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On geometrical properties of
noncommutative modular function spaces

Ghadir Sadeghi and Reza Saadati

ABSTRACT. We introduce and study the noncommutative modular func-
tion spaces of measurable operators affiliated with a semifinite von Neu-
mann algebra and show that they are complete with respect to their
modular. We prove that these spaces satisfy the uniform Opial condition
with respect to p-a.e.-convergence for both the Luxemburg norm and the
Amemiya norm. Moreover, these spaces have the uniform Kadec—Klee
property with respect to p-a.e.-convergence when they are equipped with
the Luxemburg norm. The above geometric properties enable us to ob-
tain some results in noncommutative Orlicz spaces.
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1. Introduction

The first attempts to generalize the classical function spaces of Lebesgue
type LP were made in the early 1930’s by Orlicz and Birnbaum in connection
with orthogonal expansions. The possibility of introducing the structure of
a linear metric in Orlicz spaces L¥ as well as the interesting properties of
these spaces and many applications to differential and integral equations
with kernels of nonpower type were among the reasons for the development
of the theory of Orlicz spaces.

We note two principal directions of further development. The first one
is a theory of Banach function spaces initiated in 1955 by Luxemburg [L55]
and then developed in a series of joint papers with Zaanen [LZ63]. The
main idea consists of considering the function space £ of all real functions
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f € £%X,%,v) such that ||f|| < oo, where (X,X,v) is a measure space,
L(X,%,v) denotes the space of all real measurable functions on X, and
|| - || is a function norm which satisfies

IFIl<llgll whenever [f(x)| < |g(z)| v-ae.

The noncommutative version of this approach, which is called the noncom-
mutative symmetric space of T-measurable operators affiliated with a von
Neumann algebra, was considered for the first time by Ovchinnikov [OvT71].
Some properties of these spaces were examined in [DDP89, DDS89, CDSF96,
PO7].

The other direction, also inspired by the successful theory of Orlicz spaces,
is based on replacing the integral form of a nonlinear functional with an ab-
stract given functional with some suitable properties. This idea was the basis
behind the theory of modular spaces initiated by Nakano [Na50] in connec-
tion with the theory of order spaces, which was redefined and generalized
by Musielak and Orlicz [MO59].

Presently the theory of modulars and modular spaces is applied exten-
sively, in particular in the study of various Orlicz spaces [Or88] and inter-
polation theory [Kr82]. Recently, the author of this paper studied noncom-
mutative Orlicz spaces from the point of view of modulars [Sal2]. The main
objective of the current paper is to investigate the theory of noncommutative
modular function spaces.

The organization of the paper is as follows. In the second section we
provide some necessary preliminaries related to the theory of 7—measurable
operators affiliated with a von Neumann algebra and the classical theory
of modular spaces. In Section 3, we introduce the definition of noncom-
mutative modular function spaces associated to a modular on 7-measurable
operators and give some relations between the p-a.e.-convergence and the
convergence of the modular. In the last section, we prove that these spaces
satisfy the uniform Opial condition with respect to p-a.e.-convergence for
both the Luxemburg norm and the Amemiya norm. Moreover, these spaces
have the uniform Kadec—Klee property with respect to p-a.e.-convergence
when they are equipped with the Luxemburg norm.

2. Preliminaries

In this section, we collect some basic facts and give some notations related
to T—measurable operators and modular function spaces. We denote by 9 a
semifinite von Neumann algebra on a Hilbert space §), with a fixed faithful
and normal semifinite trace 7. For standard facts concerning von Neumann
algebras we refer the reader to [Ta79]. The identity in 9 is denoted by 1
and we denote by P(91) the complete lattice of all self-adjoint projections
in M. A linear operator x : D(z) — $ with domain D(x) C § is affiliated
with 90 if uz = zu for all unitaries « in the commutant 9 of 9, and this
is denoted by xznM. Note that the equality ur = zu involves the equality
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of the domains of the operators ux and zu, that is, D(z) = v~ }(D(x)). If z
is in the algebra B($)) of all bounded linear operators on the Hilbert space
$, then z is affiliated with 91 if and only if x € 9. If = is a self-adjoint
operator in $) affiliated with 9, then the spectral projection e*(B) is an
element of 91 for any Borel set B C R.

A closed and densely defined operator x affiliated with 9t is called 7-
measurable if there exists a number A > 0 such that

T (elx‘(/\,oo)> < 00.

The collection of all T-measurable operators is denoted by M. With the
sum and product defined as the respective closure of the algebraic sum and
product, it is well known that 90 is a *-algebra [Ne74]. Given positive real

numbers ¢, d, we define V(g,6) to be the set of all z € 9 for which there
exists p € P(M) such that [|zp|pg) < e and 7(1 — p) < 4. An alternative
description of this set is

V(e,d) = {x eEM: 7 (em(e, oo)) < 5} )
The collection {V(E 6)}ess0 is a nelghborhood base at 0 for a vector space

topology Tm ON M. For z € zm the generalized singular value function
w(x) = pu(|x]) is defined by

pe(z) = inf {)\ >0: 1 (em()\,oo)) < t} (t > 0).

It follows directly that the generalized singular value function u(x) is a de-
creasing right-continuous function on the positive half-line [0, c0). Moreover,

for all u,v € M and = € ﬁ,
p(uzv) < [lull[Jo]|p(z)

and

whenever 0 < z € 9 and f is an increasing continuous function on [0, 00)
with f(0) = 0. M is a partially ordered vector space under the ordering
z > 0 defined by (z€,€) > 0, £ € D(z). If 0 < 24 T 2 holds in 9, then
sup pt(2a) Ta pu(z) for each ¢ > 0. The trace 7 is extended to the positive

cone of M as a nonnegative extended real-value functional which is positively
homogeneous, additive, unitary invariant and normal. Furthermore,

T(z*z) = 7(x2™)

for all x € 5)7 and

(2.1) (f(x)) = /0 " )t
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whenever 0 < x € M and f is a nonnegative Borel function which is bounded
on a neighborhood of 0 and satisfies f(0) = 0. In the following proposition,
we list some properties of the rearrangement mapping i (+).

Proposition 2.1. Let x,y and z be T-measurable operators. Then the fol-
lowing hold true:
(i) The map t € (0,00) — p¢(x) is nonincreasing and continuous from
the right. Moreover,

] = |lz|| € [0, o0l
;fgut() ||| € [0, o0]

(i) pu() = pu(fal) = pua*),

(iil) pe(x) Sut(y , fort>0 if0<z<uy.
V) pers(® +y) < () + ps(y),  ts>0.
(v) pu(zzy) < |zllllyllpe(x), > 0.

(Vi) pevs(ay) < pu(@)psy),  ts > 0.
For further details and proofs we refer the reader to [FK86, DDP&9].

Lemma 2.2. [Ku90] Let x,y be T-measurable operators. Then there exist
partial isometries u,v in M such that

|z + y| < ulz|u® + vly|v*.

The proof for measurable operators is straightforward using the fact that
the square root function is operator monotone; see [AAP82].

In the sequel, we recall some basic concepts about modular function
spaces. Let €2 be a nonempty set and X be a nontrivial o-algebra of subsets
of Q. Let P be a é-ring of subsets of €2, such that FEN A € P for any E € P
and A € Y. Let us assume that there exists an increasing sequence of sets
K, € P such that Q = |JK,. In other words, the family P plays the role
of the §-ring of subsets of finite measure. By £ we denote the linear space
of all simple functions with supports from P. By M we denote the space of
all measurable functions, i.e., all functions f : £ — R such that there exists
a sequence {sp} C &, |sp| < |f| such that s,(w) = f(w) for all w € . By
x4 we denote the characteristic function of the set A.

Let us recall that a set function v : ¥ — [0, 4+00] is called a o-subadditive
measure if v(0)) = 0, v(A) < v(B) for any A C B and v(U,A4,) < X,v(4,)
for any sequence of sets {A4,,} C X.

Definition 2.3. A functional p : £x¥ — [0, 00] is called a function modular

if:
(i) p(0,A) =0 for any A € 3.
(i) p(f. A) < plg, A) whenever |f(w) < g(w)], for w € ©, f,g € &,
Ael.
(iii) p(f,-) : ¥ — [0, +0o0] is a o-subadditive measure for every f € &.
iv) p(a, A) — 0 as « decreases to 0 for every A € P, where

pla, A) = plaxa, A).
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(v) If there exists o > 0 such that p(o, A) = 0, then p(8,A) = 0 for
every 8 > 0.
(vi) For any a > 0, p(c,-) is order continuous on P, i.e., p(a, A,) — 0
if {A,} € P and decreases to 0.
When p satisfies
(iii") p(f,): ¥ — [0, +0o0] is a o-subadditive measure,
we say that p is additive if p(f, AUB) = p(f, A)+p(f, B) whenever A, B € &
such that AN B = and f € M.
The definition of p can be extended to all f € M by

p(f, A) =sup{p(s, A);s € &, |s(x)| < |f(x)| for every w € Q}.

Similarly as in the case of measure spaces, a set A € ¥ is called p-null
if p(a, A) = 0 for every a > 0. A property p(w) is said to hold p-almost
everywhere (p-a.e.) if the set {w € Q : p(w) does not hold} is p-null. We say
that f, = f p-ae. if {w € Q: f(w) # limy 00 fn(w)} is p-null. As usual,
we identify any pair of measurable sets whose symmetric difference is p-null,
as well as any pair of measurable functions differing only on a p-null set.

In the above conditions, we define the functional p : M — [0, +0o0] by
p(f) = p(f,Q). Then it is easy to check that p is a modular, that is, p
satisfies the following properties:

(i) p(f) =0 if and only if f = 0.
(i) p(af) = p(f) for every scalar a with |a| = 1.
(iii) plaf +Bg) < p(f) +p(g9) if a+ B =1and o, 8 > 0.

If (iii) is replaced by

(iii") p(af + Bg) < ap(f) + Bp(g) if a+ B =1 and o, B > 0,

then we say that p is a convex modular.
A modular p defines a corresponding modular function space, i.e., the
vector space L, given by

L,={zeM: pAzx)—=0 as—0}.

When p is convex, the formulas

||f||p=inf{)\>0: p<§>§1}

1712 = mt {5 14 5O 52> 0}

define two complete norms on £, which are called the Luxemburg norm and
the Amemiya norm, respectively. The spaces (L, | - ||,) and (L, ]| - H;‘)
are complete. Moreover, the Luxemburg norm and the Amemiya norm are
equivalent. Indeed,

(22) 11l < IF11 < 201 f1lo
for every f € L,.

and
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A function modular is said to satisfy the As-condition if

sup p(2fn, Dx) — 0
n
as k — oo, whenever {f,} C M, Dj, € M decreases to () and

Supp(fna Dk) — 0.

Definition 2.4. A function modular is said to satisfy the As-type condition
if there exists k > 0 such that for any f € £, it holds that p(2f) < kp(f).

It is clear that the As-type condition implies the As-condition, but in
general, they are not equivalent. Note that the Ao-type condition ensures
that 0 < p(\f) < oo for every A > 0 provided that 0 < p(f) < oo.

Let us recall an example of a modular function space.

Example 2.5 (Orlicz-Musielak spaces). Let (£2, %, ) be a measure space,
where v is a positive o-finite measure. Let us denote by P the §-ring of all
sets of finite measure. Define the modular p by the formula

me%iéMMNMMMﬂ

provided ¢ belongs to the class ®. For the precise definitions of the class
® and properties of Orlicz—Musielak spaces see e.g., [Mu83]. For an Orlicz—
Musielak space, the p-null sets coincide with the sets of measure zero in
the sense of v [Ko88, Proposition 4.1.9]. Thus the p-a.e.-convergence is
equivalent to the convergence almost everywhere. If the modular is given by

wmmzéyuwwmx

where ¢ is an Orlicz function, we obtain the notion of Orlicz space. In
particular, if ¢(t) = tP for 1 < p < +o0, we obtain the Lebesgue space
LP(v), where the Luxemburg norm is the classic norm || - ||,.

An Orlicz function ¢ is said to satisfy the Ag-condition if there exists
k > 0 such that (2a) < k¢(a) for every o > 0. If ¢ is an Orlicz function
satisfying the Aj-condition it is clear that the modular p, satisfies the Ao-
type condition.

In the following theorem we recall some of the properties of modular
function spaces that will be used later on in this paper. For proofs and
details the reader is referred to [Mu83, Ko88].

Theorem 2.6.

(i) (L, |l - llp) is complete and the norm | - ||, is monotone with the
natural order in M.
(ii) || fll, = 0 if and only if p(af) — O for every o > 0.
(i) If p(af) — O for an o > 0 then there exists a subsequence {gn} of
{fn} such that g, — 0 p-a.e.
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(iv) If fn — f p-a.e., there exists a nondecreasing sequence of sets E,, €
P such that E, T Q and {f,} converges uniformly to f on every E,
(Egoroff theorem,).

(v) p(f) < liminf,, o p(fn) whenever f, — f p-a.e. (This property is
equivalent to the Fatou property).

Let X be a Banach space and 7 be a topology on X. We say that X
satisfies the uniform Opial condition with respect to 7 if o (a)) > 0 for every
a > 0, where o,(+) is the Opial modulus defined as

o-(a) = inf {hminf 2y + || — 1} )
n—o0

and the infimum is taken over all z € X with ||z|| > « and all sequences
{zn} such that 7-lim,_,oc 2, = 0 and liminf,,_, ||z, || > 1 (see [APP13]).

A space X is said to have the uniform Kadec—Klee property with respect
toT (UKK(7)) if for every 0 < & < 2 there exists 6 > 0 such that if {x,} is a
sequence in the unit ball of X with sep{z,} = inf {||z,, — zp| : n £ m} > ¢
and {x,} is 7-convergent to z € X, then |z|| <1 —4.

In connection to the uniform Kadec—Klee property, we can define the
following modules:

k-(e) = inf {1 —|lz|| : {zn} € Bx,T — li_}m xn, = z and sep{z,} > E} .

It is clear that X has the uniform Kadec—Klee property with respect to 7
iff k-(¢) > 0 for every € > 0.

In the particular case that X is a modular function space, we can replace
the convergence with respect to a topology 7 by the p-a.e.-convergence. The
uniform Opial condition and the uniform Kadec—Klee property are geometric
properties, which are connected to the existence of fixed points for some
kinds of mappings.

3. Noncommutative modular function spaces

In this section, we assume that 91 is a semifinite von Neumann algebra on
a Hilbert space $) with a normal faithful trace 7. We define noncommutative
modular function spaces of T-measurable operators affiliated to 91. To this
end, we assume {2 = [0,00) and v is a Lebesgue measure on 2. By Ly(v) we
denote the linear space of all (equivalence classes of) real valued Lebesgue
measurable functions on §2, ¥ is the o-algebra of Lebesgue measurable sets
and P is the family of such sets of finite measure. Let p(f) := p(f,) be a
convex modular on Lo(v) such that for every f,g € Lo(v), f << g (i.e., f
is submajorized by ¢ in the sense of Hardy, Littlewood and Polya) implies
that p(f) < p(g), and let £, denote the modular function space associated
to p on Ly(v).

We now define the functional p on 9t as follows:

M= [0,00],  pla) = plullal)).
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Proposition 3.1. p is a convexr modular functional on M.

Proof. It is sufficient to show that p satisfies

(3.1) plaz + By) < ap(z) + Bp(y)

for a + 8 =1 with a,8 > 0. Let x,y be two operators in M. Tt is known
that p(z +y) << u(x) + p(y) [FK86, Theorem 4.4]. By Lemma 2.2 there

exist partial isometries u, v in 91 such that

|z + y| < ulz|u” + vly|v*.

Hence
plaz + By) = p(p(|ax + Byl)) < p(p(aulz|u”™ + Boly|v™))
< ap(p(|z])) + Be(u(ly))
= ap(x) + Bp(y).
Thus, p is a convex modular on M. ([

The noncommutative modular function space Eﬁ(ﬁ, 7) is defined by
E;,(‘)Aﬁ,T) = {a: cMm: p(Ax) =0 as )\—>0},
or equivalently,
L) ={zeM: plux) >0 as A— o}

{
:{xeﬁ: ,u(a;’)eﬁp}.

The vector space L;(91,7) can be equipped with the Luxemburg norm de-
fined by

|z 5 = inf {)\ >0 5(%) < 1}

Cuehisor (M) 1)

= [lu(lz)ll-

Similar to the commutative case, one can define the Amemiya norm as
follows:

2|2 = inf {iu +i0@): A> o}

_inf {1(1 Fo0uz)): A> 0}

= [lu(l=)ll;

Moreover, by (2.2), these norms satisfy

A
)iz < ll=ll7 < 2=l
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It follows from [DDP89, Theorem 4.5] that E;(ﬁ, 7) is a Banach space since

the norm || - ||; has the Fatou property.

Theorem 3.2. Let p be a convez function modular with the Ao-type con-

dition. Then the noncommutative modular function space Lz(OM,T) is p-
complete.

Proof. Suppose that {z,} is a p~Cauchy sequence in £5(ﬁ77). We first
show that {z,} is a Cauchy sequence in the measure topology 7,,. If £,§ > 0
are given, then there exist n > 0, ng € N such that || f||, < € if p(f) < n for
any f € Lo(v) and
P(Tn — ) <1

for any n,m > ng. It is known that p(z) is a nonincreasing function, so we
have

(@n — 2m) = ps(Tn — xm)X[O,&) + p(xn — xm)X[é,oo)'
It follows that

p(ps(Tn — mm)X[O,é)) < p(xn — ) <1
for all n,m > ng. This yields ||us(zn — Zm)X0,6)ll, < €. Hence
ps(xn — zm) < e/lxp.6) llp

for any n,m > ng. Consequently, there exists = € M such that Tp 2 .
Moreover, by [DDP89, Theorem 3.4],
[(@n) = p(@m)| << plzn — m),
whence
p (p(xn) = p(zm))) < p(p(@n — 2m))
for all n,m € N. Therefore, {u(x,)} is Cauchy sequence in £,. It follows

that there exists f € L, such that |u(z,) — fll, = 0 as n — oco. By
Theorem 2.6(ii), we obtain

(3.2) p(p(xn) —f) =0 as n— oo.

Using Theorem 2.6(iii), we may suppose (by passing to a subsequence if
necessary) that u(x,) — f p-a.e. We use a known version of the Egoroff
theorem for modular function spaces. There exists a nondecreasing sequence
of sets Fj with finite measure such that E; T Q and {u(z,)} converges
uniformly to f on every Ej. On the other hand, it follows from [FKS86,
Lemma 3.4] that u(x,) — p(z) almost everywhere on [0, 00) and so

p(x) = f €Ly,
that is z € Lﬁ(fﬁ, 7). Moreover, it follows from (3.2) that
plp(en) — p(x))) =0
as n — 0, i.e., p(z,) - p(z). Observe that

(xn - xm) — (xn - CL’)
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for the measure topology 7, in M. Similar to the above argument one can
show that pu(z, — &m) —= (e, — ). Since p has the Fatou property, it

follows that
P (:U’(wn - 1‘)) < liminf p (M(xn - xm)) :

m—0o0

Hence lim,, o0 p(x, — ) = 0. O
Let us give an example of a noncommutative modular function space.

Example 3.3. Let L?(£2,v) be an Orlicz space on €2 = [0, 00) with respect
to the modular functional

polf) = /0 " o(lF 0 v ()

for every f € L¥, where v is the Lebesgue measure on ). We can consider
the noncommutative Orlicz spaces from the point of view of modulars as
follows:

LP(M, ) = {x eM: po(Ax) >0 as Ao o},
where p,, : M — [0, o00] is defined by

polw) = () = [ elulel)ar
For more details, we refer the reader to [Sal2, AB14].

Proposition 3.4. Let x,y € E;(ﬁ, T).

(i) If p(Az) < p(Ay) for every A >0, then ||lz(|7 < [ly||5.
(ii) The function o+ [|ax| 5 is nondecreasing for o > 0.
(i) If |25 < 1, then p(z) < |2l
(iv) If p satisfies the Ag— type condition, then

- k. -
plz+y) < 5 (pla) +2ly))
for all x and y in 97?, with k > 0 satisfying p(2f) < kp(f) for any
fecl,.
Proof. The properties (i) and (ii) follow immediately from the definition of

- 115
We prove now that (iii) holds. Let [|z|7 < o < 1. Then p (@) <1 and

) Az) = p (a“('a”')) < ap ("(f’)) <a

Since « is arbitrary, we obtain that p(z) < ||z||5.
For (iv), it follows from Lemma 2.2 that there exist partial isometries u, v

n ﬁ such that
|z +y| < ulzu® +olylv*.
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By Proposition 2.1(iii),(v) and the submajorization inequality
p(r +y) <= p(x) + p(y)
for x,y € S/DV?, we have
ule +yl) < plulzfu® +olylv™) << plulz|u®) + p(olylo®)
< plle]) + pu(lyl)-
Therefore
plz+y) = p(p(lz +yl) < plp(ulz|u” + vlylv?))
< p(u(lz) + pdlyl))
p(lz]) +u (lyD >

(p(pll]) + p(u(ly))))

(p(x) + p(y))- 0

Definition 3.5. The growth function w; of the modular p is defined as
follows:

wi(a) := sup {f;(@‘j‘)’) L0 < plz) < +oo}

= Ssu M X 0 or all «
- p{pwuzm 0 <plullal) <+ } forall a2 0.

The next lemma can be easily proved.

Lemma 3.6. Let p be a convex function modular with the Ao-type condition.
Then the growth function wz has the following properties:
(i) ws(a) < 400 for every 0 < a < +oo.
(ii) wy: [0,+00) = [0,400) is a conver, strictly increasing function, so
it 1S continuous.
(ili) wz(apB) < wx(a)ws(B) for all a, 3 > 0.
(iv) le(a)wEI(ﬁ) < wgl(aﬁ) for all a, B > 0, where wﬁ_l is the inverse

0
function of ws.

The following lemma shows that the growth function can be used to give
an upper bound for the norm of an operator.

Lemma 3.7. Let p be a convex function modular with the As-type condition.

Then
lally € ———
P= 1/ 1
“s (T(w))

for every x € LM, 7).
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Proof. Assume that o < |zf|; = [|u(2)]l,- We have p(£) > 1, which
implies =t < wﬁ(l). Hence

() a
w=t —1 <l
P\ T

Letting a — [|z]|5, we obtain ||z||; < ﬁ 0

—1(_L_
5 \A@

Proposition 3.8. Let p be a convexr function modular with the As-type
condition. Then for every € > 0, there exists § > 0 such that

lzlz <e (llellf <e) if plz) <o.

Proof. For ¢ > 0, we choose § = w_%(l) For the Amemiya norm we use

£

P
the fact that it is equivalent to the Luxemburg norm. (]

Theorem 3.9. Let p be a convex function modular with the Ao-type condi-
tion. Let {x,,} and {yn} be two sequences in the noncommutative modular

function space L5(OM, ) such that p(y,) — 0. Then

limsup p(@n + yn) = limsup p(zn).

n—oo n—oo

Proof. It is known that p(zy, +yn) << p(xn) + p(yn) [FK86, Theorem 4.4].
For every ¢ € (0,1) we have

P(@n + yn) = p((n + yn)) < p(p(zn)) + 1(yn))
(1) ()
<y (12 ) o)+ (£ ) )

1
lim sup p(zn, + yn) < wp < ) lim sup p(zy,).

n—00 1—¢ n—00

and so

Since € > 0 is arbitrary and

1
Wﬁ<u>—>1 as €—>O+

we get

lim sup p(ay, + ypn) < limsup p(z,).

n—oo n—oo

Moreover, the same argument shows that

lim sup p(z,) = limsup p(xy, + Yn — yn) < limsup p(x,, + yn)- O

n—oo n—o0 n—oo
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Corollary 3.10. Let ¢ satisfy the Ag-condition. Let {x,} and {y,} be
two sequences of T-measurable operators in the noncommutative Orlicz space
LY (M, 1) such that 7(¢(yn)) — 0. Then

limsup 7(p(|2n 4+ ynl)) = limsup 7(p(|z,])).
n—00 n—00

Before we give the main theorem of this section, we need the following
lemma.

Lemma 3.11. Let € > 0 and A > 1 be such that Ae < 1. Then for every
x,y € LM, T) such that p(Ax) < oo and ﬁ(ﬁy) < 00, we have

Ip(x +y) — plx)| < e [p(Ax) — Ap(@)] + pleey),
where ¢ = 6(/\71_1)

Proof. The proof of this lemma is essentially the same as that of [BL83,
Lemma 3] if C is replaced by Lz(9,7) and j(x) = p(z). O

Corollary 3.12. Let € > 0 and X > 1 be such that A\e < 1. Then for every

x,y € L’“"(éﬁm) such that T(e(Nz|)) < oo and T <cp (d)@l))) < 00, we

have

[7(e(lz +yl)) — 7(e(lz))] < e [r(eA2]) = Ar(e([z])] + 7(p(c=y)),

where ¢. = ﬁ

Definition 3.13. Let {z,,} and x be in 9. Then the sequence {x,} is said
to be p-a.e. convergent to z if u(z, —x) — 0 p-a.e.

Theorem 3.14. Let p be an additive convex modular on Lo(v) and {x,} be

a sequence in L’Ig(é)vt,T) which is p-a.e.-convergent to 0. Assume that there
exists A > 1 such that sup,, p(Axy,) < co. Then

i (p(zn +y) = plan)) = py)
for ally € Elg({)ﬁﬁ).

Proof. By the definition of the p-a.e.-convergence we have that {u(x,)} — 0
p-a.e. It follows from Egoroff’s theorem that there exists an increasing se-
quence of sets Ej, € P such that Q = |, Ey and {p(zy,)} converges uniformly
to 0 on every Ej. On the other hand we have

<lp(p(zn +y), Em) — p((xn), Em) — p(1(y), Em)
+ [p(u(xn +y), Er,) — p((wn), Ey,) — p(p(y), E7)|
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where EY, denotes the complement of the subset E,,. Using Lemma 3.11 we

get

(3:3) |p(u(zn + ), Em) = p(u(y), Em)| < elp(Au(y), Em) — Ap(1(y), Em)|
+ pcepi(@n), Em),

for every € > 0 such that Ae < 1. Since {u(x,)} converges uniformly to 0
on every F,,, we have

limsup [p(p(@n + ), Em) — p(t(@n), Em) — p(1(y), Em)| < ep(Au(y)).

n—o0

Using the same strategy we get

limsup |p(u(zn +y), Ey,) — p(p(xn), Ey) — p(p(y), Er)|

n—o0

< elimsup p(Au(zn) + plcep(y), Er) + pleap(y), En) + p(p(y), Ex,)-

n—o0

Hence

li7131_>sol<1)p |p(p(xn +y) — p(p(zn) — p(p(y)
<ep(Au(y)) +e sup p(Au(xn)) + plezp(y), En,) + p((y), Er,)-

Let m tend to oo and use the fact that y € Eﬁ(ﬁ, T) to get

limsup |p(p(zn +v)) — p(p(zn) — p(u(y)|

n—,oo
< ep(Au(y)) + e sup p(Au(zn)).
Finally, we let € approach 0 to get

limsup |p(zyn, +y) — p(xn) — p(y)| <0,

n—00

which completes the proof. ([

Remark 3.15. It is known that, for an Orlicz space, the p-null sets coincide
with the sets of measure zero. Thus the p-a.e.-convergence is equivalent to
the convergence almost everywhere. It follows from [FK86, Lemma 3.1] that
the p-a.e.-convergence in noncommutative Orlicz spaces as well as noncom-
mutative LP—spaces is equivalent to the convergence in the measure topology
Tin-

Corollary 3.16. Let {z,} be a sequence in the noncommutative Orlicz space

Lw(ﬁ, T) such that {x,} converges to x in the measure topology. Assume
that there exists A\ > 1 such that sup,, T(p(A|z,|)) < co. Then

lim inf 7 (|2 ])) = lim inf (p(|n — 2])) + (p(]a])).
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Brezis and Lieb [BL83] proved that if {f,} is a sequence of L¥'~uniformly
bounded functions on a measure space and if f, — f almost everywhere
then

lim inf || f,[[” = T inf [ fo — fI1” + [ [,

n—oo n—oo
for all p € (0,00). Now we establish an extension of this equality to the
noncommutative setting.

Corollary 3.17. Let p > 1 and {z,} be a bounded sequence of Lp(ﬁ, T).
Assume that {x,,} converges to x in the measure topology. Then

liminf ||z,||” = liminf ||z, — z||P + ||z|]P.

We will say that a Banach space X with the 7—topology on X satisfies the
Opial condition if for every bounded sequence {z, } in X which 7—converges
to z € X we have

liminf ||z, — z| < liminf ||z, — y||
n—o0 n—oo
for every y # x.

Theorem 3.18. Let ¢ > 0 and {z,} C Cﬁ(ﬁ, T) be p-a.e. convergent to 0.
Assume there exists A\ > 1 such that

sup p(Azy,) < oo.
n

Let x € E;(E/DV?,T) such that p(x) > €. Then
liminf p(z) + & < liminf p(z + x,,).

Proof. The proof is obvious using the conclusion of Theorem 3.14. This is
a kind of Opial property. ([

Corollary 3.19. Let € > 0 and {x,} be a sequence in the noncommutative

Orlicz space L‘p({)JVT, T) such that {x,} converges to 0 in the measure topology.
Assume that there exists X > 1 such that sup 7(¢(N|x,])) < co. Let x €

L?(M, 7) such that T(p(|z|)) > £. Then
liH_l)iIlfT(QO(‘LL‘nD) +e< hH_l)infT(gO(’H?n + zl)).

4. Uniform Opial and uniform Kadec—Klee properties

In this section, we assume that p is a convex additive modular with the
As-type condition on Lo(v) such that for every f,g € Lo(v), f << g implies
that p(f) < p(g). Note that the additive condition may seem strong, but
many interesting examples lead to additive modulars (e.g., any modular gen-
erated by a functional measure). In the paper [J04], the author showed that
modular function spaces £, satisfy the uniform Opial condition with respect
to the p-a.e.-convergence for both the Luxemburg norm and Amemiya norm,
and also showed that modular function spaces £, have the uniform Kadec—
Klee property with respect to the p-a.e.-convergence when equipped with
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the Luxemburg norm. We prove these results for noncommutative modular
function spaces.

Before we give the main results of this section we need the following
lemma. It is a generalization of [J04, Lemma 2.5] which was given for
classical modular function spaces.

Lemma 4.1. Let {x,} be a sequence in the noncommutative modular func-
tion space Lz(OM,T) such that x, — 0 p-a.e. Let x be a given operator in
LM, 7). Tj\fien for every e > 0 there em’stfﬁ subsequence {zn, }, a sequence
{yr} in Lz(MM, T) and an operator y € L;(IN, T) such that:

(i) limg—oo || 20, — yrllz = 0.
(ii) supp(p(yx)) N supp(u(y)) = 0 for every k € N.
(ili) [lz —ylz <e.

Proof. Since the given sequence {z,} converges to 0 p-a.e., u(x,) — 0
p-a.e. By using the version of the Egoroff theorem for modular function
spaces, we can assume that there exists a sequence of sets {2 € P such that
Q= UpQ, QNQ; = 0 and {p(xy,)} converges uniformly to the null function
on every 2. Moreover, the As—type condition of the modular implies that
p(z) = p(pe(x)) < 400 for every measurable operator x € L5, 7). Also,
p(z) = pu(x)) = Tgp(ue(z), Q) since p is additive. Let € > 0 be given.
We will consider the corresponding § > 0 given in Proposition 3.8. Then
there exists a positive integer kg such that

> o), %) < 6.

k>ko

Let {e,} be a sequence in (0,1) with lim, ,~ £, = 0 and for every n € N,
take the corresponding d,, given by Proposition 3.8. By Definition 2.3(iv),
pla, Ulzf’zlﬂk) — 0 as a decreases to 0. Thus there exists a number ag > 0

such that
<Ozo, U Qk> < —

Due to the fact that {p(zy,)} converges uniformly to 0 in UZ 18, there
exists n; € N such that for every n > ni, we have |ut(xn)] < aq for every t €

Uk 182;. Consider the measurable operator x,, € L5 (sm 7) and a positive
integer k1 > ko such that

> Pl ). ) < 2.

k>k1

Define the operator y; = z,, ex, where ey, = e‘:”'(U]Z;kOQk). Since

1
Y1 = Tny1€k; = Tny — Tn1Chypy
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we have

:U’(yl) = H(mn1 - xnlet) == :U’(xm) + :U’(xmelil) < QM(an'

The convex additive modular p satisfies the As-type condition. Hence

p((y1)) < pu(xn,)) < kp(p(xn,))

for some k£ > 0. This ensures that y; € Eﬁ(?jﬁ, T) since x,, € Eﬁ(ﬁ, 7). So

plan, — 1) = p(pe(2n, —31)) = p(tie(wn, 1))

ko k1 0o
=p | pe(zn,er), U QU U Qe U U Qg
k=1 k>ko k>k1
ko o)
=p | m(zne), %o U
k=1 k>k1
ko 0o
S P Mt(mfn)? U Qk U U Qk
k=1 k>kq
<o (ao, § n) £ 3 o). )
k>k1

< 01.
Suppose that, by induction, we have two finite sequences of positive integers
ko < ki <--- <kp—yand ng <ng <--- < mn_y with p(z,, —y;) < ¢; for
i =1,2,...,l—1, where the operator y; is defined by y; = x, ele! (Ui;ki_lﬁk).
By Definition 2.3(iv), we can find a; such that p(aq, Ukl Q) < l Since
{pt(xy)} converges uniformly to the null functlon on Uk ' Q, we can find

ny > ny—y such that | (zy,)| < oq for every t € Uk ' Q.. Moreover, we can
find k; > k;_1 with

Z P(Mt(@“m)an) <3

k>k;
Using the above argument, we define the operator y; = xy,ex, € Eﬁ(iﬁﬂ'),
where ey, = el? |(Uk>k %), and obtain p(zn, — i) < &. Therefore
[#n, —uill <er

Consequently, limyg_, ||zn, — yx|| = 0.
Now, define the operator y = xey where eg = em( ko ). It is clear
that supp(u(yx)) Nsupp(u(y)) = 0 for every k € N. Moreover

Ao — ) = plu(x — weo)) = p (plwed), Upsro )
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< p(ﬂ(ﬂf),Uk>kOQk) = Z p(”(‘r)?Qk) < 57

k>ko
whence ||z — y[|7 < e. O

Corollary 4.2. Let ¢ satisfy the Ay-condition. Let {z,} be a sequence in
the noncommutative Orlicz space E“"(im T) converging to 0 in the measure
topology. Let x be a given operator in E@(Sm 7). Then for every e > 0 there
exist a subsequence {xy,}, a sequence {yn} in E“"(S/DVT, T) and an operator
Y€ E‘p(ﬁiﬁ, T) such that:

(1) limpsoe [, — w5, = 0.

(i) supp(u(yk)) Nsupp(p(y)) =0 for every k € N.

(iii) flz —yllz, <e.

Theorem 4.3. The noncommutative modular function space Eﬁ(ﬁ, T)
equipped with the Luzemburg norm || - ||; satisfies the uniform Opial con-
dition with respect to the p-a.e.-convergence. In particular for every ¢ > 0,

1+op()>w~ (1+a),

where o =

Proof. Let ¢ > 0 and {z,} be a sequence in L;(9M,7) such that z,, —
0 p-a.e. and lim, ;o ||zs][z > 1. Consider an operator x € Lz(9M,7)
with |lz||; > ¢. We apply Lemma 4.1 to the sequence {z,} and some
0 < & < c to obtain a subsequence {zn,} of {zn}, a sequence {y;} €
Ls (im 7) and an operator y € L5 (E)ﬁ 7) such that limy_, [|[2n, — vl =0,
Supp(u(yk)) N supp(u(y)) = 0 for k€ Nand ||z —y|7 < e We can also
assume that liminf, . ||z, + 2|7 = lim, oo |70, + 2[5 Consequently,
liminfz o0 [[yxll; > 1 and [|y[|7 > ¢ — .

Fix 0 < ¢t < 1 and define the functions z = % and z; = ka for k € N. We
know that ||z||; > ¢ — ¢ and ||2||7 > 1 for k large enough. Set

1 1
1 - — e
Ve 1= w5 <1+<) where ¢ = w; <c—5>‘

Using the properties of the modular p, the definition of the growth func-
tion w5(-) and Lemma 3.6(iii), we have

(S ) s
M) =) () Usupp(u)

(He e
(“(z’“ supplu(ar) ) + o (A sup(u) )
(#

=p

I
b

Ve e

p
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()52

Aex) + — ﬁ( )

Whle) Wa(az )
1

v

> + =1.
Whve)  Whlve)Wp(L)

c—e¢

Thus liminfy_,o [|yx + yll; > t7.. Letting ¢ tend to 1, we deduce that
liminfy o0 [|yx + yll5 = 7e. On the other hand,

- e B
iminf |z + 2]z = lim |25, + 2|5
2 liminf [lyx +yll7 — Hm Jlon, —yllz =z -yl
> Ve — €.

Since ¢ is arbitrary and the functions w5(-) and w/;l(-) are continuous, we
infer that

1
lim inf ~>wil 1
et e+ all 2 w3 ( w@))’

which yields the desired lower bound for 1 + oz(c). This implies that

(L’ﬁ(ﬁ, 7),|| - lI5) has the uniform Opial condition with respect to the p-
a.e.-convergence ([

Theorem 4.4. The noncommutative modular function space £[~)(ﬁ, T)
equipped with the Amemiya norm || - H? satisfies the uniform Opial condition
with respect to the p-a.e.-convergence. In particular for every ¢ > 0,

-1
1+ 05(c) > wy (1 + o),

where o =

Proof. Let {z,} be a sequence in Eﬁ(ﬁ, 7) such that z,, — 0 p-a.e. and
lim inf ||an§ > 1. Consider an operator z € Eg(ﬁ)vt, 7) with ||a:|]§l > c. By
Lemma 4.1 and using the same argument as in the proof Theorem 4.3, we
can assume that supp(u(z,)) N supp(u(z)) = @ and Hng > 1 for every

n € N. Recall that
14 p(\
|15 = int {“;("’”) DA > o}

for every x € £5(ﬁ, 7). Then if x is an operator in Eﬁ(ﬁjvt, T) with ||,I||§ > 1,
we have that p(Az) > X\ — 1 for every A > 0.
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Set v = wﬁ_l <1 + ﬁ) and fix A > 0. Using the properties of the
Pl\c
modular p and the growth function wz(-), we get

(222

v

v

e e e B
1T 1
>
|
—_
>
|
—_

| I

Taking infimum over all A > 0, we infer that liminf,, . ||z, + :zH‘g > v,
which completes the proof. O

Corollary 4.5. Let ¢ satisfy the Ag—condition. Then the noncommutative
Orlicz space L¥(IM, ) equipped with the Luxemburg and Amemiya norms
satisfies the uniform Opial condition with respect to the convergence in mea-
sure.

Theorem 4.6. The noncommutative modular function space Eﬁ(ﬁ, T)
equipped with the Luzemburg norm | - ||5 has the uniform Kadec—Klee prop-
erty with respect to the p-a.e.-convergence. Moreover, for every e > 0,

—

wilize)’

1
2w5(é)

where ( =

Proof. Let € > 0 and {z,} be a sequence in the unit ball of L;(9, 7) with

sep(z,) > €. Assume that {z,} is convergent to some z € Lz, 7) p-a.e.
Consider any real number ¢ > 0 and define y,, := fj;t and y := {35. In this
case [|ynllz < 1 and p(y,) < [[ynll <1 for every n € N. Put § = 5. Since
| Yn — ym|| = &€ for every n # m, we see that ﬁ(%) > 1 for every n # m.

This implies that

w;(i)zsup{ﬁ(g):0<ﬁ(x)<oo}2§(w> > = 1_
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and consequently p(Yn — Ym) > wy (%) for every n # m. If we consider
m € N and use Theorem 3.14, we obtain
1 /1
e B T o RTIIpP e B
e <§> < iminf p(yn — ym) = liminf o ((yn —y) = (Ym — y))
= liminf p (yn — ¥) + p(Ym — ).
n—oo
Letting m tend to infinity, we get
~ 1
liminf p (y, —y) >
n—o0

B 2(4}’7(%) .

On the other hand, using Theorem 3.14, we have
lim inf p(y,) = lim inf p(y, — y + y) = liminf p(y, —y) + p(y).
n—00 n—00 n—r00

Thus
1
20)5( % ) ’

is increasing we

0 < p(y) = liminf p(y,) — liminf p(y, —y) <1 -
n—oo n—oo
Employing Lemma 3.7 and the fact that the function wﬁ_l
get
[zl < (T + 1) ———,
’ wilie)

1 Since ¢ > 0 is arbitrary and the functions w; and w;l are

continuous, it follows that

where ( =

1
wi(1e)

. In order to finish the proof we have to check that 1—4§(e) <

z]l7 < =1-14(e),
1
2&)5(%)
1. Taking into account that wy is an increasing function and that wz(1) = 1,
the above inequality holds if and only if w;(%) > (. This condition is satisfied
due to the As—type condition. Indeed, since we are assuming that there

exists some k > 0 such that p(2z) < kp(z) for every z € Eﬁ(i/)JV?,T), we

obtain 5
1 p(5 - 1
~ — — S —_— > - .
wp <2> bup{ﬁ(:p) O<p(:c)<oo} > 7 >0

It follows from 0 < & < 2 that w;(2) > w5(3) > 0 as required. O

where ( =

Corollary 4.7. Let ¢ satisfy the Ag-condition. Then the noncommutative
Orlicz space LY (M, 1) equipped with the Luzemburg norm has the uniform
Kadec—Klee property with respect to the convergence in measure.
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