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The motivic Adams vanishing line of
1
slope 3

Bertrand J. Guillou and Daniel C. Isaksen

ABSTRACT. We establish a motivic version of Adams’ vanishing line of
slope % in the cohomology of the motivic Steenrod algebra over C.
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1. Introduction

One of the most powerful tools for computing stable homotopy groups of
spheres is the Adams spectral sequence

EXtZ’t(]FQ, IFQ) = M—s,

where A denotes the Steenrod algebra of stable mod 2 cohomology opera-
tions and 7, are the 2-completed stable homotopy groups. Adams estab-
lished that these Ext groups vanish above a certain line of slope %, with the

exception of the elements h% in the O-stem [A2].
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In the motivic context over C, inspection of an Adams chart [[2] im-
mediately shows that the analogous Ext groups do not vanish above the
same line of slope % (However, the motivic Ext groups do vanish above a
line of slope 1, analogously to an earlier classical vanishing result of Adams
[A1].) Further inspection shows that in a large range, all elements above the
Adams line of slope % are hi-local, in the sense that they are hi-divisible and
support infinitely many multiplications by hi. This suggests the following

theorem, whose proof is the goal of this article.

Theorem 1.1. Let s > 0, and let A be the motivic mod 2 Steenrod algebra
over C. The map

hi : EXtZ’ﬁw (Mg, Mg) — Eth4+1’f+1’w+1 (MQ, Mg)
is an isomorphism if f > %s + 2, and it is a surjection if f > %S + %

In the grading (s, f,w) from Theorem 1.1, s is the stem and f is the
Adams filtration so that (s, f) represent the traditional coordinates in an
Adams chart. Meanwhile, w is the motivic weight, which is not relevant to
the statement of the theorem.

Proof. In Section 7, we will show that
Ext%"" (Ma, M) = Ext’ /"~ (N, My),

where N is a certain A-module that is free as a left A(0)-module. We will
prove in Proposition 7.2 that multiplication by h; has the desired property
for such A-modules. (|

Inspection shows that Theorem 1.1 is optimal in the following sense. Mul-
tiplication by hp is not an isomorphism along the line f = %s + %, and it is
not a surjection along the line f = %s.

This article is only concerned with algebraic calculations of Ext groups
and does not discuss Adams spectral sequences for which these Ext groups
are inputs. However, our interest in A; multiplications is motivated by recent
work [AM2, GI] on the n-local motivic sphere, where 7 is the first Hopf map
that is detected by h;.

Another possible approach to Theorem 1.1 uses the methods established
by Andrews and Miller [AM2] (see especially [AM2, Lemma 5.2.1]). How-
ever, one must be careful about the slightly strange behavior of motivic
Margolis homology (see Proposition 3.2). For the techniques of [AM2] to
work motivically, one needs to verify that certain quotients of the motivic
Steenrod algebra are My-free. This is more or less the same as the homo-
logical results of Sections 3 and 4.

1.1. Organization. We review some background in Section 2. In Sec-
tions 3 through 6, we assemble various facts about motivic homological
algebra. Finally, we give the main technical result in Proposition 7.2, from
which Theorem 1.1 follows immediately.
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2. Preliminaries

2.1. Notation. We continue with notation from [I1] as follows:

(1) My is the motivic cohomology of C with Fy coefficients.

(2) A is the mod 2 motivic Steenrod algebra over C generated by el-
ements Sq' of bidegree (1,0) and Sq®" of bidegree (27, 2"1) for
n > 1.

(3) A(0) is the (exterior) My-subalgebra of A generated by Sq'.

(4) A(1) is the My-subalgebra of A generated by Sq' and Sq?.

(5) Exty4 is the trigraded ring Ext 4 (Mg, My).

The following two theorems of Voevodsky are the starting points of our
calculations.

Theorem 2.1 ([V1]). My is the bigraded ring Fo[r|, where T has bidegree
(0,1).

It is often more convenient to work with the dual A, , = Homy, (A, M>),
which was described by Voevodsky. (See also [B] for a clean description.)

Theorem 2.2 ([V3], [V2, Theorem 12.6]). The dual motivic Steenrod al-
gebra A, . is generated as an Ma-algebra by & € Apygi_1y9i_y and 7; €
Agivi_q gi_q subject to the relations

2
T = T&i41.

The coproduct is given on the generators by the following formulas, in which
& =1.

Alrg) =1, 01+ Zéiil ® Ti,
A(&k) = ng—z ® &i-

Remark 2.3. The quotient A, ./7 = A, . @y, F2 is analogous to the odd-
primary classical dual Steenrod algebra, in the sense that there is an infinite
family of exterior generators 7; and an infinite family of polynomial gener-
ators &;. On the other hand, the localization A*,*[Tfl] is analogous to the
mod 2 classical dual Steenrod algebra, which has only polynomial generators
Ti-

2.2. Grading conventions. We follow [I1] in grading Ext4 according to
(s, f,w), where:

(1) f is the Adams filtration, i.e., the homological degree.

(2) s+ f is the internal degree, i.e., corresponds to the first coordinate
in the bidegrees of A.

(3) s is the stem, i.e., the internal degree minus the Adams filtration.

(4) w is the weight.
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3. Margolis homology

Recall that Sq'Sq' = 0, so that Sq* acts as a differential on any A-module.
We write H**(M;Sq') for the resulting Margolis homology groups [AM1].
We say that an A-module is bounded below if MP? = 0 for sufficiently small
p. A bounded below A-module is of finite type if each MP* is a finitely
generated Ms-module.

Remark 3.1. We will need the following fact about finitely generated M-
modules. Such modules are of the form

@ YPitiMy B @ S0 (Mg /779).
i J

This is a graded version of the classification of finitely generated modules
over a principal ideal domain, since every homogeneous ideal of M is gen-
erated by an element of the form 7"i. Consequently, a finitely generated
Ms-module is free if and only if it has no 7 torsion.

Proposition 3.2. Let M be a bounded below A-module of finite type. Then
M is free as an A(0)-module if and only if M is free as an Ma-module and
H**(M;S8q") = 0.

Proof. The forward implication is clear. Thus suppose that M is free over
My and H**(M;Sq') = 0. Suppose that M is concentrated in degrees (p, q)
with p > ng. Let x be a nonzero element of M"* of smallest weight, and
let y = Sq'(x) in M™*L* The map Sq' : M™0* — M™FL* is injective
because H**(M, Sql) = 0, so y is non-zero.

Let N be the Ms-submodule of M generated by x and y, and let P be
the quotient M/N. Then N is a free A(0)-module generated by x.

We will next argue that P is Ms-free; by Remark 3.1, this is the same
as showing that P has no 7 torsion. Equivalently, we will show that if 7z
belongs to N, then so does z. The main point is that y is not divisible by 7.
Suppose for sake of contradiction that 7z = y. Then 7Sq*(z) = Sq'(y) = 0.
Since M is Ma-free, Remark 3.1 implies that Sq'(z) = 0. On the other hand,
z cannot be in the image of Sq' because its weight is less than the weight of
x. This contradicts the assumption that H**(M;Sq!) is zero.

This establishes that M is isomorphic to N @ P as an A(0)-module. The
long exact sequence associated to the short exact sequence

0O—N-—M-—P-—0
shows that H**(P;Sq') = 0.
Having split M as N & P, we may now apply the same argument to
P to split off another free A(0)-module. The finite type assumption on

M guarantees that this process eventually splits all of M into free A(0)-
modules. O

Corollary 3.3. Suppose that
00— My — My —> Mg — 0
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is a short exact sequence of bounded below A-modules of finite type which
are free over My. If any two modules in this sequence are free over A(0),
then so is the third.

Proof. Two of the modules have no Margolis homology by Proposition 3.2.
The long exact sequence in Margolis homology shows that the third also has
no Margolis homology. Then Proposition 3.2 again implies that the third
module is free over A(0). O

4. The motivic Milnor basis

Let E = (eg,€1,€2,...) be a sequence of ones and zeros, almost all zero,
and let R = (r1,79,...) be a sequence of nonnegative integers, almost all
zero. Then, according to Theorem 2.2, the elements

rosn) = I

>0 j>1

give an Mp-basis for A, .. We follow [Dul] in writing Ppleot2riet2ra,..) fop
the corresponding elements of the dual Ms-basis for A. These elements form
the motivic Milnor basis for A. The resulting My-basis for A(1) consists of
the elements P(51:52:0.0--) gych that 0 <s1<3and 0<sy <1.

Let S = (s1,52,...). The excess of the Milnor basis element P* is defined
to be e(P®) = 3. 5;. We extend this to arbitrary elements of A by taking
the excess of an element 6 to be the maximal excess of any Milnor basis
element appearing in an expression for 6.

For two sequences R = (r1,7r2,...) and S = (s1, $2,...), we write R + S
for the termwise sum (r1 + s1,72 + S2,...).

Lemma 4.1. Let R = (ry,72,...) and S = (s1,s2,...). Then

pPE.pYS= H <T1> . PEHS 4 terms of lower excess.

Si

Proof. This follows from the description of the dual motivic Steenrod alge-
bra, similarly to the classical case [M]. O

We will use the Milnor basis to establish the following fact about the right
action of A(1) on A.

Proposition 4.2. The motivic Steenrod algebra A is free as a right A(1)-
module.

Proof. Define a filtration on A by Fs(A) = {6 € A | e(f) < s}. Lemma 4.1
implies that the associated graded object

gr.A = D Fu(A)/Fs1(A)
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inherits the structure of an Mjs-algebra. Let M be the Ms-submodule of A
generated by Milnor basis elements of the form P(451:252:53:54.--) " Consider
the composition

M @y, A(1) —— A —— gr. A,

in which the first map is induced by the multiplication of A and the second
map is an isomorphism of My-modules.

Lemma 4.1 implies that the composition is an isomorphism of Ms-modules.
Therefore, the first map is also an isomorphism. This shows that A is

free as a right A(1)-module with basis consisting of elements of the form
P(451,252,S3,S4,...)' 0

Remark 4.3. The reader may wonder why Proposition 4.2 is not an imme-
diate consequence of results in [MM]. The problem is that it is not obvious
that the projection A — A//A(1) is split as an My-map. The proof of
Proposition 4.2 is essentially the same as showing that the projection is in
fact split.

Example 4.4. Let B be the Hopf subalgebra of A that is generated over
M, by 7Sq'. The projection A — A//B is not split as an My-map, since
Sq' projects to an element that is 7 torsion. Moreover, A is not free as a
right B-module.

5. The module A.

Definition 5.1. Let A(1) be the left A(1)-module on two generators a and
b of degrees (0,0) and (2,0) respectively, subject to the relations

Sq?a =71b, Sq'Sq*Sqla = Sq?b.
The relation Sq?a = 7b implies that Sq?Sq%a = 7Sq2b, so
7Sq'Sq?Sqta = 7Sq>b.

However, the first relation does not imply that SqlSqQSqchN: Sq?b. This
explains why we need a second relation in the definition of A(1).
Figure 1 represents A(1), according to the following key:

(1) Each circle represents a copy of M.

(2) Each straight line represents multiplication by Sq'.

(3) Each curved line represents multiplication by Sq?.

(4) Each dashed line indicates that the squaring operation hits 7 times
an M-generator, but not the generator itself.

Analogous to the Milnor basis for A(1), we have a basis for A(1) consisting
of the elements P(*1-2) such that 0 <s1 <3 and 0 < sy <1. The elements
ﬁz, ﬁg’ ﬁ2’1, and P31 have weight one less than the corresponding Milnor
basis elements for A(1). We define the excess in A(1) using this basis.
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FIGURE 1. A(1).

Remark 5.2. Just like in the classical case [DaM], the A(1)-modules A(1)
and A(1) each extend to A-modules in four different ways, determined by the
action of Sq*. Adams spectral sequence computations verify that all eight of
these A-modules arise as the cohomology of a 2-complete motivic spectrum.
These constructions are the subject of work in progress on motivic v-self
maps.

Definition 5.3. Let A be the left A-module A ®A(1) A(1).

Remark 5.4. Proposition 4.2 implies that A is the left A-module generated
by two elements a and b of degrees (0,0) and (2,0) subject to the relations
Sq’a =71b, Sq®Sqla = Sq?b.

Proposition 5.5. The A-module A is free as a left A(0)-module.
Proof. We have a Milnor-style basis for A consisting of elements of the form
plr2rars,...) & Ps1s2 guch that 0 <s1<3and0< sy <1. We also have a

filtration by excess.
Lemma 4.1 implies that

P1P(4r1,2r2,r3,...) = P(4r1+1,2r2,r3,...) = P(4r1,2r2,r3,.A.)P1

in A, modulo terms of lower excess. Also, Pl P52 = PsitLs2 in A(1) if s
is even. Therefore, if s1 is even, then

Pl (P(4r1,2r2,r3,...) ® ﬁ51782) = P(4r1,2r2,r3,...) ® f)sl—i-l,SQ

in A, modulo terms of lower excess. It follows that an A(0)-basis for A

consists of elements of the form P#1:2r2:73,--) & Ps1s2 guch that s1 1is even.
O

6. The cofiber of n
Definition 6.1. Let C(n) denote the cofiber of the first Hopf map

n: Shbt g0,



540 BERTRAND J. GUILLOU AND DANIEL C. ISAKSEN

We then write C, for the A-module ©~%7'H**(C(n)). Thus C, has a
bottom cell in bidegrees (—2,—1) and a top cell in (0,0), connected by a
Sq? (see figure).

(0,0)
Sq?

(727 71)
The following result implies that the groups Ext*(M, C,) may be com-

puted using a resolution F* — M whose terms are of the form F™ = A" ¢ A°.
Here M is an arbitrary A-module.

Proposition 6.2. Exti’f(ﬁ, C,) =0 for f>0.

Proof. The kernel of the defining quotient A(1) & $20A4(1) — A(1) is

isomorphic to ¥21A(1). It follows that we can define a periodic free A(1)-
resolution

ﬁ(1)<—F0<—F1<—-~-,
where F,, 2 A(1){xn, yn}, with |z,| = (2n,n), |y,| = (2n + 2,n),
d(zn) = SP(@p-1)+7yn-1,  and  d(yn) = Sq’Sq" (€n—-1)+S¢*(Yn-1)-
Using this resolution, it is simple to verify that

Ext5/(A(1),Cy) =0,  for f>0.

Since A is free as a right A(1)-module by Proposition 4.2, we get that

Ext’/ (4, Cy) = Ext})) (A(1),C,) =0 for f > 0. O

The next lemma translates properties of A; multiplication into homolog-
ical properties of the A-module C,,.

Lemma 6.3. Let n > 0 and let M be an A-module. The following are
equivalent:

(1) The map
hy s Ext55" (M, My) — Ext®FH T (0, M)

1s injective when s < 2f — 2 and f < n, and it is surjective when
s<2f and f <n.
(2) Ext5"(M,C,) = 0 when s < 2f and f < n.

Proof. The A-module C, sits in a short exact sequence

0— My — C, — X727 'My — 0.
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This gives a long exact sequence
h1 s+1,f—1w s+1,f—1w
— Ext’, (M,My) — Ext, (M,Cy)

— ExtT B e g M) 2

in which the connecting homomorphism is multiplication by hj. The result
then follows easily. O

Our next goal is to carry out an explicit low-dimensional Ext computation.
This result will be critical for a later argument. We will consider A(0) to be
an A-module with the obvious action by A, i.e., Sq' acts by multiplication
in the subalgebra A(0), and Sq" acts trivially for n > 2.

Proposition 6.4. Ext®/*(A(0),C,) = 0 when s < 2f and f < 4.
Proof. The short exact sequence
0 — 2HOM, — A(0) — My — 0

gives a calculation of Ext(A(0), My) in low degrees, starting from knowledge
of Ext(My, My) in a similar range. The short exact sequence

0— My — C, — X2 My — 0

then yields a calculation of Ext(A(0), C,). The results of these calculations
are shown in Figures 2 and 3. (]

Figures 2 and 3 represent low-dimensional Ext calculations necessary for
the proof of Proposition 6.4. Here is a key for reading the charts.

(1) Black dots indicate copies of M.

(2) Vertical lines indicate multiplications by hg.

(3) Lines of slope 1 indicate multiplications by h;.

(4) Lines of slope 1/3 indicate multiplications by ha.

(5) Blue lines indicate that the multiplication hits 7 times a generator.

(6) Red arrows indicate infinitely many copies of My /7 connected by hq
multiplications.

7. Multiplication by h; for A(0)-free A-modules

Recall that A//A(0) denotes the Hopf algebra quotient A® 4(0)Mz. There
is a short exact sequence

0<+— My <& AJ/A0) «— T +— 0

of A-modules, where ¢ is the augmentation and I is the augmentation ideal.
This short exact sequence gives rise to a long exact sequence

Ext%" <5 Ext5 ™ (A//A(0), My) — Ext/ (I, My) & Exts /1w
of modules over Ext4. We have a change-of-rings isomorphism
EXtA(A//A(O), Mg) = EXtA(O) (Mg, Mg) = M, [ho],
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1.

FIGURE 2. Ext4(A(0),My).

fos .
Za
4 - ‘e
. . Lo | o
2 . o o o
o Lo .
0| o7
0 2 4 6 8 10 12
R

FIGURE 3. Exta(A(0),Cy).

so €* is an isomorphism when s = 0 and 0 an isomorphism when s > 1.

The bottom class of I is Sq?, which occurs in bidegree (2,1), so that we
may write I 22 X2 N for a connective A-module N. It follows that for s > 0,
we have a commutative square

s, f,w h1 s+1,f+1,w+1
-
Ext’y Ext)
A=

=[s

Exti;l‘l,f—l,w (_[7 MQ) h_} Extf4+2,f7w+l (I, MZ)

| 1 [

Bxty WM (N, M) S Bxt " (N, M)
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of Exts-module maps. Taking N = ¥~%7!J in the proof of Theorem 1.1,
the above diagram and the following two results combine to yield the main
theorem.

Lemma 7.1. The A-module N is free as a left A(0)-module.

Proof. This argument is identical to the classical case.

We use the admissible Ms-basis for A, which consists of monomials of the
form Sq"™Sq"™ - --Sq"™ such that r; > 2r;;1. Then A//A(0) has an Ms-basis
consisting of the admissible monomials Sq"*Sq"? - - - Sq"™ such that r,, > 1.

When 71 is even, Sq'-Sq"'Sq"? - - - Sq' equals Sq" T1Sq"2 - - - Sq™. There-
fore, the augmentation ideal I of A//A(0) is a free left A(0)-module with
basis consisting of admissible monomials of the form Sq™Sq"™ - --Sq™ such

that r; is even and r,, > 1. O

Proposition 7.2. Let M be an A-module that is free as an A(0)-module
and concentrated in nonnegative degrees. Then the map

hy s Ext55" (M, My) — Ext®H Tt (0, M)
is an isomorphism if s < 2f — 2, and it is a surjection if s < 2f.

We will mimic the classical argument of Adams [A2], with some variations
to account for motivic phenomena.

Proof. By Lemma 6.3, it suffices to show that Ext%/"(M,C,) vanishes
when s < 2f.

We begin by recalling from Proposition 6.4 that Ext%/"(A(0),C,) van-
ishes when s < 2f and f < 4.

An arbitrary module M can be built up iteratively as an extension

0— @Zt““’iA(O) — M — M —0

of A-modules, where Ext®/" (M’ C,) vanishes for s < 2f and f < 4 by

s7f’w

induction. The long exact sequence in Ext then shows that Ext’;”"" (M, C,)
also vanishes for s < 2f and f < 4.

We have now established the proposition for f < 4. The next step is to
extend the result to larger values of f. As in the previous step, we start
with the special case M = A(0).

In order to compute Ext%/"(A(0),C,), we must construct a resolution
for A(0). Proposition 6.2 says that this resolution can be built from copies
of A or from copies of A.

We construct a resolution
A(0)+ Ry« Ry < Ry + R+ -~

of A(0) in the usual way by adding a copy of A to R,,+1 for each indecompos-
able in the kernel K, of the boundary map R, — R,_1. However, when
we find two indecomposable elements z and y of K, such that Sq’z = 1y,
we add one copy of A to R,+1 rather than two copies of A.
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As a result of this process, one can verify that the kernel K3 of the bound-
ary map Rs — Ry vanishes in degrees less than 12. So we can write
K3 = 2129D, where D is concentrated in non-negative degrees. Note that
D is M-free since it is a submodule of the My-free module ¥ 12:0Rs.

Proposition 5.5 implies that each R, is A(0)-free. Then Corollary 3.3
implies that D is A(0)-free as well.

We already know from an earlier step that Exti{f (D, C,) vanishes for
s < 2f and f < 4. We have isomorphisms

Ext®/" (D, C,) = Ext® >/ (K3, C,) = Ext’ /T4 (4(0), C,)

for f > 0, so it follows that Ext’/"(A(0),C,) vanishes for s < 2f and
f<s.

As before, we can then show that Ext5/* (M, C,) vanishes for s < 2f
and f < 8 for an arbitrary module M. This establishes the proposition for
f<s.

We can repeat this process to establish the proposition for all f. ([l

References

[A1l] Apbams, J. F. A finiteness theorem in homological algebra. Proc. Cam-
bridge Philos. Soc. 57 (1961), 31-36. MR0122852 (23 #A184), Zbl 0097.16003,
doi: 10.1017/S0305004100034824.

[A2] Abpawms, J. F. A periodicity theorem in homological algebra. Proc. Cambridge
Philos. Soc. 62 (1966), 365-377. MRO0194486 (33 #2696), Zbl 0163.01602,
doi: 10.1017/S0305004100039955.

[AM1] Apawms, J. F.; MarcoLis, H. R. Modules over the Steenrod algebra. Topology
10 (1971), 271-282. MR0294450 (45 #3520), Zbl 0225.55016, doi: 10.1016,/0040-
9383(71)90020-6.

[AM2] ANDREWS, MICHAEL; MILLER, HAYNES. Inverting the Hopf map in the Adams—
Novikov spectral sequence. Preprint, 2014.

[B] BoORGHESI, SIMONE. Cohomology operations and algebraic geometry. Proceed-
ings of the Nishida Fest (Kinosaki, 2003), 75-115, Geom. Topol. Monogr. 10.
Geom. Topol. Publ., Coventry, 2007. MR2402778 (2009m:14024), Zbl 1104.14014,
arXiv:0903.4360, doi: 10.2140/gtm.2007.10.75.

[DaM] Davis, DONALD M.; MAHOWALD, MARK. v1- and wva-periodicity in stable ho-
motopy theory. Amer. Jour. Math. 103 (1981), no. 4, 615-659. MR0623131
(82j:55017), Zbl 0481.55008, doi: 10.2307/2374044.

[Dul] DUGGER, DANIEL; ISAKSEN, DANIEL C. The motivic Adams spectral sequence.
Geom. Topol. 14 (2010), no. 2, 967-1014. MR2629898 (2011e:55024), Zbl
1206.14041, arXiv:0901.1632, doi: 10.2140/gt.2010.14.967.

[GI] GuiLLou, BERTRAND J.; ISAKSEN, DANIEL C. The n-local motivic sphere. J.
Pure Appl. Algebra 219 (2015), no. 10, 4728-4756. MR3346515, Zbl 06444766,
arXiv:1406.7733, doi: 10.1016/j.jpaa.2015.03.004.

[11] IsAkSEN, DANIEL C. Stable stems. Preprint, 2014. arXiv:1407.8418.

[12] IsakSEN, DANIEL C. Classical and motivic Adams charts. Preprint, 2014.
arXiv:1401.4983.

[M]  MILNOR, JOHN. The Steenrod algebra and its dual. Ann. of Math. (2) 67 (1958),
150-171. MR0099653 (20 #6092), Zbl 0080.38003, doi: 10.2307/1969932.


http://www.ams.org/mathscinet-getitem?mr=0122852
http://zbmath.org/?q=an:0097.16003
http://dx.doi.org/10.1017/S0305004100034824
http://www.ams.org/mathscinet-getitem?mr=0194486
http://zbmath.org/?q=an:0163.01602
http://dx.doi.org/10.1017/S0305004100039955
http://www.ams.org/mathscinet-getitem?mr=0294450
http://zbmath.org/?q=an:0225.55016
http://dx.doi.org/10.1016/0040-9383(71)90020-6
http://dx.doi.org/10.1016/0040-9383(71)90020-6
http://www.ams.org/mathscinet-getitem?mr=2402778
http://zbmath.org/?q=an:1104.14014
http://arXiv.org/abs/0903.4360
http://dx.doi.org/10.2140/gtm.2007.10.75
http://www.ams.org/mathscinet-getitem?mr=0623131
http://zbmath.org/?q=an:0481.55008
http://dx.doi.org/10.2307/2374044
http://www.ams.org/mathscinet-getitem?mr=2629898
http://zbmath.org/?q=an:1206.14041
http://zbmath.org/?q=an:1206.14041
http://arXiv.org/abs/0901.1632
http://dx.doi.org/10.2140/gt.2010.14.967
http://www.ams.org/mathscinet-getitem?mr=3346515
http://zbmath.org/?q=an:06444766
http://arXiv.org/abs/1406.7733
http://dx.doi.org/10.1016/j.jpaa.2015.03.004
http://arXiv.org/abs/1407.8418
http://arXiv.org/abs/1401.4983
http://www.ams.org/mathscinet-getitem?mr=0099653
http://zbmath.org/?q=an:0080.38003
http://dx.doi.org/10.2307/1969932

THE MOTIVIC ADAMS VANISHING LINE OF SLOPE % 545

[MM] MILNOR, JOHN W.; MOORE, JOHN C. On the structure of Hopf algebras.

(V1]

(V2]

(V3]

Ann. of Math. (2) 81 (1965), 211-264. MR0174052 (30 #4259), Zbl 0163.28202,
doi: 10.2307/1970615.

VOEVODSKY, VLADIMIR. Motivic cohomology with Z/2-coefficients. Publ. Math.
Inst. Hautes Etudes Sci. 98 (2003), 59-104. MR2031199 (2005b:14038b), Zbl
1057.14028, doi: 10.1007/s10240-003-0010-6.

VOEVODSKY, VLADIMIR. Reduced power operations in motivic cohomology. Publ.
Math. Inst. Hautes Etudes Sci. 98 (2003), 1-57. MR2031198 (2005b:14038a), Zbl
1057.14027, arXiv:math/0107109, doi: 10.1007/s10240-003-0009-z.

VOEVODSKY, VLADIMIR. Motivic Eilenberg-Maclane spaces. Publ. Math. Inst.
Hautes Etudes Sci. 112 (2010), 1-99. MR2737977 (2012f:14041), Zbl 1227.14025,
arXiv:0805.4432, doi: 10.1007/s10240-010-0024-9.

(Bertrand J. Guillou) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEX-
INGTON, KY 40506, USA
bertguillou@uky.edu

(Daniel C. Isaksen) DEPARTMENT OF MATHEMATICS, WAYNE STATE UNIVERSITY, DE-
TROIT, MI 48202, USA
isaksen@wayne.edu

This paper is available via http://nyjm.albany.edu/j/2015/21-24 .html.


http://www.ams.org/mathscinet-getitem?mr=0174052
http://zbmath.org/?q=an:0163.28202
http://dx.doi.org/10.2307/1970615
http://www.ams.org/mathscinet-getitem?mr=2031199
http://zbmath.org/?q=an:1057.14028
http://zbmath.org/?q=an:1057.14028
http://dx.doi.org/10.1007/s10240-003-0010-6
http://www.ams.org/mathscinet-getitem?mr=2031198
http://zbmath.org/?q=an:1057.14027
http://zbmath.org/?q=an:1057.14027
http://arXiv.org/abs/math/0107109
http://dx.doi.org/10.1007/s10240-003-0009-z
http://www.ams.org/mathscinet-getitem?mr=2737977
http://zbmath.org/?q=an:1227.14025
http://arXiv.org/abs/0805.4432
http://dx.doi.org/10.1007/s10240-010-0024-9
mailto:bertguillou@uky.edu
mailto:isaksen@wayne.edu
http://nyjm.albany.edu/j/2015/21-24.html

	1. Introduction
	1.1. Organization

	2. Preliminaries
	2.1. Notation
	2.2. Grading conventions

	3. Margolis homology
	4. The motivic Milnor basis
	5. The module A"0365A.
	6. The cofiber of 
	7. Multiplication by h1 for A(0)-free A-modules
	References

