose that the Segre symbol of a Segre quartic surface 𝑆 includes ‘1’ which is enclosed by a pair of round brackets. Then by a generating projection from a point not lying on the surface, 𝑆 has a structure of a finite double
covering over the cone over an irreduble conic, and the branch curve is a complete
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intersection of the cone with another quadric. Further, the Segre symbol of the
branch curve is obtained from that of 𝑆 by removing the ‘1’ and next removing the
pair of round brackets in which the ‘1’ lives.
For example, the symbol [(11)12] (resp. [(14)]) enjoys the assumption of the
proposition, and the symbol of the branch curve on the cone is [112] (resp. [4]).
Combining with Proposition 3.2, this means that if the symbol has two ‘1’, and
if one of them is included in a pair of round brackets while the other one is not
(like [(11)12]), then 𝑆 is a double cover of a smooth quadric and also is a double
cover of the cone over an irreducible conic.
Proof of Proposition 3.3. From the list for the Segre symbols of all Segre surfaces given right before Proposition 3.1, the Segre symbols in the situation of
the present proposition are of the forms [(11)𝒆], [(12)𝒆′ ] for some 𝒆 and 𝒆′ , or
exactly one of [(13)1] and [(14)]. We verify the proposition on case-by-case basis
depending on these distinctions.
For the first case (in which the symbol is of the form [(11)𝒆]), 𝒆 is one of
111, 12, 3, (11)1, (12).

(16)

The pair of normalized symmetric matrices which define the surface 𝑆 are of
the forms
⎛ 1 0 0 ⎞
⎛ 𝛼1 0 0 ⎞
⎟, 𝑉 = ⎜ 0 1
⎟,
(17)
𝑈 = ⎜ 0 𝛼1
⎜
⎟
⎟
⎜
′
′
𝑈
𝑉
0
0
⎝
⎠
⎠
⎝
where 𝑈 ′ and 𝑉 ′ are 2 × 2 matrices which are determined from 𝒆. In terms
of these symmetric matrices, an elimination of the variable 𝑋0 (or equivalently
𝑋1 ) from the pair of the quadratic equations corresponds to considering the
matrix 𝑈 − 𝛼1 𝑉, and we obtain a quadratic polynomial in 𝑋2 , 𝑋3 , 𝑋4 . The 3 × 3
symmetric matrix corresponding to this polynomial is exactly 𝑈 ′ − 𝛼1 𝑉 ′ , and it
is not difficult to see from the list (16) using 𝛼𝑖 ≠ 𝛼𝑗 for 𝑖 ≠ 𝑗, that this matrix is
of full rank. So the quadratic polynomial defines an irreducible conic in ℂℙ2 .
The point (1, 0, 0, 0, 0) is again not on 𝑆, and if 𝜋 ∶ ℂℙ4 → ℂℙ3 is the projection
from this point, the image 𝜋(𝑆) ⊂ ℂℙ3 is contained in the cone over the last
conic. The restriction 𝜋|𝑆 ∶ 𝑆 → 𝜋(𝑆) is of degree-two over the image, so 𝜋(𝑆) is
2-dimensional. Hence we obtain that the image 𝜋(𝑆) is the cone over the conic.
Moreover, we find that the branch divisor of 𝜋|𝑆 is a complete intersection of
two quadrics in ℂℙ3 whose symmetric matrices are
(

0
0
)
0 𝑈 ′ − 𝛼1 𝑉 ′

and

1 0
(
).
0 𝑉′

(18)

Again, by using 𝛼1 ≠ 𝛼𝑖 if 𝑖 > 1, it is readily seen (again by case-by case checking relying on (16)) that this pair is already in normal forms, and that the corresponding Segre symbol is exactly [1𝒆], the first ‘1’ being corresponding to the
1 × 1-components of the upper-left in the matrices (18). Thus, the Segre symbol
of the branch curve of 𝜋|𝑆 is certainly as in the proposition.
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Next, if the Segre symbol of 𝑆 is of the form [(12)𝒆′ ] for some 𝒆′ , all the possibilities for 𝒆′ are 11, (11) and 2. Then we have
⎛ 𝛼1 0 0
⎜ 0 0 𝛼1
𝑈 = ⎜ 0 𝛼1 1
⎜
0
⎝

⎞
⎟
⎟,
⎟
𝑈′
⎠

0

⎛ 1 0 0
⎜ 0 0 1
𝑉=⎜ 0 1 0
⎜
0
⎝

⎞
⎟
⎟,
⎟
𝑉′
⎠

0

(19)

where 𝑈 ′ and 𝑉 ′ are two symmetric matrices that are determined from 𝒆′ . By
the same procedure as in the last case of [(11)𝒆], we obtain that the projection
𝜋 ∶ ℂℙ4 → ℂℙ3 from the point (1, 0, 0, 0, 0) ∉ 𝑆 induces a double covering
map to the cone over an irreducible conic, and the branch curve is a complete
intersection of two quadrics in ℂℙ3 defined by two symmetric matrices
⎛ 0 0
⎞
⎛ 0 1 0 ⎞
0
⎜ 0 1
⎟ and ⎜ 1 0
⎟.
(20)
⎜
⎟
⎜
⎟
′
′
′
0 𝑈 − 𝛼1 𝑉
0 𝑉
⎝
⎠
⎝
⎠
Again, by using 𝛼1 ≠ 𝛼𝑖 for any 𝑖 > 1, we can see that this pair is already in
normal forms, and the corresponding Segre symbol is [2𝒆′ ], where the first ‘2’
being corresponding to the 2 × 2 matrices in the upper-left in the matrices (20).
Thus, the Segre symbol of the branch curve of 𝜋|𝑆 is again as in the proposition.
The cases where the Segre symbol of 𝑆 is [(13)1] or [(14)] can be shown in
the same manner, and we omit them.

When Proposition 3.3 can be applied to a Segre surface 𝑆, since the double
covering map is finite, 𝑆 always has singularity over the vertex of the cone. Let 𝑣
be the vertex of the cone and 𝐵 the branch divisor on the cone. If 𝑣 ∉ 𝐵, then the
surface 𝑆 has two A1 -singularities over 𝑣. If 𝑣 ∈ 𝐵, then the surface 𝑆 has exactly
one singularity over 𝑣. Since the curve 𝐵 can have a singularity at a smooth
point of the cone, 𝑆 can have other singularity in general, but again the types
of them are known from that of the branch curve 𝐵. When 𝑣 ∈ 𝐵, the type of
the singularity of 𝑆 over 𝑣 is known by transforming 𝐵 through blowing up at 𝑣,
and noticing that the exceptional curve of the blowup is always included in the
branch locus of the new double covering. This way the types of all singularities
of 𝑆 are again known, and we display them in Table 2. Again, the classes of the
surfaces are obtained from Theorem 2.11, and we list them in the third column.
Positioning of the vertex 𝑣 and the branch curve 𝐵 is shown in the fifth column.
We note that it is possible to show that any line on 𝑆 passes through a singularity
of 𝑆 for any Segre surface 𝑆 which appears in Table 2, and therefore we obtain
no plane in the dual variety 𝑆 ∗ in the situation of Proposition 3.3. Also, we note
that [(11)(12)] and [(12)(11)] represent Segre surfaces of the same kind, and we
are taking different projections to the cone.
Evidently at least one of Propositions 3.2 and 3.3 is applied if the Segre symbol
contains at least one ‘1’. Among 16 symbols for Segre quartic surfaces, there are
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Segre symbol
Sing 𝑆
deg 𝑆 ∗ #{lines ⊂ 𝑆}
∗
[(11)111]
2A1
8
8
∗
[(12)11]
A3
8
4
∗
[(11)12]
3A1
6
6
[(11)(11)1]∗
4A1
4
4
[(11)3]
2A1 + A2
5
4
[(13)1]∗
D4
6
2
[(12)2]
A1 + A 3
6
3
[(11)(12)]
2A1 + A3
4
2
[(12)(11)]
2A1 + A3
4
2
[(14)]
D5
5
1
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the vertex 𝑣
Aut𝑒 𝑆
𝑣∉𝐵
ℂ∗
𝑣 is a node of 𝐵
{id}
𝑣∉𝐵
ℂ∗
∗
𝑣∉𝐵
ℂ × ℂ∗
𝑣∉𝐵
ℂ∗ × ℂ∗
𝑣 is a cusp of 𝐵 ℂ∗ or {id}
𝑣 is a node of 𝐵
ℂ∗
∗
𝑣 is a node of 𝐵 ℂ × ℂ∗
𝑣∉𝐵
ℂ∗ × ℂ∗
Sing 𝐵 = {𝑣}
ℂ∗ or {id}

Table 2. Segre quartic surfaces which are realizable as a double cover of the cone over an irreducible conic. Symbols which
appeared in Table 1 are associated by ‘∗’.

exactly two symbols which do not contain any ‘1’, and they are
[23] and [5].

(21)

According to [2, Table 8.6], the former surface has exactly two singularities and
they are of types A1 and A2 , and the latter surface has exactly one singularity,
which is of type A4 . For these Segre surfaces, we cannot obtain a double covering structure over a quadric by a generic projection from a point which does not
belong to 𝑆. Similarly to the previous two tables, we display principal structures
of these surfaces in Table 3.
Segre symbol Sing 𝑆 deg 𝑆 ∗ #{lines ⊂ 𝑆} #{ℂℙ2 ⊂ 𝑆 ∗ } Aut𝑒 𝑆
[23]
A1 + A 2
7
6
2
ℂ∗
[5]
A4
7
3
1
ℂ∗
Table 3. Segre quartic surfaces which cannot be realized as a
double cover over a quadric surface

3.3. Self-intersection loci of the dual varieties. Recall that if 𝑆 ⊂ ℂℙ4 is a
∗
Segre quartic surface, the dual variety 𝑆 ∗ ⊂ ℂℙ4 contains a Zariski-open subset 𝑊0 parameterizing 1-nodal rational curves that are contained in 𝑆reg , the
smooth locus of 𝑆, and 𝑊0 is a complex 3-manifold which has an EinsteinWeyl structure (see Definition 2.3 and Proposition 2.5). The subset 𝑊0 cannot
coincide with the full set 𝑆 ∗ since 1-nodal rational curves can always be deformed in 𝑆 to a 2-nodal (and hence reducible) curve or a 1-cuspidal rational
curve. So the complement 𝑆 ∗ ∖𝑊0 is always a non-empty subvariety in 𝑆 ∗ . This
subvariety may be regarded as the natural boundary set or a kind of conformal
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infinity of the complex Einstein-Weyl space 𝑊0 . As in the introduction, we call
2-dimensional components of 𝑆 ∗ ∖𝑊0 divisors at infinity. In this subsection we
find several components of the divisors at infinity in concrete forms, and show
that the dual varieties have self-intersection along these divisors.
In order to find and describe divisors at infinity, we first make use of lines
lying on a Segre surface. Let 𝑆 ⊂ ℂℙ4 be a Segre quartic surface and 𝑙 a line on
𝑆. The number of lines on Segre surfaces are presented in Tables 1–3. We write
𝑙∗ for the set of hyperplanes in ℂℙ4 which contain the line 𝑙. So 𝑙∗ is a 2-plane in
∗
the dual space ℂℙ4 . If 𝐻 ∈ 𝑙∗ , the line 𝑙 is contained in the hyperplane section
𝑆 ∩ 𝐻, and since 𝑆 is of degree four, the section is reducible. This means that
the section 𝑆 ∩ 𝐻 is not a minitwistor line. So it does not belong to the open
subset 𝑊0 of 𝑆 ∗ . But we have
Proposition 3.4. Suppose that the line 𝑙 ⊂ 𝑆 does not pass through any singu∗
larity of 𝑆. Then the 2-plane 𝑙∗ ⊂ ℂℙ4 is contained in the dual variety 𝑆 ∗ . In
particular, it is a divisor at infinity.
For the proof of the proposition, we use the following three lemmas, for
which we omit the proofs as they can be shown in a standard way.
Lemma 3.5. Let 𝑆 ⊂ ℂℙ4 be a Segre quartic surface. Then any 2-plane in ℂℙ4
does not contain a curve on 𝑆 whose degree in ℂℙ4 is greater than two.
Lemma 3.6. If a Segre surface 𝑆 ⊂ ℂℙ4 contains an irreducible conic 𝐶 which
does not pass through any singularity of 𝑆, we have 𝐶 2 = 0 on 𝑆.
Lemma 3.7. Let 𝑆 ⊂ ℂℙ4 be a Segre surface. For each singularity of 𝑆, conics on
𝑆 which pass through that singularity constitute at most 1-dimensional family.
By using these three lemmas, we next show
Lemma 3.8. A generic secant 𝑝𝑞, 𝑝, 𝑞 ∈ 𝑆, of any Segre quartic surface 𝑆 ⊂ ℂℙ4
has the properties that it does not intersect any line on 𝑆, and that any 2-plane
which contains 𝑝𝑞 does not include any curve on 𝑆.
Proof. By Lemmas 3.6 and 3.7, any component of the variety of conics in ℂℙ4
which are contained in 𝑆 is at most 1-dimensional. A generic element 𝐶 of this
variety defines a 2-plane 𝑃 ⊂ ℂℙ4 by the condition 𝐶 ⊂ 𝑃. Hence the variety
of conics on 𝑆 is identified with the variety of 2-planes in ℂℙ4 which contains a
conic on 𝑆. We then define 𝑉 to be the variety consisting of lines in ℂℙ4 which
are contained in some 2-plane belonging to the last variety of 2-planes. In other
words, 𝑉 is the set of lines lying on the same 2-plane in ℂℙ4 as some conic on 𝑆.
Then obviously each component of 𝑉 is at most 3-dimensional. Moreover, if 𝑊
denotes the variety formed by secants of the surface 𝑆, then we have dim 𝑊 = 4,
and moreover 𝑉 ⊂ 𝑊.
Next let 𝐾 be the set of secants of 𝑆 which intersect some line in 𝑆. Evidently
𝐾 is a 3-dimensional subvariety of 𝑊. By a dimensional reason, we may choose
a secant 𝑝𝑞 ∈ 𝑊 which does not belong to the subvariety 𝑉∪𝐾. Then 𝑝𝑞∩𝑙 = ∅
for any line 𝑙 ⊂ 𝑆. Let 𝑃 ⊂ ℂℙ4 be any 2-plane containing 𝑝𝑞. By Lemma 3.5,
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𝑃 does not contain any curve on 𝑆 whose degree is greater than two. Moreover
from 𝑝𝑞 ∉ 𝑉, the 2-plane 𝑃 does not contain any conic on 𝑆.

Proof of Proposition 3.4. Let 𝑙 be a line on a Segre surface 𝑆 ⊂ ℂℙ4 . Let 𝐻 be
a generic hyperplane which contains 𝑙. We first show that there exists a secant
of 𝑆 which is included in 𝐻 and which satisfies the property in Lemma 3.8.
Since 𝑆 is quartic we have 𝑆 ∩ 𝐻 = 𝑙 ∪ 𝐶, where 𝐶 is a cubic curve. By Lemma
3.5, 𝐶 is non-degenerate in the sense that it is not contained in a 2-plane. Any
secant of 𝑆 included in 𝐻 is a secant of the hyperplane section 𝑆∩𝐻 = 𝑙∪𝐶. Any
secant of the cubic curve 𝐶 is of course such a secant, and since 𝐶 is a curve they
constitute 2-dimensional family of secants of 𝑆. Because 𝐶 is non-degenerate
as above, generic two distinct secants in the family do not intersect. If a generic
secant of 𝑆 in 𝐻 does not satisfy the property in Lemma 3.8, then to each secant
of 𝐶 we have a conic in 𝑆 which lies on the same 2-plane as the secant. These
mean that there exists a 2-dimensional family of conics in 𝑆, which contradicts
Lemmas 3.6 and 3.7. Therefore, there is a secant 𝑝𝑞 of 𝑆 which is contained
in 𝐻 and which satisfies the property in Lemma 3.8. Obviously, we can choose
such a secant which does not pass through the line 𝑙. Then the hyperplane 𝐻
is spanned by 𝑙 and 𝑝𝑞.
We fix any one of such secants 𝑝𝑞 ⊂ 𝐻, and let 𝜛 ∶ ℂℙ4 → ℂℙ2 be the
projection from the line 𝑝𝑞. Fibers of 𝜛 are 2-planes which contain 𝑝𝑞. We
use the same letter 𝜛 for the restriction of the projection to the surface 𝑆. Then
𝜛 ∶ 𝑆 → ℂℙ2 has the two points 𝑝 and 𝑞 as the set of indeterminacy, and if 𝑆 ′
𝜛

is the blowing-up of 𝑆 at these two points, then the composition 𝑆 ′ → 𝑆 → ℂℙ2
is a morphism. We write 𝜛 ′ for this morphism. This is the anti-canonical map
from 𝑆 ′ . Since 𝑆 is of degree four, the morphism 𝜛 ′ is of degree two. Moreover,
since there exists no 2-plane in ℂℙ4 which contains a curve on 𝑆, the degreetwo morphism 𝜛 ′ ∶ 𝑆 ′ → ℂℙ2 does not contract any curve on 𝑆 ′ . Namely 𝜛 ′
is a finite morphism. Since 𝐾𝑆2 = deg 𝑆 = 4, we have 𝐾𝑆2′ = 2. From these we
readily obtain that the branch divisor of 𝜛 ′ ∶ 𝑆 ′ → ℂℙ2 is a quartic curve.
Now assume that the line 𝑙 on 𝑆 does not to pass through any singularity of
𝑆. Then 𝑙 is a (−1)-curve on 𝑆. Let 𝑙′ be the strict transform of 𝑙 into 𝑆 ′ . Then
since the secant 𝑝𝑞 does not intersect 𝑙 from our choice, 𝑙′ is still a (−1)-curve.
′
′ ′
′
Hence we have 𝐾𝑆−1
′ . 𝑙 = 1. So the image 𝜛 (𝑙 ) = 𝜛(𝑙) ⊂ ℂℙ2 is a line, and 𝑙
is isomorphic to this line by 𝜛 ′ . Further the pullback (𝜛 ′ )−1 (𝜛 ′ (𝑙′ )) is an anticanonical curve on 𝑆 ′ . On the other hand, since the hyperplane 𝐻 contains
the center of the projection 𝜛, the image 𝜛(𝐻) is also a line, and as 𝑙 ⊂ 𝐻,
we have 𝜛 ′ (𝑙′ ) = 𝜛(𝐻). If the line 𝜛 ′ (𝑙′ ) would be contained in the branch
quartic of 𝜛 ′ , the branch curve is singular at some point on the line 𝜛 ′ (𝑙′ ).
Since 𝜛 ′ does not contract any curve on 𝑆 ′ , this means that there would exist
a singular point of 𝑆 ′ on 𝑙′ . Hence 𝑆 would have a singularity at some point
of the line 𝑙, which contradicts the assumption on 𝑙. Therefore, the line 𝜛 ′ (𝑙′ )
is not contained in the branch quartic of 𝜛 ′ . Hence, the curve (𝜛 ′ )−1 (𝜛 ′ (𝑙′ ))
on 𝑆 ′ has a component other than the line 𝑙 which is mapped to the bitangent
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𝜛 ′ (𝑙′ ) isomorphically. Since the branch curve is of degree four, this can happen exactly when the line 𝜛 ′ (𝑙′ ) = 𝜛(𝑙) is a bitangent of the branch quartic.
Now we move the line along the branch quartic in a way that it is a regular
tangent of the branch quartic. The preimages of such a tangent under 𝜛 and
𝜛 ′ are still anti-canonical curves on 𝑆 and 𝑆 ′ respectively, and generically have
respectively an ordinary double point over the tangent point as their only singularity. This means that the preimage to 𝑆 of the tangent is a minitwistor line
on 𝑆. Therefore, the curve 𝜛 −1 (𝜛(𝑙)) on 𝑆 is a limit of minitwistor lines on 𝑆.
Since 𝑆 ∗ is closed and 𝜛 −1 (𝜛(𝑙)) = 𝐻 ∩ 𝑆, this means 𝐻 ∈ 𝑆 ∗ . Hence 𝑙∗ ⊂ 𝑆 ∗ ,
as desired.

From the proof, it is not difficult to obtain the following
Proposition 3.9. If 𝑙 is a line on a Segre surface 𝑆 ⊂ ℂℙ4 which does not pass
through any singularity of 𝑆 as in Proposition 3.4, for a generic hyperplane 𝐻
which contains 𝑙, the section 𝑆 ∩ 𝐻 is as in Figure 3.3, where the numbers are
self-intersection numbers in 𝑆.
Proof. We keep the notations in the previous proof. The image 𝜛(𝑙) = 𝜛 ′ (𝑙′ )
was a bitangent of the branch curve of the double covering 𝜛 ′ ∶ 𝑆 ′ → ℂℙ2 , and
the preimage (𝜛 ′ )−1 (𝜛 ′ (𝑙′ )) is of the form 𝑙′ +𝐶 ′ for some smooth rational curve
𝐶 ′ ⊂ 𝑆 ′ which is mapped isomorphically to the bitangent by 𝜛 ′ . Moreover the
intersection 𝑙′ ∩ 𝐶 ′ consists of two points, which are over the tangent points
of the bitangent, and both intersections are transversal. Let 𝐶 be the image of
𝐶 ′ by the blow-down 𝑆 ′ → 𝑆. Since 𝑆|𝐻 = 𝑙 + 𝐶, 𝐶 is a cubic curve and by
rationality it is a rational normal curve in 𝐻. Also 𝐶 is contained in the smooth
locus of 𝑆, and the intersection 𝐶∩𝑙 consists of two points and both intersections
are transversal. For finishing a proof of the proposition, since 𝑙 is a (−1)-curve,
it remains to see that 𝐶 2 = 1. Since 𝐶 + 𝑙 is a hyperplane section of 𝑆, we have
(𝐶 + 𝑙)2 = deg 𝑆 = 4. Moreover we have 𝐶. 𝑙 = 2 as above. This means 𝐶 2 = 1,
as desired.

Next we find another type of divisors at infinity. For this purpose we use the
double covering structure over a smooth quadric obtained in Proposition 3.2. So
let 𝑆 be any one of Segre surfaces listed in Table 1. As in the proof of Proposition
3.2 we denote 𝜋 ∶ ℂℙ4 → ℂℙ3 for the generating projection from a point that
induces the double covering map from 𝑆 to a smooth quadric 𝑄 ⊂ ℂℙ3 . We
denote the generating point of 𝜋 and its dual hyperplane respectively by
𝑤

and 𝑤∗ .

(22)
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In the coordinates of the proof of Proposition 3.2, 𝑤 = (1, 0, 0, 0, 0). The projection 𝜋 induces the dual inclusion
∗

∗

𝜋∗ ∶ ℂℙ3 ↪ ℂℙ4 ,

(23)

∗

and we have 𝜋∗ (ℂℙ3 ) = 𝑤∗ . In the following we often think subvarieties in
∗
∗
ℂℙ3 as those in ℂℙ4 through this inclusion.
If 𝐵 ⊂ ℂℙ3 is an irreducible curve and is not a straight line, the dual variety
∗
𝐵∗ ⊂ ℂℙ3 is defined in the same way to the case for the surface 𝑆 explained
in Section 2, and it is irreducible and 2-dimensional. If 𝐵 ⊂ ℂℙ3 is reducible
and does not have a straight line as a component, we define the dual variety 𝐵∗
to be the union of the dual varieties of all its irreducible components. If 𝐵 is
reducible and have a straight line as a component, we define 𝐵∗ to be the union
of the dual varieties of all its irreducible components which are not a straight
line. So 𝐵∗ is empty if all components of 𝐵 are lines.
Proposition 3.10. Assume that a Segre surface 𝑆 is a finite double cover over a
smooth quadric surface 𝑄 by a projection from a point of ℂℙ4 as in Proposition
∗
3.2. Let 𝑤 ∈ ℂℙ4 and 𝑤 ∗ ⊂ ℂℙ4 be as in (22). Then if 𝐵 ⊂ 𝑄 denotes the branch
divisor of the double cover, the hyperplane section by 𝑤∗ of the dual variety 𝑆 ∗
satisfies
𝑄∗ ∪ 𝐵 ∗ ⊂ 𝑆 ∗ ∩ 𝑤 ∗ ,
where

𝑄∗

and

𝐵∗

(24)

are the dual varieties of 𝑄 and 𝐵 respectively.

Proof. The inclusion 𝑄∗ ∪ 𝐵∗ ⊂ 𝑤∗ is obvious because we are using the inclusion (23), so it is enough to show 𝑄∗ ∪ 𝐵∗ ⊂ 𝑆 ∗ .
First, we show 𝐵∗ ⊂ 𝑆 ∗ . From the above convention for the dual varieties,
it is enough to show that for any irreducible component 𝐵1 of 𝐵 which is not
a straight line, the inclusion 𝐵1∗ ⊂ 𝑆 ∗ holds. In the following for simplicity we
write 𝐵 for 𝐵1 . Then since 𝐵 is not a line, as a curve on 𝑄 ≃ ℂℙ1 × ℂℙ1 , it
is not a curve of bidegree (1, 0) nor (0, 1). Therefore, a smooth generic point 𝑞
of 𝐵 satisfies 𝑇𝑞 𝐵 ⊄ 𝑄. For such a point 𝑞 ∈ 𝐵, the intersection of 𝑄 with a
2-plane ℎ ⊂ ℂℙ3 containing 𝑇𝑞 𝐵 is a smooth (1, 1)-curve on 𝑄 unless ℎ = 𝑇𝑞 𝑄.
Moreover except for a finite number of such 2-planes, the intersection ℎ ∩ 𝐵
consists of three points, and one of them is the tangent point 𝑞, while the other
two intersections are transversal. If we put 𝐻 ∶= 𝜋−1 (ℎ), then the hyperplane
section 𝑆 ∩ 𝐻 has a node at the point (𝜋|𝑆 )−1 (𝑞) because the curve 𝑄 ∩ ℎ is tangent to 𝐵 at 𝑞, and it has no other singularity because ℎ intersects transversally
at the other two intersection points with 𝐵. This means 𝐻 ∈ 𝑊0 , where as before 𝑊0 is the Zariski-open subset of 𝑆 ∗ which parameterizes minitwistor lines
(see Definition 2.3 and Proposition 2.5). Hence, for a generic ℎ ∈ 𝐵∗ , we have
𝜋−1 (ℎ) ∈ 𝑆 ∗ . Since 𝐵∗ is closed, this implies 𝐵∗ ⊂ 𝑆 ∗ .
It remains to show 𝑄∗ ⊂ 𝑆 ∗ . So let ℎ ⊂ ℂℙ3 be a tangent plane to 𝑄, and 𝑞 the
tangent point. The section 𝑄 ∩ ℎ consists of two lines intersecting transversally
at the point 𝑞. Let 𝑙1 and 𝑙2 be these lines. We choose the tangent plane ℎ in
such a generic way that 𝑞 ∉ 𝐵 and that the two lines 𝑙1 and 𝑙2 intersect the

698

NOBUHIRO HONDA

0

C1

0

C2

branch divisor 𝐵 transversally. Since 𝐵 is a cut of 𝑄 by a quadric by Proposition
3.2, the intersections 𝐵 ∩ 𝑙1 and 𝐵 ∩ 𝑙2 consist of two points respectively. From
these the preimages
𝐶1 ∶= (𝜋|𝑆 )−1 (𝑙1 ) and 𝐶2 ∶= (𝜋|𝑆 )−1 (𝑙2 )

(25)

are smooth rational curves on 𝑆, and they intersect transversally at the two
points (𝜋|𝑆 )−1 (𝑞). We write 𝑝1 and 𝑝2 for these two points, and put 𝐻 = 𝜋−1 (ℎ).
The latter is a hyperplane spanned by the generating point 𝑤 of the projection
𝜋 and the tangent plane ℎ, and contains the tangent spaces 𝑇𝑝1 𝑆 and 𝑇𝑝2 𝑆 since
𝑇𝑞 𝑄 = ℎ and 𝑞 ∉ 𝐵. Obviously we have 𝐻|𝑆 = 𝐶1 + 𝐶2 , 𝐶1 ∩ 𝐶2 = {𝑝1 , 𝑝2 }.
Moving the tangent point 𝑞 ∈ 𝑄, we obtain a 2-dimensional family of reducible
|
| |
|
curves belonging to the system |||Oℂℙ4 (1)|𝑆 ||| = |||𝐾𝑆−1 |||, whose members have two
nodes as their only singularity. In particular, 𝐻 ∉ 𝑊0 .
In order to show 𝑄∗ ⊂ 𝑆 ∗ it is enough to show that the curve 𝐶1 + 𝐶2 is a
limit of curves which belong to the Zariski-open subset 𝑊0 of 𝑆 ∗ = 𝑊. Since
𝑙12 = 𝑙22 = 0 on 𝑆, from (25), we have 𝐶12 = 𝐶22 = 0 on 𝑆. Hence by adjunction
we have 𝐾𝑆 . 𝐶1 = 𝐾𝑆 . 𝐶2 = −2 < 0. From [11, Prop. (2.11)], this means that
any one of the two nodes 𝑝1 and 𝑝2 of the curve 𝐶1 + 𝐶2 can be smoothed out
under a small displacement by moving the curve on 𝑆 while the other node is
not smoothed out. Clearly the curve obtained as such a partial smoothing of
the curve 𝐶1 + 𝐶2 belongs to the subset 𝑊0 of 𝑆 ∗ . This means that 𝐶1 + 𝐶2 is a
limit of curves which belong to 𝑊0 , and so we obtain 𝑄∗ ⊂ 𝑆 ∗ , as desired. 
Note that from the proof, generic points of 𝐵∗ belong to 𝑊0 . Therefore, 𝑊0
∗
is not entirely contained in the affine space ℂℙ4 ∖𝑤∗ (≃ ℂ4 ). The following
proposition is also obvious from the proof.
Proposition 3.11. In the situation of the previous proposition, for a generic hyperplane 𝐻 that belongs to the dual quadric 𝑄∗ , the section 𝑆 ∩ 𝐻 is as in Figure
3.3.
Thus, we have found two kinds of divisors at infinity, and both consist of
two smooth rational curves intersecting transversally at two points. These two
kinds of curves are distinguished by the self-intersection numbers of the two
components.
We next show that the dual variety 𝑆 ∗ intersects itself along the dual plane
𝑙∗ and the dual quadric 𝑄∗ . More precisely, we show
Proposition 3.12. Let 𝑙 ⊂ 𝑆 and 𝑄 ⊂ ℂℙ3 be as in Propositions 3.4 and 3.10
respectively. Then the dual variety 𝑆 ∗ has ordinary double points along the dual
plane 𝑙∗ and the dual quadric 𝑄∗ .
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Proof. We use results and notations in [11]. (In [11] the letter 𝐷 is used instead
of 𝐶.) The proofs for 𝑙∗ and 𝑄∗ are almost the same, so for a generic hyperplane
𝐻 belonging to 𝑙∗ or 𝑄∗ we write 𝐻|𝑆 = 𝐶 = 𝐶1 + 𝐶2 and 𝐶1 ∩ 𝐶2 = {𝑝1 , 𝑝2 }.
By choosing 𝐻 ∈ 𝑙∗ ∪ 𝑄∗ in a sufficiently generic way, we may suppose that
𝐶 ∩ Sing 𝑆 = ∅. Put 𝑁𝐶 ∶= O𝐶 (𝐶). This is an invertible sheaf on the curve 𝐶,
and there is a natural isomorphism
|
|
𝑇𝐻 |||Oℂℙ4 (1)||| ≃ 𝐻 0 (𝑁𝐶 ) ≃ ℂ4 .
Moreover from the exact sequence
0 ⟶ O𝑆 ⟶ O𝑆 (𝐶) ⟶ 𝑁𝐶 ⟶ 0

(26)

(
)
and rationality of 𝑆, we have 𝐻 1 (𝑁𝐶 ) ≃ 𝐻 1 O𝑆 (𝐶) . Let 𝑆̃ → 𝑆 be the minimal
̃ Then
resolution of all singularities of 𝑆 and 𝐶̃ the strict transform of 𝐶 into 𝑆.
̃ and it is nef and big. Hence by Kodaira𝐶̃ is an anti-canonical curve on 𝑆,
(
)
̃ = 0. So as 𝐶 ∩ Sing 𝑆 = ∅, we have
Ramanujan vanishing, we have 𝐻 1 O𝑆̃ (𝐶)
(
)
𝐻 1 O𝑆 (𝐶) = 0, and hence from (26) we obtain 𝐻 1 (𝑁𝐶 ) = 0.
1
(Ω𝐶 , O𝐶 ), where Ω𝐶 is the sheaf of Kähler differenNext write 𝑇𝐶1 ∶= E𝑥𝑡O
𝐶

𝑑

tials on 𝐶. Then from the standard exact sequence 0 → O𝑆 (−𝐶) → Ω𝑆 |𝐶 →
Ω𝐶 → 0, there is a natural homomorphism 𝑁𝐶 → 𝑇𝐶1 . Since 𝐶 is normal crossing at 𝑝1 and 𝑝2 , we have 𝑇𝐶1 ≃ ℂ𝑝1 ⊕ ℂ𝑝2 and since 𝑆 is smooth at these points,
the homomorphism 𝑁𝐶 → 𝑇𝐶1 is surjective. Let 𝑁𝐶′ be the kernel sheaf of this
homomorphism, so that we have an exact sequence
0 ⟶ 𝑁𝐶′ ⟶ 𝑁𝐶 ⟶ 𝑇𝐶1 ⟶ 0.

(27)

The Zariski-tangent space at the point [𝐶] of the locus in the linear system
|
|
|𝐾𝑆−1 | ≃ |||Oℂℙ4 (1)||| which corresponds to equisingular displacements of 𝐶 is
given by 𝐻 0 (𝑁𝐶′ ), and the obstruction for smoothness of this locus is in 𝐻 1 (𝑁𝐶′ ).
Now in case 𝐻 ∈ 𝑙∗ , namely in case 𝑙 ⊂ 𝐻, as in the proof of Proposition
3.4, the image 𝜛(𝑙) is a bitangent of the branch quartic of the double cover
𝜛 ′ ∶ 𝑆 ′ → ℂℙ2 obtained by choosing a secant 𝑝𝑞 as in Lemma 3.8, and the two
singularities 𝑝1 and 𝑝2 of the curve 𝐶 are mapped to the tangent points of the
bitangent. Evidently there are two ways of moving the bitangent to a regular
tangent by respecting the tangency at 𝑝1 or 𝑝2 . Accordingly, the reducible curve
𝐶 = 𝐶1 + 𝐶2 admits a displacement in 𝑆 for which exactly any one of the singularities 𝑝1 and 𝑝2 is smoothed out. This means that in case 𝐻 ∈ 𝑙∗ the natural
map 𝐻 0 (𝑁𝐶 ) → 𝐻 0 (𝑇𝐶1 ) ≃ ℂ2 is surjective. In case 𝐻 ∈ 𝑄∗ , as in the last part
of the proof of Proposition 3.10, the curve 𝐶 admits a displacement in 𝑆 which
induces a smoothing for exactly any one of the singularities 𝑝1 and 𝑝2 . Hence
the natural map 𝐻 0 (𝑁𝐶 ) → 𝐻 0 (𝑇𝐶1 ) ≃ ℂ2 is again surjective. Hence, regardless
of 𝐻 ∈ 𝑙∗ or 𝐻 ∈ 𝑄∗ , from (27) and 𝐻 1 (𝑁𝐶 ) = 0, we obtain 𝐻 1 (𝑁𝐶′ ) = 0. We
also obtain ℎ0 (𝑁𝐶′ ) = ℎ0 (𝑁𝐶 ) − ℎ0 (𝑇𝐶1 ) = 4 − 2 = 2.
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Finally, we define the sheaves 𝑁𝐶′′ (𝑝1 ) and 𝑁𝐶′′ (𝑝2 ) on 𝐶 by the properties
𝑁𝐶′′ (𝑝1 )|𝐶∖{𝑝1 } ≃ 𝑁𝐶 |𝐶∖{𝑝1 }

and 𝑁𝐶′′ (𝑝1 )|𝐶∖{𝑝2 } ≃ 𝑁𝐶′ |𝐶∖{𝑝2 } ,

𝑁𝐶′′ (𝑝2 )|𝐶∖{𝑝2 } ≃ 𝑁𝐶 |𝐶∖{𝑝2 }

and 𝑁𝐶′′ (𝑝2 )|𝐶∖{𝑝1 } ≃ 𝑁𝐶′ |𝐶∖{𝑝1 } .

Since 𝑁𝐶 and 𝑁𝐶′ are canonically isomorphic over 𝐶∖{𝑝1 , 𝑝2 }, these two sheaves
are well-defined. Note that the these sheaves are slightly larger than 𝑁𝐶′ , and if
{𝑖, 𝑗} = {1, 2}, we have exact sequences
0 ⟶ 𝑁𝐶′ ⟶ 𝑁𝐶′′ (𝑝𝑖 ) ⟶ ℂ𝑝𝑗 ⟶ 0.
(28)
(
)
As in [11, Remark (1.7)], for 𝑖 = 1, 2, the space 𝐻 0 𝑁𝐶′′ (𝑝𝑖 ) is the Zariski|
|
tangent space at the point [𝐶] of the locus in |||O𝑆 (𝐶)||| which corresponds to
equisingular displacements of 𝐶,(where equisingularity
is imposed only for the
)
′′
1
node 𝑝𝑖 . Moreover the space 𝐻 𝑁𝐶 (𝑝𝑖 ) is the obstruction space for such displacements. We then have natural inclusions
)
(
(29)
𝐻 0 (𝑁𝐶′ ) ⊂ 𝐻 0 𝑁𝐶′′ (𝑝𝑖 ) ⊂ 𝐻 0 (𝑁𝐶 ), 𝑖 = 1, 2,
and the codimensions of the two inclusions are both one. Since the
( nodes) 𝑝1
and 𝑝2 can be independently smoothed out as above, we have 𝐻 0 𝑁𝐶′′ (𝑝1 ) ≠
)
(
𝐻 0 𝑁𝐶′′ (𝑝2 ) as subspaces in 𝐻 0 (𝑁𝐶 ). Hence we obtain the transversality
)
)
(
(
(30)
𝐻 0 𝑁𝐶′′ (𝑝1 ) ∩ 𝐻 0 𝑁𝐶′′ (𝑝2 ) = 𝐻 0 (𝑁𝐶′ ).
)
(
Since 𝐻 1 (𝑁𝐶′ ) = 0 as above, from (28), we obtain 𝐻 1 𝑁𝐶′′ (𝑝𝑖 ) = 0 for 𝑖 = 1, 2.
Thus, the above two equisingular displacements of 𝐶 in 𝑆 are unobstructed,
and each partially equisingular deformations constitute a smooth threefold in
|
|
the linear system |||O𝑆 (𝐶)|||. By the transversality (30), these two components intersect transversally along the locus of equisingular displacements of 𝐶, where
this time equisingularity is imposed on both 𝑝1 and 𝑝2 . Evidently the last locus is identified with a neighborhood of the point 𝐻 in the dual 2-plane 𝑙∗ or
the dual quadric 𝑄∗ . Therefore, the dual variety 𝑆 ∗ has ordinary double points
along 𝑙∗ or 𝑄∗ .

When the quadric 𝜋(𝑆) ⊂ ℂℙ3 is not smooth but the cone over an irreducible
conic as in Proposition 3.3, we write Λ for an irreducible conic, and Cone (Λ) ⊂
ℂℙ3 for the cone over Λ. Also, similarly to the notation in Proposition 3.10,
we write 𝑤 for the generic point of the projection which induces the double
∗
covering map 𝑆 → Cone (Λ), and 𝑤∗ ⊂ ℂℙ4 for the dual hyperplane to 𝑤.
Then the following proposition can be shown in the same way to the assertion
𝐵∗ ⊂ 𝑆 ∗ ∩ 𝑤∗ in Proposition 3.10.
Proposition 3.13. Assume that a Segre surface 𝑆 is a finite double cover over
Cone (Λ) by a projection from the point 𝑤 ∈ ℂℙ4 as in Proposition 3.3. Then if
𝐵 ⊂ Cone (Λ) denotes the branch divisor of the double cover, then the hyperplane
section by 𝑤∗ of the dual variety of 𝑆 satisfies
𝐵∗ ⊂ 𝑆 ∗ ∩ 𝑤∗ .

(31)
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4. Examples of transitions and concluding remarks
4.1. Typical transitions between Segre quartic surfaces. Next, we discuss
adjacent relations (or degeneration relations) between some Segre quartic surfaces. First, the transitions [1111] → [112] → [13] for complete intersections
of two quadrics in ℂℙ3 provide a standard degeneration of a smooth elliptic
curve into cuspidal rational curve via a nodal rational curve, and accordingly,
through the double cover, the transitions [11111] → [1112] → [113] for Segre
surfaces provide modest degenerations of the surfaces. From Table 1, in this
degeneration, the classes of the Segre surfaces decrease as 12 → 10 → 9, while
those of the branch curves can be seen to decrease as 8 → 6 → 5. Thus, all
decreases of the classes of Segre surfaces come from those of the branch curves.
For another typical degenerations of complete intersections of two quadrics
in ℂℙ3 , we take
[112] → [11(11)] → [2(11)] → [(11)(11)].

(32)

These are 1, 2, 3 and 4-nodal curves respectively, and the numbers of irreducible
components of the curves are 1,2,3 and 4 respectively. The first one is a 1-nodal
rational curve, and the second one consists of two conics (i.e. (1, 1)-curves in
𝑄 ≃ ℂℙ1 × ℂℙ1 ) intersecting transversally at two points. The third one consists
of two lines and one conic, and they form a ‘triangle’ of smooth rational curves.
The final one consists of four lines, forming a ‘square’ of rational curves. Using
that the dual variety of a smooth conic in ℂℙ3 is the cone over the conic and
in particular quadratic, we obtain that the degrees of the dual varieties of these
quartic curves are respectively 6, 2 + 2 = 4, 2 and 0. Adding a single ‘1‘ to each
symbol in the series (32), we obtain a series of Segre surfaces whose symbols
are
[1112] → [111(11)] → [12(11)] → [1(11)(11)].

(33)

From the above description of the quartic curves, these Segre surfaces have one,
two, three and four A1 -singularities respectively, and have no other singularities. Hence by Theorem 2.11, the classes of these surfaces are 10, 8, 6, 4 respectively. Thus, again the decreases of the classes of the surfaces exactly come from
those of the branch quartic curves.
For one more interesting example of a degeneration, we take the transition
[22] → [4] for complete intersections in ℂℙ3 . Both curves consist of one rational normal curve and one line in ℂℙ3 , but for the symbol [22] the two components intersect transversally at two points, while for the symbol [4] the two
components are tangent at one point. If we consider the transition [122] → [14]
for Segre surfaces, the singularities are two A1 for the former and a single A3
for the latter, Hence, from Theorem 2.11, for both kinds of surfaces, we have
deg 𝑆 ∗ = 12 − 4 = 8 (see Table 1). Thus, no decrease occurs for the classes in
this degeneration.
As a final example of a degeneration, we consider the transition [(11)3] →
[(13)1] for Segre surfaces. Both of these kinds of Segre surfaces have a structure
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of double covering over a quadratic cone as in Proposition 3.13. The branch
curves have [13] as the Segre symbol for both, and this is a cuspidal rational
curves. The vertex 𝑣 of the cone is on the branch curve only for the latter kind
of surfaces. So certainly, the latter kind of surfaces is obtained from the former
kind of surfaces as a degeneration. The former kind of surface has two A1 singularities and one A2 -singularity, and hence the class is 12 − 2 − 2 − 3 = 5
by Theorem 2.11. On the other hand, the latter kind of surfaces have exactly
one singularity which is of type D4 (This is over the vertex of the cone.) Hence,
we have deg 𝑆 ∗ = 12 − 6 = 6 by Theorem 2.11. Thus, the class increases under
this degeneration, The added one is a consequence of the fact that, the surface
[(13)1] includes the the plane 𝑣∗ formed by hyperplanes passing through the
vertex 𝑣 is included in 𝑆, while the surface [(11)3] does not. In other words,
in the case of [(13)1], a hyperplane section of 𝑆 which passes through the D4 singularity admits a displacement which avoids the singularity and which gives
a 1-nodal curve which is really a minitwistor line. This is in contrast with the
situation mentioned in Remark 2.6.
4.2. Concluding remarks. We end this article by giving two remarks. The
first one is about a relation between null surfaces in Einstein-Weyl space associated to the Segre surfaces and their divisors at infinity. For this, we recall that
each Segre quartic surface 𝑆 ⊂ ℂℙ4 has a structure of a minitwistor space in
the sense of Definition 2.1 and therefore the 3-dimensional complex manifold
𝑊0 which parameterizes minitwistor lines in 𝑆 has an Einstein-Weyl structure.
Many Segre surfaces admit double covering structure over a smooth quadric 𝑄
as in Proposition 3.2. As in Propositions 3.10 and 3.12. the dual quadric 𝑄∗ ,
∗
considered as included in the dual space ℂℙ4 via the generic projection, is contained in the completion 𝑊 = 𝑆 ∗ of 𝑊0 as a self-intersection locus. We see
that the completions of null surfaces in these Einstein-Weyl spaces 𝑊0 are always
tangent to the dual quadrics 𝑄∗ ⊂ 𝑆 ∗ .
Before doing so, we first consider the case where the minitwistor space is
a smooth quadric 𝑄 ⊂ ℂℙ3 . In this case, a hyperplane 𝐻 ⊂ ℂℙ3 cuts out a
minitwistor line in the original sense iff it is not tangent to 𝑄. Tangent planes
to 𝑄 are in one-to-one correspondence with its tangent point of 𝑄, and thus a
hyperplane section 𝐻 ⊂ ℂℙ3 does not cut out a minitwistor line iff 𝐻 ∈ 𝑄∗ ,
∗
∗
where 𝑄∗ ⊂ ℂℙ3 is the dual quadric. This means 𝑊0∗ = ℂℙ3 ∖𝑄∗ . So we call 𝑄∗
∗
a quadric at infinity of 𝑊0 = ℂℙ3 ∖𝑄∗ . Null surfaces in the Einstein-Weyl space
∗
∗
∗
𝑊0 = ℂℙ3 ∖𝑄 are nothing but the intersections with the dual planes 𝑝∗ ⊂ ℂℙ3 ,
where 𝑝 is chosen from the minitwistor space 𝑄. For such a dual plane 𝑝∗ , the
intersection 𝑝∗ ∩ 𝑄∗ consists of the two lines consisting of planes in ℂℙ3 which
is tangent to 𝑄 at some point on the two lines that pass through the point 𝑝.
This implies that the completion of any null surface in the Einstein-Weyl space
∗
ℂℙ3 ∖𝑄∗ is tangent to the infinite quadric 𝑄∗ .
Returning to the case of genus one, let 𝑆 be a Segre quartic surface which has
a structure of double covering over a smooth quadric 𝑄 ⊂ ℂℙ3 as in Proposition
3.2. As before let 𝜋 ∶ ℂℙ4 → ℂℙ3 be the generic projection from the point
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𝑤 ∉ 𝑆 which induces the double covering map. By the dual embedding 𝜋∗ ∶
∗
∗
∗
ℂℙ3 ↪ ℂℙ4 we identify the dual quadric 𝑄∗ ⊂ ℂℙ3 with its image 𝜋∗ (𝑄∗ ). We
call this a quadric at infinity. Again null surfaces in 𝑊0 are of the form 𝑝∗ ∩ 𝑊0 ,
∗
where 𝑝∗ ⊂ ℂℙ4 is the dual hyperplane to the point 𝑝 chosen from 𝑆. Since
the completion 𝑊 of 𝑊0 contains the dual quadric 𝜋∗ (𝑄∗ ), this means that the
intersections of the completions of the null surfaces with the quadric at infinity
are of the form
{
}
𝑝∗ ∩ 𝜋∗ (𝑄∗ ) = 𝜋−1 (ℎ) | ℎ ∈ 𝑄∗ , 𝜋(𝑝) ∈ ℎ , 𝑝 ∈ 𝑆.
(34)
The RHS can be identified with the union of two lines on 𝑄 ⊂ ℂℙ3 which pass
through the point 𝜋(𝑝). Of course, these two lines intersect transversally at
∗
the point 𝜋(𝑝). This means that the hyperplane 𝑝∗ ⊂ ℂℙ4 and the completion of the null surface 𝑝∗ ∩ 𝑊0 is tangent to the quadric 𝜋∗ (𝑄∗ ) at the point
𝜋−1 (𝑇𝜋(𝑝) 𝑄) ∈ 𝜋∗ (𝑄∗ ).
The second remark is about a relationship between Segre quartic surfaces
and twistor spaces associated to self-dual metrics on 4-manifolds. By JonesTod [9], a 3-dimensional Einstein-Weyl manifold is obtained from a self-dual
4-manifold as a quotient space under an action of 1-dimensional Lie group
preserving the self-dual structure. Correspondingly, a minitwistor space is obtained from the twistor space of a self-dual 4-manifold as a quotient space with
respect to the holomorphic action of 1-dimensional complex Lie group. Among
the 16 kinds of the Segre surfaces, only the ones whose symbol is [111(11)] are
known to be obtained this way. There, the source 4-manifolds are the connected
sums of arbitrary number of complex projective planes, and their twistor spaces
were constructed in [6]. It might be an interesting question as to whether other
Segre surfaces can be obtained as quotient spaces of compact twistor spaces.

References
[1] Campana, Frédéric; Kreußler, Bernd. A conic bundle description of Moishezon
twistor spaces without effective divisor of degree one. Math. Z. 229 (1998), no. 1, 137–
162. MR1649326, Zbl 0919.32019, doi: 10.1007/PL00004646. 680
[2] Dolgachev, Igor V. Classical algebraic geometry. A modern view. Cambridge University Press, Cambridge, 2012. xii+639 pp. ISBN: 978-1-107-01765-8. MR2964027, Zbl
1252.14001, doi: 10.1017/CBO9781139084437. 678, 679, 685, 686, 688, 689, 693
[3] Griffiths, Phillip; Harris, Joseph. Principles of algebraic geometry. Pure and Applied Mathematics. Wiley-Interscience [John Wiley & Sons], New York, 1978. xii+813 pp.
ISBN: 0-471-32792-1. MR0507725, Zbl 0408.14001, doi: 10.1002/9781118032527. 678
[4] Hitchin, Nigel J. Complex manifolds and Einstein’s equations. Twistor geometry and
nonlinear systems (Primorsko, 1980), 73–99. Lecture Notes in Math., 970. Springer,
Berlin-New York, 1982. MR0699802, Zbl 0507.53025, doi: 10.1007/BFb0066025. 673, 675,
676, 677
[5] Hodge, William V. D.; Pedoe, Daniel. Methods of algebraic geometry. II. Cambridge
Mathematical Library. Cambridge University Press, Cambridge, 1994. x+394 pp. ISBN:
0-521-46901-5. MR1288306, Zbl 0048.14502, doi: 10.1017/CBO9780511623899. 685, 687,
689

704

NOBUHIRO HONDA

[6] Honda, Nobuhiro. Explicit construction of new Moishezon twistor spaces.
J. Differential Geom. 82 (2009), no. 2, 411–444. MR2520798, Zbl 1183.53043,
doi: 10.4310/jdg/1246888490. 703
[7] Honda, Nobuhiro; Minagawa, Ayato. On the cuspidal locus in the dual varieties of
Segre quartic surface. Preprint, 2021. arXiv:2108.07065. 674
[8] Honda, Nobuhiro; Nakata, Fuminori. Minitwistor spaces, Severi varieties, and
Einstein–Weyl structure. Ann. Global Anal. Geom. 39 (2011) no. 3, 293–323. MR2769301,
Zbl 1222.53053, arXiv:0901.2264, doi: 10.1007/S10455-010-9235-Z. 673, 675, 676, 677
[9] Jones, P.E.; Tod, Kenneth P. Minitwistor spaces and Einstein–Weyl spaces. Classical Quantum Gravity 2 (1985), no. 4, 565–577. MR0795102, Zbl 0575.53042,
doi: 10.1088/0264-9381/2/4/021. 673, 703
[10] Sasaki, Tatsuya. The Einstein–Weyl 3-fold corresponding with a specific minitwistor
space of index 2. Master thesis. Tokyo Institute of Technology, 2020. 680
[11] Tannenbaum, Allen. Families of algebraic curves with nodes. Compositio Math. 41
(1980), no. 1, 107–126. MR0578053, Zbl 0399.14018. 698, 699, 700
[12] Tevelev, Evgueni A. Projective duality and homogeneous spaces. Encyclopedia of
Mathematical Sciences, 133. Invariant Theory and Algebraic Transformation Groups,
IV. Springer-Verlag, Berlin, 2005. xiv+250 pp. ISBN: 3-540-22898-5. MR2113135, Zbl
1071.14052, doi: 10.1007/b138367. 677, 679
[13] Voisin, Claire. Hodge theory and complex algebraic geometry. II. Cambridge Studies in Advanced Mathematics, 77. Cambridge University Press, Cambridge, 2007. x+351 pp. ISBN: 978-0-521-71802-8. MR2449178, Zbl 1129.14020,
doi: 10.1017/CBO9780511615177. 679
(Nobuhiro Honda) Department of Mathematics, Tokyo Institute of Technology, Japan
honda@math.titech.ac.jp
This paper is available via http://nyjm.albany.edu/j/2022/28-28.html.

