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Higher dimensional simplicial complexity
Ayse Borat

ABSTRACT. In this paper we generalize the simplicial complexity which
is defined by Gonzalez in [5], to higher dimensions. We introduce some
of its properties such as its relation with the topological complexity and
the relation between the dimensions of the simplicial complexity. At the
last section an example of a motion planner for a complex of S* is given.
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1. Introduction

Topological complexity, defined by Farber in [2], is a tool that measures
how far a space is from admitting a motion planner. More precisely, for a
topological space X, topological complexity of X (denoted by TC(X)) is
defined as the Schwarz genus of the fibration 7 : PX — X x X given by
m(y) = (7(0),7(1)) where PX stands for the path space of X. For more
details, see [3], [2].

Rudyak generalized this definiton to the higher dimensions in his paper 7|
and this new notion is further studied by Basabe, Gonzalez, Rudyak and
Tamaki in [1]. The following is the definition of higher dimensional topolog-
ical complexity.
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Definition 1.1. [7] Consider the wedge sum of n closed intervals [0, 1];
for ¢ = 1,2,...,n where the zeros 0;’s are identified, and denote it by J,
(n € N). For a path-connected space X, denote by X Jn the function space
of paths with n-legs. Then there is a fibration e, : X’» — X™ given by
en(f) = (f(11), f(12),..., f(1,)). The n-dimensional topological complexity
is defined to be the Schwarz genus of e, and is denoted by T'C),(X).

Schwarz defined this genus in "nonreduced" terms. Throughout this paper
we will use the reduced version.

The concept of topological complexity is considered in the combinatorial
realm by Tanaka in [9] and in the simplicial realm by Fernandez-Ternero,
Macias-Virgos, Minuz and Vilches in [4] and by Gonzalez in [5]. Even though
the authors of [4] and [5] consider the simplicial version of "topological com-
plexity", the viewpoints in the papers [4] and [5] are different. The basic
difference is that [5] makes use of the subdivision functor to recast (and not
only estimate) TC in combinatorial terms.

In this paper we will focus on the simplicial complexity as it is given by Gon-
zalez in [5]. In the second section, we will construct the higher dimensional
simplicial complexity and will give some of its properties. In the last section,
an example of a (3-dimensional) motion planner for a complex of S will be
introduced.

2. Higher dimensional simplicial complexity

The following lemma is a generalization of Lemma 4.21 in [3].

Lemma 2.1. Let X be a path-connected space and consider the fibration e,
as described in Definition 1.1. Then U C X" admits a section s : U — X7n
if and only if there is some map g: U — X such that each composition
fi: U <o xn POy homotopic to g, where proj; : X" — X 1is the
projection to the i-th factor.

Proof. Suppose for each i € {1,---,n}, we have homotopies H :UxI—
X such that H'(z,0) = g(x) and H*(z,1) = fi(x1, - ,zn) = x; where
x=(x1, - ,2y) €U.

Define a map s : U — X”/» such that the n-legged path s(x): J* — X is
defined as follows. The i-th leg in s(z) is given by the path H. : I — X and
these legs are identified at HZ(0;) = g(x). Notice that s(z)(1;) = fi(z) = =;
for 1 <4 < n. Hence e, o s = idy holds.

On the other hand, suppose that s : U — X/ is a section such that e, os =
idy. In other words, s satisfies s(x)(1;) = x; for each € U. Moreover, let
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the wedge point be given by g(x) for each s(z). Then for each i, we can
define homotopies H* : U x I — X given by
H'(x,t;) = s()(t:)
which satisfies H'(z,0;) = g(x) and H'(z,1;) = x; = fi(x). O

Definition 2.2. Let ¢, : K — L be two simplicial maps between simplicial
complexes. ¢ and v are said to be contiguous, denoted by ¢ ~. ¥, if
o ={vg,...,vy} is a simplex in K, then

p(a) V(o) = {p(vo), s (vn) (vo), - - P(vn) }

constitute a simplex in L .

Definition 2.3. [5] Let K, L be complexes. ¢,¢ : K — L are called c-
contiguous if there exists a sequence of maps hg, hi,- -« ,he : K — L satis-
fying ho = ¢, he = ¢ and that for each i = 1,2,--- ¢, the pair (h;—1,h;) is
contiguous.

Throughout this paper, all complexes and their products will be taken in the
category of ordered complexes. This is required as the topological realization
of the product is homeomorphic to the product of the topological realizations
of the factors.

Consider an approximation
v : SdY(K™) — Sd*1(K™)
to the identity on ||K™|| where SA°(K™) denotes the b-fold barycentric sub-

division. As in [5], for simplicity, denote the iterated composition of these
maps by ¢ as well, such as

v SdP(K™) — Sd¥ (K™).
For i € {1,2,--- ,n}, define the map m; as the composition
o SAP (K™Y L K PO g

where proj, is the projection map to the i-th factor.

Definition 2.4. Let K be an ordered complex. For b,c1,c2, -+ ,¢n € Z>o,
if there are k + 1 subcomplexes Jy, J1, - , Ji covering Sdb(K”) satisfying
that on each J; (where ¢ = 0,1,--- , k) there exists a map g; : J; — K such

that each map
f;iJi‘%Sdb(Kn)gK (where j =1,2,--- ,n)
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is c¢j-contiguous to g; : J; — K on J;, then the least possible number k is
called (b, c1, ¢, -, cy)-simplicial complexity of K or simply n-dimensional
(b, C)-simplicial complexity where C' = (c1,ca,- -+, ¢y).

We will denote it by SC%7n(K ) or if C' is given explicitly we can omit the
subindex n and denote it by SC?CI’CQ’_” ?Cn)(K).
If no such finite coverings exist, we will set SC%yn(K ) = oo.

Proposition 2.5. Given C = (c1,¢2,--+ ,¢,) and D = (di,da, -+ ,dy).
Then

ch,n(K) 2 SCbDJL(K) , if ¢ <d; for each i.

Proposition 2.5 allows us to make the following definition.
b e ] 1 e ] b

Note that, here the “limit" is just a notation and what we really mean is the
stabilized value. Observe that

SCH(K) < SCE,(K)

holds for any C' = (c1,c¢2,- -+, ¢n).

Lemma 2.6. SCZ(K) does not depend on the chosen approximations t :
SdP(K™) — SA°~1(K™) to the identity.

Proof. Let
1,7: SdP(K™) — Sd*1(K™)
be different approximations to the identity. If C' = (c1,c2,+- ,¢n), let
us denote the corresponding n-dimensional (b, C')-simplicial complexities by
=~b .
SCI(’CLCQ,._,’%)(K) and SC,, ¢, ... o) (K), respectively.

Note that ¢, 7 are 1-contiguous by Lemma 3.5.4 in [8]. Hence
fi:J = Sdb(K") s K
is 1-contiguous to
fitJ o sd (k™) I K
(for each ¢ =1,2,--- ,n) by Lemma 3.5.1 in [8]. Therefore
SCt (K) > @lgcl—i—lpg-l—l,m,cn—i—l)(K)

(1,62, 5¢n)
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b
> SC(C1+2,02+2,~~~ ,en+2) (K) :

Thus the limits SC? (K) and SiCI;L(K ) must be equal. O

As given in [5], if A : Sd'(J) — J is a simplicial approximation to the identity,
then ao A and ¢ o 8 which fit in the following diagram are 1-contiguous

sdi(g) —2 sd (K™
b ;
J —2 5 Sd(K™)
where « is the obvious embedding and £ is the corresponding (subdivided)
embedding.

Therefore it follows that SC{,, ,, .. (K)>SCll, ) (K).

Lemma 2.7. SCY(K) > SCL(K) > SC%(K) > ---

Proof.
SCZ(K) = SC? (K), for large c1,c9,-++ ,cn

(1,62, ,¢n)

b+1
Z SC(C1+1762+1,-~~ ,cn—l—l)(K)

> lim  lim --- lim SCZ'! (K)

T c1t+1l—00 ca+1—00 cn+1—00 (c1t1,ca41,cnt1)

= SCUH(K).

The first and the last equalities follow from the definitions whereas the first
inequality follows from the discussion above. O

From the decreasing sequence in Lemma 2.7, we will define n-dimensional
simplicial complexity as the stabilized value in this sequence. For a complex
K, its n-th simplicial complexity will be denoted by SC,,(K).

Theorem 2.8. If K is a complex, TC,(||K||) < SCy(K).

Proof. SC,(K) = SC! (K), for large b, c1, ¢, ,Cn

(017027"' 76”)

> TCh(|[K1])-
The equality follows from the definition of SC,,(K) while the inequality

follows from Lemma 2.7 and the fact that topological realization of ¢;-
contiguous maps are homotopic. [l

Theorem 2.9. If K is a finite complex, then TC,(||K||) = SC,(K).
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Proof. It suffices to show that TC,(||K||) > SC,,(K).

Let TC,(||K||) = k. Then there exists Uy, Uy, -+ ,Ur C ||K||" covering
||K||™ such that for each i € {0,1,---,k}, each f} (U — ||K|™ &5 ||K)|
(for j =1,2,---,n) is homotopic to some g; : U; — || K|| by Lemma 2.1.

Let us choose b € Z* which is large enough so that the realization of each
simplex of SA°(K™) is contained in some U;. For each i, construct a subcom-
plex L; of Sd%(K™) so that it contains these simplices whose realization is
contained in U;.

Since each f; is homotopic to g; over U;, each f; is homotopic to g; over || L;||
as well. By Lemma 3.5.6 in [8], since K is finite, for each j € {1,--- ,n}, there
are dj,c; € Z* such that f; :U; — ||K||™ — ||K]| and g; : U; — ||K|| have
simplicial approximations 1,1, : Sdb"'dj(L?) — Sd**% (K™) — K which
are c;-contiguous. Hence SCbTdrtrdn (K) < k. Thus SC,(K) < k. O

(017"' :Cn)

Corollary 2.10. If K and L are two finite complexes whose topological re-
alizations are homotopy equivalent, then they have SC,(K) = SC,(L).

Corollary 2.11. Let K be a finite complex. Then ||K|| is contractible if and
only if SC,(K) = 0.

Corollary 2.12. If K is a finite complez, SC,(K) < SCp41(K).

Proof. This follows directly from Proposition 3.3 in [7], i.e., TC,(X) <
TCp+1(X), and Theorem 2.9. O

3. An example for SC;

The following example is provided by Carlos Ortiz and Jesus Gonzalez. It
took 6 days of computer calculation and the computer implementation used
in this example will be described in [6] by Ortiz, Lara, and Gonzalez.

Example 3.1. This example gives a SC3 motion planning algorithm with
5 rules for a simplicial complex of S'. Let K be a complex for S' given by
{01,12,20} where 0,1,2 are vertices. K x K x K is represented as a cube
with opposite walls identified in the usual way.
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K x K x K has 27-vertices which are named as follows.

v1 := 000 v10 = 100 v19 = 200
vo := 001 v11 = 101 Vo = 201
v3 := 002 v12 = 102 vo1 = 202
v4 := 010 v1g = 110 Vo9 1= 210
vy := 011 vy4 = 111 vz 1= 211
vg 1= 012 v1s = 112 voyq 1= 212
vy = 020 v16 := 120 Vo5 1= 220
vg := 021 vy = 121 Vog 1= 221
vg := 022 v1g 1= 122 vy 1= 222

Let m; : K x K x K — K, for i = 1,2,3, denote the i-th projection. For
instance, 71 (v7) = 0 and ma(v1g) = 2.
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Notice that K x K x K is made out of 27 little cubes each of which is similar
to the one in the figure below.

0114 111

001

110

L
000 100

The above cube is made out of 6 3-simplices. These are
{ 000, 001, 011, 111 }
{ 000, 001, 101, 111 }
{ 000, 010, 011, 111 }
{ 000, 010, 110, 111 }
{ 000, 100, 101, 111 }
{ 000, 100, 110, 111 }

We will distribute the 162 resulting 3-simplices into 5 domains S1, S2, S3,
S4 and S5, which will assemble a 3-dimensional simplicial motion planner.

The domains
Facets of domain 1 (52 in total):
S1 = {{v2, v3,v6,v24}, {v4, V13, V14, v17}, {V2, V3, V6, V15 },
{v1,v19, v22, vou}, {v1, v3, v21, var }, {v1, V4, V6, V15 },
{11, v20, va1, var}, {v1, V4, V22, V21 }, {v11, V12, V21, Va7
{13, v14, V17, V26 }, {v1, V4, U5, V14}, {V10, V19, V21, Var },
{v11, v12, V21, V21 }, {va, V13, V16, V17}, {V1, V7, V25, Va7 |,

{v11, v20, V26, V27 }, {V2, V20, V26, Var }, {V1, V4, V22, V23 },
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{v1,v4, v6,v24}, {va, V6, V15, v18}, {v10, V19, V22, V23 },
{v10, v19, Va2, v24}, {v1, V4, V5, Va3 }, {v4, V13, V15, V18 ),
{v2, v3,va1, v27}, {v2, V3, V21, V24 }, {v4, V13, V16, VI8 },
{14, v17, v26, V27 }, {1, V19, V21, Va7 }, {V1, V3, V6, V24 },
{v1,v3,v91,v24}, {v1, V19, V21, V21 }, {V10, V19, V21, V24 },
{1, v7,v9,va7}, {v10, V12, V21, Va7 }, {V10, V19, V25, Va7 },
{2, v20, v21, vau}, {v11, V17, Va6, var }, {v4, U5, V14, V17,
{v10, v12, V21, V21 }, {v1, V3, V9, Va7 }, {V2, U8, V26, V27
{wa, v20,v21, var}, {v2, v3, v9, var}, {v13, V16, V17, V26 },
{v1,v3,v6, v15}, {v11, V20, V21, V24 }, {V1, V4, V13, V15 },
{v1,v4, v13, v14}, {v1, V19, V22, V23 }, {V2, V8, V9, Va7 },

{v1,v19,v25, va7} }

Facets of domain 2 (43 in total):

Sy = {{va2, v11,v14, v15}, {v4, v5, vs, v17}, {va, V5, V23, V26 },

{v2,v3,v9, v18}, {v13, V16, Va5, V26 }, {V1, V2, U8, V17 },
{v1,v19, va5,v26}, {v1, 2, V8, v26 }, {v5, Vs, Vo, V27 },
{v1,v2,v20, V26 }, {v10, V13, V22, V24 }, {V13, V22, V25, V26
{va, v3,v12,v15}, {v2, U8, V17, V18}, {V10, V13, V15, V24 },
{va, v8, v9, v18}, {v4, V7, V8, Va6 }, { V5, vs, V26, Va7 5
{v1,v7,v8, v17}, {v10, V13, V22, V23 }, { V10, V12, V15, Vo4 |,
{va,v5,v8,v26}, {v11, V12, V15, V2u }, {v2, U3, V12, V18],
{v1,v2,v11,v17}, {v5, V6, V9, V18 }, {U5, V23, Va6, Var },
{v1,v2,v11,v14}, {v5, V6, Vo, V27 }, {V4, V7, V8, V17 },

{13, v22, v23, V26 }, {v1, V7, V8, V26 }, {V1, V7, V25, V26
{va, v11,v12, 15}, {v5, Vs, V9, v18}, {v2, V11, V17, V18],
{vs, v8, v17, v18}, {v4, V7, Va5, V26 }, {V4, V22, V25, V26
{va, v22,v23,v26 }, {v11, V14, V15, V24 }, {v1, V19, V20, V26 },

{vg,v11,v12,v18} }

Facets of domain 3 (35 in total):
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Ss = {{v1, v10,v13, v14}, {v10, V11, V14, 23}, {V1, V10, V11, V14 ],
{vs, v6, v15, v18}, {v2, U5, V6, V15 }, {v1, V7, V16, V181,
{v10, v12, V18, V27 }, {v2, U5, V6, V24 }, { V10, V16, V18, Va7 ),
{v1,v10,v16, v18}, {1, V3, V12, V18 }, {v1, V10, V12, V18],
{v10,v19, v20, V26 }, {1, V10, V16, V17}, {v4, V7, V9, V18 },
{v2,v5,va3, v21}, {v10, V16, V25, V27 }, {V11, V20, V23, Va4 },
{v10, v19, V20, V23 }, {v10, V13, V14, V23 }, {v10, V11, V20, V26
{10, v16, V17, V26 }, {v10, V11, V17, V26 }5 {V10, V11, V20, V23
{va, v7,v16, v18}, {4, V7, V16, V17}, {V2, V20, V23, V24
{1111, V14, V23, U24}, {Ul, U3, V9, U18}, {Ul, U7, V16, Ul?},
{v4, v6, v9, v18}, {v10, V16, V25, V26 }, {V10, V19, V25, V26 },

{v1,v7,v9,v18}, {v1,v10, 11, 17} }

Facets of domain 4 (24 in total):
Sy = {{U13, V16, V25, V27 }, {V11, V12, V18, V2t }, {V14, V17, V18, Va1 },

{v14, v15, v24, V27 }, {V4, V22, V25, Va7 }, {V1, V2, V5, Va3 },
{va, v7,v9,va7}, {v1, V2, V5, V14}, {V4, V6, Vo, V27 },

{v2,v5, v14, v15}, {v13, V15, V24, V27 }, {V13, V15, VI8, Va7 ]
{v1,v19, v20, v23}, {v13, V22, Va5, var}, {vs, V14, V15, V18],
{v5, v14, v17, V18 }, {14, V15, V18, V27 }, {V1, V2, V20, Va3 ],
{va, v7,v95, v27}, {v4, V6, Va4, var}, {V13, V22, Va4, Vo7 },

{v11, v17, v18, V27 }, {V13, V16, V18, V27 }5 {V4, V22, V24, U27}}

Facets of domain 5 (8 in total):
S5 = {{v14,v23, Va4, var}, {v5, Va3, vau, a7}, {v1, V10, V12, V15,
{v1,v10,v13, 15}, {v5, V6, V24, Va7 }, { V13, V14, V23, V26 },
{v1,v3, v12,v15}, {v1a, v23, V26, V27 } }
Now we will introduce the rules over these domains. In each case there are
two contiguity chains, one is from 71 to w9 and the second is from 7y to 3.

The rows below stand for the values at vertices (in the order indicated) of
the simplicial maps in the chain.
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Contiguity chains for domain 1

Vertices: v1,vg,v3, V4, U5, Vg, U7, U8, V9,

v10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

V21, V22, V23, V24, V25, V26, V27.

Chain from 7 to mo:

enlreslreslreslresiresiresires b

SRS ESESESESES SRS
IS ES R BN S S N SN S
IS I N IS T N IS N
NaaNaNSoS S~
NANNSSS =
NN NNS A A~
NaNSSoo S o
NaNoSSoo s o
NaNNSoSoo S o
— = == - - 27 27 27
—_—_ - - NN
—_—_ - —H NN
1’ 1’0’17 1./ 1./ 1./ 1./ 17
1’ 1’ 1’ 1’ 1./ 17 17 17 17
17 17 1) 1) 17 17 1./ 1./ 1./
— N OoONOoOoSS o
AN NN S S
—_H N NSO SoSoo
SN
SN
SN
ST S =~ — —
S S ~H —H o~
ST STS =~ — —~
Soodocococsco
SoodocoocsSo

Chain from 7 to mg:

ealrenlreslresireslreslres e

RS ESESESES RS
NN A A A
NNoSocodo
NN
NANNS A A A~
NaNNSSoos S
NN
27 27 27 27 — = - —
NaNocSScoos o
—Ho oo™
17 17 17 17 17 17 17 17
— o - 07 Oa Oa
— o oo oa
— o o o o
1./ 1./ 17 17 17 O? 07 07
AN NN
17 17 17 17 17 17 17 17
—NoSood o
SaNNNNN N
SN NN A~ —
Soocdccoo s
SodcaaNN
0707070707171717
Sooc oo o
SodaaNaNaa
SodaN NN —

Contiguity chains for domain 2

Vertices: v1, va,v3, V4, U5, Vg, U7, U8, V9,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

V22, V23, V24, V25, U26, UV27-

Chain from m; to ma:

s lrenlralresiresireslyes]
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Chain from m; to m3:

ealrealreslralrelreslreslrlrnlr bl L Ry

NN N oo N o oo o= "—™N
NN N NSO A A~
NaNNSocoocSco oo o
NaadadadadadddddNSS
NN S =~
NaaNdNocNoSoSooSSco o
27 27 27 07 0., — o~ - — 07 — o~ = =
NS~ ocococo—~occ S
oo oSS S A~ ==&
17 17 17 17 17 17 07 17 17 17 17 17 17 17
—FH NS oONOoO S oo S S-S
VA A A A NN NN NN
L P U L S I I i
NN NN SSo S oS o
17 17 17 17 17 17 17 17 17 17 27 27 27 27
17 17 17 17 17 17 17 17 17 17 17 17 17 17
AHd N NN NNNNSoS S
SonNdNcoSc S A4
ST =
oo oo oo S coo
SoaNadaaNNS — — =& &
oo oSS — — — —
oo oSS cao o
e i Rl Rl o Y o R S N R S B NN BN N
CSSS H A

Contiguity chains for domain 3

Vertices: V1, V2, V3, V4, Vs, Vg, U7, V9,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

V23, V24, V25, V26, V27-

Chain from 7 to mo:

— e T T A A A O 1 ——

SRSESESES RS RS RS RS S S RS S S S WSS
S I I IR IS O IS RS B RN IS S B SN I RS B BN RN
NaadadaadadaadadaNScSTa NN
NN N ANNNSSSSSS S — — o~ —
NN N AN ANNSSSS S = o~
NN NN oSo oo oo os o
NN oo ocod oo
A A A A A A A AT NN NN NN
B I I I T R B N B S R N R N B N B S B N B S BN RN
RS I I I R R R N B S B N B N B N B S B N B S IS RN
S | P S U S U N L
VNN NN NN NSO SS S
HA A A A A A AN ANANNNS SO S
VA A A A AN NN NN S S
VA A A AN S oS odNSc oSS o
TN AN NNNOSOSSoS S
[ Y S RS S S AN I i i N S R R S R S RN
SHdTa NN A A a4
e Y e i o R o e R o R S N S o N U
e i e I e e e P e i e i o Yl i U R N T N
07171717171717171717171717171717271
anaﬂUaOa_l_aQaQa1717171717171727270707
o I e e S e B e S e B e B S B e B R S A i

Y

Y

)

)

)
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Chain from m; to m3:
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— e T T —— —— —— —— —— —— —— —— —— ——

A AN AN AN NN A AT OO A ———OAN N
27 17 17 17 17 17 17 17 17 17 1./ 1./ 1./ 1./ 1./ 17 17 17
I oS i N Pl S R N e Y e e B B Bl o i Ml S e B
NaadadadaddaddadadadadNNNS
NN NN A A A
27 27 27 — - 27 27 27 — = — 27 — == = - -
N T AT NN AAAAAA TS S oS
— o = = o o — — 07 07 07 07 07 OaﬂUaQa o~
17 17 17 17 17 17 17 17 17 17 17 17 1./ 1./ 1./ 1./ 0./ 1’
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Vertices: vy, ve, v4, v5, Vg, U7, V9,
V22, V23, V24, V25, U27-
b
b
b
b
b
b

Contiguity chains for domain 4
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[0,1,0,1,2,0,2,1,2,0,1,2,0,1,2,0,1,0,1,2,0, 2]

Contiguity chains for domain 5
Vertices: vy, vs, vs, vg,
V10, V12, V13, V14, V15

V23, V24, V26, V27-

Chain from 7 to mo:
(0,0,0,0,1,1,1,1,1,2,2,2,2]
[0,0,2,2,0,0,1,1,1,2,2,2, 2]
[0,0,1,1,0,0,1,1,1,1,1,2,2]
Chain from 7 to ms:
[0,0,0,0,1,1,1,1,1,2,2,2,2]
[0,0,0,2,0,0,1,2,0,2,2,1,2]
[0,2,2,2,0,0,1,1,0,2,2,1,2]
[0,2,1,2,0,2,1,1,0,1,2,1,2]
[0,2,1,2,0,2,0,1,0,1,2,1,1]
[0,2,1,2,0,2,0,1,2,1,2,1, 2]
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