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Lacunary discrete spherical
maximal functions

Robert Kesler, Michael T. Lacey
and Dario Mena Arias

ABSTRACT. We prove new £F(Z%) bounds for discrete spherical averages
in dimensions d > 5. We focus on the case of lacunary radii, first for
general lacunary radii, and then for certain kinds of highly composite
choices of radii. In particular, if Ay f is the spherical average of f over
the discrete sphere of radius A, we have

||Sl;p|A)‘kf|ng(Zd) S HfHZT’(Zd)7 27:3 <p S Tiz? d Z 57

for any lacunary sets of integers {\7}. We follow a style of argument
from our prior paper, addressing the full supremum. The relevant max-
imal operator is decomposed into several parts; each part requires only
one endpoint estimate.
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1. Introduction

We prove F bounds for discrete spherical maximal operators, concentrat-
ing on variants of the lacunary versions of these operators. They have a
surprising intricacy. For A\? € N, let sy be the cardinality of the number of
n € Z% such that |n|?> = A2. Define the spherical average of a function f on

7% to be
Aflx)y=s37" > flz—n)

neZd : |n|2=X
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We will always work in dimension d > 5, so that for any choice of A\? € N,
one has sy ~ A\?"2. Define the maximal function A,f = sup, A,f, where
f is non-negative and the supremum is over all A for which the operator is
defined. This operator was introduced by Magyar [15], and the ¢? bounds
were proved by Magyar, Stein and Wainger [16]. Namely, this is a bounded
operator on /P for p > d%‘IQ.

We address the discrete lacunary spherical maximal function. We say
that a set of integers {A? : k > 1} is lacunary if A}, > 2A{ for all k € N.
Let Ajae = supgez Ay, f- We will see that the choice of the A\; have a strong
impact on the results.

Theorem 1.1. For d > 5, let {)\z} be any lacunary sequence of integers.
The mazimal operator Ay, maps (P(Z%) — (P(Z3) for p > %.

Our bound % is smaller than the index d%dQ, for which the full supremum
A, f is bounded [16]. Kevin Hughes [7] proved a version of the result above,
for a very particular sequence of radii, and in dimension d = 4. In contrast to
the continuous case, no such inequalities can hold close to #!. An example
of Zienkiewicz [20] show that there are lacunary radii {A;} for which the
corresponding maximal operator Aj,. is unbounded on /P, for 1 < p < %.
It is an interesting question to determine the best p = p(d) for which any
lacunary maximal function Ajp,. would be bounded on ¢P(Z%).

The Theorem above concerns classical type examples of radii. Brian Cook
[5] has shown that for highly composite radii A7 = 2¥!, that the maximal
function supy Ay, f is bounded on P, for all 1 < p < oco. The Theorem
below shows that this continues to hold for e.g. A7 = [k'°8l8 k)1,

Theorem 1.2. For d > 5, let up be an increasing sequence of integers for

which |
. 108 Mk
1 = 0. 1.1
W log k (1.1)
Then, for A2 = !, the mazimal function supy Ay, f maps (P(Z4) — (P(Z%)

for1 < p< 0.

Our method of proof is inspired by a method of Bourgain [1], and its
application to the discrete setting by Ionescu [8]. We used it for the full
discrete spherical maximal operator of Magyar, Stein and Wainger in [10].
In particular, we proved an endpoint sparse bound in that setting.

These arguments are relatively easy. The maximal operators are treated
as maximal multipliers. Each component of the decomposition of the mul-
tiplier needs only one estimate, either an ¢? estimate, or an ¢! estimate. As
such, the argument can be used to simplify existing results, and simplify the
search for new ones. We illustrate these ideas in a simple context in §2. The
discrete lacunary theorem is proved in §3, and the highly composite case in
8 4.
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2. The continuous lacunary case

To illustrate the proof technique, we prove the classical results on the
lacunary spherical averages on Euclidean spaces. Let S*! be the unit sphere
in R, and let ¢ be the rotationally invariant probability measure on S?~1.
Let

Apf(x) = /S f(z —y) do(y).

The key property of these averages that we will rely upon is the stationary
decay estimate

—~ _d-1

[do(§)] S €172, (2.1)
where the tilde represents the Fourier transform. We begin with this propo-
sition.

Proposition 2.1. For f = 1 and g = 1 supported on the unit cube in
R?, there holds

(A11p,16) S (|F|-|G)TT,  F.Gc o, 1%

The inequality above is just a little weaker than the classical result of

Littman [14] and Strichartz [19], that locally .4; maps LT into L1, That
inequality requires a sophisticated analytic interpolation argument.

Proof. The proof proceeds by this supplementary procedure. For integers
N, we estimate Ay f < M7 + My, where

d—1
IMillo < NIF|,  [[Mslls < N~72 |F|'/2, (2.2)
With this established, we have
(Ailr,16) < NIF|- |G|+ N~ [|F| - |G]]?

Optimizing the right hand side over N proves the proposition. We omit the
details.

It remains to construct M; and M. Let ¢ be a non-negative Schwartz
function, with integral one, and compact spatial support. Likewise, set
oi(z) = t~%p(2/t). Then, M; = ¢1/n * Arf. This is convolution of f
against a uniform probability measure supported on an annulus around the
unit sphere of width 1/N. So it is clear that M; satisfies the first estimate in
(2.2), and the second estimate (2.2) for My follows from (2.1). (This proof
is known to experts in the subject.) ]

The next argument addresses the lacunary spherical maximal function.

Theorem 2.2. Let {\;} C (0,00) be a lacunary sequence of reals. Then,
there holds

IIS%pAAkap Sy, 1<p<oo. (2.3)
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Proof. The inequality in (2.3) is elementary for p = 2. And we take it for
granted, while noting that a certain quantification of this familiar argument
will appear below. It remains to prove the inequality for 1 < p < 2. We aim
to prove the restricted weak type estimate

<Sllip¢4>\kf»g> SIFMP G, (2.4)

where f = 1p and g = 1. Note that the L? inequality implies this for
|G| < |F|. So we assume the converse below.

We set up a supplementary objective. For sets F' C R? of finite measure,
choices of 1 < p < 2, and all integers N, we can write supy, Ay, f < M+ Mo,

1M || < (log N)|F|MP, (2.5)

—1

IMals S N~F|F|V2. (2.6)
We have
<Sl]1pA)\kf’g> 5 <M17 1G> + <M27 1G>

< (log N)|F|V/?|G|®P-D/P 4 N~ [F|1/2|G V2,

Recalling that |G| > |F|, we can optimize this over N, and then let p tend
to one to complete the proof of (2.4). We omit the details, except to say
that the restriction to indicators is very useful at this point.

We turn to the construction of M; and Ms. Using the same notation is
in the proof of Proposition 2.1, set

M, = SUP P, /N * Axg S

This defines My implicitly. The stationary decay estimate (2.1) and a stan-
dard square function argument combine in a familiar way to prove (2.6).

M3 < lleae v * Ax £ — Ax FII3
k

< HfH%sngWks) — 112 |do(€)]?
k

< N R

Note that this argument is a certain quantification of the standard square
function proof of the boundedness of the lacunary spherical maximal oper-
ator on L2,

For (2.5), namely the control of M;, we show that the maximal function
By f = supy py, /N * Ay, f satisfies a strong type LP bound smaller than
log N.

Now, it is clear that By is a bounded operator on L?. One can approach
the LP bounds for 1 < p < 2 directly, using a bit of Calderén-Zygmund
theory. We use duality, however. This requires that we linearize the maximal
operator By f, which is done as follows.
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For any collection of pairwise disjoint subsets of R? denoted by {Sy : k €
Z}, we can form the linear operator

Tf= Z 1s,9x, /N * Ax, f-
e

This is bounded on L?, independently of the selection of the sets Si. We
show that T maps L™ into BM O with norm at most log N. By interpola-
tion and duality, we see that (2.5) holds.

To verify our BMO claim we need to show this: For ¢ € L*, and cube
Q, there is a constant y so that

/Q T*6 — ul® < (log N2[161% Q. (2.7)
Split 7™ into three parts, Tiy, T, TS, where

T =D g+ Ax (1s,0),
ko A\ <l@Q

Tio= > oA (1s.9),
k’:fQ<)\k/N

This defines T} implicitly. Define p = T5¢(xq), where xg is the center of
Q. Straight forward kernel estimates and lacunarity of \; show that

sup|Ty ¢(z) — p| S [|loc-
zeQ
For Tjy, we have the L? bound for T* which implies

/ T2 do = / T3 (61a0) P d < 6]%1Q)
Q Q

That leaves 17, but it is the sum of at most log N functions each bounded
by ||¢|lcc- Thus, (2.7) follows.
O

We make these additional remarks on this method of proof used in this
paper.

(1) The fine analysis of the L! endpoint of the continuous lacunary
spherical maximal function is still an open question [18, 4]. It would
be interesting to know if this technique can simplify those arguments.

(2) For the local maximal operator sup; <<y Ay f, considered by Schlag
[17], there is an elegant proof of the LP improving estimates along
these lines of this section, given by Sanghyuk Lee [13]. The latter
argument can be modified in an interesting way to prove sparse vari-
ants for the Stein maximal operator, giving certain improvements
over the sparse bounds of [11].

(3) Likewise, the ¢! endpoint cases are of interest in the discrete case.
Can one show that for the maximal functions M in Theorem 1.2,
that they map £log ¢ into weak ¢'?
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(4) The two proofs can be combined to prove a restricted weak type
sparse bound for the lacunary spherical maximal function at the
point (d%l, %). This is an interesting extension of the sparse
bounds proved in [11]. We leave the details to the reader.

(5) The main results of [10] prove sparse bounds for the Magyar Stein
Wainger discrete spherical maximal function. Those inequalities can
be combined with Theorem 1.1 and Theorem 1.2 to give novel sparse
bounds for these operators. These in turn imply novel weighted
inequalities, which we leave to the interested reader. However, in
the special case of Theorem 1.1, one can prove additional sparse
bounds. We do not purse these details here.

We thank the referee for encouraging us to include this section in the
paper.

3. General lacunary sequences
The key Lemma is the restricted type estimate below.

Lemma 3.1. Let )\z be a lacunary set of integers. For a finitely supported
function f = 1p, and function T : 7% — {\}, there holds

lAfl, S IFY?, =2 <p<o. (3.1)

We will use the stopping time 7 to simplify notation throughout. We turn
to the proof. It suffices to show that for all integers N, we can decompose
A f < My + My with

IMillire S Nliflave. [Malla S N7Z) £l (32)
Above, implied constants depend upon 0 < € < 1, but we do not make this
explicit here, nor at any point of the paper. Optimizing over N proves (3.1).

Both M; and M, have several parts. The first part of My is M1 =
1,<nA), f. It trivially satisfies the first half of (3.2).

Recall the decomposition of Ay f from Magyar, Stein and Wainger [16].
We have the decomposition below, in which upper case letters denote a
convolution operator, and lower case letters denote the corresponding mul-
tiplier. Let e(z) = €2™® and for integers ¢, eq(z) = e(z/q).

Arf =C\f + E\f, (3-3)
af= Y N ey,
1<A<q ez
e =CYE) = Y Gla, b, q)dg(€ — t/a)dor(E —t/q)  (3.4)
éezg

Gla,l,q) =q "> eglinfa+n-1).

nezd
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The term G(a,/,q) is a normalized Gauss sum. Above, a is in the multi-
plicative group Z;. Recall that

G(a,l,q)| S ¢ V2, ged(a, l,q) = 1. (3.5)

In (3.4), the hat indicates the Fourier transform on Z? and the notation

identifies the operator C;/ 7 and the kernel. All our operators are convolu-
tion operators or maximal operators formed from the same. The function
is a radial Schwartz function on R? which satisfies

Lg<ijz = J(f) < Lig<a- (3.6)

The function Jq(g) = 4(g€). The uniform measure on the sphere of radius

X is denoted by doy and doy, denotes its Fourier transform computed on R¢.
The standard stationary phase estimate is

- _d—1
|do () S 1€ (3.7)
We have this estimate, stronger than what we need, from [16, Prop. 4.1]:
For all A > 1,

4-d
| su 1Bxlllny S A7 (3:8)

Our first contribution to My is My = |E-f|. This clearly satisfies the
second half of (3.2).

It remains to bound C'; f, requiring further contributions to M; and Ms.
Recall the estimate below, which is a result of Magyar, Stein and Wainger
[16, Prop. 3.1].

[suplCS 11, < a2 1 £l
A>q

It follows that

S Y lcear]s S NTF e (3.9)

>N qezy
Our second contribution to Ms is therefore

Moo = Z Z|C$/qf|.

N<g<A an;

We are left with the term below, which will be controlled with further
contributions to M7 and M>.

> ¥ e

1<q<N gz

Decompose C;/ 7 — Cj/lq + C’;/Qq where we modify the definition of ci/ ?in
(3.4) as follows.

€)= Glau b, q) b (€ — £/a)dox(E — t/q).

lezd



548 R. KESLER, M. T. LACEY AND D. MENA

The last contribution to My is
Moy = ( 3 c;jéqf‘.

1<q<N
When considering C’f/;], the difference 1’/;(1(5) — JA /N (&) arises. But this is

zero if || < N/2\. Using the Gauss sum estimate (3.5) and the stationary
decay estimate (3.7), we have

RS DI SRAi

k>N 1<q<N qez

<N Y S e

1<g<N k>N qe7.%
< N27d § q27d S N27d.
1<g<N

This is smaller than required.
The principle point is the control of

Mo, f= Z Z Cf’/qu,

1<q<N gez

and here we adopt our notation for operators. In particular, we examine the
kernel for the convolution operator M . By a well known computation,
(See [8, pg. 1415], [7, (42)], or the detailed argument in [12, Lemma 2.13].)

I
Mg x(n) = Kx(n) - Cn(A? = [n[?), (3.10)
where  Ky(n) = ¥/ * dox(n), (3.11)
and Cy(n)= Z cq(n) = Z Z eq(am).
1<q<N 1<n<N qez

The terms ¢, are Ramanujan sums, well-known for having more than square
root cancellation. We need a further quantification of this fact. We find
this result in a paper by Bourgain [2, (3.43), page 126] and will give a short
proof for completeness. (Also see [9].) We remark that the main result of [3]
gives a precise asymptotic for the expression below for j = 2. In particular,
this result shows that the inequality below is sharp, up the € dependence.

Lemma 3.2. Given € > 0 and integer j, the inequality below holds for all
integers M > Q7.

q1/5
[;4 2 [ch(n)!}]] < Q. (3.12)

n<M ¢<Q

We postpone the proof of this fact to the end of this section. We also
need
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FIGURE 1. A sketch to indicate the estimates (3.13). The
convolution doy x 1) /y is essentially supported in an annulus
around a sphere of radius A of width about A\/N.

Proposition 3.3. For the kernel Ky defined in (3.11), we have this mazimal
inequality, valid for any lacunary choice of radii {\}.

|sup K| Sllgln  1<p<2 (3.13)
k>N p

Proof. This follows by comparison to lacunary averages on R?, which we
can do since the inner and outer radii compare favorably, as indicated in
Figure 1. Let us elaborate. Consider 1 < M < A, with A/M > 1. The
annulus Ann(M,\) = {z € R? : |||z|| — A\| < A\/M}. Then, the volume of
the annulus is comparable to A?/M. And, the number of lattice points is,

24N Ann(M,\)| = > {n ez : |n|=p}
H2EN : A(1=1/M)<p<A(1+1/M)
~ Z 1472 ~ |Ann(M, \)|.

H2EN : A(1-1/M)<p<A(1+1/M)

The last equivalence holds as we are summing over approximately A\2/M
values of p. In dimension d > 5, we always have a good estimate for the
number of lattice points on a sphere.

O

Let us give the proof of [ My a7 f|l1+e S N'€|| fll14e, as required for (3.2).
We can estimate M o, f from the kernel estimate (3.10). We use Hélder’s
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inequality for a large even integer j, and fixed Ag

| K@y = ) f(a —n)

nezd

/7
< [ IFF @] % [ Kam)Cn (2 — [n)V]
nezd
= \IJL/\f : \1127,\. (314)

We pick j ~ 10/¢, and claim that
[sup @1, |, S 1FIVP, sup Ty, S N (3.15)
k k>N

~

Indeed, we have 1 < j' < p. Therefore, we can use (3.13) to verify the first
claim in (3.15).

Concerning the second term in (3.14), we turn to Lemma 3.2, and argue
that

sup Uy 5, S Nite
k>N

from which (3.15) follows. Apply Lemma 3.2 with Q = N,

L5 ey 5w s
[n|<M

The following extension holds: Let ¢ be monotone smooth non-negative
decreasing function, constant on [0, M), with L' norm one. We then have

00 1/7
[Z\CN(H)VC(”)] S N (3.16)

n=0

This follows by a standard convexity argument, based on the identity

o) == [ o) € w0

Recall that k > N, so that A\;, > 2V > M. And, we can write

)\k ~ Z|CN - ‘]7' B T%\ /Nﬁ *dO’)\k( . 707 \/77)

—}ij — )P (A7)

The inequality ( 16) shows that this last term is uniformly bounded by
N7, since B = 9=2 < 1. To see this, consider first the case of r > \2. By
inspection,

by, o % dorn, () S
ol [<ae/ne * Y
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The left-hand side is essentially constant on the annulus around the sphere
of A\ of width \y/N?, and has total integral one. It follows that ¢)(\g,r) is
essentially constant on the same region, and

Nﬁ
sup V(A7) S 3
[Ap—/T|<Ap /N5 K

And, fooo ¥(Ak,7) dr < 1 by construction. The case of 0 < 7 < A2 is entirely
similar.

Proof of Lemma 3.2. We will marshal four facts. First, n — c4(n) is ¢-
periodic, and bounded by ¢q. Moreover, we have the bound |c4(n)| < (g,n).
To see this, recall that if ¢ is a power of a prime p, we have

0 PP lin
cpr(n) = ¢ —p P n,pF i n
pP(1—1/p) p¥|n

We see that the conclusion holds in this case. The general case follows since
cq(n) is multiplicative in g.

Second, for ¢ = (qi, .- -,q;) € [1,Q]*, let £(q) be the least common multi-
ple of ¢1,...,qx. Observe that n — HZ: cq;(n) is periodic with period £(q).
This, with the condition that M > (7, implies that

a7 2 el < 0= 3 [on (3.17)

n<M i=1 n<£ (q)i=1

Third, for all € > 0, uniformly in ¢ € [1, Q]*,

> H gj,n) < Q¥ (3.18)

n<L(q) i=1
To see this, begin with the case of ¢ = p®, for prime p and =z > 1. For
integers k,
Z (pa: n)k < pxk+e
n<p?®
as is easy to check. We need an extension of this. Let x1,...,x; be distinct

integers, and let k1, ..., k; be integers. There holds

Z H mé k <p . lxbk: +€ (3‘19)

n<pTl s=1

where above we assume that x1 > @9 > -+ > x;. As n — (p*,n)F is
periodic with period p®s, one has
t

SoIIe™ =11 > »*.n)"

n<p® s=1 s=1n<pTs
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and the claim follows.

Turning to a vector ¢, write the prime factorization of £(§) = pi* - - - pi*.
Write each ¢; = Hi:l pd*, where 0 < y; < ;. Then, for appropriate integers
ky, we have

k
Hq]7 HHps>
=1 s=1y=1

One must note that HZS:1 (pY)Fv < QF. Again appealing to periodicity and
using (3.19), we can then write

> ﬁ(% > HHps,

n<L(q) =1 n<L(q) s=1y=1
t Ts t +Zzs K
=11 > IIeew™ < Iws =" st
s=1n<p®s y=1 s=1

Fourth, we have the inequality below, valid for all ¢ > 0

1
> )~ < Q- (3.20)
qe[1,Qp
Appealing to the divisor function d(r) = _ .., 1, and the estimate d(r) <

~

r¢, we have

1 d(Q)j €j
2 @ = q >

7€[1,Q) q<Q’
As € > 0 is arbitrary, we are finished.

We turn to the main line of the argument. Estimate

UO AT b o1 10

n<M ¢<Q n<M ge[1,Q) i=

> Y Tl

7€[1,QY n<L(q) =

(3. 17)

3.18 e+j (3.20)
( 2 ) Qeti 2 Q2€+]
7e[1,Qp l

This is our bound (3.12).
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4. The highly composite case

We follow the lines of the previous argument, but the underlying details
are substantially different, as we are modifying Cook’s argument [5], also
see [6]. The essential features are due to Cook. We hope that this way of
presenting the proof makes the argument more accessible.

The point is to show that for any 0 < ¢ < 1, and f = 1p, a finitely
supported function, stopping time 7 : Z¢ — {A\x}, and any integer N, we
can choose My and Ms so that A, f < M; 4+ Ms where

[Millp < NGIFII/” (4.1)
M| S N7 E[ (4.2)

The implied constants depend upon € > 0. This proves our Theorem 1.2.

Fix e > 0. It suffices to prove (4.1) and (4.2) for sufficiently large N > Nj.
Recall that A7 = y!. By our key assumption (1.1), namely that p; grows
faster than any polynomial, there is a choice of Ny so that for all N > Ny,
we have pyeq > N 3. For these integers, the first contribution to M is
M f = 1TS>\[N€]ATf. This clearly satisfies (4.1). We can assume that
T > )\[Ne] below.

The decomposition of the averages Ay, is different from that in (3.3).
Modify the definition in (3.4) as follows. Set Q = N!, and define

= Y Y Gla.6.Q)ag(€ — £/Q)dor(E — £/Q).  (4.3)
OSa<Q£eZd

Note that this is a very big sum. In particular it is typical to restrict Gauss
sums G(a, £, Q) to the case where ged(a, £, Q) = 1, but we are not doing this
here. Our second contribution to My is Maof = |B,f — A, f|. Here, we are
adopting our conventions about operators and their multipliers.

Lemma 4.1. We have the estimate ||Maaf|l2 < N \F\l/z

Proof. The difference M> f is split into several terms. Using the expansion
of Ay from (3.3), the expansion is

Maof < |Ef1+ 3 3 |ce/ay|

>N aezy
+ ‘BTf— ST 3 eg(—rPaycagl. (4.4)
1<g<N gz

We bound the ¢? norm of each of these terms in order.

The first term on the right is bounded by appeal to (3.8). The second
term on the right is bounded by appeal to (3.9). Thus, it is the third term
(4.4) that is crucial. We have this critical point about the term e,(—72%a)
appearing in (4.4). The stopping time 7 takes values in {\g : kK > N€}. The

highly composite nature of the A\ shows that eq(—)\ia) =1, for £ > N°€,
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1 <g<N,and a € Z;. (Indeed, this is the crucial simplifying feature of
the highly composite case.) And so the term in (4.4) is

BTf_ Z Z Cg/qf

1<q<N gez

For a fixed value of 7, the multiplier above is

Yo D G Q& — /Q)dor(E — /Q)
0<a’<@Q Z’eZdQ (4 5)

= 3" T Gla,tq)dy(E — t/q)don(E — ¢/q).

1<q¢g<N anX

Recall the following basic property of Gauss sums. For o/, ¢, Q as above,
we have

G(d,0,Q)=G(d/p,¢/p,Q/p);,  p=pawy=gedd,l',Q).  (46)

It follows that the difference (4.5) splits naturally between the two cases
when for fixed a’, ¢’ we have Q/p being either strictly bigger than N or less
than or equal to N.

In the case of Q/p < N, define

tun(© = D Gd 0, Q){a(E—/Q)—1g,(E—1'/Q)}dor(E—L/q).
Vrnw

Notice that the difference {Q,ZQQ(E) - T,ZQ/p(f)} is zero for |¢| < (4Q)~!. We
have by a square function argument and the stationary phase estimate (3.7),

S T I3 SEI3 Y (@A) < QPP

k>Nc¢ k>Nc¢

since we have piye > N3, and so A\, > N3!, while Q = N!. This is summed
over 0 < a’ < @ to give a smaller estimate than claimed.

In the case of @/p > N, a modification of the argument that leads to
(3.9) will complete the proof. Fix ¢ > N, and set

=Y. > G l.QalE -~ /Q)dor(E ~ t/q).

d / d
a’GZQ V4 EZQ
Q/par =4

This differs from -, /e by only the cut-off term 12 (). This is however
a trivial term, due to our growth condition on A; and the stationary decay
estimate (3.7). Note that from the Gauss sum estimate (4.6), and an easy
square function argument, and (3.5), we have

d a
1S flla S @' 21 flla+ D IC9f o

a€lq
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But then, we can complete the proof from (3.9). And the proof is finished.
O

It remains to consider M; of = |B; f|, where B, f is defined in (4.3). We
show that it satisfies the /P estimate (4.1), using a variant of the factorization
argument of Magyar, Stein and Wainger [16]. The factorization is given by
B) =T, o U, where the multipliers for these operators are given by

Y o€~ £/Q)don(s — ¢/Q),

0<a<@Q EGZdQ

and  w(@) = > Y Gla,6,Q)0 —1/Q).

0<a<@ EeZdQ

Namely, the multiplier ¢, is 1/Q-periodic, and has the spherical part of the
multiplier. All the Gauss sum terms are in u(§). The fact that By =Ty oU
follows from choice of ¢ in (3.6).

Concerning the maximal operator 15 ¢, we can appeal to the transference
result of [16, Prop 2.1] to bound ¢P norms of this maximal operator. Since the
lacunary spherical maximal function is bounded on all LP(R?), we conclude
that

1T7¢ller < llller, 1 <p<oo.
Apply this with ¢ = U f. It remains to see that U f is bounded in the same
range. But this is the proposition below, which concludes the proof of (4.1),
and hence the proof of Theorem 1.2.

Proposition 4.2. For 1 <p <2, we have |Uf|, S ||fllp-

Proof. The ¢? estimate follows Plancherel and ||u||oo < 1. It remains to ver-
ify the ¢! estimate. But, that amounts to the estimate ||U||y = Y, |U(m)| <
1. And so we compute

U(=m) = [ )< ag

= 3 Y Gt [ dote - Qe i

0<a<Q£eZd
—vo(m) 3 3 Gla.t.Qe ™
0<a<QeeZd

—19 S S S calalf + (0 -m) )

0<a<@ neZd eeZd

Qd 1 Z ZeQ n—m €)5{|n\2 =0 mod Q}

nezd zezd

= QY (M)d{jm|>=0 mod Q}-
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And, then, recalling (3.6), it follows that

UL =Y 1Um)] SQY > Sme=o mod 0}

Im|<Q

Q Q
— L~ d=2 — .4
SQUIY QI Py it

J=1 Jj=1
([

A more general version of this last lemma is proved in [6, Lemma 15].
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