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Transition probability estimates for long
range random walks

Mathav Murugan and Laurent Saloff-Coste

ABSTRACT. Let (M,d, 1) be a uniformly discrete metric measure space
satisfying space homogeneous volume doubling condition. We consider
discrete time Markov chains on M symmetric with respect to pu and
whose one-step transition density is comparable to

(Vi(d(z, y))o(d(z, )",
where ¢ is a positive continuous regularly varying function with index
B € (0,2) and Vj is the homogeneous volume growth function. Extend-
ing several existing work by other authors, we prove global upper and
lower bounds for n-step transition probability density that are sharp up
to constants.
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1. Introduction

Let (M,d, ) be a countable, metric measure space. We assume that
(M, d, ) is uniformly discrete, that is there exists a > 0 such that any two
distinct points z,y € M satisfy d(z,y) > a. The main example we have in
mind are connected graphs with its natural graph metric.

Further we assume that the measure p is comparable to the counting
measure in the following sense: there exists C), € [1,00) such that p, =
wu({x}) satisfies

(1) C.l <pe <Cy
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for all x € M. Let B(z,r) := {y € M : d(z,y) < r} be the ball in M for
metric d with center z and radius r > 0. Let V(z,r) := u(B(z,r)) denote
the volume of the ball centered at x of radius r.

We consider metric measure spaces (M, d, ) satisfying the following uni-
form volume doubling assumption: there exists a nondecreasing function
Vi, :]0,00) — (0,00) and constants Cp, Cj, > 1 such that

(2) Vh(27") S CDVh(T)
for all r > 0 and
(3) Cy ' Va(r) < V(x,r) < CpVi(r)

for all z € M and for all » > 0. It can be easily seen from (2) that

Vi(R) R\“
4 <Cp|—
) Vi(r) — DAy
forall 0 < r < R and for all & > logy C'p. For the rest of the work, we assume
that our metric measure space (M, d, p) is uniformly discrete satisfying (1),
(2) and (3).

In this paper, we consider discrete time Markov chains
{Xpn,n>0,P" ze M}

that are reversible with respect to the measure p. That is the transition
probabilities p(x,y) satisfy
(5) p(@,y)pa = p(y, )y
for all z,y € M. The associated Markov operator P, given by

Pfx)=">_ pla,y)f )

zeM

is self-adjoint in ¢2(M, ). We assume that the walk has infinite lifetime,
that is >y, p(x,2) =1 for all x € M.
For n € N:={0,1,...}, let p, denote the n'" iterated power of p, that is

0, ifz#y,

PM%y>:5ny::{1 ifo=y

and
P, y) = > paa(z,2)p(z,y), n> 1
zeM
In other words, p,(z,y) is the transition function of the random walk X,,,
i.e.,
pa(z,y) = P*(X = y),
or the kernel of the operator P™ with respect to counting measure. Define
the heat kernel, that is, the kernel of P™ with respect to u, or the transition
density of X,,, by
Pn (x ) y)

ho(2,y) == .
Yy
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Clearly h,, is symmetric, that is, hy(x,y) = hy(y,z). As a consequence of
the semigroup law P™*" = P™P" the heat kernel satisfies the Chapman-—
Kolmogorov equation

(6) hn-l—m(wvy) = Z hn(xvz)hm(zay)///z
zeM

for all x,y € M and for all n,m € N. Define the jump kernel (or conduc-
tance) J := h; as the kernel of P with respect to p.

We consider random walks with unbounded range and the following con-
ditions may be imposed on the jump kernel J. We say that J satisfies
(UJP(P)) if there exists C' > 0 such that

C
(1 +d(z,y)) Vi (d(z,y))

for all x,y € M. Similarly, we say J satisfies (LJP(3)) , if there exists ¢ > 0
such that
c

LI T = G e, )PV e )
for all z,y € M. If J satisfies both (UJP(B)) and (LJP(B)), we say J
satisfies JP(/3).

We wish to prove the following estimates for the heat kernel h,,. We say
hy, satisfies (UH K P(f3)), if there exists C' > 0 such that

(UJP(B)) J(z,y) <

1 n
UHKP ho(z,y) < C A
WHRPE)  ulen) < (i N (e e )
for alln € N* and for all z, y € M. Similarly, we say h,, satisfies (LH K P(f3)),
if there exists ¢ > 0 such that

1 n
LHKP(p hn(z,y) > c( A >
(LHEPED) o) = e gy N (0 e, ) PValdGo )
for all n € N* and for all z,y € M. If h, satisfies both (UHK P(f3)) and
(LHKP(B)), we say h,, satisfies HK P([3).

Remark 1.

(a) By (1), we may equivalently replace h, by p, in (UHKP(S)) and
(LHKP(8)).

(b) One of the advantages of working in the setting on uniformly discrete
metric spaces (as opposed to connected graphs) is that JP(8) and
HKP(B) can be easily generalized if we replace (1 + d(z,y))? by a
regularly varying function of index . This remark will be made precise
in last section (see Theorem 1.1).

Let £ denote the Dirichlet form associated with P defined by

EUF ) =T =PI f) =5 S0 (F0) = F@) T ()i

x,yeM
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for all z,y € (*(M, 1), where (-,-) denotes the inner product in £2(M, p).
We abbreviate E(f, f) by E(f). Since € is a Dirichlet form, we have

(7) E((f—t)T As) < E(f)

for all s, € [0,00) and for all f € £2(M, u). We will frequently work with the
corresponding continuous time Markov chain defined by Y; := Xy ;) where
N(t) is a standard Poisson process independent of (X,),ecn. We denote the
transition probability density of Y; with respect to u by ¢, that is

T _ > et k
® aley) = O S ().
Ha k=0

By | fll, we denote the p-norm in £7(M,p), where 1 < p < co. The main
result of this paper is the following.

Theorem 1.1. Let (M, d, i) be a countable, uniformly discrete, metric mea-
sure space satisfying (1), (2) and (3). Assume € (0,2) and ¢ : [0,00) —
(0,00) be a continuous, positive reqularly varying function with indez 5 such
that ¢(z) = ((1+ z)l(z))? where | is slowly varying function. Let € be a
Dirichlet form and C7 > 0 be a constant such that the jump kernel J = hy
with respect to u satisfies

1

-1
O AT ERCERN)

< J(z,y)

1
Vi(d(z,y))o(d(z,y))

for all x,y € M. Then there exists Co > 0 such that

1 n
hn(xvy) < Cy (Vh(nl/ﬂl#(nl/ﬁ)) A Vh(d(x,y))¢(d($ay)))

h(z,y) > Oyt ( ! A “ )
M= T\ Vi Bl (n1/5)) " Vi(d(e, ) éld(z, )
for alln € N* and for all x,y € M, where ly denotes the de Bruijn conjugate
of l.

Remark 2. Similar estimates can be easily obtained for the continuous time
kernel ¢; using (8) and the above Theorem. However, in general it is not
easy to obtain estimates on h,, given estimates on ¢.

= J(y,$) S Cl

Such estimates were first obtained in [5] for discrete time Markov chain
on Z%. Other early works include [8], [9] which concerns jump process on
metric measure spaces with homogeneous volume growth that are subsets
of metric spaces having a scaling structure (see (1.15) in [9]). We do not
require any such scaling structure, however we require that our metric space
is uniformly discrete. The relationship between heat kernel upper bounds for
jump processes and exit time estimates is explored in [4] and the relationship
between parabolic Harnack inequality and heat kernel estimates for jump
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processes is studied in [2]. All these works with the exception of [5] are for
continuous time jump processes.

In light of Remark 2, we find it advantageous to work in discrete time
setting. It seems appropriate to have a detailed self-contained proof of The-
orem 1.1. It is a technically interesting open problem to generalize Theo-
rem 1.1 if we replace homogeneous volume doubling assumption given by
(3) and (2) by the more general volume doubling condition: There exists
Cp > 1 such that V(z,2r) < CpV(z,r) for all z € M and for all r > 0.

It may be useful to comment on the detailed assumption (9) in Theo-
rem 1.1 or, for simplicity, on (UJP(5)) and (LJP(53)). Roughly speaking,
we require that the jump kernel J has a uniform power type decay with
parameter § € (0,2) and it is natural to ask if this assumption can be weak-
ened. The answer to this question depends greatly on whether one insists
on obtaining matching two-sided bounds in time-space as we do here or if
one is content with sharp information on the “on diagonal behavior” of the
iterated kernel h,,. The answer also depend on how much one is willing to
assume on the underlying metric space.

In the context considered here where (1) and (2) are the main assumptions
on the underlying metric space and if one insists on obtaining matching
two-sided bounds in time-space, it seems very difficult, both technically and
conceptually, to relax the assumption on J. See the related results in [12].

To help the reader gain some insight on the difficulties involved, we con-
sider several options and point to some related works.

(A) What happens if 5 > 27 Even in the simplest setting of Z or R, no sharp
two-sided time-space estimates are available for the iterated kernel h,,
when 8 > 2 (especially, when = 2!). In general, in order to describe
the “on-diagonal” behavior of h,,, very restrictive additional hypotheses
on the underlying metric measure space are necessary. See [3], [15] and
[14].

(B) What happens if J(z,y) ~ 1/(Vy(d(x,y))o((d(z,y))) with ¢ growing
slower than a power function, e.g., ¢(t) = (1+log(1+t))?, v > 17 Under
some additional hypotheses on the underlying space, it is possible to
study the “on-diagonal” behavior of the iterated kernel h,. In many
cases, the “on-diagonal” decay of h,, is expected (or known) to be faster
than any inverse power function. In such cases, sharp two-sided time-
space estimates are extremely difficult and not really expected (even
the form such estimates should take is unknown). See [16] and [17].

(C) What happens if J oscillates? For instance J could be radial with a
lacunary power like decay including long intervals on which J = 0.
In such cases, as in the case when § > 2, the on-diagonal behavior
of h, will typically depend on making additional hypotheses on the
underlying space and sharp two-sided time-space estimates may be very
difficult to obtain.
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The paper is organized as follows. The rest of the paper is devoted to the
proof of Theorem 1.1. We first prove Theorem 1.1 in a slightly restricted
setting under the assumption that J satisfies (UJP(f)) and (LJP(B)). In
Section 6, we use a change of metric argument to handle the general case.
In Section 2, we use a Nash inequality to obtain on-diagonal upper bounds,
i.e., upper bounds on hy(z,x) as x € M and n € N* varies. In Section 3,
following [4] we use Meyer decomposition of the jump process along with
Davies perturbation method to obtain upper bounds on the transition prob-
ability density. In Section 4, we prove a parabolic Harnack inequality using
an iteration argument due to Bass and Levin [5]. In Section 5, we use the
parabolic Harnack inequality to obtain two-sided bounds on the transition
probability density.

2. On-diagonal upper bound

In this section, we prove a Nash inequality using ‘slicing techniques’ devel-
oped in [1]. This approach of proving Sobolev-type inequalities is outlined
in Section 9 of [1]. We remark that different Nash inequalities developed in
[8] and [9] would yield the desired on-diagonal upper bounds as well.

We say & satisfies the Nash inequality (N(3)), if there exist constants
a,C1,Cy € (0,00) such that

R N\ 2 picEz B

o) <6 (i ) (ED+ar?Iag)) i
Vi(R)

for all R > 0 and for all f € ¢*(M, 1). We obtain, on-diagonal upper bound

on q;(z,x) and h,(z,x) as a consequence of Nash inequality (N(3)). Before

proving Nash inequality, we show that Nash inequality (N(()) implies the

desired on-diagonal estimate on ¢;.

Proposition 2.1. If the Dirichlet form & satisfies (N(B)), then there exists

constant C4 > 0 such that
1

(10) qt(z,z) < C4W

for allt > 0 and for allz € M.

Proof. Let C; and C3 be the constants from (N(3)). Define the semigroup
TR and an operator Ag by

_ Bt —(I—
TtR:e C2R te t(I-P)

Ar=(1+CyR I —P.

It is easy to check that —Ap is the infinitesimal generator of the semigroup
TF and that T is equicontinuous contraction on ¢*(M, u) and £>°(M, )
with

<1.

sup |||,y s sup || o0 <

H1—>1’
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By (N(8)), we have
Or(fI5) < (Arf. f),  Vfe (M), |fll, <1

Ja
OR(t) = C ! <w>6 %

where

Ra
Hence by Proposition II.1 of [10], there exists C3 > 0 such that

N S‘;qur(:c,x) = T, o < Cst ™ <Vh(R)>

for all ¢, R > 0. Fixing R = tY/#, we get
C3e©2
su T,T) < ———
which proves (10). O

Define
Fi={f e '(Mu): f >0}
to be the class of nonnegative ¢! functions. It is easy to check that F satisfies
the following properties:

(a) (Stability under slicing) f € F implies (f —t)* A s € F for all s,t > 0.
(b) F is a cone, that is for any ¢t > 0 and f € F, we have tf € F.
(c) F CP(M,u) for all p € [1,00].

Let W(f) be a semi-norm on F. We recall some properties introduced in
[1]. We say W satisfies (HZ) if there exists a constant AT such that

(HL) W((f =" As) < ALW(S).
for all f € F and for all s,£ > 0. For any p > 1, k € Z and any function
feF, set

For = (F =P AP p—1)
which is also in F. Fix [ > 0 and p > 1. We say that W satisfies the
condition (H]) if there exists a constant A;(p) such that

1/1
(HY) (Z W(fp,k)l) < Ai(p)W(f).

keZ

for all f € F. The properties (HX) and (H]) are preserved under positive
linear combinations of semi-norms as shown below.

Lemma 2.2. Let Ny and Ny be semi-norms on F satisfying (HY) with
constants Aso 1, Asc,2 such that for all f € F and for all s,t >0

Ni((f =t)" As) < Ao 1 N1(f)
No((f =)™ As) < Asc2Na(f).
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Then for any c1,co > 0, the semi-norm N = c¢1 Ny + coNa satisfies (HY)
with
N((f-t)TAs) < max(Aso,1, Aso,2) N(f)
for all f € F and s,t > 0.
Proof.
N((f=t)" As)=caaNi((f =t)" As)+caNa((f = )T As)

< c1Aco 1 N1(f) + c2Asc 2 N2 (f)

< max(Aso,1; Aso2) N(f). O
Lemma 2.3. Fiz p > 1 and l > 0. Let Ny and No be semi-norms on F

satisfying (H[) with constants A;1(p), Ai2(p) such that for all f € F and
for all s,t >0

11
<Z Nl(fp,k)l> < Aia(p)Ni(f)

keZ

11
<Z Ng(fp,k)l> < A2(p)Na(f).

kEZ
Then for any ci1,co > 0, the semi-norm N = c¢1 N1 + caNo satisfies (Hlp)
with

1/1
(Z N(fp,k)l> < 2D M max(Ay1(p), Ai2(p)) N (f)

keZ
for all f € F and s,t > 0.

Proof.

11 11
(Z N(fp,k)l> < (Z(ClNl(fp,k) +C2N2(fp7k))l)

keZ k€EZ

1/1
<2 (Z (AM(fp) + clzN2<fp,k)l>>

keZ

<2 (Al,l(p)lcllNl(f)l + Al,z(P)lclzN2(f)l>l/l

< 2Y'2 (A1 (p)er Ni(f) + Ava(p)eaNa(f))
< 2/ max( A1 (p), Az (p))N(f).
We use the two assumptions and the two elementary inequalities
c4+y> 27V + Y)Y and x4y < 202t +4HY!
for x,y > 0 and [ > 0. O
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The important observation on Lemmas 2.2 and 2.3 is that the constants
for properties (H/) and (HZ) of N does not depend on ¢; or ca. We now
prove the following pseudo-Poincaré inequality.

Proposition 2.4 (Pseudo-Poincaré inequality). Let (M, d, 1) be a uniformly
discrete, metric measure space satisfying (1),(2) and (3) and let € be a
Dirichlet form whose jump kernel J satisfies (LJP(S)). There exist constant
Cp > 0 such that

(11) If = olls < CorPe(f)
forall f € (?(M, ) and for allr > 0, where f,(x) := m 2 yeBar) L Wiy
is the p-average of f in B(x,r).

Proof. We have
2

1
/B UG~ f)duty

W(Bz7))
I 2 2
< BT o, )~ S0 )
i @)= fW)PF due(y)
= /B(z,ﬂ\m Az y)? (B d,9)

The second line above follows from Jensen’s inequality. Hence for 0 < r <
o0, we have

(12) If = frlls < 7772 W (f)
for all f € ¢2(M, 1), where W3 denotes the Besov semi-norm

|f(z) = fr(2)* =

1/2
- f(x) = f(y)P
wel) = x ye%[::a:;éy d(z,y)PV (z,d(z, y)):uﬂ?“y

Combining d(z,y) ¢ (0,a), (3) and (LJP(f)), there exists Cy > 0 such that

f(z) — f)P
(,9))7V (z, d(w, y)) """

a3 W<+ | > G
z,yeM

< GRE(f).
The pseudo-Poincaré inequality (11) follows from (12) and (13). O
We are now ready to prove the Nash inequality (N(3)).

Proposition 2.5 (Nash inequality). Let (M,d, u) be a uniformly discrete,
metric measure space satisfying (1),(2) and (3) and let € be a Dirichlet
form whose jump kernel J satisfies (LJP(B)). Then & satisfies the Nash
inequality (N(f)).
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Proof. Since £(|f]) < E(f), it suffices to show (N(5)) for all f € F. We fix
a > max(f3,log, Cp) where Cp is from (2). By (1), (3) and (4) there exists
Cq > 0 such that

(14) 1frlloe < Ch

Vi(R)

for all f € F and for all 0 <7 < R. Set 7 =1+ £ and let A > 0. We now
consider two cases A small and X large.
If A < 3C1 ||f]l; /Va(R), by Markov inequality A2u(f > ) < [|f|3, we

have
3C Ble
(19 (=) < 11 (2o

for all f € F and for all A < 3C || fll; /Vr(R).
Now suppose A > 3C || f]|; /Va(R). Choose 0 < r < R such that

(r>a_ 3CL 11

R/ AVL(R)

By (14), we have ||fr|l., < A/3. Therefore by union bound and Proposi-
tion 2.4, we have

p(f =N <p(lf = fil 2 2/2) +p(fil > 2/2)
w(lf = fol = A/2)

< @/N2Nf = flI3

< Cp(2/N)*PE(f).
Substituting A from (16) yields,

LA

(16)

3¢\ 3 B/a
) RN

for all f € F and for all A > 3C ||f||; /Va(R). Combining (15) and (17),
we obtain the following weak Sobolev-type inequality: there exist constants
C5, C3 > 0 such that

(1) Wl =) < 4

oY B/a
(18 sw (=N < (o) (6 R 1ng) 1

A>0 Vi(R)
for all f € F and for all R > 0. Set
1 1 3B
¢ 2 2a

Since 8 < «, we have g > 0.
Define the semi-norm on F by

ROC

1/2
Vi(R) '

with) = ()" (o) + s 1)
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Note that

(19) 1o Na(f) <1.

5 (i)™ (v e

Therefore by Lemmas 2.1 and 7.1 of [1] and Lemmas 2.2 and 2.3, we have
that there exists p > 0 and constants A, A, > 0 such that

Nr((f =t)" A's) < Ao Nr(f)

1/q
(Z NR(fp,k)q> < AqNR(f)

keZ
forall f € F, for all R > 0 and for all s, > 0. Hence by (18), (19), Theorem
3.1 and [1, Proposition 3.5], there exists constant Cy > 0 such that
9/2

B
20  Ifl, < <c4 (vt ) (e +can? ||f||§)> A1

for all f € F, for all R > 0, for all 7, s € (0,00) and for all ¥ € (0,1) such
that

1 9 1-9
=24 .
roq s

In particular, the choice r = 2,9 = a/(a+ ), s = 1 yields the desired Nash
inequality (N(fB)). O

We conclude this section with a diagonal estimate on h,,. We need the
following standard lemma.

Lemma 2.6 (Folklore). For any x € M, the map n — hop(z,x) is a non-
increasing function of n € N. Further

(21) hon(2,y) < (han(, 2)hon(y, y)) "

Proof. Let 1, denote the indicator function at = and (-, ) denote the inner
product in ¢2(M, p1). Since P is self-adjoint, we have

h2n($a$):u3: = <P2nlxa 1) = (P"1,, P"1,) = ”Pnleg
for all n € N and for all x € M. Since P is a contraction, we have
1P s, < 1P Ll

for all n € N and for all x € M. Combining the two facts concludes the
proof of the first assertion.

For the second statement, we use P is self-adjoint along with Cauchy—
Schwarz to obtain

h2n(337y)/lwﬂy = <P2n1w> 1y> = <Pn1xapn1y>

< 1P Lally 1Pyl = (hon(z, 2)hon(y, y)) 2 1oty
for all z,y € M. (]
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Theorem 2.7. Let (M,d, ) be a uniformly discrete, metric measure space
satisfying (1),(2) and (3) and let € be a Dirichlet form whose jump kernel J
satisfies (UJP(pB)) and (LJP(p)). Then there exists a constant C > 0 such
that

(22) hn(2,y) <
for all n € N* and for all x,y € M.

Proof. We first consider the case x = y. By (LJP(S)) and (1), there exists
k > 0 such that inf,eps hy(z,2) > k. Therefore by Chapman—Kolmogorov
equation (6) and (1)

Vi(n1/5)

(23) P (2, y) 2 ho(@,y) Ky = hn (@, y)5/Cp.

for all n € N and for all x,y € M. By Chebyschev inequality
12

(24) P(IN(3n/4) — (3n/4) <n/4) > 1 — gt

where N(-) denotes the standard Poisson process. First consider the case
where n is even and n > 20. By (8), we have

(25) Q3n/a(T, T) th (x,z)P(N(3n/4) = k)

> Z hi(z, x)P(N(3n/4) = k)

k=n/2

> Cihnu,x)r@ (IN(3n/4) — (3n/4) < n/4)
2K

> 5C, (T, 2).

The third line above follows from first assertion of Lemma 2.6 and (23) and
the last line follows from (24) and n > 20. By Propositions 2.5 and 2.1 along

with (4), (25) there exists C1 > 0 such that
Cl

for all even n > 20.
The case n is odd and n > 19 follows from (23) and (26). The case n < 19
follows from the observation that

sup hn(ma 1’) < sup hy (I‘, y)
z z,y
for all n € N, along with (UJP(f)), (1) and (4). Combining all the cases,
there exists Cy > 0 such that
Co

(27) hn (2, 2) < Va(n 1//3)
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for all z € M and for all n € N*.
By (21) and (27), we have

Co

) S i)

for all x,y € M and for all n € N* and n even. If n is odd, the desired
estimate follows from (23). O

3. Upper bound on continuous time kernel

In this section, we prove off-diagonal upper bound on ¢; using the method
of [4]. As a consequence of this upper bound on ¢, we obtain estimates on
hitting times and exit times for X,,.

The idea behind the approach of [4] is to use Meyer’s construction [13] to
split the jump kernel into small and large jumps and apply Davies’ method
for the smaller jumps (see [4, Section 3]). We need the following estimates
to show the upper bound on ¢;.

Lemma 3.1. Let (M,d, ) be a uniformly discrete, metric measure space
satisfying (1),(2) and (3). There exist constants C1,Cy > 0 such that

Hy 8
yeB(x,r)° Vh(d($7 y))d(az, y)
29 d T,y 2_6¢ g C 7"2_6
() yEBZ(:c r) ) Vi(d(z,y)) 2

forallz e M, r >0 and 8 € (0,2).

Proof. For (28), observe that

Hy
2 Vi (d(w y d(z,y)? ~ Z 2 Vi(d(z,y))d(z, y)?

yeB(z,r)° n=1yeB(z,2"r)\B(z,2"~1r)
< ZC Vh(2 7‘) .
= Va(2rlr) (200 D)
S Cl’l"
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We used (3) in the second line above and (2) in the last line. For (29), note

that
_ Hy
Y day)

_ Ly
= > d(z,y)* P —
Vi (d
y€B(z,r)\B(z,a) h( (:U, y))

[logy(r/a)] Z ,u
= d(z,y)* "’ ot
n=1  yeB(z2"a)\B(z,2"la) Vi(d(z, y))
[logy(r/a)] _
2n(2=A)V;, (2a)
< 2-p£  'h\2 @)
< L G g
< CQT27’B.

In the second line above, we used that (M, d, p) is uniformly discrete, in the
fourth line we used (3) and in the last line we used (2). O

We now obtain the following off-diagonal estimate using Meyer’s splitting
of jump kernel and Davies’ method as outlined in [4]. The main difference
from [4] is that the Nash inequality (/N(f5)) and volume growth we use are
more general.

Theorem 3.2. Let (M,d,u) be a uniformly discrete, metric measure space
satisfying (1),(2) and (3) and let £ be a Dirichlet form whose jump kernel
J with respect to p satisfies (UJP(S3)) and (LJP(B)) for some B € (0,2).
Then there exists C > 0, such that the transition density q; satisfies

1 t
(30) a(z,y) < C (Vh(tl/ﬁ) N Ve ) (0 + d(z, y))ﬁ>

for allt > 0 and for all x,y € M.
Proof. By Lemma 3.1 and (UJP(f)), there exists Cy,C3 > 0 such that

(31) Z J(@,y)py < Cor™?
yeB(z,r)°¢
(32) > d,y)* T (x,y)py < Car® P
yEB(x,r)

for all » > 0 and for all x € M.

Let Jx denote the jump density Jx(z,y) = J(2,y)lg@y)<x and let
qff (z,y) denote the corresponding transition density with respect to u. Set
€k, the corresponding Dirichlet form

el ) =5 Y0 @) — ST, p)iny

z,yeM
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Note that

@) ELD-EhD=3 X U@ - @Ik

z,yeEM:d(z,y)>K
< Y (F@PH W) (@ )y
z,yeM:d(z,y)>K
<205 || I3 K7,

In the last step above, we used symmetry of J and (31). By the Nash
inequality (Proposition 2.5) and (33), there exists a, C4, C5 > 0 such that

B

o\ 2 , BlcER)
||f||2§04<<Vh(K)> EK(f,f)+C5K"3||f|2> A1

for all K > 0 and for all f € ¢(M, ;). By Davies’ method ([7, Theorem
3.25]) as described in [4, Theorem 1.4], there exists a constant Cg > 0 such
that

«

K
(34) 4 (z,y) < Co

—a/p -8 _
Vh(K)t exp (C’57§K Ex(2t, m,y))

for all x,y € M, for all t > 0 and for all K > 0, where Ek is given by

D)) = 3 (V@0 1) ey,

yeM
Ar(¥)? = ITk ()]l oo V IT & (=)l »
Ex(t,z,y) = sup{fp(z) — ¥ (y)| — tAx (1) : ¢ € Co(M)}.

By Proposition 2.1 and Cauchy—Schwarz inequality

ar(z,y) < (q(z, 2)aq(y, )"

)

it suffices to show that there exists C';1 > 0 such that

t
Vi(d(z,y))(1 +d(2,y))”

(35) a(z,y) < Ch

for all z,yy € M such that d(z,y)? > 65t where § = 3(a + 3)/8.
Let x,y € M be such that K° >t where K = d(x,y)/6. Define

U(z) = Md(x,y) — d(z, 2))+-
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Using |e! — 1’2 < 22 pp(2) — Y(w)| < Ad(w,z) and (32), we get

2
Pr(e)(z) = >0 (O —1) k(2w
weB(z,K)

<O ST, 0Bz )
weB(z,K)

< C3(AK)2ePM =8
<Oy oINK =5

for all z € M and for all A\, K > 0. It follows that

—Er(2t,z,y) < —Ad(z,y) + 2Cs5te> K P,

1 KB
= log [ —
A=K Og< / >

We fix

so that

—d(z,vy) KB L KP
—Ex (2t < 2P og [ = ) +205tK P
K( ,x,y) = 3K og n + 3 t

a+ K#
<205— [ —Z ) log [ — ).
<20~ (57 )1es (%)

By (34) and K8 > ¢,

«

K
K < —a/B
3) o) < o st e (€5 +200)

ot _a t
Vi (K)KP = "V (d(, ) (1 + d(w, ) +F

¢\ (a+B)/8
Kﬁ>

< Cy
In the last step, we used that d(z,y) > a, K = d(z,y)/0 and (4). By
(UJP(B)), d(x,y) > a and (4), there exists Cy > 0 such that

1
Vi(d(z,y))(1 + d(z,y))”

for all x,y € M. Therefore by [4, Lemma 3.1(c)|, there exists C; > 0 such
that

J(.’E,y) - JK(fE‘,y) < C’9

t
Va(d(z, y)) (1 + d(z,y))?

for all ,3y € M, for all t > 0 such that d(z,y)? > 65t which proves (35) and
hence (30). O

au(z,y) < Cy
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3.1. Exit time and Hitting time estimates. In this subsection, we ap-
ply Theorem 3.2 to estimate hitting time and exit time of balls for the dis-
crete time Markov chain X,, and the corresponding continuous time chain
Y;.

Notation. We denote exit time and hitting time of the ball B(z,r) by
7x(x,r) = inf{k : Xj ¢ B(x,r)}
1y (z,7) = inf{t : Y; ¢ B(z,r)}

(x,r) =inf{k: Xy € B(z,7)}

(x,r) =inf{t: Y; € B(x,r)}

5

for all x € M and for all r > 0.

We start with exit and hitting time estimates for continuous time Markov
chain Y;.

Proposition 3.3. Under the assumptions of Theorem 3.2, there exists Cp >

0 such that
t

P (rv(r,7) 1) < 1y
for all x € M and for all t,r > 0.

Proof. By Theorem 3.2, there exists Co > 0 such that

(37) P*(d(Y,z) =)= > qlx,y)y
yeB(x,r)°

Hy
<Ct Z
a B
yeB(x,r)° Vh(d(‘r’ y))d(x, y)

< CQT%
for all z € M and for all r,¢ > 0. The last line follows (28) of Lemma 3.1.
Set 7 = 7y (x, 7). There exists C7 > 0 such that
P*(r <t) <P* (7 <t,d(Ya,x) <71/2)+P* (d(Yar,z) > 1/2)
<P? (1 < t,d(Yay, Yy) > 1r/2) + 8Cot /1P
=B (1,<P"" (d(Yar—r, Yo) 2> 7/2)) + 8Cat /1"

< sup  supP¥ (d(Yar—s,y) > 7/2) + 8Cot /1’
yEB(z,r)c s<t

S Clt/ T”B
for all x € M and for all ;¢ > 0. The second and fifth lines follow from (37)
and the third line above follows from strong Markov property. O

Similarly, we have the following estimate for the hitting time Ty
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Lemma 3.4. Under the assumptions of Theorem 3.2, there exists C1 > 0
such that

tVi (t1/9)

P (Ty (y,tY%) <t) < C

(B <t) < (vh<d<x,y>>d<x,y>ﬁ
for all x,y € M and for all t > 0.

Proof. By Proposition 3.3, there exists Co > 0 such that
1
(38) P (v (. Cot' ) > 1) = 5
for all z € M and for all ¢t > 0. By (4), it suffices to consider the case
d(z,y) > 2(1 + Cy)t/5.
Set S = Ty (y,t'/#). By (38) and strong Markov property,

P® (s <t, sup d(Y},Ysg)< 02151/5) > —P%(S < t)

S<k<t+S

N |

for all z,y € M and t > 0. Therefore

P¥(S < t) < 2P* (S <t, sup |Vp—Yg|< CQtl/fB)
S<k<S+t
< op” (Yt e B(y, (1 + Cg)tl/ﬁ))
= 2 Z qt(xv Z)Mz

2E€B(y,(1+C2)t1/8)

1
<2Ct E .
B
2€B(y,(1+C2)t1/#) Vild(z, 2))d(z, z)

E 1
2€B(y,(1+C2)t1/8) Vh(d(x’ y)/2)(d(x, y)/2),3

Vi (1 4 Cy)t'/B)
Vi(d(z,y)/2)d(z,y)°
tVy (t1/8)
d(z,y)PVi(d(z,y))

< 2Bt

1

for all z,y € M and for all ¢ > 0. The fourth line above follows from
Theorem 3.2. The fifth line follows from d(z,z) > d(z,y)/2 which is a

consequence of (1 4+ Cy)t'/# < % and triangle inequality. The last line
follows from (4). O

Now we prove similar estimates for X,. The strategy is to compare the
behavior of X,, with Y; using the equation Y; = Xy, where N(t) is a
standard Poisson process independent of (Xj)ren. Define T}, as the arrival



LONG RANGE RANDOM WALKS 741

times of Poisson process defined by N(t) = k for all ¢ € [T}, Tj+1) and for
all £k € N. Then T}, is an exponential random variable with mean k and
independent of (X,)nen.

Proposition 3.5. Under the assumptions of Theorem 3.2, there exists Cp >
0 such that

nVi(n'/9)
Vi(d(z,y))(1 + d(z,y))?

P (TX(y,nl/ﬁ) < n) <

for alln € N and for all x,y € M with z # y.
Proof. It suffices to consider the case n > 1. By the Markov inequality
P(T,, > 2n) < 1/2.

Therefore by independence of (X,,)nen and the arrival time T),, we have

1
P (Tx(y.n'/?) < m) < P (Tc(y,n'/?) < m, Ty < 20)

< P* (Ty(y, n'/8) 2n)

<
2nVi((2n)/7)
d(x’ y)BVh(d(xv y))

< Cq

for all x,y € M with x # y and for all n € N*. The last line above follows
from Lemma 3.4. The conclusion then follows from (4). O

We conclude the section, with an exit time estimate for X,,.

Proposition 3.6. Under the assumptions of Theorem 3.2, there exists v > 0
such that

(39) P* < max  d(Xp,x) > 7"/2) <1/4
0<k<|yr?]

for allx € M and for all r > 0.

Proof. Choose 7 > 0 such that 25“0171 = 1/8, where C is the constant
from Proposition 3.3. By Proposition 3.3,

s<2mrh

P* ( sup d(Ys, x) > 7“/2) =P (Ty(az,r/Q) < 2717“5) < 2P0y < 1/8.
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for all z € M and for all » > 0. Therefore

(40) P* < max  d(Xg,z) > r/2>
s<[mr?]

= P~ d(X 2.T < 2|yyr?
<8§T7?§5J (Koo 2) > 12, Ty = 2 J)

P® d( Xy, x) > r/2,T > 2|y r?
+ <S<fﬁ31t§ﬁj (X, @) >1/2,T),08 [y J)

<Pp* ( sup d(Ys,x) > r/2>
s<2y178
+ P Ty = In7?] > Inr?))
S 1
-8 P
for all x € M and for all » > 0. In the last line above, we used Markov’s
inequality P(|X| > a) < Ejf for X =T, 5 — |y17?]. Fix ro so that
'ylrg = 8 and choose v € (0,71/8), so that vrg < 1.
If » < 7o, then y7% < 1 and P* (maxsﬂwﬂj d(Xg,z) > r/2> =0<1/4
If > 7o, then by (40)

1

P max d(Xp,z)>r/2) <P’ max d(X,z)>r/2] <-.

<s<w§ﬂ Kb =/ ) - <s<m§m Kby =/ > ~ 4
Combining the cases r < rg and r > ro gives the desired result. ([

4. Parabolic Harnack inequality

In this section, we follow an iteration argument due to Bass and Levin [5]
to prove a parabolic Harnack inequality.

Let T ={0,1,2,...} x M denote the discrete space-time. We will study
the T-valued Markov chain (V}, X ), where the time component V, = Vo +k
is deterministic and the space component X; is same as the discrete time
Markov chain with transition density J with respect to p. We write PU)
for the law of (Vj, X},) started at (j,z). Let Fj; = o ((Vi, Xx) : k < j) denote
the natural filtration associated with (Vj, Xj). Given D C T, we denote by
7p the exit time

Tp :=min{k > 0: (Vy, Xy) ¢ D}.

Definition 4.1. A bounded function u(k,x) on T is said to be parabolic on
D c T if u(Virrp, Xkarp) is a martingale. In other words, u satisfies the
discrete time backwards heat equation

Un () = Pupy1(x)
for all (n,x) € D, where ug(z) = u(k, z) for all (k,x) € T.



LONG RANGE RANDOM WALKS 743

It is immediate that if D7 C D9 and if u is parabolic on Dy, then u is
parabolic on D;. The main example of parabolic function that we have in
mind is the heat kernel as demonstrated in the following lemma.

Lemma 4.2. For each ng and xg € M, the function
q(k, ) = hng—k(z,20) = hny—k (20, T)
is parabolic on {0,1,...,no} x M.
Proof.
E[q(Vis1, Xt DI Fe] = E [hng—visr (Xis1, 0) | Fi
= EVeX0) [y s (X3, 20))]

= hi(Xk, 2)hny—vj,—1(2, 70)

= hng—vi, (X, 20) = ¢(Vi, Xi)-
The second equation follows from Markov property and last equation follows

from the Chapman-Kolmogorov equation (6). O

For (k,z) € T and A C T, define Na(k,z) := P*%) (X; € A(k 4 1)) if
(k,z) ¢ A and 0 otherwise.
Lemma 4.3. For the T -valued Markov chain (Vi, Xi), let A C T and

n—1

Tn = 14(Va, X)) = 14(Vo, Xo) = > Na(Ve, Xa).
k=0

Then Jyar, 15 a martingale.
Proof. We have

E [Josyara — Jental Fe) = ELa (Viryaras Xt 1)a1s)
— 14 (Vienras Xiaty)
— NA(Vinra> Xieara )| Fil-

On the event {T4 < k}, this is 0. If T4 > k, this is equal to

PVeXe) (Vy, X1) € A) — No(Vi, Xi)
=PV (X € A(Vi + 1)) = Na(Vi, Xz) = 0. O

The next three technical lemmas are needed for the proof of parabolic
Harnack inequality. They compare various hitting and exit times for the
T-valued Markov chain (Vj, X%).

We introduce a few notations. Let v be a constant satisfying (39) from
Proposition 3.6. Define

Qk,z,r) = {k,k+1,...,k+ |v°|} x B(z,r).
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For the T-valued Markov chain (Vj, X}) defined above, we denote the exit
time of Q(0,z,r) by
7(z,7r) = min{k : (Vg, Xx) ¢ Q(0,z,7).
Note that 7(z,r) < [y7%| 4+ 1 is a bounded stopping time.

For ACT and k € N, we set A(k) :=={ye M : (k,y) € A}.
Given a set A C T, we denote the hitting time by

Ty = min{k : (V, Xy) € A}
and the cardinality of A by |A|.

Lemma 4.4. Under the assumptions of Theorem 3.2, there exists 61 > 0
such that
|4
Vi(r)rP
for all x € M, for all r > 0 and for all A C Q(0,x,r) satisfying A(0) = 0.

PO (Ty < 7(z,7)) > 6,

Proof. Since A(0) = () and A C Q(0,z,7), it suffices to consider the case
8 > 1. We abbreviate 7(z,) by 7. Since A C Q(0,z,7), Ta # 7.
By (3), (2), there exists C7 > 0 such that

A _ ROz
Va(r)r? = Vil

<Cp

for all z € M and for all r > 0. Therefore if P(0:%) (Ta < 7)>1/4, we are
done.

We may assume, without loss of generality that PO*) (T, < 7) < 1/4.
Define the stopping time S = T4 A 7. By Lemma 4.3 and optional stopping
theorem, we have

S—1
(41)  PONTy < 1) = EOP14(S, Xg) > EOD >~ Nk, Xp).
k=0

By (1) and (LJP(B)) there exists x > 0 such that p(z,z) >  for all z € M.
There exist ¢y, co > 0 such that

(42) Na(k,w) =PFW) (X € A(k+1))
C1

= Z V 1A ('UJ)/{
d d B (k+1)
yEA(k?-i—l),y?ﬁw h( ('LU, y)) (w7 3/)

C2

> Alk+1

— Vh(T)T”B‘ ( + )’
for all z € M, r > 0 and for all (k,w) € Q(0,z,r) \ A. In the second line
above we used, (LJP(()) and that d is uniformly discrete. For the last line,
we used d(w,y) < 2r, (2), (1) and yr# > 1.
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On the event that S > |yr?], by A(0) =0, A C Q(0,z,7), (41) and (42),
there exists c¢3 > 0 such that
S—1
Z NA(]{:, Xk) Z C3
k=0
Since 7 < |yr?] + 1 and T4 # 7, we have

|A]
Vi(r)rf”

Al
E©O2) 1 Xo) > | PE(S > |y
|

> |A
c
- 3Vh(r)rﬁ
= 2V ()8
The second line follows from the union bound by observing
{8 <y} cH{Ta < Ty u{r < [P ])).
The last inequality is due to our choice of v satisfying (39) and the assump-
tion that P*(Ty < 71) < 1/4. O

Define the set U(k,x,r) = {k} x B(x,r).

(1 —P*(Ta < 7) —P*(1 < Wﬂ))

Lemma 4.5. Under the assumptions of Theorem 3.2, there exists 2 > 0

such that, for all (k,x) € Q(0,z,R/2), for all r < R/2 and for all k >
|yr?| + 1, we have

Vi (r)r?

P2 (T, R)) > 0y

( U(k,z,r) < T(Zv )) = ZVh(R)Rﬁ

for all z € M and for oll R > 0.

Proof. Let Q' = {k,k—1,...,k—|yr?|} x B(z,r/2). By triangle inequality
B(z,r/2) C B(z,R). Therefore Q" C Q(0,z,R) and Q'(0) = . By Lem-
ma 4.4 and (4), there exists ¢; > 0 such that

Vi (r)rP

Vi(R)RP

for all z € M, for all R > 0 and for all r € (0, R].

By the choice of 7 satisfying (39), starting at a point in @’ there is a prob-
ability of at least 3/4 that the chain stays in B(x,r) for at least time |yr?].

. . B
By strong Markov property, there is a probability of at least %cl VV:((IQTRB

that the chain hits Q' before exiting Q(0, z, R) and stays within B(z,r) for
an additional time |y |, hence hits U(k, z,r) before exiting Q(0,z, R). O

P(O’Z) (TQ/ < T(Z, R)) >c1

Lemma 4.6. Suppose H(k,w) is nonnegative and 0 if w € B(x,2r). Under
the assumptions of Theorem 3.2, there exists 03 (not depending on x,r, H)
such that

(43) EO®) [H(Vf(x,r)aXT(:Iz,r)>] < 03E(07y) [H(Vr(a:,r)a XT(x,r))]
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for ally € B(z,7/2).
Proof. By the linearity of expectation and the inequality
1< r(z,r) < [yrf] +1,

it suffices to verify (43) for indicator functions H = 1, for all z € M, for
all > 0, for all y € B(z,7/2), for all w ¢ B(x,2r) and for all

1<k<|y?]+1.

Let z € M,r > 0,y € B(z,7/2),w ¢ B(z,2r) and 1 < k < [yr?] + 1.
There exists ¢; > 0 such that

E(Oﬂ) [l(k,w)(VT(.Z’J‘)?XT(I,T‘))] = E(()’y) [E(()’y) [l(k,w)(v:r(x,r)aXT(x,r))‘fk—lﬂ

(44) = E(()’y) [1T(£E,T)>k—1p(Xk‘—17 UJ)}
> POV (r(z,r) >k —1) inf p(z,w)
z€B(z,r)
> POV () = br?) +1) il plew)
zeb(x,r
1
(45) >

Vi(d(z,w))d(z,w)?

for all x € M, for all r > 0, for all y € B(x,r/2), for all w ¢ B(x,2r) and
for all 1 < k < [yr?] + 1. The last line follows from (39), (LJP(B)), (1),
(4) and the triangle inequality 3d(x,w) > d(z,w) for all z € B(x,r) and for
all w ¢ B(z,2r).

By (44),(UJP(pB)), (4) and the triangle inequality d(z,w) > d(z,w)/2 for
all z € B(x,r), there exists C; > 0 such that
(46) .

(0,2) < < !

E [1(k,w) (VT(SC7T)7 X‘r(z,r))] = ZESBU(E,T) p(Z, w) = Vh(d(az, w))d(l', ’LU)B
for all z € M, for all r > 0, for all w ¢ B(x,2r) and for all £ € N.

By (45) and (46), the choice 03 = C/c; satisfies (43). O

We need the following exit time definition:
7(k,z,r) =min{n e N: (V,,, X,,) € Q(k,x,7)}.
As before, we abbreviate 7(0,x,r) by 7(x,r). We are now ready to prove

the following parabolic Harnack inequality.

Theorem 4.7 (Parabolic Harnack inequality). Under the assumptions of
Theorem 3.2, there exist Cir, Ry > 0 such that if q is bounded, nonnegative
on T and parabolic on {0,1,...,|8yR?|} x M, then

47 max qlk,y) <C min  q(0,w
47) (k) EQ(LYR?],2,R/3) (k.9) HU)GB(Z’R/?O (0,)

for all R > Ry, for all ¢ and for all z € M.



LONG RANGE RANDOM WALKS 747

Proof. Let a > 0 be such that d(z,y) ¢ (0,a) for all z,y € M. Since (M, d)
is uniformly discrete such a constant exists. Choose Ry > max(3a,1) such
that

(48) [V RP] = [4(R/3)7] +1
for all R > Ry.
Using Lemma 4.4 and (48), there exists ¢; € (0, 1) such that
(49) PE(Te < 7(k,2,7)) > ¢
for all r > Ry, for all (k,z) € T, for all C C Q(k + 1,z,7/3) such that
ICl/IQ(k + 1,z,7/3) > 1/3.
By multiplying ¢ by a constant, we may assume that

i 0,w) =q(0,v) =1

et q(0, w) = ¢(0,v)

for some v € B(z, R/3).
Let 64, 02, 035 be the constants from Lemmas 4.4, 4.5 and 4.6 respectively.

Define the constants

1
50 ==,
(50) 0=
Let a > 0, be a constant satisfying (4). By (4) and (3), there exists C; > 0
large enough such that, for any r, R, K > 0 that satisfies

C::%l/\ﬁ /\::@.

03’ a

(51) % = O K MeHB) 1,
we have

Q(0,,7/3), 9
(52) VGRS~ 0K
5 Va(r/ (/) 1

Va(@HPR)2H/PR)P  GoCK

We now iteratively choose points (k;,z;) € Q(|yR"],2,2R/3) for i =
1,2,... follows: The sequence (k;,x;);en+ is chosen such that K; = q(k;, z;)
is strictly increasing, that is K; < K;11 for all ¢ € N*. The starting point
(k1,21) € Q(|yR?], 2, R/3) is chosen such that

Ki=qlk1,z1) = max q(k,y).
1= 0T = el g 1Y)

If C’lKl_l/(aJrﬁ) > 1/3, then we have (47).

Consider the case: ClKl_l/(a+B) < 1/3. We now describe a procedure to
obtain (kiy1,zir1) € Q(|YRP],2,2R/3) given (ki ;) € Q(|vR?],2,2R/3)
fori=1,2,3,....

Let r; be defined by

5 ( 1/(a ﬁ)
( ) R Cl ¢
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Assume that ¢ > (K; on U; := {k;} x B(x;,r;/\). Since R > Ry, A > 3
and 7; < R, we have (k;,z;) € Q(0,v,2Y/8R), r;/Xx < 2'*(W/AR and k >
1+ [v(r;/3)?]. Therefore by Lemma 4.5,

1=4¢q(0,v) = E(O,v)q (VTU,L-/\T(01V721+(1/[3)R)7XTUi/\T(07U721+(1/ﬂ)R)>

020 KViu(r/N) (r/A)°
(0,0) 20K Vn
> (KP™(Ty < TQ(O,v,21+1/BR)) =z Vi, (2141/BR)(21+1/BR)B

a contradiction to (53). Therefore there exists y; € B(x;,r/A) such that
q(ki,y;) < (K. Since ¢ < 1, we have that y; # ;. Since (M,d,u) is
uniformly discrete x; # vy; € B(wj,7i/\), we have r;/\ = (ar;)/Ry > a.
Hence

(55) ri > Ro
If E(ki-zi) [Q(Vf(ki,xi,m)a Xf(ki,xi,m)); XT(ki,xiﬂ'i) ¢ B(z, 2T)] > nkKi, we get

CK; > q(ki, yi)
> B [q(Ve g0y X (o) )i X € B, 273)]
> 05 "B [q(Ve (i) s X (hssirs) )3 X (i) & Bl@i, 2r3)]
> 05 'nK; > (K;

a contradiction. In the second line above, we used Lemma 4.6 and the last
line follows from the definition of ¢ in (50). Therefore

(56) E(k“xl) [q(VT(lﬁ,xi,ri)?XT(ki,xi,ri)); XT(ki,xi,m) ¢ B(xa 27’)] < nKZ
Define the set
Ai ={(,y) € Q(ki + 1,24,7:/3) 1 (4, y) > (K}

Now (k;,z;) € Q(|YR®],2,2R/3), ri < R/3, R > Ry, (48), v € B(z,R/3)
and the triangle inequality imply Q(k; +1,x;,7;/3) C Q(0,v, 31/5R). There-
fore by Lemma 4.4, we have

1=4q(0,0) > E® |q(Vr, , X1, ): Ta, < 7(v,3"7R)

K;01|A]
> KiP(O’”) Ta < 318 R > C‘#
- C ( Az T(”? )) — 3Vh(31/’8R)R’8

This along with (52) yields

A, - 3Vi(3YBPR)R?
‘Q(kz + 1,:L’i,7"i/3)| - CK191|Q(]€¢ +1, :IIZ‘,T’Z‘/3)|

IN

1
-
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Define C; = Q(k; + 1,24,73/3) \ Ai and M; = maxg(y, +1,0,,2r,) ¢ We write
q(k;, ;) as

— R (kizi) [Q(VTCZ- , XTci); Te, < 7(ki, xi, 7"2)]

+ ]E(k“xz) [Q(Vf(ki,xi,m% X‘r(k,',:pi,m));
T(kiv Ty ri) < TCN XT(kJi,$i,T‘i) ¢ B('r’u 27“1)]

+ E(k“zl) [Q(VT(ki,:pi,n% X’r(k:i,xi,ri));
T(kiy i, 73) < Toy Xo(g,msm) € Blai, 2r3)].

We use the bound (56) for the second term above, to obtain

(57) K < CKi+ K+ M (1= P5) (To, < r(ki,wi,m))
Combining |Cy|/|Q(k; + 1, z;,r;/3) > 1/3, (55) and (49), we have
(58) Pk (T, < 7(kiy4,77)) > c1.

By (57),(58), (50), we get

K; < %K, + %KZ + (1= e1) M.
It follows that
M;
59 — >1
(59) 7 Lt

where p = ¢1/(3(1 —¢1)) > 0.
The point (kjt+1,xi+1) € Q(ki + 1,24,2r;) is chosen such that

Kiv1 = q(kiv1,x; =M,; = max ,W).
i+1 = q(kit1, zip1) = M; (Lw)eQ(kiH’%zmqm )

This along with (54) and (59) gives
(60) Kiy1 > Ki(1+p), ri1 < (14 p)~Y(@+8)

for all i € N*. We will now verify that (kiy1,2i11) € Q(|YR?], 2,2R/3) for
all i € N*_ if K is sufficiently large. Using (kiy1,xiv1) € Q(ki + 1, z;, 215),
Ry > 1 and (55), we have

2PR5 +1
Ikiv1 — kil <14 (2r;)° < <0+> r? <507

d(zit1, ;) < 21

for all 7 € N*.
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Therefore by (60) and (k1,71) € Q([YR?], 2z, R/3), we have

57’?

/87
K1

(61) ki < |YRP] +~(R/3)% + .

R 27’1
2 d(x;,z) <
(62) (@,2) < 5 +

3
for all i € N*, where k1 = (14 p)~ /(@8 € (0,1). Set
1
1— Ky <(1—Mf)(2ﬂ—1)> Py

co = min 3 3 =

If r1 < c2R, then by (61) and (62), we have that

(ki-i-l? $i+1) € Q( {’YRﬁJ 2 2R/3)

for all 7 € N*,
If K1 > (C1/e)@tP) by (54), we have r; < ¢3R and therefore

(kit1,zig1) € QYR 2,2R/3)

for all ¢ € N*. However (55) and (60) holds for all ¢ € N*, which is a
contradiction. Therefore

s q(k,y) = K1 < (C1/e2) @),
(k) €Q(YRA],2,R/3) (k. ) 1< (C1/e2)
Therefore (47) holds with Cy = (Cy /o) @A), -

5. Heat kernel estimates

In this section, we prove the heat kernel estimates HK P(f3) for 8 € (0, 2)
using the parabolic Harnack inequality (47). We start with the proof of
(UHKP(B)).

Theorem 5.1. h,, satisfies (UHKP(B)) under the assumptions of Theo-
rem 3.2.

Proof. By Proposition 3.5,

63) 3 w2 = BP(Xy € Bly, k) < B (Tx(y. k?) < k)
2E€B(y,k1/8)
KV, (K1)

Vi(d(z,y))(1 +d(z,y))°

for all & € N* and for all z,y € M. By (63) and (3), there exists Cy > 0
such that

<C;

k
64 i h ,2) < C
(64) i he(@,2) < Copge S A )P

for all x,y € M and for all k£ € N*.
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Let R > 0 be defined to satisfy yR” = n. Since we can take y < 372 < 37
without loss of generality, we have R/3 > n'/?,
By Lemma 4.2, q(k,w) = hg,_(z,w) is parabolic on {0,1,..., [8yR%|} x
M. By (64) and R/3 > n'/? we have
(65) ZGB%{%/S)Q(O,Z) < ZeBr&fgl/ﬁ)hsn(ﬂf, z)
8n

Vin(d(z,y)) (1 + d(z,y))*

< (s

Since

hn(z,y) < max q(k,w),
s - TIAL (b))

by (65) and parabolic Harnack inequality (47), there exist C3, Ny > 0 such
that
n

Vin(d(z,y))(1 + d(z,y))”

for all z,y € M and for all n € N with n > Ny. Combining (23), (66) along
with Theorem 2.7 yields (UHK P(f3)). O

(66) han(z,y) < Cs

Remark 3. We sketch an alternate proof of Theorem 5.1 that doesn’t re-
quire parabolic Harnack inequality. Using the comparison techniques be-
tween discrete time and corresponding continuous time Markov chains de-
veloped by T. Delmotte([11]), we can prove (UHK P(f3)) for the kernel h,,
using the upper bound for ¢; given in Theorem 3.2. (see Lemma 3.5 and
Theorem 3.6 of [11])

We now obtain a near diagonal lower estimate for h, using parabolic
Harnack inequality.

Lemma 5.2. Under the assumptions of Theorem 3.2, there exist ¢1,c9 > 0
such that

(67) hn(x,y) > Wll/ﬁ)

for alln € N* and for all x,y € M such that d(x,y) < con/P.
Proof. By Proposition 3.6, there exists C'; > 0 such that

pe <Xn ¢ Bz, clnl/ﬂ)) < P (maxd(Xg, @) > Cin'/?) < 1/2
for all x € M and for all n € N*. Thus

(68) > ha@ gy = 1P (X, ¢ Bz, Cin'/?)) =
yEB(x,C1nt/B)

| =
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for all x € M and for all n € N*. Hence, there exists c¢g > 0 such that

(69) hon(x,2) = > hi(wy)py > D> hp(@,y)my

yeM yEB(x,C1nt/B)
2
> > haew)
</~ 1/2\ n x?
= V(,%',Clnl/lg) Y My
yEB(x,C1nt/B)
> 1
4V (x,Cin1/B)
_ %3

for all x € M and for all n € N*. The second line above follows from
Cauchy—Schwarz and (68) and last line follows from (3) and (4). Combining
(69), (23), (4) and (LJP(p)), there exists ¢4 > 0 such that

C4
(70) hn(z,2) > W
for all n € N* and for all x € M.

Let n € N* and let R be defined by n = vR®. As in the proof of Theo-
rem 5.1, we define the function q(k,w) = hg,—_x(z,w) which is parabolic on
{0,1,...,|8yR?|} x B(x,r). By (47), (70) and (4), there exist c5, Ca, Ng > 0
such that

71 min hsn(x,2) >  min 0,2) > Cthon(z, 2
Z CI—{1 C4 C5

>
Vi((Tn)1/P) = Vi (n'/9)
for all n € N* with n > Ny and for all z € M. Combining (23), (71) and
(LJP(3)), we get the desired near diagonal lower bound (67). O

Next, we prove the full lower bound (LH K P(3)). This can be done using
parabolic Harnack inequality as in Theorem 5.2 of [5]. However, we prove
the off-diagonal lower bound using a probabilistic argument which relies on
the exit time estimate of Proposition 3.6.

Theorem 5.3. h,, satisfies (LHKP(f)) under the assumptions of Theo-
rem 3.2.

Proof. By Proposition 3.6, there exists Cy > 0 such that
(72)  P® (Xn ¢ B(x, cml/ﬁ)) < P (maxd(Xp,x) > Cin'/?) < 1/2
sn

for all z € M and for all n € N*.
We will first handle the case d(z,y) > 3C1n'/P. Define the event

Ap = {XO =z,X, = y,TX(w,Clnl/ﬁ) =k,
X; € By, Cin'/?)Vj € [k,n] NN}
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for k=1,2,...,n. By (1), we have

n

(73) hn(@,y) = pa(z, Yy = Cplpn(@,y) = C71 D P(A).
k=1

By reversibility (5) and (1),
(74) P(Xo = 20, X1 = 21,... X; = ;)
/’LZ’I‘

20

Z C}Zz]P’(XO = Z'raXl = Zp—1y-- .X,« = ZO)
for all r € N and for all z;’s in M. By (74), there exists c3 > 0 such that
(75) P(AR) =2 > P (rxle, Gt > k=1, X1 = )

Tp—1,x, €M

X plan-1,25) % P(rx(y, Cin'/P) > n = b, X g = ) }

P(XO = ZT‘le = Zr—1,-- 'XT = ZO)

> N
Vi(d(z,y))(1 + d(z,y))1/?
forallm € N* [ forall 1 <k <nandforall x,y € M with d(z,y) > 30nt/5.
The last line follows from triangle inequality
d(xkfla :I;k:) 2 d(lﬁ, y) - 2C1n1/ﬁ Z d(fL’, y)/37
along with (LJP(f)), (4), (1) and (72). Combining (73) and (75), there
exists ¢4 > 0 such that

C4n
76 hn (2, ) 2
(7 ) 2 V) + )
for all n € N* and for all z,y € M with d(z,y) > 3C1n'/P. Thus we get the
desired lower bound for case d(z,y) > 3C1nt/5.
Let ¢ > 0 be the constant from Lemma 5.2. By Lemma 5.2, it remains
to check the case con'/? < d(x,y) < 3C1n'/8. Choose K € N, so that

K> (601)6 V(1—27F)"1

C2

Then if n € N* with d(x, z) > c;n'/?/2, we have that

n |1/8 n (\/8 _ nl/P
> - — = >
d(@,2) 2 30 LKJ ’ (n LKJ) =2
If d(z,y) > can'/? and z € B(y, coan'/?/2), then
d(z,2) > con'P /2 > d(y, 2).

Therefore by the above inequalities, we have

d(z,z) > 3C, L%J 1//8, d(z,y) < co (n — L%J)l/ﬁ
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for all z € B(y,con'/?/2) and for all z such that d(z,y) > con/?. By the
Chapman-Kolmogorov equation (6)

(77) hn(l‘,y) > Z hL%J (fL‘,Z)hn_{%J (Z’y)/‘bz
z€B(y,cant/F /2)

We use (76) to estimate h B (z,2) and Lemma 5.2 to estimate h,,_ B (z,v)
K K
and use (4), to get a constant ¢5 > 0 such that
cs
78 ) > —2
for all n € N with n > K and for all x,y € M with
con/P < d(z,y) < 3C /P,

The case n < K follows from (23) along with (LJP(f)). O

6. Generalization to regularly varying functions

In this section, we replace (1 + d(z,))? in (LJP(B)) and (UJP(B)) by
a general regularly varying function ¢ of index . For a comprehensive
introduction to regular variation, we refer the reader to [6].

Definition 6.1. Let p € R. We say ¢ : [0,00) — R is regularly varying of
index p, if limg_yo0 ¢(Az)/Pp(x) — AP for all A > 0. A function ! : [0,00) — R
is slowly varying if [ is regularly varying of index 0.

We generalize Theorems 5.1 and 5.3 for more general jump kernels using
a change of metric argument. We change the metric d by composing it with
an appropriate concave function, so that under the changed metric the jump
kernel satisfies (LJP(3)) and (UJP(B)). The following lemma provides us
with the concave function we need.

Lemma 6.2. Let p € (0,1) and f : [0,00) — (0,00) be a continuous,
positive regularly varying function with index p. Then there exists a concave,
strictly increasing function g and a constant C > 0 such that g(0) = 0,

lim, 00 g(x)/f(z) =1 and

1+ g(x)
f(z)

cl < <C
for all x € [0,00).

Proof. By Theorem 1.8.2 and Proposition 1.5.1 of [6], there exists A > 0
and a smooth function fi : (A4, 00) — (0,00) such that

Jim 2" f{7 @)/ fu@) > plo = 1) (p=nt 1), Yn=12

lim, o f1(2z)/f(z) = 1.
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Let B=(A+ 2)f1(1)(A + 1). Then the function

(x):{x(B+fl(A+1))/(A+1) fz<A+1

(79) B+ fi(z) ifo>A+1

is concave. It is clear the g is strictly increasing, continuous, g(0) = 0 and
limg 00 g(x)/ f(x) = 1. The constant C' > 0 can be obtained from the fact
the f is continuous and positive and ¢ is continuous and nonnegative. [

Proof of Theorem 1.1. Choose § € (3,2). Then ¢'/? is regularly varying
with index £/ € (0,1). By Lemma 6.2, there exists a continuous, concave,
strictly increasing function g and a constant C3 > 0 such that ¢g(0) = 0,

lim g(2)/ () =1

T—r00
and C31 < (14 g(2))°/f(z) < C3 for all x > 0. Define the new metric
d'(z,y) = g(d(z,y)). Since g is strictly increasing, d' is uniformly discrete
metric. By V/(z,r), we denote the volume of balls of radius r for the metric
measure space (M, d’, u), that is

V'(z,r) = ({y eM:d(zy) < 7“}) .
By (3), there exists Cy > 0
CyMV(r) < V' (x,r) < C4Vi(r)

for all z € M and for all 7 > 0 where V/(r) := V;,(¢7(r)) and g~' : [0, 00) —
[0,00) denotes the inverse of g. By [6, Proposition 1.5.15] and (4), we have
that there exists C5 > 0 such that

(80) C5 WVa(r?PLu(r219)) < Vi(r) < CsVa(r* Pl (r°7))
for all » > 0. By the properties of g and (9), there exists Cg > 0
_ 1
Cs! - < J(z,y)

O Vid(z,y)1+d(z2,y))
1
Vild' (z,9) (L +d'(2,y))
for all x,y € M. Therefore by Theorem 5.1, there exists C7 > 0 such that
1 n
) = (V;{(nl/‘;) Vi(d'(z,y))(1+ d’(ﬂzy))é)

for all n € N* and for all z,y € M. Combining with (80) and (4), there
exists Cg > 0 such that

1 n
hn(wvy) < C8 <Vh(n1/,3l#(n1//3)) A Vh(d(a:,y))éf)(d(ﬂfay)))

for all n € N* and for all x,y € M. A similar argument using Theorem 5.3
gives the desired lower bound on h,,. ([

= J(y,.%') S 06
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