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Tb theorem for the generalized singular
integral operator on product Lipschitz
spaces with para-accretive functions
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ABSTRACT. By developing the Littlewood-Paley characterization for prod-
uct homogeneous Lipschitz spaces Lip(a1, a2) (R™ x R™) and Lip, (a1, a2)
(R™xR™), and establishing a density argument for Lip, (a1, a2) (R™ x R™)
in the weak sense, we give a Tb theorem for the generalized singular in-
tegral operator on Lip, (a1, az2)(R™ x R™), where b(z,y) = bi(z)b2(y),
b1, ba are para-accretive functions on R™ and R™, respectively.
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1. Introduction and main results

Early in 1952, Calderén and Zygmund [1] introduced the singular integrals
with convolution kernels and proved that these operators are bounded on
the LP(R™) spaces with 1 < p < oo, which extended the related results
for Hilbert transform on LP(R) and Riesz transforms on LP(R™). Later,
people paid more attention to the Calderéon-Zygmund operators with non-
convolution kernels. To be more precise, assume k(z,y) is a continuous
function with x # y, satisfying the following estimates for some € > 0:

|k, y)| < Cla —y|™", (1.1)
k(2 y) — k(2" y)] < Clo — 2|z =y 7", (1.2)
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for all 2,2’ and y € R™ with |z — 2/| < |z — y|/2, and
|k(2,y) — k(z, y")| < Cly — o/l —y| 7", (1.3)

for all z,y and ¢/ € R™ with |y —y'| < |z—y|/2, the smallest such constant C
in (1.1), (1.2) and (1.3) is denoted by |k|cz. A Calderén-Zygmund singular
integral operator T is a continuous linear operator from C§°(R") into its
dual associated to the kernel k(x,y) above, which can be represented by

(rr.9) = [ | Hen)s@atdyds

for test functions f and g in C§°, whose supports are disjoint. It was well-
known that the L?-boundedness of convolution singular operators follows
from the Plancherel theorem. However, we cannot apply the Plancherel
theorem to obtain the L2-boundedness of non-convolution singular integral
operators. So, it is necessary to develop new methods to obtain the L*-
boundedness. The remarkable T'1 theorem provides a general criterion for
the L?-boundedness of Calderén-Zygmund singular integral operators, see
[2] and [6] among others. If the Calderén-Zygmund operator T' is bounded
on L?, the norm of T is defined by ||T||cz = ||T||r212 + |k|cz. The T1 the-
orem has also been extended for Besov and Triebel-Lizorkin spaces. For the
endpoint boundedness, there are also analogous T'1 criterions for Calderén-
Zygmund singular integral operators, see for example [13].

However, the T'1 theorem cannot be applied to the following Cauchy in-

tegral
1 > fy)
e =z | e

where the function a(z) satisfies the Lipschitz condition. Meyer first ob-
served that C(b) = 0 provided b(z) = 1 +id/(z). If one replaces the function
1 in the T'1 theorem by an accretive function b which is a bounded complex-
valued function satisfies 0 < 6 < Re(b(x)) for almost everywhere, then
this result would imply the L?-boundedness of C(f) on all Lipschitz curves.
Mclntosh and Meyer [19] (see also[20]) proved such a T'b theorem, where b is
an accretive function. Finally, David, Journé and Semmes [3] proved a new
Tb theorem with replacing the function 1 by the so-called para-accretive
functions b (see Definition 1.1 below). Moreover, they verified that the
para-accretivity is also necessary in the sense that the T'b theorem holds for
a bounded function b, then b is para-accretive.

In order to extend the Tb theorem to Hardy spaces, Han, Lee and Lin
[10] developed a new class of Hardy spaces Hj (R™) associated to a para-
accretive functions b, which can be expressed equivalently as the space of
distributions such that their Littlewood-Paley g-functions associated to b
belong to LP(R™). It is shown that if 7%(b) = 0, the Calderén-Zygmund
operator is bounded from the classical Hardy spaces to the new Hardy spaces
HY(R™) for n/(n+1) <p < 1.
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It’s well known that the Lipschitz spaces on R" play an important role
in harmonic analysis and partial differential equations (see [7, 16, 18, 21]).
Fefferman and Stein [4] proved that the dual spaces of H!(R™) and H?(R")
are BMO(R™) and the Lipschitz space Lip(n(1/p—1))(R") for n/(n+1) <
p < 1, respectively. Similarly, Han, Lee and Lin [11] prove that the dual
space of HJ(R™) is Lipy(n(1/p — 1))(R™) for n/(n + 1) < p < 1. More
precisely, denote Lipy(a)(R™) = {f : f = bg,g € Lip(a)(R™)}, where
Lip(a)(R™) is the classical Lipschitz space of order a. Recently, the authors
[22] gave the Littlewood-Paley characterization for the Lipschitz spaces with
para-accretive function, and founded a T'b criteria for the boundedness of
Calderén-Zygmund operators. More precisely, the authors proved that the
Calderén-Zygmund operator is bounded from Lip,(a)(R™) to the classical
Lipschitz spaces Lip(a)(R"™), 0 < o < ¢, if and only if T'(b) = 0.

In this paper, we consider the product space R™ x R™ along with two
parameter family of dilations (z,y) — (d1z,d2y), x € R,y € R™ §; > 0,i =
1,2, instead of the classical one-parameter dilation. Fefferman and Stein [5]
generalized the Calderén-Zygmund operators of convolution type to the two-
parameter setting and obtained the boundedness of LP(R™ x R™). Journé
[15] introduced the product non-convolution singular integral operators (see
Definition 1.3) and provided the T'1 theorem on this product setting. Han,
Lee, Lin and Lin [13] extended the T'1 theorem to product Hardy spaces
HP(R™ x R™), and also proved in [12] a Tb theorem on product spaces
R™ x R™, where b(x,y) = b1(z)b2(y), and by, by are para-accretive functions
on R™ and R™, respectively.

Recently, Hart [14] gave a bilinear T'b theorem for singular integral opera-
tors of Calderén-Zygmund type, and proved product Lebesgue space bounds
for bilinear Riesz transforms defined on Lipschitz curves. In 2019, Lee, Li
and Lin [17] introduced the Hardy spaces associated with para-accretive
functions in product domains and established the endpoint version of prod-
uct Tb theorem with respect to Hardy spaces H51’b2 (R™ x R™) and the
dual spaces CM thbz (R™ x R™). However, it is an open problem whether
the dual spaces of product Hardy spaces are the product Lipschitz spaces.
The authors in [23] established a necessary and sufficient condition for the
boundedness of product Calderén-Zygmund operators on the product Lips-
chitz spaces.

A natural question is how to give a Tb theorem for the product non-
convolution singular integral operators on product Lipschitz spaces. The
main purpose of this paper is to address this question.

We will recall some definitions about para-accretive function, Lipschitz
spaces, test function spaces and an approximation to the identity. We begin

with recalling para-accretive function and product Lipschitz spaces on R" x
R™.

Definition 1.1 (Para-accretive function [3]). A bounded complex-valued
function b defined on R™ is said to be para-accretive if there exist constants
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C, 6 > 0 such that, for all cubes Q C R"™, there is a Q' C Q with §|Q| < |Q'|
1

satisfying
— b(x)dz
Q| /Q’

Note that, by the Lebesgue differentiation theorem, b=!(z) is also bounded.

>C > 0.

Definition 1.2. Let 0 < a1, as < 1. A function f on R”*™ is said to belong
to product homogeneous Lipschitz spaces, Lip(ai, ag), if there exists some
constants C', such that for z,u € R"?,y,v € R™,

(@ =ty —v) = fy —0) = [ —wy) + Fa,p)] < Clu ol (1.4)
If f € Lip(a1,a2), then ||fllLip(a;,a0), the norm of f, is defined by the
smallest constant C' in (1.4). Denote

Lipy (a1, a2)(R™" x R™) = {f : f = bg, g € Lip(ag, a2)(R" x R™)},

where b(z,y) = bi(x)ba(y), b1,by are para-accretive functions on R™ and
R™, respectively. If f € Lipy(aq, az)(R™ x R™), then f = bg where g €
Lip(aq, a2)(R™ x R™), and the norm of f is defined by || f|lLip,(a1,00) =
”gHLip(al,az)'

We also need some basic definitions and notations to introduce the prod-
uct singular integral operators. Let C{/(R™) denote the space of continuous
functions f with compact support such that

sup @) = 1)
THyY |=T - y|77

Let CfJ(R™ x R™) denote the space of continuous functions f with compact
support such that

< oQ.

1l = sup @022 = Fly2e) = @ pe) + F (g1 50)
T e |21 —y1|" |22 — 2"

< 00.

Definition 1.3 (Product Calderén-Zygmund operator [15]). Let K (x1,x9,
y1,y2) be a locally integrable function defined on R™ x R™ x R™ x R™
\{(z1, z2,y1,Yy2) : 1 = y1 or xo = y2}, which satisfies the size estimate

< ¢

Tz =yl e — o™
for some C' > 0. Furthermore, one has the following smoothness estimates,
for some ¢ > 0,

|K (21,22, y1,Y2) (1.5)

|71 — 2|7

|21 — g1 [P — yo| ™
w2 — a5

21 — y1|™| w2 — yo|mTE’
ly1 — Y

|71 — y1["Fe |22 — yo|™’

‘K(l‘lal?aylay?) - K(xll7x27y17y2)} S C

‘K(m,m,yl,yg) - K(xlvxéaylayZ)} < C

|K (x1, 2, y1,y2) — K (1, 22,91, 2)| < C
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ly2 — ybl°
|1 — y1|™|we — yo| e

‘K($1a$2ay1792) - K(x17x27ylayé)} S C

for 2|lz1 — 21| < |21 — wil, 2|lz2 — 23] < |ze — w2l, 20y — vyl < w1 =yl
2y2 — yh| < |z2 — ya|, respectively. One also has that
|[K (21, 22,91, 42) — K (2, 22,51, 12)]
- [K(x1>x,2,ylay2) - K(x,hxéaylayZ)]l (17)

et N 1

|1 — y1|["TE |22 — yo|mFe
for 2|z — 2| < |z1 — 1| and 2|xe — 2b| < |zo — y2l;
HK($17$2734171U2) —K(iﬁl,x%ylpyz)]

- [K(l‘l,ﬂfg,ybyé)_K(ﬂfl,xQ,yi,yé)]l (18)

<o vl |y —wl
|:L’1 _ y1|n+a |LU2 _ y2’m+a

’ £

for 2|yy — y1| < |o1 — y1] and 2|ys — yo| < [z — yal.

We say that an operator T is a product Calderén-Zygmund singular inte-
gral operator if T is a continuous linear operator from C{(R™ x R™), n > 0,
into (CJ(R™ x R™))" associated with the kernel K satisfying (1.5), (1.6),
(1.7) and (1.8), such that the operator T" can be represented by

(T ® fo,01 ® ga) =
//Rn o //Rn o g1(x1)g2(x2) K (21, 22, Y1, y2) f1(y1) f2(y2)dz1dady  dyo,

for the test functions f1,¢91 € Cf (R™) with supp f1 Nsuppgi = &, and
f2, 92 € Cff (R™) with supp fo Nsupp g2 =

Suppose that T is such a product Calderén-Zygmund singular integral
operator on CJ(R™ x R™), T is said to be a product Calderén-Zygmund
operator if T extends to be a bounded operator on L?(R"™).

Definition 1.4 (Generalized singular integral operator [12]). Suppose b(z, y)
= b1(z)b2(y), where by and by are para-accretive functions on R™ and R™,
respectively. For n > 0, we say that an operator 7' is a generalized singular
integral operator if 7' is a continuous linear operator from bC{(R™ x R™)
into (bC{(R™ x R™))" associated with the kernel K satisfying (1.5), (1.6),
(1.7) and (1.8) such that

(MyTMyf1 ® f2,91 ® g2)

//RR //RW (w2) br (1) 91 (1) g2 (v2) (L9)

x K (z1,22,y1,92) b2 (y2) b1 (y1) f1 (11) f2 (y2) dzidzedyidys,
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for the test functions fi,¢91 € CfJ (R™) with supp fi Nsuppgi = &, and
f2,92 € C (R™) with supp f2 Nsupp g2 = &, where M, denotes the multi-
plication operator by b, that is, Myf = bf.

In order to introduce the main results, we need the following notations.

cgo®) = {ve i@ [ vmua-ol.
and similarly,

Cpo®™) = {v e ™) [ ututatay =0},

Let T be a generalized singular integral operator and test functions fi, g1 €
Cl(R™), f2,g2 € CJ(R™). We define the operator T} by the following
(b2ga, (b1g1, T1 (b1 f1)) baf2) = (MpyT My f1 @ f2, 91 ® g2) -

Here we remark that the operator (bygy, T1 (b1 f1)) : b2Cll (R™) = (b2Cl (R™))
is a singular integral operator on R™ with kernel <blgl, T (b1f1)>(x2, y2) =

Rm™

<b191, _[?2(562, yg)b1f1>, Where, for each xs, yo € R™, .[?2("172, yg) is a Calderén-
Zygmund operator acting on function on R™ with the kernel K 2(x2,y2) (21, Y1)
= K(x1,22,y1,¥2).

Moreover, if f1 is a bounded C" function, then for all g; € Cl?l,o (R™) and
all fa, 92 € CJ(R™), (MyTMpf1 @ f2,01 ® g2) is well defined. Particularly,
we define T7(b1) = 0 if and only if

(MyTMpl ® f2,91 ® g2) =0 (1.10)

for all g1 € CZ’I o(R™) and f2, g2 € CJ(R™). Similarly, we can also define
T} (b1) = 0 if and only if

(MpyTMpf1 ® f2,1®¢g2) =0

for all fi € Cy ((R") and fa, g2 € Cf(R™).
Exchanging the role of indices we get the meaning of T5(by) =0 and
T3 (be) = 0.

Definition 1.5 (Product test function [9, 12]). Suppose b(z,y) = b1 (x)ba(y),
where b; and by are para-accretive functions on R™ and R™, respectively.
Fori=1,2, fix v, > 0,5; € (0,1]. A function f defined on R™ x R™ is said
to be a test function of type (51, 82,71,72) centered at (xg,yo) € R™ x R™
with width dyi,ds > 0 if f satisfies the following conditions:

. dit do?
(1) ‘f(x7 y)’ S C(d1+|(13—1500|)n+71 (d2+|y_zol)m+’72 )

g ) < O (o=l )P )t 32
(11) ‘f(l', y) - f(l' 7y)‘ — <d1+‘$_z0|) (d1+|1‘7x0‘)n+’yl (d2+‘y7y0|)m+"/2
for |z — 2'| < (d1 + |z — xo])/2;
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dt ly—v/| B2 d)?
(111) ‘f(xay) - f(xay/)‘ S C(d1+\x—lzo|)"+'” (d2+|y—yo|) (d2+|y_zo‘)m4r72
for |y —y'| < (d2+ |y — wol)/2;
(iv) |[f(z,y) — f(=,9)] = [f (' y) — f(@,9)]| ,
|z—2]| ! di*t ly—y'] 2 dy?
< (d1+|x_‘”0‘) (d1+|99*13?0|)n+“ (d2+|y—yo|> (d2+|y*20\)m+72
for |z — 2| < (di + |z — 20])/2 and |y — '| < (d2 + [y — yol)/2;
(v) Jgn f(z,y)bi(xz)dx = 0 for all y € R™;

(vi) me f(x,y)ba(y)dy = 0 for all x € R™.
If f is a test function of type (51, B2,71,72) centered at (zg,yo) € R™ x R™
with width dy,ds > 0, we write f € M(xo,yo;d1,d2; b1, B2;71,72) and we
define the norm by

I 1l M (o 01 sdo: 81,8257 110) = E{C + (1), (i1), (iii) and (iv) hold}.
We denote by M(f1, Ba;71,72) the class of M (o, yo; di, d2; B1, B2; 71,72)
with dy = dy =1 for fixed (zg,y0) € R” x R™. It is easy to see that

M(z1, z2;5d1, do; 1, B2; 71, 72) = M(B1, B2;71,72)

with an equivalent norm for all (z1,z2) € R" x R™. We can check that the
space M(f1, B2; 71, 72) is a Banach space. The dual space (M (51, B2;71,72))’
consists of all linear functionals £ from M(S1, B2;71,72) to C satisfying

ILHI < CUFl M1 oy ey for all f € M(Br, B2;71,72)-
We denote (h, f) the natural pairing of elements h € (M(B1, B2;71,72)) and

f € M(B1, B2;71,72). As in the case of non product spaces, we denote by /\O/l
(81, B2;71,72) the completion of the space M(e,e;¢,¢) in M(SB1, B2;71,72)
when 0 < 81, B2,71,72 < €. As usual, we write

bM(B1, B2;71,72) = {f|f = bg for some g € M(B1, B2;71,72)}-

If f € bM(B1, Ba;71,72) and f = bg for g € M(B1, B2;71,72), then the norm
is defined by Hf”b/\/l(ﬁl,ﬁz;’n,’yz) = HgHM(Bl,BQ;’Yl,'}Q)‘

To state the Calderén type reproducing formula, we also need the defini-
tion of an approximation to the identity.

Definition 1.6 (Approximation to the identity [8, 17]). Suppose b; is a
para-accretive functions on R™. A sequence of operators {Si}rez is called
an approximation to the identity associated to by if Si(z,y), the kernels of
Sk, are functions from R™ x R™ into C such that there exist C' > 0 and some
0O<e<lforall k€Z and all z,z/,y and v/ € R",

27ks

(1) [Sk(2, 9)| < Cmrfmypres
o—ke

733/ €
(i) [Sk(z,9) = Sk@' p)l < C (k) gy for o —a'| <
(2% + |2 yl)/2;
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27195

[y €
(i) [Sk(,y) — S(@.y) < O (L) gty for Iy = ¥/| <
(2 + [z — yl)/2;
(iv) |[Sk(w,y) = Se(x, ¥)] = [Se(2', y) — Sk, 9]
< C( l2='| )8 ( v )6 2 ke for [ —a'| < (27F+
= T \2 eyl ) \27F+z—yl) @ F4a—yhTe =
|z —y])/2 and |y —y'| < (27F + |z — y)/2;
(v) Jgn Sk(@,y)bi1(z)dy =1 for all k € Z,x € R™;

(Vi) fgn Sk(z,y)b1(y)dx =1 for all k € Z,y € R™.

Similarly, let b2 be a para-accretive function on R™, we have the approxi-
mation operators {S;};ez to the identity associated to bo, and their kernels

Sj(x,y) satisfying the similar conditions as that above. Set Dy, = Sy — Sj_1,
Dj = Sj — Sj_l.

Remark 1.7. The existence of such an approximation to the identity follows
from [3]. By Coifman’s construction, if b; is para-accretive one can construct
an approximation to the identity of order 6 such that Si(x,y) has compact
support when one variable is fixed, that is, there is a constant C' > 0 such
that for all k& € Z, Si(z,y) = 0 if | — y| > C27%. Similarly, we have
Si(z,y) = 0if |x — y| > C277 for by.

The first result of this paper is the following Littlewood-Paley characteri-
zation of the product Lipschitz spaces Lip(a, a2)(R™ x R™) and Lipy (a1, )
(R™ x R™).

Theorem 1.8. Suppose b(x,y) = bi(z)ba2(y), where by and ba are para-
accretive functions on R™ and R™, respectively. For ay,aq € (0,¢), f1, 52 €
(0,€), 1 € (au,€), 72 € (a2,¢€), we have

(i) f € Lipy(a1, a2)(R™ x R™) if and only if f € (M(B1, B2;71,72))" and
sup 2812992\ Dy D, f(x,y)| < C < oo.

k,j€Z,
zERM™ ,ycRM
Moreover,
Fltipyeon S0 2202 DD,f(ay)l. (11)
ace]th,ieaRm

(i) f € Lip(a1, a2)(R™ x R™) if and only if f € (bM(B1, B2;71,72)) and
sup 2129921 Dy D (bf)(x,y)| < C < oo.

k,j €L,
TER™ yeR™
Moreover,
”f”Lip(al,ag) ~ kSl'leg 2k:a12ja2 |DkD](bf) (xa y)| (112)
J

) )
z€RM™ yeR™M



1036 TAOTAO ZHENG AND XIANGXING TAO

The main result of this paper is the T'b criterion for the boundedness of
product non-convolution singular integral operators on product Lipschitz
spaces.

Theorem 1.9. Suppose b(x,y) = bi(z)ba(y), where by and be are para-
accretive functions on R™ and R™, respectively. Let T be a generalized sin-
gular integral operator and bounded on L*(R™™™), then T is bounded from
Lipy(a1, a2)(R™ x R™) to Lip(ay, a)(R™ x R™) for ai,as € (0,¢) if and
only Zf Tl(bl) = TQ(bQ) =0.

The organization of this paper is as follows. In Section 2, we will give the
proof of Theorem 1.8. We will devote to the proof of Theorem 1.9 in Section
3.

Throughout this paper, we denote by C' a positive constant which is in-
dependent of the main parameters, but it may vary from line to line. We
use the notation A ~ B to denote that there exists a positive constant C
such that C~!B < A < OB. Let j A j' be the minimum of j and j'.

2. Littlewood-Paley characterization for product Lipschitz
spaces

Before the proof of Theorem 1.8, we recall two continuous versions of the
Calderén type reproducing formula.

Proposition 2.1 (Continuous Calderén type reproducing formula [12, 17]).
Suppose that by and bs are para-accretive functions on R™ and R™, respec-
tively. {Sk}rez and {S;}jez are approzimations to the identity defined as
in Definition 1.6. Then there exist four families of operators {f)k}k€Z;

{Di}rez, {Dj}jez and {D;}iez such that, for all f € M(B1, Ba;71,72),

f(xay) = ZZﬁka1Dij2Dk‘Mb1Dij2f(x7y)
kEZ jEZ

=> "> DMy, Dj My, Dy My, D; My, f (. y),
KL jEL.

(2.1)

the series converge in the LP-norm, 1 < p < 0o, and in the M(BY, Bh;¥1,75)-
norm for B < P1, By < P2 and vy < v1,7v5 < v2. The series also converge
in sense of the space (bM(BL, 84 7,25))' for B, < B1, By < fa and 7, <
Y1, Y5 < 2. Moreover, all Ek(:c,y), the kernels of Ek;: satisfy the following
estimates: for 0 < & < e, where € is the regularity exponent of Sy, there
exists a constant C > 0 such that

(i) 1D y)| < C i

2= a—y)7

) D D) o—a'| \* ke’
(7’2) |Dk($7y) - Dk(xlay)’ S C (2_5“2*9\) (27k+‘3)—y|)"+5, f07” 2‘$ — .’L'/’ S
275 4 o —yl;
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(iii) [y Di(z,y)b1(x)dx = 0 for all k € Z and y € R™;

(W) Jzn Dy(z,y)b1(y)dy = 0 for all k € Z and x € R™.

And ﬁk(a:, y), the kernels of ﬁk, satisfy the same conditions above but with
interchanging the positions of x and y.

Similarly, Dj(w, y), the kernel of Dj, satisfy the following estimates:

A 2-7¢ .
(7’) |D] ($, y)| S C(Q—jﬂx,y‘)m-»—s”

AR = lo—a| e g—je'
(7’7’) |D3(m,y) - Dj(x,ay” < C (2*j+|m—y|) (2—j+|x,y‘)m+s’ for 2|$ - $/| <
27+ va —yl;

(1) [gm Dj(x,y)b2(x)dx =0 for all j € Z and y € R™;

(iv) me (x,y)ba(y)dy = 0 for all j € Z and x € R™.

And Dj(m,y), the kernels of Dj, also satisfy the same conditions above but
with interchanging the positions of x and y.
We also have

~ ~4 .
fay) =" My, D} My, D;My, Dy My, D; f(x,y)

kel jer.
. =t ozt (22)
=> Y My, DMy, Dj My, Dy My, D; f(z,y),
kel jez.

where the series converges in the LP-norm, 1 < p < oo, in the bM(S], Bh;
7157&)_’”’07"’”& fO’F Bi < Bl?lgé < /82; ’Yi < ’71;75 < Y2, and ”}V (M(ﬁiuﬁéa
Vi) for B < BB < By m < Vi,72 < Y- Moreover, Di(z,y), the

~ =4 =4
kernel of D,ﬁc, and Dy (z,y), the kernel of Dy, satisfy the same conditions as
~ = <4 <4 =
Dy(x,y) and Dy(z,y), respectively. D;(z,y), the kernel of D;, and D ;(z,y),
=t ~ =
the kernel of D;, satisfy the same conditions as D;j(x,y) and D;(x,y), re-
spectively.

Now we give the proof of Theorem 1.8. For (i), firstly, we prove that
if f € Lipy(a1,a2)(R™ x R™), then f € (M(B1,B2;7,72)) . To see this,
let g € M(f1, 52;71,72), we only need to check the inner product <f,g> is
well defined. Since f € Lip, (a1, a2)(R™ x R™), there exists a function h €
Lip(a17a2)(Rn X Rm) such that f = bh and ”f”Lipb(al,ag) = ||h||Lip(a1,a2)~
By [gn 9(z,y)b1(z)dz = 0 and [g,, g(z,y)b2(y)dy = 0, we have

(f.9)]

N /"L/n bi(z)b2(y)h(z,y)g(z, y)dady
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:./ / by (2)ba(y) bz, ) — h(zo.y) — bz, y0) + hizo, yo)] g(z, y)dudy
SHMmMmmxéméﬂh@WMWNm—wWWy—wﬁﬂﬂ%wWﬂw

x — xo|™ ly — yol*?
<C ; / / | dxd
= HfHLlpb(ocl,az) - N (1 + ’.’B . xODn—l—yl (1 + ‘y - yo‘)m-‘r'yg Y

< CHfHLipb (a1,02) < o0.

Furthermore, by [p. Di(21,y1)b1(y1)dy1 = 0 and [p. Dj(x2,y2)b2(y2)dys =
0, we have

(ffbfb‘z)‘

// k (z1,91) Dj (22, 2) f (y1, y2) dyrdya

f(y1,92) f(x1,2)
‘//anm (2191) Dj (22, 12) <b1(y1)b2(y2) by (21)ba(ya)

fy1,z2) n f(x1,22)
bi(yr)ba(2) | bi(ar)ba(w2)

<cwmm%m/] 1D ) 105 (2, ) Lo = gl = 3]

X [b1(y1)[[b2(y2) !dyldyz
< Ol fllLipy (o 02 127702
9—k(e—an) 9-i(e—a2)
- //}Ranm (27F + [y — g1 )" (27 4 g — )T Ay
< Ol fllLipy (o 0)2 12772,
It means that

sup 2kal2ja2|Dijf(xay)| < CHfHLipb(og,ag)'

k,jEL,
z€RM yeR™M

) b1 (y1) b2 (y2) dy1dy2

We now prove the converse implication of Theorem 1.8 (i). Suppose
that f € (M(B1, B2, 71,72)) and sup rjez 212792 |DyD; f(x,y)| <

z€ERM™ yeR™
Cl fllLipy(a1,a2)- We first show that f is a continuous function. Recalling

the Calderén type reproducing formula (2.2) for f € (M(B1, f2;71,72)) s

<t
fa.y) =" My, D} My, DMy, DMy, D; f(x, ).
kEZ jEL
We split > .c7 > gez by the sums over (i)j > 0,k > 0;(i)j > 0,k <
0; (iii)j < 0,k > 0;(iv)j < 0,k < 0, and write f = f1 + fo + fs + f1 in
(M(B1, B2;71,72))" for corresponding j and k. We will show that f; (i =
1,2,3,4) are continuous functions.
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For the first case, using the size conditions of ﬁk and Ej, we get
|f1 (1:7 y) |

S m@bieanwbwe [

k>0 5>0

X Dy (21, y1)b2(x2)Dj(x2,y2) f (Y1, y2)dy1 dyadx day

< Cll o 3232727 [ (o p)lbGen, )
n>< m

k>0 j>0
X ‘ﬁiﬁc(%xl)) Bi(yal?) dz1dzs
<O f luipyonan) 3 3 27 ker97702 / / o
k>0 j>0 Rrxrm (27F + |z — @)
2 dridxs

X A .
(277 + |y — wof)*e
< CHfHLipb(oa,er) Z Z g~ hoigmiez

k>0 >0
< CHfHLipb(a1,a2)'

So the series for f; is converges uniformly in z, it implies that f; is a con-
tinuous function.

For g € M(f1, B2,71,72), by the cancellation condition [o,. g(x,y)b2(y)dy
= 0, we can write

(f2,9)

I

Xu/)[ b1 (1) Dg(21, y1)ba(22) Dj (22, y2) f (1, y2)dy1 dyadar das
R xR™

- >y by () D (0 ) D 3, 22)
/I /. <

"R S0 <0

- ~f
3 // by (2) D (2, 21)ba () D (9, 22)g () ddly
nxRm™ E>0 j<0 R7 xR™

~t .
~ D (. x2>)g<x, y)dady b (a1)bs(22) DDy f (o1, 02)das s

~(SX [ ne@Binn (5w - Bwe)

k>0 j<0

x by (21)ba(w2) D Dj f (21, 22)da1 da, g(x,y)>-
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We focus on the series in the inner product. Noticing that by, by are bounded
functions, we have

ZZ//RHXRW bl(x)f);i(ﬂc,m)bz(y) (Bi(y,mg) — Bi(yo,m)) by (z1)

k>0 j<0

X b2 (xQ)Dijf(.%'l, xg)d.%'ldl'g

< HfHLipb(al,ag) Z Z 2ikal2ija2

k>0 j<0

X //]R”x]Rm 52(:1:,:131)(15&3/,:}52) - Bg(yo,x2)>

If ly — yo| < %j, using the smoothness condition on Dj, it will be that

>y et [[

E>0 j<0 R7xR™

dridxs.

152;@,@) <Dj(y,x2)

dl‘l dl’g

~4
—Dj(yo, $2)>
2—k5'

<C 2fka12fja2 ,d
= ZZ /" 2 F + |z — 21 |) e T1

k>0 j<0

X / 1y — vl ) 27 dxo (2.3)
R \ 277 + |y — z2] (277 + |y — ao|)mte

o, , 9—je’
< CY ) orkegrieegidy gyl / da

k>0 j<0 R (277 + |y — @)t
<O ptma ey -yl

k>0 5<0
< Cly —wol*"

_j ~ ~4
If |y — yo| > %, using the size conditions of D,ﬁ and D;, we have

>3zt [[

k>0 j<0 R™ X R™

- ~1
%mm(@mm>
dxld.%'g

—Bi(yoywﬁ)

<C 27]6&1 2*ja2 2_k€/ d 2|y - y0| ¢
<C> ) 2 F 1 o — i)+ L o \ T 27

E>0 j<0 R

2 277 d 2.4
X - 7+ - 5 |dx .
QTHM—MW% @ﬂ+m—MW%>2 24)
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— —a _ ’
<Oy D artma ey gyl
k>0 5<0
!
< Cly —yol* .

Thus, we obtain that for any given large L > 0, the series for f; is converges
uniformly for |y — yo| < L in the distribution sense. This means that fo
is a continuous function on any compact subset in R”*™ and hence, it is
continuous on R™™™, Similarly, f3 is also a continuous function.

For the term f4, we also use the cancellation conditions [, g(,y)b1(z)dz

=0and [p., g(z,y)ba(y)dy =0,

(f1:9)
(S [ ) (Bt Biteo.e0) bao) (Blw.

k<0 j<0

- Dj(yo, 3?2))b1(901)b2(372)Dijf(3?1, z2)dx1dza, g(z, y)>.

Similar with the methods of (2.3) and (2.4), we obtain

S5 [ wi@ (Bl = Do) b

k<0 j<0
~f <t .
X <l)j(y,x2)——l)j(y0,$2)> bl(xl)b2($2)l)k1)jf($1,$2)d$1d$2

e’ e’
< Clz — ol [y — wol™ -
Thus, f4 is a continuous function on any compact subset in R" T,

Now, we estimate || f||Lip,(a;,a0) @8 follows. For any z € R" and y € R™,
we can choose Ny, My € Z such that:

27Nl g — | < 27N, 27 Mol <y | < 27 Mo,
The Calderén type reproducing formula (2.2) and the assumption | Dy D; f (x, )|
< 02 k197722 tel] us that
'f(%y) _ J@oy)  f(=,y0) 4 f(@o,y0)

b(wo,y)  b(z,y0)  b(wo, o)

=[S ) (Bl - Do) (Bt - Biunra)

k€Z jEZ

X b1($1)b2(x2)l)kljjf($1,xg)dxldxg

SO 3D 3D LD I IED WP MY ER e

kSNo ]SMO k>Ng ]SMO kSN{) j>M0 k>Np j>M0

R7xR™

dmldxg

(B (o) = Dian,o0)) ( D0:00) - Do)
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=F1+Fo+ Fz+ Fy.
Using similar methods as in (2.3) and (2.4), it will be that
ka1 o—jas [T — ol [y — yol
F1 < Ck;:\lo jg\:@ 2 2 ok 90—j
< c2MNoll=e)pMo(l=a2) |5 — g0[ly — yo| < Cla — @0|™ |y — yo|*2.
Fp<C> > 2—ka12—ja2w
k<No j<Mo
< g2Nollmag=Moaz g 4| < Cla — x| |y — yo|*2.
F<cdy > 2‘“@‘”?@
k<No j<Mo
< 02~ NoargMo(l=a2) |y ol < Oz — x| |y — yol|*2.

Fi<C Z Z 27ka127ja2 < 027N0a127M0a2 < C’\x _ x0|041’y _ yO’az.
k>Ng j>Mo

Therefore, we have

f($’y) f(ﬂfo, y) f(x,yo) f(x()?yo)

- - + < Clz — zo|* |y — yol“?,
W) Weow) M) T beon)| = 10Tl
and we can get the proof of (1.11).
Finally, using the same methods with the Calderén type reproducing for-
mula (2.1), we can get the conclusion (1.12) in Theorem 1.8(ii).

Remark 2.2. We can also use {Dy }rez, {D;}jez and {DiYvez, {D;}jez to
characterize the Lipschitz spaces Lip, (a1, a2)(R" xR™) and Lip(ay, ag) (R™ x
R™).

3. The boundedness of generalized singular integral operator

Before giving the details of the proof of Theorem 1.9, we introduce some
new product Besov spaces, and prove some useful lemmas.

Definition 3.1. Suppose that {Sk}rez, {Sj}jez are approximations to the
identity associated to by, ba, respectively. Assume b(z,y) = bi(x)ba(y), 0 <
B, B2, 71,72 < €, —€ < aj,az < € and 1 < p,q < co. The homogeneous
product Besov space B;;’E‘Z (R™ x R™) is defined by

BOLO2(R® x R™) = {f € (M(B1, Bas71,72)) - HfHB;};‘;? < oo}
with the norm

fllgyge = { 303 2moess

JET kel

1

q q
Lp (Rn+m) ’

DDy (5)]
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The homogeneous product Besov spaces b~ 1Ba1’2‘2 (R™ x R™) is defined by

b B (R X R™) = {f € (bM(B1, Basv1,72)) - 1 -1 oo < OO}

with the norm

Hbe 1 = {ZZQquQkazq ’DkD (bf) ’

q
JEL kEL Lot J o

It’s easy to see that f € b~ lB;‘;’?Q if and only if bf € B;‘}J"g” Moreover,

we can show that the definition of B;‘ }1’?2 and b_lBg ;’Z‘Q are independent of
the choice of approximations to the identity. In fact, if f € b~ BO‘}J";Z, we
can prove that

1
1£1l,- Lpeves N {szalqzmq ’EkE (bf) ’ ) }q,
JEZ keZ Le(R )

where FEj and Ej possess similar properties as Dy and Dj, respectively.
Similar to the one paremeter case, the key step is that using the Calderén
type reproducing formula (2.1) to estimate EkEj(b f), where the following
almost orthogonality estimate plays an important role.

Lemma 3.2. Suppose that by and by are para-accretive functions on R"
and R™, respectively. Ej and E; possess similar properties as Dy, and Dj,
respectively. For x1,y1 € R", x9,y0 € R™, we have

Ej My, Ej My, Dy My, Djr My, (21, 29, Y1, y2)
9—(kAk')e 9—(ins")e

(27D 2y — g [)re (270N  [arg — yof )t
(3.1)

< 09 |k=Kleg—li—i'le

Proof. For the sake of simplicity, we only consider the case k > k' and
j > j', the other three cases are similar. By the cancellation condition
fR" Ey(x1,21) b(z1)dz; = 0 and me (22, 22)b(22)dzy = 0, we have

EkalEijQDk'Mlej'sz(961,3327yh?ﬂ))
= ’// B (w1, 21)b1(21) B} (w2, 22)ba(22) Dar (21, y1)b1 (y1)
R7 xR

X Djr (22, y2)ba(y2)dz1dzs

— ’//Rn . Ey(x1,21)b1(21) Ej (22, 20)ba(22) (Dwr (21, y1) — Dy (1, 91))

X bi(y1) (Dj/(227y2) — Dy (562,y2)) ba(y2)dz1dzo
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<c / / \Bu(e1, 1)/ B (2 22)] | D (21, 1) — D (e, )]
R xRm™

X ‘Dj’<227312) - Dj’($2,y2)‘ dz1dzo.

We only give the estimate for [, |Er(z1,21)||Di(21,y1) — D (21, 91)] d21.
Note that |z; — z1] < C27%, |y1 — 21| < C27¥, so we get |z — 41| =
|lt1 — 21+ 21 — 1] < c27% . 1f 2|z — z1| > 2k 4 |z1 — y1], we have
2|lzy — z1|/27% > 1. Using the size condition on Ej, and Dy,

/ |Eg (21, 21)| |Dir(21,91) — D (21, 91)| d21

ke B €
<C 2 (2\$1 21|>

re (2F A oy — z)e 2K

2—k"a 2—]{3/&‘
X ; + ; dz
CF ol @ ) gy

< C an2k/€|l‘1 — Z1|€2k/nd21

X{|z1—aq|<27F}

—(k—k")egk'n
=02 2" "X 1y [ <02 )

2—k'€
R

If 2|lx1 — 21| < 2k 4 |z1 — y1|, take virtue of the size condition on Ej and
smooth condition on Dy,

~ 02~ (k=k)e

/ |E(x1,21)| | Dy (21, 91) — D (21, 91)| d2q

<C 9~ ke < ]wl — 2’1‘ >
T Jre 27F Az = )27 4 [z — |
2—k’5

X /
27 + Joy — g |)mte
< C/ an|21 — $1|52k/(5+n)d21
X

{lz1—e1]<27k)

le (33)

2—k/6

~ C2—(k‘—k,)8 ; .
(2—k + ‘331 _ y1|)n+a

Similarly, we can deal with me \Ej(xg, z9)| Dj/(ZQ, y2) — Dj/ (x2,y2)|dz2. So
we get the estimate in (3.1).
O

We will use the following density argument in the homogeneous product
Besov spaces.
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Lemma 3.3. Suppose that g € (bM(B1,B2371,72)) with Br, B2, 71,72 €
(0,¢) and HgHb_lBal,Zcz < oo for aq,an € (—e,e). Then there exists a se-
1,1,

quence {gN}¥_1, gn € M(e,€';€',€') with max{ai, a0} < & < e, N =
1,2,---, such that
g = gnlly-1 peree = 0.

Proof. For g € (bM(B1, B2;71,72))’, we consider the Calderén type repro-
ducing formula (2.1) in the distribution sense. For N € Nt we can choose
a sequence as following

gn(@,y) = Y > DMy, Dy My, Dy My, Djy My, g(x,y),
|K'|<N [/ |1<N

it is easy to see that gy € M(e’,e’;¢’,¢’). In the next, we will show
lg — 9N||b713f11,?2 —0as N — oo. (3.4)
By the Minkowski inequality, we have
lg = g llp-1 g0

< Z Z Dy My, D js My, Dy My, Djs My, g
j'|>N [k [>N _1po1
5] &’ b 133117‘;2

+ Z Z Dk’Mb1Dj’Mbng’Mlej’Mbgg
i’"|[<N |k'|>N _1 /s
[3/[<N [K'] b1BILe2

+ Z Z Ek’MblDj’Mbng’Mblbj’szg

i'|>N |k |<N _ 1 po1,ag
N K] g

= ®1 4 Oy + D3.
For the first term @1,

Oy =) ) okegioe //

keZ jer R xR™

Dkalbij2( > > Dy,

|k'|>N |j'|>N

Dj’Mbng;’Mbl Dj/Mb2g> (I, y) dl‘dy

Sy e

keZ jET R™xR™

X/‘/RHXRm Z Z ﬁk’(.’ﬂl,.%'3)[)1(1‘3)13]7(3327x4)b2(x4)

|k'|>N |j'|>N

X // Dy (23, y1)b1 (y1) Djr (24, y2)b2(y2) 9 (y1, y2) dy1 dyo

//n . Dk(x,x1)bl(a?1)Dj(y7a;2)bQ(x2)
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Xdrsdrsdridrs|drdy
Sy [ X S ] DD,
kEZ jEL REXR™ 1 o> N g >N 7 /R XR™

Dy My, D js My, (2, y, 23, 4) // Dy (x3,y1)b1(y1)
R™ xR™

x Dji(4,y2)b2(y2)g(y1, y2)dy1 dyadrzdery|dxdy.

By the almost orthogonal estimates similar as in (3.1), we have

/ /Rn xR™

< 0o —Hleg=li—7le / / 2~ WAbe
- Roxgm (27 4 |z — g3[)nte
9—('AF)

DkaIDijZIN)k/MbIDj/MbQ (x,y, x3, x4)‘ dxdy

—(3'Nj)e

2 G + [y — za ) dudy

< 02 |k=Kleg=li=i'le,
It follows that

(Dl S CZZQka12ja2 Z Z 27|k7k’|527‘j,j/‘527k’a12,‘7'/(12 2k’a12j/a2

kEZ jeZ |[k'|>N |j'|>N

X //R"x]Rm //anm Dy (23,y1)b1(y1) Dy (24, y2) b2 (y2)

X g(y1, y2)dy1dy2

=C Z Z ZZ2(k_k,)0‘1Q(j_j/)o‘z2_|k’—k’|52—\j_]‘/‘5

|K'|>N |j'|>N k€Z jEZL

X 2k}’a12j/a2 // ‘Dk’Mlej/szg(x37 1‘4)‘ d$3d1'4-
nwRmM

drsdxy

Since max{ay, a2} < &, we have

S S alk-Kargli-dazg—lk-Kleg—li=i'l

keZ jeZ
< (Z 2(k—k’)oz12—(k—k’)a + Z 2(k—k’)a12—(k:’—k)s>
k>k' k<k'

x Z 2(j*j')a22*(j*j/)5 + Z 2(J'*j/)a22*(j/*j)5
j>3’ J<y’

<,
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and

b, <C Z Z ok'a1gj'an

|K'|>N |j'|>N

Dy Dy (by)| .
k' 4 ( g) Ll(R"+m)
Considering Hg”b*lell’ZZ < 00, we get @1 — 0 as N — co. We can also use

the same methods to obtain by, &3 — 0 as N — oo. According the above

estimates, we get (3.4).
]

Using the same method, we can get a similar result in Bf 11”;2. We omit
the details.

Lemma 3.4. Suppose that f € (M(B1, B2;71,72))" with B1, Ba, v1,72 € (0,¢€)
and ”fHBfﬂl»ZQ < o0 for aj,ag € (—e,e). Then there erists a sequence
{INIS_1 7f}v € bM(e,e'; e, e) with max{ay,as} <& <e, N =1,2,---,
such that

Aim [If = fllggree = 0.
Lemma 3.5. If f € Lipy(a1,02)(R® x R™), g € b~'B [}, "*(R" x R™),
ay,ag € (0,¢), then

‘<fag>‘ < C||f||Lipb(a1,O¢2) ||g||b—131—;)‘%77—“2' (35)

Proof. By dense argument in Lemma 3.3, it suffices to show (3.5) holds for
g€ M(e,e;e e'), max{ai,as} <&’ < e. According to the construction of

Dy, and Dy, Dj and Dj, by the Calderén type reproducing formula (2.1),
we have

(f,9)
= <f(33, V), > > DMy, BijngMbl DjMy,g(x, y)>

keZ jET

- ZZ//R” - 51?(337xl)bl(ml)Dj(%332)52(332)f(:v,y)dmdy

keZ jeT

X // Dip(w1,y1)b1 (Y1) Dj(x2, y2)b2(y2)g(y1, y2)dyrdyzday das
R xR™

- ZZ//n o Bk(wlvx)Dj(@,?/)f(l"ay)dﬂﬂdy b1(w1)ba(w2)

keZ jET.

X // Di(w1,y1)b1 (Y1) Dj(x2, y2)b2(y2)g(y1, yo)dyr dyadz das

= ZZ//RTL . Bkgjf(xl,xg) bl(l‘l)bg(éﬂz) Dij(bg)(.Tl,l‘g)dl‘ldﬂfg.

keZ jET
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Since by and by are bounded functions, by Remark 2.2, we have

(f,9)] <C  sup ka1 gjo ka)jf(mhm)
k,jEZ

x1 ER™, 29 ERM
x Yy grkergries
kEZ j€Z
< Cllf lipy as.a) N9lly-1 ;0102

Dij(bg)‘

Ll (Rn+m)

O

The following density argument for the product Lipschitz spaces in the
weak sense plays an important role in proving Theorem 1.9.

Lemma 3.6. If f € Lip,(a1, a2)(R" xR™), ai,as € (0,¢), then there exists
a sequence {fy} € L*(R™™) N Lip, (a1, a)(R™ x R™) such that
()
N Lipy (a1,00) < Cllf[ILip, (a1,a0);
where the constant C' is independent of fn and f.
(ii) For any g € b_lBlji})’foQ(R” x R™),
Tim () = (.9).

Proof. Using the Calderén type reproducing formula (2.2), we construct
the sequence {fn} as following,

~ ~ 4 .
In(y)= > > My,D},My,Dj My, DyMy,Dj f(z,y).
[k/|<N || <N

Obviously, fy € L2(R™*™) and converges to f in the sense of distribution.
To prove fn € Lipy(a1, az)(R™ x R™), by Littlewood-Paley characterization
(1.11) of the Lipschitz spaces, we need to show

sup 2ka12ja2’DijfN(x7y)‘ < C”f”Lipb(a1,Oc2)'

k,jE€Z,
z€R™ yeR™

To control the term on the left side of the inequality above, using the almost
orthogonal estimates (3.1), we have

}DijfN(%y)‘

= // Dk(l',$1)Dj(y,$2)fN($1,l'Q)dZL'ldl‘Q
R xR™

/B ERERD o o/ B

|k'|<N |j'|<N

<ba(2) Dy (2, 24 / [ i) Deas (e Dy (o)
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x f(y1,y2)dy1dyadxsdrsdadrs

LSS DM DDA D M,
ROXR™ | <N || <N

X // Dy (23,y1) Dy (24, y2) f (1, y2)dyr dyodzsdas
R™ xR™

—(k'Ak
T .
[K/|<N |j/|<N mrxgm (270K o — gy
9—('Nj)e

‘Dk/Dj/f(m'g, 1'4) ‘dx3d$4

X __
(270N + |y — aq|)mFe
<C sup 2k/a12j/a2|Dk/Dj'f(333, 4)|

K.’ €z,
z3 ER™, x4 ER™

x 33 grMery ey Woklegli'ile

|k'|<N |j/|<N

< CHfHLipb(al,oQ) Z Z 2*1C a12*j 0122*\16 fk\527|j fj\s'

|[K/|<N |j'|<N
We have,

gkargioz \ Dy D f(x, y))

< C||f||Lipb(a1,a2) Z Z o(k=k")a19(j—j")azg—|k'—kleg—|5'—jle
[K/|<N|j'|<N

< CHfHLipb(Oél,O&)’

which implies the estimate in (i).

~ =4
Next, we show (ii). According to the construction of Dlﬁ€ and D, we have,
<f - fN7 g)

(T X+ >+ 5 5 Y bhas,

>N [E[>N  |jISN [k[>N  [j]>N |k|<N

My, DMy, D; f(x,y), 9(95,?/)>

: //R”XR”’ < IJIZ>:N kz>:N ' |j|zs:zv |k|z>:N ! Z:N |k|zs:zv> / zocan )

< Do) D) [[ ) Dutoninia(ea)

x Dj(x2,y2) f(y1,y2)dy1dyadzidzs g(x,y)dxdy
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/6% 225 05 o/ MRS

[7|>N |k|>N  |jI<N |k|>N  |j|>N |k|<N

x by (21)Dj(yo, 22)ba (w2 //n . Dk(JUla z)by (z ) (2, y)b2(y)g(z,y)

x drdydxidxs f (Y1, y2)dy1dys

//R"xR <Z ISR DIDIEDS Z)Dka

[FJI>N |k|>N  |jI<SN|k|>N |j|>N |k|<N

Dijgﬁkal-DijQg(yh y2) f (Y1, y2)dy1dys.
By the Calderén type reproducing formula (2.1), we denote gn(x,y) by

Yljlen Dikien DiMo, DMy, DMy, DMy, g(x,y), and have

The argument in Lemma 3.5 together with the fact that for each g €
b~ 1B1 1y (R < R™), ||g — gnl,-1 p-e1.-e2 — 0 as N — oo implies that
1,1,b
‘<f - vag>‘ < C||f||Lipb(a1,a2) Hg - gNHb*lBl_f};_% - 0’ as N — 00,
which shows (ii) and hence the proof of Lemma 3.6 is complete. |

Lemma 3.7. Let T be a generalized singular integral operator defined in
(1.9) and bounded on L?>(R"™). If Ty(by) = Ta(by) = 0, for 0 < &' < ¢,

~4
there exists a constant C' > 0 such that DkalD szTMlek,MbQD H(x1, xa,

~4
y1,Y2), the kernel of DkaleMbQTMlek,MbQDj/, satisfies the following
almost orthogonality estimate:

~4
‘DkalD Mb2TMb1Dk/Mb2D (xly x2, Y1, y2

// Dy, (1, u1)by (u1) Dj (29, ug)ba(us // K (u1,u2,

v1, v2)ba (v1) D}, (v1, yl)bQ(UQ)Dj (v2, y2)dvrdvadus dusg

C+ k=K1 +|j— i DEEFE A1) @2 0= A1) (3.6)
2—(k’/\k)6’ 2—(j/Aj)s’
(27 AR oy — gy [’ (270N + g — o)

X

Proof. In order to estimate DkalbijQTMlnﬁlungbgDi’(':Ula'1:27y17y2)7
for the different k and &/, j and j', we will consider four cases: (I) k > k', j >
Jy, M) kE>FkK,j<j  (II) k<k,j>j, (IV) k<K, j<j. Weonly give
the details of the first case (I), the other cases are similar. For z,y; € R,

x2,y2 € R™, we also split (I) into four cases: (I;) |z1 — y1| > 402~
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and |zy — yo| > 40277, (Ip) |o1 — y1| > 4027 and |29 — yo| < 40277,
(I3) |z — y1| < 4C27% and |zo — yo| > 40277, (1) |z — | < 4C27
and |z — y2| < 40277, where the C can be referred in Remark 1.7.

Firstly, for the case (Iy): k > K/, j > 7', |#1 — 31| > 4027F and |2y —
ya| > 40279, by the cancellation condition f]R" Dy(x1,u1)bi(ur)duy = 0,
Jrm Dj(x2, uz)ba(uz)dug = 0, we have

~t
| Dy My, D; MbQTMlek,MbQD (21,22, Y1, 2)|

// Dy (1, u1)by (ur) Dj (9, ug)ba(ug // K (u1,u2,v1,v2)

— K(wl,UQ,Ul,UQ) — K(ul,xg,vl,vg) + K(l’l, o, V1, ’Ug)] bl(Ul)

-
x Di,(vy, y1)b2(v2) D s (va, y2)dvidvadur dus|.

Noticing the Remark 1.7, we have |u; — 21| < C27F, Juy — 25| < C277,
v — 1] < C2% and |va — yo| < Cc277'. Tt is easy to get
lur —v1] = |ur — 21 + 21 — Y1 + Y1 — v1
> |z1 = yi| = Jur — 21| — |yr — v
> 4027 —co7F —c27F
> 2027% > 2|uy — 4.

So, by the the smooth condition of kernel K (see (1.7)), it follows that

~ 4
‘Dkal.D Mb2TMlek,/Mb2D (xla x2,Y1, 292)‘
1'1’6

: U
<C / // ’Dk(iUI,Ul)"bl(ul)HDj(xQ,u2)"b2(u2)|‘17n+€
I |21 — v1]

ug — xol® ~ =t
2=l dunduy (60l (01,0 0| D o )
We also note that |v; — y1| < c27F < %]wl —yil, |z1 —v1| > |x1 — 1| —
ly1 — v1] > %|a;1 —y1] and €’ < e, which yields

|U1 _ :C1|E 2—k6 2—k;a
w1 — v T o = T (27 g — )t
_ C2—(k—k/)s 9—k'e 9—k'(e—¢")
27 + oy — g ) @ + oy — ) e
(3.7)
e ke
< sz(kfk )e

(27K + |my — yy|)te
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2_]./51
(279" +|me—ya|)mte’

Similarly, % < C2-U=i)e . According to the above

estimates, we get

#
}DkalD Mb2TMb1D]ﬁ€/Mb2D (xla €2, Y1, y2)}

ke —j'e!
2 (G- 2

! /2 i ’
(27F + |z — g |)n e (279" + |22 — yo|)mte

< / / (D (a1, ) 1B (1) | D (2, 102) [ () |y ey
R"XRW

S CQ*(IC*’C/)EI

- ~f
x / / b1 (02)|1 B, (01, 50 B0 | Dy (02, ) don v

2—]{7’8' 2—j/€/
CF o =)™ 27 + oz — )

< 02— (k=k)e" 9—(i—35")¢’

Secondly, for the case (Io): k' < k, j’ < j, |t1—y1| > 4C27% and |zo—ys| <
4C277". By Ty(by) = 0, we can get that

{
Dy My, D; My, TMy, DY, My, D (1, 22, 31, 1)

// Dy (1, u1)by (u1) Dj (29, ug)ba(uz // K (u1,u2,v1,v2)
R xR™ R xR™

~ 14
xby(v1) D}, (v1, Y1)b2(v2) D (va, y2)dvidvaduy dusy

// Dy (w1, u1)by (u1) Dj (29, uz)b2 (us // K (u1,u2,v1,v2)
R xR™ R xR™

#
Xbl(vl)Di/(vLyl)@(Uz)(D (v2,92) — D ($2,y2)>dv1dvsz1dU2

Let ¢9 € C°(R™) be 1 on the unit ball and 0 outside its double. Set
¢1 =1 — ¢g. Then we have

~ 4
Dy My, D; My, T My, Dk/MbQD (71, 72,91, 92)

// Dy (w1, u1)by (u1) Dj (2, ug)ba (us // K (u1,u2,v1,v2)

~y #
< by (12) D (1, 2ol >(D (02 92) — D, <:z2,y2>>

U2
<¢0( 202 J ) +(Z5 (202 "y >> dvldvgdulduQ
= Ioy + Ioo.

Combining the cancellation fRn Dy(x1,u1)bi(uq)du; = 0, we have

Iy = // Dk(xl,ul)bl(ul)Dj(@,u2)b2(u2)// K (u1,u2,v1,v2)
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~ ~4 ~t
x by (v1) D}, (v1, y1)ba(v2) (Dj’ (v2,2) — Dj'(932792)>

2027
_ / / Di(ay, w1 )b (1) D (2 us)ba(us) / / (K (1, uz, v1, v2)
nxRm R xR™

— K (21, u2,v1,v2)]b1 (v1) DL, (01, y1)ba (v2)

) D T2 V2 ) o dvadund
X\ Dji(v2,y2) — Dji(z2,y2) | do s0a=; ) Qvidveduidus.

X ¢0 <$2 _ U.Q > dvldvgduldUQ

. ~# ~
Now we write ¢(uz) = Dj(w2,u2), ¢(v2) = <Dj’(v27y2) - Dj'(f%yz)) X
qbo(w) and for each ui,v1 € R", x9,y2 € R™,

2021
(hba, K (ut, v1)bap)

= / e Q[)(UQ)bQ(UQ)K(ul, ug,v1, UQ)bQ (vz)(p(vg)d’lmdvg,

where K (uy,v1) is also a Calderén-Zygmund operator acting on R™ with
kernel K (u1,v1) (u2,v2) = K (ui,u2,v1,v2). So we have

|Io1| = ‘ / L Dy (a1, u1)by (ur){(9ba, [K1 (ur,v1) — K1 (1, v1)]bag)bi (v1)

X 52:, (2)1, yl)duldvl

S/ / | Dyo(w1, un)|[(4ba, [ K1 (ur,v1) — Ki(21,01)]bag)]
X |52/(v17y1)|du1d01-

The L2(R™™) boundedness of T implies the following weak boundedness
property, one can see [8] (page 87) for details.

| (Wb, [ (u1,01) — K (21, v1)]ba)]
< C277 2 || Lip, 9 Lip, 1 (w1, 01) — Ky (21, 01) [0z

< ¢9—i(m+2m) (2—(J‘—j’)62j’m2ﬁn) (27m2im) s — 21 [*
— ’371 _ Ul‘n—i—s
< 02—(j—j')52j’mM

— ‘xl _ Ul’n_i_e?

where |u; — x1| < |z —v1]/2. Since j > j', e > €', by (3.7), it is easy to see
that

lup — 21

| Io1 | SCQ_U_J'/)EIWI’”/ / ‘Dk(xlaUl)|m|ﬁﬁ/@hyl>‘duldvl
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2—k‘/£/
27 + 21 — )
271@’5’ 27.]45/
(27F + |1 — g )+ (270" + @ — o)+

< 02~ (=i")e 91" mg—(k—k")e’

< 02— (k=K)e'o—=(i—5")¢’

For the term Iy, using the condition T3(b2) = 0 and the cancellation
fR” Dk x1, ul)bl(ul)dul = 0 me .’L’Q, UQ>b2(UQ)dUQ = 0 we have

159 —// Dk(l'l,ul)bl(ul)Dj<$2,UQ)bQ(UQ) // [K(U17U27U177}2)
R7 xR™ R xR™

— K (z1,u2,v1,v2) — K (u1,z9,v1,v2) + K (21, 32,01, 02)] b1 (v1)

~ ~4 ~4
x D, (v1,y1)b2(v2) (Dj/(02,y2) - Dj/(9527y2))

— U
Cz)l ( 202 ]2 ) dUld’UzduldUQ.

The smooth condition (1.7) can be used to deal with the kernel K in Isy. The
~4
similar methods in (3.2) and (3.3) could be used to estimate (D (va,y2) —

Dj, (z9,12)). We just give the case for 2|vg — x5 < 277" + |vy — yo].

Q- J¢
<o ff e /I
Roxrm (27F + \301 - ul|)”JrE (277 + |wg — ug|)™*e [ Jrnxgm

k/l

]ul - 5131‘5 ”U/Q — .%'Q‘E 2”
|21 — 01| g — val™FE (27 + vy — ya )

x( |vg — 2| >€/ 2-i'¢ ¢<2—U2
2‘j'+]v2—y2] (2 J’ +]v2—y2])m+€’ ! 20277

X dUl d’l)gdul dUQ

<C/ / lup — 21 27K
nJrn (278 + !fvl = u1|)”+5 o1 — vi["Fe (27K + o — )
2= Je |’LL2 — .’Eg‘a
X duyd y
(75} Ul/m /m (273 + ’-TZ _u2|)m+5 ‘$2 _02|m+s

|vg — 2| ¢ o — Uy
_ m duad
% (2_] + ’xg — 1)2‘ 1 202 J 2tz

(by (3'7)a "UJ2 - $2‘ < 02_j, ’1)2 — x2‘5 < CQ—j(a’—a))
27’€/6l
(Q_k/ + ’xl o y1!)"+5'

9-ie 1 1 ¢
X / - dUQ / < -~ >

< ok —k)e 9—je 9i'm 9—j(e'—e)
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— V2
¢1< 2027 >d“2

< 02 —k) 27 9—7¢’ 9i'm
B (27K + |z1 — g |)nte

1
« S S
</|272—1)2|22j, ‘xQ - ’U2’m+€

+ 2j/€, 71 dvg
. . |.7) — |m
279" 2|z —vg|22x277 |2 2

27141,/5/
27 + |o1 — )t

S CQ(k/_k)EI 2j/m 2—j6/ [2j/6' + 2j/€/(j _ j,)]

271{)/6/

< 0o =k o' =" (1 4 (7 — 4 : .
< (I+0G—J ))(2_k Iy p— T

2—j/€/
X _ .
(279" + |z2 — y2|)mte

For the case I3, using the similar method with I, we can obtain that

13| < €20 =R 9" =D (1 4 (k — k)

2_j/6/
X . -
(277" 4 |z2 — y2|)mte

Finally, we should focus on the last term Iy: k > k', 7 > 7/, |z1 —y1| <
4027% and |z — ya| < 40277, Using the condition T3 (by) = Ta(b2) = 0, it
is easy to get

il
Dy My, D; My, TMy, DY, My, D (1, 22, 31, 1)

// Dy (w1, u1)by (u1) Dj (2, ug)ba (us // K (u1,u2,v1,v2)

~ 4
X b1 (v1) (Dlﬁgl(vlayl) D%(M;?Jl)) ba(v2) <D (v2,y2) — D; ($2,y2)>
X dvldvgdulduQ.

One can also fix a smooth cut-off function gy € C*°(R™) on the unit ball
and 0 outside its double. Set o1 = 1 — g, so we get the following four parts:

#
Dy, My, D, MbQTMleg;/MbQD (1, 22,91, y2)
. Ir1 — U1
= D b D, b _—
//R"XRW k(w1,u1)by(u1)Dj(2, u2)ba(us2) <Q0<202_k >+

r1 — U1
Ql<202_k>)//anm (u1, uz, v1,v2)b1 (v )( k'(vlayl)
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~ ~4 ~t —
D;ﬁ/(l‘l,yl)) ba(v2) (Dj/(v2,3/2) - Dj/(332,y2)> <¢0<2202ng)+

¢1< e “f)) dvy dvayduy dus

= Iy1 + Iy + 143 + Iyg.

We give the details of Iy4, since 141, I4o and I3 are similar to I1 and 1. By
the cancellation [g, Dy (21, u1)b1(u1)du; = 0 and [p,,, Dj(x2, ug)bz(uz)dus =
0, it will be that

Iy = //anm Dy(z1,u1)b (U1)Dj(x2,UQ)b2(uz)Ql (:1;10;_1;1)

X // |:K(U17U27U17U2) — K (21, u2,v1,v2) — K(u1, 22,01, v2)
R xR™

+ K(z1, 2, v1, Uz)} b1(v1) (52/ (v1,91) — DL, (21, yl)> ba(v2)

x <Dj/(v27y2) - Dj/($2,y2)> <Z>1< 5027 >dvld’02duldu2~

It is also need to consider the following different cases for Iyq: 2|v; — 21| <
27K 4 |wy — yl]; 2lvr — 21| > 27F + |21 — w1, 2vg — 30| < 277 + |2 — Y2l
2|vg — 9| > 277 4|9 —y2|. We deal with the case 2|vy —x1| < 27F 4|z —y1|
and 2|vy — 29| < 279" 4 |z — 1, the others are similar.

. r1 — U1
114 < //R . | Dy (1, 1) Dj(w2, u2) |01 <2C’2k>
’VLX m
X// lur — 21| Jug — a9 ( lv1 — 1] ¢
nyRm |LE1 — ’U1’"+5 ’xg — Ug‘m""‘g 22—k 4 |Ul — 331|
27]6’5/

y o (22 vy — o] ‘
2% + oy — )7t TP\ 20277 ) \ 277 + |ug — x4

2_j/a/
>< N
(279" + |vg — yo)m e

uy —x1|° [v1 — 21| i
<C/ / Di(z1,u | 2 ”( ;
> . n’ k( 1, U1 ‘| 1—v1’”+8 92—k + |vp — 21
!uz—m\s
duid
<202 k) “ Ul/m/m x2’u2 ‘.’I)Q_'U2|m+6
y |vg — x| Lo — U2
x 27 duod
<2 -7+ |U2 —$2| (bl 2021 2tz

< Cz—k&l 2]{:/77,/ 2 ke du1/ #
- Rn (2_k + |£l$1 - u1’)7’b+8 Rn ‘.7}1 - 'U1|n

- dv1 dvadug dusg
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1 ¢ I
. dvy 279¢ 9'm
X (2—k e —v1|> (202 k) vl
2 Je J 1
X . u _—

1 (%)
. d
) <2_]’ + |22 —vz\) ¢1(202 7) 2
1

! !
S C2ik€ 2k n(/ 7n+€,d'v1
\x17v1\22—k/ ’$1 - Ul|
_,_2]{‘/8// 1d’U1>
2k >3y —vy|>2x2-k |T1 — V1|
P 1
X2 JE 2Jm —m—i-E/dUQ
|zo—vg|>2-3" 2o — 112!

o 1
+27°¢ / mdv2>
2-3" > |y —vg|>2x 27 |22 — o

S C2]{,‘/’I’L 2—]68’ [Qk/ & 2]{)/ l(k k )] ] m 2_j£’ [2j/g’ + 2j/5/(k — k/)]
< 02W =R 20" =D (1 4 (k — ') (1 + (j — 7))
o—K'e o'
X 7 / i’ "
27 + |21 — )T (277 + 22 — g ) FE

Combining the estimates of Iy, Is, I3 and I, we get the desired result in

O

Using the same method as in Lemma 3.7, we can get the following results.

Lemma 3.8. Let T be a generalized smgular integral operator defined m
(1.9) and bounded on L*(R™™). For 0 < & < &, DMy, D; Mb2TMb1D

~H <t
MbgD (z1,22,Y1,Y2), the kernel of DkalD MbQTMlek/Mb2D 1, satisfies
the followmg almost orthogonality estimate:
(1) If Ty (b1) = T (b2) = 0, there exists a constant C such that

| Dy M, D; MbQTMblDk,M,,QDﬁ (1, T2, y1,Y2)|
SCO+k=KNA+]i— PR F P A U= A1)
9— (k' Ak)e’ 9—('Nj)e’
C @A) 1 [z — i) (20N + o — )

(i1) If TY(b1) = T (b2) = Ti(b1) = Ta(b2) = 0, there exists a constant C
such that

~4
‘DkalD Mb2TMb1Dk./Mb2D (xly 2, Y1, y?)‘

< 09~ |k=K e o=li=i'l¢'

9—(K'Ak)e' 9—("Nj)e
R P e O P
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On the basis of Lemma 3.7 and Lemma 3.8, we will investigate the bound-
edness of T on the product Besov spaces.

Lemma 3.9. Let T be a generalized singular integral operator defined in
(1.9) and bounded on L*(R"™™). Then
(i) T is bounded from Blc"llz‘2 (R™ x R™) to b‘lBill”lO)‘Q (R" X R™) if g, 0 €
(—&,0) and T} (b1) = T (b2) = 0. '
(ii) T is bounded from Bﬁll’:;z (R™ xR™) to b_lB'fill”?Q (R X R™) if aj, a9 €
(0,5) and Tl(bl) TQ(bQ) =0.
(iii) T is bounded from By (R™ x R™) to b='B}{ (R" x R™) if Ty (by) =
Ty (be) = Ti(b1) = Tg(bg) =0.

Proof. We just give the details of the first item, the others are similar. By
Lemma 3.4, bM(e',¢’;¢’,€) is dense in B{'}}? for —¢’ < a1, ap < &’. Thus, it
suffices to show that for f € bM(e',e';¢’, &) ﬂBfﬁ’jz with —&’ < a1, a9 <0,
T fllp-1pgyoe < Cllfllpeyae.
From the definition of product Besov spaces, we have
| T fly-1 o102 = Z Z okaigjas // |D.D;(bT f) (2, y)|dzdy.
M ezjez Rt xR

Since T is bounded on L?(R"*™), by the Calderén type reproducing formula
(2.2) and Lemma 3.8 (i), we have

1T flly-1 100
=) ) okergies // // (2, u)by () D (y, v)ba(v) T f (u, v)
keZ jeZ R xR™ R"XRW
X dudv|dzxdy
=) ohmgie // // (2, u)by (u) D, (y, v)ba (v)
keZ jel R7 xR™ R"me

// u u,v,v1 // Z bl(ul)ﬁi,(ul,xl)bg(vl)
R xR™ R xR™ ke

GIEL

><D (v1, 22 //n . bi(z1) D (21, y1)b2(z2) Dy (22, y2) f (Y1, y2)dyn

X dyodxydxoduy dvydudv

-y ]

keZ jET R xR™

dxdy

/ / > > DpMy, DM, TM,, D},
REXR™ re7, e,
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My, D i (2,y, x1, 32)b1(21)ba(w2) Dy Dy f (w1, w2)day das | dady

<O N okmgiee SN (1 k= K)) A+ 15— 5P A

keZ jez K ez el
Lo 2—(k’Ak)a’
« (2-U=D< A1 // // / ,
( ) R xR™m R7 xR™ (27(1C /\k) + ‘I’ — $1|)n+€
9—(i"Nj)e’!

% (2*(]’//\3‘) + |y — $2|)m+5’ dxdy [by(z1)|[b2(z2)]

X ’Dk/Dj/f(U’Cl, $2)’d$1d$2

<OY S Y Y mpe k- KA+ 15— 7D A
k'€Z j'€Z k€l jeL
x (2700 A1) g W argslaz g argsia

X // |Dk/Dj/f(.CL‘1,.Z‘2)|dl‘1d.Z‘2

<0 ST S oty g - g2 KR A1) ST 2l e

k'€Z j'€Z kel JEZ
X (14 |5 — /)27 0= A 1) gk'ergiez

X // |Dk/Dj/f([L‘1,CC2)|dﬂfld$2.
R7 xR™

Since
> ot Ran(q g — K[y (27" R A )
keZ
x 32U (14 |j - (U A1)
JEL
— Z 2(k—k’)a1(1 4 k _ k'/) 4 Z 2(]€—k’)o¢1(1 4 k'/ _ k)Q—(k/_k)gl
k>K' k<E
% Z 2U=e2(1 4 j — 4y + Z oU=iez(1 4 j' — )2~ W' =9)
3=y’ J<y’
<C,

so we obtain
ITfllp-1poroe <C Dy 2K o1 // | Dy Dy f (w1, x2)|dwydavs
sy k’er/eZ RnXRm
< Cllfl goroz-
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We now prove Theorem 1.9. The necessary conditions of Theorem
1.9. For all fo € Cf(R™), we may note that [|[1 ® fa|lLip(a;,as) = 0- By the
boundedness of T' on Lipschitz spaces, we have
HTMbl ® fZHLip(al,ozg) < CHMbl ® fZHLipb(oq,OQ) = CH]- ® f2||Lip(oq,oz2) = 0.
So we get TMy1l ® fo =0 and

(MyTMpl ® f2,91 ® g2) =0

for all g1 € Cy ((R") and ga, f2 € C(R™). By our definition (1.10), we get
T1(b1) = 0. Similarly, we can obtain T5(b2) = 0.

We now prove the sufficiency. Assuming ag, as € (0,¢), we will show that
for any f € L?(R™""™) N Lipy (a1, az)(R™ x R™),

HTfHLip(al,ag) < CHfHLipb(al,az)7 (38)

and then extend to the case for Lip,(ai, as)(R™ x R™). To do this, by
Theorem 1.8,

||Tf”Lip(a1,a2) ~ SU‘EI; 2ka12ja2|Dij(be)(x,y)|‘
zER™ ,yeR™

Since T is bounded on L?(R™™™)  f € L?(R"*™) N Lip, (a1, a2)(R™ x R™),
the Calderén type reproducing formula (2.2) and Lemma 3.7 give us that

2ka1 2]042 ’DkD be)((E y)‘

~4
// Z Dy My, D; My, T My, Di, My, D3y (2, y, 21, x2)
"XR™ prey, ez

2ka1 9Jja2

X b1 (fL’l)bQ ($2)Dk/Dj/f(I1, ZEg)dCEld.’EQ

< C2b12992 SN (1 kK (L + | — 50 A
k'€Z ;€T

Ner 9—(k'Ak)e’
(3—3")e A 1
( //R”XRM 2 (k /\k + |CC — xlf)”+5

9—(3'Nj)e

X dzridx su DD f(x1, 2
(20N + |y — zo|)mte 102 xleRn,geRm | i f (1, 22)|

/ -/ . 1 Y]
< sup 2K Dy Dy f(ay,ag) Y Y 2RIl e
Walez k'€ j' €L
1 ER™,zo ER™ J

X (14 [k = K[)(1+ |5 — 5@ EF A1) 20 A1)
< CHfHLipb(Oq,OéQ)

X ( S 4K —k2EFe L N1k - k)2<k’—k>(6’—a1>)

k' >k k'<k
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> (Z(l + 4 — )20 4 Z(l + 4 - j)Q(j/_j)(sl_OéQ)).
J'>j 7'<j
We can chose €’ such that max{a;, as} < &’ < e, so we get (3.8).
Next, we extend T to the case for f € Lipy(aq,az) as follows. If f €
Lipy (a1, ), by Lemma 3.6, there exists a sequence

{fN} - LZ(Rn+m)ﬂLipb(a1a OQ) such that HfNHLipb(al,az) < CHfHLipb(al,ag)-

From (3.8), we have
HT(fN - fN/)HLip(Oq,ch) < C”fN - fN/HLipb(ocl,ag) < QCHfHLipb(oq,az)'

Thus, we can define
(Tf.9)= lim (Tfy.g), g€ By~ (3.9)

To see the existence of the limit in (3.9), applying Lemma 3.9 (i), 7% is
bounded from B {3 to b~ !B, '}~ “*. We can also write

(T(fn = fnr)sg) = (v — v, T ).

By Lemma 3.6 (ii), (fx — fav,T*g) tends to zero as N, N’ — oc.
Applying Theorem 1.8 and (3.8), we have
HTf”Lip(al,ag) ~ sup 2ka12ja2‘Dijb(Tf) (1‘, y)|

k,JEL,
zERM yeR™

= sup  212992) lim Dy D;b(T fn)(z,y))|
k,jEZ, N—o0
Tz ERM yeR™

liminf sup 2712992\ Dy D;b(T £ ) (z, y)|
N—o0 k,jEZ,
zERM™ yeR™

Q

l}ﬂloléf ||TfN ||Lip(oz1,0t2)

< Climinf{|fyllLip, (a1,02)
< COllfllLipy(as,a2)-
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