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K-theory for real C*-algebras via unitary
elements with symmetries

Jeffrey L. Boersema and Terry A. Loring

ABSTRACT. We prove that all eight KO groups for a real C*-algebra can
be constructed from homotopy classes of unitary matrices that respect a
variety of symmetries. In this manifestation of the KO groups, all eight
boudary maps in the 24-term exact sequences associated to an ideal in
a real C”"-algebra can be computed as exponential or index maps with
formulas that are nearly identical to the complex case.
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1. Introduction

In the common picture of K-theory for C*-algebras, the abelian groups
Ky(A) and K;(A) arise from projections and unitaries in M, (A), respec-
tively. Because of Bott periodicity, we do not worry about independent
descriptions of K;(A) for other integer values of i. In the case of real C*-
algebras, the same pictures carry over to give us concrete descriptions of
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TABLE 1. Unitary Picture of K-theory

K-group unitary symmetries
KO_1(A,71) u =
KOy(A,T) u=u", u" =u"
KOi(A,T) um = u*
KOy(A, ) u=u"u =—-u
KOs(A, 1) u® =y
KO4(A,T) u=u*, T =y
KOs5(A, ) uT =y
KOg(A,T) w=u*, U = —y

The classes in KO;(A, ), for a unital C*-algebra with real
structure are, in our picture, given by unitary elements of
M, (C) ® A with the symmetries as indicated. See Theo-
rem 7.1 and Table 3 for details.

KOy(A) and KO;1(A) in terms of projections and unitaries. The higher
K-theory groups (for ¢ # 0,1) can be defined using suspensions or using
Clifford algebras. While this reliance on suspensions allows the theoretical
development of K-theory to proceed nicely, it leaves much to be desired in
terms of being able to represent specific K-theory classes for purposes of
computation.

We rectify this situation by putting forward a unified description of all
ten K-theory groups (eight KO-groups and two KU-groups) of a real C*-
algebra A using unitaries in Mn(gc) satisfying appropriate symmetries, com-
pleting the project that we began in [7]. This unified description is summa-
rized in condensed form in Table 1. A complete description of our picture
of K-theory can be found in Theorem 7.1 and Table 3, which summarize
the results developed in detail through Sections 5 and 6. A salient fea-
ture of our picture is that all of the groups are obtained without using the
Grothendieck construction, so any K O-element can be represented exactly
by a single unitary.

The boundary maps associated to I — A — A/I can be critical when
calculating K-theory groups. In the complex case, both boundary maps have
explicit formulas in terms of lifting problems associated to projections and
unitaries. Any picture of real K-theory should have computable boundary
maps in the 24-term exact sequence of abelian groups associated to a short
exact sequence of real C*-algebras.
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For real C*-algebras, we have had explicit pictures for KO; for all j except
j=3and j =7 [19]. There were some details missing for j = 2 and j = 6
to adapt to the C*-algebra setting, but essentially these cases were dealt
with already in [41]. The boundary map has been less developed. Given
I -+ A — A/I in the real case, it is a folk-theorem that the usual formulas
in the complex case work to determine both 0y : KO1(A/I) — KOy(I) and
05 : KO5(A/I) — KOy(I). For this form of J5 it is essential to work with
the isomorphism KOj;4(D) = KO;(D ® H) where H is the algebra of the
quaternions.

We seek a consistent picture of the KO and KU groups that will allow
us to have essentially only two formulas for the boundary maps, one for the
even-to-odd cases and one for the odd-to-even cases. It will also tie real K-
theory more closely to classical mathematics. For example, the isomorphism
KO3(R) = Z3 can be given simply as sign of the Pfaffian of a self-adjoint
unitary that is purely imaginary.

We work with the complexified form of a real C*-algebra with the real
structure determined by a generalized involution. That is, our objects are
typically pairs (A,7) where A is a complex C*-algebra and 7 : A — A an
involution that is antimultiplicative and written a”. In the case where A has
a unit, the unitaries we consider live in M, (R) ® A and the symmetries are
in terms of the usual involution * and one of two extensions of 7 to matrix
algebras over A. These extensions are 7 = Tr ® 7 and # ® 7 where Tr is the
familiar transpose and f is the dual operation, discussed in detail later, that
is based on the derived involution on the complexification of H.

Recently there has been much interest in physics regarding real K-theory.
This has been true in string theory, to classifying D-branes, and in condensed
matter physics, to classify topological insulators. There are mathematical
reasons to study our constructions in real K-theory, but lets us briefly review
some of the physics.

In string theory, the utility of real K-theory in classifying D-branes was
discovered by Witten [40]. A more recent work more closely related to
this paper is [3]. More recent developments coming from this connection
have involved twisted K R-theory, as in [14]. In condensed matter physics,
real K-theory is used to classify topological insulators [21, 36]. Many of
the invariants, for example the computable invariant used to detected 3D
topological insulators [16], do not seem at first to be part of an KO group.
Recently detailed studies of K R-theory of low-dimensional spaces [12, 13]
explain the place in K-theory for such invariants, but only in the case of no
disorder. For methods that handle disorder, see [15, 28, 32].

The ten-fold way in physics [36] was a key motivation for this work. The
Altland-Zirnbauer [1] classification of the essential antiunitary symmetries
on a quantum system has ten symmetry classes, named according to asso-
ciated Cartan labels. These ten classes correspond to the two complex and
eight real K-theory groups, as in Table 3. It is hoped that the consistent
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and simple formulas presented here for all ten boundary maps will be of
utility in understanding the indices being developed in physics.

A typical problem involving topological insulators and K-theory involves
a collection of maps

o C(T?) — K

that are asymptotically multiplicative, while exactly preserving addition,
adjoint and the given real structure. That is, we have an element of real
E-theory. To identify that element, we need only pair it with each of the
two generators of KO_y(C(T?),id). Other spaces and involutions arise in a
similar fashion, as in [28, 30]. A typical real structure on C(X) is f* = f on
the domain and a typical real structure on the compact operators is the dual
operation. Thus the initial problem is how to calculate an explicit generator
of KO_5(C(T?),id). Let us revisit how the calculation would look in the
familiar complex case, where we need a generator of the reduced KUy group.

Consider the short exact sequence

0 — Cp((0,1)%) = C(T?) = C(S*v S =0

coming from the closed copy of S* x S' consisting of points (z,w) that have
either 2z =1 or w = 1. We need to compute the boundary map

o1 : KU (C(ST v SY)) — KUy(Co((0,1)%)).

This is easy. One generator of KU;(C(S'V.SY)) is uy defined by (z,w) — z.
This lifts as a unitary v to C(T?). The same is true of the other generator
so 01 = 0. Therefore

b KUo(Co((0,1)2)) — KUp(C(T?))

is an inclusion, and the element we need comes from the generator of
KUy(Cy((0,1)%)). To find that, one can look at the exact sequence

0— Co(U) = C(D) = C(SYH =0

and compute d; on the unitary u(z) = z. Here U is the open disk.
With a few modifications, the standard method to compute 9;([u]) for a
unitary in B is as follows, assuming

0=-I—-A—-B—=0

is exact with A unital. The first step is to lift u to an element a in A with
la]] <1 and then form the projection

(1) _ aa* av'1 —a*a
p= a*vV1—aa* 1—a*a )

To see how this arises from the more usual formulas [34, §9.1], notice

v — a —V1—aa*
- W1 —a*a a*
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is a unitary in A (cf. [34, Lemma 9.2.1]) that is a lift of diag(u,«"). Then
p = wvdiag(1,0)v* and so, up to identifying Mg(f) with a subalgebra of
M>(B), we have 0y ([u]) = [p] — [1].

Applying (1) in the case u(z) = z on the circle we lift (extend) to a
function a(z) = z on the disk. Then

(Z)— |Z’2 Z\/l_|z’2
P 21— 11— )

Taken as a map on the sphere, this is a degree-one mapping of S? onto the set
of projections in M2 (C) of trace one. In terms of the real coordinates (x,y, 2)
restricted to the unit sphere, we find the desired element of KU (Cy(U)) is

32 sz—sy\] _[(1 0
iy §-32 00/

Pushing this forward to C(T?) is a little tricky. One solution is the element

o (oo 25870 0)

where f, g and h are certain real-valued functions on the circle satisfying
gh =0and f*+ ¢g* + h* = 1, as discussed in [27].

Our immediate goal is to allow the calculation of generators of KO,
groups to proceed in essentially the same manner as in the preceeding cal-
cuation. In particular, the generator of KO_1(C(S'),id) will be [u] where
u(z) = z. What will be new is having to check that this matrix is symmetric.

Given

0=-1I—-A—-B—=0

exact, and unital, but now with real structures, given u a unitary in B
with 47 = u, we have a representative of a KO_1 class. To calculate the
boundary, we lift to a with ||a]| <1 and a” = a and form

w— 2aa" — 1 2av/1 — a*a
- \2a*V1—-aa* 1-2a*a )’
Then w is unitary, self-adjoint, and with the more subtle symmetry that is
component-wise given as
w-ﬁ = —w22, UJIQ = w12, w51 = w21-

We will see this is valid to specify an element of KO_5(I). Thus the bound-
ary map 0_1 : KO_1(B) — KO_s(I) looks very much like the odd boundary
map in the complex case. We will see that the generator of KO_2(Cy(U),id)

IS [ESO]

The generator of KO_5(C(T?),id) will be the same as in (2) with just a
small modification of the three functions.
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The even boundary maps will also be given as a lifting problem. A unitary
u with v* = u and other symmetries gets lifted to z with —1 < 2 < 1 and
other symmetries. The unitary needed is then

—exp(miz)

which is again very close to the complex case. Indeed, by reformulating
the complex case in terms of self-adjoint unitaries for KUy this will be the
formula for the even boundary map. It should be noted that we are losing
track of the order structure on KOpy and KUy. In principle we can recover
this, but have no present need.

As preliminary work to developing this picture of real K-theory, but of
independent interest, we also present a collection of classifying algebras A;
for i € {0,1,...,8}. These are real semiprojective homotopy symmetric
C*-algebras that classify K-theory in the sense that

KO;(D) = [A;, KR ® D] 2 lim [A;, M,,(R) ® D]
n—oo

for all 4, as we show in Theorem 4.13. The algebras A; are thus real analogs
of the complex C*-algebras ¢C and Cy(R, C) which are classifying algebras
for K-theory in the category of complex C*-algebras in the same sense. Not
unexpectedly, the algebras A; will all be real forms of matrix algebras over
¢C and Cy(R,C).

In Section 3, we introduce the real C*-algebras A; for 0 < i < 8 and
we calculate their united K-theory, finding that KO.(4;) = Y 'K,(R).
It follows from this (or rather from the stronger statement K“*"(A4;) &
YK °FT(R)) and the universal coefficient theorem that there is a real KK-
equivalence between A; and ST'R and that KO;(B) = KKOg(A;, B) for
any real separable C*-algebra B in the UCT bootstrap category. Also in
Section 3, we will show that each A; is semiprojective, following a short
detour to prove a key semiprojectivity closure theorem. Then in Section 4
we will prove that each A; is homotopy symmetric. We validate the real
version of unsuspended FE-theory, and it then follows that these algebras
represent K-theory in the strong sense that KO;(B) = nl;ngo [A;, B® M, (R)]

for any separable real C*-algebra B.

In Sections 5 and 6 we will develop the unitary picture of K-theory, first
in the even degrees and then in the odd degrees. We note that we are not
attempting to accomplish a complete development of K-theory from scratch
using the unitary picture — although that would be an interesting project.
Instead, we take it for granted that K-theory is an established entity with
known properties. We will define a sequence of groups KO;'(A) in terms of
unitaries and will then develop its properties mainly to get to the point of
being able to prove that there is a natural isomorphism KO;(A) = KO} (A)
in each case.

Section 7 explores some examples where the generators of the KO groups
can be found easily by comparing with the complex case. Section 8 finds
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and describes formulas for the eight boundary maps, and these are applied
in Section 9 in finding more explicit generators of real K-theory groups, for
several examples.

2. Preliminaries

The category of interest in this paper is the category R* of real C*-
algebras (also known as R*-algebras), with real *-algebra homomorphisms.
A real C*-algebra (as in Section 1 of [37]) is a real Banach *-algebra satis-
fying the norm condition ||a*al| = ||a||? and the condition that 1 + a*a is
invertible (in A) for all a € A.

The category R* is equivalent to the category R™" of C*7-algebras with
C™7-algebra homomorphisms (see [31]). A C*7-algebra is a pair (4,7)
where A is a (complex) C*-algebra and 7 is an involutive antiautomorphism
on A. Given a C*7-algebra (A, 1), the corresponding real C*-algebra is

AT={acA|d =a"}.

Conversely, given a real C*-algebra A there is a unique complexification
Ac = A®gC, which as an algebra is isomorphic to A+iA. The formula (a+
ib) — (a* +1ib") is an antimultiplicative involution on Ac. This construction
gives a functor from R* to R™", which is inverse (up to isomorphism) to the
functor described in the previous paragraph.

We will slide back and forth easily between these two categories, as is
appropriate for the situation. In particular, whereas our unitary description
of KO§(—) and KOY(—) can be made in terms of a real C*-algebra A, our
description of KOj'(—) for other values of i requires the context of a C*7-
algebra. Hence we present our unified picture of KO;(—) for all ¢ in the
setting of a C™"-algebra (see Section 7). This approach is analogous to the
development of K-theory for topological spaces with involution in [2].

If (A,7) is a C™7-algebra, then so is (M, (C) ® A, 1,) where 7, = Tr, ® 7
and Tr, is the transpose operation on M, (C). We will frequently neglect
the subscripts on 7 and Tr when we can do so without sacrificing clarity.
Similarly, we will let 7 also denote the involution on K ® A induced by 7,
through a choice of isomorphism nh_)rglo (M, (C)) = K. These constructions

correspond to the real C*-algebra constructions of tensoring by M, (R) or
by KR, the real C*-algebra of compact operators on a separable real Hilbert
space.

There is a related antiautomorphism Tr on M5(C) defined by

(0= ()

This involution is equivalent to Tr in the sense that there is an isomorphism
of C*T-algebras, (M2(C), Tr) = (M2(C), Tr). Indeed, the reader can check
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that (WaW*)Tr = WaTW* where

()

More generally, we have (M2(C) ® A, 7) = (M2(C) ® A,7) where the auto-
morphism 7 is defined by

a b _ (d Y

c d) \c d)’

There is yet another real structure on My, (A) and on K ® A, which is
genuinely distinct from Tr. Define : M2(C) — M2(C) by

a b\* [d b
<c d) - (—c a ) '
Then (M2(C), ) corresponds to the real C*-algebra H of quaternions, and
(M2, (C), t®Try,) corresponds to the real C*-algebra M, (H). More generally,
if (A, 7) is a C*"-algebra, then (My,(C)®A, §&®Tr,®7) is a C*"-algebra that
corresponds to the real C*-algebra M, (H) ® A".

We will be dealing with these matrix algebras frequently in the subsequent
work, and the technicalities require that we clarify the conventions for the
action of §® 7 on a matrix in My, (A), since this action requires a particular
choice of isomorphism Ma(A) ® M, (A) = Ms,(A). The two obvious choices
of such an isomorphism lead to two conventions for § ® 7 that we will make
use of regularly. The first is shown by organizing the matrix a € Ma,(A)
as an n X n matrix whose entries are 2 x 2 blocks, denoted by b;; € Ma(A).
Then

®
bii bia ... b NPT /BESTOBERT pRT
T _ ba1 b2 ... Dbon _ BT OBST T
bnl bn2 bnn bg(?: bg%;— .. bgﬁ){

The second convention for an involution on My, (A) will be denoted by E@T
and is shown by organizing the matrix a € Ms,(A) as a 2 X 2 matrix whose
entries are n x n blocks, denoted by ¢;; € M, (A). Then

~ E®T T T
e — [(C11 C12 _ CQ:? —51"2
€21 C22 —C7

The first convention for § ® 7 will be our preferred convention.

As mentioned, we will take for granted the full development and known
properties of both K-theory and K K-theory for real C*-algebras. The de-
velopment of K K-theory for real C*-algebras goes back to [20] while much
what is known about both K-theory and K K-theory can be found in [37].

For a real C*-algebra A, we will also occasionally make reference to the
united K-theory K “*"(A), as developed in [5]. Briefly, K“*"(A) consists of
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the eight real K-theory groups KO;(A), the two complex K-theory groups
KU;(A) (coinciding with the K-theory of the complexification of A), and the
four self-conjugate K-theory groups KT;(A); as well as the several natural
transformations among them. The main result about united K-theory that
we will make use of is the Universal Coefficient Theorem proven in [6], which
implies that united K-theory classifies K K-equivalence for real C*-algebras
that are nuclear, separable, and in the bootstrap class for the UCT.

For a final note regarding conventions, we will use 1 to denote the adjoined
unit in A for any C*-algebra A (unital or not). Similarly 1, will denote the

diagonal identity matrix in M, (A).

3. Semiprojective suspension C*-algebras

Let ¢C = {f € Cy((0,1], M(C)) | f(1) € C*} where we are identifying
C? with the subalgebra of diagonal elements of M(C). The algebras A; for
1 even are defined as follows. Three are real structures of ¢C and one is a
real structure of Ms(qC).

Ao = {f € Co((0,1], My(R)) | f(1) € R*}
Ay = {f € Co((0,1],H) | f(1) € C}

As={f € Co((0,1], My(H)) | f(1) € H*}
As = {f € Co((0,1], M2(R)) | f(1) € C}.

For ¢ odd, the algebras A; are defined as follows. Each is a real structure
of either Co(S* \ {1},C) or Co(S* \ {1}, M5(C)).

A1 =SR={feC(S",R)| (1) =0}

Ar=STR={f€C(5,C)| f(1) = 0 and f(2) = f(2)}
Az =SH={f e C(S",H) | f(1) = 0}

A5 = ST'H={f € C(S",My(C)) | (1) =0 and f(2)* = f(2)}.

These real C*-algebras have corresponding objects in the cateogry of C*7-
algebras as shown in Table 2. In this table, the involution { denotes the
involution on Cy(S*\ {1},C) induced by the involution z — Z on S.

Proposition 3.1. K7 (A;) = L K (R) for all i € {0,2,4,6}.

Proof. In each case, A; ® C = ¢C or A; ® C = M3(¢C). So K.(4; ®C) =
K.(¢C) = K.(C). Thus by Theorem 3.2 of [9], K“*"(4;) is a free CRT-
module. Furthermore, from Section 2.4 of [9], the only free CRT-module
that has the complex part isomorphic to K,(C) is K“*"(R) up to an even
suspension. Therefore there are only four possibilities for K“*"(A;) up to
isomorphism. A full description of the CRT-module K “*"(R) is in Table 1
of [5], but in particular recall that the real part of it is given by KO, (R) as
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TABLE 2. The Classifying Algebras

R*-algebra C*"-algebra
Ao (¢C, Tr)
even cases Az (¢C, 1)
Ay (M2(C) ® ¢C, ¢ @ Tr)
Ag (¢C, Tr)
A (Co(S™\ {1},0),id)
odd cases Ay (00(51 \ {1},C)), ()
As (M(C) ® Co(S*\ {1},C), f ®id)
As (M2(C) @ Co(S*\ {1},C). ¢ ® ()

This table shows the real C*-algebras A; and the correspond-
ing objects in the category of C*7-algebras. They classify
real K-theory in the sense of Theorem 4.13.

shown below. In each case, this will be enough to determine which of the
four possible suspensions is isomorphic to K “%7(A;).

i 0l 1 [2[3[4[5[6]7
KO:R)[Z|Z2|Z2]0[Z]0]0]0

We first consider Ag. Use the extension of real C*-algebras
(3) 0— SMy(R) & Ag =5 R2 50

where ev; is the evaluation map at ¢ = 1. Then we have the long exact
sequence

R KCRT(RZ) g KORT(R) Ly KC’RT(AO) (evi)« KCRT(R2) g

The map 0 as written has degree 0 and can be determined by its action
on the generators of the two K“*"(R) summands, which are elements in
KOy (R) =2 Z. The complex part of this long exact sequence arises from the
complexification of Sequence (3), which is

0— SMs(C) % ¢C L5 C2 0
and for which the boundary map 9: K¢(C?) — Ky(M>(C)) is known to

be Z2 % Z up to isomorphism. In the commutative diagram below,

we know that the complexification maps ¢ are both isomorphisms, so it
follows that the boundary map 9: Ko(R?) — Ko(Ma(R)) is also isomorphic
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toz2 U, 7

KOo(R2) —25 KOo(Ms(R))

Ko(C?) — Ko(Ms(C))
It follows that 9: K °*"(R?) — K °RT(R) is surjective and has kernel isomor-
phic to K“*"(R). Thus K“*"(A4p) = K“*"(R).
For As, we have the short exact sequence

evy

(4) 0—-SH— A4, —C—=0
and the corresponding long exact sequence
o KOT(C) & KOV (H) — KO (Ag) = KOT(C) & KOMT(H) -

The complexification of Sequence (4) is the same as that of Sequence (3)
so again we can use the complexification map to calculate the boundary
map. The commutative diagram we obtain is as follows which shows that
0: KOy(C) — KOy(H) is an isomorphism from Z to Z.

KOy(C) 2, KOg(H)  isomorphic to Z——7Z
| | ol |
Ko(C & C) —2 Ko(My(C)) zgz Y 7

Then the long exact sequence shows that KOy(Az) = 0. Of the four pos-
sibilities for K “*"(Asy), there is only one that is consistent with this fact.
Thus we conclude that K “F7(Ay) = ©2K T (R).

From the Kiinneth Formula we know that K"(B) = X*K " (H @ B)
for any real C*-algebra. Hence, K “*"(Ag) and K “""(A4) are determined by
the isomorphisms M3(R) ® A2 2 H ® Ag and Ay 2 H ® Ay. O

Proposition 3.2. K7 (A;) = S K" (R) for alli € {~1,1,3,5}.

Proof. For i = £1 this follows from Proposition 1.20 of [5]. For i = 3,5, this
follows from the Kiinneth Formula and the isomorphisms A; @ HQ A;_4. 0O

As in Section 1 of [25], consider the following relations for elements h, z, k
in a C*-algebra A:

(5) h*h + x*x = h,
Kk +xx* =k,
kx = xh,

hk = 0.
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The same relations can be formally encoded by
hk =0,
(6) 2 _ x_
T(h,z, k)" =T(h,z,k)* =T(h,x,k).
where

T(h, k) = (1 h 52) € My(A).

Of particular interest, we have the elements

ho =t® ey, ko =t ® ean, zo=Vt—12® ey

that satisfy (6) in ¢C. Recall from Lemma 2 of [25] that ¢C is the universal
C*-algebra generated by h,x, k subject to the relations (6). The following
theorem gives a version of this result for Ag, Az, and Ag; characterizing
C™*T-algebra-homomorphisms from (¢C, Tr), (¢C, ), and (¢C, Tr).

Proposition 3.3. Let (A,7) be a C*"-algebra.
(1) Given elements h,k,z in A satisfying h™ = h, k™ =k, 7 = z* and
Equations (5), then there exists a unique homomorphism
a: (¢C, Tr) — (4,7)
such that a(hg) = h, a(ky) =k, and a(zg) = =.
(2) Given elements h,k,x in A satisfying h™ =k, k" = h, 27 = —x and
Equations (5), then there exists a unique homomorphism
a: (¢C. 1) — (A7)
such that a(hg) = h, a(ky) =k, and a(zg) = .
(3) Given elements h,k,x in A satisfying h" =k, k™ = h, 2" = x and
Equations (5), then there exists a unique homomorphism
a: (¢C,Tr) = (A,7)
such that a(hg) = h, a(ko) =k, and a(zg) = x.

Proof. Under the hypotheses of Part (1), Lemma 1 of [25] gives a unique
C*-algebra homomorphism «: ¢qC — A satisfying a(hg) = ko, a(ky) = k,
and a(xg) = z. It is only required here to verify that « respects the real
structures; that is to verify that

(7) a(a™) = a(a)”
holds for all @ € ¢C. In ¢C we have
hit =hg, kit =ko, and xi" =z

from which it follows that (7) holds for a = hg, ko, xo. But since these
elements generate ¢C and since the set of elements that satisfy (7) is a
subalgebra of ¢C, it follows that (7) holds for on ¢C.
The proofs in the second and third cases are the same, noting that in ¢C
we have
Wy =ko, ki=ho, and af=—mz
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and

h = ko, kT =ho, and I =z O

The concepts of projectivity and semiprojectivity were first introduced
and developed in the context of real C*-algebras (and C*7-algebras) in Sec-
tion 3 of [31]. In what follows, we extend that work by proving a significant
closure theroem, namely that A®H and A ® M,,(R) are semiprojective if A
is semiprojective (Theorem 3.10). This result will subsequently be applied
to show that each of the real C*-algebras A; is semiprojective.

The cone CM3(C) = Cy((0,1], M2(C)) has two real structures, corre-
sponding to the antiautomorphisms Tr and # defined pointwise on C'M(C).
The corresponding real C*-algebras are CM3(R) = Cy((0, 1], M2(R)) and
CH = Cy((0,1],H). More generally CM,,(C) has one real structure for n
odd (corresponding to Tr) and two real structures for n even (corresponding
to Tr and to § ® Tr).

Lemma 3.4. Let (A, 7) and (B, 1) be C*"-algebras and let
w: (A, 1) — (B, 1)
be a surjective C*7 -algebra homomorphism. Let h and k be positive orthog-

onal elements in B.

(1) If ™ = h and k™ = k, then there are positive orthogonal elements h’
and k' in A that satisfy (W)" =h and ()" =K .

(2) If k™ =k and k™ = h, then there are positive orthogonal elements h’
and k' in A that satisfy (W)" =k’ and (K')" = h.

Furthermore, h' and k' can be taken to satisfy |h'|| < ||h| and ||K'|| < ||k||.

Proof. Let a = h—k. Let a’ € A be a self-adjoint lift of a. Furthermore, in
case (1) we have a” = a and we can take a’ to satisfy the same by replacing
a’ with 3 (a’+ (a’)7). Let fy,f-: R — R be defined by f;(t) = max{0,t}
and f_(t) = —min{t,0} so that (fy — f_)(t) = t. Let b’ = f,(d’) and
k' = f_(a’). Then h' and k' are positive and orthogonal. Also,

m(h) = 7(f(a)) = f+(7(a’)) = fr(a) = h

and similarly, 7(k") = k. Finally,

(W) = (f+(@))" = f+((@)") = f(a') = 1
and similarly, (k)" = k'.
In case (2) we have a” = —a and we can take a’ to satisfy the same by
replacing a’ with % (a/ — (a/)T). Using A’ and k' as above, we obtain
()" = (f+(a))" = f+((a')7) = f4(=d') = K
and similarly (k)" = 1’
In either case, the norm condition can be obtained by truncating the

elements h' and k" using the functions gx () = min{t, K} where K = ||h/||
and K = ||k|| respectively. O
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Proposition 3.5. The C*"-algebras (CM,(C), Tr) and (CM2(C),t) are
projective.

Proof. A proof that (CM,(C), TIr) is projective can be obtained by examin-
ing a proof that C'M,,(C) is projective in the context of complex C*-algebras.
For example, see Theorem 10.2.1 in [24] or Theorem 3.5 of [29].

To show that (CM»(C),1) is projective let ¢: (CM2(C),4) — (B, T) be
a C™7-algebra homomorphism and let 7: (A,7) — (B,7) be a surjective
C™*7-algebra homomorphism. Let x = ¢(t ® e12). Then z satisfies ||z| <1,
22 =0, and 2" = —z. In fact (CMy(C),t) is universal for these relations
so it suffices to show that x can be lifted to an element in A satisfying the
same.

Using Lemma 3.4, lift qb(t1/3 ®eq1) and qﬁ(tl/?’ ® eg2) to elements h, k € A
satisfying 0 < h,k <1, hk =0, and h™ = k. Lift qﬁ(tl/g ®e12) = 2'/3 to an
element y € A satisfying y7 = —y. Let z = kyh so that n(z) = z, 2° = 0,
and 2" = —z.

To finish, let

f(t):{l 0si=l and w=zf(z"z2).

Then ||w|| < 1 since w*w = f(2*2)z"2f(2"2) = g(z*2) where

(1) = t 0<t<l1
9= 1<t

f(x*z) = x, we have that w is still a lift of . We also have
f(z*z) = 0. Finally, we show that w™ = —w. Check that
) = zz" so that

wh = (z2f(2"2))" = f(z%2)" 2" = —f(22")z = —w. O

We remark the Proposition 3.5 can be strengthened to state that the
cone (C'May,(C),4 ® Tr,) is projective using a similar proof to the above.
This however will be a direct consequence of Proposition 3.9 below and the
stronger result is not required for us before that point.

Lemma 3.6. Suppose ¢ : CM,(C) — B is a *x-homomorphism of C*-
algebras. Denote by By and B, the hereditary subalgebras of B generated
by ©(Cp(0,1] ® e11) and p(CMy(C)), respectively. Then there is a natural
isomorphism

& : By ® M, (C) — B,.
defined by
D (o(f @ err)bp(g ® es1) @ ejk) = o(f @ €jr)bip(g © esk)
for f,g € Cp(0,1] and b € B.
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Furthermore, suppose ¢: (CM,(C),Tr) — (B, 1) is a C*"-algebra homo-
morphism of C*7-algebras. Then there is a natural isomorphism of C*7 -
algebras

®: (By® M, (C), 7 ®@Tr) = (Bp,T)
given by the same formula as above.

Proof. We start with some nice descriptions of By and B,,. Since C(0,1] ®
e11 is generated by t ® eq11, we have

By = p(t®e11)Be(t ®eqr) and B, = ¢(t® 1,)Be(t ® 1,).

On the other hand the nice factorization result, Corollary 4.6 of [33], implies
that

By = ¢(Co(0,1] ® €11) Bp(Co(0, 1] @ e11),
B, = ¢(Cy(0,1] ® 1,,) Bp(Cy(0,1] ® 1,,),
which shows that it is enough to define ® on the elements of the form
z=¢(f®en)bp(g®en).

We first establish that ® is well-defined as a map restricted to By ® ej.
Suppose

o(f @ e1r)bp(g @ es1) = p(h ® e1p)b'p(k @ eq1).

Select any p, that is an approximate identity in Cy(0, 1] and calculate:
o(f @ ejr)bp(g @ es)
= lim lim o, @ €j1)(f © e17)bp(g @ es1)@(pim @ exr)
= lim lim (4, @ ej1)(h ® 1)V 0(k © eq1)p(pm © e1r)
= p(h @ ejp)t'p(k @ eqr).
To see this is additive, consider two elements in By,
r=¢(fQen)bp(g@enn), y=¢heen)bpk®en).

We claim that we can rewrite these elements so that f = h and g = k.
Indeed, we can factor the functions as f = pf; and h = phy where

w(z) =/ |f(@)| + |h(z)]
toget fRenn = (pu®enn)(fi®er) and h®er; = (p®e1r)(f1 @err),
r=pmeea)l’plg@en), y=pneen)b ok en).

Perform a similar procedure using the functions g and k. Therefore, we can
assume that we have

r=o(fQen)bp(g®en), y=o(fQen)bolg®en).
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Then we prove additivity as follows,

P (o(f @e11)bp(g @ e11) ® e, + o(f @ e11)b'p(g @ e11) ® eji)
=& (p(f@en)(b+b)p(g®en) @ ejp)
= (f ®ej)(b+b)p(g ® err)
= o(f @ ej1)bp(g ® ewr) + o(f @ ej1)b'p(g @ exx)
=@ (p(f ®ern)bplg®enn) @ejr) + P (o(f @ ern)b'o(g @ err) ®eji) -

Now we easily conclude that ® is a well-defined linear map on all of B ®
M, (C).
As to the product, we observe

D (p(f @ en)bplg @ en) @ejr) @ (p(g ® el p(h @ enn) © ep)
= o(f ®ej1)bp(g @ e1)p(h @ eg1)bo(k @ exr)
= o(f ® ej1)bp(gh @ e11)bp(k @ exr)
= ® (p(f @ e11)bp(gh @ e11)bp(k @ e11) @ ej1) .

Proving that ® is a *-homomorphism is easier:
@ ((p(f @ e11)bp(g @ e11) ®ejr)) = @ (p(g @ e1n)b™o(f @ e11) @ ex;)
= (7 ® er)b"p(f @ e1;)
= (p(f @ ej1)bp(g @ e1x))"
= (@ (p(f ® e1)bp(g ® e11) @ ejx))" .

To prove @ is onto, we start with an element
o(f @ 1n)bp(g @ 1n)
which we expand as
D o(f@ebp(g®ews) = @(p(f @ e1))bplg @ ext) ® eji)-

Injectivity is easy since ® will be injective if and only if its restriction to
By ® eqq is injective, and

D (p(f @ e11)bp(g ® e11) ® e11) = (f ® e11)bp(g @ e11).

For naturality, suppose that v : B — C'is a homomorphism of C*-algebras
or C*7-algebras. Then define ¢ = 7 o ¢ and subsequently define

as above. Check that y(By) C Cp and v(B;,) C C),. Then we show

V(y(z) @ejr) = v(¥(r @ eji))
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as follows:

V(v(p(f @ e1n)bp(g @ enr)) ® ejr) = V(W(f @ e11)y(b)Y(9 @ e11)) @ eji)
U(f ®en)v(b)v(g ® eix))

o(f ® ;1)) (0)v(¢(g ® e1x))
o(f ®ej1)bp(g @ ex))

YR (p(f @ en)bp(g @ e11) @ eji).

=(
=(

In the case that there is an involution 7 on B with ¢(z™) = ¢(x)7 for
x € CMy(C), we show that ®((z ® e;,)™™) = ®(z @ ¢;;,)7 for  ® ej, in
By ® Mn(C)

@ ((o(f ® e11)bp(g ® e11))” @ ejp) (p(g @ e1)b p(f ®e11) @ ex;)

(9 @ ep)bo(f ®e1j)
((g®ew) ™M o((f @ e1)™)

= (p(f ® ej1)bp(g ® e1x))”

(p(f ®e11)bp(g ®e1r) ®ejr)”. O

)
¥
¥

Corollary 3.7. Let h be a strictly positive element in a C*-algebra B. There
is an embedding CC — B sending the canonical generator to h. Similarly,
there is an embedding CC — CM,(C) by f — f ® e11. Then there is an
1somorphism

B xcc CM,(C) = B® M,(C)
given by
b—b®en and f®€jkl—>f(h)®€jk.

If there is a real structure T on B and if h satisfies h™ = h, then the iso-
morphism is T-preserving.

Lemma 3.8. Suppose ¢: (CM3(C),t) — (B,7) is a C*"-algebra homomor-
phism of C*7-algebras. Then there is a natural isomorphism of C*7 -algebras

®: (By® My(C),0 ®1) = (Ba, 7)

where By, By, and ® are as in Lemma 3.6 and where o is an antimultiplica-
tive involution on By defined by

(o(f ® e11)bp(g @ e11))” = (g ® e12)b”p(f ® e21).
Furthermore, the construction ¢ — (By, o) is natural.

Proof. We already know from Lemma 3.6 that ® is a well defined isomor-
phism. Suppose now that ¢: CMy(C) — B satisfies (z*) = ¢(z)7. We first
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show that o is well-defined and is a real structure on By. Since
(p(f ®e1)bp(g®e11))” @enr = p(g @ e12)b"p(f @ ea1) ® enn
=07 (p(g @ e2)bo(f @ enn))
=7 (sO(g ® i)V (f @ 631))
=07 ((p(f ® e21)bp(g ® €12))7)
(p(f ® e11)bp(g @ €11) ® e22))")

=2 ((¢
(e
we see that

27 @en =07 ((B(r @ ex)))

and so o is an anti-x-homomorphism, being a composition of four homo-
morphisms and one anti-homomorphism. That ¢ is an involution on By is
shown by:

((fg® enn)bp(hk @ e1))”

= (p(kh @ e12)b"p(gf @ e21))”

= (p(k®@ei)p(h @ e12)b"p(g ® ean)p(f ®ein))”
o(f ®e12) (p(h ® e12)b"p(g @ e21))” w(k ® e21)
P(f @ e12)p(g @ by )bp(h @ €f,)p(k @ e21)

o(f ®e12)p(g @ e21)bp(h @ e12)p(k @ e21)

= o(fg®en)bp(hk @ e11).

Now we show that ® commutes with the appropriate real structures; that
is we prove that ®((z® ejk)(@ﬁ) =®(z®ej;)" for all z®ej;, € By ® Ms(C).
Of the four cases to consider, we will show the calculations for the cases
T ®e1; and T ® e1o since the cases for £ ® egg and x ® €91 are similar.

@ ((p(f @ ern)bplg @ enn)” @, ) = @ (g ® ex)b"p(f © ear) © e22)
= (g ® e22)b"p(f ® e22)
= (o(f ®@ e11)bp(g ® e11))”
= (p(f ®en)bp(g®@en)®en)”

and

® ((SD(f ® e11)bp(g ®e11))’ ® 6%2) = (p(g®e2)b"p(f ®ear) ®—er2)
= —p(g®e12)b"o(f ® e22)
= (p(f ® e11)bp(g ® e12))"
= (p(f @e1)bp(g ®enn) @er2)".

Finally, we consider the question of naturality. For a C*7-algebra homo-
morphism v : (B, 7) — (C, 7) we define ¢ = yop. We obtain a real stucture
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o on CY,

(U(f ®@en)ed(g®en))” = ¢(g @ er2)c"Y(f @ e2n).
The claim of naturality is the claim that the restriction of v to a map
By — Cy is a C*T-algebra homomorphism 7, : (By, o) — (Co, o). Indeed,
Y(e(f ® e11)bp(g ® €11))” = (V(f @ enr)y(b)y
(9 ® e12)y (b)Y
(p(g ® e12)b7p
((p(f ® e11)bp

(g@en))”

(f ®ea)

f®e2))
g®e1))?). O

(4
~
-

(
(

An important special case of Lemma 3.8 occurs when B = C' ® M(C)
with involution 7®f and when the map ¢ : (CM»(C),f) — (C®M2(C), T7®14)
sends f ® eji to f(h) ® e;j, for some strictly positive self-7 element A in C.

In that case, Bs = C ® M3(C) and By = C ® e11. Then the induced real
structure o on By, defined by

(p(f @ en)bplg®e11))” = (g ® e12)b™ o(f @ ean)
satisfies
(hbh @ e11)” = (h®en1)(b®enr)(h®enr))’

= (h X 612)([)7— ® 622)(h &® 621)
=hb"h X e11.

Thus we find that o is just 7 ® id, restricted to By = C ® e11.

Proposition 3.9. Let A be a real C*-algebra . If A is projective then AQH
is projective. If A is semiprojective then A ® H is semiprojective.

Proof. We work in the category of C*7-algebras. Suppose that (A7)
is projective, that (B,7),(C,7) are C*"-algebras, and that we have C*7"-
algebra homomorphisms ¢ and 7 as in the diagram

B
A® My(C) 2—C

where 7 is surjective and the involution on A ® M>(C) is 7 ® f. We select a
strictly positive element h € A satisfying h” = h and define

71 (CM(C),4) = (A® Ma(C), 7 @)
by v(f ® ejr) = f(h) ® eji. By Proposition 3.5 there is a homomorphism
¢1: (CM2(C),8) — (B, 7)
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with mop; = po~y. We apply Lemma 3.8 to get two commutative diagrams
of real C*-algebras. The first diagram is

Bo® My(C) 2= B+ B

|

(A® e11) ® My(C) —— Co ® Ms(C)

A® ng(C)
C)

A® My(

where each ®; is an isomorphism, and the real structures on the algebras
closest to the upper left of the diagram are all o; ® § where the o; are in the
second diagram:

(Bo,03)

|

(A®eqr,01) — (Co,02)

By the remark following Lemma 3.8 we know that (A®eq1,01) is isomorphic
to (A, 7) and so we get a lift in the second diagram by the hypothesis on A.
Tensoring by the identity on Ms(C) now gives a lift in the upper-left portion
of the first diagram, which then provides the desired lift of ¢.

Adjusting the given proof to the semiprojectivity case proceeds exactly
as in Section 14.2 of [24]. O

Theorem 3.10. If a real C*-algebra A is projective then A ® M,(R) and
A® M, (R)®H are projective for alln. If A is semiprojective then A® M, (R)
and A ® My (R) ® H are semiprojective for all n.

Proof. Suppose that A is projective. The statement that A ® M, (R) is
projective is proven exactly as in the complex case, Theorem 3.3 of [23].
Similarly, if A is semiprojective, the proof of Theorem 4.3 of [23] applies
to the case of real C*-algebras to show that A ® M, (R) is semiprojective.
Proposition 3.9 completes the proof. ([l

Proposition 3.11. A; is semiprojective for i even.

Proof. First we consider Ag. Suppose that J; C Jo C ... be an increasing
sequence of T-invariant ideals in a C*"-algebra (B, 7) and let J = U, J,,. We
will use the same notation 7 for the involution 7 passing to each quotient
algebra B/J, and B/J. Establish the following notation for the natural




UNITARY PICTURE OF K-THEORY 1159

quotient maps, which all commute with 7:
Tn: B — B/Jy
Too: B— B/J
Tnm: B/ Jn — B/ Jy,
Tnoo: B/Jn — B/ J.

Let ¢: (¢C,Tr) — (B/J,7) be a C*"-algebra homomorphism. We will
produce a C*"-algebra homomorphism v : (¢C, Tr) — (B/J,, 7) for some n
such that m, o 0¥ = ¢.

Let hoo = ¢(ho), koo = ¢(ko), oo = ¢(x0) in B/J. The elements ho
and k., are positive, contractions, orthogonal, and fixed by 7. Thus by
Lemma 3.4, there are elements h, k € B with the same properties such that
Too(h) = hoo and oo (k) = koo-

We will take © € B to be a lift of . As in the proof of Theorem 6 of
[25], this can be arranged so that x € kY8 BRl/3. Furthermore, replacing x
by & (z +2™") we can assume that 27 = 2* holds. Then T = T'(h, z, k) is an
element in the subalgebra

= C-1®hBh hBk ~
B‘( %Bh c4@M%>§Mﬂ”
Furthermore, T satisfies T7®™ = T* = T and is a lift of
Too = T(hoo, Toos ko) € Ma(B/J).

Since 7m0 (7') is a projection, there is an n large enough so that the spectrum
of T), := 7, (T) € Ms(B/J,) does not contain 1/2. Then T}, = f(T,) is a
projection in Ms(B/J,,) where

0 ift<1/2
1) =
Jiy2lt) {1 if > 1/2.

Furthermore, T, is a lift of T, and the relation 7/, = (T7,)"®™" holds. Write

1_h/ !\ *
r= ()

Ln kn

where h.,, kI, =} are elements of B /Jn and are necessary lifts of hoo, koo,
and x respectively. Since we have T, = (T),)7, it follows that h,, = (h;,)7,
kI, = (k)7, and (z},)* = («],)". We claim that h], and k], are orthogonal.
Indeed, we know that h, = m,(h) and k,, = 7, (k) are orthogonal and that
T, (and hence T), = f(T,)) lies in the subalgebra

5 C-1® h,Bh, h,Bk,
" knBhy, knBky,

) € Ma(B ).

proving our claim.
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Therefore, the elements h),, /,, and k], are elements in B/.J,, which satisfy
the universal relations for ¢C as in Proposition 3.3, so there exists a homo-
morphism ¢: (¢qC, Tr) — (B/J,,7) that maps hg, ko, and g to h.,, k/,, and
2!, respectively. Since Too(hl) = hoo, Too(kl) = koo, and oo (2),) = Too; it
follows that ¢ is a lift of ¢.

For Ay the proof is quite similar to that for Ag. The initial difference
is that we are using the involution #f on ¢C. So ¢ is assumed to satisfy
#(a*) = $(a)” and we must find a lift ¢ which satisfies the same.

If we let hoo, koo, and xo, be as in the proof above, then we have hl = koo,
kI, = heo, and x}, = —2s. We use Lemma 3.4 to find elements h and £ in
B that satisfy h” = k and k7 = h. Lift 2 to an element z € k'8 Bh!/® that
satisfies 7 = —z (using the adjustment 3 (z — 27)). Then T = T'(h, z, k) is
in B as before and satisfies T = T*. Now we have

_(1—-h " o (b —x”
T_( - k) and T _(_x 1_k>

so we have TT®ﬁ =1,-T.
Then as in the proof for Ay, find n large enough so that 1/2 is in the
spectral gap for T,, and let T, = f; /2(Ty). Then T! is a projection and

satisfies (T,’L)T®ﬁ =1y, — T} (since f'(12) = 13). So we can write

1_h/ ! \*

/
'/ETZ kn

where (h),)” =k, (kl,)” = hl,, and (z},)” = —x/,. Then by Proposition 3.3,
there exists a homomorphism ¢ which is the desired lift of ¢.

Now we consider the case of Ag. In this case the we have elements in B/.J
that satisfy hl, = koo, kI = hoo, and 3, = 2o in B/J which are lifted
to elements in B that satisfy h™ = k, k™ = h, and 2" = x. So T satisfies
T™®% = 1, — T. Then for n large enough we obtain

1_h/ !\ %

where (h},)" = ki, (k;,)” = hl,, and (z},)” = x, and we apply Proposition 3.3
as before.

Finally, to show that A4 is semiprojective we make use of the isomorphism
Aq = Ag ® H. Since Ag is semiprojective, Proposition 3.9 implies that Ay is
semiprojective. U

Proposition 3.12. A; is semiprojective for i odd.

Proof. For n = 1 and n = —1, this is Example 3.10 and Corollary 3.12 of
[31]. Then the cases n = 3 and n = 5 follow by Proposition 3.9. O
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4. Unsuspended E-theory for real C*-algebras

In this section, we develop the theory of homotopy symmetric real C*-
algebras, along the lines of [11] in the complex case. Our main theo-
retical result states (as in the complex case) that a real C*-algebra A
is homotopy symmetric if and only if the usual natural homomorphism
[[A® KR B®KR]Jg = E(A, B) is an isomorphism for all real C*-algebras
B. Furthermore, we prove that homotopy symmetry has permanence with
respect to complexification: a real C*-algebra A is homotopy symmetric if
and only if Ac is homotopy symmetric (in the category of C*-algebras). It
will follow that all of the algebras A; introduced in the previous section are
homotopy symmetric. We introduce a standing assumption in this section
that all real C*-algebras are separable. This will apply to all of our dis-
cussion of E-theory and of homotopy symmetry. However our main result
Theorem 4.13 will be proven in full generality for all real C*-algebras.

We refer the reader to Section 4 of [7] and Section 8 of [8] for the devel-
opment of asymptotic morphisms for real C*-algebras. In what follows we
will use the notation [[A, B]]g to denote the homotopy classes of asymptotic
morphisms in the category of real C*-algebras and [[A, B]]¢ to denote the
same in the category of complex C*-algebras, unless the meaning is clear
from context. In both cases, this set has the structure of a semigroup if
B is stable. And in both cases, as we shall see, the property of homotopy
symmetry is connected to the question of whether or not this semigroup has
inverses.

Let e be a rank 1 projection in KR K. Then id4(a) = a ® e defines a
homomorphism, either A — A ®g KR in the category of real C*-algebras or
A — A®K in the category of complex C*-algebras. If A and B are real C*-
algebras, then complexification induces a natural semigroup homomorphism

0a5: [[A, B KNz — [[Ac, Bc ®c K]lc.
In particular, we have 04 4(ida) = ida.
Definition 4.1 (See Section 5 of [11]). A C*-algebra A is homotopy sym-

metric if the class [[id4]] is invertible in [[4, A ®c K]]¢. A real C*-algebra A
is homotopy symmetric if the class [[id4]] is invertible in [[4, A ®& KR]]z.

Lemma 4.2. Suppose that A and B are real stable C*-algebra with A ho-
motopy symmetric. Then [[A, B]|r is a group. In particular the asymptotic
morphism na that is inverse to id4 s unique up to homotopy.

Proof. Suppose that 74 is an asymptotic morphism such that [14] is inverse
to [ida]. Then idg & n4 is null-homotopic in [[A, A]]r, and it follows that
[t 0 n4] is an inverse to [¢] in [[A, B]|r. O

Lemma 4.3. Let A, B, and D be real C*-algebras and let «: A — B be a
homomorphism. Then

1D, Sl 2% (D, 5Bz % (D, Callr =5 [[D, Allz < [ID, Bllz
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is an exact sequence where Cy is the mapping cone of o and k: Co, — A is
defined by k(a, f) = a.

Proof. As in Proposition 6 of [10]. O
Lemma 4.4. For any split exact sequence
0-J—-A5B—0
of real C*-algebras and any real C*-algebra D, the exact sequence
0— [[D,J] = [[D,A]] 5 [[D,B]] = 0

15 split.
Proof. As in Proposition 3.2 of [11]. O

Recall that if A and B are stable C*-algebras, then we have natural homo-
morphisms X: [[4, B]] = [[SA, SB]] and ¥ !: [[A, B]] — [[S™'4, S7'B]].
Lemma 4.5. If A and B are real C*-algebras and B is stable, then
¥: [[SA,SB)] — [[S*A,5%B]] and X7':[[SA,SB]] — [[ST'SA,S7'SB]]
are isomorphisms.

Proof. The first statement is Lemma 4.5 of [7] and the second statement
can be proven in a similar way. Instead of using the elements in E(R, S°R)
and E (SSR, R) associated with the Bott isomorphism, we use elements in
E(R,S7'SR) and E(S™'SR,R) that are inverses to each other arising from
the K K-equivalence between R and S™!'SR. O

The following definition is from Section 4 of [7].

Definition 4.6. Let A and B be real separable C*-algebras. Then we define
E(A,B) =[[SA, SB ® KR|].
Lemma 4.7. There exists an asymptotic morphism oz: SS™'R — KR such

that o : KOo(SSTIR) — KOy(KR) is an isomorphism. Thus ay is an iso-
morphism on K" (—).

Proof. Note that KOy(SS™'R) 2 KOy(KR) = Z. In fact, K°*"(SS™'R) =
KT (KR) is isomorphic to the free CRT-module with a generator in the real
part in degree 0. So the Universal Coefficient Theorem for real C*-algebras
implies that

KKO(SS™'R,KR) 2 KKO(R,R) = Hom (K" (R), K°*(R))
>~ Homz(KOp(R), KOy(R)) = Z.
As in the remarks preceding Theorem 5.2 of [7], the isomorphism
KKO(SS™'R,KR) = Homz(KOg(R), KOy(R))

factors through E(S™!R,KR) 2 [[SS™IR,KR]], giving the existence of o as
desired. 0
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We now pause to establish some notation and to define several more
homomorphisms that we will make use of for the rest of this section. We
will use ¢ to denote an involution on either R™ or on a sphere S™~!, given
by multiplication by —1 in exactly one coordinate (let us take it to be the
y-coordinate). Then for example,

Co(R*¢) = {f € Co(R*,C) | f(,y) = f(z,~y)} = SST'R.
More generally, Co(R™;¢) = S"718 ~IR. There is a split exact sequence

0— Co(R™ () % Co(S™0) SR =0

where 4 is the standard inclusion via stereographic projection and ¢ is eval-
uation at any point fixed by (.
Now consider the projection

1 1+z z—iy
pO(xayaz) ) (:c—i—z'y 1-2 ) )

in C(S?,C). We know that pg satisfies [po] = (1,1) € KOy(C(S?,C)) = ZpZ
(see Example 6.2.3 of [35]). Since p8®Tr = po, it follows that [po] is an element
in KOy(C(S%¢)) = Z® Z. Since the complexification functor

C: KOO(A) — K()(AC)

is known to be an isomorphism in this case where A = C(5%;¢), we conclude
that

[po] = (1,1) € KOo(C(S*:())

in the usual identification of KOy(C(S%;¢)) = Z @ Z. More precisely, this
means that e,([po]) is a generator of KOy(R) = Z; and that [po] — [(J9)]
is a generator of KOy(C(R%()) = ker(e,) = Z. For future reference, we
can take € to be evaluation at the point (0,0, —1) and we obtain the exact

formula
00
E(pO) = (0 1> .

We define a *-homomorphism 7 and an asymptotic morphism 7, by
M A= A®C(5%¢) © Ma(R) by vi(a) = a® po
Yo: A= A® C(5%¢) by y2(a) = n(a) ® 1

For later reference we note that we have
(ida ® £ ® idagy(ry) 0 71)(@) = a @ (§9) = (82) € A® Mo(R).

Proposition 4.8. Suppose that A is stable and homotopy symmetric. There
exists an asymptotic morphism

B A— AR C(S%¢) ® Ms3(R)
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unique up to homotopy, so that the diagram

(8) A AeCo(R%: () ® Ma(R)

A®C(5%() ® M3(R)

commutes up to homotopy. Furthermore, ZBA 18 homotopic to idy ®BSR as
asymptotic morphisms from SA to SA® Cy(R?;¢) @ M3(R), and B5R s an
isomorphism on K-theory.

Proof. Composing € and v; @ 2 we have

0 0 0
(ida ® e @ idpgR)) (M1 B 2)(@) = [0 a O
0 0 m(a)

where 7, is the asymptotic inverse to id4. Thus this composition is null-
homotopic. So from the split exact sequence
0— Co(R%:() 5 C(5%¢) SR—0

(or rather from the split exact sequence obtained by tensoring the above
with A ® M3(R)), Lemma 4.4 implies that there is a unique asymptotic
morphism 4“4 making Diagram (8) commute.

Taking the special case A = SR, we obtain the diagram

) SR—"" L SR (R C) ® M(R)

SR ® C(S5?%;¢) ® M3(R).

Now, we construct two diagrams that both look like

/BSA

SA —"— SA®Cy(R% () ® M3(R)
M) JZ
SA® C(S?%¢) ® M3(R)

by either suspending Diagram (8) or by tensoring Diagram (9) by A. In
these two diagrams, the homomorphisms ¢ and v; are exactly the same and
the homomorphism 75 is the same up to homotopy in since

[nsal] = [[nsr @idal] = [[idsr @ nall

(using Lemma 4.2). Therefore, by uniqueness of 5° 4 we have

[8°4)) = [[ida ® BF)) = [lidsr @ B]]-
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To prove the statement about K-theory, we can calculate the action of vy
and y2 on KO_1(SR) as in Diagram (9). We can write
PR =idgr ® 4R SROR — SR® C(52:¢) @ Ma(R)

and see that (y7R). maps the generator of KO_;(SR) = Z to the class
corresponding to [po] in KO_1(SR ® C(S%¢)) = KOy(C(S?%¢)) = Z® Z.
At the same time, (75R), maps the generator of KO_1(SR) to the additive
inverse of the class representing the unit in the same group. Thus, we see
that (71 @ ~2)« maps the generator of KO_1(SR) to the kernel of £, (which
we already knew) and to the generator of

image (i.) = KO_1 (SR ® Co(R% () = KO(Co(R% () = Z.

This proves 4R is an isomorphism on KO_(—) and hence on K °*7(=). [
Theorem 4.9. Let A be a stable homotopy symmetric real C*-algebra. Then
¥:[[A,B]] = E(A, B)

is an isomorphism for all real stable C*-algebras B.

Proof. From Lemma 4.5 use the isomorphism E(A, B) = [[SS™'A, SS™'B]]
to show that

21 [[A,B]] = [[SST'A, SSTIB]]
is an isomorphism with inverse
0:[[SS7'A,8S7'B]] — [[A, B]]
defined by
O([[¢]]) = [lidp ® a @ idapr)]] o [lp @ Ma(R)]] o [[84]].

By the Yoneda Lemma, it suffices to consider the case A = B and to then
show that id 4 maps to id 4 under the homomorphism

0oxX: [[4, A]] — [[4, A].
We have ¥ ¥ !(id4) = idgg-1g and we have
O(idgs-1r) = (ida ® a @ idyy,r)) © B
So we need to show that
(ida ® a ®idpr)) © B4 A - A® KR @ M3(R)

is homotopic to id4 as an asymptotic morphism. For this we use the com-
mutative diagram

BA 9 id®aid R
A—— AR Cy(R%; () ® M3(R) A® KN @ M3(R)

T, | |

A® C(8%¢) ® Ms(R) — 92951 A® KR @ Ms(R).
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By Lemma 4.4, the homomorphism
[4, A K" © My(R)]] = [[4, A © K™ @ My(R)]
is injective, so (in yet another reduction) it suffices to show that
(ida @ a® idM3(R)) o(m®y): A= A® KR ® M;5(R)
is homotopic to i oid 4.

For any projection p in a real C*-algebra B, let j,: R — B be the
homomorphism given by j,(t) = tp. Let ¢ = ax(po) € KR @ My(R).
Since g; is asymptotically a projection, there exists an actual projection
o € KR® M>(R) such that (oy) o jp, is homotopic to jg,. Furthermore, by
calculating the class . ([po]) = [q0] € KOo(KR), we know that g is homo-
topic to the projection ¢}, = (§ ) where e is a rank one projection in KR. So

we can and do assume that gy = qj. Then up to a homotopy of asymptotic
morphisms we have

a®e 0 0
([da®@a®idypr)o(m@r)e)=| 0 a 0
0 0 na(a)

and thus (ida ® a ® idpg(R)) © (71 © 72) is homotopic to ida.

For the other direction, again by the Yoneda Lemma it suffices to compute
Y ¥ 10O applied to id 4 ®idgg-1g. But we have just seen that O(idgg-1g) =
id4 and that ¥ X7 !(id4) = idgg-1g, which completes the proof. O

Proposition 4.10. A real C*-algebra A is homotopy symmetric if and only
if the complexification Ac is homotopy symmetric.

Proof. We assume that Ac is homotopy symmetric (in the category of C*-
algebras), so there is an asymptotic morphism n4 € [[Ac, Ac ®c K]]¢ such
that id 4. @14 is null-homotopic through asymptotic morphisms of complex
C*-algebras. Let ¢: A — Ac be the standard inclusion and let r be the
homomorphism

r: Ac ®c K = A ®g Ma(R) @g KR

Notice that r oidg. o ¢ =idg @ id4, since for any a € A we have

(roidac oc)(a) = <a<§e a(%e) .
By hypothesis, then, the composition 7o (ida. ®n14) o ¢ is null-homotopic.
On the other hand, we have
ro(ida. ®na)oc=(roida.oc) @ (ronaoc)
=ida @idg ® (rongoc)

which shows that [[id 4 @ (ronaoc)]] is an inverse for [[id4]] in [[A, A@KR]]z.
For the other direction, we have a semigroup homomorphism

0a.4: [[A, A2 KRR = [[Ac, Ac ®c K]]c.
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So if [[id4]] is invertible in the former, then it immediately follows that
04 4([[ida]]) = [[idac]] is invertible in the latter. O

Corollary 4.11. The real C*-algebras A; are homotopy symmetric for all
0<i<8.

Proof. For all i, we have that (A;)c is isomorphic to one of the following
C*-algebras: ¢C,¢C ® M(C), SC, and SC ® M»(C). From the comments at
the beginning of Section 5 of [11] we know that ¢C and SC are homotopy
symmetric; and from Lemma 5.1 of [11] we know that ¢C ® M, (C) and
SC ® M, (C) are homotopy symmetric. Therefore Proposition 4.10 implies
that A; is homotopy symmetric for all ¢. O

Lemma 4.12. Let D and B be real C*-algebras, with D semiprojective.
Then:
(1) [D, Bl = [[D, BJ].
(2) If B= lim By, then [D,B] = lim [D, B,,].
n—oo

n—oo
Proof. Both of these results have proofs that carry over directly to the real
case from the complex case. The proofs in the complex case are found at
the beginning of Section 6 of [11] and as the proof to Corollary 15.1.3 of
[24], respectively. O

Theorem 4.13. For each integer i in the range 0 < i < 8 and for any real
C*-algebra B (not necessarily separable), there is a natural isomorphism

KO;(B) = [A;, KR B] ~ lim [A;, My (B)].

If B is stable, then
KO;(B) = [A;, B].

Proof. First consider the case that B is separable. From Propositions 3.1
and 3.2 we have K7 (A;) =2 XK (R) for all 4, so the Universal Coef-
ficient Theorem (Corollary 4.11 of [6]) implies that A; is K K-equivalent to
S~'R. We note that the condition for the Universal Coefficient Theorem to
apply is that the complexification of A; is in the bootstrap category of sepa-
rable nuclear C*-algebras. This is easy to check since the complexifications
of these algebras are all stably isomorphic to a commutative C*-algebra or
to ¢C. Furthermore, each A; is semiprojective by Propositions 3.11 and 3.12.
Therefore,

KO;(B) =2 KKO(S™'R, B)

~ KKO(A;, B)

~ F(A;, B) by Theorem 4.6 of [7]
= [[4;, KR @ B]] by Theorem 4.9

>~ [A;, KR @ B] by Lemma 4.12(1)

1

ILm [A;, M, (B)] by Lemma 4.12(2).



1168 JEFFREY L. BOERSEMA AND TERRY A. LORING

To address the general case, let F;(B) = lim [4;, M,,(B)] and consider

n—oo
the natural homomorphism

defined by ap([¢]) = ¢«(&) where &; is a generator of KO;(A;) = Z. This
homomorphism exists for all real C*-algebras and is an isomorphism when
B is separable. In general, write B as the inductive limit B = li)r\n B) where

{B,\} is the net of all separable subalgebras of B. We leave it to the reader
to verify that F; is continuous with respect to inductive limits, using the
fact that A; is semiprojective. Then since both functors F; and KO; are
continuous with respect to inductive limits and since a g, is an isomorphism
for all A, it follows that ap is an isomorphism. ([l

5. K-theory via unitaries — the even cases

In the next two sections, we develop pictures of all eight fundamental KO-
groups in terms of unitaries. We use the notation KO} for these functors
defined on the category of real C*-algebras or (equivalently) the category of
C*"-algebras. For i = 0,1, we will write down the definition both in terms
of a real C*-algebra A and in terms of a C*7"-algebra (A, 7). However for i #
0,1, we will only consider KO}'(A, T) in the context of a C*"-algebra(A, 7),
since that picture gives the most direct and consistent definitions for varying
values of 7. For a real C*-algebra A, one should consider the associated C*7-
algebra (Ac, 7). Thus KOj'(A) = KO} (Ac, 7).

In each case, we have a picture in terms of unitaries in matrix algebras over
A satisfying certain relations. In each case, we will prove that our picture
is a well-defined group and then prove that it is naturally isomorphic to
the standard version of K-theory. A reader who wishes to skip our detailed
development can see the final pictures summarized in Section 7, where we
also include a description of complex K-theory, KU;(A,T).

5.1. KQOg via unitaries.

Definition 5.1. Let A be a unital real C*-algebra. Let U((A) be the set
of all unitaries u in UpenMoy(A) satisfying u? = 1 (equivalently, unitaries
u that satisfy u = u*). Let ~o be the equivalence relation on U(A),
generated by
(1) ug ~p uy if uy € Mo, (A) is a continuous path of self-adjoint unitaries
on [0, 1]; and
(2) u ~g D) for u € My, (A) where (0 My, (A) — My, o(A) is
given by

1) (a) = diag (a, I<0>) where 1 = (§ ) .

n

Then we define KOY(A) = UY(A)/ ~o, with a binary operation given by
[u] + [0] = [(§ )] for u,v € UL (A).
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In addition to the notation for I(*) given above, we will use
IO = diag(1©®, 1) ... 1) € My, (C).

Proposition 5.2. KO{(A) is a homotopy invariant functor from the cate-
gory of all unital C*-algebras to the category of abelian groups. The inverse
of an element [u] € KOy (A) is [—u].

Proof. The binary operation on KOg(A) is clearly associative and by def-
inition the element 1) represents the identity.

Consider self-adjoint unitaries u € My, (A) and v € My, (A). Let w be
a unitary in My, 9m(R) such that w (¥ %) w* = (§9) and detw = 1. This
can be done by taking w to be a change of basis matrix corresponding to
a particular even permutation of the basis elements. There is then a path
of unitaries wy € Mayt2m(R) such that wy = lopy2,, and wy = w. Then
we- (4 9)-wyf is a self-adjoint unitary for all ¢ showing that [u]+[v] = [v]+ [u].

Let u € My, (A) be a self-adjoint unitary. Let

r = <C°S<<7T/2>f> g —sin((/2)1) - 12n>
Sln((ﬂ-/2)t) : 12n COS((W/2)t) . 12n

and let uy =7 - (49) - rf be the path from ({2 ) to (20 Y). Then using

0 u
the relation u? = 19, one can show that u; commutes with ( 1%" _Ou) Hence

Ut - (1%" _Ou) gives a path in Uég) (A) from (3 _Ou) to (15" _2u) = (1%" 7?% )
This last matrix in My, (A) is equivalent to IQ(SL) representing the identity

element in KOf(A), as shown in the proof of Proposition 5.3 below. O
Proposition 5.3. KOj(R) = Z.

Proof. Consider the map ¢: U% (k) — Z given by ¢(u) = Ttrace(u). If u
is a self-adjoint unitary, then u is unitarily equivalent to a diagonal matrix
with eigenvalues in {1,—1}. It follows that the range of ¢ is exactly Z.
Furthermore, since ¢ is continuous, is invariant under unitary equivalence,
and satisfies ¢(u) = ¢({%)(u)); it follows that ¢ is well-defined on KOY(R).

Suppose now that v and v are self-adjoint unitaries with entries in R hav-
ing the same trace. We may assume that v and v have the same dimension by
perhaps replacing u with +(% (u) or replacing v with /{9 (v). Let u = zva*
where z is a unitary in Mas,(R). We can assume that x is in the same
component as the identity among unitaries in Mo, (R). For if detx = —1,
we can replace u, v,z by 9(u), 9 (v), 9 (z) in Mani2(R) and note that
det 9 (z) = — det .

Now let z; be a path of unitaries from 1y, to . Then w; = xvz] is a
path of self-adjoint unitaries from v to u showing that [u] = [v]. The result
follows.

Definition 5.4. Let A be any unital C*-algebra. Then we define KOG (A) =
ker(\.) where A: A — R is the natural projection from the unitization of A
with kernel isomorphic to A.
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We note that the formula in this definition is valid also in case A is
unital. Therefore we have a picture in which any element of KOg(A) is
represented by a self-adjoint unitary u in Ma, (A) such that trace(Aa,(u)) =
0. The following proposition makes clear the picture of KO (A) that we are

presenting.

Proposition 5.5. Let A be a real C*-algebra. Any element of KOG(A) can
be represented as [u] where u € Ma,(A) is a self-adjoint unitary satisfying
AMu) = 1O,

Proof. Suppose u is a self-adjoint unitary in May,(A) and A, ([u]) = 0 in
KO§(R). Then trace(A(u)) = 0. So there is a unitary v € May(R) such that
vA(u)v* = IO Let o/ = vuv®, so that A(«/) = I{?). Furthermore, as in
the proof of Proposition 5.3 we can choose v so that detv = 1 (possibly by
increasing n). Then there is a path of unitaries v; in My, (R) from v to 1a,;
so u; = vyuw; is a path of self-adjoint unitaries from u’ to u showing that
[u] = [u]. O

Theorem 5.6. Let A be a real C*-algebra. Then there is a natural isomor-
phism 0: KO§(A) = KOg(A). The isomorphism 6 is given by

9([“]) = [%(u + 12n)] - [171]

for any self-adjoint unitary u € May,(A).

Proof. It suffices to consider the case where A is unital and u € My, (A).
The reader can check that if u is a self-adjoint unitary, then %(u + 1y, is
a projection in My, (A), and that if u; is a path of self-adjoint unitaries in
My, (A), then $(u; + 1a,) is a path of projections in My, (A). For 6 to be
well-defined, we also have

u+lan, 0 0
. 1
)] )

u+1l2,) 00
< ( 0 )10” — [1n44]
0 00
— (1]

ol—

To show that 6 is a group homomorphism, we check that for u € My, (A)
and v € Ms, (A) we have

= [(u+1om)] = (L] + [3(v + 12,)] — [Ln]
= 0([ul) + 0([v]).

It remains to show that 6 is a bijection. To show that 6 is onto it suffices
to show that for any projection p € M,,(A), the element [p] € KOp(A) is in
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the range of 6. In fact, taking u = (%' 1(1) € M, (A), we have

0([ul) = [(5 )] = [1a] = [p].

To show that @ is one-to-one, suppose that u and v are unitaries such that
O([u]) = 6(Jv]). We can assume that u,v € Ma,(A) for some n. Then we
have [ (u412,)] = [3(v+12,)] in KOg(A). It follows that there is an integer
m such that the projections p = %(u—i— lop) @1, and ¢ = %(v—i— lon) ® 1, are
homotopic in Ma,19m(A). Up to a homotopy of projections in Moy 49m(A),
we can now write p and ¢ in the form

p= % (dlag(ua 1m7 _1m) + 12(n+m))
~ 3 (diag (u, (6 5) 55 (6 21) + Lagnam)
q= % (diag(v7 1m7 71m) + 12(n+m))
~ 3 (ding (0, (5 %) oo (39)) + Do)
Then 2p — 19,4y and 2q — 153,44, are homotopic through unitaries that
satisfy u? = u, so it follows that

diag(u,((l)_ol),...,((l)_ol)) Ndiag(%((l)—oﬂa-'w((l)—ol))

where there are m copies of the block (é 91) along the diagonal. Therefore
[u] = [v] in KOg(A). O

For elements h, k, x in a C*-algebra A, recall from Section 3 that

rine) = (17",

1—2h 22* >

Uh,z,k) = 2T — 1, = < o op 1

which are both elements in Ma(A). In particular, let

1-2t 0 0 2¢/t—1¢2
0 1 0 0
0 0 -1 0

2Vt—t2 0 0 2t -1

where Ay is defined as in Section 3.

Up = U(h‘Oa Zo, ]{30) = € M2(2{6)

Proposition 5.7. The class [uo] is a generator of KOG (A;) = Z.
Proof. Evidently, ug is a self-adjoint unitary. We write
A= {f:10.1] = M(R) | F(0) = (§9) . F(1) = (59) 7.5, L €R}

and the map A: ;{\(/) — R coincides with evaluation at 0. Since we have
Xa(ug) = IO (where Ao: Ma(Ag) — Ma(R)), we know [ug] is a class in
KOg(Ao)-

Now, we have the map evy: Avo — R? which is evaluation at ¢t = 1 and we
have 7 : R? — R which is projection onto the first coordinate. It follows from
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the calculation of K O,(Ap) in Section 3 that the map ¢ = moevy: Ay >R
is an isomorphism on standard K-theory and hence on KOp. We calculate
that ¢(ug) = —12, which is a generator of KO§(R) = Z. O

Proposition 5.8. For any real C*-algebra A, the map [¢] — ¢i[uo] defines
a natural isomorphism

0: [Ag, A ®x KR] = KOU(A).
To be precise, the formula for © is

O([0]) = (d2)«([uo]) = [¢2(uo)]

where ¢2(ug) € Ma(A).

We note that it already follows from Theorems 4.13 and 5.6 that the
groups in question are isomorphic. However, we give a direct proof here
since it establishes the concrete formula for the isomorphism and since it
will serve as a model for the proof that KOY%(A) = [A;, A®g KR] in the next
section.

Proof. Since [AO,KR ®c A] = li_>m [Ag, M, (A)] it suffices to define © for

¢: Ag — My(A). To show that the formula above gives a well-defined
function O, we first mention that ¢.([ug]) does not depend on the homotopy
class of ¢. Here let us show more carefully that the homomorphisms

¢A0—>Mn(A) and (ﬁ/:(gg)le—)Mn_H(A)

will give the same element of KOy (A). We have

balun) = Uo(h). o). olko)) = (175,000, oeo)” )

and
P (uo) = U(¢'(ho), ¢ (w0), ¢’ (ko))
1, — 2¢(h0) 0 2¢($0)* 0
B 0 1 0 0
N 2¢(x0) 0 2¢(ko) =1, O
0 0 0 -1

showing that [¢2(ug)] = [¢5(ug)] in KO§(A), hence O([¢]) = O([¢]). There-
fore O is well-defined. _
Now suppose that we have an element [u] € KOy (A) where u € Ms,(A) is
a unitary that satisfies u* = v and A, ([u]) = 0in KOy (R). After conjugating
by a unitary in May(R) we can assume that A(u) = ( T _gn ) and there exists

h,k,x € M,(A) such that

1, —2h 2"
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Since it is not guaranteed that h and k are orthogonal, we define the elements

, (b 0 , (00 , {00
PR () R ) RN ()

in Ms,(A). Then u represents the same element of KOf(A) as the self-
adjoint unitary

1,—-2h O 0 2™

0 1, 0 0 -
0 0o -1, o |€Mul)

2z 0 0 2tk-1,

o =UM, 2 k) =

Since h' and k' are orthogonal and U(h',2’, k) is a unitary, by Proposi-
tion 3.3 there is a homomorphism ¢, : Ay — Ma,(A) such that hg, ko, and
xo map to A/, k', and 2’ respectively. Then

O([pu]) = [#u(U(ho, 0, ko))] = [u'] = [u]

showing that © is surjective.
In fact, we show that the construction of ¢, in the previous paragraph
defines a homomorphism @ from KOy (A) to [Ao, lim M, (A)]; and that ® is
n—oo

inverse to ©. First of all, if u and v are self-adjoint unitaries in M, (A) that
are homotopic through self-adjoint unitaries satisfying A\(u;) = (10" —gn )7

then the construction in the previous paragraph results in a homotopy be-
tween ¢,, and ¢,. Now let u € Ms,(A) and let v = <§ 1 _01) € Mopy2(A).

We show that ¢, and ¢, are equivalent elements of [Ap, KR ®g Al If we

: _ (1,—-2h 2z* .
write u = ( o 2k—1n> then we can write

1,-2h 22* 0 0

o | 2@ 2%k-1, 0 o0
0 0 1 0

0 0 0 -1

In order to have A(v) of the right form, we conjugate v by a unitary in
Mo, +2(R) and we write instead

B 0 1 0 0
v= 0 0 -1 0
2 0 2% — 1,
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Hence, ¢, will map the elements hg, kg, and xg, respectively, to the elements

h 0 0 0 00 0O 0 0 0O
; 10 0 0 0 ;, [0 0 0 0 ;|0 0 0 O
=10 00 of ®=loooo| ™M %=]|g0o0o0
0 00O 0 0 0 k rz 0 0 0

in M2n+2(g) and thus we see that ¢, is unitary equivalent to (%“ 8). It

follows that ® is well-defined.

We have already seen above that © o @ is the identity on KOF(A). To
see that ® o © is the identity on [Ag, KR ®@g A], let ¢: Ag — M,(A) be a
given homomorphism. Let h = ¢(hg), * = ¢(x9), and k = ¢(ko). Then
O(¢) = [p2(uo)] = [U(h,z,k)]. Then the reader can verify that (® o 0)(¢)
carries hg, To, and ko to b, 2’, and k" in My, (A) as given by Equations (10).
We will show that ((gg) and (® o ©)(¢) are homotopic by producing a
homotopy of triples {hs,xs, kt} from {h,z, k} to {h',2',kK'} in My, (A) that
satisfy (for each t) the conditions that h ik = 0 and that U(hg, x4, k) is a
unitary in My, (A). For t € [0,1], let

vy = <cos(7rt/2) —sin(m/2)> .

=

sin(mt/2)  cos(mt/2)
Then let hy = 1, ky = ik’ ri, and z; = rix’. The reader can verify directly
that hiky = 0 and that U(he, x4, k) is a unitary for all ¢ since
U(ht,wt,kt) = <]-(2)n O) . U(h/,$/7k/) . (1(2)n 0) . O

T Ty

We end this section by giving a rephrasing of the definition of KOf in
the context of C*7-algebras. This gives a description of KO (A, ) that is
parallel to the forthcoming descriptions of KO} (A, 7) for all values of j.

Definition 5.9. Let (A, 7) be a unital C* -algebra. Let U (A, 7) be the
set of all unitaries u in U,enMa,(A) satisfying u? =1 and u” = u. Let ~
be the equivalence relation on Uég) (A, T), generated by
(1) ug ~p uy if uy € Moy (A) is a continuous path of self-adjoint unitaries
satisfying u{ = us; and
(2) u ~o lOu) for u € My, (A) where 1(9: My, (A) — My, o(A) is
given by

40 (a) = ding (.10)  where 10 = (3 9).

Then we define KOY(A, 1) = U (A, 7)/ ~p, with a binary operation given
by [u] + [v] = [(§ 9)] for u,v € UL (A, 7).

Since the sets UY) (A4, 7) and UY (A7) are identical and have the same
equivalence relation, the following is immediate.
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Proposition 5.10. Let (A, 7) be a C*7-algebra and let
AT={ac A|d =a"}

be the associated real C*-algebra. Then there is an isomorphism
KOy (A, 1) =2 KOy (AT).

5.2. KO- via unitaries. In this section, we will produce the definition of

KO35(A, 1) and we will prove that

KOY(A,7) = [(qC. 1), (K® A, 7)) = [As, KR @ A7).
From Theorem 4.13, we know that [As, KR @ A7] = KOy(A). This will

then imply that KO3 (A) = KO2(A) (where the latter is defined in terms of
projections in the double suspension).

Definition 5.11. Let (A, 7) be a unital C*-algebra. Let U2 (A, 1) be the
set of all unitaries u in UpenMay, (A) satisfying u? =1 and u” = —u. Let ~s
be the equivalence relation on Ug) (A, 7), generated by

(1) up ~2 uy if up € Moy (A) is a continuous path of self-adjoint unitaries

satisfying u] = —uy; and
(2) u ~g 1P (u) for u € My, (A) where 12 : Mo, (A, 7) = Manya(A) is
given by

1P (a) = diag(a, 1?)  where I®) = ( ;).

Then we define KOY(A, 1) = U(A,T)/ ~o, with a binary operation given
by [u] + [v] = [(§ 9)] for u,v € UL (A, 7).

Proposition 5.12. KO5(A, 1) is a homotopy invariant functor from the
category of unital C*"-algebras to the category of abelian groups.

Proof. We note that the set U2 (A4, 7) is closed under conjugation by el-
ements in O(2n). Furthermore, since SO(2n) is connected, conjugation by
any element in SO(2n) induces the identity automorphism on KO3(A, 7).
For any u,v € U (A, 1), with u € My,,(A) and v € My, (A) we have

0 1o\ (u 0/ 0 1\ (v O
Low 0 )80 v)\1sn 0 )70 u)

Since (2 120} € SO(2n + 2m), it follows that [u] + [v] = [v] + [u] .
0

lom
By definition the element [I (2)] is an identity for the semigroup. We defer
the proof that there are inverses until Proposition 5.14 below. (]

Proposition 5.13. KO5(R) = KO5(C,id) = Z,.

Proof. Let u € Ms,(C) be a self-adjoint, skew-symmetric unitary. As in
Section 4 of [27], there is a factorization u = x-diag(I?, ..., I®).2™ where
x € O(2n). Then depending on whether x € SO(2n) or not, we can find a
path from x either to 1y, or to diag(lg,—_1,—1). Therefore, we either have
w ~y diag(I@, ... 1?) 1®) or 4 ~y diag(I?, ..., 1?), —1?)),
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Thus there are at most two equivalence classes of U (C,id). Further-

more, [ @) %9 —1 (2) as the two elements are distinguished by the value of
the Pfaffian (see Theorem 4.1 of [27]). Since

diag(I®®, 1®) ~, diag(—1?, —1%)
it follows that KO5(C,id) = Z,. O

The proof above indicates that two self-adjoint skew-symmetric unitaries
in My, (C) represent the same element of KO3 (C,id) if and only if they have
the same Pfaffian (although there are different conventions regarding how
the Pfaffian is actually defined, especially when n is odd). We establish the
notation I$2) = diag(I?, ..., I¥)) € My, (C) for the standard representative

n

of the identity in KO3(C,id).

Proposition 5.14. FEvery element of KO3(A,T) has an inverse. If u €
Mo, (A) and n is even, then the inverse of [u] is [—u].

Proof. Let A be unital and let u be a self-adjoint, skew-symmetric unitary
in My, (A). Then the matrix

w — ( cos(mt/2) -u  isin(wt/2) - 12n>
¢ isin(mt/2) - 1oy, —cos(mt/2) - u

fort € [0, 1], gives a continuous path of self-adjoint skew-symmetric unitaries
from (’OL _Ou) to ( 0 7"102" ) Depending on the parity of n, the latter matrix

_i‘12n
is similar via conjugation by a special orthogonal matrix either to Iéi) or

to diag([éi)_l, —1®). So in KOY(A,T), we either have [u] + [-u] = 0 or
[u] + [~u] + [-IP] = 0. 0

Definition 5.15. For a C*"-algebra (A, 1), we define KO5(A, T) = ker(\4)
where A\: A — R is the natural projection on the unitization of A.

Proposition 5.16. Let A be a real C*-algebra. Any element of KO3(A
can be represented as [u] where uw € Ma,(A) is a unitary satisfying u™ = u
and A(u) = I1?).

Proof. Let u be a skew-symmetric self-adjoint unitary in Mas, (A) such that
[A(u)] = 0 in KOY(C,id). Then A(u) = 2IPz™ for some 2 € SO(2n). Let

v =2 uzx € My,(A). Then u ~y v and A(v) = I{?) as desired. O
Recall from Section 2 that there is an isomophism
(Ma(A), 7) = (M2(A),7),

where 7 is an alternate form of the transpose operator on matrices. Thus
one can make the following alternative definition of KO3 (A) using 7 in place
of 7.
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Definition 5.17. Let (A,7) be a unital C*7- algebra Let U(2)(A T) be
the set of all unitaries u in UneNMgn(A) satisfying u? = 1 and u” = —u.
Let ~5 be the equivalence relation on U, U2 )(A, 7), generated by

(1) ug ~o uy if uy € My, (A) is a continuous path of self-adjoint unitaries

satisfying u{ = —uy; and
(2) u ~g (P (u) for u € My, (A) where 1) My, (A) — Moy, o(A) is
given by
1P (a) = diag(a, 1, —1).
Then we define K O“(A ) =09 ( ) / ~2, with a binary operation given

by [u] + [v] = [(¢9)] for u,v € U(Q)(A 7).

There is a natural isomorphism KOY (A, 7) & KOY(A, ) given by conju-
gation by the matrix W introduced in Section 2. This model of KO3 (A, T)
will be used only in this section to obtain our results.

We set a different convention for the action of the involution 7o, = Tvr®7'n
on My, (A) (similar to our discussion of the action of § and f in Section 2).

We use the formula -
T y T _ an yTn
z w) ~ \zZ g™

where z,y, z,w € M, (A). This convention changes the formula for
12 Moy (A) = Mapio(A)

given in Definition 5.17. Instead of the formula there we have

for x,y, z,w € M, (A). With this notation, if x € My, (A) satisfies T = —uz,
then the element y = {2 (z) also satisfies y™ = —y. With this notation, the

trivial element of KOY(R) 2 Z; is represented by (¢ jn) for any n.

Theorem 5.18. For any C*"-algebra (A, T), there is a natural isomorphism
[(¢C.8), (K® A, 7)] = KO3 (A).

Proof. Assume A is unital. We will prove that there is an isomorphism
between [(¢C, 1), (KR® A, 7)] and KOY(A, T) using a similar proof to that of
Proposition 5.8. Let

1—-2t 0 0 2vVt—t2
0 1 0 0 ~—
UuQ U(h(), X, ko) 0 0 -1 0 S MQ(qC)
2v/t—t2 0 0 2t —1
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and note that we have ut@Tr = —uyp; so [ug] € KO5(¢C, ). If ¢: (¢C,8) —
(My(A),7) is a C*7-algebra homomorphism, then ¢(uo) € UP (A, 7). We
define ©(¢) = [¢(uo)] € KOY(A, 7). To show this is well-defined, we need
to consider ¢’ = (%’ 8 )

We can now check that as in the proof of Proposition 5.8,

1o —20(ho)  2¢(xo)*
¢P2(uo) = ( 26(z) ’ 2525(7%0)0— 1n> ’

n—2¢(ho) 0 2¢(x0)" 0

S 0 1 0 0
20) =1 94z0) 0 2(ke)—1, 0
0 0 0 -1

Thus we have O(¢' (ug)) = 1'2) (¢(up)), showing that O is well defined.
To construct an inverse to © (as in the proof of Proposition 5.8), suppose
u € Mo, (A) is a unitary satisfying u* = 1, u” = —u, and A(u) = (3 f{n ).

Then there exist h,z, k € M, (A) such that

1, — 2h 2z*
:U(h,x,k‘):< 9 2k—1n>'

The conditions that u = u* and v~ = —u are equivalent to the conditions
that h and k are self-adjoint, they are interchanged by 7, and 2™ = —x.

We now construct modified elements h’, k', 2’ that satisfy the same con-
ditions as well as the condition A’k = 0. Let

(il 1,
WQ”‘ﬁ(ln i-1n)EM2"(C)

(generalizing the definition of W from Section 2) and define
h = W2n(oo)W2n—*( ’ihﬁ?)
K =w5, (§ )W%:’(ﬁcikzk)’
o' = W5, (§8) W = 5 (_‘ii _;m)v

in My, (A). We leave it to the reader to check that h’' and k' are self-
adjoint, that 'k’ = 0, that (h')” = K/, and that (2')” = —2’. The following
calculation shows that v’ = U(h/,2’, k') is a unitary:

/: lon—2h" 2(z')* )

2 2K 1oy,
[ e 2W2n Wgn 2Woan, (330* 8)W2n
N 2w, ( 2W3, (K Q) Wan—12n
x
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where 12 My, (A) — My, (A) is the composition Lgi)il .. Lgﬁng) and

L—2h 0 2z 0

@ 0 1, 0 0

09 (u) = 2 0 2k—1, 0
0 0 0 1,

Thus v’ = U(K,2’, k') is a unitary that satisfies
W' = W) and (v) = -
By Proposition 3.3, there is a homomorphism

bu: (4G, 1) = (Man(A), 7)

such that ¢, (ho) =k, qﬁu(ko) =K, and ¢,(x¢) = 2’. Thus (¢ )2(ug) = .
We claim that u ~9 u', which will imply that ©(¢,) = [u] as desired.
Specifically, we will show that ' is homotopic to «? (u) in My, (A). The

previous calculation shows that «' = v/ (u)v* where v = = (¥.05%). Soit
x

w*
suffices to show that vzv* ~y z for any self-adjoint unltal € Myn(A)

satisfying 27 = —z. Let
_ 1 X 12n 12n
Wan = ﬁ( 1o i-12n>'
For any x € My, (A) we have #7 = —z if and only if

(WanaWi,)" = =(WanzWi,).

Then as U (A, 7) is closed under conjugation by SO(4n), so u® (A, 1) is
closed under conjugation by elements in

SO(4n) = Wi, 50(4n)Win.

Now v € 35(471) since

01 -1 0
1 10 0 -1
01 1 0

Since SO(4n) is connected, so is SO(4n). Therefore there is path in SO(4n)
from v to the identity which proves that vav* ~g x.

This completes the proof that O(¢,) = [u]. The rest of the proof consists
in showing that the construction described is actually an inverse to ©. This
proceeds as in the proof of Proposition 5.8. O
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5.3. KO4 via unitaries.

Definition 5.19. Let (A4, 7) be a unital C*"-algebra. Let U (A, 1) be the
set of all unitaries u in U,enMyp(A) satisfying uw? =1 and u'®" = u. Let
~y4 be the equivalence relation on Uég) (A, 7), generated by

(1) ug ~q uy if uy € My, (A) is a continuous path of self-adjoint unitaries

satisfying u§®7 = uy; and
(2) u ~y (D (u) for u € My, (A) where (D My, (A) — My, 4(A) is

given by
1D (a) = diag(a, I™)  where IY = diag(1,1, -1, —1).
Then we define KOY(A, 1) = UY (A, 1)/ ~4, with a binary operation given
by [u] + [v] = [(%9)] for u,v € UD (A, 7).
In the above definition, the formulas for LS;L), for 1 (4), and for addition
implicitly assume the particular convention for the action of the involution
f® 7 on My, (A) as discussed in Section 2. Under this convention, the addi-

tion formula and the formula for L7(14) in Definition 5.19 preserve membership
in UM (A).
Proposition 5.20. If (A,7) is a unital C*"-algebra, then
KO (A, 7) = KO4(A, ).

In particular, KO#(C,id) = Z.
Proof. An element of Uc(é) (A,7) is given by a self-adjoint unitary u €
M>(C) ® My, (A) that satisfies u**7 = u. This is the same as an element of
UQ(M3(C)® A,§ @ 7). Therefore UL (A, 7) 2 U (M3(C)® A,§ @ 7) and
hence KO} (A,7) =2 KOy(M2(C) @ A, t @ 7).

As a special case of the Kiinneth formula (the Main Theorem of [5]), for

a real C™-algebra A we know that KO,(A) = KO,44(H ® A). The same
statement in terms of C*7-algebras is that

KOn(A,7) 2 KOp1a(M3(C) @ At @ 7).
Combining this with Theorem 5.6,
KO§(A,7) = KOy C)2AtRT)
= KOg C)RATRT)
= KO4(A,T). O

(My
(My

The identity element of KO} (C,id) = Z is represented by I} € M,(C) or,
more generally, by I = diag(I® ..., I™®) € My,(C). The isomorphism
KO}(C,id) — Z can be written as [u] — *trace(u).

Theorem 5.21. KOY(A,T) is a homotopy invariant functor from the cat-
egory of unital C*" -algebras to the category of abelian groups. The inverse
of an element [u] in KOY(A,T) is given by [—u].
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Proof. The first statement follows immediately from Proposition 5.20. The
statement about inverses follows from Proposition 5.2 and the statement in
the proof of Proposition 5.20 that U (A4, 7) 2 U (My(C)® A,t @ 7). O
Definition 5.22. Let (A, 7) be any C*"-algebra. Then we define
KO{(A, 1) = ker(\y)
where \,: KOY(A,7) — KOY(C,id).
Combining Theorem 5.21 with this definition gives the following.

Theorem 5.23. If (A, ) is any C*" -algebra, then KO§(A,7) = KO4(A, ).

Theorem 5.24. Let (A, 7) be a C*7-algebra. Any element of K{(A,T) can
be represented as [u] where u € My,(A) satisfies u*> = 1, uf®T
Ae(u) = IW.

Proof. Consider the following commutative diagram in which each row is
a short exact sequence and ¢ is the isomorphism described in the proof of
Proposition 5.20.

= u, and

KOY(M>(C)® A, § @ 1) — KOU((My(C) ® A)™, £ ® 7) ——— KOY

N

|
KOU(M(C)® A, @ 1) —— KOU(My(C) ® A, @ ) —=— KOY(M>
Jg g J{g

(

KOY( KOY(A,7) ——— 2 KOY(C,id).

C,id)

It follows from the diagram that any element of KO§ (A, 7) can be written
as gk.([u]) where [u] € KO§((M2(C) ® A)™, 8 ® 1) and A.([u]) = 0. Using
Proposition 5.5, we can take u € My, ((Ms(C) ® A)~) such that u? = 1,
T = u, and A(u) = IQ(?l). Then v = gk(u) € My, (A) satisfies v2 = 1,
07 = o, and A(v) = IV as desired. O

n

5.4. KOg via unitaries.

Definition 5.25. Let (A4, 7) be a unital C*"-algebra. Let U% (A, 1) be the
set of all unitaries u in UpenMay, (A) satisfying u? =1 and u!® = —u. Let
~g be the equivalence relation on Uég) (A, 7), generated by
(1) ug ~¢ uy if uy € Moy, (A) is a continuous path of self-adjoint unitaries
satisfying u§®7 = uy; and
(2) u ~g (D (u) for u € My, (A) where ({9 My, (A) — My, o(A) is
given by

19 (a) = diag(a, I®)  where I®) = (5 8).

n

Then we define K Og( 7) = U (A, 1)/ ~¢, with a binary operation given
by [u] + [v] = [(§9)] f fuaUEUéo)(AyT)-
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If, in the definition above, we only used unitaries in My, (A), then it would
be clear that KOg(A, 7) is isomorphic to KOy (M2(C)® A, ® 7). However,
the allowed inclusion of unitaries in Ma,,(A) does not change the group in the
limit. Therefore, the following results follow a development that is similar
to that for KO} (A, 7).

Proposition 5.26. If (A,7) is a unital C*" -algebra, then
KOg(A,7) = KOg(A, ).
In particular, KOg(C,id) = 0.
Proposition 5.27. KOg(A, ) is a homotopy invariant functor from the

category of unital C*7-algebras to the category of abelian groups. The in-
verse of an element [u] in KOg(A,T) is given by [—u] if u € Moy (A).

Definition 5.28. Let (A, 7) be any C*7-algebra. Then we define
KOg(A, 1) = ker(\y)
where A, : KOY(A,7) — KOY(C,id).
Proposition 5.29. If (A, 1) is any C*" -algebra, then
KOg(A, 1) =2 KOg(A, ).
Proposition 5.30. Let (A,7) be a C*"-algebra. Any element of K¢(A, )

can be represented as [u] where u € My, (A) satisfies u? = 1, uf®™
Ae(u) = IO,

=u, and

6. K-theory via unitaries — the odd cases

6.1. KO, via unitaries. The following definitions and theorems represent
the standard development of K O;(A) as in Chapter 8 of [34] for the complex
case. They are included here for reference and terminology; and the proofs
will be omitted as appropriate.

Definition 6.1. Let A be a real unital C*-algebra. Let U{)(A) be the set
of all unitaries u in UpenM,(A). Let ~1 the equivalence relation on U (A),
generated by

(1) ug ~1 uy if uy € My, (A) is a continuous path of unitaries for ¢ € [0, 1];

and
(2) u ~1 D (u) for u € M,(A) where o(V: M, (A) = M, 1(A) is given
by

(@) = (39) = diag(a, 1).
Then we define KOY(A) = U (A)/ ~1, with a binary operation given by
[u] + [o] = [(§ 9)] for u,v € UL (A).
Proposition 6.2. KO} (A) is a homotopy invariant functor from the cate-

gory of unital C*-algebras to the category of abelian groups. The inverse of
an element [u] in KOY(A) is given by [u”].
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Proposition 6.3. KO}(R) = Zy. The isomorphism KO} (R) — Z3 is given
by [u] — det(u).

Definition 6.4. Let A be any unital C*-algebra. Then we define KO} (A) =
ker(As) where X\: A — R is the natural projection from the unitization of A

with kernel isomorphic to A.

Proposition 6.5. Let A be a real C*-algebra. Any element of KOY(A) can

be represented as [u] where u € My, (A) is a unitary satisfying A(u) = 1,.

Proof. Let v € M,(A) be a unitary element satisfying A.([u]) = 0 €
KOY(R). This implies that det(A(u)) = 1 so there is a path wu; of uni-
taries in M,,(R) such that up = 1, and u; = A(u). Then v; = u(w)* is a
path of unitaries in M, (A) such that vo = u and A(v1) = A(w)ul =1,. O

Proposition 6.6. For any real C*-algebra there is an isomorphism

I': KOY(A) — KOY(SA)

given as follows. Let uw € M,(A) be a unitary, satisfying A(u) = 1,. Let
vy € Moyp(A) be a continuous path of unitaries such that vy = 1oy, v1 =
diag(u, u*), and N(vy) = 1oy, for allt € [0,1]. Then

[([u]) = [2Ut (161 8) vy — 12n} .
Proof. There is an isomorphism v: KOY(A) — KOy(SA) given by
Y([u]) = [v (% 0) v] — [Ln]
where v is as in the statement of the theorem above. This is well-known in
the complex case (see for example Theorem 10.1.3 of [34]) and works the

same in the real case. Then the isomorphism I is given by I' = © o v where
© is from Theorem 5.6. O

Corollary 6.7. For any real C*-algebra A, there is a natural isomorphism

KOY(A) = KO (A).

We end this section by giving a rephrase of the definition of KOY in the
context of a C™"-algebra. This gives a description of KOY(A, ) that is
parallel to the forthcoming descriptions of K O}‘(A, 7) for all values of j.

Definition 6.8. Let (A,7) be a unital C*"-algebra. Let U (A, 7) be the
set of all unitaries u in UpenMy(A) satisfying u” = u*. Let ~; be the
equivalence relation on U{)(A, 1), generated by
(1) up ~1 wy if uy € My (A) is a continuous path of unitaries satisfying
uj = uj; and
(2) u~1 Y (w) for u € M,(A) where t{V): M, (A) — M,1(A) is given
by
1M (a) = diag (a,1).

n



1184 JEFFREY L. BOERSEMA AND TERRY A. LORING

Then we define KO¥(A, 1) = U)(A,7)/ ~1, with a binary operation given
by [u] + [v] = [(§9)] for u,v € UL (4, 7).

As in Proposition 5.10, the sets U (A, 7) and UL (A7) are easily seen
to be identical.

Proposition 6.9. Let (A,7) be a C*"-algebra and let
AT={acA|d" =a"}

be the associated real C*-algebra. Then there is an isomorphism
KOY(A,7) =2 KOY(AT).

6.2. KO_; via unitaries.

Definition 6.10. Let (A,7) be a unital C*7-algebra. Let UV (A,7) be
the set of all unitaries u in UpenM,(A) that satisfy u” = u. Let ~_) be
the equivalence relation on cho_ 1)(A, 7), generated by
(1) wo ~(—1y u1 if uy € M, (A) is a continuous path of unitaries satisfying
u; = ug; and
(2) u o~y WV () for w € M, (A) where oSV M, (A) = M, 1(A) is
given by
1V (a) = diag(a, 1).
Then we define KO, (A,7) = USY(A,7)/ ~(~1), with a binary operation
given by [u] 4 [v] = [(49)] for u,v € UGSV (A, 7).
Proposition 6.11. KO*,(C,id) = 0.

Proof. Let u € M,(C) be a unitary element such that «™ = u. By Corol-
lary 4.4.4 of [22], there exists a unitary v such that u = v™v. Since the
group of unitaries in M, (C) in path connected, we can find a path v; from
v to 1, and let u; = v;ﬁvt be the path of unitaries from u to 1,, satisfying

ult = . (]

Proposition 6.12. KO",(A, 1) is a homotopy invariant functor from the
category of unital C*"-algebras to the category of abelian groups. The in-
verse of an element [u] in KO"{(A,T) is given by [u*].

Proof. We leave the question of functoriality and homotopy invariance to
the reader, and show that the binary operation is commutative.

Let w € M,(A) and v € M,,(A) be unitaries satisfying v" = u and
v" = v. First we claim that there exists a unitary w in M, ,,(R) such
that w (¢ 9)w* = (§9) and detw = 1. If either m or n is even, then w
can be taken to be the obvious change of basis matrix corresponding to
an even permutation of the basis elements. On the other hand if m and
n are both odd then let w’ be the odd permutation matrix that satisfies
w (89) (w)* = (§9). Then let w = w' (g _} ). This proves the claim.
Then let w; be a path of special orthogonal matrices from 1,1, to w and
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consider the path z; = wy (¥ 9)w;. Verifying that this satisfies z] = x4
completes the proof.

For the statement about inverses, we claim that if w is a unitary in M, (A)
that satisfies u” = u, then (g I?*) ~(-1) ( ) Indeed,

o (COS((?T/Q) )-u  sin((7/2)t) - 1, )
t sin ((w/2)t) -1, —cos((mw/2)t) - u*

is a homotopy from (8 v ) to ( 1, 6L) satisfying v = v;. Since any matrix
of the form w = (% ,0.) for |A| = 1 satisfies w™ = w, we have

(5a) ~n (6 )
The argument given in the proof of Proposition 6.11 above implies that
(2, 6) ~n (6 1) -
Definition 6.13. Let (A, 7) be any C*"-algebra. Then we define

KO (A, 1) = ker(\y).

Since KO¥,(C,id) = 0 it follows that KO",(A,7) = KO",(A, 7).

Proposition 6.14. Let (A, 7) be a C*"-algebra and let A be the unitization.

Any element of KO" (A, T) can be represented as [u] where u € M, (A) is
a unitary satisfying u” = u and A(u) = 1,.

Proof. Let u be a unitary in M, (A) such that u” = u. Let z = A(u) €
M, (C). As in the proof of Proposition 6.11, write z = y "y where y is a
unitary in M, (C) and let y; be a path of unitaries from 1, to y. Then

= (y)Muy; is a path from u to a unitary z; in M,(A) that satisfies
A(z1) = 1,,. Also, note that we have z] = z; for all ¢. O

Proposition 6.15. For any C*"-algebra (A, T), there is a natural isomor-
phism
KO" (A, 1) 2 [(Co(Sh),id), (KR @ 4,7)].

Proof. Let up be the identity function in C(S'). That is, ug(z) = z for
all z € S'. Then [ug] € KO",(C(S"),7) = Z. For any ¢: (C (Sl) d) —
(M,(A),T), we can extend to the unitization to obtain ¢: (C(S'),id) —
(M, (A),7) and write 0([¢]) = [¢(ug)] € KO™,(A). For ¢ = (0 0) we have

¢ (ug) = <¢(80) 2), so 0([¢]) = 0([¢']). This gives us a well defined natural

transformation
©: [(Co(5h),id), (KR ® A, 7)] = KO" (A, 7).

Conversely suppose u € Mn(g) is a unitary satisfying u” = u. There is
a unique unital homomorphism ¢: C(S",C) — M, (A) such that ¢(ug) = u,
and it is easily seen that ¢ satisfies ¢(x'9) = ¢(z)7 for all . Thus ¢ is a
C*"-algebra homomorphism ¢: (C(S'),id) — (M, (A),7). The restriction
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yields a homomorphism ¢: (Co(S1),id) — (M, (A),7) C (KR @ A, 7). This
construction gives an inverse to O. ([

Corollary 6.16. For any C*"-algebra (A, T), there is a natural isomor-
phism
KO" (A7) = KO_1(A,T).

Proof. This follows from Proposition 6.14 above and Theorem 4.13 (re-
membering that A_; = (Co(S'\ {1}),id)). O

6.3. KO3 via unitaries.

Definition 6.17. Let (A4, 7) be a unital C*"-algebra. Let US (A, 7) be the
set of all unitaries u in UpenMay,(A) satisfying uw'®T = u. Let ~3 be the
equivalence relation on Uég’) (A, T), generated by

(1) ug ~3 uy if uy € My, (A) is a continuous path of unitaries satisfying
iy

u;~ = uyg; and
(2) u ~g 3 (u) for u € My, (A) where o3 : My, (A) — Moy o(A) is
given by

13 = diag (a,12) .
Then we define KOY(A, 1) = U)(A,7)/ ~s, with a binary operation given
by [u] + [v] = [(49)] for u,v € UP(A, 7).

Here we are using the same convention on the involution # ® 7 as we did

in Definition 5.19 for KO (A, 7).
Proposition 6.18. If (A,7) is a unital C*"-algebra, then

KOY(A,7) 2 KO3(A, 7).
In particular, KO%(C,id) = 0.
Proof. An element of U (A, 1) is given by a unitary u € My(C) @ M, (A)
that satisfies u*®” = u. This is the same as an element of

UGS (Ma(C) @ A @ 7).
Therefore U (A, 7) = UV (My(C) ® A, 4 @ 7); and hence

KO3(A,7) = KO (M2(C) ® A, § ® 7).

As a special case of the Kiinneth formula (the Main Theorem of [5]), for a
real C*-algebra A we know that KO, (A) =2 KOp14(H®A). In terms of C*7-
algebras, this is the statement that KO, (A, 7) = KO,44(M2(C) R A, @ 7).
Therefore

KO3 (A, 7) =2 KO {(M2(C) ® A, 4 ® )
~ KO_1(M(C) @ At @ 7)
= KO3(A,T). O
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Proposition 6.19. KO5(A,7) is a homotopy invariant functor from the
category of unital C* " -algebras to the category of abelian groups. The in-
verse of an element [u] in KO%(A,T) is given by [u”].

Proof. This follows immediately from Proposition 6.18. The statement
about inverses follows from Proposition 6.12 and the statement in the proof
of Proposition 6.18 that U3 (A, 7) =2 UCY(My(C) @ At @ 7). O

Definition 6.20. Let (A, 7) be any C*7"-algebra. Then we define
KO3(A, 1) = ker(\y)
where \.: KOY(A,7) — KOY(C,id).
Combining Proposition 6.19 with this definition gives the following.
Proposition 6.21. If (A, 1) is any C*"-algebra, then
KOY(A, 1) =2 KO3(A, 7).

Proposition 6.22. Let (A, 7) be a C*7-algebra. Any element of KO%(A, 1)

can be represented as [u] where u € M,(A) satisfies u'®™ = u and \,(u) =
1,.

Proof. Let u € Us(A,7) = U_1(M(C) ® A,# ® 7). The unital homomor-
phism (M(C) ® A)™ < M,(C) ® A induces an isomorphism on KO (—).
Therefore, using Proposition 6.14, we can replace u by an equivalent unitary
v in M, (M>(C) ® Z) C U_1(M2(C) ® Z,ﬁ ® 7) that satisfies A\, (v) = 1o,
where A: (M3(C) ® A)~ — C and A, : M, (M2(C)® A)™) — M,(C).

Now, we consider the same unitary v as an element in Us (ﬁ, 7). In that
context it is a unitary in MQn(AV) and it satisfies Aoy, (v) = 1o, where A: A—

C and )\Qnt Mgn(A) — Mgn(C) O
6.4. KOsy via unitaries.

Definition 6.23. Let (A4, 7) be a unital C*"-algebra. Let USY (A, 7) be the
set of all unitaries u in UpenMa,(A) satisfying uw'®T = u*. Let ~5 be the
equivalence relation on Uég’) (A, T), generated by

(1) ug ~5 uy if uy € My, (A) is a continuous path of unitaries satisfying

w7 = u¥; and
(2) u ~5 19 (u) for u € My, (A) where o2 : My, (A) — Mo, o(A) is
given by

%) (a) = diag (a, 12) .

Then we define KO¥(A, 1) = UP)(A,7)/ ~s, with a binary operation given
by [u] + [v] = [(§9)] for u,v € U (4, 7).

In this definition we use the same convention for # ® 7 as discussed for
Definition 6.17.
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Proposition 6.24. If (A, 1) is a unital C*" -algebra, then
KO§(A, 1) = KOs(A,T).
In particular, KOg(C,id) = 0.
Proof. The proof is the same as the proof of Proposition 6.18, using
KO$(A,7) = KO} (M2(C) @ A, 4 @ 7). O

Proposition 6.25. KOZ(A, ) is a homotopy invariant functor from the
category of unital C*7-algebras to the category of abelian groups. The in-
verse of an element [u] in KOZ(A,T) is given by [u”].

Proof. This follows from Proposition 6.24. ([
Definition 6.26. Let (A4, 7) be any C*"-algebra. Then we define
KO%(A, 1) = ker(\y)
where A, : KOY(A,7) — KOY(C,id).
The following result is immediate from our development so far.
Proposition 6.27. If (A, T) is any C*" -algebra, then
KO (A, 1) =2 KOs5(A, ).

Proposition 6.28. Let (A,7) be a C*"-algebra. Any element of KOg5(A, )
can be represented as [u] where u € M, (A) satisfies u**T = u* and \,(u) =
1,.

Proof. There is a proof similar to that of Proposition 6.22, but instead we
give the following slightly more constructive proof.

Let w € Man(A,7) be a unitary satisfying u/®” = u*. Then A(u) is a
unitary in M, (C) satisfying v = u*, which is to say that u is a unitary
in M,,(H). Since the unitary group of M, (H) is connected (this follows for
example from Theorem 1 of [39]), there exists a path v; from 1g, to A(u) in
M>,,(C) satisfying vf = v;. Then wv; is the desired path from u to a unitary

w = uv] satisfying AM(w) = 1,,. O

7. Summary and examples

The following theorem and Table 3 summarize the unitary description of
KO-theory from the previous two sections. The statements about KU will
be clarified later in this section.

Theorem 7.1. Let (A, 1) be a C*7-algebra, not necessarily unital. Let n;
be the positive integer, .7, be the symmetry relation, and I%) € M,,(C) be
the neutral element as specified in Table 3, for i € {—1,0,...,6}.

Then there exist natural isomorphisms KO;'(A,7) = KO;(A") for all i,
where KO}(A,T) is defined to be group of equivalence classes of unitaries
u in UnENMni.n(Z) that satisfy .%; and satisfy A(u) = diag(I@,... 1D).
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TABLE 3. Unitary Picture of K-theory — The Ten-Fold Way

K-group n; i 1
(7 ok 1

complex | 108 (A7) | 2 u=u (5.%9)

KU{'(A,T) 1 - 1

KO" (A7) | 1 ul =u 1

KO§(A,71) | 2| u=u"u =u" (5%)

KO} (A1) |1 ul =u* 1

real

KOy(A,7) | 2| u=u",u =—u (9%

KOy(A,7) | 2 T =y 1,

KOYA, 1) | 4| u=u* " =u* | diag(ly, —12)

KO¢(A,7) | 2 uFOT = ¥ 1,

KOUA,T) |2 |u=uw, ™ = —u| (@)

In the unitary picture, the K-theory of a C*"-algebra (A, 7)
consists of unitaries in matrix algebras over A satisfying the
symmetry .%;. See Theorem 7.1.

The equivalence relation is generated by path homotopy (within unitaries
satisfying -7;) and by the relation u ~ diag(u, I(i)). The binary operation is
defined by [u] + [v] = [diag(u,v)].

Similar statements are made for KU/ (A,T).

Remark 7.2. The inverse of an element [u] € KO} (A, ) is given by [u”]
if 7 is odd. In the even case, the inverse of [u] € KOj' (A, 7) is [—u] when
i =0,4; or when ¢ = 2,6 and u € M,,.,(A) with n even.

Remark 7.3. The restriction that A(u) = IV = diag(I¥, ..., 1) could be
replaced by the weaker condition that [A(u)] =0 € KO}(C,id) = KO;'(R).
We have shown in each case that a representative of KO} (A, ) can always
be found that satisfies the stronger A condition. We have not proven, but
we believe to be true in each of the ten cases, that the equivalence rela-
tion can be taken to be path homotopy not only within unitaries satisfying
the appropriate symmetry, but also within unitaries satisfying the stronger
condition A(u) = diag(I®, ..., 1%)).

Remark 7.4. If (A,7) is already a unital C™7-algebra, it is not neces-
sary to work in the unitization A. We can realize KO¥(A,7) using uni-
taries in M, (A) satisfying the correct symmetries (and without any A
restriction). The isomorphism between the picture of KO;'(A) given by
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unitaries in M,,(A) and that given by unitaries in M,,(A) is given by
[u] = [u— IO - (14), +I9 - 1,].

Remark 7.5. In the cases where the matrices are required to be of di-
mensions that are multiples of 2 or 4, it is possible to write down a pic-
ture of K-theory so that any unitary (satisfying the symmetry) in any di-
mension of square matrices represents a K-class. However, this would re-
quire a carefully specified and consistent choice of each of the embeddings
My, (A) < Mp4+1(A). These choices would not be canonical and the desig-
nated “neutral element” would look different for different values of n.

Remark 7.6. Let u be a unitary in M, (A) and let z € O(n) C M,(R). If u
satisfies any symmetry .%; for —1 <14 < 2, then so does zuz®. Furthermore,
[u] = [zruz®] € KOj(A) if z € SO(n) (since SO(n) is connected). The
equality [u] = [zux™] also holds if € O(n) and —1 < i < 1. Indeed, if
detx = —1, then diag(z,1,—1) € SO(n + 2) and diag(z,—1) € SO(n + 1)
so we have

[u] = [diag(u, 1, —1)] = [diag(z, 1, —1) - diag(u, 1, —1) - diag(z*, 1, —1)]
= [diag(zuz™, 1, —1)] = [zux™] (for i = 0).
[u] = [diag(u,1)] = [diag(x, —1) - diag(u, 1) - diag(z*, —1)]
= [diag(zuz*,1)] = [zux™] (for i = +1).

However, for i = 2, we may have [u] # [zuz®] € KO3(A) if x € O(n).

Similar comments hold for 3 < ¢ < 6, with respect to conjugation by
elements in the image of the injective homomorphism O(n) — O(2n) or
SO(n) < SO(2n) given by

r11 12 ... Tin 1‘1112 1'1212 :L'lnlg

o1 29 oo X9n .Tgllg $2212 $2n12
|_>

Inl Tnp2 ... Ipn l'nllg :L‘nglg :Ennlg

7.1. KU} (A) for real C*-algebras. First note that Definitions 5.1 and
6.1 carry over to the complex setting and give pictures of the K-theory
groups K§j(A) and K7{(A) for any complex C*-algebra A. Specifically,
K§(A) is given in terms of self-adjoint unitaries in My, (A) and Kj'(A) is
given in terms of unitaries in M,,(A). The same proofs carry over to show
that K (A) = Ko(A) and K'(A) = K;(A) for any complex C*-algebra A.
Following the convention in [5], [6], and later papers; we define KU;(A) as
a functor on the category of real C*-algebra via complexification as follows:

Definition 7.7. For a real C*-algebra A, define
KUi(A) = Ki(Ac) = Ki'(Ac)
for i =0,1.
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Alternatively, if (A, 7) is a C*"-algebra, then we have KU, (A, 7) = K;(A)
since A is exactly the complexification of the real C*-algebra A” corre-
sponding to (A, 7). Thus we end up with unitary pictures KUy (A, 7) and
KU} (A, 1) in terms of self-adjoint unitaries and unitaries in matrix alge-
bras over A, exactly as described in Theorem 7.1 referring to the first two
lines of Table 3. The fact that the symmetry relations for KU*(A,7) do
not actually involve 7 reflects the fact that these groups depend only on the
underlying C*-algebra A and not on the real structure imposed on A.

In fact, for each i there is a natural transformation

KUy (A, 7) for i even

v KOY (A, 1) —
¢ KOH(A,T) {KU}‘(A,T) for i odd.

defined simply by [u] — [u]. These are clearly well-defined and natural, since
in each case we are forgetting the extra symmetry requirement involving 7.
To simplify notation, we define KU;*(A, 7) for all i by

KU (A, 7) for i even

KUYA, 1) =
A7) {KU{‘(A,T) for ¢ odd

so that we can simply write ¢;': KO}'(A,7) — KU (A, ) in all cases.

We will verify in Proposition 7.10 below that, for any real C*-algebra B,
the homomorphism ¢; coincides with the frequently used homomorphism
¢i: KO;(B) — KU;(B) induced by the injective *-algebra homomorphism
c¢: B — B, This natural transformation appears for example in Section 1.4
of [37] and Section 1.2 of [5] and forms one of the maps of the crucial long
exact sequence relating real and complex K-theory.

First, note that the complexification functor B ~» B, rephrased in terms
of C*7-algebras, is equivalent to the functor (A,7) ~» (A @ A, o) where
(a1,a2)? = (a3, a]). The *homomorphism c¢: B — Bc, rephrased in terms
of C*-algebras, is the injective (x, 7)-homomorphism ¢: (A,7) — (A® A, 0)
given by ¢(a) = (a,a). To verify these claims, one can verify that the
restricted map ¢: AT — (A @ A)? is the same, up to isomorphism, as the
canonical inclusion of A" into its complexification A. Indeed,

AT={acA|a"=d"}
and
(A® A) ={(a1,a2) € Ad A| (a1,a2)° = (a1,a2)*}
={(a1,a]7) |d € A} 2 A.
Lemma 7.8. Let (A, 7) be a C*"-algebra. Consider the C*7-algebra
(Ad A, o).
Then there is an isomorphism

I': KU#(A,7) = KO}'(A® A, 0).
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Proof. For i = 0, 1, define a homomorphism by [z] — [(z,z*)], and check
that it is well-defined and is a bijection on the appropriate symmetry classes
of unitaries. For i = —1 use [z] — [(z,27)], and for i = 2 use [z] —
[(z,—aT)]. Fori = 3,4,5,6, use the same formulas replacing 7 with f@7. O

Lemma 7.9. The diagram below commuites.

KOA,7) —*— KUMA, )

Ta, I

KOY(A® A, 0).

Proof. Let [x] € KO, (A, 7). For each i, we use the formulas ¢;([z]) =
[(z,2)] and ¢;([z]) = [z], and the formula for 6([z]) given in the proof of
Lemma 7.8. Combining these formulas with the symmetries that x is as-
sumed to satisfy, it follows that the diagram commutes for each i. O

Proposition 7.10. Let (A,7) be a C*"-algebra and let AT be the corre-
sponding real C*-algebra. Then ci: KO} (A,7) — KU/(A,T) corresponds
to the natural transformation c¢;: KO;(A™) — KU;(A") via the identifica-
tions KO} (A, 1) = KO;(A") and KU*(A,7) = KU;(A").

Proof. The claim is that for any C*"-algebra (A, 7) the diagram

commutes, where the vertical arrows represent the appropriate natural iso-
morphisms from the previous sections.

By Lemma 7.9, it follows that ¢;' is equivalent to the natural homomor-
phism induced by the homomorphism A < Ac. Since ¢; is induced by the
same homomorphism, and since the isomorphisms KO} (A,7) = KO;(A")
and KU'(A,7) = KU;(A") are natural with respect to real *-algebra ho-
momorphisms, the result follows. O

7.2. Examples. The following theorem will identify for each i a specific
unitary that generates the K-theory for each of the corresponding classifying
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algebra A;. Let

1 00 —i
0 1 i 0
_
Q=510 4 1 o | MO
i 00 1

be the unitary matrix (from Lemma 1.3 of [19]) which facilitates an equiva-
lence between the involutions E@ﬁ and Try. That is, the equations QzT'Q* =
(QzQ*)*®* and Q*z***Q = (Q*zQ)™ hold for all = € My(A) for any C*-
algebra A.

Example 7.11. For each i, the class of a generator of KO}'(A;) = Z is
given by a unitary element x; as described below.

e [2_1] € KO“[(A_1). (Co(S'\ {1},C),id) is the associated C*7-
algebra. The unitary is

r_1=2z¢€C(SHC)

which satsifies (x_l)id =z_1.
o [x9] € KO{(Ap). The associated C*7-algebra is, (¢C,Tr). The
unitary is

1-2t 0 0 2vt—t2 N
o = ( 0 01 0 ) € M>(qC)
2VE—120 0 2t—1
which satisfies 2o = =, and z" = x}.
e [z1] € KOY(A;). The associated C*"-algebra is (Co(S*\ {1}, C), ).
The unitary is
x; =z € C(S',C)

which satsifies ()¢ = z7.
o [x9] € KO3(Az). The associated C*7-algebra is, (¢C,#). The uni-

tary is

To = W:L'()W* € Mg(qC)

which satisfies 9 = x5 and xg = —x9 (where W is as in Section 2).

o [x3] € KO%(A3). The associated C™7-algebra is
(Ma(C) ® Co(S*\ {1},C), ¢ @ id).
The unitary is
T3 = Qdiag(27 L1, 1)Q* € MQ(C) ® MQ(C) ® CO(S17 C)

which satisfies (m3)3®ﬁ®id = z3.
o [14] € KO{(Ay). The associated C*7-algebra is, (M3(C)®qC, f&Tr).
The unitary is

z4 = Qdiag(wo, 1,1, —1,—1)Q" € M(C) ® M5(C) ® ¢C

which satisfies (ac4)a®ﬁ®Tr = 2.
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o [x5] € KO (As). The associated C*7-algebra is
(Ma(C) & Co(S1\ {1},0), £ ().
The unitary is
z5 = Qdiag(z,1,1,1)Q* € My(C) ® My(C) ® Cy(S*,C)

which satisfies (avg))}{@ti@C =z},
o [x5] € KOE(Ag). The associated C*7-algebra is, (¢C,Tr). The
unitary is
Tg = Xg € Mg(qC)

which satisfies x¢ = x5 and (.’L‘G)ﬂ@)Tr = —zg.

Proof. For each i, we know from Propositions 3.1 and 3.2 that KO}'(4;) =
Z and that ¢;: KO}'(A;) — KU;*(4;) is an isomorphism.

The statement that [zo] generates KOg(Ap) = Z is Proposition 5.7. It
follows that cfjlxg] = [xo] generates KUy (Ag) = Z. (This fact can also be
derived from the fact that [3(zo + 1)] — [1] is the generator of KUy(¢C) as
in Section 3 of [25].) Now for ¢ = 2,4,6, we also have c}'([x;]) = [zo] €
KU/ (A;) =2 KUy (gC). Since ¢ is an isomorphism on KO} (4;) it follows
that [z;] must be generator of KO;'(A;).

For i odd, let z be the identity function on S*. Tt is known that [2] is a
generator of KU{(Co(S*\ {1})). Again in each case, we have c¥([z;]) = [2]
so it follows that [z;] is a generator of KO;(A;) = Z. O

Example 7.12. Recall that the groups of KO, (R) = KO,(C,id), are given
by
Z, i=0,4,
KO.(R) =12y, i=1,2,
0, i=23,56T.

Summarizing from discussions in the previous sections, we identify explicit
generators for the non-zero groups, with our unitary picture.

(1) The generator of KO (C,id) = Z is [12].

(2) The generator of KOY(C,id) = Z3 is [—1].

(3) The generator of KO3(C,id) = Z5 is [(? ')].

(4) The generator of KO§(C,id) = Z is [14].

Notice also that KUy (C,id) = Z is generated by [12]. In terms of these
generators, it is easy to verify that the homomorphisms ¢;: KO} (C,id) —
KU (C,id) agree with their known behavior. For example ¢p: Z — Z is an
isomorphism. The class of [—1] is non-trivial in KO (C,id) but is trivial
in KU4(C,id); this corresponds to the fact that co: Zo — Z is trivial (as it
must be of course). Also, we have that c4: Z — Z is multiplication by 2,
since [14] is twice the generator of KUy (C,id).
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Example 7.13. Let ¢ be the reflection on C(S*, C) or C(S?, C) correspond-
ing to negation of the y coordinate. (z,vy,2) — (z,—y, z). Let 1 denote the
point (1,0,...,0) in S"7! (for n = 2,3,4).
(1) The generator of KO} (Co(S" \ {1}),¢) = Z is the class of the uni-
tary u, where
u(z +iy) = x + iy.
(2) The generator of KO, (C’O(S1 \ {1}),id) = Z is the class of the
unitary u, where
u(z,y) =z +iy.
(3) The generator of KO (Co(S? \ {1},¢) = Z is the class of the unitary

u, where
z T —1y
waw) = (4 1y TN

(4) The generator of KO", (Co(S?\ {1}),id) = Z is the class of the

unitary u, where

z T — 1y
S G

N—

(5) The generator of KO"4 (00(53 \ {1}),id) = Z is the class of the
unitary u, where

[ iz—w ity
U(x,.%zyw) - ( ix—y —iz —w ) .
Proof. Results (1) and (2) are restatements from Example 7.11.
For (3), first check that u = u¢ = u*. The equation A(u) = I®) does not
hold exactly, but it does hold on the level of KO (C). Using the isomorphism
0 from Theorem 5.6, we have 0([u]) = [4(u+12)]—[1] = [po] — [1] where py =

1( 14+2z z—1y
2 \ z4iy 1—=2

that KOy(Co(S?\ {1}),¢) = Z is generated by [po] — [1]. This proves (3).
Since c¥: KOy(Co(S*\{1}),¢) — KUy(Co(S*\{1}),¢) is an isomorphism,
it follows that [u] also generates

KUp(Co(S*\ {1}),¢) = KUop(Co(S* \ {1}),id).
For (4), check that «*®'1 = —u. Now we also know that

c_a: KO, (Co(S?\ {1}:id) — KU™, (Co(S*\ {1};id)

>. But we know from the discussion preceding Proposition 4.8

is an isomorphism and [u] is the same generator of
KUY, (Co(S*\ {1};1d) = KUp(Co(S* \ {1});id)
identified in the previous paragraph. So [u] is also a generator of

KO_5(Co(8?\ {1}),id).
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For (5), check that u is a unitary and that u*®' = »*. The transformation

c—3 1 KO3 (Co(S°\ {1}),id) — KUY (Co(S°\ {1}),id)

is known to be an isomorphism and sends u to the known generator of
m3(SO(2)) so also to a generator of KU (00(5’3 \ {1}),id). O

We will return to specific computations of KO(—) groups and elements
of KO(—) represented by unitaries in Section 9.

8. The boundary map

There exist known natural boundary maps 9;: KO;(B,7) — KO;_1(I, 1)
for a short exact sequence

(11) 0—(I,7)— (A7) — (B,7) = 0.

In this section, we will derive concrete formulas for these boundary maps
described in term of the unitary pictures of K-theory. The approach we will
take is to first write down specific formulas for maps

& : KOYB,7) = KO" (I, ),

then prove that those formulas give well defined and natural homomor-
phisms, and finally prove that the homomorphisms coincide with g; via the
natural isomorphisms KO}(—) = KO;(—). We start with the odd cases
i = —1,1,3,5. For each of these the basic formula will be the same, but
we will have to conjugate by a different unitary Y in each case in order
to obtain a unitary v that is in the correct symmetry class and satisfies
Mu) = IV~ Easier formulas would be possible if we relaxed the A condi-
tion (see Remark 7.3).

We must introduce notation for several classes of unitaries that will be
used for conjugation in these definitions. First let us recall from Section 5
that we have the matrix

Wopn = % <Z 11n 1711n> c Mgn(c),

n 1

L, 0 . (0 i1,
W2”<0 —1n>W2”_<—i-1n 0 )

Generalizing the matrix @ used in Section 7, we define
_ 1 Lop _17(12)
Q4n = (I}?) 1y, € M4n(C)
The key property, as in Lemma 1.3 of [19], is that for all x € My, (A) we

have Q42" Q},, = (Q4nijn)E®ﬁ®T where § and f are as defined in Section 2.
Let Vo, € Ms,(R) be the unique permutation matrix such that (for diag-
onal matrices) we have

Vindiag(/\l, ey )\Qn)Vz*n = diag()\l, /\n—f—l; /\27 )\n+27 e ,)\n, /\QH).

which satisfies
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Then for all matrices z € My, (A) we have
Vana®7 V5, = (Vo V3, )"

where # and E are defined as in Section 2. Similarly, let Xy, € My, (R) be
the unique permutation matrix such that (for diagonal matrices) we have
X4ndiag(>‘17 SRR )‘4H)lekn
= diag(A1, A2, Aot 1, A2nt2, A3 Ads A2nt3, Ao ds - - 55 Adn)-
Definition 8.1. Suppose we have an exact sequence as in Sequence (11).
Let m denote both the quotient map m : A — B and its extension to
M,(A) — M,(B) for every n. Furthermore, we assume I = ker(r) and
we identify the unit in I with that of A.
(1) Suppose [u] € KO¥(B,T) where u € M, (B) is a unitary with u” =
w* and A(u) = IV, Then define
G 2aa* — 1,  2aV1, —a*a (1) u
&1 ([u]) = [Y2n ( 90T, —aa 1, 2d*a Yy, | € KOy(I,7)

where a in M, (A) is any lift of u with |la]] < 1 and o = a*; and
Yo = Van. _

(2) Suppose [u] € KO"{(B,7) where u € M,(B) is a unitary with
u” = u and Ay (u) = IV, Then define

— (1) 2aa*_1n 2a+/1, — a*a (—1)* u
woa() = [ (e 2 Y v e ko

where a in M, (A) is any lift of v with |ja|| < 1 and a” = a; and
Yo ) = VouWan.

(3) Suppose that [u] € KOg(B,T) where u € Ma,(B), is a unitary with
u*®T = u* and Ag,(u) = I). Then define

NG 2aa* — 1, 2av/1, —a*a (5)% u
&5 ([u]) = |:Y4n ( 9% VL —aa* 1, - 2a*a Yy, | € KOy(I,7)

where a in Ma,(A) is any lift of u with |ja|| < 1 and af®™ = a*; and
Y = Xup. N

(4) Suppose that [u] € KO (B, T) where u € Ma,(B) is a unitary with
u*®T = w and Agp(u) = I'¥. Then define

B3 2aa* — 1,  2aV1, —a*a (3)x
&3 ([u]) = |:Y;1n ( 20 VL —aa* 1, - 2a*a Yy,

where a in Mo, (A) is any lift of u with [|a| < 1 and a*®™ = a; and

Lemma 8.2. The maps &; are well-defined group homomorphisms, for i
odd.
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Proof. We need to show that the unitaries constructed all satisfy the correct
relations, that the choice of lift is not important, that some lift is always
available, that homotopy is respected, that embedding into larger matrices
via Lﬁj) does not effect the outcome, and that the addition is respected at
the level of K-theory.

For convenience, we define

B(a) = 2aa* — 1, 2a+/1,, — a*a
-\ 2a*V1, —aa* 1, —2a*a ‘

Making repeated use of the equality 2av/1 — a*a = 2v/1 — aa*a, we find that
B(a)* = B(a) and that
B(a)* =
(2aa* — 1,)? +4a (1, — a*a) a* daa*av/1, — a*a — 4av/1, — a*aa*a
4a*V/1, — aa*aa* — 4a*aa* V1, —aa* (1, —2a*a)* 4+ 4a* (1, — aa*) a

= 12n

so that B(a) is always self-adjoint unitary. In each case, we will check
that B(a) satisfies the appropriate symmetry based on the symmetry that
a satisfies.
(1) First we consider the map for i = 1,

& : KOY(B,7) = KO§(I,T).

We start with « in ]\Jn(g)7 a unitary with «” = v* and A\, (u) = 1,. There
exists a lift 2 in M, (A) such that 7(2) = u and then we necessarily have
An(2) = 1,. Set y = L (z +2™) to obtain the relation y™ = y*. We utilize
the usual function f(\) = min(y/1/X\, 1) and set a = yf(y*y). Then a
satisfies ||a| < 1, ” = a*, and w(a) = u. The condition A(a) = 1,, follows
automatically since a is a lift of u. This shows that an appropriate lift exists.
Now, suppose that a is any suitable lift of v and let B'(a) = YQ(i)B(a)YQ(;)*.
Then

AB @) = A B@ =) () v =,

This shows that B'(a) € Moy, (I).
Using (a*a)” = a*a and (aa®)”
Bla)" = (2aa™ — 1) T (2a*v1 —*aaT)
(2av1 — a*a) (1 —2a%a)
2aa* —1  2av1-—a*a
= N N = B(a).
2a*V1—aa* 1-2a%a

= aa®, we have

Thus B(a)” = B(a). Since YQ(é) is a real orthogonal matrix, B'(a) =
YQ(i)B (a)Yz(i)* satisfies the same relation, which means that B’(a) is the

right sort of unitary to define an element of KOy (I, 7). (In fact, in this
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case we have [B(a)] = [B'(a)] € KO} (I, 7). We used B'(a) in our definition
because it satisfies A(B'(a)) = I{?).)

If we have two lifts ag and a; with the required relations, then the straight
line

ar = (1 —t)ag + tay

satisfies the relations at every point, and so B(a;) provides the needed ho-
motopy showing that [B'(a1)] = [B'(a2)].

Suppose now that we have a homotopy u; of unitaries in M, (B) satisfying
u; = u*. By working with the surjection

M2n((c[0, 1]7 Av)) — MQn((C[Ov 1]7 E))

induced by m, the techniques of the first paragraph of this proof show that
there is a lift a; of the homotopy u;, which then is a homotopy between a
lift of ug and one for uy.

To complete the proof that & is well defined, we need to show that the
results of this construction for v and for

v=dw=(5 7)

are the same element of KOg(I). In fact, this result follows from a special
case (taking v = 1) of the argument below that &; is additive.

Suppose that v € M,,(B) and v € M,(B) are unitaries representing
elements in KO} (B, 7); and let a and b be self-adjoint unitary lifts of v and
v, respectively, such that " = ¢ and b” = b*. Then diag(a,b) is a lift of
diag(u,v). Consider the two matrices

2aa" —1,, 0 2av/1,, —a*a 0
B (a 0) _ 0 20 — 1, 0 2b/1,, — b*b
0 b 2a*v/1,, — aa* 0 1,, —2a%a 0
0 2b*\/1,, — bb* 0 1, — 2b%b
and
2aa* — 1,, 2av/1,, —a*a 0 0
B(a) 0 2a¢*V/1,, —aa* 1,, —2a*a 0 0
( 0 B(b)) - 0 0 200" — 1,  2by/1, — b*b

0 0 2b*/1,, — bb* 1, —2b"b

in Mopm42n(I) and observe that

a 0 X (Vo B(a)Vs,, 0
V2m+2nB <<0 b)) V2m+2n - ( 0 VvZnB(b)VQ#;‘L

showing that & ([u] + [v]) = &1 ([u]) + &1 ([v]).
(2) Now we consider
&_1: KO“,(B,7) > KOg(I,T).

This time, we start with a unitary v € M, (B) that satisfies " = u and
AMu) = 1,. Using a similar construction as in the previous case, we find
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an element a € M, (A) that is a lift of u, has norm at most 1, and satisfies
a” = a. For any such a, define B'(a) = ig(gl)B(a)YQ(;l)*. Then we have

A(B/(a» = V2nW2n < 0 1 > W2nv2n = VYQn <_Z1 ZO ) V.Qn _ I’,(Lfi)

We have B(a)? = 13, as before, so B'(a)? = 13,. We show that

(Wan B(@)W3,)57 = ~Wan B(a) W3,
from which it follows that (B')*®7 = —B’. Indeed,

(Wan B(a)W5, )7 = Wan Ba)*™ W5, (since Wi, = —W3,)
= Wan(—B(a))Ws, (using a” = a)
= —WonB(a)W3,.

Then the formua Vo,z*®7Vy, = (VanxVy)*®™  implies that B'(a)*®7 =
—B'(a). So [B'(a)] is an element of KOg(I, ) as desired.

The proof that &_; is independent of the choice of lift and of the ho-
motopy class of [u] is similar to that in the previous case. To show that
&_1([u]) = &_1([diag(u,1)]), we again appeal to a special case of the addi-
tivity argument in the next paragraph.

Let a € M,,(A) and b € M,(B) be lifts of unitaries u and v, satisfying
a” = a and b” = b. Then check that

a 0 a 0 * *
B/ (0 b) = Vv2m+2nW2m+2nB <0 b> W2m+2nv2m+2n

_ (VamWamB(a)W3,, V5, 0

- (Bléa) B’O(b)) '

&;: KOZ(B,7) = KO§(I,7),

we will focus on the two crucial aspects: that the proposed element satisfies
the symmetries required to be an element of KO} (I, 7) and that it is respects
addition. The other aspects are similar to the previous cases.

Start with a unitary u € Ma,(B) satisfying ©*®™ = v* and A(u) = I®) =
19, and suppose that a € Ma,(A) satisfies a®7 = a*, |ja|| < 1, and A(a) =
1on. Let B'(a) = YY) B(a)V?*. Then we have

(3) For

15, 0 * .
)= (8 ) = st a2, = 10

Using the fact that a*®™ = a*, we can show that B(a)*®™ = B(a)* just as
in the proof of (1) (with the involution § ® 7 in place of 7). Conjugation by
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Y4(2) rearranges the 2 x 2 blocks of the matrix and the action of § is contained
within each such block, so we have

* % oy

Thus B'(a)**T = B'(a)*.

Let a € My, (A) and b € My, (B) be lifts of unitaries u and v, satisfying
a*®™ = ¢* and b*®7 = b*. Then

a 0 a 0 "

_ (XamB(a) X4, 0
- 0 X, B(b) X},

- (B/(ga) B’O(b)> '

(4) Show that &s: KO% (B, 1) — KO4(I, 1) is well-defined. We will prove
that the proposed element satisfies the symmetries required to be an element
of KO3(I,7) and that it is additive.

Suppose that u is a unitary in Ma,(B) satisfying u/®™ = u and A(u) =
I,(lg) = 15, and that a € MQH(AV) is lift of norm not more than 1 satisfying
the same symmetry. Let B(a) be as before and let B'(a) = Y;l(s)B(a)Y4(s)*

where Yﬁ’) = VinQinWyn. Then we have
\(B'(a)) = Vi) N(B(a)Y,Y"
= V4nQ4nW4ndiag(12n7 _12n)W4*nQZkLnVZ;1

1 1y, —I2) 0 i 1o\ ((lon I\
= 2‘/2171 (I(2) 12n —q . 12n 0 _I7(L2) 12n ‘/477,

n

_ 0 ’L"12n *
. 2
:dlag(l(z),...,I(Q)) = én).

Now a"®™ = a* implies that B(a)E@@T = —B(a) similar to case (2). Also
Wi = Wi

1, SO

(Wan B(@)Wi, P47 = Wi B(a) 7 Wi, = ~Wan B(a) Wi,
Now we have Qunz"Q4,, = (Q4nxQZn)E®ﬁ®T for all z, from it which it follows
that Q3,2* "% Qun = (QunzQj,)”. Thus
(Q47LW4TLB(G)WZ7LQZ7L)T = _Q4nW4nB(a)WZnQZn
Since Vi, is special orthogonal, the same formula holds for

B'(a) == Vzan4nW4nB(a) WInQZnVZ;z
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showing that B’(a) represents an element in KOY(I, 7).
For additivity, let a € My, (A) and b € Ma,(B) be lifts of unitaries u and
v, satisfying a*®7 = @ and b*®*7 = b. Then

2aa* — 1o, 0 2a+/19,, — a*a 0
B¢ 0\ 0 20b* — 14, 0 20+/15,, — b*b
0 b)) | 2a*V1y, —aa* 0 15, — 2a*a 0

0 2b*/ 12, — bb* 0 1y, — 2070

as before. Taking advantage of the block matrix structure of Q4,, and Wy,

and B <O b>’ we have

AH 0 A12 0

a 0 . 0 Bnn 0 B
Q4m+4nW4m+4nB <0 b> W4m+4nQZm+4n: Aoy 0 Ago 0

0 By 0 By

where
A Az « Ak
<A21 A22> - Q4mW4mB(a)W4mQ4ma
Bi1 B2\ *
<B21 B22> = Q4nW4nB(b)W4nQ4n'
Hence,
a O
‘/4m+4nQ4m+4nW4m+4nB (0 b) W4m+4nQ4m+4nV4m+4n
_ Q4mW4mB(a)W4mQ4m 0
. ,(a 0\ (B'(a) 0
which shows that B (0 b) —< 0 B’(b) . O

Definition 8.3. Suppose we have an exact sequence in Sequence (11) Let
7 denote both the quotient map 7 : A — B and its extension to M, (A) —
M, (B) for every n. Furthermore, we assume I = ker(7) and we identify the
unit in I with that of A.

(1) Suppose [u] € KO5(B, ) where u € Ma,(B) is a unitary with ™ =

—u, u* =u, and A\(u) = I'?). Then define

&:([u]) = [~ exp(mia)] € KOY(I,7)
where a in My, (A) is any lift of u with —1 < a < 1 and a” = —a.
(2) Suppose [u] € KOY(B, 1) where u € My, (B) is a unitary with u” =

u* = u, and A(u) = I'”). Then define

&o([u]) = [—exp(mia)] € KO, (I, 7)

where a in My, (A) is any lift of u with —1 < a < 1 and a” = a.
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(3) Suppose [u] € KOY(B,7) where u € Ma,(B) is a unitary with
W' = —u, u* = u, and A(u) = I®). Then define

&6 ([u]) = [—exp(mia)] € KOg(I,T)

where a in My, (A) is any lift of u with —1 < a < 1 and a*®7 = —a.
(4) Suppose [u] € KOf(B,7) where u € My,(B) is a unitary with
W' = 4" = w and A(u) = I'Y. Then define

&, ([u]) = [ exp(mia)] € KO3(1,7)
where a in My, (A) is any lift of u with —1 < a < 1 and a'®™ = a.

Lemma 8.4. The maps &; are well-defined group homomorphisms, for i
even.

Proof. This involves proving all the same assertions as in the proof of
Lemma 8.2 above.

(1) First we consider &o: KO3 (B,7) — KO} (I, 7). Suppose u is a uni-
tary in Ma,(B) with u” = —u and v* = u and Au) = I?). We can lift
by standard methods to an element a € M, (A) with —1 < a < 1 and are
guaranteed A(a) = I{?) automatically. Replacing with the element $(a—a"),
we can assume the relation a” = —a. This shows that an appropriate lift
exists.

Now consider any lift a of w satisfying —1 < a < 1, " = —a, and
Ma) = I?Y. Let E(a) = —exp(wia), which is of course a unitary when a
is self-adjoint; and satisfies E(a”) = E(a)” and E(—a) = E(a)*. Since I
has eigenvalues +1 we find \(E(a)) = 1z, and we have also the familiar fact
that E(a) is a unitary when a is self-adjoint. As to the real structure, we
check

E(a)” = E(a”) = E(~a) = E(a)",
so we have indeed obtained a representative of an element in KO (I, 7).

If we have two lifts ag and a; with the required relations, then the straight

line

a; = (1 —t)ag + tay
satisfies the relations at every point, and so E(a;) provides the needed ho-
motopy showing [E(a1)] = [E(ag2)]. To deal with a homotopy from wu; in
Mn(g), we again use the surjection

Mo, ((C[0, 1], A)) = Mo, ((C[0, 1], B))

induced by 7 to get a;, a homotopy of lifts covering the w;. Then E(a;) is
the needed homotopy.
Next we compare the results of this construction for u and that for

v 0 0
v=diag(u, )= 0 0 i
0 — 0
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Take a to be a lift of v with —1 < a < 1 and ¢" = —a, and take b =
diag(a, I®) as an appropriate lift of v. Then E(b) = diag(E(a), E(I?)) =
diag(F(a),12) showing [E(a)] = [E(b)].

Finally, showing that &; is a group homomorphism is straightforward
in each even case, since we have E(diag(a,b)) = diag(E(a), E(b)) exactly
(rather than just up to homotopy as in the odd cases).

(2) Next we show that &o: KOF(B,7) — KO",(I,7) is well defined.
Suppose u in My, (B) is unitary with v = u = u* and Mg, (u) = I9). Lift
to an element a € M, (A) with —1 < a < 1 and the condition Ao, (a) = IV
is immediate. Make the appropriate replacement to obtain a” = a.

Now for any lift @ of u with —1 < a < 1, a” = a, and Aa) = IV, we
see even more easily this time that A(E(a)) = I, and that E(a) is unitary.
This time the real structure calculation is

E(a)” = B(a") = E(a),

so we have [E(a)] € KO, (I,7) as desired.

Dealing with different lifts and dealing with a homotopy of u;, is accom-
plished just as in (1).

Finally, we need to compare the results of this construction for v and for
v = diag(u, I9). Let a be a lift of v and b = diag(a, I?)) be a lift of v.
Then E(b) = diag(E(a), E(I")) = diag(E(a), 13), showing that &g ([u]) =
o([v]).

(3), (4) The proofs that &4 and &g are well defined are the same as the
proofs that &g and &, are well defined, using f ® 7 instead of 7 everywhere.

O

Lemma 8.5. Fach &; is natural with respect to morphisms of short exact
sequences of real C*-algebras.

Proof. Suppose we have a commutative diagram

0—— (I, 7) — (A1, 7) —— (B1,7) —— 0

Lol )

00— (Io,7) — (Ag,7) — (By,7) —— 0

of real C*"-algebras, with exact rows. We show that ¢, o &; = &; o 3, for
all 7.

Suppose that [u1] € KO; (B, 7) is given by a unitary u; € Mn(/B:)
satistying the specific symmetry relations and A requirement. Let uy =
B(u1) € My, (Bz). Then select an element a1 € M, (A1) such that m1(a1) = u
and aq satisfies the requirements for the lift described in the definition of
&;. Then ay = a(ay) satisfies mo(a2) = ug and as satisfies the requirements
to be an appropriate lift of us. In the case that i is odd, since B(a(ay)) =
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a(B(ay)), we have
asdi([u1]) = e ([Y ) B(ar)Y 7))
= [YPa(B(a1)Y"]
= [V B(as)y "
= i ([uz])
= doja([u1]).

A similar calculation using F/(a;) instead of B(a1) addresses the even cases.
U

For reference, we include a parallel definition of the index maps in the
complex case.

Definition 8.6. Suppose we have a exact sequence of real C*-algebras. Let

7 denote both the quotient map 7 : A — B and its extension to Mn(/~1) —

M,,(B) for every n. Furthermore, we assume I = ker(7) and we identify the
unit in 7 with that of A.

(1) Suppose [u] € KU(B) where u € M,(B) is a unitary with A(u) =
Iq(zl). Then define

2aa* — 1, 2aV1, —a y
wull) = | (o PV )] e xpa)

where a in M, (A) is any lift of u with ||a] < 1.

(2) Suppose [u] € KUy (B) where u € M,(B) is a unitary with u = u*
and A(u) = I(¥). Then define

fo([u]) = [—e™) & KU(I)
where a in M,(A) is any lift of v with —1 < a < 1.

These homomorphisms are well-defined and natural, as can be shown by
proofs similar to those we have just performed in the real case. In a sense
made precise by the following lemma, these definitions of the index map are
equivalent to the standard definitions found in the literature.

Lemma 8.7. Let 0 - I - A — B — 0 be a short exact sequence of real
C*-algebras.

(1) For all 0 < i < 8, the following diagram commutes

KO*(B) —* ko (D)

J{Ci lci— 1
&;

KUMB) —% KU ,(I).
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(2) For all 0 <i < 2, the following diagrams commute up to sign

KU(B) -* kug(1) KU3(B) -* kur(1)
I Y

KUo(I)  KU(B)

where © is the isomorphism of Theorem 5.6 and 0; is the boundary
map of the literature in the complex setting.

Proof. Statement (1) is immediate from the definitions of &; for each i,
noting that KU;*(—) classes are unchanged by conjugation by any unitary
in M,(C).

For statement (2), first let [u] € KU(B) where u € M, (B) is a unitary
with A(u) = 1,,. Find a lift @ € M,,(A) of norm at most 1. Then

(© o &:1)([u]) = O([B(a)])
= [3(B(a) + 12,)] — [15]
_ aa* +1, avl, —a*a\| 1]
[ \a*V1, —aa* 1, —a*a e
On the other hand, using the description of 9 from Proposition 9.2.2 of
[34], it is defined in terms of the same lift @ and works out to

u([u]) = [1,] — [( aa* +1, avl, — a*a)] '
a1, —aa* 1, —a*a
Hence the diagram commutes after adjusting by a factor of —1.
Now let [u] € KUY(B) where u € My, (B) is a unitary with v = u* and
Au) = I, Then O([u]) = [3(u+12,)] — [1n]. Let a € Ma,(A) be a lift
of u satisfying —1 < a < 1. Then o’ = %(a + 15,,) is a self-adjoint lift of the

projection p = %(u—i— 15,,) so using the formulas for dy from Proposition 12.2.2
of [34] or 9.3.2 of [4],

(0o 0 ©)([ul) = do([p] — [1n])
= [exp(2mia’)]
= [exp(mi(a + 12,))]
= [~ exp(ia)]

= do([u]). O

Our goal for the rest of this section is to prove that in the real case the
homomorphisms &; and 9; are the same, up to the same sign adjustment
necessary in Lemma 8.7 above. Since any convention of the index map
can be adjusted by a sign, we will henceforth assume that the diagrams in
Lemma 8.7 commute exactly and prove that &; = 0; exactly for all 4.
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For each i € {0,1,...,7}, the algebra A; is generated by a finite number of
elements. By Theorem 5.1.5 of [38], which is the real C*-algebra counterpart
of Theorem 2.10 of [26], there exist universal real C*-algebras on a given set
of generators subject to the relation that these generators are bounded in
norm by 1. Thus, for each i, there is such a real C*-algebra P; and a
surjective homomorphism

Pi: P, — AZ
Furthermore, since the relation is liftable, the algebras P; are projective.
From this we obtain the short exact sequences

which are universal for the boundary map in a sense that we will take ad-
vantage of in the proof of Theorem 8.9 below.

Lemma 8.8. For all i we have 0; = &;: KO}'(A;) — KO | (J;).

Proof. Since P; is projective, we have K“*"(P;) = 0, so 9;: KO}'(A;) —
K} 1 (J;) is an isomorphism of degree —1. By Theorems 3.1 and 3.2, both of
these groups are isomorphic to Z. In fact, since K “*7(4;) = L KRT(R),
the structure of this CRT-module also implies that all four groups in the
diagram below are isomorphic to Z, and that the vertical maps ¢; and ¢;—1

are isomorphisms:

KO(A;) —25 KO, (J;)

lcz' ch'l
0;

KUMA;) — KU™ | (Jy).

This diagram commutes by the naturality of the index map and the natural-
ity of the complexification map. By Lemma 8.7, the diagram also commutes
if we replace 0; in the upper horizontal arrow with &;. It follows that these

two homomorphisms must coincide. O
Theorem 8.9. For alli, 0; = &;.
Proof. Let

0=-1I—-A—-B—=0

be a short exact sequence of C*"-algebras. Let £ € KO} (B). Then by The-
orem 4.13 for some integer n there exists a homomorphism ¢: A; — M, (B),
such that ¢.([z;]) = & Since P; is projective, there exists a homomorphism
1 and we obtain a homomorphism of short exact sequences,

0 Ji P A, 0

Lo

0—— M,(I) —— M,(A) —— M,(B) ——0
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which then induces a commutative diagram on K-theory

KO(A;) — 2% gor (1)
| |
" 0; or &; ”
KOU(M,(B)) KOY | (My(L)).

This diagram commutes if we take the horizontal homomorphisms to be
both 0; or both &;. Since these two choices coincide for the upper arrow,
they must coincide for the lower arrow on &.

Finally, consider the commutative diagrams below arising from the mor-
phism of the original short exact sequence into the same one tensored by
M,:

KO¥(B) vk KO (I)
KOM(My(B)) —22*, kow | (M, (I)).

Since the vertical arrows are isomorphisms, the result of the previous para-
graph shows that 0; = &;: KO} (B) — KO} {(I). O

9. Boundary map examples: spheres and Calkin algebras

Example 9.1. Let o be the involution on C(S!) given by f7(z) = f(—2).
The corresponding real C*-algebra is {f € C(S',C) | f(—2) = f(2)} which
is isomorphic to the real C*-algebra T associated with self-conjugate K-
theory discussed in [5]. The groups KO;(T") are calculated in Corollary 1.6
of [5], but we will present a self-contained calculation of KO,(C(S'), o) and
also find unitary elements representing generators of the non-trivial KO-
classes.

Let o also denote the involution on C@ C given by (z,w)? = (w, z). Then
there is a short exact sequence

0 — (Co(S*\ {£1}),0) = (C(SY),0) & (C®C,0) =0

where m = (evy,ev_1) and we will describe the boundary maps
di: KOMC® C,0) = KO {(Co(S'\ {£1}),0).
By Lemma 7.8, we have

Z 1 even

KO(C&C,o) = KU;(C) =
i (C®Co) () {0 i odd.

Similarly, since there is an isomorphism

(CO(Sl \ {il})v U) = (00(07 1) ® CO(Oa 1)7 J)?
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we have
0 7 even

KO} (Co(S"\ {£1}),0) = {z i odd.

Thus for i even we have 0;: Z — Z and we claim that

0 :=0,4
0; = l '
2 1=26

(up to sign determined by the choices of isomorphism).

From Example 7.12 and Lemma 7.8, the generator of KO (C®C, o) is [w]
where w = (13, 15). This lifts to a = 15 € My(C(S*, C)), which still satisfies
a* =a and a’ = a*. Then Jy([w]) = [—exp(mila)] = [12], so 9y = 0.

The generator of KO5(C & C,0) is [w] where w = (12, —13). One lift of
w is a € My(C(S',C)) defined by

e (f@) 0 Cf1-4t o<t<y2
a(62 )_< )) where f(t)—{

0 f(t —34+4t 1/2<t<1.
1r(l]heck that ™ = a and a” = —a. Then 0([w]) = [E(a)] = [— exp(7ia)]. We
rity _ (—exp(mif(t)) 0
Bl = (GO )

(v 0 B Z2 Im(z) >0
E(a) = <O v) where v(z) = {z2 Im(z) < 0.

Using the natural isomorphism
(C’O(S1 \ {:tl})7 J) = (00(07 1) D CO(O’ 1)a U)

and combining Example 7.12 and Lemma 7.8, we see that [v] is a generator
of KO¥(Co(S*\ {#1}),0). Thus [E(a)] is two times a generator.
For i = 4, the generator of KO} (C @ C,o0) is [w] where

w = (dlag(la 1,1, _1)7 dlag(]-) L, -1, 1)) € M4(C) @ M4(C)
To verify this, note that w!®’ = w and that [diag(1,1,1,—1)] is a generator
of KUy(C,id). Then a lift of w is a where
a(z,y) = diag (12, (y %)) € Ma(C(Sh).

KXo

which satisfies a*®” = a. Since a in fact is a self-adjoint unitary, then [E(a)]

is the trivial class.
Finally, for i = 6, the generator of KOg(C & C, o) is [w] where

w = (12, *12) .
This satisfies w!®? = —w and a lift a that satisfies a'®? = —q is

a(e®™) = diag(f(t), f(1)).
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Then E(a) = diag(v,v). Again this implies that [E(a)] is two times a
generator.
Therefore, we have

i o1 [2][3[4]5T6]7
Ko;C(SYH,0)]|z]zy|0olz|z|z|0]Z

We will show furthermore that the non-trivial K O-groups have generators
represented by the following unitaries.

KO“ (C(sl), 2

& Z generated by [w_1]| where w_1(z) = z°.
Z generated by [wpy] where wy = 1.

Zy generated by [wi] where w(z) = —1
Z generated by [ws] where w3(z) = diag(z, —z).
Z generated by [wy] where

wa(z,y) = diag (12, (y 2)) -
e KOY(C(SY),0) = Zy generated by [ws] where ws(2) = diag(z, Z).
For i = 0,4, we know that 7, is surjective, so it is just a matter of checking

that the induced class [w(w;)] is a known generator of KO} (C & C, o). For
i odd, in each case we start with a known generator [x;] of

KO} (Co(S"\ {£1}),0)

and find the induced element in KO*(Cy(S'), o).
For example, for ¢ = 1, consider the unitary

22 Im(z) >0
xr1 =
! z2 Im(z) <0

111 IIZ IIZ\'/

e 6 o o o
=
Q
AA/—S/—\
23379
CQO'ZCQ
\/lq/\/\/

Q

which represents the generating class of KO¥(Cy(S'\ {£1}),0). Note that
ev_1(z1) = evi(z1) = 1. However, as a class of KOY(C(S'),0)) = Z we
have [x1] = [—1] since there is a homotopy from z; to w; unitaries w;
satisfying (w;)*®” = wy. Indeed, note that z; restricted to the right half of
the circle is a unitary-valued path from —1 to —1 which is homotopic to a
constant through such paths. Also note that any such path on the right half
of the circle can be extended to a function on the whole circle satisfying the
proper symmetry. (For unitaries in (C(S!), o) there is no requirement that
evy = 1.).
For i = 3, we start with the unitary

_ Jdiag(z*,1) Im(z) >0

) diag(1,2?) Im(z) < 0.
representing a class in KOY(Co(S' \ {£1}),0). In KOY(C(S*,0)) = Z
we have [x3] = [w3] where ws is as above. Indeed, if f(z) is any unitary-
valued function on the circle such that f(1) =1, then (f E)Z) f(ﬂz)) is in the
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appropriate symmetry class for KOY(C(S'), o). Now, the two choices

22 Tm(z) >0

J(z) ==z and f(z):{1 Tm(z) < 0

yield the two unitaries z3 and ws under consideration. Since these two
choices of f are themselves homotopic, they yield a homotopy from z3 to
ws.

In a similar way, we obtain the given generator

[ws] € KOY(C(SY,0)) = Zs.

Example 9.2. We now study the boundary maps for the short exact se-
quence

(12) 0= (Co(S'\ {x1}),¢) = (C(5),¢) & (C® C,id) = 0
where m = (evy,ev_1) and f°(z) = f(%). The associated real C*-algebra to
(C(8Y),¢) is
A={f: 8" =C|[f(x)=[(x)}
There is a different split exact sequence involving A, namely
0-0—-S'"R—=+A4A—-R—=0

which easily implies KO,(A) = KO.(R) ® X 'KO,(R), with individual
groups shown in the table below.

i 0 1 2 3[4]5[6][7
KOo;C(SH,0)|z]zozy | Zo@Zy|Z2|Z2]Z]0]0

However, we will independently calculate the boundary maps associated
with the Sequence (12) using our methods, arrive at the same abstract
groups, and identify explicit unitary generators.

To compute

0i: KO(C® C,id) — KO, (Co(S"\ {£1}),¢)
we first identify the relevant groups as

i 0] 1[2[3][4a[5]6]7
KO¥(C @ C,id) 2| zi[z5lo0]Zz*|0f0]0
KOY {(Co(S"\{£1}),0)] 0oz ]o[z]o]z]|o|z

so we know right away that 0; = 0 unless i = 0,4. For i = 0,4 we have
0;i: Z& Z — Z. We will show that dy(r,s) = r — s and Oa(r,s) = 2r — 2s
(with appropriate identifications).

Suppose j = 0. Recall that 10 = diag(1,—1). Then generators of
KO§ (C® C,id) are [w1] and [we] where

wy = (12,1'(0)) Jwy = (I<0>, 12> € My(C) @ My(C).



1212 JEFFREY L. BOERSEMA AND TERRY A. LORING

We find self-adjoint lifts a; of w; to be

a1 (e2it) — ((1] f(()t)> and  ap(e*™) = <(1) _ J(f)(t)>

where f is as in Example 9.1. Check that ag = a;. Then Oy([w;]) = [ui]
where u; = —exp(mia;) so

1 0 1 0
u1:<0 v) and U2:<0 v*)

and v is as in Example 9.1 (check that v° = v). We have an isomorphism
(Co(S™\ {#£1}),¢) =2 (Cy(0,1)DCy(0,1),0). Since [v] represents a generator
of KO",(Co(S*\ {£1}),¢) = Z and [u;] = —[us], this proves our claim for
.

Now suppose j = 4. The generators of KO} (C @ C,id) are represented
by the unitaries

wy = (14, I%)  and  wy = (IW, 1)

id

that satisfy wt@ = w;. Lifts of w; that satisfy aﬁ®< = q; are

a1 (’™) = diag(1, 1, f(1), f(1)) and as(e*™) = diag(1, 1, — f(t), — f(1)).
Therefore 01 ([w;]) = [E(a;)] = [u;] where
u; = diag(1,1,v,v) and ug = diag(1,1,v*,v").
Through the isomorphisms
Z = KU{(Cp(0,1),id) = KO5(Cy(0,1) ® Cp(0,1),0)
=~ KOY(S"\ {£1},)

we conclude that the KOY(S'\ {#1},¢) = Z class of a unitary is determined
by the winding number of that unitary on the top half of the circle. Thus
[diag(v,v)] is twice a generator. (A generator would be given for example
by a unitary such as ws below). Since [u1] = —[ug], This proves the claim
for ¢ = 4.

Now that the boundary maps are understood, the only group that i 1s
fully determined up to isomorphism by the exact sequences is KO} (C ( D,
which is an extension of Zy @ Z5 by Z. We will show that KO¥(C(S'), ¢)
Z @ Zy. Note that the generator of KOY(Co(S'\ {#1}),¢) is given by [v
where v/(z) = 22 (check that (v/)¢ = (v')*). The image t,[v'] is divisible by
2 in KOY(C(SY),¢), since [¢(v)] = 2[v"] where v”(2) = z (again, check that
(v")¢ = (v")*). This shows that the extension problem for

0—Z KOYC(SY),¢0) =25 -0

is solved by KO¥(C(S'),¢) =z e Z%
Now that we have determined the groups KO*(C(S'),¢) up to isomor-
phism, we identify the generators and write down specific isomorphisms.

not
¢
']



W
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KOY(C(S1),¢) = Z generated by [wg] where wy = 15. The isomor-
phism can be realized as [w] — trace(w(1)).
KOY(C(S1),¢) = Z@Z, generated by [wi] and [w}] where wy (2) = 2
and wj(z) = —1. Clearly, [w}] generates the element of order 2. The
map
KOYC(SY),() = Z&Zy

is described by

[w] = (winding(t — det (w(e*™))), 5 — 1 det(w(1)))

where t is in [0, 1].
KOY(C(S1),¢) =2 Zy ® Zy generated by [ws] and [w)] where

2(x+iy):<y ”’) and wlg(x+iy):<.y _ix>.

Moreover, a nice formula is that the isomorphism KOY(C/(S1),¢) —
Zs @ Zy is given by

[w] — (sign(Pf(w(1)), sign(Pf(w(—1))).
KOY(C(S"),¢) = Z, generated by [ws] where
2

0
“ Imz >0

0 1

’w3(z) = 1 0
9 Imz < 0.

0 z

The class of any unitary w can be determined by looking at the
winding number of w restricted to the top half of the circle (modulo
2).
KOY(C(S1),¢) = Z generated by [wy] where wy = 14. The isomor-
phism can be realized as [w] — jtrace(w(1)).
KO¥(C(S"),¢) = Z generated by [ws] where

2

5 Imz>0
(=45’
ws 2 ) =
> 1
0 .2 Imz < 0.
z

The class of any unitary w can be determined by looking at the
winding number of w restricted to the top half of the circle.

Sketch of Proof. For i =0,1,2 it suffices to show that the shown genera-
tors map via 7, to corresponding generators of KO;'(C@®C,id). For i = 4, it
suffices to show that the shown generator [14] maps via 7, to the generator
of the kernel of d4. This generator corresponds to (2,2) in our conventional
isomorphism KO5(C® C,id) =2 Z & Z.
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For i = 3,5 it suffices to show that the shown generators are the image of
generators of KO(Co(S\ {£1}),¢).

For example, to identify the generators of KOy(C(SY),¢) & Zy ® Z,
first note that (wy)® = —wso and similarly for w). We know that m, is an
isomorphism on KOY(—) so it suffices to note that [r(ws)] = [I?, —1?)]
and [r(wh)] = [-I®, 1] which are the generators of KOY(C & C,id) =
Zy @ Zs. O

Example 9.3. We will consider the exact sequence
0 — Co(U,R) = C(D,R) = C(S',R) = 0

where D is the unit disk and U = D\ S' is the interior of D. In terms of
C*T-algebras, we have

0 — (Co(U),id) — (C(D),id) — (C(S1),id) — 0.

We shall disregard the summands of KO*(C(D),id) and KO%(C(S'),id)
associated with the unit, so we consider the reduced K-theory

Then the boundary map is an isomorphism
di: KO (Co(S'\ {1}),id) — KO {(Co(U),id)

with the groups as shown.

] 2| —-1]1 01 |2|3|4]|5
Ko*(c(S*\{11),id)[| 0 | Z [zz|Z[0]Z]|0]0O
KO} (Co(U),id) Z |Zy|Zy| 0 |Z|0|0]O0
We will focus on the case when ¢ = —1. The free abelian generator of
KO";(Co(S*\ {1}),id) is [w_1] where w_1(z,y) = = + iy, clearly satisfying

w'9, = w_;. Then an appropriate lift of z in C(D) is a(x,y) = x + iy, so

8_1[w_1] = [WQB((Z)WQ*] S KO_Q(CQ(U),id) where
Bla) = < 2aa* — 1 2ay/1 — a*a)

2a*v/1 — aa* 1—2a*a

_ 2(2% +y°) — 1 2(z +iy) V1 — (2% + ¢?)
- 2@~y V1 - (2% +y?) 1-2(2 +y°) '

Notice that on the boundary of D, B(a) = diag(1,—1) so A(WaB(a)W5) =
I? as expected.
There is a continuous map from S%\ {(0,0,1)} to U given by

z+1

}_) e —
(:C7y’ Z) 2($2+y2)

(z,y)
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which gives an isomorphism Cp(S%\ {(0,0,1)}) to Co(U). Under this trans-
formation, we have

Bl =, 2, “T) e ancs,

Then

" — T4z
WoB(a)Wy = <x _yiz ’ >

which is equivalent (via a rigid automorphism of the sphere) to the generator
of KO"5(Co(5?\ {1})) = Z that was identified in Example 7.13.

Our final example uses our machinery to deal with index maps applied to
Fredholm operators with various symmetries. For a more direct approach,
and one that allows for a Z;-graded in addition to a real structure, see [18].

Example 9.4. Let BR be the real C*-algebra of bounded operators on a
separable infinite dimensional real Hilbert space and let KR be the ideal of
compact operators. Then we have a short exact sequence

0-KRBRIL QR0
where QR is the real Calkin algebra. For any real C*-algebra A, it follows
from Theorem 1.12 and Proposition 1.15 of [5] that KO, (A) = 0 if and only
if KU,(A) = 0. Therefore KO,(BR) =0 and 9;: KO;(Q®) — KO;_1(K®) is
an isomorphism for each i. Therefore,
i O 1|2 ]3|4|5]|6|7
Ko™ o]l zlzylzalo]z]o]o
KO;KOY 1zlzy |z 0 [z]o]o]o

We will identify the generators of KOj' (KR) and, working backwards, the
generators of KO¥(QR) for all i.

Let e be a rank 1 projection in KR and let ¢: R — KR be the homomor-
phism given by t +— te, which induces an isomorphism on KO,(—). The
generators of KO} (R) are given in Example 7.12. Recall that the generator
of KOG(R) was identified as [13] where 15 € M5(R). Working in the unitiza-
tion R this corresponds to the unitary w = diag(0, 2) +diag(1, —1) € My (R),
which satisfies [A\(w)] = [diag(1,—1)] = 0 (see Remark 7.4). Then the gen-
erator of KOY(KR) is given by [t(w)] = [diag(1,2e — 1)], as shown below.
The rest of the generators of KO;(KR) for i = 1,2,4 are worked out sim-
ilarly. Note that these unitary representatives are given in terms of the
C*T-algebra (K, 7) where 7 is the associated involution on K.

e The generator of KOY(KR) is given by [wo] where

wo = diag(1,2e — 1,) € My(K).
e The generator of KOY(KR) is given by [w] where w; = —2e+1 € K.
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e The generator of KOY(KR) is given by [ws] where

w2 = <i(260— 1) i(_28+ 1)> € My(K).

e The generator of KOY(KR) is given by [w4] where

wy = diag(1,1,2e — 1,2¢ — 1) € My(K).
In each case, an element generating KO} (R) corresponds to an element in
KOKR) via [u] = [(u — I e+ 10 14 .

Let s € BR be the one-sided shift operator defined by s(e;) = ej+1 where
{ei} is a given basis of the underlying (real) Hilbert space. Then s satisfies
sT = s*. Let u = n(s) € QR which is a unitary and also satisfies u” = u*.
We claim that that generators of KO*(QR) are the following.

e The generator of KOY(QR) is given by [v1] where v; = u € M;(Q).
e The generator of KOY%(QR) is given by [vs] where
0 du ~
Vo = <_. % 0> EMQ(Q).

mn

e The generator of KOY%(QR) is given by [v3] where

n=(p o) e

e The generator of KO¥(QR) is given by [vs] where vs = diag(u, u) €

M>(Q).

Proof. In each case, we verify that 9;([v;]) = [w;—1] and then the result
follows since 0; is an isomorphism.

For the first statement, we calculate 0;([vi]) = 01([u]). First lift u back
to the partial isometry s € BR. Using the formulas s*s = 1 and ss* =1 —e
we have

B(s) = 2ss* =1  2sv1—s*s\  (l1—2e O
C\28"V1—ss* 1-2s*s | 0 -1)
Then, noting that YQ(I) = 1o, we have

il = [V;VB(s)Y; "] = [diag(1 — 2e, ~1)] = [diag(1,2e — 1)},

which is the generator of KOY(KR).
For the second statement, first notice that v is a self-adjoint unitary and
that vj = —vy. The appropriate lift to K is

o — 0 s
T \=ist 0
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Ll D)
(G (00 (2 )
Ll ) )

which is the desired generator of KO%(KR).
T

Now consider v3, which is a unitary that satisfies vy
lift is diag(s, s*) € B. We calculate

1-2 0 O

0

s 0 0 0 0

s(Ge)=] 0 0
0

0 0 —-1+2e

= v3. The obvious

=

and then conjugate by Y4(3) = V4Q4W4 to obtain

0 i(l—e) 0 —ie
B _ —i(1—e) 0 ie 0
N 0 —ie 0 i(l—e)
ie 0 —i(1—e) 0

Notice that A(B') = 152) as expected. The class [B] corresponds to the class
in KO3 (R) given by the unitary

0 0 0 —2
0 0 ¢ O

C' = 0 —i 0 0 € M4(R).
t 0 0 0

The Pfaffian of C” distinguishes it from the trivial element represented by

0 7« 0 O
7@ _ - 0 0 0
0 0 0 =«
0 0 =i 0

Therefore, [B'] = [wy] is the non-trivial class in KO%(KR).
Finally, the proof for vs is similar to that for v;. The lift for vs is a =
diag(s, s) and then

05([vs]) = [B(a)] = [diag(1l — 2e,1 — 2e, -1, —1)] = [wy4]
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as desired. (The conjugation matrix in this case is Y4(4) =X, =14.) O
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