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A-polynomials of a family of two-bridge

ABSTRACT. The J(k,l) knots, often called the double twist knots, are
a subclass of two-bridge knots which contains the twist knots. We show
that the A-polynomial of these knots can be determined by an explicit
resultant. We present this resultant in two different ways. We deter-
mine a recursive definition for the A-polynomials of the J(4,2n) and
J(5,2n) knots, and for the canonical component of the A-polynomials
of the J(2n,2n) knots. Our work also recovers the A-polynomials of the
J(1,2n) knots, and the recursive formulas for the A-polynomials of the
A(2,2n) and A(3,2n) knots as computed by Hoste and Shanahan.
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1. Introduction

The A-polynomial of a 3-manifold M?3 with a single torus cusp was intro-
duced in [4]. It is a two variable polynomial, usually written in terms of the
variables M and L, which encodes how eigenvalues of a fixed meridian and
longitude are related under representations from m(M3) into SLa(C). This
polynomial is closely related to the SLy(C) character variety of M3, and for
hyperbolic manifolds it encodes information about the deformation of the
hyperbolic structure of M3, the existence of nonhyberbolic fillings of M3,
and can be used to determine boundary slopes of essential surfaces in M?3.
Specifically, the boundary slopes of the Newton polygon of the A-polynomial
are the boundary slopes detected by the SLo(C) character variety [4], and
the Newton polygon is dual to the fundamental polygon of the Culler—Shalen
seminorm [7]. This seminorm can be used to classify finite and exceptional
surgeries of M3 [1].

FIGURE 1. The knot J(k,1)

This polynomial has proven difficult to compute; data has been collected
for most knots up to nine crossings (see Knot Info [3] and calculations
by Marc Culler [6]), and a few families of knot complements in S* have
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proven amenable to computations. Tamura and Yokota [13] computed the A-
polynomials of the (—2,3,3 4 2n) pretzel knots. Garoufalidis and Mattman
[9] studied these A-polynomials, showing that they satisfy a specific type of
linear recurrance relation. Hoste and Shanahan [10] established a recursively
defined formula for the A-polynomials of the twist knots and the J(3,2n)
knots. This paper shows that the A-polynomial of the J(k,[) knots can
be computed as an explicit resultant, and recovers the work of Hoste and
Shanahan. We also recursively determine the A-polynomial for the J(4,2n)
and J(5,2n) knots, and the canonical component of the A-polynomial for
the J(2n,2n) knots.

We consider the two-bridge knots J(k,[) as described in Figure 1 where
k and [ are integers denoting the number of half twists in the labeled boxes;
positive numbers correspond to right-handed twists and negative numbers
correspond to left-handed twists. Such a projection determines a knot if &l is
even, and we can reduce to considering the J(k, 2n) knots as J(k,1) = J(I, k).
The knot J(—k, —[) is the mirror image of the knot J(k,[), and as a result
the A-polynomial of J(—k, —[) is the A-polynomial of J(k,[) with each M
replaced by a M~! [5]. Therefore we may assume k or [ is positive. As
discussed in §3 the J(k,[) knots are a particularly attractive family as the
fundamental groups of their complements have a relatively simple form. In
Section 5.1 we show that the contribution to the A-polynomial from re-
ducible representations is the term L — 1. Therefore our main theorems
focus on the term of the A-polynomials corresponding to irreducible repre-
sentations. We write A(k,2n) to denote the contribution of factors of the
A-polynomial corresponding to irreducible representations. (This is well-
defined up to multiplication by elements in Q and by powers of M and
L.)

Our first main theorem is the following, where the polynomials Fj,,, and
G}, are defined in Definition 4.6 and 4.12.

Theorem 1.1. Assume k # —1,0,1 and n # 0. Then A(k,2n) is the
common vanishing set of Fy, ,(r) and G (7).

The A-polynomial can be determined by the resultant of these two poly-
nomials, eliminating the variable r. This can be done, for example, using the
Sylvester matrix and has been implemented in many computer algebra pro-
grams. The degree of F}, ,, as function of r is roughly %]n!kz and the degree
of Gy, is roughly %|k|. The next theorem demonstrates that the resultant
can be computed using the polynomial Hy,,,, of degree about 2|n|, which is
defined in Definition 6.8, in place of Fj, ,,. This resultant will differ from the
resultant of Fy , and Gy, by factors of B = M? + £, v = (M? —1)(¢ — 1),
and 6 = M?2¢ + 1. As in Definition 3.3, ¢ = L if k is even and ¢ = LM*" if
k is odd.
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Theorem 1.2. Let e =1 if k is positive and 0 if k is negative, let € =1 if
k is even and 0 if k is odd, and let €" = (1—¢€)(1—¢€). Fork # —1,0,1 and
n # 0 we have

A(k, 2n)ylmite In=" nk <0
Res(Hy, (1), Grn(r)) = { A(k, 2n)Bylmiteinl=¢" n,k >0
A(k, 2n)5~ImIteInl=¢" n,k <0.

Theorem 1.1 is proven in Section 4.4 and Theorem 1.2 is proven in Sec-
tion 6.

In addition, we perform explicit computations in some special cases. If
k = 0, then J(k,l) is the unknot and the A-polynomial is L — 1. The
knots J(+1,2n) are the torus knots whose A-polynomials are well known
[4]. We present their A-polynomials in Theorem 7.1 for completeness. In
Theorem 7.2 and Theorem 7.3 we recover the recursive formulas of Hoste
and Shanahan [10] for the A-polynomials of the twist knots (the J(£2,2n)
knots) and the J(£3,2n) knots. We also compute recursive formulas for the
A-polynomials of the J(£4,2n) knots and the J(£5,2n) knots. These are
given in Theorem 7.5 and Theorem 7.7, respectively. Finally, we consider the
J(2n,2n) knots. These knots have an additional symmetry that the other
J(k,1) knots do not have, seen by flipping the corresponding four-plat upside
down. This symmetry effectively factors the representation variety (see [11])
and this factorization can be seen on the level of the A-polynomial as well.
A canonical component of the A-polynomial is an irreducible polynomial
which contains the image of the discrete and faithful representation. We
determine a recursive formula for the canonical component for these knots,
given in Theorem 7.9.

2. The A-polynomial

We follow the construction of the A-polynomial given in [5]. We consider a
knot K in S3, and let u be a natural (oriented) meridian of K and A a natural
(oriented) longitude. Let I" be the fundamental group of the complement of
the knot K in S3. For an oriented loop a € (5% — K) we write [a] € T to be
a base pointed homotopy class. We define Ry to be the subset of the affine
algebraic variety

R = Hom(I', SLy(C))

consisting of all representations p such that p([u]) and p([\]) are upper
triangular. The set Ry is an affine algebraic variety as well, since it simply
has two additional equations specifying that these (2,1) entries equal zero.
Define the eigenvalue map

£=(6ux&): Ry — C*

by setting £(p) = (eu,ex) where e, is an eigenvalue of p([u]), and ey is an
eigenvalue of p([A]), both chosen consistently. We let M be the (1,1) entry of
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p([u]) and L be the (1,1) entry of p([A]). We will use an alternate longitude,
denoted by ¢, which we define below.
If C' is an algebraic component of Ry, then the Zariski closure of £(C),

£(C), is an algebraic subset of C2. If £(C) is a curve, then there is a poly-
nomial that defines m which is unique up to constant multiples. The
A-polynomial is defined as the product of all such polynomials. This poly-
nomial may be taken to have integral coefficients with content zero, so it is
well-defined up to sign. (See [4].) There are an infinite number of abelian
representations of I' into SLy(C). In such a representation every element of
the commutator subgroup, including the longitude, is sent to the identity
matrix. Therefore, L — 1 is always a factor of the A-polynomial. This factor
is often ignored in the definition of the A-polynomial. For the J(k,[) knots,
we will show that all reducible representations correspond only to the factor
L — 1, and we will usually omit this factor except when referring to the
unknot.

3. The J(k,l) knots

There are many relations amongst the J(k,) knots. The knot J(k,1) is
ambient isotopic to the knot J(I, k), so we will consider the knots J(k,2n)
as if kl is odd then J(k,l) is a two component link. The twist knots are
the knots J(%2,1). The figure-eight and the trefoil are J(2,—2) and J(2,2),
respectively. Also, J(—k,—[) is the mirror image of the knot J(k,l). The
A-polynomial of a knot and its reflection differ only by replacing M with
M~ [5], so we may assume that k or [ is positive. The J(k,l) knots are
hyperbolic unless |k| or |I| is less than 2 or k =1 = +2.

We turn to the fundamental group of S3 — J(k,1). (See [10, 11].)

Proposition 3.1. The fundamental group of the complement of the knot
J(k,2n) in S is isomorphic to the group
['(k,2n) = (a,b: awy = wib)

where

(ab~H™ab(a=tb)™  if k=2m + 1.

Among the relations mentioned above, the knot J(k,[) is ambient iso-
topic to J(I, k), so the corresponding groups are isomorphic, but the above
presentations are different.

For a word v € I'(k,2n) written in powers of a and b, let v* refer to the
word obtained by reading v backwards.

{(ab—l)m(a—lb)m if k=2m
wg =

Definition 3.2. Let €(v) to be the exponent sum of v, written as a word in a
and b, and let e(k,n) = e(wy). (So that €(2m,n) = 0 and ¢(2m+1,n) = 2n.)
A natural meridian, p, of the knot corresponds to a and a natural longitude,
A, to w(wP)*a=2®Fm) That is, 1] = a and [\ = w}(w])*a= 2", We will
also make use of an alternative longitude, which we now define. (See [10].)
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Definition 3.3. Let A\; be the longitude corresponding to the word wy (wy})*,
so that [A;] = w(w})*, and let £ be a preferred eigenvalue of [A1]. (This is
chosen so that if k = 2m we have £ = L and if k = 2m + 1 then £ = LM*"))

4. Representations

First, we define a few polynomials we will use throughout.

Definition 4.1. The j** Fibonacci polynomial, fj, is the Chebyshev poly-
nomial defined recursively by the relation

fir1(@) + fi—1(z) = zf;(z)

and initial conditions fo(z) = 0, and fi(x) = 1. With the substitution
—J

z=y+y ' wehave fi(ly+y )= -y )/ (y—y ")
Additionally, define the polynomials g;(z) = f;(x ) fi—1(z).

We will use the following several times.

Lemma 4.2. If j # 0,1 then the polynomials fj(x) and fj_1(x) share no
common factors.

Proof. Let = y +y~! so that f;(z) = (v —y7)/(y —y~'). A root
of fj(x) determines a solution to y* = 1. Similarly, a root of f;_1(f)
determines a solution to =2 = 1. Since ged(2j5,2j — 2) = 2 the only
simultaneous solutions are y = £1. It follows that if f;(z) and f;_i(z)
share a root, it must be x = +2. The Fibonacci recursion implies that
fj(2) = j and f;(—2) = £j. Therefore, as j # £1, x = £2 is not a root and
the polynomials are relatively prime. O

Furthermore, we define certain terms in M and L to shorten some expres-
sions.

Definition 4.3. Let
a=(M*+1)((+1),

B=M+1¢,

= (M? —1)(¢ - 1),
8= M2 +1,
o= B%+ 4§

and
7= —=1)> M2 4404+ 20 +1)°M? + 4M* + (¢ — 1) M°,

In many of the calculations to follow, we will use the Cayley—Hamilton
theorem, which we now explicitly state for matrices in SLy(C).
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Theorem 4.4 (Cayley-Hamilton). Let X € SLy(C) with trace z. For any
integer j we have ‘

X = fi(x)X = fi—1(x)]
where I is the 2 X 2 identity matriz.

For a matrix X, we will use X;; to denote the (i, j)* entry of X.

As the eigenvalue map is invariant under conjugation, we consider rep-
resentations p : I'(k,2n) — SL2(C) up to conjugation. A representation
p : I' = SLy(C) is called reducible if all images share a one-dimensional

eigenspace. Otherwise, a representation is called irreducible.

4.1. Reducible representations. A reducible representation of I'(k, 2n)
can be conjugated so that it is upper triangular with

p(a):A:(]\g M"”1> and p(b)zB:<J‘04 Mtl)

We include the calculation of these terms of the A-polynomial for complete-
ness.

Proposition 4.5. The contribution to the A-polynomial from the reducible
representations is the factor L — 1.

Proof. We use the presentation of the fundamental group from Proposi-
tion 3.1. Let Wy = p(wy), W' = p(w}), and let 0 denote the 2 x 2 zero
matrix.

First, consider k = 2m. The alternate longitude corresponds to p([\]) =
WP(W)* and is the identity in this case. That is, £ = 1 for these repre-
sentations. The defining word, in terms of matrices is AW3. — W3 B = 0.
The matrix on the left is identically zero except for the (1,2) entry which
is (nmM? + (1 — 2nm) + nmM ~2)(s — t). This equals zero for infinitely
many representations, and M can be any value independent of £. There-
fore, these representations contribute the factor ¢ — 1, which is L — 1 to the
A-polynomial.

Similarly, consider k = 2m+-1. The relation gives AW;' — W' B, a matrix
whose only nonzero entry is the (1,2) entry which is

(8 o t)(MQn—l + M—2n+1 _ m(M _ M—l)(MQn _ M—2n>)/(M + M_l)

We conclude that there are infinitely many representations, and that M can
be any value, independent of £. The (1,1) entry of p([\1]) is always M, so
¢ = M*. Thisis L =1, and gives the factor L — 1. ([

4.2. Irreducible representations. To compute the A-polynomial, we re-
strict attention to the irreducible representations p : I' — SL2(C) which
map the meridian and longitude to upper triangular matrices. For such a
representation, there are M and L in C* such that

A=) =pw = 4 )
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and
A=) = plu (a0 = (§ 1)),

The alternative longitude, Aj, corresponds to a matrix with (1,1) entry
(= LM*®En) Let Wy, = p(wy,), W = p(w}) and W* = p((w})*).
Up to conjugation all irreducible representations p : I' — SLy(C) are given

by
A=<A04 M1_1> and B:p([bD:(ZMT Mo-l)

where r # 2. The (2,1) entry of W = p(wp}), Wai, equals (2 — )Wz for
these groups. Therefore, the words W and W* can be written as

Wi Wio x W3y Wi,
< (2 — T‘)ng WQQ ) an < (2 — T)W{Q W{l

where W/, is Wi; with all M’s exchanged with M~"s. (This follows from
[10].)

The relation aw;; = wib implies that, on the level of matrices, AW =
W B. 1t follows by direct computation that the variables M and r define a
valid representation if

(M — M"Y Wip + Way = 0.

(In fact, Riley [12] shows that a similar, more general statement is true for
all two-bridge knots.)

Definition 4.6. Let F},,,(r,t) be defined by
Fin(r) = fu(te(r)) Fra(r) = fa-1(te(r))
with Fj, 1(r) defined by
Foma(r) = fn(r)gm (r)(M* + M™% — 1) + 1
Fomi1,1(r) = = f(r)gmr (1) (M? + M™% —7) + 1
and t = tx(r) defined by
tom(r) = = frn(r) (gm41(r) = g (1)) (M? + M2 — 1) +2
toms1(r) = gmy1(r)(M? + M2 —7r) + 2.

By [11] (Proposition 3.7) the condition for p to be a representation can
be encoded by these polynomials. Specifically, we have the following.

Proposition 4.7. The map p above determines a representation of I'(k,2n)
into SLa(C) if and only if Fj,,(r) = 0.
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4.3. The longitude. The equation Fj,(r) = 0 with r # 2 holds if and
only if p is an irreducible representation of I'(k,2n). We now turn to the
condition that the boundary subgroup is upper triangular. A natural merid-
ian corresponds to the group element a, which was already taken to map
to an upper triangular matrix A. Therefore, the remaining condition is to
ensure that an element of I'(k, 2n) corresponding to a longitude, either A or
A1, also maps to an upper triangular matrix. The image p([\]) can be ex-
plicitly computed, as stated in the following lemma. We will let A = p([\])
henceforth.

Lemma 4.8. With W = p(w}), A = p([A]),
Arr = (Wi Wiy + WiaWio(2 — 7)) M~ 2e(kn)
Ao = (Wit Wiy + WiaWis(2 = 1)) facemy(M + M)
+ (Wi Wiy + WigWi, ) M2tk
Aar = (2= 1) (WiaWip + WaaW{p) M2
Ay = (2 — r)(W12W2’2 + WQQWI’2)f_2E(k’n)(M + MY
+ (WaaWi; 4+ WiaWiy(2 — T))MZG("C:")_
Proof. Since [\ = wg(wg)*afze(k,n) one can compute A = WI* A=2e(kn)

explicitly. A direct computation using the Cayley—Hamilton theorem con-
firms the above. O

From the lemma above, we now deduce an algebraic condition for A to
be upper triangular.

Lemma 4.9. For an irreducible representation p, A = p([\]) is upper tri-
angular if and only if Wial + Wiy = 0, where { = L2tk

Proof. By Lemma 4.8, Ay; = 0 reduces to
WiaWio + Waa W1y = 0.
Moreover, as L = A1 by Lemma 4.8,
L= (Wi Why + (2 — r)WiaWiy) M~ 2k

from which it follows that M2* ™ [, = Wi, Wi, + (2 — r)WiaWl,. The al-
ternate longitude is related by [\;] = a**™[)]. By the Cayley-Hamilton
theorem M2<(kn) = (A2¢(Fn)) 1 so that as p(a) and p([\]) are upper trian-
gular

! = ,0([/\1])11 = MQe(k’n)L.
Therefore,
(1) ! = W11W2/2 + (2 — T)W12W1/2.

We consider this as the defining equation for £.
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Now we explore the condition for A to be upper triangular. We follow
[10]. We multiply equation (1) by Wis, and have

Wil = Wiy WiaWiy + (2 — r)WiHW1,.
Since W1oW3y = —W/{,Way we rewrite this as
Wigl = — Wi Wi,Waa + (2 — )WL Wi,.
Next, since det(W) = Wi1Way — (2 —r)WE, =1
Wigl = =W WiyWao + (W11 Wae — L)Wy, = —Wi,.

Combining this, Wial + Wi, = 0. As ¢, M € C* this condition is equivalent
to A21 =0. O

Now we show that the condition for A to be upper triangular can be
expressed in terms of the entries of Wy, instead of W = (W)™.

Lemma 4.10. For an irreducible representation p, A = p([A\]) is upper
triangular if and only if (Wy)12¢ + (Wg)5 = 0, where £ = M 2e(kn)

Proof. Using the Cayley—Hamilton theorem,
W= (Wg)" = falti(r)) Wi = fa-1(tr(r))I.

Therefore, Wia = f, (t(7)) (Wi)12 and Wiy = fir(te(r))(Wh)1as as fu(tk(r))
is symmetric in M and M~!. As a result,

Wil + Wiy = fr(te(r)) (Wi)i2l + (Wk)12).

It suffices to show that f,(tx(r)) is not zero. If f,(tx(r)) = O then by
Definition 4.6 Fy ,(r) = —fo—1(tk(r)) = 0 and so fn—1(tx(r)) = 0. This
cannot occur if n # —1,0,1 as by Lemma 4.2 f,, and f,_; are relatively
prime. If n = —1,0,1 then either f,(tx(r)) or fn—1(tx(r)) equals +£1 and
cannot be zero. O

4.4. Proof of Theorem 1.1. We now use the Cayley—Hamilton theorem
to determine explicit equations for the polynomials above. First, we deter-
mine explicit equations for the entries of Wi.

Lemma 4.11. With Wk = p(wk) then (Wk)gl = (2 - T)(Wk)lg. Ifk =2m
then

(Wi = fin(r)*(2 = 1)M? + [ (r) (r = 1) = frna ()]
(Wiiz = fm(r)* [M + M~ =M+ fru(r) fna (r)[M ™" = M]
(Wi)az = fm(r)?M 22 = 1) + [fm(r) = frm-1(r)]*.
If k=2m+1 then
(Widir = fn(r)2[MP(r — 1) = (r — 2)17]
+ 2fm(r) fna ()[(1 = 1) M 4 7(r = 2)] + frn-1(r)*[2 + M? — 7]
(W2 = = fum(r)* [M(r — 1) + (r —r*)M ']
— [ () fna (P)[(2r = )M ™! = M + fra(r)?M ™!
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(Wi)az = fn(r)?[(r — 1)2M ™2+ 2 — ] — 2f,0(r) frno1 () (r — 1) M 2
+ fm_l(T’)QM*Z.

Proof. We calculate

= (Lo V) A= (T T )

both of which have trace r, so that by the Cayley—Hamilton theorem
(AB—l)m _ < (T_l)fm(r)l_fm—l(r) Mfm(r) )
(r—=2)M~" fu(r) fm(r) = fm-1(7)
(Ale)m _ ( (T - 1)fm(r) - fm—l(r) _Milfm(r) ) )
(2= )M f(r) Jm (1) = fm-1(r)
As Wy = p(wg), using Proposition 3.1 for k = 2m we have
Wy = (AB~H™(A ' B)™
and for k =2m +1,
Wy = (AB"Y)™AB(A'B)™.
Upon multiplying we obtain the stated expressions. O

In light of Lemma 4.10 we now compute (Wg)i2f + (W)}, using these
equations.

Definition 4.12. Let Gy, ,,(r) be defined by
Gomn(r) = fin(r)(rd — a) = 7 fms1(r)
Gom+1,0(1) = Bfmt1(r) = 8 fin(r).

Using the Fibonacci identities, one can write these polynomials in different
ways. For example, when k£ = 2m we also have

Grn(r) = =(fm(r) (@ = 78) = 7 fm-a(r))-

Lemma 4.13. For an irreducible representation p, the condition for A =
p([A]) to be upper triangular is equivalent to Gy, n(r) = 0.

Proof. By Lemma 4.10 it suffices to consider (Wj)i2l + (Wg)iy. With
Lemma 4.11 we see that for k = 2m, (W},)120-+ (Wi )], is exactly — f, (r) M ~*
times the expression for Gy ,,. When k = 2m + 1, by Lemma 4.11 similar to
the above, (Wi)12¢ + (Wk)s i8S gm+1(r)M ! times the expression for Gy .

It suffices to show that f,(r) # 0 when k = 2m and that gmy+1(r) # 0
when k = 2m+1. First, consider the even case. If f,,,(r) = 0 then Fj, ,(r) can
be explicitly computed using Proposition 4.7 and is the A-polynomial. This
implies that Fj, 1(r) = 1 and t;(r) = 2. Therefore, Fj, ,(r) = fn(2)— fa—1(2).
As f;j(2) = j for all j, we conclude that Fj ,(r) = 1. Therefore the A-
polynomial is L — 1, with the inclusion of the reducible factor. By [2, 8] the
only knot in S with A-polynomial equal to L — 1 is the unknot. Similarly,
if k is odd we conclude that Fj ;(r) =1 and t = 2 so that F},(r)=1. O
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Lemma 4.14. For k # —1,0,1 the polynomial G} (1) is an irreducible
nonconstant polynomial in Q[M*!, (1],

Proof. Let R = Q[M™*!, ¢*!]. Consider the case when k = 2m, so that
Gamn(r) = = fn (r) (M + 1) (£ +1) = (M? + O)r) + frn1(r)(M? = 1)(£ - 1).

Modulo the ideal generated by M? — 1, R can be identified with Q[¢] and
Gompn(r) = (0+1) frn(r)(r —2). As a result, any factorization of Gy, (1) in
R[r] modulo M? — 1, gives a factorization of f,,(r)(r — 2) in Q[r]. Modulo
the ideal generated by M? + ¢ we have

Gomn(r) = (L +1)(¢ — 1)(fm+1(7”) - fm(r))

Similarly, a factorization modulo M? + ¢ gives a factorization of f,(r) —
fmg1(r) in Q[r]. As fi(r)(r — 2) and fp,(r) — fit1(r) share no common
roots by Lemma 4.2 we see that there is no factorization. We conclude that
Gom,n(r) is irreducible.

Next consider k = 2m + 1, so that

Gomi1n(r) = =(MP+ 1) frn(r) + frni1 (r) (M7 + 0).
First, assume that 2m + 1 > 0, reducing modulo M?¢ + 1 we have
Gomin(r) = (M? +€) frns1(r),
and reducing modulo (M? + 1)(¢ + 1),

G2m+1,n(r) = (M2 + E) (fm(r) + fm—i—l(r))'

Again, a factorization modulo either M?2¢ + 1 or (M? + 1)(¢ + 1) gives a
factorization of either f,4+1(r) or fi(r) + fit1(r) in Q[r]. But these are
relatively prime by Lemma 4.2. Therefore Gy, q1,,(r) is irreducible in this
case as well. Now consider the case when 2m + 1 < 0. Reducing modulo
M?+4, Gomy1n(r) = —(M?041) frm (r) and reducing modulo (M2—1)(¢—1),
Gom+1n(r) = —(M? + ) (fim(r) — fims1(r)). As before, we conclude that
Gom+1,n(r) is irreducible. O

Theorem 1.1 now follows from Proposition 4.7, Lemma 4.13, and Lem-
ma 4.14.

Remark 4.15. Let K = Q(M, ¢). To determine the A-polynomial by elim-
inating the variable r from Fy, ,,(tx(r)) and Gy, (r) using resultants, we re-
quire Fy, ,(tx(r)) and G () to be nonconstant polynomials in K[r]. The
polynomial Gy, ,,(r) is a nonconstant polynomial in K[r] unless k = —1,0, 1.
For these values we have G_1 ,(r) =9, Gon(r) = —v, and G1,,(r) = B.
The polynomial Fj, 1(z) is a nonconstant polynomial in K[z] unless k =
0,1. We have Fyi(x) = Fi1(z) = 1. The defining equation for ¢x(r) is
nonconstant in K[r] unless & = 0, in which case to(r) = 2. (It is nonlinear
if k| > 1 and if K = &1 then t = M?> + M2+ 2 —r.) It follows that
Fin(ti(r)) is constant only when n = 0, k = 0, or when n = k = 1. For
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these values there are no irreducible representations. These correspond to
J(k,0) = J(0,2n) = J(1,2) which are all the unknot.

We conclude that one of Fj, ,(tx(r)) and Gy ,(r) is constant when k =
—1,0,1 or n = 0. These values of k are the excluded values in Theorem 1.1.

5. Resultants

In this section we collect facts about resultants that will be used later.
If p(x) and g(x) are polynomials with leading coefficients P and @, the
resultant of p(x) and ¢(z) is

Res(p(x), q(:c)) — Pdequdegp H(Tp B rq)

where the product ranges over all roots r, of p(z) and ry of g(x). First, we
summarize some basic facts about resultants.

Lemma 5.1. Assume that p(z),q(x), and r(zx) are polynomials and the
leading coefficient of q(z) is Q.

(1) Res(p,q) = (—1)%8P*4BIRes(q, p).
(2) Res(pr,q) = Res(p, q)Res(r, q).
(3) QBT DRes(p, q) = QIEPRes(p + rq, q).
The following polynomial will be useful in our calculations, as rational
functions will naturally come out of our calculation.

Definition 5.2. For a fixed  and y, and a polynomial ¢, define the poly-
nomial

Pla,y) =y = p(2).
We now collect a few useful lemmas.
Lemma 5.3. Let ¢(z) be a polynomial of degree d and assume that
tp1 = p2 + gps3.
Then plo(t) = B(p2, p1) + gpa for some polynomial py.

Proof. Notice that if ¢(z) = cg2% + cg_12 1 4+ - + 12 + ¢ then since
tp1 = p2 + gp3 we have

plo(t) = calpit)® + ca—ipr(pit) T + -+ Clpcllfl(plt) + cop$
= ca(pa + gpa) + ca_1p1(p2 + gp3) "t + -+ ep{H (p2 + gps)
+ Copcf'

For each n > 0 the term (p2 + gp3)" = py + gp where p is a polynomial.
Therefore,

plo(t) = capd + ca_1pipd ™t + -+ e1pd T pa + copt + gpa
= ple(2) + gps = P(p2, p1) + gpa. O
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The following can be verified directly from the Fibonacci recursion.
Lemma 5.4. Let A and B be constants. Then
pi(@,y) = Afp(@,y) + Bf 1 (2,y)
satisfies the following recursion. We have
pi(z,y) =A, paz,y)=Az+B
and for k > 2 the polynomial
(. y) = zpr-1(z,y) — y*pr—a (@, y).
We have po(z,y) = —B, p_1(x,y) = —A—xB and for k < —1 the polynomial
pr(2,y) = zppa(z,y) — y2pk+2(9€, Y)-

5.1. A special resultant. In this section we compute the resultant

R; = Res(fj(x)(x + A) + fj—l(f’«")B,P(w)>

where p(z) = 22 — ax + b and a, b, A and B are constants. This type

of resultant will be used several times in our computations. With X; =
R; + Rjy1 we will first show that X; satisfies a recursion, from which a
recursion for R; follows. All of the proofs will rely on the recursive definition
of the Fibonacci polynomials, fji(x)+ fj—1(z) = z f;(x). Let z; and x be
the two roots of p(x), so that 129 = b and z1 + 22 = a. Let

Fj = fj(w1) fi(x2) = Res(f;(z), p(x))
G; = fi(w1) fi—1(x2) + fi(@2) fj-1(21)
Hj = w1 fj(21) fi-1(w2) + w2 fj(x2) fi-1(1).
In this section, let dy = b, do = (2 — a® 4+ 2b), d3 = b and dy = —1.
Lemma 5.5. The following identities hold.
(1) Hj = =Fjp1 +bF; + Fj
(2) Hj —Hj—2 = Fj-1(a® — 2b) — 2bF;
(3) Fj=bF—1+(2— a’ + 2b)Fj_o +bF;_3— Fj_4
4) §j = aFj-1 = Gj-1.
Proof. For the first identity,
Fj = (@1fj-1(21) — fi—2(w1)) (w2 fi-1(22) — fi-2(22))
= w122 Fj—1 + Fj—2 — (x1fj—1(x1) fj—2(x2) + 2 fj—1(x2) fi—2(21))
=bFj 1+ Fj2—Hj1.
This proves the first assertion.
Next, consider

Hj = z1(z1fj—1(z1) — fi—2(x1)) fj—1(22) + 22(22fj-1(72)
— fi—2(x2)) fi—1(21)
= Fj_1(2] + 23) — (z1fj-1(w2) fi—2(m1) + 22 fj-1(21) fi—2(22))
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= Fj_1(a® — 2b) — (w1 fj—o(z1) (22 fj—2(22) — fj—3(x2))
+ za fi—2(x2) (1 fj—2(21) — fi-3(21)))

= j,l(aQ —2b) — 2z122Fj—2 + x1 fj—2(x1) fi—3(22)
+ @2 fj-3(21) fi—2(22)

= Fj_1(a® — 2b) — 2bF;_o + H;—o.

This shows the second assertion. With the above, we conclude that the third
assertion holds. Finally,

Gj = fi—1(2) fi(z1) + fi—1(@1) fj(w2)
= fi-1(@2)(z1fj—1(z1) = fi—2(@1)) + fi—1(z1) (2 fj-1(22) — fij—2(x2))
= (214 x2) fi-1(@2) fj-1(21) — (fim1(22) fj—2(21) + fi-1(21) fi-2(22))
=aFj—1—Gj
proving the final identity. Ul
Lemma 5.6. The following identity holds
Xj=—BFj2+ (b+Aa+ A + bB — B)Fj41
+ Fj(b+ Aa+ A + bB + aAB + B>+ B) + (B? + B)Fj_1.
Proof. The resultant R; is

Ry = (fiten) @+ A) + fi1(e0)B) (Fi(@2) (2 + A) + fi-1(2)B)
= Fj(b+ Aa+ A*) + B*F;_1 + ABG; + BH,;.
By Lemma 5.5, we can substitute #; and rewrite R; as
Rj = —BFj11 + Fj(b+ Aa+ A% + bB) + (B* + B)F;_1 + ABG;.

By another application of Lemma 5.5 we can substitute G; so that X; is as
stated. O

Lemma 5.7. The term X; satisfies the recursion
X;=bXj_1+(2—a®+2b)X; o+ bXj_3 — Xj_4.
Since X; = R; + R;_1 this implies the following recursion for R;.

Proposition 5.8. The resultant R; of f;(z)(z+A)+f;—1(x)B and 2*>—az+b
satisfies the following recursion.

Rj=0b-1)Rj_1+(2-a®+3b)Rj_2+(2—a*+3b)Rj_3+(b—1)Rj_4— Rj_5
with initial conditions
R_5 =b*+2Bb+ 2BV + B? + 2bB% 4+ B + Aab — AaB + aBbA — a*B
—a?B? 4 bA?
R_y =A%+ Aa+ AaB + b+ 2Bb + bB>
Ry = B?
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Ry =b+ Aa+ A?
Ry = B* = 2Bb+b* + AaB + Aab+ a’B + bA”.
Proof. A recursion for X; of the form
Xj=caXj 1+cXj o+c3Xjo+caXjy
determines a recursion
Rjt1 = (c1—1)Rj+(c1H+c2)Rj_1+(ca+c3)Rj—2+(ca+ca)Rj_3+caRj_4. O
The following is immediate.
Proposition 5.9. If S; = cd’|R; then for j > 5, S; satisfies the recursion
S;=d(b—1)S;_1 + d*(2 — a* + 3b)Sj_a + d*(2 — a® + 3b)S;_3
+d*b—1)Sj_4 —d°S;_5
and for j < =5, S; satisfies the recursion
S; =d(b—1)Sj11 +d*(2 — a® + 3b)Sj42 + d*(2 — a® + 3b)S;43
+d'(b—1)Sj44 — d°Sjys.

The initial conditions are determined by S; = cd?|R; for j > 5 and j < —5.

6. Proof of Theorem 1.2
By Theorem 1.1 the A-polynomial can be computed as
Res(Fgpn(tr(r)), Grpn(r)).

The degree of Fj,,, is approximately i|n|/€2 and the degree of Gy, ,, is about
%lk\ In this section we undergo a series of reductions replace F} , with a
polynomial of smaller degree, approximately 2|n|. The terms «, 3, v and ¢
are defined in Definition 4.3.

Definition 6.1. Let ¢;(r) = 68r — o and g2(r) = or — 7, and let gg be the
leading coefficient of G, ,,(r). (Specifically, go = 8 if £ > 0 and ¢ if £ < 0.)

The following can be verified using the Fibonacci recursion.
Lemma 6.2. We have the following:
— 7(?)7” if k=2m

5m+1
Gra($5) =\ ~m if k=2m+1>0

§lml
B|m|—1

if k=2m+1<0.
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In the next few lemmas we rewrite key terms. Essentially we rewrite
these terms as a multiple of Gy ,(r) plus a remainder. This will allow us
to simplify the resultant of Fj, ,(r) and Gy, (r) using Lemma 5.1. Let F' =
Q(M, L). First, we address Fy1(r). Let Fy, = v e — Btr(r)) and let
Fion(r) = Fu(te(r) Fy = f1(tr(r))-

Lemma 6.3. For a fired k # —1,0,1, and n # 0 there are polynomials
Ri(r) and Ry(r) in Fr] such that

Fra(r) = Fq — Ri(r)Grn(r)
and
Fin(r) = F (1) = Ra(r)Grn(r).

Proof. If k = 2m, let Ri(r) = v L fpu(r) (M2 + M2 — 7). If k =2m +1
let Ri(r) = =y 1gmi1(r)(M? + M~2 — 7). In each case, the first identity
can be directly verified using the definition of F}, ;(r) and Gy, (r) with the
substitution 7 = s + s7! so that f;j(r) = (s’ — s77)/(s — s7!). The second
assertion follows from the definition of Fy »(r) and Fy ,(r) letting Ro(r) =
Jo(te(r))Ra(r). D

This allows us to calculate the resultant of Fj, ,(r) and Gy ,(r) in terms
of Fy . (r). Let A1 = Res(Fyn(r), Grn(r)) and Az = Res(Fy ,(r), Gr,n(r)).

Lemma 6.4. For a fized k # —1,0,1, and n # 0 then
Ay nk <0
AQ = iﬁAl n, k>0
(—1)k(5A1 n,k <O0.
Proof. When n > 0 by Lemma 6.3 and Lemma 5.1 up to sign, we see that

Alggeg(Fk,n(?“)) _ g(c)leg(Fk,n(T))AQ.

Since deg(Fin(r)) = deg(tx(r))(In| — 1) + deg(Fi1(r)) and deg(Fy, ,(r)) =
deg(tr(r))|n| we have

Alggegtk(r) _ Agggeg(Fk’l(T)).

The statement follows from calculating the degrees of t;(r) and Fj 1(r).
The other cases are similar. O

Now we turn to the defining equation for tx(r).

Lemma 6.5. Fix k # —1,0,1 and n # 0. Then there is a polynomial
Rs(r) € F[r] such that

te(r)qi(r) = ga(r) — G (r)Rs(r).
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Proof. When k = 2m let
Ry(r) = (M? + M2 = 1) (fu(r)(Br — @) + 7 frn41(r))
and when k = 2m + 1 let
Rs(r) = (r = 2)(M? + M2 = 1) (Bfm(r) = 0 frnsa(r)).
The statement follows immediately. ([
Let A3 = Res(ql(r)m"yF,;’n(r), Grn(r)).
Lemma 6.6. Fiz k # —1,0,1 and n # 0. We have

In|
Apylmi=e (g)ml=es Gy (55)) nk <0
n
Ag = { A8y (G0 Gru () 0k >0
n|
:|:A15r7\m\*62 ((56)|m|762Gk7n(%)> n,k <0
where €2 = 0 unless k is odd and negative, in which case e = 1.
Proof. We use the identities in Lemma 5.1. First, notice that since
deg G, = |m| — €2,
we have
szdeg(Fk,n(r))AQVWI—EQ _ Res(yF,;,n(r), Gren (7).
Next,
Res(YF, (1), G (1)) Res(q1(r), G ()" = As.
Therefore, Az = Res(qi(r), Grn(r))Mym™=2 A5, By definition, ¢i(r) =
(68)(r — 53)- 1t follows that
Res(q1(r), Gon(r) = (38) ™1 G n():

This simplifies to

A2V|m|762 ((5/8)“”‘762(;]4@(%)) In| — A

The lemma follows from combining this with the identity from Lemma 6.4.
O

The term Fj,(r) has a factor of M?™ in the denominator from the M2
in the defining equation for ¢;(r). The A-polynomial is well-defined up to
multiples of M, so we will multiply by powers of M to make the powers of
M all positive. To remove this factor of M2l we compute

Ao = Res(M1" Fi. (1), Gin(r)-
Therefore, Ay = (M?2I")degGrn(r) 4,
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By Lemma 6.6 we have

I
AgyIml=e2 ((55)\m\f€2Gk7n(%)) nk <0

(M2Inyes Gun() Ay = & 1 A Bylmi=e2 ((5B)|m|_€2Gk7n%))lnl nk >0
+ Aydrylmi—e ((5ﬂ)|m|_52Gk,n(%)) " n,k <O0.
Since Az = Res(q1 (r)'”'fyF,g,n(r), Gn(r)), we conclude that
(M2Inydes Grn(r) Ay = Res(M2"lqy (r) "y Fy, (r), Gron(r).
We conclude the following, with A, = Res(M?"l¢, (r)'”'yF,ém(r), Grn(r)).
Lemma 6.7. With es defined in Lemma 6.6,

In|
A=z ((68) =2 G () nk <0
In|
As = { gyl ((Eg)m-eGyu () nk >0
In|
= Aody =2 (38) ™12 (5)) n,k < 0.

Now we define the polynomials Hy, ,,(r) which differ from M2|”‘q|1n‘fyF,;’n(r)
by a multiple of G, ,(r).

Definition 6.8. Let ¢i(r) and g2(r) be as in Definition 6.1. If n is positive
let

Hin(r) = q2(r)M?Hy 1 (r) — qu(r)> M* Hy, o o(r)
with initial conditions Hy 1(r) = M?(aqi(r) — Bga(r)), and

Hy2(r) = M*(aqi(r)az(r) — vai (r)* = Baz(r)?).
If n is negative let

Hip(r) = q2(r)M? Hy g1 (r) — qu(r)> M* Hy o 2(r)

with initial conditions Hy o(r) = v and
Hy,—1(r) = M*(Baa(r) — aqi(r) +vq2(r)).

The following follows directly from Lemma 5.4.

Lemma 6.9. If n is positive, then
Hy p(r) = M7 (ﬁ(% @) (aqi(r) — Baa(r)) — var(r) fa-1(gz, q1))
and if n is negative, then
Hien(r) = M2 (Fulga, a1) (a1 () = Ba2(r) = 7 1(a2, 1))

Lemma 6.10. Fiz k # —1,0,1 and n # 0. Then there is a polynomial
Ry(r) € F[r] such that

Mgy (r)MyF (1) = Hyn(r) + G () Ra(r).
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Proof. By Lemma 5.3 and Lemma 6.5 since tqi(r) = qa2(r) — Gy nR3(r) we
have when n > 0

a1 (r)" (fa(t) (@ = Bt) — 7 fu-1(1))
=g (") fa(t) (aqi(r) — Baa(r) + BGrnR3) — vaq1(r)" fa—1(t)
= Hyp(r)M 2" + Gy, Ry
Here
Ry = BR3q} " fa(t(r)) + Palagq — Bga) — 741 Py
with P; and Pj from Lemma 5.3.
If n is negative,
()" (falt) (@ = B) = 7 fu-1(2))
= (" o (8) (aqr — Btar) — yqr ()" fua (2)
= Hk’n(r)M*2|n| + Gk,nR4.
Here
Ry = BRsq" ™ fu(t(r) + Pa(oqr — Baz) — 7P
with Py and Pj as in the previous case. g
We are now ready to prove Theorem 1.2. Let A5 = Res(Hy (1), Gin(7)).
It is enough to show that up to sign,
AgyImiteinl=(1-e1-¢) nk <0
As = { AgpryImiteinl-1-e(1=¢) n,k >0
Agdrylmiteinl=(1-e(1=¢) n k<0
where € = 1if k is even and € = 0 if k is odd, and € = 1 if k is positive and
0 if k is negative. Lemma 6.10 with Lemma 5.1 implies that

deg Hy. In|+deg(Fy, (1))
A4goeg k, (T) :90 k, A5.

deg(F]
Since the degree of Hy, () is |n|, we have Ay = goeg( 7))

of deg(Fy ,(r)) = [n|deg(tx(r)) = [nk| so that

As. The degree

Ay = g™ 45,
Using Lemma 6.7 it follows that
||
A07|m|*62 <(55)Im|762Gk’n(%)> nk <0
6" 45 = § £AopY M= (A" 2Grn()) " mk> 0

Inl
+ Aydrylml—e ((5@"”‘_62(;1@,71(53)) n,k < 0.
In|

™

When k = 2m then e = 0 and ((56)'”"‘626*;67”(%)) = :l:y'”'g(l)nk‘. This
reduces to the stated form. When k& = 2m + 1, then e depends on the sign
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In| n
of k. In both cases, ((55)'7”'_626’;@”(%)) = :l:g(l) . This reduces to the

stated form. This completes the proof of Theorem 1.2.

7. Explicit computations for J(k,2n) knots for small k

When k is small, we can recursively compute these resultants for all n.
Here we calculate the A-polynomials for the J(1,2n), J(2,2n), J(3,2n),
J(4,2n) and J(5,2n) knots. Since J(—k, —!) is the mirror image of J(k,1),
the A-polynomial of J(—k, —1) can be determined from the A-polynomial of
the J(k,l) knot by replacing every M with an M~!. Therefore, these cal-
culations also determine the A-polynomials of the J(—1, —2n), J(—2, —2n),
J(=3,—2n), J(—4,—2n), and J(—5, —2n) knots.

It is sufficient to determine the contribution from the irreducible repre-
sentations, as the reducible representations contribute the factor L — 1 to
the A-polynomial.

7.1. J(1,2n), torus knots. J(1,2n) is the torus knot 7'(2,2n — 1) corre-
sponding to the Schubert pair (p,q) = (—1,1 — 2k).

By Remark 4.15 when k£ = £1, Gy, ,,(r) is constant. In particular, Gy, =
B and G_1, = 6. Therefore this determines the irreducible contribution of
the A-polynomial. (The algebraic condition Fj j(r) = 0 merely determines
valid r values for p to be an irreducible representation. For n = 0, or 1
however, Fyo(r) and Fy 1(r) are +1. This indicates that there are no irre-
ducible representations, which is clear as J(1,0) = J(1,2) are the unknot.)
Here ¢ = LM*" and since M # 0, G1(r) = 8 = 0 determines the factor
B=M?+/¢= M?+ LM*. Normalizing, by dividing by M2, this is equiv-
alent to the factor of 1+ LM*"~2. We obtain the following, which has been
observed before [4].

Theorem 7.1. The A-polynomial of the J(1,2n) torus knot is given by

14+ LM*™ 2 jfn>1
M*> 4L ifn< -1,

A(1,2n) = {

7.2. J(2,2n), the twist knots. We will directly compute the A-polyno-
mial as the common vanishing set of F3 ,, and G2, using Theorem 1.1. Here
m = 1 and we have the following:

fata(r))Foa(r) — fn-1(t2(r))
M4+ M2—r+1
2—r)(M*+ M2 —7r)+2
M2+ 0)r — (M*+1)(£+1).

FQnT‘

)

(
Foq(r
to(

(

GQ,n r

r

) =
) =
) = (
) = (
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Since G, (r) = 0 we conclude that 7 = (M? +1)(£+1)/(M? +¢). It follows
that

Foa(r) = M%\Z;rf 0)
and
b= 2 (1 — )M +20MO + (£ + 1)2M* + 20M? + 12 -t
do (M2 + 0)2M?
Therefore,
MS+¢

FQ,R(” = fu(t2) — fa—1(t2).

M2(M? +0)
One can easily verify the following:
By = (— M3+ MO+ MY (€+1)*+ M — 0) /M*(M? + )
Fro=1
Fyq = (MS+0)/M*(M?* +0)
Fro = ((1—0)M"™ +20M" + (02 +20)M™ — M®¢* — (M°
+ (202 + O)M* + 2M202 + 03 — 62) (MY (M? + 0)%).

The A-polynomial is given by the numerator of Fj, ,. Using Lemma 5.4 we
conclude that the A-polynomials satisfy the recursion given by Hoste and
Shanahan [10]. In this case £ = L.

Theorem 7.2. Let no and do be defined as above. For n positive
A(2,2n) = ng A(2,2n — 2) — d3A(2,2n — 4)
with initial conditions

A(2,2) = M® 44
A(2,4) = (1 — O)M™ +20M"2 + (02 + 20) M — MB¢? — ¢M®
+ (202 4 O)M* - 2M20% 4 03 — 12

For negative n
A(2,2n) = no A(2,2n + 2) — d3A(2,2n + 4)
with initial conditions

A(2,0) =1
A(2,-2) = —MB0 + MO + (20 + 62 + 1)M* + M0 — ¢
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7.3. J(3,2n). We will directly compute the A-polynomial as the common
vanishing set of F3, and G3, using Theorem 1.1. Here,

Fyp(r) = fa(ts(r))F31(r) = fa—1(t3(r))
F3i(r)=—(r—1)(M*+ M2 —7r)+1
ts(r)=(r—1D*(M* + M2 —r)+2
Gan(r) = (M? + O)r — (M?¢ +1).
Since G5, (r) = 0 we have r = (M2 + 1)/(M? + £). Using this,

(1 —€)MB + (MO + 2M*0 + M?( + (2 -t
(M2 + )2 M2

F3’1(7‘) =

Therefore, F3 ), is defined by

1—O)M8B + ¢MS +2M*0 + M?0 + 02 — ¢
Funr) = fufts) (O 2 ) it

and t = ng/ds where
ng = (0 —1)?M"0 4+ 20(2 — O)M® + (02 + 40 + 1) MO 4 £(¢* + 40 + 1) M*
+20(20 — 1)M?* + £(¢ — 1)?

and d3 = (M?+¢)3M?. The A-polynomial is given by the numerator of Fy ,.
Using Lemma 5.4 we see that the numerators satisfy the recursion given by
Hoste and Shanahan [10]. Recall that since k = 3 we have £ = LM*". The
results that helped us determine the recursion for the resultant rely on the
recursive definitions of FJ,(r) and Gy, (r) as polynomials in ¢, M*2 and r.
Therefore, to write A(3,2n) in terms of the variables L and M, one uses the
recursive definition below to determine the polynomial in £ and M and then
substitutes ¢ = LM4".

Theorem 7.3. Let ng and dg be defined as above. For n positive
A(3,2n) = n3A(3,2n — 2) — d2A(3,2n — 4)
with initial conditions
A(3,2) = (1 — O)M® 4 eMO + 2M* 0 + M*0 + 0% — ¢
A(3,4) = (1 — 30+ 30> — )M + (—80% + 303 4 50) M6
+ (=302 — 13+ 50) M + (=503 — 20+ 1302 — ¢4 M2
+ (=04 204 1202 = 303)M™Y + (1203 — 362 + 20 — () M®
+ (1303 — ¢ — 502 — 2 YMC 4 (=363 — (> - 504 M*
+ (=803 + 504 + 301 M? — 30% + 05 + 303 — /2.
For n negative

A(3,2n) = n3A(3,2n + 2) — d3A(3,2n + 4)
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with initial conditions
A(3,0)=1
A(3,-2) = (2 = )M + (=% + 20) M8 + (1 + 20) M5 + (202 + 3) M*
+ (=042 M? 40— 12,
7.4. J(4,2n). We will show that the resultant defining A(4,2n) is of the

form considered in Section 5.1. Since k = 4 = 2m we have £ = L for all of
these knots. By Theorem 1.1 we can compute the A-polynomial as

Res(Fun(r), Gan(r))
where
Fyn(r) = fu(ta(r)) Fua(r) — fa-1(ta(r))
Fyi(r)=r(r— D(M*+M2—-7r)+1
(ry=—r(r? =2r)(M*>+ M2 —r)+2
Gan(r) = (M?+ L)r? — (L + 1)(M? + 1)r — (L — 1)(M?* - 1).

Moreover, for this section, let

ta(r

= 6‘4M_2<L(L —1)(2L% — L+ 1) + 2L(1 — AL + 5L%)M?

+ L(2L3 + 5L% + 10L — 1)M* + 4L(1 + 4L + L*)M®

+(2+5L +10L% — L3)M® 4 2L(5 — AL + L*)M*°

+ (1= L)2 - L+ L)M))
b=p4M (L(L —1)3 4+ 2L(L — 1)(3L — 1)M?

+2L(L3 + L2+ L — 1)M* + 2L(L + 1)(3L + 1) M©

+ (1 +4L +14L% 4 4L% + LYMB + 2L(L + 1)(L + 3) M '°

421+ L+ L2 — L3M2 4+ 2L(L — 1)(L — 3)M™ + (1 — L)3M16)
c=MBLL-1)2(M* - 1) (M* 4+ 1)1

A=—a/B
C=-B/v
B=-1/C.

First we show that Res(Fy(r), G4n(r)) is of the form considered in Propo-
sition 5.9. Let

R, =Res(fo(2)(z + A) + foo1(2)B, 2% — ax + b)
and let
A1 = Res(Fypn(r), Gapn(r)).
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Lemma 7.4. Lete=1ifn >0 and e =0 if n < 0. We have
Al(L _ 1)2(M2 _ 1)2 — /84|7L‘+276Rn

Proof. First, we define the following
B MS + L —rM?3

P = 3202

P M?*r23% — (M? + 1)(M* 4+ L)Br — (L — 1)(M? — 1)(M® + L)
2= ,33M2
P DA(M? - 1)2(M®+ L) — (L — 1)(M? — 1)3(M? + 1)*Lr

=2+ M?233
o (L= (- M8) + LM*(M? + 1)? + L(M* — 1)*r
4,1 — MQBQ .
With this,

F471 = FALI + G4,nP1, and t=t+ G47nP2.

Moreover, in terms of ' we have Fj ; = C(t'+ A), and Gy, = c(t'* —at’ +b).
Additionally, let

Fin(r) = fu(ta) Fiy — fu-i1(ts), and Fyu(r) = fut)Fyy — far ().
Let Ay = Res(Fy,,(r),Gan). By the above, we have that
Fyp = Fyp(r) + fu(ts)GapnPr

and we conclude that

Alggnax{4|n|—3,4\n—1\—4} _ A2ggnax{4|n—1|—4,4\n|—1}.
Therefore, when n > 0, A; = A»5% and when n < 0, 4; = A,.

We also have
Féi,n(r) - fn(t/ + G4,np2)in,1 - fn—1<t/ + G4,np2)
= Fyp(r) + GanPs.

Let A3 = Res(FY,,(r), Gkn(r)) (as a function of 7). The degree of F , (r) is

max{4|n| — 3,4|n — 1| — 4} and the degree of Fy, (r) is |n| so we conclude

that when n > 0 we have Ay = 33" 345 and when n < 0, Ay = 33" 4.
By definition of A, B, C, a, b, and ¢,

szn(r) = C[fut )t + A) + Bfu1(t)] and Gyn(r) = c(t” —at’ +b).
Therefore, A3 = A4 where
Ag = Res(C[fo(t)(t' + A) + Bfo_1(t)], c(t? — at’ + b)),
and the resultant is taken with respect to the variable r. Let
As = Res(C[fn(z)(x + A) + Bfu_1(x)], c(z* — ax + b))
with respect to the variable z. The leading coefficient of ¢’ is
th = L(1 - L)(M? — 13(M? + 1)?/(M?5?)
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and we conclude that these two resultants differ by this leading coefficient
to the product of the powers of the two polynomials, Ay = A5(t6)2‘"|. Ex-
plicitly, this is

A4M4|nlﬁ6|n| — A5L2|n| (1 - L)2|n\ (M2 o 1)6\1@\ (M2 + 1)4\n|
Finally, since R, = Res(fn(z)(z+A)+ fn—1(2)B,2*—az+b) we conclude

that R, = clee(fn(@)(@+A)+fn1(2)B)des(@?~az+b) A, which reduces to the
stated formulas. O

The M~2 factor in t4(r) introduces a factor of M*™ into A;. After
normalization, A(4,2n) = M*™ A; so that by Lemma 7.4

A(4,2n)(L — 1)2(M? — 1)2 = MAl giinlt2—<p

We obtain a recursive formula for A(4,2n) using Proposition 5.9. Let ¢; =
b—1, and ¢y = 2 — a® + 3b. Specifically, for n > 5,

A(4,2n) = c;(MABYYA(4,2(n — 1)) 4+ co(M*B1)2A(4,2(n — 2))
+ co(M*BY)A(4,2(n — 3)) + e (M*BH)  A(4,2(n — 4))
— (M*B")5 A(4,2(n — 5)).
where the initial conditions are A(4,2n) = M Res(Fy,(r),Gan(r)) for

1 <n <5. (in fact, setting A(4,0) = f~! we can begin the recursion one
step earlier.) When n < —5, using A(4,0) = 1 the recursion is

A(4,2n) = e (MABYH A4, 2(n + 1)) + co(MAB1)2A(4,2(n + 2))
+ea(MIBYP A4, 2(n + 3)) + er (M8 A(4,2(n + 4))
— (M*B"Y5 A(4,2(n + 5)).
where initial terms A(4,2n) for —4 <n <0 are
A(4,2n) = M*"Res(Fy (1), Gan(r)).

Finally, we write this as a self contained theorem, computing these coef-
ficients explicitly.

Theorem 7.5. With dy,ds,ds,ds, and ds as in the appendiz, we have the
following. For n positive

A(4,2n) = d1A(4,2(n — 1)) + d2 A(4,2(n — 2)) + d3sA(4,2(n — 3))
+ dgA(4,2(n — 4) + d5A(4,2(n — 5)).
The initial conditions are A(4,2n) = Res(M?"Fy (1), Gan(r)) for 0 <n <
9.

For n negative
A(4,2n) = d1A(4,2(n+ 1)) + daA(4,2(n + 2)) + d3sA(4,2(n + 3))
+ dsA(4,2(n+4)) + ds A(4,2(n + 5)).
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The initial conditions are A(4,2n) = Res(M2"Ey,,(r), Gan(r)) for —4 <
n <0.
7.5. J(5,2n). By Theorem 1.1 the A-polynomial of J(5,2n) may be com-

puted as as
Res(F5.,(1), G50 (1))

where
(1) = fu(t)F51(r) — fa1(t)
Fsi(r)=—r(r*—r—D(M*+M2-7r)+1
(r)y=(@*—r—1*M?>+M2—7r)+2
Gsn(r) = (M? + 0)r* — (M0 +1)r — M? — (.
We proceed in the same fashion as the A(4,2n) case. For this section, we
define the following
a= <(€4 — 203 4 307 — 40+ 2)M™ 4 (963 + 130 — 1602 — 204) M2
+ (01 = 1263 + 2302 + 60 + 2) M0 + (503 + 50 + 306%) M
+ (3003 + 50% + 501 M + (60* + 2303 — 1202 + ¢ 4 20°) M*
F(—1663 — 20+ 92 + 1369 M? + 363 — 20% + 205 4 ¢ — 454) M2575
b= ((662 PO A3 1 — A0 M 4 (—20* — 182 + 8¢ + 1203) M6
+ (24 20+ 20" — 603 + 42YMM + (80 — 201 — 83 + 220%) M2
+ (663 + 1+ 04+ 2602 + 60) M ™ + (£ 4 £° + 2663 + 60 + 60%) M
+ (=807 — 20 4 80* + 2203 MC + (205 + 463 — 667 + 2¢* + 20) M*
(1202 — 20 — 1803 + 80 M2 + 663 + 0 — 464 + 65 — 4@2) M—4p~5
c= "M —1)"HM? 1) (M2 —1)"802

A=a/p
B=v/8
C=-B/y.

In addition, let
R, = Res(fu(x)(x + A) + fr_1(z)B,2? — ax + b)

and
Ay = Res(F5 (1), G5 n(r)).

Lemma 7.6. Let € equal 1 when n >0 and 2 when n < 0. Then
Ary? = poHeR,,
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Proof. Let
Py = (FPMA(M? + 02 = r(1+ M) (M +0)(M? +0)
— (E= )M = (MO +0)) /8 M
Py = (= M (M2 4 0 4 (M2 4 (0 + 2M2C + 2M" + MO)r®
+ (M2 4 0)(M® 4 0)(M?¢ — 20 — 2M* 4 1)r
+ (M0 +1)(—2M® 4 MB¢ — 20M° — 2M*0 — 2M%¢
— 2% 4 z)) /M2 B
By = (= 00+ 22002 = 1) (0 = 1)r
~ (M2 4 0) (M3 — M — 0M® — 2MA — M2+ ¢ — 62)) /83 M2
¢ = (w C1)2(1 4+ MBR(M2 1)
+ (M? 4 0)(M™ — 20100 + M7 — 2MB0? + 4MBL + 40M°
+ MO+ MO + M3 4+ M+ AM* 0% — 2M%0 + AM>?
FO—2% 4 63)>/M254.
Moreover, let
Fyn(r) = fults)F51 — fa-1(ts) and Fy,(r) = fu(t) F5 1 — fu-1(t).
A direct calculation shows that
F51 = F5',1 +Gs,P1, and t= t+ G5 nPs.
Let Ay = Res(Fy (1), G5.,). We conclude that

max{5|n|—4,5|n—1|-5} max{5|n|—1,5|n—1|-5}
Algo = AQQO .

Therefore when n > 0 we have A1 = 34, and when n <0, 4; = As.

Next, we see that

Fy(r) = fu(t' + G5 nP2) F5 1 — fu-1(t' + G5, P2)
= Fy,(r) + G50 Ps.

The degree of Fy ,(r) is max{5|n| —4,5[n — 1| — 5} and the degree of F¥/, (1)
is |n|. Let A3 = Res(Fy,(r),G5n(r)) (in terms of the variable r). Then
Ay = A3B=D) when n > 0 and Ay = A384" when n < 0.

With the terms as defined in the statement of the lemma,

Gspn = c(t’2 —at' +b),

and
Fé/,n(r) = C(fn(t/)(t/ + A) + Bfn—l(t,))'
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Let Ay = Res(C(fo(t)(t' + A) + Bfa-1(t')),c(t® — at’ + b)), where the
resultant is taken with respect to the variable r. Therefore, A3 = Ajy.
Let A5 = Res(C(fn(z)(z + A) + Bfp_1(2)),c(z* — az +b)). The leading
coefficient of ¢/ is £(¢ — 1)2(M? 4+ 1)?(M? — 1)*M 2574, Since the degree of
C(fn(z)(x+ A) 4+ Bfn—1(z)) is |n| we conclude that

A4 = (60 — 1)2(M? + 1)2(M? - 1)4)*" 45,

With Ag = Res(fp.(z)(x + A) + Bfn,_1(x)), 2> — ax + b) we see that A5 =
AgC2el™l which is

A5’Y2(£ B 1)4|n|(M2 + 1)4|n|(M2 _ 1)8|n\£2|n| _ A6ﬁ9|n|+2M4|n|-
The lemma follows. ([l

Because of the M ~2 in the t5(r) equation, A; is a polynomial divided by
M4l Therefore, we normalize such that the A-polynomial is A(5,2n) =
M4 A, By Lemma 7.6,

A(5,2n)y? = M4‘”|55|"‘+6Rn.

It now suffices to modify the recursion using Proposition 5.9 to remove
the factors of v and 3¢(8°)I". Let ¢; = b —1 and ¢y = 2 — a® + 3b. As a
result, for n > 5

A(5,2n) = (8P MY e A(5,2(n — 1)) + (BSM*)2cA(5,2(n — 2))
+ (BP M3 A(5,2(n — 3)) + (BS M) e  A(5,2(n — 4)
— (B°M*)°A(5,2(n - 5)).

(In fact, setting A(5,0) = 87! we can begin the recursion one term earlier.)
For negative n, we have

A(5,2n)y* = MAn gan 2R,
and
A(5,2n) = (BPM*H)e1 A(5,2(n + 1)) + (B5M*)2c2A(5,2(n + 2))
+ (B°M*) e A(5,2(n + 3)) + (B°M*) e1 A(5,2(n + 4))
— (BP M5 A(5,2(n + 5)).

(As for the positives, setting A(5,0) = 37! we can begin the recursion one
term earlier.)

Finally, we write this as a self contained theorem. Recall that since k = 5
we have ¢ = LM*". Similar to the case when k = 3, the results that helped
us determine the recursion for the resultant rely on the recursive definitions
of F5,(r) and G5, (r) as polynomials in £, M*2 and r. Therefore, to write
A(5,2n) in terms of the variables L and M, one uses the recursive definition
below to determine the polynomial in ¢ and M and then substitutes ¢ =
LM,
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Theorem 7.7. With dy,ds,ds,ds, and ds as in the appendiz, we have the
following. For n positive
A(5,2n) = d1A(5,2(n — 1)) + daA(5,2(n — 2)) + d3A(5,2(n — 3))
+ d4A(5,2(n — 4) + ds A(5,2(n — 5)).
The initial conditions are A(5,2n) = Res(M?"Fs (1), G5, (1)) for 0 <n <
8 For n negative
A(5,2n) = d1A(5,2(n+ 1)) + do A(5,2(n + 2)) + d3sA(5,2(n + 3))
+ diA(5,2(n+4)) + dsA(5,2(n + 5)).

The initial conditions are A(5,2n) = Res(M2"F5 . (r), G5.n(r)) for —5 <
n<o0.

7.6. J(2m,2m). The knots J(2m,2m) exhibit an additional symmetry,
seen by turning the 4-plat diagram for these two-bridge knots upside down.
This effectively factors the character variety, and the canonical component
is birational to C (see [11]). Moreover, the canonical component of the A-
polynomial is determined by the resultant of (¢,,(r) —r) and Gy, m. In this
case, { = L. The equations are, up to sign

tm(r) = = fin (1) (G 1(r) = g (1)) (M? + M™% 1) +2
Gomm(r) = fm(r)(a = Br) =y fm-1(r).
The polynomial ¢,,(r) — r is reducible. Since t,,(r) — r is given by

—fn () (gm41.(r) = g (M) (M? + M2 = 1) + (2 1)

it suffices to see that 2 — r is a factor of gpm41(r) — gm(r). Since f;(2) = j
for all j, it follows that g;(2) = f;(2) — fj—1(2) =j — (j — 1) = 1 and the
fact that for all j, gj+1(2) — gj(2) = 0 follows. Since r = 2 corresponds to
the reducible representations, we do not want to include the contribution
of these to the A-polynomial. However, the format of ¢(r) — r as above is
easy to use, so we will compute the resultant of Gap, m(r) and t(r) — r and
then divide by the extra factor which corresponds to this extra term. The
contribution of this extra factor is Res(r — 2, Gomm(7)) = Gomm(2) = 7.

For small values of m, the resultant can be computed directly using a
computer algebra program. We show that this resultant can be computed
recursively using Proposition 5.9. Let

azﬁé, b—ﬁé7 A= Ba’ and B =
Let Ry, = Res(r? —ar + b, fm(r)(r + A) + Bfm_l(r)) and let
A1 = Res(tm(r) — 1, Gamm(7))-

Lemma 7.8. For m # 0 we have

ygoRes(tm(r) —r, GQm,m(r)) = 52(65)|m|R’m
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where go is the leading coefficient of Gomm(r).
Proof. Let Ay = Res((008r — 0)(tm(r) — ), G2m,m). First, notice that
Ay = AjRes(68r — o, Gom.m)

and since deg(Gam,m) = |m/| using Lemma 6.2 we have

Res(6f8r — 0, Gom,m) = fygg‘m‘.
Therefore,
Ay = 79§|m|x41-
By Lemma 6.5 there is a polynomial P3 such that
tm (1) (00T — o) + (T — 07) + Gomm/(r) P3(r) = 0.
It follows that
(08r —o)(tm(r) — 1) = ( — Bor? + 201 — 7') — Gomm(r)P3(r).

Let A3 = Res(B86r? — 207 + 7, Gomm (7).

By Lemma 5.1 if |m| > 0 then

A2 = gg‘m‘_lA:;.
We conclude that
Ygo A1 = As.
We have 30r? — 2071 + 17 = B6(r? — ar + b) and
Gomm(r) = =B(fm(r)(r + A) = Bfm-1(r)),
so that
Az = (Bé)"“‘Res(r2 —ar+b,Gomm(r))
and
B*R,, = Res(r® — ar + b, Goy (7))
(When m > 0 we are factoring out the leading term, 5. When m < 0 we
are factoring out 3 even though it is not the leading term.) Therefore,
Az = (80)™B%R,,.

As a result,

vg0 A1 = B2(BS)™ R,,,. O

Since J(—2m,—2m) is the mirror image of J(2m,2m) we now assume
that m > 0 so that go = 3. Because of the M =2 factor in t,,(r), 4; is a
polynomial in M and L divided by M?™. Therefore, the A-polynomial is
62

A(2m,2m) = ML A; = %(551\42)""'3%

Using M2m%Res(tm(r) — 1, Gomm(r)) as the base cases, A(2m, 2m) satisfies
the R,, recursion. Specifically, we have the following, by Proposition 5.9
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with ¢; = (b — 1) and ¢2 = (2 — a® + 3b). The A-polynomial A(2m,2m)
satisfies the recursion
A(2m,2m) = (BSM?)c1 A(2(m —1),2(m — 1))
+ (BOM?) % A(2(m — 2),2(m — 2))
+ (BOM?)3ca A(2(m — 3),2(m — 3))
+ (BOM?) ey A(2(m — 4),2(m — 4))
— (BOM?P A(2(m — 5),2(m — 5)).

The initial conditions are determined by

2
A(2m,2m) = MQ‘m‘v_lRes(tm(r) — 7, Gomm (7)) = M2m,§g(55)|m|Rm
0

for |m| < 5.
Finally, we write this as a self contained theorem.

Theorem 7.9. With di,ds,ds,dys, and ds as in the appendiz, for m > 5
A(2m,2m) = d1A(2(m —1),2(m — 1)) + d2 A(2(m — 2),2(m — 2))
+d3A(2(m — 3),2(m — 3)) + ds A(2(m — 4),2(m — 4))
+ dsA(2(m —5),2(m —5)).
The initial conditions are A(2m,2m) = M?"Res(M?(tm(r) — 1), G2mm(r))
for 0 <|m|<5.
8. Appendix

8.1. A(4,2n) terms. The coefficients for the recursion for A(4,2n) given
in Theorem 7.5 are as follows. Let § = M? + L and a and b be as in
Section 7.4:

a= M2 (L(L —1)(2L2 — L +1) + 2L(1 — 4L + 5L2) M>

+ L(2L3 + 5L + 10L — 1)M* + 4L(1 + 4L + L*)M°®

+ (24 5L +10L* — L3YM® + 2L(5 — 4L + L*)M™°

+(1=L)(2 - L+ I)M'))
b=t (L(L —1)3 4+ 2L(L — 1)(3L — 1) M?

+2L(L3 + L2+ L — 1)M* + 2L(L + 1)(3L + 1) M®

+ (1 4+ 4L +14L% + 413 + LYM® + 2L(L + 1)(L 4 3)M*°

+2(1+ L+ L2 = LM 4 2L(L = 1)(L = 3)M™ + (1 - L)3M'°)
We define

d=M*p*
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dy = d(b—1)
dy = d*(2 — a® + 3b)
d3 = d*(2 — a® + 3b)
dy =d'b—1)
ds = —d’.
8.2. A(5,2n) terms. The coefficients for the recursion for A(5,2n) given

in Theorem 7.7 are as follows. Let 3 = M? + ¢, and a and b be as in
Section 7.5:

a= ((f‘* — 203 4 30% — 40 + 2)M™ 4 (96° + 130 — 160> — 20*) M '?
+ (0 — 1203 + 2302 + 60 + 2) M + (563 + 50 + 3002) MB
+ (3063 + 502 4 50 MO + (6% + 2303 — 126% + ¢ + 20°) M*
F(—1663 — 20+ 902 + 1369 M + 363 — 20% + 205 4 ¢ — 454) M2G75
b= ((622 YA 41— AOMS + (—20* — 1802 + 80 + 1203) M6
+ (24204208 — 603 + 4PYMM™ (80 — 20* — 803 + 220%) M2
+ (663 + 1+ 04+ 2602 + 60)M™ + (€ + £° + 2603 + 60* + 60%) M
+ (=807 — 20+ 80 + 2203 M6 + (20° + 463 — 602 + 20* + 20) M*
(1202 — 20 — 1863 + 8EYM? + 663 + ¢ — 46t 4 (5 — 4£2>M’4B’5.
We define
d= Mg
dy = d(b—1)
dy = d?(2 — a® + 3b)
ds = d*(2 — a® + 3b)
dy =d*b—1)
ds = —d*.
8.3. A(2m,2m) terms. The coefficients for the recursion for A(2m,2m)
given in Theorem 7.9 are as follows. Let 3 = M? + L, § = M?L + 1,
o=p32+6% and 7 = (L—1)? M2 +4L+2(L+1)>M? +4M*L+(L—1)2MS.
Let a and b be as in Section 7.6:
a=20/(0)
b=T1/(39).
We define
d= BéM?
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dy=db-1)
dy = d*(2 — a® + 3b)
d3 = d*(2 — a® + 3b)
dy =d'(b—1)
ds = —d*.
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