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Oliver Braunling

ABSTRACT. The previous papers in this series were restricted to regular
orders. In particular, we could not handle integral group rings, one
of the most interesting cases of the ETNC. We resolve this issue. We
obtain versions of our main results valid for arbitrary non-commutative
Gorenstein orders. This encompasses the case of group rings. The only
change we make is using a smaller subcategory inside all locally compact

modules.
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This paper is concerned with the non-commutative equivariant Tamagawa
number conjecture (ETNC) in the formulation of Burns and Flach [BFO1].
We assume some familiarity with this framework and use the same notation.
Let A be a finite-dimensional semisimple Q-algebra and 20 C A an order.
Using the Burns—Flach theory, a Tamagawa number is an element

TQ € Ko(2A,R)

in the relative K-group Ko(2,R). In our previous paper [Bral9b] we have
proposed the following viewpoint: Originally Tamagawa numbers were de-
fined as volumes in terms of the Haar measure. Then we argued that the
universal determinant functor of the category of locally compact abelian
(LCA) groups is the Haar measure in a suitable sense. Thus, when wanting
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to define an equivariant Tamagawa number, one should work with an equi-
variant Haar measure. This led us to consider the category of 2A-equivariant
LCA groups, denoted by LCAg. The universal determinant functor of this
category should be a reasonable approach to an ‘equivariant Haar measure’,
and thus to equivariant Tamagawa numbers.

Unfortunately, the above picture turned out to be true only for reqular
orders. However, in this case it works perfectly: We proved

Ko, R) = K (LCAy),

showing that our Haar measure based philosophy leads to exactly the same
group as in the original Burns—Flach formulation. One of the most attractive
cases of the ETNC is for integral group rings 2l = Z[G], where G is a finite
group. These orders are regular only for the trivial group, so [Bral9b] fails
to deliver in this interesting case.

In the present paper, we introduce a full subcategory

LCA% C LCAy

which fulfills the above picture for arbitrary Gorenstein orders 2. This
encompasses hereditary orders (which we could also handle previously), but
more importantly group rings. Besides switching to this smaller category,
the formulation of the results remains the same:

Theorem 1. Suppose A is a finite-dimensional semisimple Q-algebra and
let A C A be a Gorenstein order. There is a canonical long exact sequence
of algebraic K-groups

s = K (A) = Kp(Ar) — K (LCAY) — K1 (A) — - - -
for positive n, ending in
s —> Ko(gl) — Ko(AR) — KQ(LCA%) — K_l(gl) — 0.

Here K_1 denotes non-connective K-theory. There is a canonical isomor-
phism

K1 (LCAY) = Ko(2,R),
where Ko(A,R) is the relative K-group appearing in the Burns—Flach for-
mulation of the non-commutative ETNC' in [BF01].

This will be Theorem 5.3. If 2 is additionally a regular order (e.g., hered-
itary), this sequence agrees with the one of [Bral9b, Theorem 11.2], and
moreover K,,(LCAy) = 0 for n < —1 in this case. Although they have the
same K-theory, the category LCAY will be strictly smaller than LCAy also in
this case. As before, in the case 2l = Z the universal determinant functor is
the ordinary Haar measure. This remains true also for our smaller category
LCA; C LCAz.

Theorem 2. The Haar functor Ha : LCAZ* — Tors(RZ,)) is the universal
determinant functor of the category LCAy. Here
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(1) for any LCA group G, Ha(G) denotes the RZ,-torsor of all Haar
measures on G, and

(2) Deligne’s Picard groupoid of virtual objects for LCA; turns out to be
isomorphic to the Picard groupoid of RZ-torsors.

This is exactly as [Bral9b, Theorem 12.8], which was for the bigger cate-
gory LCAy. In Part II of this series [Bral8], we had introduced double exact

sequences ((P, ¢, Q)).

Theorem 3. Let A be a finite-dimensional semisimple Q-algebra and A C A
an order. Then the map

Ko(2,R) — K1 (LCAL) (0.1)

sending [P, p, Q] to the double exact sequence ((P,p,Q)) is a well-defined
morphism from the Bass—Swan to the Nenashev presentation. If 2 is a
Gorenstein order, then this map is an isomorphism.

See Theorem 5.6. Again, the same statement holds for the bigger category
LCAy if A is regular, as we had shown in [Bral§].

All this fits into a bigger picture, which we will not recall in this text.
Instead, in the manuscript [Bral9a] we explain an alternative construction
of the non-commutative Tamagawa numbers based on our viewpoint. It
defines the same Tamagawa numbers as Burns—Flach [BF01], i.e. leads to a
fully equivalent formulation, but the way the Tamagawa number is defined
is quite different.

The category LCAY as well as the bigger LCAg are closely connected to
firstly Clausen’s work on a K-theoretic enrichment of the Artin map [Clal7],
as well as the Clausen—Scholze theory of condensed mathematics [Sch19] as
well as the pyknotic mathematics of Barwick—-Haine [BH19].

Acknowledgement. [ heartily thank B. Chow, D. Clausen, B. Drew, and
B. Kéck for discussions and in part helping me with proofs and fizing prob-
lems. I thank R. Henrard and A.-C. van Roosmalen for interesting dis-
cussions around how their technology in [Hv19b], [Hv19a] might lead to a
quicker proof. Finally, let me thank the anonymous referee for several sug-
gestions improving the exposition.

1. Conventions

In this text the word ring refers to a unital associative (not necessarily
commutative) ring. Ring homomorphisms preserve the unit of the ring.
Unless said otherwise, modules are right modules.

Given an exact category C, we write C® for the idempotent completion,
“—” for admissible monics, “—” for admissible epics, and we generally
follow the conventions of Biihler [Biih10].

Differing from any convention, we call objects X € Cin a cocomplete cate-
gory C categorically compact if Home (X, —) commutes with filtered colimits.
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Usually, such objects are merely called compact, but since this potentially
conflicts with the topological meaning of compact, which plays a far bigger
role in this text, it seems best to be careful. These objects are also called
‘finitely presented’, but again this could potentially cause confusion, so it is
best only to refer to the ring-theoretic concept by these terms.

2. Pl-presentations

Definition 2.1. Suppose C is an exact category. Let

(1) P be a full subcategory of projective objects in C which is closed under
finite direct sums,

(2) | be a full subcategory of injective objects in C which is closed under
finite direct sums.

We write C(P,1) for the full subcategory of objects X € C such that an
exact sequence

P—X—»1I

with P € P and I € | exists in C. We call any such exact sequence a
Pl-presentation for X.

If C denotes a category, a morphism r : X — Y is called a retraction if
there exists a morphism s : Y — X (then called section) such that rs = idy.
An exact category is called weakly idempotent complete if every retraction
has a kernel. Note that sr: X — X is an idempotent, i.e. every idempotent
complete category is also weakly idempotent complete (check that the kernel
of the idempotent also provides a kernel for the retraction itself). We refer
to [Bith10, §7] for a thorough review of these concepts.

Lemma 2.2. Suppose we are in the situation of Definition 2.1. Assume C
is weakly idempotent complete. Suppose

X' < X —» X" (2.1)

is an ezact sequence in C such that X', X" € C(P,I). Suppose we have
chosen any Pl-presentations for X' and X" (where we denote the objects
accordingly with a single prime or double prime superscript). Then one can
extend Sequence 2.1 to a commutative diagram

TC—> P’ TP” —»Pf (2.2)
X/( X X//

Ll

II( I/ @ I” I/l

with exact rows and exact columns. In particular, the middle column is a
Pl-presentation for X.
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Proof. First, use the PI-presentation of X’. We get a commutative diagram

and thus the admissible filtration P’ < X’ < X with P’ € P. Noether’s
Lemma ([Biith10, Lemma 3.5]) yields the exact sequence X'/P' — X/P' —
X/X', which after unravelling the outer terms, is isomorphic to

I' = X/P' — X",
Since I’ € | is injective, the sequence splits. We get
X/PP=TaX". (2.3)

Next, use the PI-presentation of X”. The direct sum of the exact sequences

11 1
PP XL and 0T T (2.4)

is again exact. As a composition of admissible epics is an admissible epic,
the kernel Y in the following commutative diagram exists.

Y\ Pf (2.5)
PP—s X —» X/P
\ l@q,,
I/ @ I//

The right column comes from the sum of sequences in Equation 2.4 and the
isomorphism of Equation 2.3 in the middle term of the right column. By the
universal property of kernels, we obtain a unique arrow P’ — Y. Since C is
weakly idempotent complete, we may apply the dual of [Biih10, Corollary
7.7] and deduce that this arrow must be an admissible monic. Thus, we
obtain the admissible filtration P’ < Y <+ X and again by Noether’s

Lemma the exact sequence Y/P' — X/P’ 5 X /Y. Unravelling the right
term, this exact sequence is isomorphic to

Y/P'l— X/P' - T'aI".
Inspecting Diagram 2.5 note that under the isomorphism of Equation 2.3
the map a is identified with 1 ¢”. Thus, Y/P’ is a kernel of this, and thus
isomorphic to P”. Hence, P’ — Y — Y/P' is isomorphic to P’ — Y — P”,
which splits since P” € P is projective, and thus Y = P’ @ P”. Then the
diagonal exact sequence of Diagram 2.5 is a PIl-presentation, and moreover
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the one in our claim. Going through the maps which we have constructed,
we obtain all the arrows in Diagram 2.2. ([

Corollary 2.3. Suppose we are in the situation of Definition 2.1 and C
is weakly idempotent complete. Then C(P,l) is extension-closed in C. In
particular, it is a fully exact subcategory of C.

Proof. The lemma shows that X also has a PI-presentation, so X € C (P, I).
O

Lemma 2.4. If X € C(P,l) is injective (resp. projective) as an object in
C, it is also injective (resp. projective) as an object in C(P,1).

Proof. Immediate. O

In particular, all objects of P are still projective in C(P,l) and corre-
spondingly for the injectives in I.

3. Construction of the category PLCAy

Suppose A is a finite-dimensional semisimple Q-algebra and 2l C A an
order. We shall use the category LCAg of [Bral9b]. We recall that its

(1) objects are locally compact topological right 2-modules, and
(2) morphisms are continuous A-module homomorphisms.

An admissible monic is a closed injective morphism, an admissible epic
is an open surjective morphism. This makes LCAgy a quasi-abelian exact
category, generalizing an observation due to Hoffmann—Spitzweck [HS07].

Proposition 3.1. The category LCAgy is a quasi-abelian exact category.
There is an exact functor

(=) : LCAY — LCAger M — Hom(M,T),

where the continuous right A-module homomorphism group Hom(M,T) is
equipped with the compact-open topology (that is: on the level of the under-
lying LCA group (M;+) this is the Pontryagin dual), and the left action

(a-p)(m):=p(m-a) for all acA, meM. (3.1)

There is a natural equivalence of functors from the identity functor to double
dualization,

n:id — (—)Y o [(—)V}OP.
In other words: For every object M € LCAgy there exists a reflexivity iso-

morphism n(M) : M — MYV, and the isomorphisms n(M) are natural in
M.

See [Bral9b, Proposition 3.5]. If 2 is commutative, it is even an exact
category with duality in the sense of [Sch10, Definition 2.1].

Let R be a ring. We write P(R) for the category of all projective right
R-modules, and Py (R) for the finitely generated projective right R-modules.
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These are both exact categories in the standard way. These categories are
idempotent complete and split exact.

Write Pg(R) for the full subcategory of P(R) whose objects are at most
countable direct sums of objects in Py(R). This is an extension-closed full
subcategory and thus itself an exact category. This category may also be
realized as

Pg(R) = Indg, (Pr(R)), (3-2)

because by [BGW16, Corollary 3.19] it is the full subcategory of countable
direct sums of objects in P¢(R) inside Lex(Pf(R)) and by [BGW16, Lemma
2.21] the latter category is Mod(R).

The following is (in different formulation) due to Akasaki and Linnell.

Lemma 3.2 (Akasaki-Linnell). Suppose G is a finite group and R := Z|G].
Then Pg(R) is idempotent complete if and only if G is solvable.

Proof. By Equation 3.2 and [BGW16, Proposition 3.25] the idempotent
completion of Pg(R) is the category Py, (R) of at most countably generated
projective R-modules. If G is solvable, Swan [Swa63, Theorem 7] has shown
that every projective R-module is either finitely generated or free (or both),
so each such is a direct sum of finitely generated projectives, hence lies in
Pz (R). On the other hand, if G is non-solvable, Akasaki exhibits a non-
zero countably generated projective R-module P € Py, (R) with trace ideal
(M) G Z[G], see [Aka82, Theorem] (or Linnell [Lin82]). If P has a non-
zero finitely generated projective summand P’ C P, then 7(P') = Z[G]
by [Aka72, Corollary 1.4], and thus we would have 7(P) = Z[G| because all
maps from a direct summand extend to maps of all of P. However, the latter
is impossible by Akasaki’s construction. Thus, P has no finitely generated
projective summands and thus P ¢ Pg(R). O

Note that Pg(2() lies inside LCAy when being regarded as a full subcate-
gory of objects with the discrete topology. Define I11(21) as the Pontryagin
dual of Pg(A°P). In other words, this is the category of at most count-
able products [] P, where P; € Pr(°P). Under Pontryagin duality these
projective left 2A-modules (i.e. right 2°P-modules) become injective right
2A-modules in LCAg.

Define

PLCAg := LCAy (Pg (), I () . (3.3)

Since LCAgy is quasi-abelian, it is in particular weakly idempotent complete
and thus PLCAgy is a fully exact subcategory of LCAy by Corollary 2.3.
We get a natural extension of Proposition 3.1.

Proposition 3.3. The category PLCAgy is an exact category. The exact
Pontryagin duality functor (—)Y of Proposition 3.1 restricts to an exact



RELATIVE K-GROUP IN THE ETNC, II1 663

equivalence of exact categories
(=) PLCAY — PLCAgor
M — Hom(M,T).
We usually regard the objects of PLCAgor as topological left A-modules. If A

is commutative, A = AP, and this functor makes PLCAy an exact category
with duality.

Proof. If P — X — [ is a Pl-presentation for X, the duality functor sends
it to

IV — XV - PV,
but by construction IV € Pg(2A°P) and PV € I11(2A°P). Hence, this gives us
a Pl-presentation of XV. O

Lemma 3.4. All objects in I11(2) are compact' connected.

Proof. We use that I7(2) is the Pontryagin dual to Pg(2(°P). Each object
P € Py(°) is discrete, so PV € I1j(2) is compact. As P is projective, it
is also Z-torsionfree, and thus PV is connected by [Mor77, Corollary 1 to
Theorem 31]. O

The following observation is trivial.

Lemma 3.5. Suppose P € P (21). If F' is a finitely generated submodule of
P, then there exists a direct sum splitting

P2 Py& Py (3.4)

with Py € Py(A), Py € Pp(A) and F C Py. In other words: Every finitely
generated A-submodule of P is contained in a finitely generated projective
direct summand of P.

Proof. Write P = @, 7 P; with P; € Py(2). Let my,...,m;, be 2A-module
generators of F'. Since F' C P, we can write m; = > a;,; such that a;; € P;
and these are finite sums. Hence, collecting all the indices ¢ which occur

in these finite sums where 7 = 1,...,n, we get a finite subset Zy of indices
within Z. Define

R:=@PP ad Po:= P.
(S i€Z\Zp
Then P ~ Py @ Py as desired, Py € P¢(21) because Zj is finite, and F' C
Py 0

Ezxample 3.6. The property discussed in the previous lemma would in general
be false if P were allowed to be an arbitrary (countably generated) projective
module. For example, if G is a non-solvable finite group, by Lemma 3.2 one
can find a countably generated indecomposable projective. Since it admits
no non-trivial direct sum decompositions at all, no splitting as in Equation
3.4 can exist.

Lin the sense of topology
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Lemma 3.7. Suppose X € PLCAgy has the Pl-presentation
P— X —»1. (3.5)

Then for any finitely generated A-module F' C P there exists
(1) a direct sum splitting

P=2 P& Py

with FF C Py, Py € P¢(A) and Py € Pgp(2A), and
(2) a direct sum splitting

X=Moe Py

with M € PLCAg such that Py — M — I is a Pl-presentation for
M.

It might be worth unpacking what we are saying here: Given any object X
and any finitely generated submodule in P, we can up to a direct summand
from Pg(2l) isomorphically replace X by an object whose PI-presentation
has only a finitely generated P, and we can demand that the given F' lies
entirely in this P.

Proof. By [Bral9b, Lemma 6.5] in the bigger category LCAg we get an
exact sequence
Vel —X—»D (3.6)

with V' a vector 2A-module, C' a compact 2A-module and D a discrete 2A-
module. Define

J=PNn({Ve&l) (3.7)
in LCAy. Note that both P and V& C are closed in X. As J is closed in P, J
is discrete. Further, since P is a projective 2l-module, it is Z-torsionfree, so
J is Z-torsionfree as well. As J is closed in V& C, its underlying LCA group
must be Z for some b € Z>q (reason: If J — V & C, then VV & CV — JY
under Pontryagin duality. Here VV & CV is a vector module plus a discrete
module. All quotients of such must be R* @ T® & D with D discrete as
an LCA group by [Mor77, Corollary 2 to Theorem 7]. Dualizing back, the
underlying LCA group of J must be R® & Zb & C with C' compact. As we
already know that J is discrete and torsionfree, we must have a = 0 and
C = 0). Combining these facts, J is a discrete 2-module with underlying
LCA group Zb. It follows that J is a finitely generated 2-submodule of P.
Next, define

J =J+F.

This is still a finitely generated 2A-submodule of P. Thus, by Lemma 3.5 we
can find a direct sum splitting

P~ Py Po (3.8)
with J' C Py and Py € P(2). In the category LCAy we define
M=Val)+ P inside  X. (3.9)
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Since D in Equation 3.6 was discrete, V @ C' is an open submodule of X.
Thus, the sum defining M is also an open submodule, thus clopen. It follows
that the inclusion M < X is an open admissible monic in LCAg. Both P
and M are closed submodules of X. We claim that

PonNM =0.

(Proof: Suppose x € Poo N M. As z lies in M, we can write x = x,. + Zo
with z,. € V @& C and zy € Py by Equation 3.9. Hence, x,. = z — 9. As
x € Poo C P and xg € Py C P, we find x,, € P. Thus, 2, € PN (V& C)
and thus x,. € J by Equation 3.7. As J C Py by Equation 3.8, we obtain
Tye € Py. It follows that z € Py. We also have x € P,, by assumption and
therefore z € Py N P, = 0, giving the claim.) Thus, M and P, are closed
submodules of X with trivial intersection. We get an exact sequence

M Py X »Q

for some quotient @@ in LCAy. As P C M & P, it follows that Q is an
admissible quotient of I by Equation 3.5. Since [ is (compact) connected by
Lemma 3.4, so must be ). On the other hand, since M is open (or: since it
contains V @ C), @ is also necessarily discrete. Being both connected and
discrete, we must have QQ = 0. We get

X ~ M@ Py (3.10)

in LCAg. Next, by Noether’s Lemma ([Biih10, Lemma 3.5]) the admissible
filtration
P —>P—X

gives rise to the exact sequence
P/Py — X/Psx — X/P.

We have P/Py, = Py from Equation 3.8, X/P = I from Equation 3.5,
and X/P, = M by Equation 3.10. Thus, Py < M — [ is exact. Since
Py € Py(A) and I € Ip(A), we deduce M € PLCAg from Equation 3.3.
Finally, since Py € Pg(21), Equation 3.10 is not only a direct sum splitting
in LCAy(, but even in the fully exact subcategory PLCAg. Finally, F' C F,
holds by construction. O

The previous result implies that the objects of PLCAy can, up to di-
rect summands from Pg(2() and I11(2(), be reduced to such where the PI-
presentation is made from finitely generated discrete projectives and their
Pontryagin duals.

Proposition 3.8. FEvery object in PLCAg is isomorphic to an object of the
shape
X>Po®lw®B

with Ps, € Pg(A), IY, € Py(A°P) and B € PLCAy has a Pl-presentation
P[) — B —» I()
with Py € Pf(Ql), Ia/ € Pf(Q[Op).
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Proof. Let X € PLCAgy be any object. Pick a Pl-presentation P — X — I.
We apply Lemma 3.7 with /' = 0. We get a direct sum splitting X ~ M ® P
in PLCAg, where M has a Pl-presentation of the shape

Pyes M 1T

such that Py € P¢(A). Now apply Pontryagin duality, giving the exact
sequence

IV~ MY - By
in PLCAgop. This is a Pl-presentation in PLCAgor. Now apply Lemma 3.7
(again with F' = 0). Then dualize back. O

We recall the following standard concept from the theory of topological
groups.

Definition 3.9. A subset U of a topological group G is called symmetric if
it is closed under taking inverses. A topological group G is called compactly
generated if there exists a compact symmetric neighbourhood U C G of the
neutral element such that G =J,,~,; U™.

Remark 3.10. Unfortunately, the word “compactly generated” is also used
with a different meaning elsewhere. Either in a category-theoretic sense
related to categorically compact objects, or in a further topological mean-
ing, probably most familiar in the setting of compactly generated Hausdorff
spaces in homotopy theory; e.g., [Sch19] uses both of these other meanings.
This is most unfortunate, but all uses of these words are well-established in
their respective community of mathematics.

Let PLCAg 4 be the full subcategory of PLCAg of compactly generated
2A-modules,

PLCAg( g := PLCAy N LCAg (4. (3.11)

Since compactly generated topological modules are closed under extension

in LCAg ([Bral9b, Corollary 7.2]), this is an extension-closed subcategory
of PLCAq.

Lemma 3.11. We have PLCAy ., = LCAy (P(A), [1(A)), i.e. the same
category can also be described as the full subcategory of objects in PLCAg
which admit a Pl-presentation

P—X—»1

with P finitely generated projective.

Proof. (Step 1) Suppose X lies in LCAg (P¢(21), Ir1(2A)). Then
P—X—1

is exact with P finitely generated projective and I € I(2). By Lemma
3.4 the module I is compact, hence compactly generated, and P has Z" for
some finite n > 0 as its underlying LCA group, so it is compactly generated,
too. Thus, X is an extension of compactly generated LCA groups, and thus
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X € PLCAg( 4.

(Step 2) Conversely, suppose X € PLCAg( 4. Proposition 3.8 gives a direct
sum splitting X = Poo & M & 1. By Step 1 we know that M is compactly
generated and I, is compact, so X is compactly generated if and only if
P, is. However, the underlying LCA group of Ps, is € Z, over some index
set, and this is compactly generated only if Py is finitely generated. (]

Proposition 3.12. The inclusion Py(2) — Px(2A) is left s-filtering.?

Proof. (Left filtering) Suppose we are given an arrow g : ¥ — X with YV €

Py() and X € Pg(2A). The set-theoretic image of Y in X is again a finitely

generated module, so by Lemma 3.5 we find a direct sum decomposition
X2 Py® Py

with Py € Pp(21), P € P (1) and imse(g) € Po. It follows that the arrow
g factors as Y — Py — X, showing the left filtering property.

(Left special) Suppose e : X — X" is an admissible epic with X € Pg(2)
and X" € Pr(A). As X" is projective, the epic splits. We obtain a diagram

0—— 0 X" — X"
X/( X X//
showing the left special property. O

Proposition 3.13. The inclusion PLCAg ., — PLCAy is left s-filtering.

Proof. (Left filtering) Suppose we are given an arrow Y — X with YV €
PLCAg .y and X € PLCAy. We apply Proposition 3.8 to X and get the
diagram

M I,

i

Py
We first work entirely on the level of LCAz: Since Y is compactly generated,
we get some isomorphism Y ~ C' ® Z" & R™ for some n,m and C' compact,
[Mos67, Theorem 2.5]. As C' is compact, its set-theoretic image under h
is compact, but since Py is discrete and torsionfree, h(C) must be zero.
Moreover, the set-theoretic image of R” under A is connected and thus also
zero. It follows that the set-theoretic image of h agrees with the image
h(Z™), and thus must be a finitely generated Z-submodule of P,,. Now

2This concept originates from the work of Schlichting [Sch04]. We use the formulation
of [BGW16, §2.2.2].
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return to LCAg. By the previous consideration, the image under A must
be a finitely generated 2A-submodule of P,,. Thus, by Lemma 3.5 we find
some Py o € Pr(2) and Py o € Pg(2) such that Py, ~ Py o @ Psooo and
im(h) C Ps 0. Thus, we obtain a new diagram

Poo,O@M@Ioo
3

Y P . aMa I,

|

Py oo

and by the universal property of kernels, we learn that ¥ — X factors
over Y' := Py o & M @ I, which lies in PLCAg( .4 since all summands do.
This gives the required factorization to see that PLCAg ., — PLCAqy is left
filtering.

(Left special) (Step 1) Suppose X — X" is an admissible epic with X €
PLCAy and X" € PLCAg 4. Being an epic, there exists an exact sequence

X' o X > X" (3.12)

in PLCAg. Pick PI-presentations for X’ and X", where we denote the objects
accordingly with a single prime or double prime superscript. For P” we may
assume P” € Py(2) since X” € PLCAg(.,. By Lemma 2.2 we may extend
Equation 3.12 to the diagram

P/( Pl @ P// P/I

L

X'e X X"
Il( I/ @ I” I// .

Next, apply Lemma 3.7 to X with F := P”. Write Xy, € PLCAg ¢4 for its
output M. We can now change the above diagram to

P P . aP—L wpr

N

X P o® Xpew —» X"

L]

' oo I'el") —s 1"

As P" C Py, we have q(Px) =0 in P”. Since ¢ is an admissible epic to the
projective object P”, the map ¢ splits, so we may decompose Py ~ P @ P”
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for some P € Py(2) and our diagram becomes

P P o Papr)—Lyp! (3.13)

T

X'C— P ® Xpew —» X"

N

I'e—so0eIal")—»I"

(Step 2) Following the arrows of the diagram, we see that both P’ as well
as Xyew are closed submodules of X (= Po @ Xpey ). Define

J =P N Xpew. (3.14)

We claim that this is a finitely generated discrete 2A-submodule of P’. The
argument is the same as in the proof of Lemma 3.7 (namely: write C®V —
Xnew — D with C compact, V a vector module, D discrete. Then CNP’' =0
since C' is compact, P’ discrete, but P’ is also torsionfree. So it suffices to
consider V' N P/, and since this is a closed subgroup, .J can only be a lattice
in V). Next, observe that the top row in Diagram 3.13 is actually split, i.e.

P'~p_aP,

l.e. we can interpret P as a submodule of P’. Now apply Lemma 3.7 to X’
with F':= J + P. Write X, € PLCAg ., for its output M. Hence, we can

new
rewrite the left downward column

P X 1T
as
’ , 1o o, / /
P_e&Fy — P ®&X,,.,6 »06Tl,
where J C Pj and Pj € Pf(). By inspection of the proof of the lemma,
we pick P, @ P} as direct summands and we can without loss of generality
assume P to be a sub-summand appearing in P}, say P} = P}, ® P. We can
thus rewrite Diagram 3.13 as

P oP,obPtspP aPoP)—Lsp" (3.15)

[1@1" [1@1’

P X! s Poo @ Xpep ——» X"

new

l l |

0ol s0a'aI") —» 1"

such that b is the inclusion of a direct summand and the identity on P. It
follows that b makes P/ a direct summand of Py, (so that P, = P/ @ PJ,).
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It follows that we can compatibly remove the direct summands P’ resp.
P, in Diagram 3.15. We get

Py&P——Pj,aPoP' —» P’ (3.16)

.

X!y Py @ Xpoy ——» X"
I'e— s o0a(I'el") —»I".

Now compare the middle row of the previous diagram with the middle row
in the previous diagrams: We have merely replaced X’ (resp. X)) by a direct
summand of itself. Thus, we get a commutative diagram

X! e Plo ® Xpew —» X"

|

X' X X",

where the top row comes from the middle row in Diagram 3.16 and the
downward arrows are the inclusions of the respective direct summands. All
objects in the top row lie in PLCAgy 4. This shows the left special property.

O

Lemma 3.14. There is an exact equivalence of exact categories
Pg () /Pr(A) — PLCAg/PLCAY 4,
sending a projective module to itself, equipped with the discrete topology.

Proof. We clearly have an exact functor Pg(2) — PLCAg, basically using
that Pg is a full subcategory of the latter. Since every finitely generated
projective 2A-module has underlying abelian group Z™ for some n, it is com-
pactly generated, so we get the exact functor

P (2)/P§(A) — PLCAy/PLCAgoy-

This functor is essentially surjective: Given any X € PLCAgy, let P —
X —» I be a Pl-presentation. Since I € PLCAy ., it follows that P — X
is an isomorphism in the quotient exact category ([BGW16, Proposition
2.19, (2)]), but P € Pg (). We next show that the functor is fully faithful:
Morphisms Y; — Y5 in PLCAg/PLCAy .4 are roofs

Y1 < Y] > Ya, (3.17)

where e is an admissible epic with compactly generated kernel K. For Y7, Y5
in the strict image of the functor, these objects carry the discrete topology.
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Using the structure theorem of LCAg for Y7/, [Bral9b, Lemma 6.5], we get
a decomposition

CoV =Y - D

with C' a compact 2-module, V' a vector A-module and D a discrete -
module. Since the image of a compactum in a discrete group is compact,
it must be finite, hence torsion, but Y7, Y5 are projective 2-modules, so the
image of C'in both Y7, Yo must be zero. Similarly, V' is connected and hence
its image in Y7, Yo must be zero. Thus, without loss of generality, the roof
in Equation 3.17 can be assumed to have Y] discrete, as any roof is equiv-
alent to such a roof. However, if Y] is discrete, the compactly generated
kernel K must be finitely generated. Thus, as Y] is projective, the epic
e in Equation 3.17 is split and such that Y/ = ¥; @ K with K (then by
necessity) a finitely generated projective 2-module. Thus, the roofs repre-
senting morphisms in PLCAy/PLCAgy . are precisely the same roofs as for
morphisms in Pg(2A)/Pr(21), and up to the same equivalence relation, prov-
ing full faithfulness. Combining all these facts, the functor in our claim is
an exact equivalence. O

The next proposition relies on the concept of localizing invariants in the
sense of [BGT13].

Proposition 3.15. Let A be any finite-dimensional semisimple Q-algebra
and A C A an order. Let A be a stable co-category. Suppose K : Catsy — A
s a localizing invariant with values in A.

(1) There is a fiber sequence

K(2) % K(PLCAg ) —= K (PLCAg) (3.18)

i A. Here the map g is induced from the exact functor sending a
finitely generated projective right A-module to itself, equipped with
the discrete topology. The map h is induced from the inclusion

PLCAg g — PLCAq.

(2) There is a morphism of fiber sequences® from Sequence 3.18 to

K (Mody f9) % K (LCAgog) — K (LCAy),
based on the fully exact inclusions
Pr(A) € Mody £4 and PLCAy C LCAy
and the compactly generated modules respectively.
Proof. The proof is a mild variation of [Bral9b, Proposition 11.1], but using
the fully exact subcategory PLCAg instead of LCAg. However, especially

3that is: when we write the fiber sequences as their underlying bi-Cartesian square
along with a null homotopy for the fourth vertex, then we have a morphism of bi-Cartesian
squares, in particular the null homotopies are compatible
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since the proofs are compatible otherwise, the second claim is automatically
true. For the first claim, we set up the diagram

K(Py() —— K(Pa () —— K(Pa(A)/Pr () (3.19)

| J I

K (PLCAg( ) — K(PLCAy) —— K (PLCAg/PLCAg( )

as follows: By Proposition 3.12 and 3.13 we get fiber sequences in K, forming
the rows. The equivalence ® stems from the equivalence of the underlying
exact categories, coming from Lemma 3.14. The downward arrows come
from the exact functors sending the respective 2A-modules to themselves,
equipped with the discrete topology. As Pg(2l) is closed under countable
direct sums, K (Pg(2()) = 0 by the Eilenberg swindle. O

4. Gorenstein orders
For any order 2 C A define
A" := Homy (A, Z). (4.1)
The left A-module structure on this is given by
(a-9)(q) = p(qa) (4.2)

(and correspondingly for the right module structure, for which we however
have no need).

Example 4.1. A general order is far from being reflexive, i.e. A** is usually
strictly bigger than 20 under the natural inclusion 2 — A** (view both as
submodules of A = A**). If 2 is a maximal order, the inclusion is the
identity 2 = **, and in our situation over the ring Z this is an equiva-
lent characterization of maximality by Auslander-Goldman [Rei03, (11.4)
Theorem)].

Definition 4.2. An order 2l C A is called a Gorenstein order if one (then
all) of the following properties hold:
(1) A/ is an injective left A-module,
(2) left-injdimgy (A) =1,
(3) A* is a categorically compact projective generator® for the category
of left A-modules,
(4) or any of (1), (2), (3) as a right module.

The concept was introduced in [DKR67]. Most of the equivalence of these
conditions is proven in [DKR67, Proposition 6.1], [Rog70, Chapter IX, §4,
§5], while the characterization (1) is due to Roggenkamp [Rog73, Lemma 5].

4sometimes this is also called a progenerator. In the situation at hand being categori-

cally compact is equivalent to being a finitely presented 2A-module.
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Non-commutative Gorenstein rings are rings with finite left and right
injective dimension, so Gorenstein orders are in particular Gorenstein rings.

We collect a few well-known facts, only in order to exhibit the usefulness
of the concept.

Lemma 4.3. For any finite group G, Z|G] C Q[G] is a Gorenstein order.

Proof. ([Rog73, Corollary 6]) For any g € G\ {e} the action of g is a fixed-
point free permutation of the Z-module generators G, so tr(g) = 0, while
for g = e we have tr(e) = |G|. It follows that A* = ‘—61;'9( inside Q[G]. O

Remark 4.4. If we want to work with group rings Z[G] C Q[G] we are
basically forced to work at least in the generality of Gorenstein orders. The
slightly more specialized class of Bass orders is in general not sufficient,
[K1e90]. A group ring Z[G] has finite global dimension if and only if G = 1, so
the even more specialized classes of regular or hereditary (let alone maximal)
orders are hopeless.

Lemma 4.5. Any hereditary order is Gorenstein.

Proof. Consider 2 «— A — A/2A. As A is semisimple, A is an injective
2-module, but since 2 is hereditary, quotients of injectives are injective,
so A/2 is injective. An order is left hereditary if and only if it is right
hereditary, so there is no question about left or right here. O

Lemma 4.6 ([JT15, Prop. 3.6]). If A is a number field, then any order of
the shape Z[a] with o € A is Gorenstein.

The paper [JT15] also provides some examples of non-Gorenstein orders.
Recall that Ag := R ®g A denotes the base change to the reals.

Proposition 4.7. Suppose A is a finite-dimensional semisimple Q-algebra.
If A C A is a Gorenstein order, then

A — Ag — Ar/2A (4.3)
is a Pl-presentation for Ar. In particular, Agr € PLCAg.

Proof. It is clear that 2l is a projective right 2l-module, so we only need to
show that (Ag/2()V is a projective left 2-module.
(Step 1) First of all, we recall that there is a non-degenerate symmetric trace
pairing

tr:AxA—Q

on any finite-dimensional separable Q-algebra, [Rei03, (9.26) Theorem].
Now define

A:={p e Ar | tr(pq) € Z for all ¢ € A}. (4.4)
This is a subset of Ar (it corresponds to the inverse different, [Rei03, p.
150]). We give it the natural left 2-module structure induced from Ag. We
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claim that there is an isomorphism of left 2-modules
b9l —s (Ag/2)Y
p— <q — 627ritr(pq)) 7

where the term on the right refers to the corresponding character on Ag /2.
For the left scalar action we compute

h(ap) = (q s e27ritr(aPQ)) _ (q . e27ritr(pqo¢))

by using that tr(zxy) = tr(yz) for all z,y (the symmetry of the trace pairing).
However, the left scalar action on characters amounts to pre-composing with
the right scalar action in the argument, see Equation 3.1, so the character
on the right agrees with « - h(p) as required. Next, h is an isomorphism
because really A is just the orthogonal complement under the Pontryagin
duality pairing,

A= {pe Ag | ¥ P =1 for all g € A} = AL,
so that h being an isomorphism of groups is just the standard fact A+ =

(Ar/21)Y [Foll6, (4.39) Theorem).
(Step 2) Next, we claim that there is an isomorphism of left 2-modules

g: A —s A
p— (g tr(pg))
(with 2* as in Equation 4.1). Firstly, for the left scalar action we find

g(ap) = (¢ = tr(apg)) = (¢ — tr(pga))

using the same argument as before and this is in line with the natural left
action as we had recalled in Equation 4.2. The map g is injective. If not,
we find a p # 0 such that ¢ — tr(pq) is the zero pairing, contradicting
the non-degeneracy of the trace pairing. Surjective: Given any functional
¢ € Homyz (2, Z), by the non-degeneracy of the trace pairing, we find some
p € Ag such that ¢(q) = tr(pg). Since we know that for all ¢ € A we have
©(q) € Z, we literally get that p meets the condition to lie in A

(Step 3) Combining h and g, we obtain an isomorphism of left 2-modules,

(Ar/2)" =7,

but by Definition 4.2 one of the characterizations of Gorenstein orders im-
plies that 2* is a projective left module. This is what we had to show. [

Definition 4.8. Let PLCAy R be the full subcategory of PLCAgy of objects
which are also vector A-modules. In other words, this is the full subcategory
whose objects have the underlying LCA group R™ for some n.

Lemma 4.9. If 2 C A is a Gorenstein order, there is an exact equivalence
of exact categories .
Py (Ag) = PLCAY Rs
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sending a right Ar-module to itself, equipped with the real vector space topol-
oqy. Moreover, the fully exact subcategory inclusion PLCAg — LCAgy induces
the equality

PLCAY r — LCAyRr
with the category of all vector A-modules in LCAgy.

Proof. Suppose F/(Agr) denotes the category of finitely generated free right
Ar-modules. We have an exact functor

F(AR) — PLCAQ[JR

sending Ag to itself, equipped with the real topology. We have Ar € PLCAy
thanks to Proposition 4.7. By the 2-functoriality of idempotent completion
[Biih10, §6], we get a unique induced exact functor C' : Pr(Ar) — PLCA?;,IC’R.
By the same argument, the inclusion

PLCAy < LCAy

functorially induces an exact functor C" : PLCAQﬁR — LCAyr since LCAg
is already idempotent complete (as it is quasi-abelian), and moreover the
image consists only of vector modules. We show that C' is essentially sur-
jective: Every vector module X is a right Ag-module, necessarily finitely
generated since it must be finite-dimensional as a real vector space. Since
Ag is semisimple, all its modules are projective and therefore X is a finitely
generated projective right Ag-module. Hence, X is a direct summand of
some Ag. However, by Proposition 4.7 we have Ar € PLCAy R, so the idem-
potent completion settles the claim. Note that this argument did not use
X € PLCAy, so it also settles essential surjectivity of C’. For C’ it is clear
that the functor is fully faithful. For C' it follows from continuity. (More pre-
cisely: Any Agr-module homomorphism is also an R-linear map and all linear
maps between real vector spaces are continuous in the real topology. Con-
versely, any abelian group homomorphism between uniquely divisible groups
must be a Q-vector space map. By continuity, it then must be an R-linear
map using the density of Q@ C R. Finally, this means that the 2-module
homomorphisms are even 2 ®7 R = Ag module homomorphisms) [l

Example 4.10. We point out that this lemma would not hold without the
idempotent completion. Take A := Q[v/2], a number field. Then A := Z[v/2]
is the ring of integers, and thus a maximal order. We have Agr ~ R, ® R/,
where o, 0’ correspond to the two real embeddings v/2 — /2, giving the
two possible 2-module structures on the reals. While R, is a vector module,
we have R, ¢ PLCAg, for otherwise there would be a PI-presentation

P =R, — 1.

Here P € Py(2(). As A has class number one, 2 is a principal ideal domain,
so all projective A-modules are free. As the underlying abelian group of A
is Z?2, it follows that the underlying LCA group of P can only be Z?". On



676 OLIVER BRAUNLING

the other hand, I is compact (Lemma 3.4). However, all cocompact closed
subgroups of R are isomorphic to Z. Thus, no Pl-presentation can exist.

Corollary 4.11. If20 C A is a Gorenstein order, all vector right A-modules
lie in PLCAY, and they are both injective and projective objects in this cat-

egory.

Proof. Asvector A-modules are projective (resp. injective) objects in LCAy
by [Bral9b, Proposition 8.1], they remain so in PLCAg (Lemma 2.4). O

Proposition 4.12. Suppose A C A is a Gorenstein order.

(1) Then for every finitely generated projective right A-module P the
sequence

P — PR - PR/P (4.5)

1s a Pl-presentation, where Pr := R ®z P is regarded as equipped
with the real vector space topology. In particular, Pr/P € I ().
(2) Moreover, this is a projective resolution of Pr/P in PLCAg.
(3) Moreover, this is an injective resolution of P in PLCAgy.

Proof. (1) Since P is projective, there exists some n > 0 and idempotent
e with P = e™. After tensoring with the reals, this cuts out the exact
sequence of Equation 4.5 as a direct summand of a direct sum of sequences
of Proposition 4.7. Thus, (Pg/P)" is a direct summand of (Ag/21)" and
thus injective, and Pf(2A) is closed under direct summands in all right 2A-
modules as well. We arrive at the said Pl-presentation. (2) As P and Pg
are projective objects in LCAg by [Bral9b, Proposition 8.1], they remain
projective in PLCAy by Lemma 2.4, and the claim follows. (3) Use [Bral9b,
Proposition 8.1] analogously. O

Remark 4.13. Note that all discrete modules in the above proof are finitely
generated, so we do not run into the issue that Pg(2() itself need not be
idempotent complete in general (Lemma 3.2).

Definition 4.14. Let PLCAy rp be the full subcategory of PLCAy of objects
which can be written as a direct sum

X~PapV
with P € Pg(A) and V' a vector right A-module.

Lemma 4.15. PLCAg rp is an extension-closed subcategory of PLCAy (and
even in LCAy).

Proof. Take C := LCAgy, which is weakly idempotent complete. We want to
apply Lemma 2.2 to C with P := Pg(2l) and | the full subcategory of vector
20-modules. This works since vector modules are injective in LCAg [Bral9b,
Proposition 8.1]. Every object X € PLCAy rp has the PI-presentation

P—sX-—>»V
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with respect to this choice of P and |. Now let
X' =X X"

be an exact sequence with X', X" € PLCAy rp and X € LCAy. Use Lemma
2.2. It provides a Pl-presentation for X of the shape

P—X—>V,
with P € P, V € |, but since vector modules are also projective [Bral9b,
Proposition 8.1], this splits, giving X ~ P @ V, proving the claim. U

It follows that PLCAg rp is a fully exact subcategory of LCAg.
Lemma 4.16. The category PLCAy r s left s-filtering in PLCAyrp.

Proof. (Left filtering) If f : V! — P @& V is any morphism with V' €
PLCAg g, then since V'’ is connected, we get a factorization V' — V — P&V
of f. (Left special) If

X' <XV

is an exact sequence with V' € PLCAy g, then since V' is projective, we get
a splitting, providing us with the commutative diagram

00— vV -_tyyv

| ]

X X —»V

settling left specialness. ([

Lemma 4.17. There is an exact equivalence of exact categories
Pg () — PLCAy rp/PLCAy R.

Proof. Send a module P € P4 (2) to itself, equipped with the discrete
topology. This is an exact functor. It is essentially surjective, directly by
the definition of PLCAy rp. Homomorphisms X — X’ on the right between
objects in the strict image correspond to roofs

X<VaP X

with V' a vector module and e having vector module kernel. However, since
V is connected but X, X’ discrete, any such roof is trivially equivalent to
one with V' = 0. But for these the vector module kernel of e must be trivial,
i.e. e must be an isomorphism in PLCAg rp. Thus, any roof is equivalent

1
to X « X — X', i.e. we get just ordinary right 2-module homomorphisms.
This shows that the functor in our claim is fully faithful. O

Lemma 4.18. Suppose
X' sVeP-»V'eP

is an exact sequence in PLCAg whose middle and right object lie in the
subcategory PLCAgrp. Then X' € PLCAyRrD.-
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Proof. (Step 1) Let us work in the category LCAg. First of all, we show
that it suffices to handle the case where V" =0 and P” € Py(2l). Consider

X' sVeP->V"'eP.

Note that V" is a projective object in LCAgy. Hence, there is a section
g: V" < V& P to the epic, and since V" is connected, the image of g must
lie in V. We split off this direct summand, giving

X' sVaeP-»p (4.6)

after having changed the definition of V. Next, P” is projective, so we get
a section h : P” < V @ P. The intersection V N h(P"”) must be a discrete
finitely generated 2A-module (we refer to Equation 3.7 for a completely anal-
ogous construction, where we give a detailed argument). Thus, by Lemma
3.5 and since P” € Pg(2() we can find a direct sum splitting P = P/ & P’
such that h(PL) lies entirely in P and Py € Py(2A). Thus, Sequence 4.6
becomes

X' s VeP—PF oP,

and h |py is a section for P, giving
X'+ VePRoPy,—» P &P,

(where Py denotes a complement of the image of the section) and after we
split off the summand P.,, we obtain X' — V & Py — Py with P} € Pp(2).
It follows that if we prove the claim of the lemma for this special case, it
implies the general case.

(Step 2) Since the underlying LCA group of V' & Py has the shape R" &
(discrete), the closed subgroup X’ must also have the shape R’ @ (discrete)
by [Mor77, Corollary 2 to Theorem 7 and Remark]. This direct sum splitting
on the level of LCA groups lifts to a direct sum splitting in LCAg by [Bral9b,
Lemma 6.1, (1)], so we can write

X' =V oD (4.7)

with V' a vector 2-module and D’ discrete in the category LCAg. Next,
we apply Proposition 3.8 to X', giving a further direct sum decomposition
X'~ P, @I & B'. We note that I’ is compact connected by Lemma 3.4,
but by Equation 4.7 X’ has no non-trivial compact connected subgroup at
all, so we must have I = 0. Hence, X’ ~ P/ @ B’. Since P, € PLCAy rp,
we conclude that the lemma is proven if we can prove B’ € PLCAy rp.
(Step 3) Thus, we may prove the claim of the lemma in the special case where
X' has a PI-presentation P’ < X’ — I’ with P’ € Py(2) and I'V € P;(A°P).
In the isomorphism X’ = V' @ D’ of Equation 4.7 this implies that D’ must
be a finitely generated 2A-module. Then our sequence reads (thanks to the
simplification in Step 1)

VieD - VaeP—»P (4.8)
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with P” € Pr(A). We get an admissible filtration V' — V' @ D' =<V @ P
and Noether’s Lemma yields the exact sequence
Ve~ Ve~
—»
V! Vie D'
in LCAy. We note that the term on the right is P” in view of Equation

4.8. Moreover, the image of the connected V' inside V & P will again be
connected, so it must lie in V. Thus, we get the exact sequence

D' —

D — % ®&P—» P
Since D’ and P” are discrete, so must be the group in the middle. This forces
V/V'=0. We get D' — P — P"”. As both P” and D’ are finitely generated
2l-modules, so must be P, i.e. P € Py(A). Since P” is projective, the
sequence must split, i.e. P = D' @& P”. Since P € P¢(2) and this category
is idempotent complete, we deduce that D" € Py(). Since X' = V' @ D’
this implies X’ € PLCAg rp as desired. O

Remark 4.19. The intermediate reduction to finitely generated modules in
the proof was necessary because we used idempotent completeness and this
holds for Py(2(), but not necessarily for Pg ().

Lemma 4.20. Suppose A C A is a Gorenstein order. Suppose X € PLCAy
has a Pl-presentation
P—X—»I

with P € Pp(A) and IV € Py(A°P). Then there exists a projective resolution
Pl P X

with P/, P, € PLCAyrpD.

Proof. (Step 1) Since IV € P;(A°P), we apply Proposition 4.12 to get an

injective resolution in PLCAgeor. Under Pontryagin duality, this gives us a
projective resolution

PLes Py o1,

where Py is a vector right 2-module and Py € Py(). We consider the
commutative diagram

P (4.9)

|

Py

/
L
i )74
PeY—s X —» 1,
where we obtain the lift f by exploiting that P, is a projective object. Now

consider the morphism i+ f : P ® Py — X. Since i, f are continuous, so
is i + f. Moreover, the map is clearly surjective. Next, since P is finitely
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generated and Py a vector module, the underlying LCA group of P ® Py is
of the shape Z™ @ R™ for suitable n,m > 0, and thus P @& P, is o-compact.
Thus, by Pontryagin’s Open Mapping Theorem [Mor77, Theorem 3] i + f
must be an open map. Hence, ¢ + f is an admissible epic in LCAgy. Let K
be its kernel in LCAg. Consider the commutative diagram

1

T T T (4.10)
K P& Py X
K¢ j —

it+f
in LCAg. It can be constructed by first setting up the top two rows, which
obviously commute, and which then gives rise to the bottom row by a naive
version of the snake lemma. We note that the quotient map ¢ + f agrees
with ¢ because any p € Py can be lifted to (0,p) in P & Py and then the
remaining arrows to I agree with ¢ in Diagram 4.9. Thus, K is a kernel for ¢,
which provides us with an isomorphism K = Fy. It follows that K € PLCAg.
It follows that Diagram 4.10 is actually a diagram in the category PLCAg.
Note that the middle row now provides a projective resolution of X. O

Define the full subcategory of modules with no small subgroups,
PLCAg pss := PLCAy N LCAY s,

much in the spirit of Equation 3.11. As Pontryagin duality exchanges groups
without small subgroups with compactly generated ones, we can also de-
fine PLCAg ;55 as the Pontryagin dual of the full subcategory PLCAgop .4 of
PLCAgeor. In particular, it is clear that PLCAgy ;45 is a fully exact subcategory
of PLCAy.

Corollary 4.21. Suppose that A C A is a Gorenstein order. Then every
object X € PLCAg s has a projective resolution

Pl < P, X
with P{, Pé S PLCAQ{RD.

Proof. Use Proposition 3.8 to write X as X ~ P, & M & I, such that M
satisfies the conditions of Lemma 4.20 (and therefore has a projective resolu-
tion as required). Further, Py, € Pg(2l) is projective and lies in PLCAg rp,
so this also satisfies our claim. Finally, the underlying LCA group of I, is
[Licz T for some index set, but this has no small subgroups if and only if
7 is finite ([Mos67, Theorem 2.4]). In that case, and since we know that
IY, € Pp(A°), it follows that I, also satisfies the conditions of Lemma
4.20. O
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Theorem 4.22. Let A C A be a Gorenstein order. Let A be a stable co-
category. Suppose K : Catss — A is a localizing invariant with values in A.
Then there is an equivalence

K(Ar) — K(PLCAy 1ss),

induced from the exact functor sending a right Ag-module to itself, equipped
with the real vector space topology.

Proof. (Step 1) First of all, we show that the inclusion of the fully exact
subcategory PLCAg rp < PLCAg s induces an equivalence

K(PLCAyrp) — K(PLCAY 1nss),

because this exact functor induces a derived equivalence [Kel96, §12, The-
orem 12.1]. The assumptions of the cited theorem are met, because the
inclusion functor satisfies (the categorical opposite of) the axiom C1 by
Corollary 4.21. Further, it satisfies the stronger condition implying C2 by
Lemma 4.18.

(Step 2) Next, by Lemma 4.16 and 4.17 we have the localization fiber se-
quence

K(PLCA%R) — K(PLCAQ[’RD) — K(P@(Q[)),
where K (Pg(2()) = 0 since Pg(21) is closed under countable coproducts and
we may thus apply the Eilenberg swindle. Next, since K is localizing, it is
invariant under going to idempotent completion, so the exact equivalence of
exact categories Pr(Ar) — PLCAY g of Lemma 4.9 induces an equivalence

K(Ar) = K(PLCAYR) — K(PLCAgR)
in A. Combine both results and check that the equivalence is indeed induced

by the functor claimed. ([l

Theorem 4.23. Let A C A be a Gorenstein order. Let A be a stable oco-
category. Suppose K : Cater — A is a localizing invariant with values in A.
Then there is an equivalence

K(AR) — K(PLCAgy ),

induced from the exact functor sending a right Ag-module to itself, equipped
with the real vector space topology.

Proof. Pontryagin duality is an exact functor exchanging the full subcate-
gories of compactly generated modules with those without small subgroups.
Thus, Proposition 3.3 restricts to an exact equivalence of exact categories

PLCAg .y = PLCAZ,

A°P nss*

Along with Theorem 4.22 applied to 2A°P, we get the two equivalences
K(PLCAy y) — K(PLCAY, ) — K(Pr(AF)P).

A°P nss
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Note that if 2l C A is a Gorenstein order in a semisimple algebra, so is its
opposite AP C A°P, see Definition 4.2, so using Theorem 4.22 was legiti-
mate. Next, for any ring R the functor P — Hompg(P, R) induces an exact
equivalence Pf(R%) — P;(R), relating the opposite ring with the oppo-
site category. Applied to R := A this yields K (Pr(A)P) — K(Ps(AR)).
This proves our claim. ([

5. Main theorems

We may now collect all our results to obtain a locally compact topological
analogue of the relative K-group appearing in the Burns—Flach formulation
of the ETNC with non-commutative coefficients [BF01].

Theorem 5.1. Suppose A is a finite-dimensional semisimple Q-algebra and
let A C A be a Gorenstein order. Let A be a stable co-category. Suppose
K : CatZl — A is a localizing invariant with values in A. Then there is a
fiber sequence

K() — K(Ar) — K(PLCAy)

in A. If A is regqular, there is a morphism of fiber sequences to the one of
[Bral9b, Theorem 11.2]

K(Modm,fg) — K(AR) — K(LCAQ{)7

coming from the inclusion P¢(A) C Mody ¢, and PLCAy C LCAy. This
morphism is an equivalence of fiber sequences.

Proof. Use Proposition 3.15 and Theorem 4.23. Unravelling the maps gives
all the claims about the compatibility with [Bral9b]. O

Finally, we may apply this to usual algebraic K-theory.

Definition 5.2. Suppose A is a finite-dimensional semisimple Q-algebra
and let A C A be an order. Define

LCA}, := PLCAY,
i.e. as the idempotent completion of PLCAg.

Theorem 5.3. Suppose A is a finite-dimensional semisimple Q-algebra and
let A C A be a Gorenstein order. There is a long exact sequence of algebraic
K-groups

o= K (A) — Ky (Ar) = K (LCAY) — Kp—r (A) — - -
for positive n, ending in
o= Ko(A) = Ko(Ar) — Ko(LCAY) — K_1(2A) — 0.

Here K_1 denotes non-connective K-theory. Classically, these groups are
stmply called the “negative K-groups”. Moreover,

K, (LCA}) = K,_1 ()
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for all n < —1. If A is additionally a regular order (e.g. hereditary),
this sequence agrees with the one of [Bral9b, Theorem 11.2], and moreover
K, (LCAY) = 0 for n < —1 in this case.

Proof. Connective K-theory is not a localizing invariant, so we first need
to work with non-connective K-theory, which we shall denote by K, instead.
It takes values in A := Sp, the stable oo-category of spectra. From the
fiber sequence of spectra provided by Theorem 5.1, we obtain the long exact
sequence of homotopy groups (i.e. non-connective K-groups)

= Ky () = Ky (Ar) — Ky (PLCAy) — Ky g (A) — -+

Next, for K denoting connective K-theory, recall that K, (C) = K, (C) for
all n > 0 and any exact category [Sch06]. The underlying category of K,, ()
is P¢(2), which is idempotent complete, so we deduce

for all n > 0. The ring Ag is semisimple and in particular any module is
projective, so K, (Ar) = K, (Agr) for n > 0, but moreover since this is a
regular ring, K,,(Agr) = 0 for all n < 0. Thus, our sequence can be rewritten
as

e — Kl(PLCAm) — KQ(Q[) — KO(AR) — Ko(PLCAZQf) — K_l(gl) —0
as well as K,,(PLCAy) = K,,_1 () for n < —1. O

The case of group rings is of particular relevance.

Corollary 5.4. Suppose G is a finite group. Take A = Q[G] and A := Z|G].
There is a long exact sequence of algebraic K-groups

= Kn(Z[G]) = Kn(R[G]) = Kn(LCAZ ) = Kn—1(Z[G]) — -
for positive n, ending in
= Ko(Z]G]) — Ko(R[G]) — KO(LCAE[G]) — K_1(Z[G]) = 0
and Ky (LCAZ;) = 0 for n <O0.

The group K_;(Z[G]) is well-understood by the work of Carter. He has
shown that

K_1(Z[G]) 2 Z° & (Z./2)"

for suitable a,b € Z>o, which are a little involved to describe explicitly,
[Car80b, Theorem 1].

A lot of explicit computations can be found for example in [LMO10],
[Mag13]. Although this shows that some literature and research exists, it
appears that in general the study of negative K-groups of orders in semisim-
ple algebras is not very developed.
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Proof. Apply Theorem 5.3. This is possible because Z[G] is a Gorenstein
order by Lemma 4.3. Moreover, K,,(Z][G]) = 0 for n < —2 by work of Carter
[Car80b], [Car80a].? O

We also observe the following consequence.

Corollary 5.5. The non-connective K -theory spectrum K(LCA%G]) for the
integral group ring of any finite group is actually connective.

Finally, let us discuss the analogue of the comparison map in [Bral8]. We
refer to that paper for background on the terms and notation we employ.

Theorem 5.6. Let A be a finite-dimensional semisimple Q-algebra and A C
A any order. Then the map

0 Ko(A,R) — K1 (LCAY) (5.1)

which sends the Bass—Swan representative [P, p, Q] to the double exact se-
quence ((P,¢,Q)) (as defined in [Bral8]) is a well-defined morphism from
the Bass—Swan to the Nenashev presentation. If A is a Gorenstein order,
then this map is an isomorphism.

Proof. One can adapt the proof of [Bral8] with only a few changes. First
of all, note that all objects which occur in the Nenashev representative
((P,p,Q)) lie in the full subcategory PLCAg C LCAgy, so the map naturally
lands in K;(LCAY) = K1 (PLCAy). Moreover, all the proofs that the map is
well-defined carry over verbatim. This already suffices to show that the map
exists. It only remains to prove that it is an isomorphism if 2 is Gorenstein.
To this end, we also copy the proof of [Bral8]. Replace the diagram in the
statement of [Bral8, Theorem 3.2] by

S K (U, R) — K () — K (Ar) 5 Ko(A,R) — Ko(A) —— - --
J I
where 9 is the map of Equation 5.1 and the bottom row is the one coming

from Theorem 5.3. Then proceed in the proof exactly as loc. cit., except
for the following changes: The diagram

MOdQ[,fg MOdQ[ MOdg/MOdm’fg
N |
LCAY g LCAy LCAy/LCAy

5We remark that Hsiang has conjectured that K, (Z[G]) = 0 for n < —2 for any finitely
presented group. This remains open.
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needs to be replaced by the one of categories underlying Diagram 3.19. The
exact equivalence of exact categories

MOdm/MOdm’fg L) LCAQ[/LCAQ[’Cg

needs to be replaced by Pg(2)/Ps(A) — PLCAg/PLCAy o of Lemma 3.14.
The rest works verbatim, always just using that all the objects which the

proof uses already lie in the full subcategory LCA§ of LCAg. O
References
[Aka72] AKASAKI, TAKEO. Idempotent ideals in integral group rings. J. Alge-

[Aka82]

[BFO1]

[BGT13]

[BGW16]

[BH19)]

[Bral9b]

[Bral9a]
[Brals]

[Biih10]

[Car80a]

[Car80b]

[Clal7]

[DKR67]

[Fol16]

bra 23 (1972), 343-346. MR0304420, Zbl 0243.16007, doi:10.1016/0021-
8693(72)90135-4. 662

AKASAKI, TAKEO. A note on nonfinitely generated projective Zm-modules.
Proc. Amer. Math. Soc. 86 (1982), no. 3, 391. MR671200, Zbl 0501.20002,
doi: 10.2307/2044433. 662

BurNs, DaviD J.; FLACH, MATTHIAS. Tamagawa numbers for motives with
(non-commutative) coefficients. Doc. Math. 6 (2001), 501-570. MR1884523, Zbl
1052.11077. 656, 657, 658, 682

BLUMBERG, ANDREW J.; GEPNER, DAVID; TABUADA, GONGALO. A uni-
versal characterization of higher algebraic K-theory. Geom. Topol. 17
(2013), no. 2, 733-838. MR3070515, Zbl 1267.19001, arXiv:1001.2282,
doi: 10.2140/gt.2013.17.733. 671

BRAUNLING, OLIVER; GROECHENIG, MICHAEL; WOLFSON, JESSE. Tate objects
in exact categories. Mosc. Math. J. 16 (2016), no. 3, 433-504. MR3510209, Zbl
1386.18036, arXiv:1402.4969. 662, 667, 670

BARWICK, CLARK; HAINE, PETER. Pyknotic objects, I. Basic notions. Preprint,
2019. arXiv:1904.09966. 658

BRAUNLING, OLIVER. On the relative K-group in the ETNC. New York J. Math.
25 (2019), 1112-1177. MR4028830, Zbl 07130522, arXiv:1806.10856. 656, 657,
658, 661, 664, 666, 671, 676, 677, 678, 682, 683

BRAUNLING, OLIVER. An alternative construction of equivariant Tamagawa
numbers. Preprint, 2019. arXiv:1906.04686. 658

BRAUNLING, OLIVER. On the relative K-group in the ETNC, Part II. Preprint,
2018. arXiv:1811.03047. 658, 684

BUHLER, THEO. Exact categories. Ezpo. Math. 28 (2010), no. 1, 1-69.
MR2606234, Zbl 1192.18007, doi: 10.1016/j.exmath.2009.04.004. 658, 659, 660,
665, 675

CARTER, DaAviID W. Localization in lower algebraic K-theory. Comm.
Algebra 8 (1980), mno. 7, 603-622. MR561543, Zbl 0429.16019,
doi: 10.1080/00927878008822478. 684

CARTER, DaviD W. Lower K-theory of finite groups. Comm. Al-
gebra 8 (1980), mno. 20, 1927-1937. MR590500, Zbl 0448.16017,
doi: 10.1080/00927878008822554. 683, 684

CLAUSEN, DUSTIN. A K-theoretic approach to Artin maps. Preprint, 2017.
arXiv:1703.07842. 658

DrozD, Ju. A.; KIRICENKO, VOLODOMIR V.; ROITER, ANDREI, V. Heredi-
tary and Bass orders. Izv. Akad. Nauk SSSR Ser. Mat. 31 (1967), 1415-1436.
MR0219527, Zbl 0211.36102, doi: 10.1070/IM1967v001n06 ABEH000625. 672
FOLLAND, GERALD B. A course in abstract harmonic analysis. Second edition.
Textbooks in Mathematics, CRC Press, Boca Raton, FL, 2016. xii4+305 pp.


http://www.ams.org/mathscinet-getitem?mr=0304420
http://www.emis.de/cgi-bin/MATH-item?0243.16007
http://dx.doi.org/10.1016/0021-8693(72)90135-4
http://dx.doi.org/10.1016/0021-8693(72)90135-4
http://www.ams.org/mathscinet-getitem?mr=671200
http://www.emis.de/cgi-bin/MATH-item?0501.20002
http://dx.doi.org/10.2307/2044433
http://www.ams.org/mathscinet-getitem?mr=1884523
http://www.emis.de/cgi-bin/MATH-item?1052.11077
http://www.emis.de/cgi-bin/MATH-item?1052.11077
http://www.ams.org/mathscinet-getitem?mr=3070515
http://www.emis.de/cgi-bin/MATH-item?1267.19001
http://arXiv.org/abs/1001.2282
http://dx.doi.org/10.2140/gt.2013.17.733
http://www.ams.org/mathscinet-getitem?mr=3510209
http://www.emis.de/cgi-bin/MATH-item?1386.18036
http://www.emis.de/cgi-bin/MATH-item?1386.18036
http://arXiv.org/abs/1402.4969
http://arXiv.org/abs/1904.09966
http://nyjm.albany.edu/j/2019/25-48v.pdf
http://www.ams.org/mathscinet-getitem?mr=4028830
http://www.emis.de/cgi-bin/MATH-item?07130522
http://arXiv.org/abs/1806.10856
http://arXiv.org/abs/1906.04686
http://arXiv.org/abs/1811.03047
http://www.ams.org/mathscinet-getitem?mr=2606234
http://www.emis.de/cgi-bin/MATH-item?1192.18007
http://dx.doi.org/10.1016/j.exmath.2009.04.004
http://www.ams.org/mathscinet-getitem?mr=561543
http://www.emis.de/cgi-bin/MATH-item?0429.16019
http://dx.doi.org/10.1080/00927878008822478
http://www.ams.org/mathscinet-getitem?mr=590500
http://www.emis.de/cgi-bin/MATH-item?0448.16017
http://dx.doi.org/10.1080/00927878008822554
http://arXiv.org/abs/1703.07842
http://www.ams.org/mathscinet-getitem?mr=0219527
http://www.emis.de/cgi-bin/MATH-item?0211.36102
http://dx.doi.org/10.1070/IM1967v001n06ABEH000625

686

[HS07]

[Hv19a]

[Hv19b]

[JT15]

[Kel96]

[K1e90]

[Lin82]

[LMO10]

[Magl3]

[Mor77]

[Mos67]

[Rei03)]

[Rog70]

[Rog73]

[Sch04]

OLIVER BRAUNLING

ISBN: 978-1-4987-2713-6. MR3444405, Zbl 1342.43001, doi:10.1201/b19172.
674

HOFFMANN, NORBERT; SPITZWECK, MARKUS. Homological algebra with locally
compact abelian groups. Adv. Math. 212 (2007), no. 2, 504—524. MR2329311,
Zbl 1123.22002, arXiv:math/0510345, doi: 10.1016/j.aim.2006.09.019. 661
HENRARD, RUBEN; VAN ROOSMALEN, ADAM-CHRISTIAAN. Derived cate-
gories of one-sided exact categories and their localizations. Preprint, 2019.
arXiv:1903.12647. 658

HENRARD, RUBEN; VAN ROOSMALEN, ADAM-CHRISTIAAN. Localizations of one-
sided exact categories. Preptint, 2019. arXiv:1903.10861. 658

JENSEN, CHRISTIAN U.; THORUP, ANDERS. Gorenstein orders. J. Pure
Appl. Algebra 219 (2015), no. 3, 551-562. MR3279374, Zbl 1395.13025,
doi: 10.1016/j.jpaa.2014.05.013. 673

KELLER, BERNHARD. Derived categories and their uses. Handbook of algebra,
Vol 1, 671-701, Handb. Algebr., 1, Elsevier/North-Holland, Amsterdam, 1996.
MR1421815, Zbl 0862.18001, doi: 10.1016/S1570-7954(96)80023-4. 681
KLEINERT, ERNST. Which integral group rings are Bass orders? J. Algebra
129 (1990), no. 2, 380-392. MR1040944, Zbl 0691.16008, doi: 10.1016/0021-
8693(90)90226-E. 673

LINNELL, PETER A. Nonfree projective modules for integral group rings. Bull.
London Math. Soc. 14 (1982), no. 2, 124-126. MR647193, Zbl 0456.20001,
doi: 10.1112/blms/14.2.124. 662

LAFONT, JEAN-FRANGOIS.; MAGURN, BRUCE A.; ORTIZ, IVONNE J. Lower
algebraic K-theory of certain reflection groups. Math. Proc. Cambridge Philos.
Soc. 148 (2010), no. 2, 193-226. MR2600138, Zbl 1190.19001, arXiv:0904.0054,
doi: 10.1017/S0305004109990363. 683

MAGURN, BRUCE A. Negative K-theory of generalized quaternion groups
and binary polyhedral groups. Comm. Algebra 41 (2013), no. 11, 4146-4160.
MR3169512, Zbl 1284.19004, doi: 10.1080,/00927872.2012.692005. 683

MORRIS, SIDNEY A. Pontryagin duality and the structure of locally com-
pact abelian groups. London Mathematical Society Lecture Note Series,
No. 29. Cambridge University Press, Cambridge-New York-Melbourne, 1977.
viii+128 pp. MR0442141, Zbl 0446.22006, doi:10.1017/CBO9780511600722.
663, 664, 678, 680

MoskowiTz, MARTIN. Homological algebra in locally compact abelian groups.
Trans. Amer. Math. Soc. 127 (1967), 361-404. MR0215016, Zbl 0149.26302,
doi: 10.1090/S0002-9947-1967-0215016-3. 667, 680

REINER, IRVING. Maximal orders. Corrected reprint of the 1975 original. With a
foreword by M. J. Taylor. London Mathematical Society Monographs. New Se-
ries, 28. The Clarendon Press, Oxford University Press, Ozxford, 2003. xiv+395
pp- ISBN: 978-0198526735. MR1972204, Zbl 0305.16001, 672, 673
RocGENKAMP, KLAUS W. Lattices over orders. II. Lecture Notes in Math-
ematics, Vol. 142. Springer-Verlag, Berlin-New York, 1970. MR0283014, Zbl
0205.33601, doi: 10.1007/BFb0058955. 672

RoGGENKAMP, KrAUS W. Injective modules for group rings and Goren-
stein orders. J. Algebra 24 (1973), 465-472. MR0314904, Zbl 0249.20004,
doi: 10.1016/0021-8693(73)90120-8. 672, 673

SCHLICHTING, MARCO. Delooping the K-theory of exact categories.
Topology 43 (2004), no. 5, 1089-1103. MR2079996, Zbl 1059.18007,
doi: 10.1016/j.t0p.2004.01.005. 667


http://www.ams.org/mathscinet-getitem?mr=3444405
http://www.emis.de/cgi-bin/MATH-item?1342.43001
http://dx.doi.org/10.1201/b19172
http://www.ams.org/mathscinet-getitem?mr=2329311
http://www.emis.de/cgi-bin/MATH-item?1123.22002
http://arXiv.org/abs/math/0510345
http://dx.doi.org/10.1016/j.aim.2006.09.019
http://arXiv.org/abs/1903.12647
http://arXiv.org/abs/1903.10861
http://www.ams.org/mathscinet-getitem?mr=3279374
http://www.emis.de/cgi-bin/MATH-item?1395.13025
http://dx.doi.org/10.1016/j.jpaa.2014.05.013
http://www.ams.org/mathscinet-getitem?mr=1421815
http://www.emis.de/cgi-bin/MATH-item?0862.18001
http://dx.doi.org/10.1016/S1570-7954(96)80023-4
http://www.ams.org/mathscinet-getitem?mr=1040944
http://www.emis.de/cgi-bin/MATH-item?0691.16008
http://dx.doi.org/10.1016/0021-8693(90)90226-E
http://dx.doi.org/10.1016/0021-8693(90)90226-E
http://www.ams.org/mathscinet-getitem?mr=647193
http://www.emis.de/cgi-bin/MATH-item?0456.20001
http://dx.doi.org/10.1112/blms/14.2.124
http://www.ams.org/mathscinet-getitem?mr=2600138
http://www.emis.de/cgi-bin/MATH-item?1190.19001
http://arXiv.org/abs/0904.0054
http://dx.doi.org/10.1017/S0305004109990363
http://www.ams.org/mathscinet-getitem?mr=3169512
http://www.emis.de/cgi-bin/MATH-item?1284.19004
http://dx.doi.org/10.1080/00927872.2012.692005
http://www.ams.org/mathscinet-getitem?mr=0442141
http://www.emis.de/cgi-bin/MATH-item?0446.22006
http://dx.doi.org/10.1017/CBO9780511600722
http://www.ams.org/mathscinet-getitem?mr=0215016
http://www.emis.de/cgi-bin/MATH-item?0149.26302
http://dx.doi.org/10.1090/S0002-9947-1967-0215016-3
http://www.ams.org/mathscinet-getitem?mr=1972204
http://www.emis.de/cgi-bin/MATH-item?0305.16001
http://www.ams.org/mathscinet-getitem?mr=0283014
http://www.emis.de/cgi-bin/MATH-item?0205.33601
http://www.emis.de/cgi-bin/MATH-item?0205.33601
http://dx.doi.org/10.1007/BFb0058955
http://www.ams.org/mathscinet-getitem?mr=0314904
http://www.emis.de/cgi-bin/MATH-item?0249.20004
http://dx.doi.org/10.1016/0021-8693(73)90120-8
http://www.ams.org/mathscinet-getitem?mr=2079996
http://www.emis.de/cgi-bin/MATH-item?1059.18007
http://dx.doi.org/10.1016/j.top.2004.01.005

[Sch06]

[Sch10]

[Sch19]

[Swa63]

RELATIVE K-GROUP IN THE ETNC, II1 687

SCHLICHTING, MARCO. Negative K-theory of derived categories. Math. Z. 253
(2006), no. 1, 97-134. MR2206639, Zbl 1090.19002, doi: 10.1007/s00209-005-
0889-3. 683

SCHLICHTING, MARCO. Hermitian K-theory of exact categories. J.
K-Theory 5 (2010), mno. 1, 105-165. MR2600285, Zbl 1328.19009,
doi: 10.1017/is009010017jkt075. 661

SCHOLZE, PETER. Lectures on condensed mathematics (after Clausen—Scholze).
Lecture notes, 2019. www.math.uni-bonn.de/people/scholze/Condensed.pdf
658, 666

SWAN, RICHARD G. The Grothendieck ring of a finite group. Topology 2 (1963),
85-110. MR0153722, Zbl 0119.02905, doi: 10.1016,/0040-9383(63)90025-9. 662

(Oliver Braunling) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF FREIBURG, ERNST-
ZERMELO-STRASSE 1, D-79104 FREIBURG IM BREISGAU, GERMANY
oliver.braeunling@math.uni-freiburg.de

This paper is available via http://nyjm.albany.edu/j/2020/26-30.html.


http://www.ams.org/mathscinet-getitem?mr=2206639
http://www.emis.de/cgi-bin/MATH-item?1090.19002
http://dx.doi.org/10.1007/s00209-005-0889-3
http://dx.doi.org/10.1007/s00209-005-0889-3
http://www.ams.org/mathscinet-getitem?mr=2600285
http://www.emis.de/cgi-bin/MATH-item?1328.19009
http://dx.doi.org/10.1017/is009010017jkt075
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
http://www.ams.org/mathscinet-getitem?mr=0153722
http://www.emis.de/cgi-bin/MATH-item?0119.02905
http://dx.doi.org/10.1016/0040-9383(63)90025-9
mailto:oliver.braeunling@math.uni-freiburg.de
http://nyjm.albany.edu/j/2020/26-30.html

	1. Conventions
	2. PI-presentations
	3. Construction of the category PLCAA
	4. Gorenstein orders
	5. Main theorems
	References

