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Brownian isometric parts of
concave operators
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ABSTRACT. We describe some invariant or reducing subspaces for a con-
cave operator T on a complex Hilbert space which satisfies the regularity
condition AT = AY?*TAY? where Ar = T*T — I. We consider those
subspaces on which T acts as a 2-isometry and show that 7" has some
Brownian type properties on them. Among other, the Brownian unitary
part and the Brownian isometric (reducing or invariant) parts are inves-
tigated. In the case when T is a Brownian operator or even a general
2-isometry we determine the Brownian unitary reducing parts on which
T has the maximal covariance.
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1. Introduction and preliminaries

In all that follows, H stands for a complex Hilbert space and B(H) is the
C*-algebra of all bounded linear operators on H. By I we mean the identity
operator on a considered Hilbert space. Given T € B(H), we write R(T),
N(T) and T* for the range, the kernel and the adjoint of T', respectively.
Recall that T is a contraction if T*7T < I, T is an isometry if T*7T = I, and
T is a unitary operator if it is an isometry with R(T) = H. If M C H,
then by M we mean the closure of M in H. Let M be a closed subspace of
H. We denote by Py € B(H) the orthogonal projection of H onto M. We
say that M is invariant (resp., reducing) for T if TPy = PpT Ppr (resp.,
TPy = PyT). If M is invariant for T, then Ty := T|y € B(M) is the
restriction of T to M and T is an extension for Th(. The operator Py(T'| m
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is said to be the compression of T on M. For an isometry 7" € B(#) and
a closed subspace M of N(T*), we set [2 (T, M) := P>, T"M. If M,
(n = 0,1,...) are subsets of H, the closure in H of their linear span is
denoted by \/,,~o Mn.

Following [20], an operator T' € B(#H) is called concave if
T**T? —2T*T + 1 <0. (1.1)

If there holds the equality in (1.1), then we say that T is a 2-isometry.

For T € B(H), we put Ap := T*T — I. When Ap > 0 the operator T is
said to be expansive. One can check that concave operators are expansive
and the inequality (1.1) can be written as T*ArT < Ap, i.e. T is a Ap-
contraction. Also, T is a 2-isometry if and only if T*A7T = Arp, i.e. T is
a Ap-isometry (see [21, 22] for other references to general A-contractions).
Remark that if T is a contraction, then A7 < 0 and in this case Dy =
(—AT)1/2 is the defect operator of T, where Z'/2 denotes the square root
of Z € B(H). A concave operator is contractive if and only if it is an
isometry. Let us recall that the concave operators also appear under the
name of 2-hyperexpansive operators, and were well studied in the literature
(see [4, 7,9, 10, 16]). It is clear from (1.1) that if T is concave, then the
subspace N (Ar) is invariant for 7' and also V' = T|y(a,) is an isometry;
see for instance [18, Proposition 3.1(a)]. Therefore, if 7" is a non-isometric
concave operator, then the subspace R(Ar) # {0} is invariant for 7% and
in this case we can obtain a usual matrix representation of T" with respect
to the orthogonal decomposition H = N (Arp) @ R(Ar).

In our present work we deal specifically with those concave operators T'
which satisfy the condition

ApT = AYPTAY, (1.2)

According to [13, 21, 22| a concave operator T  satisfying (1.2) is called
Ar-reqular. Such operators are very special because in their matrix repre-
sentations on H = N (A7) ®R(Ar) the operators T* |m are contractions

which commute with AT|W' This fact permits to use many results from
the theory of contractions in the study of these concave operators (as well
the Wold-type decompositions, liftings, dilations etc; see [8, 13, 20]). It
is also interesting to recall that for Ap-regular concave operators one can
completely characterize the subnormality of their associated Cauchy dual
operators (see [5, 6, 8, 9]).

Following [5, 6], a 2-isometry T which is Ap-regular is called a quasi-
Brownian isometry. In this case, the compression W of T' to R(Ar) is an
isometry which commutes with the operator E*E, where E = Pjy( AT)T|W’

and also V*E = 0, where V' = T'|yr(a,). When W is a unitary operator on

R(Ar) with WE*E = E*EW and E = §pEp, where Ej is a (necessarily
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injective) contraction while dg = ||Ar||*/2, then T is called Brownian isom-
etry. A Brownian isometry is called Brownian unitary if the operator Fj
is an isometry and R(E) = N(V*). For a 2-isometry T the above scalar
cov(T) := || Ar|'/? is called the covariance of T. Clearly, if T is an isometry,
then cov(T) = 0, and conversely.

For other relevant results on concave operators and 2-isometries we refer
the reader to [1, 2, 3, 4, 5, 6, 8, 9, 13, 14, 15, 16, 20] and the references
therein.

If Q is a property for operators from B(#), then the maximum subspace
in H which is invariant (or, resp., reducing) for an operator T' € B(H) on
which T has the property Q is called the Q-invariant (resp., Q-reducing)
part of T in H. Also, following [17], the reducible part of T in an invariant
subspace M of H is the maximum reducing subspace for T in M. Below
we deal with parts of concave operators which have received considerable
attention in recent period in the literature, as well the Brownian unitaries
(or isometries).

The organization of this paper is as follows. In Section 2 we first recall
the unitary and isometric (reducing) parts of a concave operator. Next, we
characterize the concave operators satisfying the condition (1.2) by their
usual matrix representations. For such operators we describe the quasi-
Brownian isometric invariant (resp., reducing) parts in #, which in fact are
even the corresponding 2-isometric parts. Moreover, we find the 2-isometric
invariant part Ho C H with ||Ar|[~*Ar|y, being an orthogonal projection,
which in particular refers to the Ap-regular concave operators 1" which have
Brownian extensions in the sense of McCullough [14] (i.e. with ||T]| < v/2).
In Section 3 we are concerned, on one hand, with the Brownian isometric
invariant (resp., reducing) part in H for a concave operator T' satisfying
(1.2). Also, we determine the 2-isometric reducing part Hs C H for T
such that 6=2Ap|y, is an orthogonal projection, where 0 < § < ||Ag|'/2.
More particularly, we find the Brownian unitary (reducing) part of 7' in
‘H on which T has the covariance §. In Section 4, we first provide the
relationship between these (invariant or reducing) parts for the Brownian
operators considered in [14]. Moreover, we determine the Brownian unitary
reducing part of a concave T with ||T|| < v/2 (i.e. a subbrownian operator)
on which T has the covariance 1, by using the same part of a Brownian
extension of 7. We remark finally that a similar argument can be used to
obtain the Brownian unitary reducing part of a general 2-isometry T on
which T preserves its covariance.

2. Quasi-Brownian isometric parts

Let T € B(H) be a concave operator. Then N (Ar) is an invariant sub-
space for T, and hence N (Ap+) C N(Ar). First, we take a closer look at
the unitary and isometric (reducing) parts of the operator 7" in H. The uni-
tary part was described in [2, 15, 20], but we recall it below together with
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the description of the isometric part, which was obtained in [18, Proposition
3.1(b)] as a particular case.

Proposition 2.1. For a concave operator T' € B(H), the unitary reducing
part Hoo and the isometric reducing part H* of T are given as follows:

Hoo = [T"H = () T"N(Ar) = [ T"N(Ag-), (2.1)
n>1 n>1 n>1
H* =m0 \/ T"R(A7). (2.2)
n>0

Proof. It was proved in [20, Proposition 3.4] or [15, Proposition 1.1] that
Hoo = ngl T™H is even the unitary part of T' in H. So, for every integer
n > 1, we have Hoo = T"Hoo C T"N (Ap+) C T"N (A7), whence we obtain

Moo C [ T"N (A7) C [ T"N (A7) C Hex. (2.3)
n>1 n>1

Therefore the equalities in (2.1) are true.
The equality (2.2) is known from [18, Proposition 3.1(b)], but for com-
pleteness we prove it. Clearly, the subspace N := Vyso T"R(Ar) is invari-

ant for T, and since R(Ar) is invariant for 7%, we have for n > 1
T*T"\gary = (A + DT 'R(A7) C N,

whence it follows that T*A C N. Hence the subspace H>® := HON reduces

T, and T|y~ is an isometry because H>* C N (Ar).

Now, let M be a subspace of H which reduces T to an isometry. Then
M C N(Ar) and

HoM=\/T"(HoM)D \/ T"R(Ar) =H O H™.

n>0 n>0
This implies that M C H*. We conclude that H> is even the (reducing)
isometric part of T in H. O

Remark 2.2. If T is a concave operator, then
N (A7) = N(ArT — TAr). (2.4)
Indeed, as N (Ar) is invariant for 7', we have
N(A7) C N(TT*T — T*T?) = N(TAr — ArT).

Conversely, if h € N(TAr — ArT), then (T*T)?h = T*2T2h, which yields
|Arh|? = (T*2T? — 2T*T + I)h, h) < 0 using the fact that T is concave.
Hence h € N(Ar) and the equality (2.4) is proved.

In what follows, we focus on the class of Ap-regular concave operators T,
that is, satisfying the condition (1.2), which is weaker than the commutation
relation of T'with Az. Obviously, (1.2) holds on N'(Ar) by (2.4), so actually

the condition (1.2) plays an essential role on R(Ar). Now, we provide a




BROWNIAN ISOMETRIC PARTS OF CONCAVE OPERATORS 1071

matrix description of these operators, while in a slightly modified form it
appears in the equivalence (i)<(ii) of [8, Theorem 2.3]. Notice also that
the “only if” part of the following proposition can be deduced from [18,
Proposition 3.1(c)].

Proposition 2.3. A non-isometric operator T € B(H) is a Ap-regular
concave operator if and only if T has the block matriz form

T— <‘0/ v%) (2.5)

with respect to the decomposition H = N (Ar) & R(Ar), where
(a) V is an isometry on N (Ar),
(b) E : R(Ar) = N(Ar) is an injective operator such that V*E = 0,
and
(¢) W is a contraction on R(Ar) which commutes to E*E + Ay .

In particular, a concave operator T with Ar being a scalar multiple of an
orthogonal projection is Ap-reqular.

Proof. Let T be a Ap-regular concave operator which is not an isometry,
i.e. Ar # 0. Then with respect to the orthogonal decomposition H =
N (A7) & R(Ar) we have Ap = 0 @& Ay with a positive injective operator
Ay = AT’W' Obviously, T' has the matrix representation (2.5) with an

isometry V = T|yr(a,) and E = PN(AT)T|W7 W = T*|W such that
V*E =0 (because Ap > 0) and W*AgW < Ay (because T*ArT < Arp).

Since T is Ap-regular, W is Ag-regular, i.e. AW = Aé/QWA(l)/Z. As Ay
is injective, we have AgW = W A, which together with the above inequality
involving W and Ag implies that W is a contraction on R(Ar).

Next, expressing Ap = T*T — [ with the help of (2.5) we have Ay =
E*E + Aw and, as Ay < 0, we get Ag < E*E. This yields that E is
injective (like Ag). Thus, (a), (b) and (c) hold for a Ap-regular concave T.

Conversely, if an operator T has the matrix representation (2.5) satisfying
(a)-(c), then clearly W*AoW = A(l)/QI/V*I/VA(l)/2 < Ag, where Ay is as above.
But this implies that T*A7rT < Ap, while AgW = WA also gives the
condition AT = A;/ 2TA;/ 2 Hence T is a Ap-regular concave operator.
Thus, the first assertion of the proposition is proved.

The second assertion is immediate. Indeed, if T is concave with dAr
being an orthogonal projection for some § > 0, then, as R(Ar) is invariant
for T%, we get

T*(§A7) = ATT* (§A7) = VAL T (V6 AY?),

whence by passing to the adjoint we derive the condition (1.2). The proof
is complete. ([l

Recall that the matrix representation of the form (2.5) for a quasi-Brownian
isometry was obtained in [13, Proposition 5.1] and in a generalized version



1072 WITOLD MAJDAK AND LAURIAN SUCIU

in [5, Theorem 4.1]. A quasi-Brownian isometry is characterized in terms
of (2.5) by the fact that the operator W is an isometry which commutes to
E*E, while F is injective with V*E = 0.

Now, as a completion of the last assertion in Proposition 2.3, we obtain
the following proposition.

Proposition 2.4. If T is a Ap-reqular concave operator, then for 0 < d <
|A7||Y/? the subspace

Mg = N(52AT — A%) = N(AT) @N(AT — (521)

is invariant for T and such that 5_2AT|M5 18 an orthogonal projection.

Proof. Indeed, take h € H such that 62Aqph = A2h. Thus 6AYh = Arh,
so by (2.4),

SPApTh = 2 AYPTAYh = sAY*T AL
= SATTAY?h = ApTArh = AETh.

Also, the subspace N (Ar — §2I) is invariant for T* (using the dual relation
of (1.2)), but this is not invariant for 7" when it is non-null. Since both
subspaces N (A7) and N(Ar — 6%1) are invariant for T*T', it follows that
M reduces Ap. Thus Ts := T'| py, is a concave operator with Aq, = Ap| gy,
while the later relation implies that T5 is also Ag,-regular. Moreover, we
have N'(Ar;) = N (A7) and N (Ar, —621) = N(Ar—6%1) = R(Ary), hence
§~2Ar; is even the orthogonal projection on R(Ary). O

Now, for a Ap-regular concave operator 1T, we determine the quasi-
Brownian isometric invariant (and reducing) parts of 7" in H.

Theorem 2.5. Let T' € B(H) be a non-isometric Ap-regular concave op-
erator. Then the quasi-Brownian isometric invariant part of T in H is the
subspace

Hq = N(AT) @N(I — Sw), (2.6)
where W* = T*\W and Sy = s — lim,_,oo W*"W™ for the contraction
W. Moreover, Hy is even the 2-isometric invariant part of T in H. In
addition, if N(I — Sw) # {0}, then cov(T|n,) = |Eln(1-sw)ll, where E :=
PN(AT)T|WT)'

Proof. Consider the matrix representation (2.5) of T on H = N(Ar) &

R(Ar) given by the operators V, E and W. As W is a contraction on
R(Ar), the subspace

NI = Sw) = [\NU - WTW7) (2.7)

j>1

is even the isometric invariant part of W in R(Ar). Since W commutes with
Ao = E*E + Ay (as in Proposition 2.3(c)), we have for h € N'(I — Swy)
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and n > 1 that E*Eh = W*"W"E*Eh. Therefore, E*Eh € N(I — Sw) by
(2.7). Hence N (I — Sw) reduces E*E and Ar.
Now, the matrix representation (2.5) of T' on

H = N(Ar) BN — Sw) & R — Sw)

has the form

|4 E() * T «
T=10 Wy %| = <00 *) with Tp = T’N(AT)@\/(I—SW)a
0 0

where Ey = E|y(—g,,) and Wy = W|x(—g,,) is an isometry. In addition,
as N(I — Sw) reduces E*E, we have EgEy = E*E|x(1_g,,)- Therefore, Ey
is injective because so is too E, and also V*Ey = 0 (by Proposition 2.3(b)).
Further, since W commutes with Ag (by Proposition 2.3(c)), it follows that
Wy commutes with EjEy on N (I — Sw) = R(Ar,). We conclude that
the subspace H, from (2.6) is invariant for 7" and Ty = Ty, is a Ag,-
regular 2-isometry, that is, a quasi-Brownian isometry. In addition, when

N (I — Sw) # {0} we have
cov(To) = | Ag || = | E§Eo + Awg |/ = || Eol| > 0.

Next, we show that H, is the maximum invariant subspace for 7" in ‘H on
which T" is a 2-isometry. This fact also ensures that H, is even the quasi-
Brownian isometric invariant part of 7" in H. Indeed, let M C H be an
invariant subspace for T' such that 7" = T|rq is a 2-isometry. Then with
respect to the orthogonal decomposition # = M @ M~ we can represent T

as
T X
(i 7)
with some appropriate operators X, Y. A simple computation gives
« (THFAPT — A Z\ (0 O
P g (ST S0 ZY_(0 0

Here we used the property that T” is a 2-isometry, i.e. T*Ap/T' = Aps, as
well as the fact that T is concave, i.e. Ap — T*A7T > 0. This positivity
condition in turn implies Z = 0. We conclude that

M C N(Ap — T*ArT) =: M.

Since W in (2.5) commutes with Ay = AT|W’ for h € R(Ar) NM we
have

Aoh = W*AWh = AgW*Wh,
and, as Ay is injective, we obtain h = W*Wh. It follows that
MC MCN(Ap) & NI —WW).

We consider the subspace N := N (Ar) + M which is also invariant for T,
so Ty := T|n is a concave operator. But N'(Ar) is invariant for Tr too and
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T Txh = PyT*Th = h for h € N(Ar), i.e. Ty is an isometry on N (Ar).
Hence N (A7) € N(Arp, ). On the other hand, N'(Ag,,) is invariant for T
and ||Th|| = ||Ixh|| = ||k for h € N(Ar,,). Thus T’N(ATN) is concave and
contractive, that is, an isometry such that N'(Ar) = N (Ar,.). Therefore,
N = N(Ar) & R(Ar,), while from the above inclusion of M and the
definition of N we derive that R(Ar,) C N(I — W*W) C R(Ar).

Denoting Wy := PR( Ay TN|R o e obtain
WR(ATN) ’R(A )TR(ATN) PWTNR(ATN)

C Pran W (A7) @ WaAR(Ary)
= WNR(A1y) C R(A1y ).

So, R(Ar,,) is invariant for W. Since R(Ag,,) C N(I—-W*W), we infer that
is an isometry. But, by (2.7), this gives R(Ar,,) C N(I — Sw),

Wirtany
hence

MCN CN(Ar) @N(I - Sw) = Hg.
We conclude that H, has the required maximality properties, which ends
the proof. O

Combining H, in (2.6) with a subspace from Proposition 2.4 we obtain a
particular quasi-Brownian isometric invariant part.

Proposition 2.6. Let T € B(H) be a Ap-regular concave operator with
= [[A7||*/? > 0, and let Mg, and H, be the subspaces given by Proposition
2 4 and Theorem 2.5, while W = Prany T]R(A v Af

R(AT|Mmq,) N R(AT!Hq) # {0},
then
Ho = Ms, N Hqg = N(Ar) BN (Ar —5(2)1) NAN(I — Sw) (2.8)

is the mazimum invariant subspace for T' in H such that Ty == T'|y, is a
2-isometry with an orthogonal projection 50_2AT0.

Proof. The subspace Hg in (2.8) is invariant for 7" and Ty = T'|y, is concave.
So we get

{0} #R(A7|my,) N R(AT|3,) = R(Ar,)
=N (A7 — 1) NN(I — Sw) C R(Ar).
But, as in the previous proof, we see that WTo) is invariant for W, while
the above equality implies that Wy := W|WTO) is an isometry. In addition,
if By :== Pyx(ag) TO\R b then using the matrix representation of Ty on
Ho = N(Ar) ® R(Ar,) we have
62h = Arh = Py,Arh = Aqyh = (B} Eo + Aw,)h = E;Eoh
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for h € R(Ar,). Thus §; 2Ejy is an isometry, and consequently Ty is a
2-isometry with 6, QATO being an orthogonal projection on H.

Let us show the required maximality property of Hg relative to T'. For this
purpose, let M C H be an invariant subspace for T such that 77 = T'|
is a 2-isometry with d, 2A7 being an orthogonal projection. Obviously,
M C H,4 by the maximality property of H, established in Theorem 2.5. We
represent T on H = M & M= in the form

T X
(o)
with some appropriate operators X and Y. As a consequence, we obtain
(B (00
T — X*T' X*X + AY — )

0 7 X*X+ Ay

the second representation being on H = N (Ap/ )®N (A —521) &ML, where
we use that §; 2Aqv is an orthogonal projection so R(Agr) = N (Ap — 621),
and that Ay >0 (so N(Aqv) is invariant for 7*7T). We infer that

0 Z
(AT - (SSI)’7Q(AT/)€|9./\/1L = <Z* X*X + Ay — I) )

and since Ap < 631 (by the choice of &), we get Z = 0. Hence R(A7r) C
N (A7 — 821). Also, since N'(Arv) is invariant for 77, and so for T, we have
(as above) N (Aq) C N(Ar). Thus we get M = N (Ap) & R(Ap) C Ms,
and finally M C Ms, NHy = Ho. Consequently, Ho has the required
maximality property, which completes the proof. O

Next, we turn our attention to the quasi-Brownian isometric reducing
part.

Theorem 2.7. Let T € B(H) be a non-isometric Ap-reqular concave op-
erator. Then the quasi-Brownian isometric reducing part of T in H is the
2-isometric reducing part of T in H. More precisely, it is the subspace

Hy =N @[3 (V,ER®) @ R, (2.9)

where H>® and R are, respectively, the isometric reducing parts of T in
H and of W in R(Ar), while V, E and W are the operators from the
block matriz form (2.5) of T. In addition, if R> # {0}, then cov(T|y;) =
[E|R -

Proof. Consider the decomposition R(Ar) = R* & (R(Ar) ©R*), where
R is the reducing isometric part of the compression W of T on R(Ar),
that is, (by (2.2))

R® =R(Ar) o \/ W'R(I - W*W).

n>0
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To prove that R is invariant for E*FE, where F = PN(AT)T]W, we
first express the commutation relation in Proposition 2.3(c) in the following
ways:

E*EW — WE*E = WW*W — W*W?,

W*E*E — E*EW* = W*WW* = W*W.
Since the right hand side of each of these relations is 0 on R, we have
E*EWh = WE*Eh and E*XEW*h = W*E*Eh for h € R*. Then for

k={I—-W*W)L (I € R(Ar)), h € R* and any positive integer n, taking
into account the previous relations and that R reduces W, we obtain

But this yields E*Eh € R* by the above structure of R*. Hence this
subspace is invariant (and so reducing) for E*E. This also implies that R
reduces Ag = E*E + Ay.

Now, let E = J|E| be the polar decomposition of E. Since F is injective
and V*E = 0 (by Proposition 2.3(b)), the operator J is an isometry from
R(E*E) = R(Ar) onto R(E) C N(V*). In fact, R(E) = N(V}"), where
Vi = Vx(ap)ens, H> being the isometric reducing part of 7' in H. As
R> reduces E*FE, we have

R(E) = J|E|R>® @ J|E|(R(Ar) © R>).
Thus ER*> is a wandering subspace for V', so the subspace
Now =13 (V,ER™)

is well defined in N (Ar). Furthermore, the subspace K := N @R reduces
T'. Indeed, it is immediate that TKC C I by using the matrix representation
(2.5) of T. On the other hand, Ny reduces V because E*V = 0 and also
we have

E*Nw € \/ E*V"ER® C E*ER™® C R™.
n>0
These facts and the form of T* given by (2.5) show that T*K C K, hence
K reduces T' and so Ap. In addition, since L C H,, it follows that K also
reduces T'|3, and, as this last operator is a quasi-Brownian isometry, we
deduce that T'|x is a quasi-Brownian isometry. Consequently, Hy = HTBK
reduces 7' to a quasi-Brownian isometry.

Next, we show that Hj is the maximum subspace in H which reduces 7'
to a 2-isometry. This will imply that it is even the quasi-Brownian isometric
reducing part of T in H.

Let M C H be a reducing subspace for T such that 77 = T|y is a
2-isometry. Then A = Ap|ay and PyAp = ApPyy, so

R(Ar) = R(Ar) N M = PuR(Ar) = Pz M.
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It follows immediately that R(Apv) is invariant for 7%, and since W* =

T *|W, the subspace R(Ag) is invariant for W*. This subspace is also

invariant for W (as we proved in the proof of Theorem 2.5), hence R(A7)

reduces W. But T” is a quasi-Brownian isometry (7" being Ap-regular),
;L " / . .

so W' = W|R(AT/) = PR(AT/)T |R(AT/) is an isometry. Consequently,

R(Agr) C R,
On the other hand, it is clear that N'(A7) C N(Ar) and
N(A7) =Hee @ B (V,N(VY)) = H® @ 13 (V,R(E)),
where H, is given by (2.1). But, as M reduces T, the 2-isometry 7" has
the matrix representation of the form (2.5) on M = N (A )®&R(Ar) given
by the operators V' := V|r(a,,), W’ of above and E' = E|m. Thus we
get,

N(A7) = M® @ 2 (V,ER(A7)) C H® @ 12 (V, ER®),
and we conclude that
M CH® @ [I2(V,ER®) & R™] = 1.
Hence H; has the required maximality property. Also, from the matrix
representation of T'l3x on Hy = [H>® @ 2 (V,ER>®)] & R> we get
cov(Tlpz) = [I(E*E + Aw)lre=|'/? = || E|re<||
when R> # {0}. This ends the proof. O

From the above theorem we derive the ensuing corollary.

Corollary 2.8. Let T € B(H) be a non-isometric Ap-regular concave op-
erator. Then T has a unique representation as a direct sum of the form

Ir=THheh

on a reducing orthogonal decomposition H = Ho @ H1 for T, such that Ty =
T3, is a 2-isometry while Th has no non-zero 2-isometric direct summand.

3. Brownian isometric parts

We begin with a result which, for a concave operator, gives other reducing
parts contained in the subspaces H; from (2.9) and Hy from (2.8).

Theorem 3.1. Let T' € B(H) be a non-isometric Ap-regular concave oper-
ator having the matrixz representation (2.5) given by the operators V., W,
E and for 0 < § < ||Ap||Y? we put Es = 6 'E. Let H® C H and
R>® C R(Ar) be the isometric reducing parts of T and W, respectively,
and we suppose that Rs := R>® NN (Ag,) # {0}. Then the subspace

Hs :=H* D [li(v, ERs) ® Rs) (3.1)

is the 2-isometric reducing part of T in H such that 5_2AT\H5 1 an orthog-
onal projection.
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Proof. By the block matrix representation (2.5) of T', we have
Arlgsy = E'E - Diy < E'E,

therefore 0 < ||Az||Y/? < ||E|, T being non-isometric. Thus, for a fixed
d € (0,]|E|]], we can write E = §E5 with an injective (like F) operator Ej
such that || Es|| > 1.

Since W commutes to E*E — D%, on R(Ar) (by Proposition 2.3(c)), it
follows that the subspace Rs = R NN (Ag,) reduces W, and (using (2.2)
for R>°) one can see that Rs also reduces E5Es. Hence Ws = W{g, is an
isometry, and Ej isometrically maps Rs into N (V*) when Rs # {0}. In this
case the operator

E:Rs®&[R(Ar) 6 Rs] = IN(Ar)© Ls| & Ls,  where Ly = 13.(V, ERy),

has the matrix representation

0 F
w7 o)

with 67 'F = Es|r, being an isometry from R; into Ls. Because the sub-
space Ls reduces the isometry V', from the representation (2.5) of T' it fol-
lows that the subspace Ls @ Rs is reducing for T'. Hence the subspace
Hs = H® @ (Ls ®Rs) from (3.1) is reducing for T', such that T5 = T'|y; is a
2-isometry because it has on Hs = (H*°® Ls) ®R s the matrix representation

Vs OF5
s = (o W5> '

Here Vs = V|yopLs, Ws as above and Fs = (0,5 L F)" from R4 into H®® L
are isometries such that Vi'F5 = 0. Hence the above matrix gives Ap, =
0 @® 021, i.e. 7 2Ar, is an orthogonal projection. But since Rs # {0} we
infer that § = ||Ag[|*/2 = ||Ar|r,||'/? < [|A7|Y/2, so & necessarily belongs
to the interval (0, ||Ar||*/?] (comparing with the choice of § before).

Let us prove that Hg is the maximum subspace in H with the required
properties relative to T'. Indeed, let M C H be another reducing subspace
for T such that T’ := T|x is a 2-isometry with §"2A7 an orthogonal

projection. Then Ar = Ap|yp and so T’ is a quasi-Brownian isometry
(T' being Ap-regular), hence M C H; by Theorem 2.7 and M reduces

T = Ty This yields A = A, | a4, therefore R(Arv) C R(Ar,) = R,
and also

PraT'R(A7) = Pria, )\ TR(A1) = WR(A7),

T*R(Ap) = T*R(Ap) = WR(Ap).
Thus R(Arr) reduces W to an isometry and Wlga,,) = Pria,nT"
On the other hand, by the choice of 7" on M, we have

S Ira,) = Arlra,) = Anlra,) = 0°Es Eslra,.),
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therefore R(Arv) reduces E5Ejs to an isometry. This shows that R(Ag) C
N(Ag,) and finally R(Ap) C R NN (Ag,) = Rs.

Now, since Agr = A, |pm, we have N(Ap) C N(Ar,), and by (2.9) we
obtain N(Ap) & H® C I2(V,ER®). But as R(Ar) reduces E}Ej, it is
clear that Pn(a, )T |R(a) = 0EslR(AL) = Elr(AL)- Thus we infer that

N(Ap) = M® @13 (V,ER(Ar)) CH® @ 13(V,ERs) = Hs © Ry,

where M is the isometric reducing part of 77 in M. We conclude that
M = N(Ar) & R(Ap) C Hs, which shows the desired property of Hs
relative to T'. This ends the proof. U

As we remarked in the above proof, the subspace Hs from (3.1) is even
the quasi-Brownian isometric reducing part of 7' in H on which § 2Ar is
an orthogonal projection. We also observe from the given argument that
if § = ||E|| > 0 and Rs # {0}, then § = |Ar||'/?, while E5 = 6 'E is a
contraction (like W) with ||Es|| = ||[W] = 1 in this case. This certainly
happens when T is a quasi-Brownian isometry, where W is an isometry, so
R(Ar) = R* and Rs = N (Dg;). Thus we obtain the following result.

Corollary 3.2. If T € B(H) is a quasi-Brownian isometry of covariance
5o = ||A7||/2 > 0, then the corresponding subspace Hs from (3.1) is

Hs, = H® & [I3(V, EN(Dg, ) & N(Dg;,)] (3.2)

where the isometry V and the contraction Ej, have the meaning as in The-
orem 3.1.

Notice that for a quasi-Brownian isometry this part Hs, from (3.2), as
well as the Brownian isometric and unitary reducing parts, respectively, were
obtained in [13, Theorem 5.4]. Regarding the last two parts for the concave
operators we can formulate the following theorem.

Theorem 3.3. Let T' € B(H) be a non-isometric Ap-reqular concave op-
erator and V,W, E = §Ejs for 0 < § < |A7||'/? be as in Theorem 3.1. Let
H®, Hoo (resp., R, Roo) be the isometric and the unitary parts of T (resp.,
of W ). Then the following statements hold.

(i) If Roo # {0}, then the Brownian isometric invariant and reducing
parts, respectively, of T in H are the subspaces

Hpo := N (A7) & R (3.3)
and respectively
My :=H® & [I3(V, ERoo) @ Roo- (3.4)
Moreover, we have cov(T|3;,) = cov(T|n,,) = |A7|R ||M2.
(ii) If RY := Roo NN (AE,) # {0}, then the Brownian unitary reducing
part of T in H on which T has the covariance § is the subspace

M o= Moo © [I1(V, ERY) © RY). (3.5)
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In addition, in this case we have
5 = cov(Tlyg) = cov(Thuy) = | Al 12, (3.6)
where Hs is the subspace from (3.1).

Proof. (i) Since R C R, it follows that R reduces Wige to a unitary
operator, and also by (2.1), Reo = (),,>1 W"R(A7r) reduces E*E because
WE*E = E*EW. Thus the subspace My from (3.3) is invariant for T
and Hyy C Hy (from (2.6)). Therefore, Hyg is invariant for T'|z,, hence
T34, is a 2-isometry with an injective operator E|r,, = Py(a;)T|r,, and
a unitary operator T*|gr_ = W*|g., which commutes with E*E|g_ . Since
50 = cov(T|n,) = ||E|lr.|, it follows that ;' E|g. is a contraction.
These properties when combined imply that T'|3,, is a Brownian isometry.

Next, we show that Hyp is even the maximum invariant subspace for T'
with this property. Indeed, let M C H be an invariant subspace for 7" such
that 7" = T| s is a Brownian isometry. Obviously, N (Ap) € N(Ar) and
so R(Ar) C [IN(Ar) © N(Ar)] @ R(Ar). This implies

AT’M = PMATM - PMATR(AT/)

C Prx—ArR(A7) = R(Ar),

R(Agr) R(AT)

hence R(Agr) C ’R(AT) This leads to the relations
WR(A7) = Pz TR(Ar) = Pz T R(A)

C PoagW(Ar) @ R(Ar)) = Prsy

which means that R(A7) is invariant for W. In fact, by Theorem 2.5 we
have M C H,, therefore M is also invariant for T'|3,. Then, as above, we

have R(Ar) C R(Ar,, ) =N — Sw) =: N and
Wiragy = PvTlragy = INT lragy

= PNPMT/|R(AT/) = P’R(AT/) "R(AT/) = W/‘

R(Ar) = R(Aq),

Here we used that M = N (Ap) & R(Arpr), where N(Ap) C HE N and
R(Ar/) C N. Therefore, R(Arv) is invariant for W and so for the isometry
W|nr. Since W’ (of above) is unitary (7'|p¢ being a Brownian isometry), it
follows that R(A7v) reduces W|xs to a unitary operator. Hence, taking into
account that W is a contraction (see [12]),

R(Ar) C (Y W'N( = Sw) =N = Sw+) NN — Sw) = Res
n>1
Finally, we have M = N (A7 )®R(Ar) C Hyo which is the desired property.
We conclude that Hpg is the Brownian isometric invariant part of 7" in H.

Concerning the subspace Hj;, from (3.4) is easy to see that it is invariant
for T. Furthermore, since R reduces E*E and W|g_ is unitary, using
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the matrix representation of 7™ from (2.5), we immediately obtain that
T*Hp, C Hiyy- Thus Hjy, reduces T' to a Brownian isometry and, in fact, it
is the maximum subspace of ‘H with this property.

Indeed, let M C H be another reducing subspace for T' such that 77 =
T|am is a Brownian isometry. Then M reduces Ar and Ay = Ap|p. So
R(A7p) = MNR(Ar) reduces W to a unitary operator, hence R(Ar) C
Roo. Also we have

N(A) = MNON(Ap) = MNH® B E,

where MNH> is the isometric reducing part of 7" in M, while the subspace
& reduces the isometry T'| Ap) = Vi A,,) to a shift operator. Using the
matrix representation of 77 on M = N(Ap) & R(A7v) and the inclusion
R(A7/) C R, we infer that

E=1E(V,ER(Ar)) C I3(V,ERw),

which leads to the inclusion M C Hj,. This shows that H};, is the Brownian
isometric reducing part of 7" in H. In addition, when R, # {0} by using
the block matrices (2.5) for T'ly,, and T'|y;, we get

_ * _
1871, | = 1B Elre | = 1A, |

Therefore,

cov(T0) = cov(Tlaz,) = |A7 | |12,
where for the last equality we used that AT|Hbo = Py, Ar|2,,. This ends
the proof of (i).

(ii) We can proceed similarly as for 4, to show that the subspace H
reduces T to a Brownian unitary of covariance § € (0, ||Ar||'/?], because if
RY = Roo NN (AE,) # {0}, then this subspace reduces W and Ej} Es, such
that W|Rg is unitary and Ej isometrically maps RY into N (V*). To see
that Hg is the maximum subspace in ‘H with these properties, let M C H
be another subspace which reduces T' to a Brownian unitary of covariance
6. Then M C Hj, N Hs (Hs from (3.1)), and denoting T" = T|rq we infer
that R(Ar/) C Ree NN (Ag,) = RY. Also, by the above inclusion of M and
the fact that M reduces T', we obtain

N(Ap) = MON(A7) € Hoo @ 2 (V,ER(Aq)) C Hoo & 12(V, ERY).

Thus we get M C Hp;, which shows that Hg is even the Brownian unitary
part of 7' in ‘H with COV(T|Hg) = 0.
Finally, it is clear that in the case RY # {0} we have cov(T]Hg) =

cov(T|w,) = 6. Also, since RY C R we obtain COV(T\Hg) = HAT|R2HI/2-
Therefore the relations (3.6) hold true, which completes the assertion (ii)

and ends the proof of the theorem. O
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Remark 3.4. The Brownian isometric (unitary) parts of a Ap-regular
concave operator T’ coincide with the corresponding parts of the quasi-
Brownian isometric invariant part T'|3, of T' (which can be easily pro-
vided). Here by Theorem 3.3 and Theorem 3.1, for such 7' we get a col-
lection of Brownian unitary parts {Hg} and, respectively, of reducing parts
{Hs} of T to 2-isometries with 5_2AT|H5 being an orthogonal projection,

for § € (0, ||A7||*/?]. But we cannot select those desired § with H9 # Heo
(RY # {0}), or Hs # Hoo (Rs # {0}), such that in (3.1) and (3.5) we meant
only these cases.

However an inspection of the proof of Theorem 3.1 reveals that for every
scalar 6 > o7 one has Rs = {0}. For 6 > || E|| even N (Ag,) = {0} because
from E = 0Es we have ||Es|| < 1. But, if Rg5 # {0} (or, respectively, even
RY # {0}), then RsNRy = {0} (resp., RINRY, = {0}) for every &' € (0, dr],
8" # 6. Hence Hs N Hg = H™ and ’Hg N ’Hg, = Ho, in these cases.

Remark 3.5. Let the operator E in (2.5) be bounded from below and let
50 = ||ATH1/2 and

1 := min{dp, ”}ilﬂlfl |ER|} > 0.

Then for 6 € (0,61), we have E*E = 5%E§1 Es, = 52E§E5. The first equality
and the choice of §; yield Eg‘l Es, > 1. So E{Es—1 > Egl Es —1I > 0, whence
it follows Rs C Rs, and Rg C Rgl. But by the last assertion in the previous

remark this implies Ry = RY = {0}. In this case only for § € [01, dp] we can
have Hg # H™> or Hg # Hoo-

Next we derive some consequences from the above theorems. Thus The-
orem 3.3 yields

Corollary 3.6. Let T' € B(H) be a Ap-regular concave operator with §y =
|A7||*2 > 0 such that Hgo # Hoo. Then

cov(Tlyyy ) = cov(Tl,, ) = cov(Ths;,) = cov(Tlre) = o

Now, from Theorem 3.3 we have a Sz.-Nagy—Foias—Langer type decom-
position for the concave operators satisfying (1.2). Instead of the unitary
part from the decomposition of a contraction we have here Brownian uni-
tary parts, while the completely non-Brownian unitary part can be refined
by the Brownian isometric part. To simplify the expression, if Rg # {0} we
will call T|Hg (resp. HY) the &-Brownian unitary part of T (in H).

Corollary 3.7. Let T € B(H) be a Ap-regular concave operator such that
RY # {0} for 0 < § < ||Ar||*/2. Then T can be uniquely represented as a
direct sum of the form

T=Ts&Tos®Too on H=H]d (HjoH)) ®HOH;)  (3.7)
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such that Ty is the §-Brownian unitary part of T, Tys is a Brownian isome-
try without a 0-Brownian unitary part, while Too is a Ay, -reqular concave
operator without a Brownian isometric reducing part.

According to [2, 3], we say that a concave operator T is pure if it has no
non-zero isometric direct summand, i.e. H> = {0} for 7" in (2.3). Obviously,
this means that 7| N(Ag) IS a pure isometry, i.e. a shift operator. In this
case the three parts of T in (3.7), as well as T'|y;, are pure besides.

Now from Theorem 3.1 and Theorem 3.3 we derive the following result.

Corollary 3.8. If T' € B(H) is a pure Ap-reqular concave operator with
non-trivial §-Brownian unitary part HY C H for some § € (0, 0], then

MY = Hs N Hp, (3.8)
where Hs and Hj, are given by (3.1) and (3.4), respectively, and dy =

|AT||Y2. In particular, if T is pure with 6 *Ar being an orthogonal projec-
tion, then Hjy, = Hgo.

We end this section with a simple example of a pure concave operator
satisfying (1.2) for which all the above reducing subspaces are null. Such an
operator may be slightly modified to an expansive operator also satisfying
(1.2).

Example 3.9. We first record some facts concerning the forward (unilat-
eral) weighted shifts as concave operators. Such an operator T on H = 1%(C)
can be written on the canonical orthonormal basis {e, : m > 0} C H by

Te, = wpent1, n >0,
where {wy} is a bounded sequence of nonnegative numbers. It is known that

such T is a concave operator if and only if w, > 1 and wywp11 < \/2w2 — 1

for n >0 and in this case {w,} is necessarily decreasing and w, < \/2 for
n > 1 (see [10, Section 6|, or [18]). Assuming that T is concave, a direct
computation shows that T is Ap-regular if and only if

(W2iy = Dwn = (2 — )2 (w2 = DY2, n>0.  (3.9)

As wog > 1 (otherwise T will be an isometry), the relation (3.9) implies
that either w, = wqy for every n > 1 or there exists ng > 1 such that
Wy = ... = Wpy—1 and wy, = 1 for n > ng. In the first case, wog = 1 (as

T is concave), which contradicts the above assumption on wy. Therefore it
remains to analyse the second case. Thus, if ng > 1, then rank(Ar) > 2
and, as wo > 1, it follows that W = PR(AT)T’R(AT) s mot a contraction
so T cannot be Ap-reqular by Proposition 2.3. We conclude that T is non-
isometric Ap-reqular concave if and only if wg > 1 and w, =1 for n > 1.
In this case rank(Ar) = 1 and W = 0, while Hq = Hpy = N(A7), Hjy =
HY =Hs = {0} for 0 < < /wg —1.

It is worth noting that if we choose the weighted shift T with the weights
wog = wy > 1 and wy, = 1 for n > 2, then T is an expansive operator,
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but not concave, which satisfies the condition ArT = AlT/QTAlT/2. Now,
rank(Ar) = 2 and N(Ar) is invariant for T, while V' = T|na,) s an
isometry. In addition, if A = T{Ty + TyTo, where T = Prxan)TIr(ar)
and T§ = T*|r(ap), then (as V*T1 = 0) one has T*T = I & A on H =
N(AT)OR(AT). So A—I = Arlg(a, and it is easy to see that ToyA = ATy
(because wy = w1 ).

4. Applications to subbrownian operators and 2-isometries

According to [14], T' € B(H) is said to be a Brownian operator if T' has
the matrix representation (2.5) with respect to an orthogonal decomposition
H = H1 @ Hs, where V is an isometry on Hi, W is a coisometry on Hy and
E :Ho — Hyissuchthat V¥*E =0, E*E4+W*W = 2] and EE*+VV* > 1.
In this case Arlga,) = E*E+Aw = 1,50 A =081 on Hy © Ha =
N(Ar) & R(Ar) is an orthogonal projection.

Clearly, such an operator T" is concave (as W*W < I) and Ap-regular
(by Proposition 2.3). In addition, E*E > I, i.e. E is expansive and so
injective, and R(E) = N (V*) by the above inequality satisfied by V and
E. Hence the Brownian operators are those concave operators which have a
matrix representation (2.5) on H = N (Ap) & R(Ar) with an isometry V, a
coisometry W, and an expansive operator E such that R(E) = N (V*) and
E*E+W*W =21I.

Notice that a quasi-Brownian isometry 7' is a Brownian operator if and
only if W is a unitary operator and E/||Az|/'/? is an isometry in (2.5) with
R(E) = N(V*), that is, if and only if T is a Brownian unitary. Also, a quasi-
Brownian isometry T is a Brownian isometry if and only if W is unitary in
(2.5).

Following [14] we say that an operator 7" on H is subbrownian if it has an
extension to a Brownian operator on a Hilbert space containing 7. Thus,
by [14, Theorem B], T" is subbrownian if and only if 7" is concave with
|T|| < v/2. Such an operator is not necessarily Ap-regular. However, we
can determine a Brownian unitary reducing part for a subbrownian operator
using a Brownian extension.

Firstly, we refer to the relationship between the subspaces Hq, Hyo, Hy,
and H, = HY of a Brownian operator.

Theorem 4.1. IfT € B(H) is a Brownian operator, then the quasi-Brownian
1sometric and the Brownian isometric invariant parts, respectively, the Brow-
nian unitary and the Brownian isometric reducing parts of T in H coincide.

In fact, if Roo # {0} we have

Hy = Hyo = 2 (V,ERL) © My, Hip = Hs (4.1)

where the operators V, E are from the block matriz (2.5) of T, Reo is the
unitary part of T*|g(a,y, while Hy = HY is the Brownian unitary part of T
in H with cov(T|y,) = 1.
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Proof. We know that a Brownian operator 7" has the representation (2.5) on
H = N(Ar) ©R(Ar) with isometries V' = T|yra,) and W* = T*|g(a,), an
expansive operator E = PyapTlr@ay) with R(E) = N(V¥) and
AT"R(AT) = F*F + AW = 1.

Since W is a coisometry, one has W*W = 1®0, and so E*E = 1 ® 21 on
R(A7) = R(W*) @ N(W). In addition, the unitary part of W in R(Ar) is
Reo = NI —Sw) C R(W*),s0 W =UDS* on R(AT) = Roo @R, where
U is unitary and S is a shift operator. But Ro reduces E*E (using (2.1)
and the fact that E*FE commutes to W), hence if we write E = (F G)
from Roo @ RL into N(Ar), then E*E = F*F & G*G = I © G*G whence
F*F = 1. Thus F is an isometry and one obtains the relations

N(V*) =R(E) =R(F) ® R(G) = ERx ® ERZ,.
Therefore we can write the isometry V as a direct sum
V=Vo®WVi on N(Ar)=[Ho ® 12 (V,ERL)] ®13(V,ERx) =: & ® &1

where Ho is as in (2.1).
Next with such V and E, W as above we infer the representation

Vo 0 0 G
o v F oo

=10 o v o (4.2)
0 0 0 5

on the orthogonal decomposition H = £ © & ® Roo ® RL. Since Roo =
N(I — Sy) = R and that F is injective, we conclude by (2.6) and (3.3)
that Hy = Hpo (= N(Ar), if Reo = {0}), i.e. the first equality in (4.1)
holds. When R« # {0} we infer from the above matrix representation that
the subspace
Hi = Hoo ® [I3(V, ERoo) © Roo

reduces T to a Brownian unitary operator of covariance 1 = ||Ar||, which
is even the 1-Brownian unitary part of 7" in H. Moreover, because R(E) =
N (V*) it follows that the isometric reducing part is even the unitary part
of T'in H, i.e. H*® = Hoo. So, by (3.4), we have Hj,, = H; and from the
above matrix representation of 7" we obtain the second equality in (4.1).
This completes the proof. ([l

Since for a Brownian operator T, Ar is an orthogonal projection, we
have ||Ar|m|| = 1 for any non-zero subspace M C R(Ar). Hence T has a
Brownian unitary reducing part Hy, # Hoo in H (with cov(7'|,) = 1) if and
only if T7*|g(a,) has a non-zero unitary part in R(A7). In this case we can
determine the Brownian unitary reducing parts preserving the covariance 1
of the restrictions of T' to non-null invariant subspaces, and we express such
parts in terms of Ty, .

Theorem 4.2. Let S € B(H) be a subbrownian operator such that {0} #
N(Ag) # H and T € B(K) be a Brownian extension of S on K D H.
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Suppose that Ky C K is the Brownian unitary reducing part of T with
cov(T|x,) = 1 and that S has Brownian unitary reducing part Hy, C H
with cov(S|y,) = 1. Then Hy, is the reducible part of T in H N Kp.
Moreover, let V. = T\, W = T*|giar) and E = PyanT|riar-
Then
Hy = Hoo @ [I2(V, ER) & R], (4.3)

where R s the unitary part of the compression of W to the subspace

R(As)NE*N(V}*), Vi = V|, , while Hy is the reducible part of V|N(AT|)€b)
m N(As) QN(AT“CZ,)'

Proof. Let S = T'|y and Hp, Kp be as above. Then H; is invariant for
T and Ty, = Sy, is Brownian unitary, hence H;, C Ky (the Brownian
isometric invariant part in IC of T'). Next H, is invariant for the 2-isometry
T|k,, and cov(T|y,) = cov(T|k,,) = 1, consequently H; reduces T'|i,, to
a Brownian unitary operator, by [3, Lemma 5.90]. Then, by Theorem 4.1,
we have H;, C K}, = Ky, and so (as above) Hy, reduces T'|x,, and finally H;
reduces T'. This last conclusion together with the fact that H, C HNK, and
that H N Ky is invariant for T implies Hy C H, is the reducible part of T" in
HNKyp. But H, reduces T', hence it reduces S and T'|x, (as H, C HNK}), and
S|, = (Tlk,) |, is Brownian unitary. Since Ag), = Agy,, [n, = Apy, |n,
and cov(Sly,) = cov(Tk,) = 1, we get cov(S|y,) = 1. Consequently,
H, C Hp (by the meaning of Hj) and finally H;, = H,. This provides the
first assertion of theorem.

Next we express H; in the terms of isometries V = Ty (ap), W =
T*|r(a,) and of the expansive operator £ = PyaT|lr(ar) With R(E) =
N (V*) from the block matrix of T on K = N (Ar)®R(Ar). Recall that Ap
is an orthogonal projection, so E*E + W*W = 21, and Roo = N(I — Sy+)
is the unitary part of W in R(Ar), W being an isometry. So F' = E|r__ is
an isometry from R onto N (V;*), where Vj, = V|N(AT|zcb)'

Let M C H be any reducing subspace for S such that S' = S|\ is
Brownian unitary with cov(S’) = 1. Then M C K; and M reduces T'|i, (as
in the case of Hy before), therefore

M= M(AS/) S R(AS/) C N(As) ﬂN(Aﬂ;Cb) ) R(As) N R(AT’ICI,)-
Since cov(S’) > 0, we have N (Ag/) # {0}, so

Ho = N(As) NN (Arlx,) # {0},

The subspace Hjg is invariant for 7', and so for V; and S, while Vj =
T3, = S|, is an isometry and

0 C
where C, D are contractions. Consider the subspace Hi C Hg given by

vb:<V0 D) on N(Arlk,) = Ho @ He .
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where Hgso is the unitary part of Vy. Clearly, H; reduces the isometries
Vo, V, Vi, S|arag) and let Vi := Vg, (= V], = S|#,). Then

NV cN(Vy) c N (V) = FReo,
which implies F*N (V}*) C Roo. So we have

R1:=F'N(V)NR(As) C Reo NR(Ag).
But as M reduces S and Tk, to S’ = S|y = T|m a Brownian unitary of
covariance 1, we infer that {0} # R(Ag) C R;.

On the other hand, the above subspace Hoo is invariant for the isometry
S|aag) and Sl = Volage, is unitary, therefore Hooo reduces S|nr(ag)
and so it reduces S to a unitary operator. Hence Hoso C Hoo (the unitary
part of S in H). Also, Hoo is invariant for V' and so it reduces V and T
to a unitary operator, therefore Ho, C Ho and Hoo reduces Vy which gives
Hoo C Hooo- Thus Heo = Hooo, and as N (Ag/) C Ho C N(Alecb) and M
reduces T, , we obtain N (Ag) C H1 = Heo @ I2(V,N (V) © R(D)).

Let Wy = Pg,W/|g, which is a contraction on R; and let R C Ry be
the unitary part of W7 in Rq. Clearly, R reduces W to a unitary opera-
tor, so R is even the unitary reducing part of W in Rqi. Now we remark
that R(Ag) is invariant for $* = T*|yy = W] and Sl*|R(AS,) is unitary
(as S” is Brownian unitary). Since R(Ag/) C Ry, we obtain by the pre-
vious conclusion that R(Ag/) € R. In turn this, by the above inclusion
N(Ag) C Hy, yields N(Agr) C Hoo ®12(V, FR), and finally as F|g = E|g
we get

MCHo®[3(V,ER)®R] = H.
In particular we have H, C H' (taking into account the choice of M). But
H' C H N Ky and obviously H' is invariant for T'|x,and T3 = S|y is
Brownian unitary with cov(T|y) = 1 (as E|g = F|g is an isometry and
T*|gr = W|g is unitary). Hence H' reduces the 2-isometry T'|x, and so H’
reduces T. Then by the first assertion of theorem we infer that #' C H;, and
by the above converse inclusion we get H, = H', that is, the representation
(4.3) of Hp. We proved the second assertion and this ends the proof. ]

We retain from the previous proof that a subbrownian operator S has a
Brownian unitary part H; on which S has covariance 1 if and only if the
subspace R from (4.3) is non-zero.

Remark finally that the argument from this proof can be also used for
any 2-isometry of positive covariance and a Brownian unitary extension of
it which preserves the covariance (see [3, Theorem 5.80]). We give this result
in the sequel.

Proposition 4.3. Let S € B(H) be a 2-isometry with § = cov(S) > 0 and
N(Ag) # {0}, and let T € B(K) be a Brownian unitary extension of S on
K D H such that cov(T) = 6. Assume that the block matriz (2.5) of T on
K = N(Ar) & R(Ar) is given by the isometries V = T|yapy, F = 0'E
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where E = PrxaT|r(ar) and the unitary operator W* = T*|g(a,). Then
S has a Brownian unitary reducing part Hy, C H with cov(Sly,) = 0 if

and only if W has a reducible part R # {0} in F*N(V;") N R(Ag), where
Vi = Vly, and Hy is the reducible part of V in N'(Ag). In this case Hy has
the form (4.3) and it is the reducible part of T in H.

The proof of this proposition follows step by step as the previous proof
in a simplified form, because in this case we have K, = IC;, W is unitary, so
Reo = R(A7), 6 1E is an isometry and Ho = N (Ag) (in the above proof).
We omit other details and comments.

Proposition 4.3 leads to a generalized von Neumann—Wold decomposition
for a 2-isometry T with a non-trivial part Hjp, which thus can be written
as a direct sum between a Brownian unitary part having the covariance of
T and a 2-isometry without such a direct summand. Recall that the von
Neumann—Wold decomposition from [15, 20] for a 2-isometry refers to the
unitary part (i.e. the Brownian unitary part of covariance 0) and to the
analytic 2-isometric part.

The last two results show that it is possible to get Brownian type parts
for concave operators which does not satisfy the condition (1.2). The inves-
tigation in this direction will be continued in a future paper and will concern
even non-expansive operators.
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