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Covering spaces of character varieties
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With an appendix by Nan-Kuo Ho and Chiu-Chu Melissa Liu

ABSTRACT. Let I' be a finitely generated discrete group. Given a cov-
ering map H — G of Lie groups with G either compact or complex
reductive, there is an induced covering map Hom(T', H) — Hom(T', G).
We show that when m1(G) is torsion-free and I' is free, free Abelian,
or the fundamental group of a closed Riemann surface MY, this map
induces a covering map between the corresponding moduli spaces of
representations. We give conditions under which this map is actually
the universal covering, leading to new information regarding fundamen-
tal groups of these moduli spaces. As an application, we show that
for ¢ > 1, the stable moduli space Hom(m M?,SU)/SU is homotopy
equivalent to CP*°.

In the Appendix, Ho and Liu show moHom(m1 M7, G) and 1[G, G]
are in bijective correspondence for all complex connected reductive Lie

groups G.
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1. Introduction

Let ' be a finitely generated discrete group, and let G' be a Lie group.
In this article, our main object of interest is the fundamental group of the
moduli space of representations

Xr(G) = Hom(I',G) J/G.

When G is compact, this quotient can be interpreted as the point-set quo-
tient space for the conjugation action of GG. For non-compact G, we define
Xr(G) to be the polystable quotient, which is the subspace of the point-set
quotient consisting of closed points. When G is a complex reductive alge-
braic group, this subspace is homeomorphic to the GIT quotient, when the
latter is equipped with the Euclidean topology (see [FL14] for a proof, and
[Dol03] for generalities on GIT). Whenever G is the real-locus of a complex
reductive algebraic group defined over R (a situation including both compact
Lie groups and complex reductive algebraic groups) the polystable quotient
is a real semi-algebraic set [RiS90], and thus deformation retracts to a finite
simplicial complex [BocCR98, Corollary 9.3.7 and Remark 9.3.8]; hence its
fundamental group is finitely presented. We will also consider the point-set
quotient space for the conjugation action of GG, denoted by Qr(G).

Here is our main theorem (Theorem 3.6). Recall that a covering space is
normal (or regular) if its group of deck transformations acts transitively on
every fiber.

Theorem A. Let G be either a connected reductive algebraic group over
C, or a compact connected Lie group, and assume that m1(G) is torsion-
free. Let p: H — G be a covering homomorphism. Then the induced
map ps: Qr(H) — Qr(G) is a normal covering map (onto its image)
with structure group Hom(T, ker(p)), and restricts to a normal covering map
p«: Xp(H) — Xp(G) (onto its image), with the same structure group.

This result is proven in Section 3, where it is also shown that the images of
these covering maps are unions of path components inside their codomains.

We discuss applications of this theorem to universal covers and fundamen-
tal groups of moduli spaces in Section 4. This section focuses on the class of
exponent-canceling groups. A finitely generated group I' is called exponent-
canceling if the Abelianization of each of its relations is trivial; for instance
free groups, free Abelian groups, right-angled Artin groups, and fundamen-
tal groups of closed Riemann surfaces are exponent-canceling. Under this
condition, the above covering maps are in fact surjective (Proposition 4.2).
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In particular, we compute these fundamental groups for free groups, free
Abelian groups, and surface groups, subject to certain conditions on the Lie
group G. For instance, we prove:

Theorem B. Let ¥ be a compact, orientable surface (with or without
boundary) and let G be a connected complex reductive algebraic group with
71(G) torsion-free. Then

™ (X x(G)) = m (G) ),

where by (X) is the first Betti number.
Furthermore, if T = (SY)" and the derived subgroup [G,G] is a product of
groups of type A, or C,, then

1 (Xr,7(G)) = m Q).

Connected components of character varieties have been studied exten-
sively; in the Appendix by Ho and Liu, work of Jun Li [Li93] is extended
to complete the picture for complex representations of surface groups. We
note this result has recently been generalized in [GPO14] in the context of
Higgs bundles (also see [DonP12] for related work).

To our knowledge, the present article is the first systematic study of
fundamental groups of character varieties. Theorem B has been extended to
the case in which 71 (G) has torsion [BisL14, BisLR14].

In the case of closed surfaces, Theorem B can be viewed as an extension
of results of Bradlow—Garcia-Prada—Gothen [BradGPGO08]|, who studied ho-
motopy groups of character varieties for central extensions of surface groups
using the Morse theory of Higgs bundles. Let I'Y denote the fundamental
group of a closed orientable surface 9 of genus g, with presentation

9 = <a1,...,ag,bl,...b9 H H[ai,bi]:1>.

i

Let T9 denote the central extension of T'9 by Z, in which the central gen-
erator is set equal to [[,[a;,b;]. The path components of moduli space
Xg;(GL(n)) are determined by the image d of the central generator in
Z(GL(n)) N [GL(n),GL(n)] = Z(SL(n)) = Z/nZ, which is called the de-
gree of the representation. Here and throughout the article, GL(n) denotes
the general linear group of C”, and SL(n) < GL(n) denotes the special
linear group. When n and d are coprime, [BradGPGO08, Theorem 4.4 (1)]
shows that the corresponding path component of Xg;(GL(n)) has funda-
mental group Hi(X9;Z) = 71(GL(n))"*?), and our result extends this to
the degree zero component (note that degree zero representations of 9 are
simply representations of I'Y).

In the complex case, our proof of Theorem B uses a path-lifting result for
GIT quotients (Section 4.3).
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In Section 5, we apply these results to study stable moduli spaces of sur-
face group representations. In particular, we show that there is a homotopy
equivalence

X, m9(SU) := Hom(my M9,SU)/SU ~ CP*°,

where MY is a closed Riemann surface of genus g > 1, and we identify a
generator for ma (X, a6 (SU)) = Z. Additionally, we prove

1(Xp 000 (GL)) 2 229

Acknowledgments. The authors thank Chiu-Chu Melissa Liu and Nan-
Kuo Ho for helpful conversations, and for sharing the results in the Appendix
with us. Additionally, the authors thank José Manuel Gomez, and the
anonymous referees for helpful comments.

2. Universal covers and fundamental groups of Lie groups

In this section, we record some basic facts regarding the structure of the
universal covering homomorphism for compact Lie groups and for complex
reductive algebraic groups (which we call reductive C—groups for short), as
well as some facts regarding torsion in their fundamental groups.

An affine algebraic group is called reductive if it does not contain any non-
trivial closed connected unipotent normal subgroup (see [Bor91, Hum?75| for
generalities on algebraic groups). Since we do not consider Abelian varieties
in this paper, we will abbreviate the term affine algebraic group to simply al-
gebraic group. Over C, each reductive algebraic group G arises as the Zariski
closure of a compact Lie group K. In particular, as discussed in [Sch89], we
may assume K C O(n,R) is a real affine variety by the Peter-Weyl theorem,
and thus G C O(n, C) is the complex points of the real variety K. Note that
some of our references concern linearly reductive groups, that is, algebraic
groups such that all linear representations are completely reducible. How-
ever, over C linearly reductive groups and reductive groups are the same
(see the discussion of Haboush’s Theorem in [Dol03], or [Pro07, p. 189)).

By a simple Lie group, we will mean a connected Lie group with no
non-trivial, connected normal subgroups. With this definition, simple Lie
groups are precisely those whose Lie algebra is simple, meaning that it has
no non-trivial ideals.

Lemma 2.1. Let f: K — H be a covering homomorphism of Lie groups.
Then ker(f) is central in K.

Since ker(f) is discrete and normal, this follows from [HM06, Theorem
6.13].

Proposition 2.2. Let G be a compact, connected Lie group (respectively, a
connected reductive C—group), and let F = R (respectively, letF = C ). Then
for some k > 0 and some compact (respectively, complex reductive algebraic),
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simple, simply connected Lie groups G1, ..., Gy, there is a universal covering
homomorphism

G=FrxGx - xG -5 aG.

The subgroup Gy x -+ x G < G is precisely the commutator subgroup

DCNJ, and the restriction of q to DG is a universal covering homomorphism
q: DG — DG.

Now assume 71(QG) is torsion-free, and let m: G — F* be the projection
map. Then the restriction of m to ker(q) is injective, and mw(ker(q)) is a
discrete subgroup of F*. Tt follows that q: DG — DG is an isomorphism,
and hence DG is simply connected. In particular, the universal covering
map q has the form

q: F¥ x DG — G,
and the restriction of q to DG is simply the inclusion DG — G.

Proof. In the compact case [HMO06, Theorem 6.19] states that there ex-
ist connected, compact, simple Lie groups Hi,...,H; and a short exact
sequence
1— 27— (SHY*x Hy x-- - xH —G—1
with Z finite and central. Let G; denote the universal cover of H;. We
claim that G; is compact, connected, and simple. Simplicity follows from
the fact that G; and H; have the same Lie algebra; connectivity of G; follows
immediately from the fact that H; is connected; and G; is compact by [Bre72,
Theorem 0.6.10].
The map ¢ is now the composite of two covering maps

G=R\xGx - -x@L (S xH x---x H -2 G.
The map ¢; is the product of universal covering maps
Gi — H; and exp: RF — (SHF,
and the map ¢ is the quotient map for Z. Since each Gj is simply connected,
it follows that ¢ = g2 o ¢1 is a universal covering homomorphism.
To see that DG = G x --- x (5, first note that since each G; is simple,
the product G; x --- x G is semisimple, and hence equal to its commu-

tator subgroup by Goto’s Commutator Theorem (see, for instance, [HMO06,
Theorem 6.56]). Now

(1) DG =D(F*x Gy x---xG)) = DFF x D(Gy x---xGy) = Gy x - - - x Gy.

Next, we check that the restriction of ¢ to DG gives the universal covering
of DG. By (1), we know DG is simply connected, so we just need to check
that ¢(DG) = DG. The containment ¢(DG) C DG is immediate. To see
that DG C q(Dé), note that by surjectivity of ¢, each element of G has the
form q(z)q(c), where z € F¥ is central in G and ¢ € DG is a commutator.
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Surjectivity of ¢ also shows that ¢(z) is central in G. Given another element

q(2)q(¢") € G (with 2 central in G and ¢ € DG) we have

la(=)a(e), a(="a()] = la(e),a()] = a([e,¢]) € o(DG),

as desired.

Now say 71(G) = ker(q) is torsion-free. If z € ker(q) and m(z) = 0 € R*
(where 7: G — RF is the projection), then by Lemma 2.1, x lies in the
center

Z(Gl Xoee XG[):Z(Gl) Xoee XZ(GZ)

Since G; is simple, the identity component of its center is trivial, meaning
that the center is a discrete group. Since each G; is also compact, we con-
clude that Z(G;) is finite for each i. Hence z is a torsion element in ker(gq),
so © = 1. This shows that the restriction of 7 to ker(q) is an injective map,
as claimed. Moreover, if = € ker(q) then ¢1(x) € Z = ker(qz), so projecting
q1(z) to (SH)* gives an element whose coordinates are nth roots of unity,
where n = |Z|. Letting p,, < S' denote the subgroup of nth roots of unity,
we have 7(z) € exp~!((un)¥), which is a discrete subgroup of R¥. Hence
m(ker(q)) < exp~((un)*) < R* is discrete as well.

Since ker(q) intersects DG = Gy x -+ - (G trivially, ¢ restricts to an iso-
morphism DG — DG. This completes the proof in the compact case.

In the complex case, there exists a short exact sequence of Lie groups

1—A—(CxGx -xGBHaG—1

where each G; is a simply connected, simple Lie group, and the kernel A is
a finite central subgroup (see for example [Pro07, p. 376]).

The quotient map p is a covering map (since A is finite) and now we
obtain a universal covering homomorphism ¢ for G as the composite

CEx Gy xox Gy 220 (e x Gy x - x Gy 2 G

If 11 (G) = ker(q) is torsion-free, and x € ker(q) lies in G1 X - - - X Gy, then in
fact = € ker(p) = A. Since A is finite, this implies x = 1. The remainder of
the proof in the complex case is the same as in the compact case; note that
it is a theorem of Pasiencier—Wang [PasW62] that every complex semisimple
Lie group is equal to its commutator subgroup. O

In this article, we will mainly be interested in Lie groups G with 71 (G)
torsion-free. In Proposition 2.2 we showed that, in our cases of interest, this
condition implies that DG is simply connected. In fact, the converse is also
true.

Proposition 2.3. Let G be either a compact, connected Lie group or a
connected reductive C—group. Then m1(G) is torsion-free if and only if the
commutator subgroup DG is simply connected.
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Proof. We only need to show that when DG is simply connected, m1(G)
is torsion-free, so say DG is simply connected. By Proposition 2.2, the
universal covering map ¢: G = FFx DG — G restricts to a universal covering
DG — DG. Since DG is simply connected, this covering must in fact be an
isomorphism, so ¢ is injective on DG. Hence ker(q) injects into F* under the
projection G — F*  and since F¥ is torsion-free, so is ker(q) = 71(G). O

Remark 2.4. If G is either a compact Lie group or a complex reductive
C—group, then the inclusion i: DG — G actually induces an isomorphism
between 7 (DG) and the torsion subgroup of 71(G), giving another proof
of Proposition 2.3. To prove this stronger statement, note that there is a
natural exact sequence of groups 1 - DG — G 5 a /DG = Z — 1, where
Z is a complex or compact torus. This then gives a long exact sequence in
homotopy:

0 = m(G/DG) = m(DG) - m(G) L5 7 (G/DG) = 7F,

which shows that i, is injective. Since Z* is torsion-free, the torsion sub-
group of m(G) is contained in i, (71 (DG)) = ker(p,). By Weyl’s Theorem,
the fundamental group of a semisimple compact Lie group is finite, and the
same holds for semisimple C—groups, since each such group deformation re-
tracts to its maximal compact subgroup (which is again semisimple). Hence
ix«(m1(DG)) is contained in the torsion subgroup of 7;(G), completing the
argument.

3. Moduli spaces of representations

Let T' be a finitely generated discrete group and let G be a Lie group.
Consider the representation space Hom(I', G), the space of homomorphisms
from T" to G. We give this space the compact-open topology (i.e., the sub-
space topology inherited from the mapping space Map(T', G), where I" has
the discrete topology). For example, when I' = F), is a free group on r gener-
ators, the evaluation of a representation on a set of free generators provides
a homeomorphism with the Cartesian product Hom(F,,G) = G".

In general, by choosing generators ~1,...,7, for I' (for some r), we have
a natural epimorphism F, — I'. This allows one to embed

Hom(T',G) C Hom(F,,G) = G",

and the Euclidean topology induced from the manifold G" agrees with the
compact-open topology on Hom(T", G).

The Lie group G acts on Hom(T', G) by conjugation of representations;
that is, g - p = gpg~! for ¢ € G and p € Hom(T,G). We define Qr(G)
to be the resulting quotient space. Let Hom(I', G)P* denote the subset
of Hom(I', G) consisting of representations whose G-orbit is closed. Let
Xr(G) C Qr(G) denote the subspace of closed orbits; that is,

Xr(G) = Hom(T', G)**/G.
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Although it is not necessarily an algebraic set, this polystable quotient is
referred to as the G-character variety of I'. Note that when G is compact,
Hom(T", G)P* = Hom(T', G).

Given a homomorphism of Lie groups p: H — G, composition with p
defines a map p,: Hom(I', H) — Hom(I', G). Since

p(hph™) = p(h)ps(p)p(h) ",
we obtain an induced map Qr(H) — Qr(G) which we denote by p,, or
simply p. if no confusion is likely.

Two main classes of examples are important for us, and for each the quo-
tient topology on Xr(G) will be Hausdorff (in fact, triangulable). When G is
a compact Lie group, Xr(G) = Qr(G) is the usual orbit space (which is semi-
algebraic and compact). When G is a reductive C-group, each orbit closure

has a unique closed sub-orbit. So, the quotient Xp(G) is set-theoretically
identified with the GIT quotient (see [Dol03]):

Hom(T', G) /G := Spec, . (C[Hom(T, G)]).

Since affine GIT quotients are affine varieties, they are subsets of Euclidean
space and so inherit a Euclidean topology (we will not consider the Zariski
topology unless explicitly mentioned). In these terms, we have the following
well-known correspondence between the GIT quotient and the polystable
quotient (this fact is implicit in the work of Luna [Lun76], and an explicit
proof appears in [FL14, Theorem 2.1}).

maxr

Proposition 3.1. Let G be a complex reductive algebraic group, and T’
be a finitely generated group. Then Hom(I', G)P*/G is homeomorphic to
Hom(T',G)/G.

Thus in all cases, the spaces Xp(G) will be semi-algebraic sets and thus
(Hausdorff) simplicial complexes in the natural Euclidean topologies we con-
sider.

Remark 3.2. We note that when G is the set of real points of a reductive
C-group, then by [RiS90], the polystable quotient is a semi-algebraic space.

We begin the discussion of covering spaces with a result of Goldman:
[Gol88, Lemma 2.2].

Lemma 3.3 (Goldman). Let p: H — G be a covering homomorphism
between Lie groups and let I' be a finitely generated group. Then the image
of the induced map

Hom(T', H) 2% Hom(T', G)
is a union of path components in Hom(I',G). If Hom(T',G) is locally path
connected, then when viewed as a map to its image, px s a normal covering
map whose group of deck transformations is Hom(T', ker(p)).

Remark 3.4. Lemma 3.5 below shows that Hom(T',G) is locally path
connected in either of the following situations:
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(1) T is finitely presented (and G is an arbitrary Lie group).
(2) G covers an algebraic group (and I' is an arbitrary finitely generated
group).
Goldman’s article focuses on finitely presented groups, but in fact his
argument just requires Hom(I', G) to be locally path connected.
To find an evenly covered neighborhood of a representation

p € Hom(T',G) C G",

first take a neighborhood U C G" with p € U such that U is evenly covered
by p". By local path connectedness, there exists a path connected neigh-
borhood V' C Hom(I', G) with p € V' C U. Goldman shows that p, has the
unique path-lifting property!, and it follows that Hom(T', H) is a union of
path components inside (p”)~!(Hom(T',G)). Hence V is evenly covered by

P

Lemma 3.5. Let G be a Lie group and let I' be a discrete group. If I is
finitely presented, then Hom(T', G) is locally path connected. If G admits a
covering homomorphism onto a real algebraic group and U is finitely gener-
ated, then Hom(I', G) is triangulable, and hence locally path connected.

Proof. When T is finitely presented as (y1,...,7% | Ri,..., Rg), Hom([', G)
is the locus of solutions to R;(¢1,...,9-) = Id in G". However, G" is an
analytic manifold (see [Kna02]), and thus Hom(T', G) is an analytic variety.
As shown in [Sat63], analytic varieties are locally triangulable, and hence
locally path connected.

For the second statement, let f: G — G be a covering map, with G
algebraic. Then Hom(T',G) is algebraic, and hence triangulable. Now
Lemma 3.3 tells us that f,: Hom(I',G) — Hom(T',G) is a covering map
onto its image, and this image is a union of path components in Hom(T', G).
So the image of f, is triangulable, and any triangulation can be lifted to the
covering space Hom(T", G). O

Theorem 3.6. Let G be either a connected reductive C-group or a com-
pact connected Lie group, and assume that w1 (G) is torsion-free. Let T' be
a finitely generated discrete group. Then for any covering homomorphism
p: H — G, the induced maps

p.: Qr(H) — p,(Qr(H)) C Qr(G)
and
Pt Xr(H) — p.(Xr(H)) C Xr(G)

are normal covering maps with structure group Hom(T', ker(p)), and we have

(2) p.(Xr(H)) =p.(Qr(H)) N Xp(G).

IThis alone is not sufficient to show that a map is a covering map (see [Hat02, Section
1.3, Exercise 6]).
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Moreover, p,(Qr(H)) and p,(Xr(H)) are unions of path components of
Qr(G) and Xr(G), respectively.

In general, the base space or the total space for these coverings could
be disconnected. We note that recent work of Sikora [Sik13, Proposition
1] discusses the relationship between Xp(H) and Xp(G) for finite covers
H — G and arbitrary I', and Proposition 2 of the same work discusses the
case where I is free.

Proof. The proof will be broken down into several lemmas.
The group K := Hom(T', ker(p)) acts continuously on Hom(I", H) by mul-
tiplication: for ¢ € Hom(T', ker(p)) and p € Hom(T', H), we set

¢ p(7) = o(7)p(7)

Note that the order on the right does not matter, since ¢(y) € ker(p) is
central (Lemma 2.1); this also shows that ¢-p is a homomorphism. Centrality
of ker(p) also implies that this action descends to an action on Qr(H),
since conjugation is equivariant with respect to central multiplication. (Note
that the action carries closed sets to closed sets, and thus restricts to the
polystable quotient Xpr(H) C Qr(G).) The action becomes trivial after
applying p., giving a commutative diagram

Qr(H) —2— Qr(G)

2
T -
e
-
e

Qr(H)/K.

Lemma 3.7. The induced map w: Qr(H)/K — Qr(G) is a homeomor-
phism onto its image.

Proof. To prove injectivity, we must show that if p,[p] = p,[¢] for two
representations p,v: I' — H, then there exists an element k£ € K such that
k- lp] = [¥].

Since P, [p] = P.[¢], there exists g € G such that for each v € T' we have

Choose an element h € H satisfying p(h) = g. Then for each v € ', we have

p(hp(M)h™") = gp((7)g~" = p(p(7)),

and we define k(v) € ker(p) by

k(y) = hp(n)h " p(vh).
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We claim that k: I' — ker(p) is a homomorphism. Indeed, since k() €
ker(p) is always central, we have

k(Y)k(n) = (ho()Rh~p(v™1) (hp(mh = p(n™1))
= hp(y)h (hp(mh ™ p(n ™)) p(v ™)
= hp(ym)h ™ p((yn) ™) = k(ym).

Since k - [p] = [¢], this proves injectivity.
We must check that 7 is open as a map to its image. We use the following
elementary fact:

(%) Given maps X - Y o, Z, if «a is surjective and (3 o « is open,
then (8 is open as well.

Consider the commutative diagram

Hom(T, H) ——» Qp(H)/K

Jp* f ) l
Im(py) ——— Im(p,) = Im(p.)/G.

Since the top map is surjective, (%) tells us that in order to check that 7 is
open, it suffices to show that f o p, is open. By Lemmas 3.3 and 3.5, p, is
a covering map (onto its image), and all covering maps are open. Next, f is
open because it is the quotient map for a group action, and it follows that
f o p« is open. O

Lemma 3.8. The action of K = Hom(T',ker(p)) on Qr(H) is properly
discontinuous.

Proof. Let h: F,. — I be a surjection, where F. is the free group on r
generators. Then precomposition with A induces an injection

K — Hom(F},ker(p)) = ker(p)",
as well as an embedding
Qr(H) — Q. (H)=H"/H.
The multiplication actions of K on Qr(H) and of ker(p)” on H"/H are
compatible, so it suffices to check that the action of ker(p)” on H"/H is
properly discontinuous. N
We begin by considering the case where H = G is the universal cover,
and the map p = ¢ is the universal covering map in Proposition 2.2. By
Proposition 2.2 we know that the projection 7: ker(p) — F¥ is injective with
image a discrete subgroup of F¥. Letting ¢ = min{|x| : € m(ker(p)),z # 0},
where |z| is the norm of z, consider an open neighborhood of the form
U = B.jp(a) x V, with V open in DG, and B,/3(a) the open ball of radius
¢/2 around a € F¥. Then each such U is translated off of itself by each
non-trivial element in ker(p). Considering products of such neighborhoods,
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we see that the action of ker(p)” on G" is properly discontinuous. Saturating
these open sets with respect to conjugation, and noting that conjugation is
trivial on the F* coordinate in each factor, we conclude that 71(G)" acts
properly discontinuously on Gr / G.

Now consider the general case of p: H — G, and let g: G — G be the
universal covering homomorphism as above. Then there exists a unique
(universal) covering map p’: G — H satisfying p’(e) = e, and this map is
automatically a homomorphism. We have shown that ker(q)” acts prop-
erly discontinuously on Gr / G, so the subgroup ker(p')" acts properly dis-
continuously as well, and thus (ker(q)")/(ker(p')") = ker(p)" acts properly
discontinuously on

(G"/G)/ (ker(p')").
Finally,
(G"/G)/(kex(p')") = H"/H,
by applying Lemma 3.7 in the case I' = F};; note that Hom(T', H) is locally
path connected by Lemma 3.5. U

Finally, we consider the image of p,: Qr(H) — Qr(G).

Lemma 3.9. The image p,(Qr(H)) is a union of path components inside

Qr(G).

Proof. Since Hom(I', G) is triangulable, it is the disjoint union, topologi-
cally, of its path components {P;};, and since G is (path) connected, the
action of G on Hom(I',G) preserves path components. Hence the quo-
tient space Qr(G) is the disjoint union, topologically, of {P;/G};. Now
if [p] = p.([¢]) and [p] is connected by a path in Qp(G) to [p'], then p and
p' lie in the same path component P; of Hom(T',&). By Lemma 3.3, the
image of p, is a union of path components inside Hom(I', G), so p € Im(px)
implies p' € Im(p.) as well. O

This completes the proof of Theorem 3.6 for the map
Dy QF(G) — QF(H)

Now we consider the restriction of p, to Xr(H). Since Xr(H) is invariant
under the group K of deck transformations, the restriction of p, to Xr(H)
is still a normal covering map with structure group K. We need to prove
(2).

The moduli spaces Qr(G) and Qr(H) do not have good separation prop-
erties when G and H are non-compact, so we need some technical lemmas
regarding closed points.

Lemma 3.10. Let p: X — Y be a covering map between arbitrary topo-
logical spaces. If © € X is a closed point, then p(x) € Y is also a closed
point.
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Note that in general, covering maps are not closed maps; for instance the
usual covering exp: R — S1 sends the closed set {n +1/n : n=2,...} to
a set with 1 € S' as a limit point.

Proof. Let y € Y be a point in the closure of p(z), and let U C Y be an
open neighborhood of y over which p is trivial. Since y is in the closure
of p(z), we have p(z) € U, and we claim that p(z) is closed in the relative
topology on U. Triviality of p over U implies that € p~!(U) lies in a subset
U; C p~Y(U) for which p: U; — U is a homeomorphism. Since z is closed
in X, it is also closed in the relative topology on Uy, and since p: U; — U is
a homeomorphism, we find that p(z) is closed in the relative topology on U,
as claimed. Now we can write {p(z)} = C N U for some closed set C C Y,
and since y is in the closure of p(z) we have y € C. But y € U by choice of
U, so in fact y € C NU and hence y = p(x). O

Lemma 3.11. Let X be an arbitrary topological space, and let P C X be
a union of path components of X. If x € P is closed as a subset of P, then
x 1s also closed as a subset of X.

Proof. For any point y € X, the closure 7 of {y} in X is path connected.
Indeed, say z € g, and consider the function f: [0,1] — {y, 2} defined by
f(t) =y fort <1 and f(1) = z. The set {z} is not open in 7, so f is a
continuous map.

Now say x € P is closed as a subset of P, that is, {x} = C' N P for some
closed set C' C X. From the above, we have T C P, and T C C by definition,
so T C PNC = {z}. Hence z is closed in X. O

Lemma 3.10 shows that all points in p,(Xr(H)) are closed in p,(Qr(H)),
and Lemmas 3.9 and 3.11 show that in fact these points are closed in Qr(G).
Thus p,(Xr(H)) C Xr(G), and to prove (2) it remains to check that
p.(Qr(H)) NXr(G) C p.(Xr(H)).
Say [p] € p.(Qr(H)) N Xr(G). Then [p] is a closed point in the quotient
Qr(G), so its fiber (p,)"'([p]) € Qr(H) is a closed subset. But p, is a
covering map, so this inverse image has the discrete topology, and hence
each point in (p,)~!([p]) is actually closed in Qr(H). This proves (2).
Finally, we must show that p,(Xr(H)) is a union of path components
inside Xr(G). If [p] € p,.(Xr(H)) and [¢] € Xr(G) is connected to [p] by a
path, then [¢)] € p,(Qr(H)) by Lemma 3.9. So [¢)] = ps[¢] for some [¢'],
and we just need to check that [¢)] is closed. But we have just seen that the
pre-image of a closed point consists only of closed points. This completes
the proof of Proposition 3.6. ([

Corollary 3.12. Let G be either a connected reductive C-group or a con-
nected compact Lie group, and assume that w1 (G) is torsion-free. Let H 5a
be a covering homomorphism. Then the maps

Qr(H) L5 Qr(G) and Xr(H) 25 %0(G)
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induce isomorphisms on homotopy groups 7y for all k > 2 (and all compat-
ible basepoints).

Question 3.13. Do Theorem 3.6 and Corollary 3.12 hold for coverings of
connected real reductive algebraic groups (or even more general connected
Lie groups) with m (DG) trivial?

We end this section with an example to show that Theorem 3.6 does not
extend to all covering maps between compact, connected Lie groups. This
example will also be important in Section 5.

Example 3.14. The moduli space Xz2(SU(2)) is homeomorphic to S2.
This can be seen from a variety of perspectives. For instance, the home-
omorphism (SU(2) x SU(2))/SU(2) = B3 (where SU(2) acts by conjuga-
tion in each coordinate and B? is the unit ball in R3) carries the sub-
space X72(SU(2)) to the boundary sphere (see [MorS84], [JW92], [BratCO01],
[FL09]) Alternatively, [AdCG10, Proposition 6.5] uses the Abel-Jacobi map
to show that X2(SU(2)) = CPL.

The projection map SU(2) — SU(2)/{xI} = PSU(2) is a covering ho-
momorphism with structure group Z/27. A direct generalization of Propo-
sition 3.6 would say that the induced map Xz2(SU(2)) — Xz2(PSU(2)) is
a covering with structure group Hom(Z?,Z/27Z) = (Z/2Z)?, but this is im-
possible; in fact there is no free action of (Z/2Z)? on S?, since the quotient
space for such an action would be a closed surface with fundamental group
(Z/27)%. We note that in fact X;2(PSU(2)) = S2, as can be checked by
direct computation.

4. Universal covers and fundamental groups of moduli spaces

In this section we show that in certain cases, the covering maps con-
structed in the previous sections are in fact universal covering maps, leading
to new results on fundamental groups. Throughout this section, G4 a
will denote the universal covering homomorphism for the Lie group G, and
DG < G will denote the commutator subgroup.

In this section we will focus on exponent-canceling groups.

Definition 4.1. Given a set S, let Fig denote the free group on S. We say
that a word R € Fg is exponent-canceling if R maps to the identity in the
free Abelian group on S (in other words, R lies in the commutator subgroup
of Fg).

Let I" be a finitely generated discrete group. If I' admits a presentation

(v [{Ri})

in which each word R; is exponent-canceling, then we say that I' is exponent-
canceling. We will refer to a generating set in an exponent-canceling group I
as standard if there is a presentation of I' with these generators in which all
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relations are exponent-canceling. The number r of generators in a standard
presentation will be called the rank of I'; note the Abelianization of I is
always of the form Z".

Examples of exponent-canceling groups include free groups, free Abelian
groups, right-angled Artin groups, and fundamental groups of closed Rie-
mann surfaces, as well as the universal central extensions of surface groups
considered in [BradGPGO8]. We note that the class of exponent-canceling
groups is closed under free and direct products.

Proposition 4.2. If I' is an exponent-canceling group of rank r, then
the covering maps considered in Theorem 3.6 are always surjective, and the
structure group Hom(T', ker(p)) is simply ker(p)".

Proof. The isomorphism Hom(T, ker(p)) = ker(p)” follows from the facts
that ker(p) is Abelian and the Abelianization of I" is Z".

Now we consider surjectivity. Let G be as in Theorem 3.6. Since the
universal covering homomorphism ¢: G — G factors through every covering
p: H — @G, it suffices to check surjectivity of g,. (Note that by Equation (2)
in Theorem 3.6, surjectivity on the full moduli spaces implies surjectivity
on the polystable quotients.)

Take any element [p] € Qr(G). Then [p] lifts to

p=I(91,--.,9r) € Hom(T', G),

and we can lift each g; to g; € G. By Proposition 2.2, for each i we may
write §; = (£, g,) € F¥ x DG (where F = R or C depending on whether G
is compact or complex). Now ¢; = q(t:)q(g}) = q(t:)g}, and t; := q(%;) is
central in G. For each relation R(y1,...,7 ) in I', we have R(¢1,...,9,) =€
where e is the identity. Thus,

€= R(tlg/h' . "trg;“) = R(th' . "tT)R(gllw .- ,gé) = R(glla e ag;)

since t1,...,t, are central in G and R is exponent-canceling. Similarly,
R(§17 A 7§7") = R((t17gi)7 MR (t;‘7g/)/")) = (R(£17 A 7£r)7 R(g:’l? AR 7g1l")) = 6'

Therefore, p = (g1, .. ., §r) satisfies the relations of I, hence p € Hom(T', CNJ)
Since ¢.«(p) = p, we conclude that ¢, is surjective, and surjectivity of g,
follows. O

Lemma 4.3. Let G be either a connected compact Lie group, or a connected
reductive C—group. Assume that 71(G) is torsion-free and T is a finitely
generated group. Then there are homotopy equivalences

(3) Hom(T', G) ~ Hom(T', DG) and Xr(G) ~ Xp(DG).
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Proof. By Proposition 2.2, G =~ F* x DG for some k > 0, and hence
Hom(T', G) = Hom(T, F¥) x Hom(T', DG)
>~ F* % Hom(T', DG)
~ Hom(T", DG),
where 7 is the rank of the Abelianization of I'. Since F* is central in é, the
conjugation action of G reduces to that of DG, so we have
Qr(G) 2 F™* x Qr(DG).
This homeomorphism restricts to a homeomorphism Xp(G) 2 F™* x Xp(DG)

between the subsets of closed points, and F™* x Xr(DG) ~ Xr(DG). O

Proposition 4.4. Let G be either a connected compact Lie group, or a
connected reductive C—group. Assume that 71(G) is torsion-free and T is
exponent-canceling of rank r. If Xp(DG) is simply connected, then the map

Xr(G) 5 %0(Q)
is a universal covering map. Consequently, m (Xr(G)) = m(G)".

Proof. By Theorem 3.6, we know that ¢. is a covering map with structure
group 71 (G)", and since Xp(G) ~ Xp(DG) by Lemma 4.3, the result follows.
([

As we will explain below, Xp(DG@G) is simply connected whenever the
representation space Hom(I', DG) is simply connected (see Section 4.3).

Remark 4.5. Since we have assumed that 71(G) is torsion-free, it is iso-

morphic to ZF for some k > 0. Thus the group m(Xr(G)) = m1(G)" in

Proposition 4.4 is free Abelian as well. We have G = Rad(G)DG (see for

example [Mil12, Theorem 1.29]), and the projection from G to the torus
G/DG = Rad(G)/(Rad(G) N DG)

induces an isomorphism on 1. Since Rad(G) N DG is central it is finite, so
we find that £ = dimp(Rad(G)/(Rad(G) N DG)) = dimp(Rad(G)) (where
F =R or C depending on whether G is real or complex). The rank of 71 (G)
is also the same as the number k in the decomposition

G = F*" x DG
(Proposition 2.2) since ¢: F¥ x DG — G restricts to a covering FF —
Rad(G).
4.1. Free groups.

Corollary 4.6. Let I' = F, be the free group of rank r. Let G be either a
connected compact Lie group, or a connected reductive C—group. If m(G) is

torsion-free, then the map %r(é) LN Xr(QG) is the universal covering map.
In particular, ™ (Xr(G)) = m1(G)".
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Proof. It suffices, in light of Proposition 4.4, to prove that Xg (DG) is
simply connected. Since 71 (G) is torsion-free, 71 (DG) = 1 (Proposition 2.2).
In [FLO9], it is shown (using methods similar to those below) that for both
the complex reductive and compact cases, Xp.(DG) is simply connected
whenever DG is simply connected. ([

Remark 4.7. In [BisL14], without the assumption that m1(G) is torsion-
free, part of this result is extended. In particular, it is shown that

Fl(%F(G)) = Wl(G/DG)T

when G is either a connected reductive C—groups or a connected compact
Lie group (this is consistent with our result given Remark 2.4).

By Casimiro et. al. [CFLO14, Theorem 4.7], the character varieties
Xr, (G) and Xp, (K) are homotopy equivalent whenever G is a real K-
reductive algebraic group (see [CFLO14, Definition 2.1]). Here K < G is a
maximal compact subgroup. Since 71 (G) = m(K), we obtain the following
consequence of Corollary 4.6.

Corollary 4.8. Let G be a connected real reductive Lie group with m1(G)
torsion-free. Then 1 (XF,.(G)) = m(G)".

4.2. Free Abelian groups.
We say that a semisimple Lie group is orthogonal-free if it is a direct
product of simply connected groups of type A, or type C,,.

Corollary 4.9. Let I' = Z" be the free Abelian group of rank r. Let G
be either a connected compact Lie group, or a connected reductive C—group.
Assume either (a) that r > 3 and DG is orthogonal-free, or (b) thatr = 1,2
and 1 (G) is torsion-free. Then the map Xr(G) 2 Xr(G) is a universal
covering map. In particular, m (Xp(G)) = m(G)".

Proof. As in the case of free groups, by Proposition 4.4 it suffices to prove
that Xp(DG) is simply connected. We remind the reader that in the compact
cases Qr(G) = Xr(G) since compact orbits are always closed. We begin by
noting that if DG is orthogonal-free, it is a product of simply connected
groups, and hence simply connected itself. Thus by Proposition 2.3, 71 (G)
is torsion-free in this case as well.

It is known that Hom(Z", H) is path-connected for any r > 3 and H
orthogonal-free, or r = 2 and H simply connected, or r = 1. The com-
pact case is due to Kac—Smilga [KaS00] (for » > 3, see [KaS00, Theorem
D1]). Another proof in the compact, orthogonal-free case is given in [AdC07,
Corollary 2.4], and the reductive case is due to Pettet—Souto [PetS13].
Therefore, Qz-(DG) is path-connected in the cases of interest. By results in
Florentino-Lawton [FL14], Xz-(DG) is also path-connected in these cases
(these results apply since G is assumed connected). As explained in Corol-
lary 5.20 of [FL14], simple-connectivity of Xz (DG) now follows from work
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of Gomez—Pettet—Souto [GPS12] in the compact case, and the same holds
in the complex case by Theorem 1.1 in [FL14]. O

Remark 4.10. As explained in [FL14], using results from [KaS00], the
above cases are the only cases where the Xz-(G) is connected when G is
semisimple and r > 3.

As in the previous section, we can extend our computation of fundamen-
tal groups to the real reductive case, using the deformation retraction in
Florentino-Lawton [FL14, Theorem 1.1].

Corollary 4.11. Let G be a real reductive Lie group with maximal compact
subgroup K < G, and assume either that DK is orthogonal-free, or that
r=1,2 and m1(K) is torsion-free. Then w1 (Xz:(G)) = m1(G)".

4.3. Path-lifting for reductive actions.

It is possible to prove the previous results without using the deforma-
tion retraction results [FL09, Theorem 1.1] and [FL14, Theorem 1.1]. In
Bredon [Bre72, Theorem I1.6.2] it is shown that for any Hausdorff space X
with a compact Lie group K acting, the natural map X — X/K has the
path-lifting property. In [KrPR89] this is generalized to affine varieties with
complex reductive group actions, and in [BisLR14] it is generalized to real
reductive group actions. We provide a proof here to make the article more
self-contained; this will be used in the next section to study surface groups.

Lemma 4.12. Let X be a complex affine variety, and let G be a connected
reductive C-group. If G acts rationally on X, then the map X — X//G has
the path-lifting property.

Proof. By Kempf-Ness [KeN79], there exists a real algebraic subset V' C X
such that X /G is homeomorphic to V/K, where K is a maximal compact
subgroup of G (see also [Sch89]). Moreover, the natural diagram

V—V/K

F

X —X)G

commutes. So we need only verify that V' — V/K has the path-lifting prop-
erty. However, since V' is algebraic, it satisfies the conditions in [MonY57]
for there to be a slice at each point. And as shown in [Bre72, page 91], this
implies that there exist a lift of each path in V/K to V. ([

The main results in [PetS13] and [GPS12] imply that Hom(Z", G) is sim-
ply connected whenever G is simply connected (compact or complex re-
ductive). Therefore, by Lemma 4.12 and its compact analogue in [Bre72],
Xz (DQ) is simply connected in the cases considered in Corollary 4.9 since
D@ is path-connected (note that the conjugation action of G is rational
since G is an algebraic group). Here is the proof: we can lift any loop based
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at [p] in the quotient to a path with its ends in the path-connected fiber
DG /Stab([p]); thus the quotient map is mi-surjective, and the total space is
simply connected. This gives a different proof of Corollary 4.9 (which can
be adapted to the free group case as well).

4.4. Surface groups.

Let MY be the closed orientable surface of genus g > 1. In this section we
focus on surface groups I'Y := m MY, which are exponent-canceling of rank
2g. Note that the g = 1 case was handled in the last subsection.

In [Li93], it is shown that when G is a connected semisimple C-group
and g > 1, there is a bijection mo(Hom(I'Y)) = m1(G), and moreover, when
m1(G) =1 it is shown that Hom(I'Y, G) is simply connected. Therefore, by
Lemma 4.12 and [FL14, Lemma 4.11], we conclude:

Theorem 4.13. Xpq(G) is simply connected for g > 1 and G a simply
connected semisimple C-group.

In [HLO5, AtB83], it is shown that
(4) mo(Hom(I'Y, G)) = mo(Xr9e(G)) = m(DG)

for any g > 0 and any compact connected Lie group. In Appendix A, Ho and
Liu generalize this same result to the case when G is a connected reductive
C-group.

Corollary 4.14. Let G be a connected reductive C-group, and assume w1 (G)

is torsion-free. Then Xrg (é) 2 X14(Q) is the universal cover. In partic-
ular, T (Xre(G)) = m(G)%.

Proof. The case ¢ = 1 was handled in Section 4.2, so we assume g >
2. As before, it suffices to check that Xps(DG) is simply connected. By
Proposition 2.2, we know that 71 (DG) = 1, so X1¢(DG) is simply connected
by Theorem 4.13. U

Corollary 4.15. Let G = U(n). The covering map Xrs(G) =5 Xro(Q) is
the universal covering map. Consequently, Xrqs(SU(n)) is simply connected,
and m (Xre(U(n))) = Z29.

Proof. We have G = R x SU(n). Since DG = SU(n) is connected, it follows
from [HLO5] (see (4)) that Hom(I'Y, SU(n)) and Hom(I'Y, U(n)), and conse-
quently X1s(SU(n)) and Xpg(U(n)), are path-connected. By Lemma 4.3, we
conclude that Xps (R x SU(n)) is path-connected as well.

Lemma 3.3 tells us that ¢,.: Hom(I',R x SU(n)) — Hom(I'Y,U(n)) is a
covering map whose image is a union of path components; since the base
space is in fact path-connected, we find that g, is surjective. Again, by
Lemma 3.3, the structure group of this covering is

Hom(T', ker(n)) = Hom(TY, Z) = 7.%9.
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This gives a short exact sequence of groups
1 — m (Hom(T'Y,R x SU(n))) — m (Hom(I'Y, U(n))) = 229 — 1.
In [HLRO9, Proposition 5.1] it was shown that the determinant map
det: Hom(TY,U(n)) — Hom(I'Y,U(1)) = (S')%

induces an isomorphism on 1, so 1 (Hom(I'9, U(n))) = Z29. Every surjec-
tion between free Abelian groups of the same rank is an isomorphism, so
the map p in the above exact sequence is an isomorphism and

ker(p) = m (Hom(I'Y, R x SU(n)))

is trivial. By Lemma 4.3, it follows that Hom(I'Y,SU(n)) is simply con-
nected. Using path-lifting as in Section 4.3 (or [Bre72, Corollary 11.6.3])
we conclude that Xps(SU(n)) is simply connected as well. Proposition 4.4
completes the proof. O

Remark 4.16. Biswas and Lawton also obtain Corollary 4.15 and the
GL(n) case of Corollary 4.14 in [BisL14].

It is natural to ask whether Corollary 4.15 extends to other connected
compact Lie groups. We offer a partial result in this direction.

Corollary 4.17. Let G be a connected compact Lie group with w1 (G) tor-

sion-free. Then Xrqe(Q) is path connected, and there is a short exact sequence
of groups
1 — m(Xro(G)) — m1(Xre(G)) — m(G)% — 1.

Proof. By Theorem 3.6, we have the covering map Xr¢(G) — Xr¢(G)
with structure group 1 (G)%, so it suffices to check that Xro(G) is path-
connected. By Proposition 4.4, we just need to check that Xrs(DG) is
path-connected, but this follows from (4) since DG is simply connected. [

Remark 4.18. Let G be a connected reductive C-group, and K a maximal
compact subgroup. In [FL14] and [FL09] it is shown that Xp(G) and Xr(K)
are homotopic when I is a finitely generated free group or a finitely gener-
ated Abelian group. However, examples when Xpq(G) and Xpg(K) are not
homotopic can be ascertained from Poincaré polynomial computations (see
[Hit87], [AtB83], [DasWW10)]); and in [BisF11] it is shown they are never
homotopic for g > 2. This paper, however, provides evidence that they are
m-isomorphic for k =0, 1.

We end this section with some interesting questions.

Question 4.19. To what extent can we remove the assumption that 71 (G)
is torsion-free? Note that because of Example 3.14, a direct generalization
of Proposition 3.6 is not possible.

Question 4.20. Can we generalize Corollary 4.15 to all connected compact
Lie groups whose derived subgroup is simply connected?
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We note that Question 4.20 can in fact be addressed using the methods
in [BisLR14].

Question 4.21. As discussed in the introduction, Theorem 4.14 (for G =
GL(n)) extends [BradGPGO08, Theorem 4.4(1)] to the degree zero component
of X5 (GL(n)). Can our methods be used to compute fundamental groups

for all components of this space? Note that T9 is exponent-canceling.
Question 4.22. What can be said when I is a non-orientable surface group?

Note that since exponent-canceling groups have torsion-free Abelianizations,
non-orientable surface groups are not exponent-canceling.

5. Stable moduli spaces of surface group representations

We now use Corollaries 4.14 and 4.15 to study the stable moduli spaces
of surface group representations

Xre(SU) := co_l)im Xre(SU(n)) and Xp¢(GL) := colim Xre¢(GL(n)).

n—o0

The colimits are taken with respect to the inclusions sending A to A @ [1]
(the block sum of A with the 1 x 1 identity matrix).

The unitary stable moduli space X1 (U) is defined similarly, and its homo-
topy type was calculated by the second author using results from Yang—Mills
theory and stable homotopy theory [Ram11].

Theorem 5.1 (Ramras). There is a homotopy equivalence
Xre(U) ~ (S1)% x CP™.
Hence m1(Xre(U)) = Z%9, 13(Xre(U)) 2 Z, and 7.(Xre(U)) = 0 for + # 1,2.
In fact, the same article also shows that the maps
(81)% = Xps(U(1)) — Xpoe(U) — Xpre(U(1)) = (S1)%

induced by the inclusions U(1) — U(n) and the determinant maps U(n) —
U(1) (respectively) each induce an isomorphism on fundamental groups. We
can now extend this result.

Proposition 5.2. The functor m (Xrs(—)) applied to the diagram

U(1)C U(n)c Uln+1)-% 5 U(1)

N N

GL(1)— GL(n)— GL(n + 1) % GL(1)

results in a diagram of isomorphisms between free Abelian groups of rank
2g. Consequently, w1 (Xrq(GL)) = Z29.
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Proof. By Corollaries 4.14 and 4.15, the fundamental groups of all of these
character varieties are free Abelian of rank 2g, and the determinant maps
split the inclusions GL(1) < GL(m) and U(1) < U(m). Since every sur-
jection Z?9 — 729 is an isomorphism, the result follows. For the final state-
ment, note that the maps Xrs(GL(n)) — Xpe(GL(n + 1)) are embeddings
of Hausdorff spaces, so 71 (Xrs(GL)) = colim,, m1 (X1s(GL(n))). O

~

Using Corollary 4.15, we can also describe a generator of ma(Xre (U)) = Z.
We will need to use the degree one “pinch” maps py: M9 — M L= glx gt
These maps are characterized up to homotopy by their behavior on 71, and
in terms of the standard presentation

I = <a’17b1 .- 'aag>bg | [al’bl] T [ag,bg} = €>a

we have (pg)«(a1) = a1, (pg)«(b1) = b1, and (pg)«(ai) = (pg)«(bi) = e for
i > 1 (on the right-hand side of these equations, a; and b; are the generators
of 't = 72).
Theorem 5.3. There is a homotopy equivalence

:{I‘g (SU) ~ CP™.

Moreover, the natural maps

X2(SU(2)) — X22(SU) 2% Xpe (SU) — Xpo(U)
each induce an isomorphism on me. (The first and last maps are induced by
the inclusions SU(2) < SU(n) and SU(n) < U(n), respectively.)

Since Xrs(SU(2)) is homeomorphic to S? (Example 3.14), the above maps
provide explicit generators for mo(Xpe (SU)) and 7o (Xps (U)).

We will need a lemma in the proof, and first we fix some notation. Let
SP™(X) denote the nth symmetric product of the space X, namely the quo-
tient of X™ by the natural permutation action of the symmetric group %,.
Given a basepoint 2 € X, there are stabilization maps SP"(X) — SP"1(X)
that send [(x1,...,2p)] to [(x1,...,2n,x)]. When X = MY (equipped with
a complex structure), the space SP™(M?Y) is a smooth manifold, which we
view as the space of effective divisors on MY of total degree n.

Let J(MY9) = (S1)29 denote the Jacobian of M9. The Abel-Jacobi
map can be viewed as a smooth mapping p = py,: SP"(M9) — J(MY)
(see [ArCGHS85], for instance). Its definition relies on a choice of basepoint
m € MY, and the corresponding stabilization map SP™(M9) — SP"™T!(M19)
covers the identity map on J(M?Y). The following result is presumably well-
known, but we have not found a discussion of these stabilization maps in
the literature.

Lemma 5.4. Assuming n > 2g, the Abel-Jacobi map
w: SP™*(M9) — J(MY)

is a fiber bundle with fibers homeomorphic to CP™ 9. The stabilization maps
SP(M?9) — SP™"Y(M?Y) restrict to the usual inclusions CP"~9 «— CP"+1-9,
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Proof. The ideas involved are classical, and we refer to [ArCGHS85] for
background and details. As pointed out in [Schz63, Section 6], the fact that
w is a fiber bundle follows from the general results in [Mat61].

To describe the fibers of u, let M(M?Y) denote the complex vector space of
meromorphic functions f: M9 — C. Abel’s Theorem states that the fiber
pt(x) of puover a point x = u(fer, ..., cy)) is the set

{ldh,...,d,) € SP"(MI) :
[di,...,dp] =[c1,...,ca] + (f) for some f e M(M)}.
Here (f) is the divisor consisting of the zeros and poles of f, and the addition
is taken in the set of all divisors on M9. Letting V,, C M(M?Y) denote
the subset of functions f such that [ci,...,c,] + (f) € SP™(MY), we see

that V), is the subspace of functions whose poles, with multiplicity, form a
sub(multi)set of [c1,...,¢,]. Moreover, the map

V,, — SP"(MY)
Flennvenl + (f)

induces a homeomorphism P(V},) = p~1(z), where P(V;,) denotes the com-
plex projective space associated to V;, (injectivity of this map comes from
the fact that if two meromorphic functions have the same zeros and poles,
their ratio is an entire function on the compact Riemann surface MY, and
must be constant). The stabilization map on this fiber agrees with the map
P(V,,) — P(V,41) induced by the linear inclusion V,, C V4.

The dimension of V,, can be calculated using the Riemann—Roch theorem.

O
Proof of Theorem 5.3. The inclusion maps
U(n—1) = U(n), SU(n—1) = SU(n),

all induce injective maps between the corresponding moduli spaces. In fact,
there exist triangulations of Xrs(SU(n)) and Xre(U(n)) with the images of
Xre(SU(n — 1)) and Xpe(U(n — 1)) as subcomplexes (see, for instance, the
proof of [Ram11, Lemma 5.7]). It follows that there are isomorphisms

7. (X4 (SU)) 2 colim . (Xrs (SU(n)),
7. (%0a (0) = colim . (%04 (U(n)))

and moreover the map

(5) T (Xre (SU)) — m(Xre (U))
induced by the inclusions SU(n) < U(n) is the colimit of the maps
(6) T (Xra (SU(n))) — m(Xrs (U(n)))-

By Corollary 4.15, we know that mo(Xre(SU(n))) = m1(Xre(SU(n))) = 0,
and the maps (6) are isomorphisms for * > 2 by Corollary 3.12. Passing
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to the colimits, we find that m(Xrs(SU)) = m1(Xrs(SU)) = 0 and that the
map (5) is an isomorphism for * > 2. It now follows from Theorem 5.1
that the homotopy groups of Xp¢(SU) are trivial except in dimension 2,
where m3(Xre (SU)) = Z. The argument in [Ram11, Lemma 5.7] shows that
Xrg(SU) has the homotopy type of a CW complex, so it is an Eilenberg—
MacLane space of the form K(Z,2), as is CP*°. Consequently, there exists
a homotopy equivalence Xpg(SU) ~ CP>.
To complete the proof, it suffices to show that the maps

X2(SU(2)) == %,2(SU) and X2 (SU) 2% %14 (SU)

induce isomorphisms on 5.
First consider the map i. There is a corresponding map

272(U(2)) -5 %2 (U),
and 7 is the restriction of j to the fibers of the determinant maps
X72(U(k)) = Xz2(U(1)).

Under the homeomorphism X72(U(n)) = SP"(S! x S1) given by recording
eigenvalues with respect to a simultaneous eigenbasis (see [Ram11, p. 1084],
for instance), the determinant map agrees with the map

m: SP™(S! x §') — §' x St

induced by multiplication in the Abelian group S' x S'. So we will just
work with the map m. Note that m is a submersion (since for any Lie
group A, the multiplication map A x A — A is a submersion) and hence a
fiber bundle by Ehresmann’s Fibration Theorem. The stabilization map j
corresponds to the map SP™(S' x S1) — SP™ (5! x S1) sending (ay, ..., an)
to (a1,...,an,e), where e = (1,1) is the identity in S* x S*. (In the proof
of [AdCG10, Proposition 6.5] it is stated that m can be identified with the
Abel-Jacobi map p, but we do not need to use this.) Since 7;(S! x S') =0
for * > 1, the resulting diagram of long exact sequence in homotopy identifies

the map 72 (X72(SU(2))) == m2(X42(SU)) with the map

(X2 (U(2))) 25 ma (X2 (V).

Similarly, using the Abel-Jacobi maps ps and g, (which, by Lemma 5.4,
are fibrations with fibers CP' and CP" !, respectively) we obtain an iden-
tification of j, with the map my(CP!) — mo(CP™) induced by the usual
inclusion of CP! ¢ CP*. Since CP' is the 3-skeleton of CP*, this map is
an isomorphism. Hence %, is an isomorphism, as desired.

To complete the proof, we will show that the pinch maps induce isomor-
phisms

72(X52(SUY) 2% 1 (3 (SU)).
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This will follow from the corresponding statement with U replaced by SU,
since we have a commutative diagram

T2 (.%ZQ (SU)) %} 9 (%1"9 (SU))

F F

o (%22 (U)) 22,y (G (1)),

where the isomorphisms come from (6) (note that Z? = I'!). To analyze the

map Xz2(U) L9 Xro (U), we will use facts from stable representation the-
ory [Law09, Ram07, Ram11]. These results are most easily stated for groups
I' whose unitary representation spaces Hom(I', U(n)) are path-connected;
note that this condition holds for the trivial group {e} and (as discussed
in Section 4.4) for all I'Y (including Z? = T'!). (This condition immediately
implies the “stably group-like” condition discussed in [Ram07, Ram11].)
For such groups, the zeroth spaces of the spectra K9 (T") and RIH(T)
considered in the above references are naturally homotopy equivalent to
Z x Hom(I', U),y and Z x Xy (I') (respectively), where

Hom(T', U)py = co_l)im EU(n) Xy Hom(TY, U(n)),

is the colimit of the homotopy orbit spaces for the conjugation action of
U(n) on Hom(I'Y, U(n)). These homotopy equivalences follow from [Ram07,
Corollary 4.4] in the case of the spectrum K9(T") (see also [Ram08, proof
of Theorem 5.1]), and from [Ram08, Proposition 6.2] in the case of the
spectrum RH(T). Since K9%(I") and RI(T") are connective Q-spectra,
their homotopy groups are naturally isomorphic to the homotopy groups of
their zeroth spaces (and in particular, their negative homotopy groups are
trivial). Note that mo(Z x Hom(T", U),yu) has a natural addition given by the
usual addition in Z and the block sum operation on unitary matrices, and
the isomorphism respects this structure [Ram07, Theorem 3.6].

For each finitely generated group I', Lawson constructed a natural long
exact sequence ending with

moB 9 (D) 25 o K9 (T) ™2 my RAH(T) — 7 K9°F(T) = 0.

This is the long exact sequence in homotopy resulting from Lawson [Law09,
Corollary 4]; note that Lawson uses the notation R[] in place of RIf(I").
(Here f, is the Bott map, raising degree by 2, and . is induced by the
quotient maps Hom(I', U(n)) — Xp(U(n)).) The pinch map induces a map
between the Lawson exact sequences for Z2 and I'Y, and by the 5-lemma it

will suffice to show that the induced maps ; K9¢(Z2?) M 7 K9°H(T'9) are
isomorphisms for ¢ = 0, 2.

First we consider 7. Both 7oK1 (I'9) and 7oK 4°f(Z2) are isomorphic to
Z, because the zeroth spaces of these spectra have the form Z x Hom(T', U)y,
and we have observed already that Hom(T', U) is connected for these groups.
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The same reasoning shows that oK% ({e}) = Z. Now consider the maps
{e} = T9 — {e}. These induce maps on 7oK (—) whose composite is the
identity. Since all the groups in question are infinite cyclic, these maps must
be isomorphisms. From the diagram

mo K9 ({e})

1R
1R

(Pg)+

WoKdef(ZQ) WoKdef(Fg)
we now conclude that pj induces an isomorphism on oK def( ),

Now consider the map mo K 4¢f(Z2) %

this map is equivalent to the map

T K (I'9). As discussed above,

ma(Hom(Z2, U)py) 2% my(Hom(T9, Upy).

For any G—space X, the projection map X, — BG = EG/G is a fibration
with fiber X. If there exists a point x € X that is fixed by all g € G, then
the map BG = EG/G — Xpg, [b] — [b, x|, defines a continuous section
of this fibration, and hence the boundary maps in the long exact sequence
on homotopy are all zero. This applies to the cases in question, since the
trivial representation is fixed by conjugation. A G—equivariant map X — Y
induces a map X, — Yj¢ covering the identity on BG. Thus py induces a
diagram of short exact sequences in homotopy

0 —— ma(Hom(Z?,U)) —— ma(Hom(Z2, U)y) —— m2(BU) —— 0

J/(p;)* J{(p;)* J:

0 —— mo(Hom(I'9, U)) —— ma(Hom(I'9, U)y) —— ma(BU) —— 0,

so it will suffice to show that 72 (Hom(Z?2,U)) % mo(Hom(I'Y,U)) is an

isomorphism.

We will compare this map with (reduced) topological K—theory and inte-
gral cohomology. Let Map?(X,Y’) denote the space of nullhomotopic based
maps from X to Y. For any finitely generated group I, there is a natural
map

(7) B: Hom(T',U) — Map!(BT, BU),

where BT and BU are the (functorial) simplicial models for the classifying
spaces of these groups. When I' = I'Y (g > 1), the map (7) induces an
isomorphism on homotopy groups in positive dimensions [Ram11, Theorem
3.4]. The homomorphism (py)«: I'Y — Z? induces a map

B(py)«: BTY — BZ2,
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so it suffices to check that the induced map
7o (Map, (BZ?, BU)) — mo(Map, (BTI'Y, BU))
is an isomorphism. There are natural isomorphisms
m.(Map, (X, BU)) = K~*(X)
for each CW complex X and each * > 0, so it will suffice to show that
B(py)s« induces an isomorphism on K%(—) = K~%(-).
The classifying space BI' is an Eilenberg-MacLane space of the form

K(T',1), and there is a natural isomorphism I' — 71 (BI") such that for
any group homomorphism f: T' = I'", the map (Bf).: m(BT") — m(BI")
agrees with f under these isomorphisms. This gives us a commutative dia-
gram of groups

(Pg)+

T 72
m(Bre) L pye

Since based homotopy classes of based maps between Eilenberg—MacLane
spaces are in 1-1 correspondence with homomorphisms between the under-
lying homotopy groups [Hat02, Section 4.3, Exercise 4], there exists a cor-
responding diagram

M9 P ot
l B(pg)* Jf

BIY ————"  B7?,

commuting up to homotopy (note that MY is an Eilenberg—-MacLane space
for g > 1). Thus it suffices to show that

KoYy 22 KO(Mo)
is an isomorphism. A complex vector bundle E on a surface is determined

up to isomorphism by its first Chern class ¢;(F), and since ¢1(E @ F) =
c1(E) + c1(F) we obtain a commutative diagram

KO(MY — 22 gO(09)

als als
*

H2(MYZ) 22 H2 (M9 7).

Since p, can be realized as the map M9 = (S! x SH#MI~1 — (S x S1)
that collapses M9~ to a point, it sends the fundamental class of MY to that
of ST x S'. So the induced map Py is an isomorphism on H?(—;7Z), and we
are done. O
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Remark 5.5. The same argument can be used to show that if f: M9 — M"

is a degree d map, then the induced map Xp»(SU) EAN Xry(SU) has degree
+d when thought of as a map between Eilenberg—MacLane spaces of the
form K(Z,2).

It would be interesting to have an explicit homotopy equivalence
Xrs(SU) — CP*.

Such a map would correspond to a class in H?(Xrs(SU); Z), or equivalently
to a complex line bundle on Xr¢(SU). Goldman [Gol84] constructed a sym-
plectic form w on the (Zariski) tangent spaces to the varieties Xps(SU(n)).
Restricted to the non-singular locus (the subspace of irreducible representa-
tions) this form represents a 2-dimensional de Rham cohomology class [w].
Ramadas, Singer, and Weitsman [RamSW89] constructed a complex line
bundle over Xr¢(SU) whose first Chern class is a non-zero scalar multiple of
[w]. These bundles are compatible with stabilization, and hence yield a line
bundle L — Xrs(SU).

Question 5.6. Is the classifying map Xrq(SU) — CP* for the Ramadas—
Singer—Weitsman line bundle a homotopy equivalence?

We note that since Xps(SU) ~ CP*, it would suffice to check whether
this classifying map induces an isomorphism on H?(—;Z). In fact, since the
map

S2 = %,,(SU(2)) —L5 214 (SU)
described in Theorem 5.3 induces an isomorphism on 79, it also induces an
isomorphism on H?(—;Z). Thus to answer Question 5.6, it would suffice to
describe the classifying map for the pullback f*(L) — S2; in other words,
it would suffice to calculate the first Chern class of this line bundle on S2.
Since L is defined using the holonomy fibration

Afar (M7 x SU(n)) = X (SU(n))

and the Chern—Simons functional, this calculation appears to be an interest-
ing problem (here Aga (MY x SU(n)) denotes the space of flat connections
on the trivial SU(n)-bundle over M?Y).?

Appendix A. Connected components of surface group
representations for complex reductive Lie
groups — by Nan-Kuo Ho & Chiu-Chu
Melissa Liu

Let G be a connected reductive C—group. Then G is the complexification
of a compact connected Lie group K, i.e., G = KC.

Let H = Z(K)g be the identity component of the center Z(K) of K, and
let DK = [K, K] be the commutator subgroup of K. Then H = U(1)™ is

2After we posed this question, it was answered affirmatively in [JRW14].
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a compact torus of dimension m € Z>g, and DK is the maximal connected
semisimple subgroup of K. The map

¢:Hx DK — K=H-DK, (hk)— hk

is a finite cover which is also a group homomorphism; the kernel of ¢ is
isomorphic to HN DK, which is a finite Abelian group. Let pss : DK — DK
be the universal covering map, which is also a group homomorphism. Then
DK is a compact, connected, simply connected, semisimple Lie group, and
Ker(pss) = m1(K) is a finite Abelian group. Let h = R™ be the Lie algebra
of H and let expyg : h — H be the exponential map. We have a universal
covering map

p: K:=hx DK - K=H-DK, (X,k) expy(X)pss(k).
Let HC, p©, DG, and DG be the complexification of H, h, DK, and f)?(,
respectively. Then H® = (C*)™, h© = C™, DG is a semisimple complex Lie

group, and DG is a simply connected semisimple complex Lie group. We
have a commutative diagram

1 —— Ker(pss) DK -2y DK — 1

EE

—_— C
1 —— Ker(p%) DG = DG —— 1

Ss

where:

The rows are short exact sequence of groups.

pss and pgs are universal covering maps.

j and j are inclusion maps and homotopy equivalences.
Ker(pS,) = Ker(pss) & m (DK) = 71 (DG).

We have a universal covering map

8) p°: G:=p"x DG —G=H" DG, (X,g) expye(X)pS(9),

where exp e : h© — HC is the exponential map.
Let ¥ be a Riemann surface of genus ¢ > 2. Jun Li showed in [Li93] that
for a complex connected semissimple Lie group DG,

mo(Hom(m1(X), DG)) = m(DG).

It is known that for a compact connected Lie group K (cf. [AtB83],[HL05]),
mo(Hom(71(X), K)) = m (DK).

In this appendix, we prove the following statement.

Proposition A.1. Let G be a connected reductive C—group, and let DG be
its maximal connected semisimple subgroup. Then

mo(Hom(m1 (), G)) = m(DG).
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Proof. Define a map O, : Hom(71 (%), G) — G by
l
(alv bla <o Gy, bf) € GQZ = H[dh B’L}

where @;, b; are any liftings of a;, b; under the universal covering p© : G — G.
Notice that Hle[di, b;] is independent of the choice of the liftings a;, b;, so
this map is well-defined. Moreover,

l
[T1@:.b:] € Ker(p%) N ({0} x DG) = {0} x Ker(pS,) = m(DG).

i=1
We obtain a map
O, : Hom(m (X), G) — {0} x Ker(p%,) = m(DG)
which restricts to a map
O} : Hom(m (%), D) — {0} x Ker(pl,) = 7 (DG)
By the results in [Li93], for each (0,k) € {0} x Ker(p%,), (04)~1(0,k) is

nonempty and connected. Since (04)71(0,k) < O5(0,k), O5'(0,k) is
nonempty for each k € Ker(p%,). It remains to show that

y4
07(0,k) = {(ax, by, ..., ap,be) € G*, T [lai, bi] = (0,k)}
i=1
is connected for each k € Ker(pS,). Since (05)71(0,k) is connected,
suffices to prove that, for any (aj,b1,...,apbp) € 51( , k), there ex1sts
a path v : [0,1] — O5'(0,k) such that 4(0) € (04)~(0,k) and (1) =
(a1,b1,...,as,by).
Given (a1,b1,...,a4,bp) € 02_1(0, k), write a; = exp(&)a;, by = exp(n;)b},
where &, n; € b€ and df, b, € DG. Define a path v : [0,1] — G* by
V(t) - (al(t)7 bl(t)7 ce 7a5<t>7 bﬁ(t>)7
where a;(t) = exp(t&;)a; and b;(t) = exp(tn;)b;. Then (t) € O5 (0, k) since
TTe_, [@i(t), bi(1)] = T2, [@i, bi] = (0, k). Moreover, a;(0) = a}, b;(0) = b; and
ai(1) = a;, bj(1) = b;, so v(0) € (04)71(0,k) and (1) = (a1, b1,- - ., as, by).

Thus, any point in O5 (0, k) is path connected to the set (0%)~1(0, k). This
completes the proof of the proposition. O

Remark A.2. In the above proof, the choices of
(€ af), (m,b}) €9 x DG
are not unique, but this only means that we have a different path ~(t)

connecting the point (a1,b1,...,asby) to some (possibly different) point
(a}, b, ... a}, b)) in the set (04)~1(0, k).



COVERING SPACES OF CHARACTER VARIETIES 413

References

[AdCO7]

[AdCG10]

[ArCGHSS5]

[AtB83]

[BisF11]

[BisL14]

[BisLR14]

[BocCR98]

[Bor91]

[BradGPGO08|

[BratC01]

[Bre72]

[CFLO14]

[DasWW10]

ADEM, ALEJANDRO; COHEN, FREDERICK R. Commuting elements
and spaces of homomorphisms. Math. Ann. 338 (2007), no. 3, 587—
626. MR2317932 (2008h:55028), Zbl 1131.57003, arXiv:math/0603197,
doi: 10.1007/s00208-007-0089-z.

ADEM, ALEJANDRO; COHEN, FREDERICK R.; GOMEZz, JOSE MANUEL.
Stable splittings, spaces of representations and almost commuting ele-
ments in Lie groups. Math. Proc. Cambridge Philos. Soc. 149 (2010), no.
3, 455-490. MR2726729 (2012¢:22012), Zbl 1208.22008, arXiv:1010.0735,
doi: 10.1017/S0305004110000277.

ARBARELLO, E.; CORNALBA, M.; GRIFFITHS, P. A.; HARRIS, J. Ge-
ometry of algebraic curves. Vol. I. Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences|, 267.
Springer-Verlag, New York, 1985. xvi+386 pp. ISBN: 0-387-90997-4.
MRO0770932 (86h:14019), Zbl 0559.14017.

ATivaH, M. F.; BorT, R. The Yang—Mills equations over Riemann sur-
faces. Philos. Trans. Roy. Soc. London Ser. A 308 (1983), no. 1505, 523—
615. MR0702806 (85k:14006), Zbl 0509.14014, doi: 10.1098 /rsta.1983.0017.
BiswAs, INDRANIL; FLORENTINO, CARLOS. The topology of moduli spaces
of group representations: the case of compact surface. Bull. Sci. Math.
135 (2011), no. 4, 395-399. MR2799816 (2012¢:14018), Zbl 1225.14011,
doi: 10.1016/j.bulsci.2011.02.004.

Biswas, INDRANIL; LAWTON, SEAN. Fundamental group of moduli
spaces of representations. Geometriae Dedicata (2015). arXiv:1405.3580,
doi: 10.1007/s10711-015-0048-x.

Biswas, INDRANIL; LAWTON, SEAN; RAMRAS, DANIEL. Fundamen-
tal groups of character varieties: surfaces and tori. Preprint, 2014.
arXiv:1412.4389.

BocHNAK, JACEK; COSTE, MICHEL; ROY, MARIE-FRANGOISE. Real al-
gebraic geometry. Translated from the 1987 French original; revised by
the authors. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 36.
Springer-Verlag, Berlin, 1998. x+430 pp. ISBN: 3-540-64663-9. MR1659509
(2000a:14067), Zbl 0912.14023, doi: 10.1007/978-3-662-03718-8.

BOREL, ARMAND. Linear algebraic groups. Second edition. Graduate Texts
in Mathematics, 126. Springer-Verlag, New York, 1991. xii4+-288 pp. ISBN:
0-387-97370-2. MR1102012 (92d:20001), Zbl 0726.20030.

BRADLOW, STEVEN B.; GARciA-PRADA, OSCAR; GOTHEN, PETER B.
Homotopy groups of moduli spaces of representations. Topology 47
(2008), mno. 4, 203-224. MR2416769 (2009f:53135), Zbl 1165.14028,
arXiv:math/0506444, doi: 10.1016/j.top.2007.06.001.

BRATHOLDT, STUART; COOPER, DARYL. On the topology of the character
variety of a free group. Rend. Istit. Mat. Univ. Trieste 32 (2001), suppl. 1,
45-53. MR1889465 (2003d:14072), Zbl 1062.14505.

BREDON, GLEN E. Introduction to compact transformation groups. Pure
and Applied Mathematics, 46. Academic Press, New York-London, 1972.
xiii+459 pp. MR0413144 (54 #1265), Zbl 0246.57017.

CaAsIMIRO, A. C.; FLORENTINO, C.; LAWTON, S.; OLIVEIRA, A. G. Topol-
ogy of moduli spaces of free group representations in real reductive groups.
Forum Mathematicum (2015). doi: 10.1515/forum-2014-0049.
DASKALOPOULOS, GEORGIOS D.; WENTWORTH, RICHARD A.; WILKIN,
GRAEME. Cohomology of SL(2,C) character varieties of surface groups
and the action of the Torelli group. Asian J. Math. 14 (2010), no.


http://www.ams.org/mathscinet-getitem?mr=2317932
http://zbmath.org/?q=an:1131.57003
http://arXiv.org/abs/math/0603197
http://dx.doi.org/10.1007/s00208-007-0089-z
http://www.ams.org/mathscinet-getitem?mr=2726729
http://zbmath.org/?q=an:1208.22008
http://arXiv.org/abs/1010.0735
http://dx.doi.org/10.1017/S0305004110000277
http://www.ams.org/mathscinet-getitem?mr=0770932
http://zbmath.org/?q=an:0559.14017
http://www.ams.org/mathscinet-getitem?mr=0702806
http://zbmath.org/?q=an:0509.14014
http://dx.doi.org/10.1098/rsta.1983.0017
http://www.ams.org/mathscinet-getitem?mr=2799816
http://zbmath.org/?q=an:1225.14011
http://dx.doi.org/10.1016/j.bulsci.2011.02.004
http://arXiv.org/abs/1405.3580
http://dx.doi.org/10.1007/s10711-015-0048-x
http://arXiv.org/abs/1412.4389
http://www.ams.org/mathscinet-getitem?mr=1659509
http://zbmath.org/?q=an:0912.14023
http://dx.doi.org/10.1007/978-3-662-03718-8
http://www.ams.org/mathscinet-getitem?mr=1102012
http://zbmath.org/?q=an:0726.20030
http://www.ams.org/mathscinet-getitem?mr=2416769
http://zbmath.org/?q=an:1165.14028
http://arXiv.org/abs/math/0506444
http://dx.doi.org/10.1016/j.top.2007.06.001
http://www.ams.org/mathscinet-getitem?mr=1889465
http://zbmath.org/?q=an:1062.14505
http://www.ams.org/mathscinet-getitem?mr=0413144
http://zbmath.org/?q=an:0246.57017
http://dx.doi.org/10.1515/forum-2014-0049

414

[Dol03)]

[DonP12]

[FLO09]

[FL14]

[GPO14]

[Gol&4]

[Gol88]

[GPS12)

[Hat02]

[Hit87]

[HLO5]

[HLR09)]

[HMO6]

[Hum?75]

[JRW14]

S. LAWTON AND D. RAMRAS

3, 359-383. MR2755722 (2012j:53108), Zbl 1213.57021, arXiv:0808.0131,
doi: /10.4310/AJM.2010.v14.n3.a5.

DoLcACHEV, IGOR. Lectures on invariant theory. London Mathematical
Society Lecture Note Series, 296. Cambridge University Press, Cambridge,
2003. xvi+220 pp. ISBN: 0-521-52548-9. MR2004511 (2004g:14051), Zbl
1023.13006, doi: 10.1017/CB0O9780511615436.

Donacl, R.; PANTEv, T. Langlands duality for Hitchin systems. In-
vent. Math. 189 (2012), no. 3, 653-735. MR2957305, Zbl 1263.53078,
arXiv:math/0604617, doi: 10.1007/s00222-012-0373-8.

FLORENTINO, CARLOS; LAWTON, SEAN. The topology of moduli
spaces of free group representations. Math. Ann. 345 (2009), no. 2,
453-489. MR2529483 (2010h:14075), Zbl 1200.14093, arXiv:0807.3317,
doi: 10.1007/s00208-009-0362-4.

FLORENTINO, CARLOS; LAWTON, SEAN. Topology of character varieties
of abelian groups. Topology Appl. 173 (2014), 32-58. MR3227204, Zbl
1300.14045, arXiv:1301.7616, doi: 10.1016/j.topol.2014.05.009.
GARcCfA-PRADA, OSCAR; OLIVEIRA, ANDRE. Connectivity of Higgs bundle
moduli for complex reductive Lie groups. Preprint, 2014. arXiv:1408.4778.
GoOLDMAN, WIiLLIAM M. The symplectic nature of fundamental groups of
surfaces. Adv. in Math. 54 (1984), no. 2, 200-225. MR0762512 (861:32042),
Zbl 0574.32032, doi: 10.1016/0001-8708(84)90040-9.

GoLDMAN, WIiLLIAM M. Topological components of spaces of representa-
tions. Invent. Math. 93 (1988), no. 3, 557-607. MR0952283 (89m:57001),
Zbl 0655.57019, doi: 10.1007/BF01410200.

GO6MEZ, JoSE MANUEL; PETTET, ALEXANDRA; SOUTO, JUAN. On the
fundamental group of Hom(Z*,G). Math. Z. 271 (2012), no. 1-2, 33—
44. MR2917131, Zbl 1301.55009, arXiv:1006.3055, doi: 10.1007/s00209-011-
0850-6.

HATCHER, ALLEN. Algebraic topology. Cambridge University Press, Cam-
bridge, 2002. xii+544 pp. ISBN: 0-521-79160-X; 0-521-79540-0. MR1867354
(2002k:55001), Zbl 1044.55001.

HircHiN, N. J. The self-duality equations on a Riemann surface. Proc.
London Math. Soc. (3) 55 (1987), no. 1, 59-126. MR0887284 (89a:32021),
Zbl 0634.53045, doi: 10.1112/plms/s3-55.1.59.

Ho, Nan-Kuo; Liu, CHiu-CHU MELISSA. Connected components of spaces
of surface group representations. II. Int. Math. Res. Not. (2005), no. 16,
959-979. MR2146187 (2006b:53108), Zbl 1076.57017, arXiv:math/0406069,
doi: 10.1155/IMRN.2005.959.

Ho, NaN-Kuvo; Liu, CHIu-CHU MELISSA; RAMRAS, DANIEL. Orientabil-
ity in Yang—Mills theory over nonorientable surfaces. Comm. Anal. Geom.
17 (2009), no. 5, 903-953. MR2643735 (2011i:53021), Zbl 1202.53033,
arXiv:0810.4882, doi: 10.4310/CAG.2009.v17.n5.a3.

HorMmANN, KARL H.; MORRIS, SIDNEY A. The structure of compact
groups. A primer for the student—a handbook for the expert. Augmented
edition. de Gruyter Studies in Mathematics, 25. Walter de Gruyter &
Co., Berlin, 2006. xviii+-858 pp. ISBN: 978-3-11-019006-9; 3-11-019006-0.
MR2261490 (2007d:22002), Zbl 1277.22001.

HuMPHREYS, JAMES E. Linear algebraic groups. Graduate Texts in Math-
ematics, 21. Springer-Verlag, New York-Heidelberg, 1975. xiv+247 pp.
MRO0396773 (53 #633), Zbl 0325.20039, doi: 10.1007/978-1-4684-9443-3.
JEFFREY, LisA C.; RAMRAS, DANIEL A.; WEITSMAN, JONATHAN. The
prequantum line bundle on the moduli space of flat SU(n) connections on


http://www.ams.org/mathscinet-getitem?mr=2755722
http://zbmath.org/?q=an:1213.57021
http://arXiv.org/abs/0808.0131
http://dx.doi.org//10.4310/AJM.2010.v14.n3.a5
http://www.ams.org/mathscinet-getitem?mr=2004511
http://zbmath.org/?q=an:1023.13006
http://zbmath.org/?q=an:1023.13006
http://dx.doi.org/10.1017/CBO9780511615436
http://www.ams.org/mathscinet-getitem?mr=2957305
http://zbmath.org/?q=an:1263.53078
http://arXiv.org/abs/math/0604617
http://dx.doi.org/10.1007/s00222-012-0373-8
http://www.ams.org/mathscinet-getitem?mr=2529483
http://zbmath.org/?q=an:1200.14093
http://arXiv.org/abs/0807.3317
http://dx.doi.org/10.1007/s00208-009-0362-4
http://www.ams.org/mathscinet-getitem?mr=3227204
http://zbmath.org/?q=an:1300.14045
http://zbmath.org/?q=an:1300.14045
http://arXiv.org/abs/1301.7616
http://dx.doi.org/10.1016/j.topol.2014.05.009
http://arXiv.org/abs/1408.4778
http://www.ams.org/mathscinet-getitem?mr=0762512
http://zbmath.org/?q=an:0574.32032
http://dx.doi.org/10.1016/0001-8708(84)90040-9
http://www.ams.org/mathscinet-getitem?mr=0952283
http://zbmath.org/?q=an:0655.57019
http://dx.doi.org/10.1007/BF01410200
http://www.ams.org/mathscinet-getitem?mr=2917131
http://zbmath.org/?q=an:1301.55009
http://arXiv.org/abs/1006.3055
http://dx.doi.org/10.1007/s00209-011-0850-6
http://dx.doi.org/10.1007/s00209-011-0850-6
http://www.ams.org/mathscinet-getitem?mr=1867354
http://zbmath.org/?q=an:1044.55001
http://www.ams.org/mathscinet-getitem?mr=0887284
http://zbmath.org/?q=an:0634.53045
http://dx.doi.org/10.1112/plms/s3-55.1.59
http://www.ams.org/mathscinet-getitem?mr=2146187
http://zbmath.org/?q=an:1076.57017
http://arXiv.org/abs/math/0406069
http://dx.doi.org/10.1155/IMRN.2005.959
http://www.ams.org/mathscinet-getitem?mr=2643735
http://zbmath.org/?q=an:1202.53033
http://arXiv.org/abs/0810.4882
http://dx.doi.org/10.4310/CAG.2009.v17.n5.a3
http://www.ams.org/mathscinet-getitem?mr=2261490
http://zbmath.org/?q=an:1277.22001
http://www.ams.org/mathscinet-getitem?mr=0396773
http://zbmath.org/?q=an:0325.20039
http://dx.doi.org/10.1007/978-1-4684-9443-3

[TW92]

[KaS00]

[KeN79]

[Kna02]

[KrPR8Y)

[Law09]

[Li93]

[Lun76]

[Mat61]
[Mil12]

[MonY57]

[MorS84]

[PasW62]

[PetS13]

[Pro07]

COVERING SPACES OF CHARACTER VARIETIES 415

a Riemann surface and the homotopy of the large n limit. Preprint, 2014.
arXiv:1411.4360.

JEFFREY, LisA C.; WEITSMAN, JONATHAN. Bohr—Sommerfeld orbits in
the moduli space of flat connections and the Verlinde dimension formula.
Comm. Math. Phys. 150 (1992), no. 3, 593-630. MR1204322 (94g:58085),
Zbl 0787.53068, doi: 10.1007/BF02096964.

Kac, V. G.; SMILGA, A. V. Vacuum structure in supersymmetric Yang—
Mills theories with any gauge group. The many faces of the superworld, 185—
234. World Sci. Publ., River Edge, NJ, 2000. MR1885976 (2003k:22031),
Zbl 1035.81061, arXiv:hep-th/9902029.

KEMPF, GEORGE; NESs, LINDA. The length of vectors in repre-
sentation spaces. Algebraic geometry (Proc. Summer Meeting, Univ.
Copenhagen, Copenhagen, 1978), 233-243. Lecture Notes in Math.,
732. Springer, Berlin, 1979. MR0555701 (81i:14032), Zbl 0407.22012,
doi: 10.1007/BFb0066647.

KNAPP, ANTHONY W. Lie groups beyond an introduction. Second edi-
tion. Progress in Mathematics, 140. Birkhduser Boston, Inc., Boston, MA,
2002. xviii+812 pp. ISBN: 0-8176-4259-5. MR1920389 (2003c:22001), Zbl
1075.22501, doi: 10.1007/978-1-4757-2453-0.

KRAFT, HANSPETER; PETRIE, TED; RANDALL, JOHN D. Quotient vari-
eties. Adv. Math. 74 (1989), no. 2, 145-162. MR0997095 (90b:14057), Zbl
0691.14029, doi: 10.1016/0001-8708(89)90007-8.

LAwsoN, TyYLER. The Bott cofiber sequence in deformation K-theory
and simultaneous similarity in U(n). Math. Proc. Cambridge Philos. Soc.
146 (2009), no. 2, 379-393. MR2475972 (2010¢:19002), Zbl 1163.19002,
arXiv:0809.0466, doi: 10.1017/S0305004108001928.

L1, JuN. The space of surface group representations. Manuscripta Math.
78 (1993), no. 3, 223-243. MR1206154 (94¢:58022), Zbl 0803.32020,
doi: 10.1007/BF02599310.

LuNA, DoMINGO. Fonctions différentiables invariantes sous ’opération d’un
groupe réductif. Ann. Inst. Fourier (Grenoble) 26 (1976), no. 1, ix, 33-49.
MR0423398 (54 #11377), Zbl 0315.20039, doi: 10.5802/aif.599.

MATTUCK, ARTHUR. Picard bundles. Illinois J. Math. 5 (1961), 550-564.
MRO0150141 (27 #144), Zbl 0107.14702.

MILNE, JAMES S. Reductive groups. 2012. http://www. jmilne.org/math/
CourseNotes/RG.pdf.

MoNTGOMERY, D.; YanGg, C. T. The existence of a slice. Ann. of
Math. (2) 65 (1957), 108-116. MR0087036 (19,291b), Zbl 0078.16202,
doi: 10.2307/1969667.

MORGAN, JOHN W.; SHALEN, PETER B. Valuations, trees, and degener-
ations of hyperbolic structures. I. Ann. of Math. (2) 120 (1984), no. 3,
401-476. MR0769158 (86£:57011), Zbl 0583.57005, doi: 10.2307/1971082.
PASIENCIER, SAMUEL; WANG, HSIEN-CHUNG. Commutators in a semi-
simple Lie group. Proc. Amer. Math. Soc. 13 (1962), 907-913. MR0169947
(30 #190), Zbl 0112.02506, doi: 10.2307,/2034085.

PETTET, ALEXANDRA; SOUTO, JUAN. Commuting tuples in reductive
groups and their maximal compact subgroups. Geom. Topol. 17 (2013), no.
5, 2513-2593. MR3190294, Zbl 1306.55007, doi: 10.2140/gt.2013.17.2513.
ProcESI, CLAUDIO. Lie groups. An approach through invariants and
representations. Universitext. Springer, New York, 2007. xxiv+596 pp.
ISBN: 978-0-387-26040-2; 0-387-26040-4. MR2265844 (2007j:22016), Zbl
1154.22001, doi: 10.1007/978-0-387-28929-8.


http://arXiv.org/abs/1411.4360
http://www.ams.org/mathscinet-getitem?mr=1204322
http://zbmath.org/?q=an:0787.53068
http://dx.doi.org/10.1007/BF02096964
http://www.ams.org/mathscinet-getitem?mr=1885976
http://zbmath.org/?q=an:1035.81061
http://arXiv.org/abs/hep-th/9902029
http://www.ams.org/mathscinet-getitem?mr=0555701
http://zbmath.org/?q=an:0407.22012
http://dx.doi.org/10.1007/BFb0066647
http://www.ams.org/mathscinet-getitem?mr=1920389
http://zbmath.org/?q=an:1075.22501
http://zbmath.org/?q=an:1075.22501
http://dx.doi.org/10.1007/978-1-4757-2453-0
http://www.ams.org/mathscinet-getitem?mr=0997095
http://zbmath.org/?q=an:0691.14029
http://zbmath.org/?q=an:0691.14029
http://dx.doi.org/10.1016/0001-8708(89)90007-8
http://www.ams.org/mathscinet-getitem?mr=2475972
http://zbmath.org/?q=an:1163.19002
http://arXiv.org/abs/0809.0466
http://dx.doi.org/10.1017/S0305004108001928
http://www.ams.org/mathscinet-getitem?mr=1206154
http://zbmath.org/?q=an:0803.32020
http://dx.doi.org/10.1007/BF02599310
http://www.ams.org/mathscinet-getitem?mr=0423398
http://zbmath.org/?q=an:0315.20039
http://dx.doi.org/10.5802/aif.599
http://www.ams.org/mathscinet-getitem?mr=0150141
http://zbmath.org/?q=an:0107.14702
http://www.jmilne.org/math/CourseNotes/RG.pdf
http://www.jmilne.org/math/CourseNotes/RG.pdf
http://www.ams.org/mathscinet-getitem?mr=0087036
http://zbmath.org/?q=an:0078.16202
http://dx.doi.org/10.2307/1969667
http://www.ams.org/mathscinet-getitem?mr=0769158
http://zbmath.org/?q=an:0583.57005
http://dx.doi.org/10.2307/1971082
http://www.ams.org/mathscinet-getitem?mr=0169947
http://zbmath.org/?q=an:0112.02506
http://dx.doi.org/10.2307/2034085
http://www.ams.org/mathscinet-getitem?mr=3190294
http://zbmath.org/?q=an:1306.55007
http://dx.doi.org/10.2140/gt.2013.17.2513
http://www.ams.org/mathscinet-getitem?mr=2265844
http://zbmath.org/?q=an:1154.22001
http://zbmath.org/?q=an:1154.22001
http://dx.doi.org/10.1007/978-0-387-28929-8

416 S. LAWTON AND D. RAMRAS

[RamSW89] RaMaDAs, T. R.; SINGER, I. M.; WEITSMAN, J. Some comments on
Chern-Simons gauge theory. Comm. Math. Phys. 126 (1989), no. 2, 409—
420. MR1027504 (90m:58218), Zbl 0686.53066, doi: 10.1007/BF02125132.

[Ram07] RAMRAS, DANIEL A. Excision for deformation K-theory of free products.
Algebr. Geom. Topol. 7 (2007), 2239-2270. MR2366192 (2008j:19007), Zbl
1127.19003, arXiv:math/0703463, doi: 10.2140/agt.2007.7.2239.

[Ram08] RAMRAS, DANIEL A. Yang—Mills theory over surfaces and the Atiyah—Segal
theorem. Algebr. Geom. Topol. 8 (2008), no. 4, 2209-2251. MR2465739
(2009k:55008), Zbl 1240.19005, doi: 10.2140/agt.2008.8.2209.

[Ram11] RAMRAS, DANIEL A. The stable moduli space of flat connections over a
surface. Trans. Amer. Math. Soc. 363 (2011), no. 2, 1061-1100. MR2728597
(2012e:58019), Zbl 1208.58013, arXiv:0810.1784, doi: 10.1090/S0002-9947-
2010-05218-3.

[RiS90] RICHARDSON, R. W.; SLopowy, P. J. Minimum vectors for real reductive
algebraic groups. J. London Math. Soc. (2) 42 (1990), no. 3, 409-429.
MR1087217 (92a:14055), Zbl 0675.14020, doi: 10.1112/jlms/s2-42.3.409.

[Sat63] SATO, KENKICHI. Local triangulation of real analytic varieties. Osaka Math.
J. 15 (1963), 109-129. MR0156355 (27 #6279), Zbl 0219.57014.
[Sch89] SCcHWARZ, GERALD W. The topology of algebraic quotients. Topolog-

ical methods in algebraic transformation groups (New Brunswick, NJ,
1988), 135-151. Progr. Math., 80. Birkhduser Boston, Boston, MA, 1989.
MR1040861 (90m:14043), Zbl 0708.14034, doi:10.1007/978-1-4612-3702-

0.9.
[Schz63] SCHWARZENBERGER, R. L. E. Jacobians and symmetric products. Illinois
J. Math. 7 (1963), 257-268. MR0151459 (27 #1444), Zbl 0123.38104.
[Sik13] SIKORA, ADAM S. G-Character varieties for G = SO(n,C) and other not

simply connected groups. J. Algebra 429 (2015), 324-341. MR3320627, Zbl
06429890, arXiv:1303.7181, doi: 10.1016/j.jalgebra.2014.12.036.

(Sean Lawton) DEPARTMENT OF MATHEMATICAL SCIENCES, GEORGE MASON UNIVER-
SITY, 4400 UNIVERSITY DRIVE, FAIRFAX, VIRGINIA 22030, USA
slawton3@gmu.edu

(Daniel Ramras) DEPARTMENT OF MATHEMATICAL SCIENCES, INDIANA UNIVERSITY-
PURDUE UNIVERSITY INDIANAPOLIS, 402 N. BLACKFORD, LD 270, INDIANAPOLIS, IN
46202, USA

dramras@math.iupui.edu

(Nan-Kuo Ho) DEPARTMENT OF MATHEMATICS, NATIONAL TSING HUA UNIVERSITY AND
NATIONAL CENTER FOR THEORETICAL SCIENCES, HSINCHU 300, TAIWAN
nankuo@math.nthu.edu.tw

(Chiu-Chu Melissa Liu) DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, 2990
BroaDwAYy, NEW YORK, NY 10027, USA
ccliu@math.columbia.edu

This paper is available via http://nyjm.albany.edu/j/2015/21-19.html.


http://www.ams.org/mathscinet-getitem?mr=1027504
http://zbmath.org/?q=an:0686.53066
http://dx.doi.org/10.1007/BF02125132
http://www.ams.org/mathscinet-getitem?mr=2366192
http://zbmath.org/?q=an:1127.19003
http://zbmath.org/?q=an:1127.19003
http://arXiv.org/abs/math/0703463
http://dx.doi.org/10.2140/agt.2007.7.2239
http://www.ams.org/mathscinet-getitem?mr=2465739
http://zbmath.org/?q=an:1240.19005
http://dx.doi.org/10.2140/agt.2008.8.2209
http://www.ams.org/mathscinet-getitem?mr=2728597
http://zbmath.org/?q=an:1208.58013
http://arXiv.org/abs/0810.1784
http://dx.doi.org/10.1090/S0002-9947-2010-05218-3
http://dx.doi.org/10.1090/S0002-9947-2010-05218-3
http://www.ams.org/mathscinet-getitem?mr=1087217
http://zbmath.org/?q=an:0675.14020
http://dx.doi.org/10.1112/jlms/s2-42.3.409
http://www.ams.org/mathscinet-getitem?mr=0156355
http://zbmath.org/?q=an:0219.57014
http://www.ams.org/mathscinet-getitem?mr=1040861
http://zbmath.org/?q=an:0708.14034
http://dx.doi.org/10.1007/978-1-4612-3702-0_9
http://dx.doi.org/10.1007/978-1-4612-3702-0_9
http://www.ams.org/mathscinet-getitem?mr=0151459
http://zbmath.org/?q=an:0123.38104
http://www.ams.org/mathscinet-getitem?mr=3320627
http://zbmath.org/?q=an:06429890
http://zbmath.org/?q=an:06429890
http://arXiv.org/abs/1303.7181
http://dx.doi.org/10.1016/j.jalgebra.2014.12.036
mailto:slawton3@gmu.edu
mailto:dramras@math.iupui.edu
mailto:nankuo@math.nthu.edu.tw
mailto:ccliu@math.columbia.edu
http://nyjm.albany.edu/j/2015/21-19.html

	1. Introduction
	Acknowledgments

	2. Universal covers and fundamental groups of Lie groups
	3. Moduli spaces of representations
	4. Universal covers and fundamental groups of moduli spaces
	4.1. Free groups
	4.2. Free Abelian groups
	4.3. Path-lifting for reductive actions
	4.4. Surface groups

	5. Stable moduli spaces of surface group representations
	Appendix A. Connected components of surface group representations for complex reductive Lie groups — by Nan-Kuo Ho & Chiu-Chu Melissa Liu
	References

